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Preface

Within the captivating pages of this book, we embark on an illuminating journey into
the fascinating world of mathematics and its diverse applications. Here, the collective
expertise of renowned scholars and researchers converge to push the boundaries of
mathematical theory and practical implementation.

The voyage commences with Chapter 1 and a deep dive into “Markov Operators on a
Banach Lattice and Their Applications”. Unveiling the elegance of Markov operators,
this chapter reveals their significance in the realm of Banach lattices. As the founda-
tion of our exploration, Markov’s theory sets the stage for the exciting revelations that
follow.

Next, we navigate the intricacies of queuing theory and its practical applications in
Chapter 2, “Performance Modeling of Finite Sources Retrial Queue using Markov
Regenerative Approach”. Delving into performance modeling with a regenerative
approach, we uncover the art of predicting and optimizing queuing systems.

The journey continues with Chapter 3, “Markov Models Related to Inventory Systems,
Control Charts, and Forecasting Methods”. Here, the power of Markov models
becomes apparent as we explore their applications in inventory management and
control chart analysis. The dynamic interplay of mathematics and real-world chal-
lenges takes center stage.

In Chapter 4, “The Application of Markov and Semi-Markov Models in
Transportation Infrastructure Management”, we venture into the world of transporta-
tion systems. Decision-making processes are revolutionized through the insightful
utilization of Markov and Semi-Markov models, reshaping the future of infrastruc-
ture management.

Navigating decision-making under uncertainty, Chapter 5, “Some Applications of
Partially Observable Markov Decision Processes”, challenges us with complex sce-
narios. This chapter unravels the intriguing world of Partially Observable Markov
Decision Processes, offering invaluable insights for tackling the unknown.

The wonders of optics and stochasticity come to life in Chapter 6, “Engineering
Stochastic Optical Modes”. Discovering the ingenuity of engineering optical modes,
we witness the brilliance of mathematical application in the domain of optics.

Lastly, our journey concludes with Chapter 7, “Hidden Markov Models for Pattern
Recognition”. Here, the power of Hidden Markov Models is harnessed to unravel
complex data patterns. Through pattern recognition, we gain new perspectives and
solutions to intricate challenges.



Collectively, these chapters epitomize the brilliance and versatility of mathematics,
showcasing its profound impact on a multitude of disciplines. The authors’ dedication
and groundbreaking research exemplify the unwavering spirit of exploration that

drives progress in the scientific community.

As readers venture through the depths of each chapter, they will gain a deeper appre-
ciation for the ingenuity and relevance of mathematical theory. Whether math-
ematicians, scientists, or curious minds, this book serves as an invaluable resource,
inspiring all to embrace the beauty of knowledge and its boundless applications.

Let the journey begin, and may the revelations within these pages ignite the spirit
of discovery, innovation, and collaboration among those who seek to unravel the

mysteries of the mathematical world.

XIvV

Hammad Khalil

Associate Professor,
Department of Mathematics,
University of Education,
Lahore, Pakistan

Dr. Abuzar Ghaffari
University of Education,
Attock Campus,

Attock, Pakistan



Chapter 1

Markov Operators on a Banach
Lattice and Their Applications

Takashi Honda and Yukiko Iwata

Abstract

Any Markov process is defined by a stochastic kernel. By using a stochastic kernel,
we can define a Markov operator on a Banach lattice. Conversely, by using a Markov
operator, we can define a Markov process. There is a close relationship between a
Markov process and a Markov operator. In this chapter, we show the relation between
a Markov process and a Markov operator. We show some applications of Markov
operators concerned with dynamical systems and we mention the Jacobs-de Leeuw-
Glicksberg decomposition which is induced by a Markov operator.

Keywords: Markov operators, ergodic theorems, spectral theory, Banach lattice,
Markov process

1. Introduction

We shall consider a random dynamical system. Let S : R — R be a dynamical system
and define a stochastic process, {X, }, 5 o by Xn11 = S(X,,) + Y, where Yo, Y3, --- are
independent random variables with values in R, each having the same density g,
and X and {Y,}, o are independent. Then the stochastic process {X,,} is a Markov
process Letf, be the density function of X, for each n > 0, and hence, we have

fui1®) = Jof,0)g(x — S(y))u(dy), where u is the Lebesgue measure on R. This equation

means that every density functionf, is represented by a Markov operator, T : L'(R) —
L'(R) defined by: Tf (x) = [.f (0)g(x — S»))u(dy) asf, = T"f . In this way, there are
many results about the asymptotic behavior of their distributions represented by positive
linear contractions, often called Markov operators. A positive linear contraction on L!
space is associated with a transition probability for a Markov process. The iteration of a
positive linear contraction expresses the asymptotic behavior of a Markov process.
Especially, probability density functions with distributions for some Markov processes
induced by dynamical systems and noises are sometimes represented by a Markov
operator. In this work, we will explain our previous work such as some relations between
the Jacobs-de Leeuw-Glicksberg decomposition of semigroups and the existence of a
constrictor, which attracts densities of the Markov operators on a Banach space, which
are induced by stochastic difference equations. Jacobs first obtained this splitting theo-
rem under the reflexivity assumption. De Leeuw and Glicksberg showed the splitting
theorem for an abelian weakly almost periodic semigroup of bounded operators on a
complex Banach space. They also showed a similar splitting theorem for a non-abelian
semigroup of linear contractions in a strictly convex Banach space with a strictly convex
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Markov Model — Theory and Applications

dual space. The Jacobs-de Leeuw-Glicksberg decomposition holds for a complex Banach
space. We introduce our recent results about some relations of the existence of a con-
strictor of a linear contractive operator between (continuous or discrete) semigroups of
linear contractive operators in a complex Banach space by using our results. Further-
more, we will consider a Markov operator T on a real Ll(Q, 2, u) space, where (£, %, u) is
a probability measure space. The iteration of a positive linear contraction expresses the
asymptotic behavior of a Markov process. Especially, probability density functions

with distributions for some Markov processes induced by dynamical systems and

noises are sometimes represented by a Markov operator. We study their asymptotic
phenomena by using mean ergodic theorems and pointwise ergodic theorems. In this
work, we study our recent operator theoretic approaches for Markov processes and
their applications.

2. An operator theoretic approach to a Markov process

A stochastic kernel is a map that in the general theory of Markov processes plays
the role that the transition matrix does in the theory of Markov processes with a
finite state space. We shall give the basic definition concerning a stochastic kernel
(see [1-6]).

Definition 1. A stochastic kernel is any map K : E x & — [0, 1] satisfying the fol-
lowing three conditions:

1.for any fixed set A € &, the function K (-, A) is measurable;
2.for any fixed state x € E, the set function K(x, -) is a measure on (E, &);

3.forallxeE,K(x,E) = 1.

Firstly, we show that any positive contraction on L*-space induces the
stochastic kernel. Let E be a nonempty set, & a o-algebra of subsets of E, and
(E, &,m)6a o-finite measure space. Let LY(E, &,m) = L be the space of real valued
integrable functions with respect to (E, &,m) and (x*, x) be a dual pair of x* € L* and
xeLl

Definition 2. When a linear operator, T on L1, satisfies the following conditions,
we call T a positive contraction:

Lif TN <1
2.for any positive functionf >0 a.e., Tf >0 a.e.
Theorem 1. Let T be a positive contraction on L. For any A € &, a map
K(x,A) = T*14(x) (1)

satisfies the following conditions, where T* is the adjoint operator of T, and 14 is
the indicator function of A:

1.for any fixed set A € &, the function K(-, A) is measurable;
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2.for almost every x € E, the set function K(x, -) is a measure on (E, &);
3.for almost every x € E, K (x, E) <1.

Proof.

1.ForanyAe&,T"14 €L*(E, &, m);

2.1t is obvious that K(x, @) = T*1g = 0 a.e. since T™ is a positive contraction on
L®,K(x,A) =T"14(x) >0 a.e. forany A€ &.

Let A = U, A, for pairwise disjoint A; € &. For anyu €L, u >0,
(T*IA, <1A,Tu>

u) =
<1u A,Tu> JumATu(x)m(dx)

=14

=1 =1 (2)

i=1 i=1
:limjux . T*14. (x)m(dx
Jim [ ) - T ()

Sinceu, T*14,>0,u-> ; T 15, u-Y o T*1y, a.e.asn — oo. We have

IimJ () - Z T* 1, (x)m(dx) = Lu(x) : i T* 1, (x)m(dx) = JEu(x) T 1, (c)m(dx) (3)

n—o0

by the monotone convergence theorem. This means that
(T*14,u) <Z T*14,,u > (4)

for any u € L', u > 0. Since every u € L' is represented by u = u™ —
uut,u- el ut,u” >0, we have

(T*1a,4) = (T*1a,u") — (T*1a,u”)
<i T*lA,.,u+> — <§: T*lA,.,u_>
i—1 = (5)

= <§: T*lAi,u>.
i=1

Therefore, K(x, -) is completely additive, that is, if A = | J;*; A; for disjoint
A; €&, then
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K(x,A) = Z K(x,A;) for a.e. x. (6)
i—1

3.Since T™ is a positive contraction on L=, K(x, E) = T*15(x) <1g(x) a.e.

Remark 1. If the results 1-3 of theorem 1 hold for everywhere x € E, then K(x, A) is
stochastic kernel (see Definition 1); see [7, 8] for more detail.

Secondly, we show that any stochastic kernel induces the positive contraction on
L'-space.

Theorem 2. Let K : E x & — [0, 1] be a stochastic kernel satisfying the condition

K(x,A)=0 ae. x€E @)

for any A € &,m(A) = 0. Then, for any absolutely continuous measure y with
respect to m, the measure v on &

V(A) = JEK(x,A),u(dx) Aeé (8)

is an absolutely continuous measure with respect to m, and there exists the positive
contraction T on L! such that

v=Tq, 9)

where ji, 7 € L' are the Radon-Nikodym derivatives of y, v, respectively.
Proof. We show that for any absolutely continuous measure y with respect to m,

V(A) = JEK(x,A)y(dx) (10)

is an absolutely continuous measure with respect to .

From the definitions 1 and 2 of a stochastic kernel, we have v(@) = 0 and v(A) >0
forany A€ é.

Let A = U, A, for pairwise disjoint A; € &. Since K(x, A;) > 0, it follows that

V(A) = JEK(x,A)u(dx) _ J K (x, U, A, ) u(d)

i
E

:J > K(x, Apldx) = [ K(x,Aiu(dx) = v(A;)
E =1 i=1 VE i=1
by the monotone convergence theorem: hence, v is a measure on &.
From the condition, K(x,A) = 0 for any A € &,m(A) = 0, ; thus, we have
v(A) = J K(x,A)u(dx) = J Ou(dx) =0, (12)
E E

which means that v is an absolutely continuous measure with respect to 7.
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Since m is a o-finite measure, by the Radon-Nikodym theorem, there are the
Radon-Nikodym derivatives i, v € LY, ji,0> 0 such as

(A) = Lﬁ(x)m(dx) and  1(A) = L (o) (dx) (13)

for any A € &. We can define an operator T on the positive cone L} of L' such that
v="Th. (14)

For notational convenience, we shall write Tu for v.
For any f € L', the completely additive set function

p(A) = J f(x)m(dx) Aeé (15)

A

is absolutely continuous with respect to m. Let ¢ = ¢, — ¢_ be the Jordan decom-
position of ¢. Both ¢, and ¢_ are absolutely continuous with respect to 7; then there
exist the Radon-Nikodym derivativesf,f_ €L’ of ¢,,¢_, respectively and f (x) =
f.(x) —f_(x) a.e. x €E. By using them, we defme T¢ as follows:

To = JEK(x,A)(p(dx) _ JEK(x,A)f(x)m(dx)
_ J K, A)(F () —f_ (x))m(dx) = J K(x, A)f , (x)m(dx) — J K(x, A)f_ (x)m(dx)
E

= J K(x,A)p, (dx) — J K(x,A)p_m(dx) =Te, — Te_.
E E
(16)

T is also absolutely continuous with respect to m. Thus, there exist the Radon-
Nikodym derivatives g € L' of T¢, and we define Tf = g. From the definition of T, T is
a positive linear operator on L.

Finally, we prove that T is a contraction on L'. For anyf € L', we obtain
1= | £ midn) + [ £ mia@x) =0 ® +o B @7
E E

In a similar way, we can show that

ITfIl = T, (E) + To_(E). (18)

Then we have

Ty, (E) = jEI<<x,A>¢+ (dx) < L}E(xm (dx) = ¢, (E),
(19)
Ty_(E) = LK(x,A)go_ (dx) sj 1:()p_(dx) = o_(E).

E

This implies that ||Tf|| < ||f]l-
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We remark that the condition (7) in Theorem 2 is necessary.
Lemma 1 ([8]). A stochastic kernel K : E x & — [0, 1] satisfies the condition (7) if and
only if for any absolutely continuous measure y with respect to m,

V(A) = JEK(x,A),u(dx) (20)

is an absolutely continuous measure with respect to m.

Proof. If K does not satisfy (7), then there exist a set, A € £, and an element, x € E,
such that m(A) = 0, and K(x,A) > 0. We definea set, B= {x€E : K(x,A)>0}€&. B
is not empty, and m(B) > 0. The measure x on & defined by u(C) = m(CnB)
for any C € & is absolutely continuous with respect to m, but

A) = [ K(x,A)u(dx) = [;K(x, A)m(dx)> 0.

3. Markov operators induced by a dynamical system

In the previous section, we showed the relations between a stochastic kernel and
a positive contraction. In this section, we shall treat a certain kind of positive
contraction, which is called a Markov operator.

Firstly, we give the definition of a Markov operator on Ll—space (see [9-11]). LetE
be a nonempty set and & a o-algebra of subsets of E. Let (E, &,m) be a measure space,

L'(E, &, m) be the space of real valued integrable functions with respect to (E, &, m)
and (x*,x) be a dual pair of x* € L* and x € L.
Definition 3. A liner operator T in an L'(E, &, m) is called a Markov operator if

Tf>0 and |TfI = fll for all feLl (E,&,m), (21)

where || - || is the L(E, &, m)-norm, and L}r is the positive cone of Ll(E, &,m).

From this definition, obviously, Markov operators are positive operators and sat-
isfy the following properties.

Preposition 1. Markov operators are linear contraction in L'-space.

Proof. Since T is a positive operator, we have that for #z-almost everywhere x € E

(Tf) () = (Tf*(x) = Tf (%)) = max{0, Tf"(x) - Tf (x)}
< max{0,Tf (x)} = Tf " (x)

(Tf)" () = (Tf () = Tf " (x)) = max{o, Tf (x) = Tf " (x)}
<max{0,Tf (x)} =Tf (x

(22)

where f(x) = max{0,f(x)} and f~ (x) = max{0, —f (x)}. Thus, it follows that

ITfI = (T)" + (Tf)” STf +Tf =T(f" +f ) =TIfI ae (23)

From this inequality and the second condition of the definition of Markov opera-
tor, we have that

171 = | 1Tf i) < | Tif)m(an) = | fmaie) = 0. (24)
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This implies that T is a contraction in L'-space.

Preposition 2. The second condition of Markov operator: that is, || Tf|| = ||f|| for
f EL}r, is equivalently expressed as T * 15 = 1g, wheve T™ is the adjoint operator of T, and
1z (x) is the indicator function of E.

Proof. By the second condition of Markov operator, we have for any Ce &

JCT*IE(x)m(dx) = <T*1E, lc> = <1E> Tlc> = <1E> 1c> = JCIE(x)m(dx) (25)

This implies that T* 1 = 1.
Conversely, if T*1g = 1, then we have for f € L}r

ITAIl = (A, TfI)) = e, Tf) =(T"1e, f) = 1s, ) = IIf - (26)

Remark 2. Notice that sometimes a Markov operator is considered as a positive
linear contraction defined on L'-space because of Theorem 2, and there are many
important results about positive linear contraction in the Ergodic theory. For example,
the splitting theorem of Jacobs-Deleeuw-Glicksberg (see [8]) and “zero-two”law by
Ornstein and Sucheston (see [12], 1970).

Next, we consider a measurable function, K : E x E — R such that

K(x,y)>0 for all x,y€E (27)

and

J K(x,y)m(dx) =1 for a.e. y€E. (28)
E

By (27) and (28),

[, ([ ixssirormia) ) = | (] x.ymia) )i

(29)
— | ot = 11
for any f € L*; hence, |K(x,y)f (y)| is integrable on E x E and
- (Lu«x,y)f(y)|m<dx>)m<dy> -, ([E|1<<x,yy<y>|m<dy>>m<dx>
' (30)

> [ |[ K om @y e
by Fubini’s Theorem (see). Thus, we can define an integral operator T on L' by
T () = | fOIK Gy Im(dy). ey

We have

A= TSI (32)
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Then, T is a positive contraction on L'. Furthermore, T is a Markov operator on L'
Indeed, we have that for any f ELL

17 = [ 1reman) = | (| o0Kym@) )

- JE (JEK(x,y)m(dx))f(y)m(dy) = JEf(y)m(dy) (33)

=Ifll-

For the sake of convenience and without loss of generality, we shall assume that E
is R, & the o-algebra of Borel subsets, and A the Lebesgue measure on R. We shall give
some stochastic processes, which induce Markov operators as an integral operator
defined by (31) for a given measurable function K(x, y).

Let (2, #, P) be a probability space, where .# denotes a Borel 5-field and P a
probability measure, Xy, Yo, Y1, --- independent R-valued random variables with den-
sities f, and g, = g, respectively, and S : R — R be a measurable transformation.
Suppose thatg e D:={f €L : ||f|| =1, >0}. Under these conditions, we shall give
examples of two types of random dynamical systems, for which Markov operators are
induced.

* Additive noise type: Consider the following stochastic process {X,} defined by
X,1 =S(X,) +Y, (34)

for each n > 0.
Since X and {Y, } are independent and f,,g are integrable, we have that

P(X,1€4) = PSE) + Vaed) = [ | £ 0gt)atayita)
S(x)+yeA
- {J £, 0)gtz — swwdy)}wz) (35)
z€A | JyeR
- L T, (2)A(dz).

If we set K(x,y) =g(x — S(y)), then K(x, y) satisfies (27) and (28). Thus, the
density function f, of X,, is represented by the #-th iteration of the linear operator
T : L*(R) — L*(R). Now we show that T is a Markov operator. Since g > 0 and
llgll = 1, we have that for any f € L'(R) withf >0

i = [ {|foes - somaan pacas)
= [ £0{ ] ets - stmatan bacar 36)
= | roran =1

by the Fubini’s theorem. Therefore, T : L*(R) — L*(R) is a Markov operator.
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» Example [13]: Let X, Y, Y1, --+ be independent R-valued random variables with
densities f; and g, = g € D, respectively, and S : R — R be a Borel measurable
transformation, satisfying

ISx)|<alx|+p for xR, (37)

where 0 <a<1and f>0.
We assume that the density g of Y, has a finite first moment, that is,

JR |x|g(x)A(dx) < oo. (38)

Under these conditions, we consider the following stochastic process {X, }, that is,
{X,} is the dynamical system perturbed by additive noises:

Xui1=SX,) +Y, for »n=0,1, ... (39)
In this case, the Markov operator T : L'(R) — L'(R) defined by

T = | FOletx — S0)A) (40)

is weakly constrictive, that is, there exists the weakly precompact set .# c L'(R) such that
lim d(T"f,.7) = 0 (41)
for f € D, where d(f,.7) denotes the distance with respect to the norm || - ||
between f and the set .#. This implies that L'(R) = E(T) @ E,., (T) with
Ep(T) = {xeX: Tim (| T"x[| = o} and  dim(Eye(T)) < oco. (42)

Furthermore, Lasota and Mackey show numerically that the limiting densities of
{X,} become asymptotically periodic with period 3 [13], and refer to Section 3 for
more details.

* Multiplicative noise type: Consider the following stochastic process {X }
defined by

n>0

X2, (@) = (1— eY,)S(X: (o)) for all #n>0, (43)

n

where X§ = X foreach O<e<1.

By a similar argument as additive noise, the density function f of X, is
represented by the #-th iteration of the linear operator T, because X, and {Y, } are
independent. Actually, if we assume that there exists the density function f; of X,
then we have the following formula for any Borel subset A CR:

1-x

PEaen) =[] rione(F e

Ll )l
_ JA T f (x)(dx).
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This implies that P(X ;€ A) = [, T*"'f ,(x)A(dx). Moreover, it is easy to see that T
is the Markov operator, that is, T.f > 0 and ||T.f|| = ||f|| for any f € L*([0, 1]) withf >0
because

ISl = J[o,l]f(”{h%_@,%} nm’ﬂg(x)i(alx)}udy) o R
= Il

by Fubini’s theorem (see [14] for more details). In this case, we can study how the
stochastic process {X? } is changed as ¢ — 0.

» Example [14]: Let S : [0,1] — [0, 1] be a non-singular transformation and
{Yu}, 5o beanii.d. sequence. We assume that the density function g for {Y,},
has full support in [0, 1], and the following conditions are satisfied:

i. There exists a partition 0 = 47 <4, < --- <a,, = 1 such that for each
integer j = 1, --,m — 1, the restriction S; of S to the interval I:ﬂj,ﬂj+1) isa
monotone C!-function and

Gi= inf {|s]<(x)|}>o, Cm_1:= inf {\s]f(x)|}>o (46)

x€ [Ilj, ﬂj+1) X € [ﬂm,hﬂm]

forj=1,--,m—2.
ii. geL*(R);

1

iii. c1> 11

for some &3 € (0, 1).

Under these conditions, we consider the stochastic process {X;} defined by (43),
where € < £9. The density functions of {X} are represented by the Markov operator

T = J [0,1\{0} FI0k G (1 - %)) %Wy % “7

In this case, the Markov operator T is weakly constrictive for any ¢ < 9. More-
over, if g(x) > 0 for all x € [0, 1], then the Markov operators T, is asymptotically stable;
that is, there is a unique f*, €D such that T,f*, =f*, and

Lillgo||T”£f —f5lh=0 for all feD, (48)

where D = {f e L'(R)| f >0, ||| = 1}.
Remark 3.1 S : R — R is a non-singular measurable transformation (i.e., A(S7'(4)) =

0 for any Borel set A C R with 4(A) = 0), then there exists a linear operator,
Ts : LY(R) — L'(R), defined by

| Tofotwnian) - |

S—l

fox)A(dx) for Borel set ACR, (49)
(4)

and called the Perron-Frobenius operator corresponding to S.

10
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4. The iteration of a linear contractive operator on Banach space

The iteration of a positive linear contraction expresses the asymptotic behavior of a
Markov process. Let E be a real or complex Banach space and T be a contractive linear
operator on E. If E can be decomposed into the direct sum

E =En(T) @ Eye(T) (50)
with respect to T, where

Eg(T)={x€E: 0ew-cl{T"x, n€NuU{0}}}, and
Ee(T)={x€E: yew-cl{T"x, neNU{0}} = xew-cl{T"y, neNu{0}}},
(51)

then we call this decomposition the Jacobs-de Leeuw-Glicksberg decomposition
(see [8, 10, 15]). This decomposition plays a very important role in this section.

Definition 4 [16]. We call a linear contraction T on a Banach space (E, || - ||)
constrictive if there is a compact subset, A C E such that

lim inAf IT"x -yl =0 for each x €B(E), (52)
yE

n—o0

where B(E) is the closed unit ball of E. We call A a constrictor for T.

Theorem 3 [17]. Let E be a strictly convex and reflexive complex Banach space with the
strictly convex dual space E*. Given a linear contractive operator T on a complex Banach
space E, the following assertions are equivalent:

1.T is constrictive.

2.x€Ey(T) = {xeX: lim, | T"x|| = 0} if and only if (x,2") = 0 holds for all
eigenvectors 2 of T* having unimodular eigenvalues.

Theorem 4 [17]. Let (22, Z, u) be a finite measure space and T be a Markov operator
on real L*() defined by (31), where K : Q x Q — R is a measurable function that satisfies
(27) and (28). Consider the following assertions:

1.T satisfies || Tx||, < |lx|l, for some 1<p < oo, where || - ||, denotes the L -norm.
2.The sub o-algebra
20(T)={A€ZX: T'1p = characteristic function ¥n >0} (53)
has at most finitely many atoms.
3.For each atom W € Z(T),
WILrE) ﬂ(A\supp (Td"lg)) =0, (54)

for all subset A, BC W with u(A), u(B) > 0, where d is the least common multiple of
orders of atoms in X (7).

11
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Then T is constrictive on L¥ (2) and

LP(2) = By (T) @ Ep(T),
E(T) =spn{ly : WeZXy(T) is atom },and (55)

Ep(T) = {xelr(@): Jim IT"xl, = 0}.
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Chapter 2

Performance Modeling of Finite
Sources Retrial Queue Using
Markov Regenerative Approach

Lyes Ikhlef

Abstract

We study a finite sources retrial queue with deterministic service times using
an approach based on the theory of Markov regenerative process. A Deterministic
Stochastic Petri Net (DSPN) model which copes with the complexity of this queue
is given. For the steady state of this model, we construct the one-step transition
probability matrix of Embedded Markov Chain (EMC) and the conversion matrix.
We establish an algorithm based on the theoretic results obtained in order to
compute efficiently various performance measures and to study the effect of system
parameter’s on the characteristics of the M/D/1/N /N retrial queue.

Keywords: Markov regenerative process, stochastic Petri nets, embedded Markov
chain, steady state, retrial queue

1. Introduction

The performance analysis of queueing systems has been studied over the past years.
There are many models that have been developed in the queueing systems analysis using
stochastic process, particularly Markov process, semi-Markov process, and Markov
regenerative process. Different approaches have been explored in the literature dealing
with non-Markovian models: method of supplementary variable [1], approximate
analysis by phase type expansion [2], Markov renewal theory [3], etc.

The standard queueing systems with deterministic service times are widely found
in the literature Bunday [4], Kashyap and Chaudhry [5], Bhat [6]. Brun and Garcia [7]
give an analytical solution of the system M/D/1/K. Franx et al. [8] study the multi-
server system M/D /c. Madan and Saleh [9] study the queue M/D/1 with general
vacations. Choi et al. in [3, 10] investigate the transient and sensitivity analysis of
DSPN. As an application, they detailed the analysis of the classical queue M/D/1/2/2
and M/D/1/2/2 with vacation. However, little attention has been paid to retrial
queues with deterministic service times and finite sources [11]. Wu and Ke in [12],
consider an infinite single server retrial queueing system in which each customer
(primary or secondary customer) has discrete service times. For bibliographies on
retrial queues, see [13-16] and the references therein.
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In this paper, we give a model and performance analysis of the finite sources retrial
system with deterministic service times by using DSPN tool.

2. Analysis of DSPN class

The DSPN class was introduced by Ajmone and Chiola [17]. The DSPN class
was proposed to study a qualitative and quantitative behavior of non-Markovian
systems. This class allows transitions with zero firing times (immediate transitions),
exponentially distributed or deterministic distributed firing times. A DSPN
describes a stochastic process referred to as the marking process M(t),¢ > 0. This
marking process can not mapped into a Continuous Time Markov Chain (CTMC)
[18]. Choi et al. have shown that, under the restriction the deterministic transitions
are mutually exclusive, the underlying stochastic process of the DSPN class is a
Markov regenerative process [3]. This process has a sequence of embedded time
points T, T4, ... such that the states Yo, Y1, ... of the process at these time points
satisfy the Markov property. These time points are indicated by the Markov regener-
ation instants (regenerative time points, RTP). Note that the stochastic proces (Y,), o
is an EMC. The steady-state solution of the DSPN, based on the Markov renewal
method, can be summarized in the following steps:

* Constructing the two kernels: global kernel K(¢) = [K;;(¢)| and local kernel
E(t) = [E;(t)], where:

a. Kjj(t) = P(Y1 =j, T1 <t|Yo = i),i,j €Q s the probability that the system
transits from state 7 to state j upon firing of a general transition, or upon the
firing of an exponential transition which is computed with a general
transition.

b. E;(t) = P(M(t) = j, T1>t|Yo = i),i,j € Q' CQ is the probability that the
system transits from state i to state j while the general transition and the
exponential that is competing with a general transition do not firing. The
matrix E(¢) describes the behavior of the marking process between two
regeneration instants.

* Obtaining the one step transition probability matrix P = [P;] = K (o) of the
EMC defined at RTP, {T,,n > 1}, and the matrix a = [a;j|. Here, the elements a;
represent the mean time that the DSPN spends in state j between two successive
regeneration instants, given that it started in state 7 after the last regeneration.
They are given by:

» Computing v the steady state probability vector of the EMC by solving the linear
system:
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vP =wv,
2
{z)e =1 @
Where e is a column vector of ones.

* Computing the steady state probability distribution vector z of the DSPN, by the

formula:
D Dk
keQ ’ Oj
=ty 3
ViU ico Yk
where,

DUy

Mi:Zaijandﬂk:ZUu. (4)
jee Kea
We define the conversion matrix C = [Cj] by,
Cj= % (5)
Let a vector § = (f3,), the Eq. (3) can be rewritten in the matrix form:
= pC. (6)

3. Model description

We consider the retrial queue, M/D/1/N/N, in which primary customers arrive
according to a Poisson process with rate 4. If an arriving customer finds the server idle,
he obtains service immediately and joins the sources after service completion. Other-
wise, if the server is occupied, the arriving primary customer enters into the orbit. The
policy of access from the orbit to the server is governed by an exponential law with
rate ky, where k is the number of customers in the orbit. Each customer has a
deterministic (constant) service times of length 7> 0. The Figure 1 shows the DSPN
model describing the M/D/1/N /N retrial queue.

This DSPN has four places p.sour, p.chec, p.serv, p.orbi noted by circles, two imme-
diate transitions ¢.acc1, t.acc2 noted by thin black bars, two exponential (EXP) transi-
tions t.arri, t.retr indicated by white rectangular boxes, and one deterministic (DET)
transition ¢.serv noted by thick black rectangular box.

The vectors (M(p.sour), M(p.chec), M(p.serv), M(p.orbi)), describe the possible
markings of the given DSPN model (i.e., where M(p) represents the number of tokens
in the place p). The vector My = (N,0,0,0) is its initial marking. The transitions are
interpreted as follows:

* The EXP transition t.arri represents the arrival of the primary customers. The
firing of this transition consists to remove a token in the place p.sour and to
deposit a token in the place p.chec.

17
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p.orbi ( )

\J .

t.retr #  t.QCC) we—m—priol

p. sour prio2 t.serv
#
p O—f=)—
'y . v
t.arri p.chec t.accl p. serv

Figure 1.

DSPN models retrial queue M /D /1/N /N with classical retrial policy.

* The immediate transition ¢.acc1 represents the access to the service. The instantly
firing of this transition consists to remove a token in the place p.chec and to
deposit a token in the place p.serv.

» The DET transition t.serv represents the service of the customer. The firing of this
transition consists to remove a token in the place p.serv and to construct a token
in the place p.sour.

* The transition t.acc2 represents the access to the orbit. The firing of this transition
consists to destroy a token in the place p.chec and to deposit a token in the place

p.ovbi.

* The EXP transition ¢.retr represents the retrial customers. The firing of this
transition consists to destroy a token in the place p.orbi and to construct a token
in the place p.chec. The firing rate of t.arvi and t.retr are marking dependent and
equals, respectively M(p.sour)i, M(p.orbi)y.

* The immediate transition t.acc1 has higher priority than the immediate transition
t.acc2.

The interpretation of the places are given in the following Table 1.

Place name Description Initial marking
p-sour Source of primary customers N
p-chec Contains primary customers or secondary customers 0
p.serv Customers requiring a service 0
p.orbi Orbit for the retrial customers 0
Table 1.

Interpretation of the places in the DSPN Model given in Figuve 1.
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4. EMC and steady-state results
In this section, we details the steady-state analysis of the DSPN models the

M/D/1/N/N retrial queue. The state transition diagram of the DSPN depicted in
Figure 1 is given in Figure 2 with states space Q such that:

Q = {My, = (k,0), My, = (k,1),0<k <N —1}. ?)

Let M;, M; € Q, the infinitesimal generator matrix Q = [q MM } of the subordinated
CTMC with respect to DET transition ¢.serv is given by:

<N’+1> , if 0<k<N-2,i=2%+1andj=1i

2
= 1 8
Dy (N—%)/I, if 0<k<N-2i=2%+1andj=i+2; @)
0, otherwise.
The one step transition probability matrix P = [PMiMj} is given by:
1, if i=0 and j=1;
iﬂ% —AT /ﬂT‘l —AT NJ}TZ
CN_#(l—ej) (el) ,
if 0<k<N—1,i=2k+1and i —1<j<2N —2,j = 2%;
i
57’
%y + (N — %)l
Pym; = 9)
if1<k<N-1,i=2%k+1landj=i—1;
i
(v-3):
i i\,
- N — -
27 + ( 2)/1
if1<k<N—-1,i=2k+1and j=i+1;
0, otherwise.
"-.’-__7-‘\‘. Q/JM‘-,-’-\' B /{ Moy ,’ L *:‘l-Mz.\'—-i\,‘F f\} Mz.\'—; ,'

P ‘_'_7_,..’“ k}' ~ J».‘. / u___f%_‘ /»E_,ﬁ.“
/ | -1y

08 (N w8 R |
\ \ (A £y

5 M3 oo o sz«u ,' o 00— M ’—' Moy, )

\ 1
\\_, W1 - (N—kyp —— W—k-1)2 — N

Figure 2.
Subordinated CTMC for the DSPN associated to M/D/1/N /N with classical retrial policy.
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The conversion matrix C = |:CM1. MJ} is given by:

1, if i=j=0;
1 (% = N N
;L%i#@_e NF (e,

EMM; =\ if 0<k<N—1,i=2%k+1and i<j<2N —1,j=2k+1; (10)

1, if 1<k<N-—-1,i=2k,andj =17

0, otherwise.

5. Example

When N = 2, we obtain the state transition diagram (Figure 3) of the DSPN model
depicted in Figure 1, with state space:

Q= {MO = (O’ O)’Ml = (1’ O)sMZ = (0’ 1)’M3 = (1’ 1)} (11)

The infinitesimal generator matrix Q = [q MM, } of the subordinated CTMC with

respect to DET transition, t.serv, is given by:

0 0 0 O
0 -1 0 4
Q= 0 0 0 O 2
0 0 0 O
The one step transition probability matrix, P = [PM,-MJ»] , is given by:
0 1 0 0
e 0 1—e* 0
P= 0 7/;/ﬂ 0 ylﬂ (13)
0 0 1 0

Figure 3.
Subordinated CTMC for the DSPN models M/D/1/2/2.
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The steady state probabilities of the EMC are given by:

o — 1 ye”l’ S 1 y
Mo oy d—de > ™M T 2y Je e’
(14)
o 11— ™) (r+4) . AM1—e)
M e M T 2y ek
The elements cy,n; are given by the conversion matrix C:
1 0 0 0
0 l(1—(3*“) 0 1+i( —1)
C= At At (15)
0 0 1 0
0 0 0 1
The steady state probabilities of the DSPN are given by:
ye*“
My, = Pl — 5N
2ytA+ 24+ 2% + e ¥ (y — 24 — 24%1)
2y(1—e)
T, = ;
M dyed+ 204 2220 + e (y — 20— 247%7) a6
22(1—e ")
M, = >
M dyed+ 20+ 2% + e (y — 24— 20%7)
2(—y + yrd +ye ™ + 2’1 — APre™)
M,

T it 2+ 2+ e (y — 2 — 2%)

The steady state probabilities v and z for A = 0.5, y = 0.2, v = 1.5 are given in the
following Table 2.

k UMy, UMy iy TTMy, M1

0 0.1018434 0.2156024 0.0716884 0.1601520

1 0.3981566 0.2843976 0.4003710 0.3677796
Table 2.

The steady state probabilities distributions of the DSPN models the M/D/1/2 /2 retrial queue, “A = 0.5, y = 0.2,
T=1.5"

6. Performance measures
By using the steady-state probabilities distributions
= (nMO s My oo s My > My 1> -+ > My ﬂMZN—l) (17)

the main system performance measures can be derived by the following formulas:
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* The mean number of customers in the orbit (n,):
N-1

Ny, = Zk [”Mzk + ﬂMzk+1]' (18)
k=1

* The mean generation rate of primary calls (1):

N-1 N-2
A=A |> (N—k)am, + Y (N—k—1) 7z, |. (19)
k=0 k=0

* The mean generation rate of repeated calls (7):

N-1
y=v Zk [Ty + oty - (20)
k=1

* The mean generation rate of server (7)

N-1
T
=0

7= Z ”Mzkﬂ : (21)
k
* The server utilization (U;):
N-1
Ue= Ty, (22)
k=0

* The mean waiting time (@) (Little’s law):

o
> (23)
* The mean response time (w) (Little’s law):
g
== =. 24
Al (24)

7. Numerical results

In this section, we give some numerical results, concerning the DSPN
associated to M/D/1/N /N retrial queue. The results obtained based on the following
algorithm.

Algorithm

Begin

Step 0: Give N the number of sources, 4 customer arrival rate,
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7 deterministic service times, y the retrial rate.

Step 1: Compute the one step transition probability matrix P and the conversion matrix C using

the Egs. (9) and (10).

Step 2: Compute the stationary distribution v of the EMC by solving the linear system (2).

Step 3: Compute the stationary distribution z of the DSPN using the formula (6).

Step 4: Compute the performance measures using the formulas (18)-(24).

End

First, the DSPN model proposed for the queue M/D/1/N/N with classical
retrial policy, is validated by the exact numerical results given in (Table 3) [11]. We
see that the performance measures corresponding the DSPN associated to
M/D/1/N/N queue are close to those obtained in [11]. Next, in Table 4, we

i P, P, 7(0,i) 7(1,i)

0 0.01010 0.03869 0.0101041 0.0386973
1 0.00074 0.09112 0.0007442 0.0911271
2 0.00078 0.15838 0.0007886 0.1583811
3 0.00081 0.21048 0.0008122 0.2104897
4 0.00070 0.21147 0.00070839 0.2114737
5 0.00048 0.15663 0.00048802 0.1566328
6 0.00025 0.08251 0.00025101 0.0825136
7 0.00009 0.02935 0.00009067 0.0293532
8 0,00002 0.00650 0.00002117 0.0065053
9 0.27 x 107> 0.00077 0.27 x 1073 0.0007788
10 0.14 x 106 0.00003 0,14 x 10~° 0.0000362

Table 3.

Comparison of stationary distributions of the model M/D/1/N /N retrial queue given in [11], with the DSPN
model, “N = 11, A =0.01, y = 5.2, and 1 = 15"

Measures DSPN Model
"o 8.0342602
U; 0.6552466
2 1.3104932
7 2.0085650
T 0.3276233
w 6.1307148
w 6.6307148
Table 4.

Some performance measures, “N = 10, A =1, y = 0.25, 1 =0.5"

23



Markov Model — Theory and Applications

present some performance measures. Finally, from Figures 4-10, we illustrate the
effect of the arrival rate 1, deterministic service time 7 and the retrial rate y on the
mean response time, the mean number of customers in the orbit and the server
utilization.

* In Figure 4, we see that the mean response time of the M/D/1/N /N retrial queue

is maximum. The amplitude and the location of this maximum depend on the

retrial rate y. We observe that, the arrival rate 4 has a significant influence on the

mean response time when the retrial rate y is weak.

* In Figure 5, we see that the increase in the arrival rate 1 induces an increase on

the mean number of customers in the orbit. We observe that, the retrial rate y has

a significant influence on the mean number of customers in the orbit. This
influence is more significant for smaller value of y.

* In Figure 6, we see that the increase in the arrival rate 1 induces an increase on
the server utilization.

* From Figure 7, we see that the mean response time decreases with the increase of

the retrial rate y. This decrease becomes slow with the intensifying of the
secondary calls.

* In Figure 8, we see that the increase in the retrial rate y induces a decrease on the

mean number of customers in the orbit.

14

12

10

o <
1
= o O

)
o
8

Figure 4.
Effect of arrival rate A on mean response time w, “N = 3, A =103, ...,6, 7= 1.5,
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Figure 5.
Effect of arrival rate ). on mean number of customers in the orbit n,, “N = 3, 1 = 1073, ...,6, 7 = 1.5".
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Figure 6.
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Figure 7.
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* From Figure 9, we observe that, the deterministic service time 7 has notable
influence on mean response time, specifically for smaller values of 7.

* From Figure 10, we see that the mean number of customers in the orbit increase
with the increases of the deterministic service time 7.

* From the graphs, we see that when the retrial rate tends to oo all the
characteristics (the mean response times, the mean number of customer in the
orbit, and the server utilization) approach those of the classical M/D/1/N/N
queue which has the lower performance bound.

8. Conclusion
We have studied a single server queue with finite sources, deterministic service,
and classical retrial policy. A detailed model DSPN is given and validated by numerical

results existing in the literature. Some performance measures of our model were
given. It is very inserting to study the transient behavior and sensitivity of this system.
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Chapter 3

Markov Models Related to
Inventory Systems, Control Charts,
and Forecasting Methods

Sivasamy Ramasamy and Wilford B. Molefe

Abstract

A Markov model describes a randomly varying system that satisfies the Markov
property. This means that future and past states at any time are independent of the
current state. The two most commonly used types of Markov models are Markov
chains and higher-order Markov chains. Therefore, three types of Markov models are
proposed in this chapter of the book: (i) supply chain management, (ii) Markov queue
waiting time monitoring, and (iii) Markov fuzzy time series forecasting. The intro-
duction introduces Markov chain (MC) and summarizes the most important aspects
of Markov chain analysis. The first model explores a Markov queue model coupled to a
storage system using the classical (0, Q) policy. The second model focuses on the M/
M/1/N service mode and develops a control chart for an M,/M,/1/N type simulated
queue to monitor customer waiting times. The third is a higher-order Markov model
(HOMM), which uses fuzzy sets to predict future states based on given hypothetical
time series data. Numerical calculations are designed to find optimal order quantities,
monitor customer wait times, and predict future HOMM conditions.

Keywords: Markov chain, queue inventory, control chart, probability vector, rainfall

1. Introduction

The term probability refers to the proportion of interesting events observed in one
or more random experiments. The probability of an event A occurring in an experiment
is given by the ratio f/T, where f = A can occur and T = the total number of possible
outcomes of this experiment. We denote the set of all outcomes of a random experiment
by Q = {w}, which is called the sample space. A real-valued function X = X(w) that gives
a unique real value for each term “@” in the real set R (= (—o0, o)) is called a (real
valued) random variable. We classify a random variable as discrete if it has only a few
specific values, such as —1, 3, 8, and 17. Otherwise, it is classified as continuous. A
family of random variables indexed by time “t” defined on a state space Si.e., X =
{X(t)eS: teT = [0, o0)} is called a stochastic process. Thus, a typical Stochastic pro-
cess is indexed by time “t” and takes its state values over a space S is represented as

X={X(w,t)eS,weQ,teT} (1)

31 IntechOpen



Markov Model — Theory and Applications

1.1 Continuous time (CT) Markov process (MP) {X(¢), ¢t > 0}

If the probability of future state of X(¢) depends only on the present but not on the
past states then {X(t), ¢ > 0} is a MP for any set of time points t; <t, < -+ <t,11 and
any set of states x1 <xp < -+ <Xpy1 =

PI‘(X(thrl) = xn+1|X(t1) = xl,X(tz) = X7, ... ,X(tn) = .X‘n) =
()
PI‘(X(tn+1) = Xp+1 |X(tn) = xn).

1.2 Markov Chain {X,,: n=0,12,...}

» A discrete time MP {X, = X,: n = 0,12, ... } is called a Markov chain (MC). Let the
conditional probability of moving from state 7 to state j be P;; = P(X(, . 1) = j |
X,=1),n>0andi,andj=0,1,2,...

* Define one step transition probability matrix (TPM): P = [P;] Let P} =. The
conditional probability of moving to state j starting from state 7 in 7 steps which
can be calculated using the Chapman Kolmogorov (CK) equations:

Py =Pr(X, =jXo=i) =Y PPy (3)
k=0

fori,j=0,1,2, ...and m>r >0. (4)

* Thus, the m™ step TPM is P” = [Py .

* A MC is completely determined if the initial distribution P(X, = j) and its one
step TPM P are all known or estimated by conducting a sample survey.

1.3 Classification of States of a MC

* Statej is accessible from state i if there exists an integer m such that P}/ > 0.

» Two states i and j communicate with each other if both are accessible from each
other.

* The TPM of an MC defined on a state space S is said to be irreducible if all states
communicate with each other state in S.

* State i is recurrent if the system will return to it after some finite time in the
future.

¢ If a state is not recurrent, it is transient.

* A state is periodic if it can only return to itself after a fixed number of transitions
greater than 1 (or multiple of a fixed number).

* A state that is not periodic is aperiodic.
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* An absorbing state is one that locks in the system once it enters.

* All states belonging to a class are either recurrent or all transient and may be
either all periodic or aperiodic.

1.4 Stationary distribution of an aperiodic and irreducible MC

e Let and
m = JLH(}OPZ and I1 = {zo, 71, 725 ... }» Z]ioﬂ'j =1 (5)

* Under certain conditions, these limiting probabilities 7; can be shown to exist and
are independent of the starting state i.

* They represent the long run proportions of time that the process spends in each
state j. Also 7; = the steady-state probability that the process will be found in each
state j. Computation of the row vector II:

OpP=1, Y z=1 (6)

* For an aperiodic and recurrent MC on the state space Q = {1, 2, ... ,m}. Let
m; = lim P, > (7 = 1 and row vector I1 = (7q, 71, ... » ).
T T S 7 44j=0"J

* Then, the stationary probability vector II satisfies the following set of
simultaneous equations:

NP=T, MNi=1=) g )
j=0

* Computational Hint: One of the m equations of I P = II is redundant. It is
advised that replacing any of the equations of II P = I by I11 = 1, we form a set of
m simultaneous equations which yield the unique II. One can find quite a number
of applications of finite state MCs in our social life activities.

1.5 Generator Matrix of a continuous time MP

Let Tj; denote the time for the MP to go from state i to state j and g;; be the known
rate of transition from state i to state .

Then Ti‘ — i, Let qi = ZJ £ ql],

The infinitesimal generator is

90 901 902 903
Q= 990 492 Y912 913 - (8)
90 9n 93 923

The stationary distribution is obtained by solving the system of equations
nQ=0, M=1=> =z 9)
n=0
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Basic information on MC definition, classification of states, etc. can be found in
[1, 2]. Instructions for calculating the state characteristics of different types of MCs
using software “markov chains” are briefly discussed in [3].

1.6 Ordering Markov models discussed

Section 2 considers customer arrivals to demand a single product of supply chain
management. All arrivals join an M/M/1/N/FCFS system attached to a storage house
under the classical (0, Q) policy. The joint process of limiting queue length and the
inventory level is denoted by Z = {(L, )} = lim, _, {(L(¢),]J(t))}. We then obtain
stationary probability vector of the Z process. A cost function is formed as an implicit
function of the order quantity Q and other input values, and the optimal order
quantity that minimizes its total cost is determined.

Section 3 presents the analysis on an M/M/1/N queue and develops simulated
queue M,/M,/1/N. The steady state characteristics such as the embedded queue length
and waiting times at all successive transition epochs of the M;/M,/1/N system are
obtained and a control chart is constructed to monitor the impacts of the customer’s
waiting time distribution.

Section 4 introduces a HOMM for analyzing a fuzzy time series as a data sequence.
The main focus is to build a first-order MC (FOMC) and another second-order MC
(SOMC) for the same data sequence under study. The prediction error (PE) is calcu-
lated for both FOMC and SOMC and a comparison is made to isolate the best per-
former. Section 5 provides a formal concluding report.

2. Markov model for supply chain managements

A Markov chain sequence can be thought of as a stochastic model. Such a model
involves mathematical considerations to estimate the probability of a sequence of
future states based on the most recent event rather than past history. The Markov
model is a stochastic method for randomly varying systems with the Markov property.
This means that at any moment the next state depends only on the current state and is
independent of the past.

Markov analysis is a method for predicting the value of a variable whose predicted
value is affected only by its current state and not by any past activity. Basically, it
predicts a random variable based only on current conditions. The three simple forms
of Markov models are (i) MC, (ii) Markov decision process (MDP), and (iii) HOMM.
Each model has applications in queuing theory, inventory systems, and reliability
theory.

To learn the analysis of queuing problems, researchers can read [1, 2, 4-9].
Regarding stochastic model building using queuing storage systems, you can refer to
[8, 10-12]. The use of matrix analysis to find steady state results for queue-length
processes is well covered in the book by [13].

2.1 Markov decision processes of a supply chain

Supply chain (SC) is a system that links sales branches into a supply chain that
would financially improve customer satisfaction and loyalty. Several SC researchers
have used integrated queues with inventory policies to reduce lead time and inventory
costs.
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This section discusses a Markov model that tracks inventory levels in a warehouse
connected to a queuing system that sells individual products based on customer
demand. This is called the Queue inventory model (QIM), which allows demands to
be made during the inventory period. However, those customers who arrive when the
warehouse is empty will not be processed until after the ordered products arrive.

The proposed SC facility delivers either a package of Q > 0 fixed-size items for the
normal order or only one item for an emergency order to a warehouse that processes
customer requirements through a Markov service node M/M/1/N.

Denoting the number of customer demands occurred at time “t” by X(t) and the
present on-hand inventory level by Y(t), we propose matrix methods to study the bi-
variate stochastic process Z(t) = (X(t), Y(t)) defined on the state space E = NoxQq
where Ny =0,1,2, ...,Nand Qp = 0, 1, 2, ..., Q. The system has a single server who
admits a maximum number “N” of customers and does not admit those customers
who arrive at instances when X(t) = N called lost customers. The queue discipline is on
a first-come, first-served basis (FCFS).

Customers requesting one unit of stock arrive at a node of a Poisson process with
mean parameter (1) when X(t) = n, nge0. For each request, after an exponential
service time, one product unit is offered with a state-dependent parameter p,,. Here
we have two types of inventory ordering policies called “regular” and “emergency”:

1. The normal ordering is the classical (0, Q(>1)) policy, which is set whenever the
MDP Z(t) moves from (n,0) to (n + 1,1) n > 1. The lead time is assumed to be an
exponentially and identically distributed random variable with rate parameter .

2.The emergency ordering type is the classical (0, Q(=1)), which triggers an order
for one product whenever the Z(t) process moves from (1,1) to (0,0). It is
assumed that the emergency fulfillment time is a small interval of unit length
(IUL) and the urgent order is replenished at a rate of “1.” This emergency order
period expires at the end of the IUL. In this particular period, P
[(0,0) — (0,1)] = 1/(1 + 1), P[(0,0) — (1,0)] = A/(4 + 1), that is, whether the
replenishment of one product or the arrival of a customer demand is
unavoidable.

3.0ur M/M/1/N service system will not accept every incoming customer if there
are N customers in front of the system. There can be at most one pending order
where “0” is the order point and the order quantity is at most Q units per
replenishment for the normal type and only one product for the emergency type.

Due to the properties of exponential distributions and the mixed-type of normal and
emergency practices, the proposed sequence Z(t) forms an aperiodic and positive recur-
rent Markov decision process (MDP). The set properties of the Z system can be easily
checked at each stage of service completion. Our main objective is to use a linear function
of expected total cost to determine the optimal order quantity and order patterns.

2.2 Generator matrix of the MDP process Z

It is interesting to note that the MDP process Z is also a level-dependent quasi-
birth-and-death (LDQBD) in continuous time. We have the (N + 1) level L, such that

ULVZOL,, = E. The infinitesimal generator matrix G has the tri-diagonal structure and
each submatrix of G is a square matrix of order (Q + 1):
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B A, O 0 0 0
Ay Ay Ay O 0 0
0 A, A Ay 0 0
G=1]0 0 A, A 0 0 (10)
: : : Ay 0
0O 0 0 0o - A Ay
(0 0 0 0 .. A (A+Ao]

Each sub-matrix of the G is a square matrix of order (Q + 1) indexed byj=0, 1, ...,
Q. The precise structures of B = (bij), Ag = (az(?-)), A= (a}}), and A, = (ag ) are
now described:
bl 1:—(/14—1) bl 2:1b1]:O for ]:3, 4,..., (Q+1)
hij: bl‘]':—ﬂ for 1:j:2, . (Q+1) (11)
0 otherwise

Afori=j=1, 2, .. (Q+1)
(0) J=4H %
= 12
i { 0 otherwise (12)
1 1
" “g) 1=-(+v) “5) @Q+1) =Y
4 ;=9 —(A+p) fori=j=2, 3, ..,(Q+1) (13)
0 otherwise
)] _ s
L0 _)a" iy =h for i=2, .., (Q+1) (14)
"t 0 otherwise

The solution of matrix equations generated by level-dependent QBD processes has
been widely studied by several researchers, see [6]. A useful matrix analysis method
for computing the steady-state probability distributions of the queue-length process
of QBDs is presented in Ref. [13].

Distribution: Denote by Il = (xg, 71, 75, ..., @y), the steady state distribution of Z
and by x,, the row vector #, = (#(n, 0), ..., #(n, Q)) associated with level L,, n € Ny.
Let e = (1,1, ...,1) be a column vector of unit elements.

We now discuss a simple linear level reduction method in two phases for a positive
recurrent case that leads to computation of the limiting distribution II: Phase 1:
Iteratively reduce the state space from the level “N” by removing one level at each
step until we reach the level “0” and check if the generator of the level “0”
corresponds to a Markov process.

Compute, the U™ matrices and the rate matrices R, in terms of the sub-matrices
of the generator G:

U™ =AM 4 a,, (15)

-1
U™ =AM — A, [U“‘ﬂ AMY for n=(N-1), (N-2), .., 1 (16)
1
U© =B — A [U“)} A, 17)
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-1
R, = —A, [U(”)] , n=12 ..,N (18)

For 1< n <N, the matrix U™ records the transition rate from level L, to L, before

a visit to L¢, _ 1. In addition, the matrix — [U™] 71A£") records the first passage time
probabilities from level L, to L,, (Figure 1).

Phase 2:

Theorem 1.1 The unique stationary joint distribution vector IT of the Queue length
and the inventory level of the Z = (X, Y) process is given by

7w =7p_1 Ry for n=1,2,...,N and Ile=1. (19)

2.3 Alternative way of computing the stationary probability vector II
Phase I: Compute.

Co=B,Ci =AY + AV(—Ci_y) A fori=1,2, ...,(N —1),and (20)

-1

Cn = (A§N) + Ao) + AN (—Ciy_1) Ao 1)

It is noticed that the matrix (—C; 'Ao) records the first passage probabilities from
level L(i) to L(i + 1).

Phase II: The Stationary probability vector Il = (I, IL, I, ...,Iy),
>N I, e = 1is determined by

MyCy = 0, (22)
I, =1,,A0"Y(-C,)™ for n=(N-1), (N-2), ..,3,2, 1 and 0  (23)

190 200 210
|

180
1

170
1

2 4 6 8 10 12

Figure 1.
Q versus TEC.
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2.4 Useful metrics derived from II

The marginal distribution, say IL,, of the queue length process X and that of the
inventory process, say Il, are now obtained from the joint probability vector II
respectively by IL, = (X, X3, ..., Xy) where x,, = 7, e, forn = 0,1, ..., Nand IL, = (yo, y1,

...» V@) where (yj = ZnN:() z(n,j) forj=0,1, ...,Q.

Mean system Size L and Mean wait W: The mean system size L and the mean
sojourn time W of the queue length process X are given by

N
— L
L:Znﬂn and W:r, /1@5::/1(1—711\/) (24)
n=0 eff

Mean Inventory Size V and Mean Reorder Rate R: The mean inventory size V and
the mean reorder rate R of the inventory level process Y are given by

Q N
V= Z] y; and R=p n(1,1)+ Zu z(n, 1) (25)
=0 n—2

Total expected cost (TEC) Let us consider three different costs i.e., h = holding cost
per item per unit of time, c1 = ordering cost per order and c2 = waiting time cost per
unit of time. A linear TEC function is then designed to determine an optimum order
quantity Q" for which TEC(Q") is the minimum:

TEC =h V +c1R + 2W (26)
2.5 Determination of optimum order quantity, Q*, N = 25

A numerical representation is now considered to determine the optimal order
quantity that minimizes the TEC described in (14). We set the input dataset as
follows: N = 25, arrival rate 4 = 2.2, service amount y = 2.5 and replenishment rate
v = 2.25, and holding cost h = $ 27.5 order price c1 = $ 8.4, and waiting time costs c2 = §
12.

In this case, the TEC values for varying order quantity Q are calculated with values
2 to 11, and the same is shown graphically in Figure 1. The order quantity that
minimizes TEC is Q" = 5 and the corresponding price is $ 169.2.

3. Markov modeling of queues with finite capacity: M/M/1/N

The chapter considers a simple simulated Markov model of a single server
M/M/1/N. It focuses on a process control method that can monitor customer waiting
times. Any service counter with a buffer of waiting customers naturally leads to a
limited queue.

3.1 Simulation of cumulative arrival and departure epochs

The formal simulation method is now carried out to fit the M/M/1/N model, and
the result is called the simulated Markov model M,/M,/1/N. Let the arrival rate of the
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M/M/1/N exponential population under investigation be 4 and the service level be .
We take enough samples from each exponential population to simulate consecutive
customer arrival and departure periods, the cumulative arrival times, the number of
customers in such periods, and the waiting time of each customer for a given number
of arrivals such as M = 1000. The simulation process algorithm:

Step 1: Simulate “M” number of inter-arrival times {a;, a, ..., ay} from the
exponential distribution with parameter 1. Let the starting time of the simulation
process be zero, i.e., T = 0. Then calculate the sequence of cumulative arrival times
T] :T(jfl) + ajforj = 1, 2, ...,M.

Step 2: Simulate “M” number of service times {sy, s, ..., sy} from the exponential
distribution with parameter y. Then calculate the sequence of service start time times
{Sj} and the sequence of departure epochs {D;}: S; = (T1), Dy = S; + s1.

Sj = Max{(T,-), Dj)} and Dj = Sj +s; fOI’j =2,3,..,M.

The waiting time W; in the system for the j* arrival is then given by W; = D;-T;.

Step 3: The (pre-arrival) number L}“*) of customers present at the arrival

points {T;} and post-departure number L](d) of customers present at the departure

points {D;} are then calculated using appropriate formulae during the simulation
period.

Step 4: If the maximum value of the sequence {L](“*) =12, .., M} is N-1, then

the maximum capacity of the simulated Markov model is M,/M,/1/N. For cross
checking, verify the fact that the maximum value of the sequence

{L](d) j=12, .. ,M} also equals to N-1.

Step 5: Let f;, = Number of times the event L](”f) = koccurred fork =0, 1, ..., (N-1)
over the arrival epochs {T;} forj =1, 2, ..., M. Then Z,(elial)fk = M Thus, the prearrival
epoch queue length distribution is given by {77.'](:7) = {\—Z}

Step 6: Let F), = Number of times the event L]@ = koccurred fork=0,1, ..., (N-1)
over the departure epochs {D;} for j =1, 2, ..., M, where Z,(:Zgl)F » = M. Thus, the

departure epoch queue length distribution is given by {zr,@ = %} For a cross-

checking, verify the fact thatfj, = F, fork =0, 1, 2, ..., (N-1).

3.2 How to fit M/M/1/N

The special feature is that the maximum number “N” of the simulated version M,/

M,/1/N plays a crucial role. Let us denote the estimated results obtained from the
above simulated outcomes for pre-arrival epoch queue length probabilities by 77.']@7)

and post-departure epoch probabilities by 7rj(d). Then it can be shown that

- d . _
') =2 jest)={0, 1, 2, .., N-1)} =8 27)

Let {t? =0, tﬁ,a)} be the sequence of times at which Y(tﬁla)) represents the queue
length immediately after the nth arrival epoch £ on the state space S@ =
{1,2, ..,N}.Let, 2" = P(Y(}f‘)) :j) :
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@ =) jesé) (28)

Embedded queue length (EQL) process Y = {Y, €S ={0,1,2, ..,N}} :Letus
now describe the embedded queue length Y, found at the n transition epoch t,,.

Thus, t, represents the n order statistics of the union of {tﬁ,’”} U{tﬁ,d)}. Let 7; = P()
Y,=j) forjeS={0,1,2, ..,N}.

JTE)d)/z
7= (7 +50)/2 for j=12, .(N-1) (29)

29)2 for j=N

Some specific applications of control chat methods are discussed in [5, 14] (Figure 2).

Detailed information that explores applications of HOMM and data sequence
analysis using fuzzy sets are found in [15-18]. Theory of Fuzzy sets was introduced by
Zadeh [19].

3.3 Numerical evaluation of a simulated Ms/Ms/1/N queue

Now, with a simulation study of M = 1000 patients, we try to perform the queuing
functions of a health care unit in a way that ensures the best results of an M,/M,/1/N
queue. The processing time per customer is exponentially distributed with an average
rate of p = 0.27. Patients arrive randomly, with an average of one position every
4 minutes, and are treated on a first come, first served basis. The simulation route is
run with an exponential arrival rate 4 = 0.25 and an exponential service y using r-code
to implement the algorithm described above.

The " raw moment of the EQL is given by E(Y") = 2]110] ;.

The estimated values of the all 2000 (= 1000 arrival point and 1000 departure
epochs) transition epochs t,: n = 1,2, ..., 2000 and the corresponding waiting time
W,, = L,/ of patients are calculated.

A box-and-whisker diagram of the waiting time distribution W,:n = 1,2, ..., 2000
and its histogram are displayed side by side in Figure 2. As expected, the box-and-

Embrical Waiting Histogram of waitTimes
Time Distribution 9
- Eom
m ] O
E o ] ! g 2
e ] : &
2 o] = s 3
3 Y] g
g _
o — o
O I I I
0 40 80
Transition number Waiting Time

Figure 2.
Box plot and histogram of waiting times.
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Figure 3.
Transition epochs vs. waiting times.

whisker plot shows the sizes, spread, and skew of the interquartiles (Q1 = 12, Q2 = 24,
Q3 = 56), max = 124, and whiskers (bottom = 0, top = 122) outside the upper and
lower quartiles of waiting times. In addition, one exterior remains above the upper
whisker, i.e., max W,: n = 1,2, ..., 2000 = 124. Using these facts together with some
facts revealed by the histogram, we can conclude that the waiting time distribution
can follow, approximately, an exponential distribution with a long tail to the right. A
control chart (Figure 3) is designed to show additional information of the pair
sequence {(t,, W,):n = 1,2,...,2000}.

Any “health” management can refer to the Figure 3 and make certain decisions.
First, management must maintain all types of resources necessary to treat and accom-
modate up to N = 32 patients, such as beds, medical equipment. Second, management
can inform patients that the average waiting time is about 35 minutes and the maxi-
mum waiting time is about 124 minutes. If the administration installs an additional
server during the transition periods of 995 and 1005, the patient’s waiting time can
also be reduced. So this section explores how simulation technology can be used to
build Markov-type queuing models and use it to better serve ordinary people.

4. Higher-order Markov model (HOMM)

This section discusses different characteristics of an higher-order Markov model
(HOMM). The purpose is to explore briefly how a HOMM can be used in forecasting
of time series observed over agricultural productions, stock market prices, oil
demand, etc. The first step is to covert the given time series into a categorical
sequence by fuzzifying the given time series {X(t):t = 0, 1, ...,} over a finite number
states € M = {1, 2, ...,m }. This type of forming of Markov categorical sequence
was developed [20, 21].

The main advantage of using fuzzy logic is that it can handle imprecise data by
assigning degrees of truth, called membership values in the closed interval [0,1]. It is
an extension of the crisp method to a multivariate format. Since 1965, fuzzy set theory
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[19] has occupied various fields of our society, see [17, 18, 22]. For fitting a higher
order multivariate Markov chain model, basic details can be found in Ref. [23].

We now focus on the data sequence {X, = j}. Let the initial probability vectors of
size “m” in canonical form be denoted by X, = Pr(X, =j) = (0, 0, ..., 1, 0,..., 0)"} for
t=0,1,..., n. Each m-vector X, produces a conditional probability distribution of the
categorical sequence for a given t. The corresponding normal form of the probability
vector be X(t) = ;15 > X,.

Hence, each probability vector of size “m” of the sequence
{X(t) = (x1(t), %2(t), ..., X (t)) } produces a conditional probability distribution of
the categorical sequence for a given t. If the probability distribution at time t = r + 11is
dependent on the state probability vectors of t = 1, r-1, r-2, .., r-n + 1, then the n”
order model is formulated as follows:

irJrl = An Ph irchrl (30)

h=1
The initial probability vectors are X(t) : t = 0,1, .., (n — 1).4; are non-negative real
numbers with > 4, = 1 and each P}, is the h-step transition probability matrix with
each column sum equals unity for h = 1, 2, ..., n. Numerical evaluation of P, matrices
and the scalars 4, for h = 1, 2, ..., n can be done with the “markovchain” package.
Now, we can make use of the higher-order Markov model fitted by (19) for prediction

future states after n-steps. The prediction of the next state X(t) = P(,_1 X (t-1) at time t
can be taken as the state with the maximum probability, i.e.,

X)) =jif X)) =k<X@t) =jkj=1,2, ..m (31)

To evaluate the performance and effectiveness of the HOMM, a prediction error
(PE) is defined (21):

1E 1if % =) #x
PE=—3 5 here &= 2
I(;J e {Oifo‘ct:j:xt G2

Example: Categorical data sequence and Fuzzy time series We now consider a
hypothetical data on amount of rainfall (RF) time series X(t) = {x,} observed from
t =1991 to t = 2001 years which is reported in Table 1. Let the universe of discourse of
the ARF factor be U = [100, 1300]. We partition the set U into 4 equal length intervals
as follows: u; = [100, 400), u, = [400, 700), uz = [700, 1000), u4 = [1000, 1300]
which are mutually disjoint such that U = U‘&:Duj.

Let us define fuzzy sets to represent each division u; of U through a linguistic
variable, say A, as follows: A;—low if x(t) € u;, Ay,—medium if x(t) € u,, A;—high if
x(t) € us, As,—very high if x(t) € uy. Thus, there is a one to one correspondence
between the rainfall amount x(t) received at time “t” and the values A; for j = 1,2,3 and
4 of the linguistic variable A.

The observed categorical data sequence for the rainfall amount recorded in Table 1
is coded by S; = “2,” “1,” “3,” “2,” “1,” “3,” “4,” “4,” “2,” “1,” “2” or by S; = “A,,” “Ay,”
“As,” “Ap” “Ag” “As,” A, Al €Ay, “Ag,” “A.7 This representation given in the
sequence S1 forms a fuzzy time series. In addition, the collection of all members of S;

ie.,S={"A;,"A2","A3","A4"} can be viewed as the finite state space of a Markov
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Year o(ARF) o(Sy) E(S) E(ARF) o(S,) E(ARF)
1991 500.8 A, NA NA NA NA
1992 2547 Ay A 250 NA NA
1993 9823 As As 850 AA, Ay A,
1994 590.9 A, A 550 AA, A A,
1995 153.4 Ay A 250 AsA, As A,
1996 875.4 As As 850 ArA, Ay A,
1997 1250.5 A, A, 1150 AA, A A,
1998 1125.7 A, A, 1150 AsA, As A,
1999 622.6 Ay Ay 550 A4A, A4A,
2000 272 Ay Ay 250 A4A, A4A,
2001 623.4 A, As 850 A2A, A A,

A Rainfall during 1991-2001. ARF = Rainfall amount, S1 = Linguistic Variable for ARF and expected states E(S1)
from fitted Markov Model X , 1) = Py X, and Xy = P Xt — ).

Table 1.
HOMM model fitting.

Chain (MC) process over a period of time “t” but appropriate order of the MC is not
known.

Using the sequence S;, one can fit the first-order MC (FOMC) X (t + 1) =
41 P(t)X(t) for predicting the next state from a given state of the state space
S={"A1,"A),"As", AL}

By combining two adjacent states of the sequence S; of 11 elements, we can obtain
the initial sequence Sz = {A2 Al; A1A3, A3A2, A2A1, A1A3, A3A4, A4A4, A4A2, AzAl,
A;A,} of 10 elements for constructing the second-order MC (SOMC). However, in
each pair, say AjA;, the second position Ay is representing the current state since the
Markov property forgets the past once the current state is known.

Fitting of First- and Second-order Markov models Let us fit FOMC to the
observed sequence S; = “2,” “1,” “3,” “2,” “1,” “3,” “4,” “4,” “2,” “1,” “2” using the
“markovchain’ software package applied in R-programming. The command
fitHigherOrder(S;,order = 2) is executed and the following results for the parameters
of the HOMM given in (19) are obtained:

Xep=MmP1 Xy, and, X1 =h P Xi+4P X, 721 (33)
Xo = (3/11,4/11,2/11,2/11), X; = (3/10,2/10,3/10,2,/10)

A1 = 0.5360825 and A, = 0.4639175 = 1-4.
Estimates of the transition matrices:

0 10 0 0 0 05 05
) 033 0 05 05]. 0.5 033 05 05
“loez 00 o |["*" o o067 0 o0

0 0 05 05 05 0 05 0
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Expected States to be reached in a single step:

Consider the fit X; = A; P; Xo. Because the first column of the matrix P; has the
highest probability of 0.67 in the relation of the third row, which is the expected state
after one step of state A.; is Az, that is, A; — As. Thus, the expected AMR is calculated
as the average of the limits from u; = [700, 1000), i.e., E(AMR) = (700 + 1000)/

2 = 850.

The maximum probability of the second column of the matrix P; occurs in relation
to the first row, starting from the observed state A,, to which the MC would reach the
state A; and the expected AMR, which is calculated from u; = [100 00) is 250. Our
conclusion is A, — A;.

The maximum probability (i.e., 0.5) of the third column of the matrix P; occurs in
the second and fourth rows. Thus, starting from the considered state A;, the MC
would reach either state A, or A, and the expected AMR calculated by u, = [00700) is
550 and the expected AMR calculated by u, = [1000,1300) is 1150: P(A; — A;) = P
(A; — Ay) =0.5.

The maximum probability of the fourth column of the matrix P; is 0.5 relative to
rows 2 and 4. Thus, starting from the observed state A4, the MC would reach either
state A, or Ay, and the expected AMR calculated by u, = [400700) is 550 and the
expected AMR calculated by uy = [1000,1300) is 1150: P(A;, — A;) = P(A; — A4) = 0.5.

When comparing the states specified in columns o(ARF) and E(S;) of the table-
(\ref.*{T1}), the prediction error, or PE, is calculated using the formula (\ref) *{ER}):
PE = (1/10) = 0.1.

Steady state stationary distribution X: Since the unit step transition probability

matrix of the first order MC is P;, the steady state stationary distribution X is the
solution of

X=P X (34)
Executing the command steadyStates(P;) in the “markovchain” package in R code,

we obtain that X = (0.3,0.3,0.2,0.2).

Second-order MC: Steady state stationary distribution X® Consider the initial
sequence Sz = {A2 A1, A1A3, A3A2, A2A1, A1A3, A3A4, A4A4, A4A2, A2A1, A1A2} of 10
elements for constructing the SOMC. Each state has a pair of items such as AjA;, in
which Ay, is the current state. We now discuss the analysis of the model fit using the
estimates of 4 values and the TPMs in the following expression:

Xz =h1P1Xi+4L P io (35)

Applying the similar arguments on the factor X; = P, X, we can arrive at the
following conclusions: C1: A; — Aj or A; — Ay.

A2—>A3
A3—>A1OI‘A3—>A4
A4—>A101'A2—>A2

Repeating the similar exercise on the factor X, = P; Xy, we can arrive at the
following conclusions:
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C2
A1 — A
A, — A

As; — AyorA; — Ay
Ay — AyorAy — Ay

Now, ordering the results of C1 with C2 in this order we obtain the expected
second-order sequences at the end of the second state: A; A; or A; A, or A; Ay.

A2 Az or Az A4
A3 A3 or A3 Az, A3 A4
A4 A1 or A4 Az or A4 A4

All these results are reported in Table 1.
Prediction error for SOMC fit is PE = (3/9) = 0.33.
It can be shown that the matrix P = 4;P; + A,P, serves as the TPM of the SOMC.

Hence, the steady state stationary distribution X® can be obtained by solving the

equation X P = X X? = (0.2673632, 0.3203355, 0.1946253, 0.2176760).
The prediction error of the FOMC is smaller than that of second-order MC. In
addition, there is no significant improvement in the four component stationary proba-

bility vector X? as compared to the respective components of first-order vector X. So
we can conclude that the fFOMC is preferable over the SOMC for future predictions.

5. Conclusion

This chapter looked at three types of Markov models. The first model addressed
the basic issues of a warehouse connected to an M/M/1/N/FCFS facility. The long-run
probability distributions of queue length and inventory variables were obtained using
matrix methods. The expected total cost function was formulated based on holding
costs, ordering costs, and waiting time cost and was used to obtain the optimal order
quantity. A graphical representation of the relationship between the cost function and
order quantity was provided to support the theoretical results of this model.

The second model investigated the changes made by the arrival and departure
phases of the M/M/1/N/FCFS queue and thus analyzed the simulated queue M,/M,/1/N
for long-term evaluation of moments. The input queue length and waiting times for all
consecutive transitions in the M;/M,/1/N system were calculated and all were plotted on
a control chart to observe the effect of the customer waiting time distribution.

The third model analyzed the HOMM to predict the fuzzy time series as a data
series. Two special cases, the FOMC and the SOMC, were fitted to the same dataset
generated by measuring the hypothetical rainfall ensemble. Forecast errors for both
FOMC and SOMC were calculated and compared to show that the FOMC performed
best.

The best conclusions are thus made by analyzing MC models for both waiting line
and inventory problems. We developed either numerically tractable expressions or
accurate probabilistic expressions to obtain numerical representations. The first model
can be recommended for any QIM problem and the second model to quickly assess
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waiting times in medical resources to ensure the best quality of service. A third model
can be conveniently used to predict future states of categorical datasets with higher
orders.

Future research will develop intelligent and easy-to-implement algorithms for the
interdisciplinary researchers.

Conflict of interest

The author declares no conflict of interest.

Thanks declaration

The author would like to thank two colleagues for their comments on Markov
models, which greatly helped this chapter of the book.

Author details

Sivasamy Ramasamy*f and Wilford B. Molefef
Statistics Department, University of Botswana, Gaborone, Botswana

*Address all correspondence to: sivasamyr@ub.ac.bw

1 These authors contributed equally.

IntechOpen

© 2023 The Author(s). Licensee IntechOpen. This chapter is distributed under the terms of
the Creative Commons Attribution License (http://creativecommons.org/licenses/by/3.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided

the original work is properly cited.

46



Markov Models Related to Inventory Systems, Control Charts, and Forecasting Methods

DOT: http://dx.doi.org/10.5772 /intechopen.1001362

References

[1] Gross D, Harris SM. Fundamentals of
Queueing Theory. 3rd ed. New York,
NY: Wiley; 1998

[2] Bhat N. An Introduction to Queueing
Theory: Modeling and Analysis in
Applications. 2nd ed. Boston:
Birkhauser; 2008. p. 268. DOI: 10.1007/
978-0-8176-4725-4

[3] Spedicato GA. Discrete Time Markov
Chains with R. The R Journal. 2017.
Available from: https://journal.r-project.
org/archive/2017/RJ-2017-036/index.html

[4] Hunter J]. Filtering of Markov
renewal queues, II: Birth-death queues.
Advanced in Application Problem. 1983;
15:376-391

[5] Sivasamy R, Jayanthi S. Charts for
detecting small shifts. Economic Quality
Control. 2003;8(1):1-8

[6] Sivasamy R, Thillaigovindan N,
Paulraj G, Paranjothi N. Quasi-birth and
death processes of two server queues
with stalling. OPSEARCH. 2019;56:739-
756.. DOI: 10.1007/s12597-019-00376-1

[7] Sivasamy R. An M/M(1) +M(2)/1
queue with a state dependent K-policy.
Journal of Xi’an University of
Architecture & Technology. 2021;1:
111-124

(8] Taylor HM, Karlin S. An Introduction
to Stochastic Modeling. 3rd edition. San
Deigo, CA: Academic Press; 1998. ISBN-
10: 0126848874, ISBN-13: 978-
0126848878

[9] Zhang Y, Yue D, Sun L, Zuo J.
Analysis of the queueing-inventory
systems with impatient customers and
mixed sales. Discrete Dynamics in
Nature and Soceity. 2022;2022:1-12.
DOI: 10.1155/2022/2333965

47

[10] Alnowibet KA, Alrasheedi AF,
Alqahtani FS. Queueing models for
analysing the steady-state distribution of
stochastic inventory systems with
random Lead time and impatient
customers. Process. 2022;10:1-24.

DOI: 10.3990//pr10040624

[11] Daduna H, Szekli R. M/M/1 queueing
systems with inventory. Queueing
System. 2006;54:55-78. DOI: 10.1007/
s11134-006-8710-5

[12] Schwarz M, Daduna H. Queueing
systems with inventory management
with random lead times and with
backordering. Mathematical Methods of
Operational Research. 2006;64:383-414

[13] Latouche G, Ramaswami V.
Introduction to Matrix Analytic Methods
in Stochastic Modeling: ASA-SIAM
Series on Statistics and Applied
Probability. Philadelphia, PA: SIAM;
1999

[14] Shore H. General control charts for
attributes. IIE Transactions. 2000;
32(12):1149-1160

[15] Berman O, Kim E. Stochastic models
for inventory management at service
facilities. Communication Statistical
Stochastic Model. 1999;15(4):695-718

[16] Berman O, Kim E. Dynamic order
replenishment policy in internet-based
supply chains. Mathematical Method
Operations Research. 2001;2001:53

[17] Song Q, Chissom BS. Forecasting
enrollments with fuzzy time series —
Part I. Fuzzy Sets and Systems. 1993;54:
1-9

[18] Wong W-K, Bai E, Chu AW.
Adaptive time-variant models for fuzzy-
time-series forecasting. IEEE



Markov Model — Theory and Applications

Transaction System on Man Cybernetics:
Part B. 2010;40:1531-1542

[19] Zadeh LA. Fuzzy sets. Information
and Control. 1965;8(3):338-353.
DOI: 10.1016/S0019-9958(65)90241-X

[20] Ching WK, Fung ES, Ng MK.
Higher-Order Markov Chain models for
categorical data sequences. Naval
Research Logistics. 2004;2004:557-574.
DOI: 10.1002/nav.20017

[21] Ching WK, Ng MK, Fung ES.
Higher-order multivariate Markov
chains and their applications. Linear
Algebra and Its Applications. 2008;428:
492-506

[22] Singh P, Borah B. Forecasting stock
index price based on M-factors fuzzy
time series and particle swarm
optimization. International Journal of
Approximate Reasoning. 2014;55:
812-833. DOI: 10.1016/j.ijar.2013.09.014

[23] Sivasamy R, Senthamaraikannan K,
Adebayo Fatai A, Karuppasamy KM.
Higher order Markov chain fitting for
data on rainfall and Rice production.
YMER. 2021;20(10):156-170

48



Chapter 4

The Application of Markov and
Semi-Markov Models in
Transportation Infrastructure
Management

Omar Thomas and John Sobanjo

Abstract

This chapter outlines how Markov and semi-Markov models can be used in Trans-
portation Infrastructure Management Systems, in particular Pavement and Bridge
Management Systems. The use of Markov models have been used in both Pavement
and Bridge Management Systems for years. In more recent times the use of semi-
Markov models have been introduced in Bridge Management Systems. Research has
shown that if there is enough data available to develop semi-Markov models for
transportation infrastructure, then this stochastic technique can be used to predict the
future network level conditions and can be used in the development of preservation
models for transportation infrastructure. The application of these techniques are not
only limited to transportation infrastructure, but can also be applied in other areas.

Keywords: bridge management, pavement management, bridge deterioration,
pavement deterioration, preservation model

1. Introduction

This chapter demonstrates how Markov and semi-Markov models are used in
Transportation Infrastructure Management. Transportation agencies are interested in
being able to model the deterioration of their infrastructure when no action is taken to
neither maintain, repair nor rehabilitate that infrastructure. The Transportation
agencies also want to know how to best estimate the extension in the service life of an
infrastructure when improvement actions (maintenance, repair or rehabilitation) are
done. The chapter uses examples containing real life data to demonstrate models for
the following actions: deterioration or ‘do-nothing’ actions, improvement action and
rehabilitation.

Markov chain has been used to model the performance of pavements in Pavement
Management Systems (PMSs), such as The Arizona Department of Transportation
(ADOT) Network Optimization System (NOS) [1, 2]. Wang et al. [2] outlined an
approach to compute the transition probabilities of a Markov chain model using
pavement performance data. Nasseri et al. [3] used Markov chain applications to
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investigate the crack histories of flexible pavements and to deduce the cause of rapid
deterioration of surface cracks. Markov chain can also be used to model the deterio-
ration of other infrastructures, including bridge elements, storm water pipes and
wastewater pipes [4-6]. Yang et al. [7, 8] mentioned the use of semi-Markov pro-
cesses for modeling the crack performance of flexible pavements, as a precursor to
outlining how recurrent Markov chains can be used to model crack performance of
flexible pavements. Semi-Markov processes are used in the deterioration models for
other assets such as bridge elements and transformers [9-12]. Although sections 2 and
3 in this chapter uses pavement condition data to describe the application of stochastic
processes for ‘do-nothing’ actions, the techniques can be applied to other transporta-
tion infrastructure, such as bridge elements [13].

2. Markov chain model

This section demonstrates a Markov chain model for flexible (asphalt) road pave-
ment. The stochastic process, known as the Markov chain [14], can be described as
follows: If X,, = 7 describes a process such that the process is in state i at time #, and the
process in state i has a fixed probability P;; of being in state j, after a transition, then

P{Xuy1=j1Xn =6, Xn1=1n 1, ...X0 =1i0} = Py (1)

for all states ig, i1, Uin_l, i,jand all» > 0.

Consider the range of crack indices associated with flexible (asphalt) road
pavement that have been assigned the respective condition states in the Table 1.
The following equation, used by Wang et al. [2], can be used to generate transition
probabilities for a Markov chain model:

Mij(ay)
p;:ar) = 2
1’]( k) m,-(ak) ( )

fori,j =10,9,8,7,6,5 & 4 where,
e k = k" rehabilitation action, in this case, the ‘do-nothing’ action, i.e. k = 1.

* p;;(ai) = transition probability from state 7 toj after action k is taken.

Crack Index (CRK) range Condition state
9.5<CRK <10 10
85<CRK<9.5 9
7.5<CRK<8.5 8
6.5<CRK <75 7
55<CRK <65 6
45<CRK <55 5
CRK <4.5 4
Table 1.

The range of crack indices and corresponding condition states.
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* m;j(ay) = total number of miles of pavement for which the state prior to action &
was 7 and the state after the action k wasj.

* m;(ay) = total number of miles of pavement for which the state prior to action k
was i.

3. Semi-Markov model

This section demonstrates a Semi-Markov model for flexible (asphalt) road pave-
ment. Consider a stochastic process having states 0,1,2, ..., which is such that when-
ever it enters state ,7 > 0, then: (1) it will enter the next state j with probability
Pj,i,j, >0, and (2) given that the next state is j the sojourn time from 7 to j has
distribution F;;. For a semi-Markov process, the sojourn times may follow a specific
distribution and the method of Maximum Likelihood Estimation (MLE) can be
used to estimate the parameters of that distribution, such as that of a Weibull
Distribution [13]. Before discussing how the semi-Markov process can be applied to
model deterioration, it is beneficial to define the basic concepts of the MLE method.
The Maximum Likelihood is a well-known technique in statistics used for deriving
estimators [15].

3.1 Maximum likelihood estimation

If there is an identical and independently distributed (iid) sample, X3, ..., X, from
a population with probability density function (pdf) or probability mass function

(pmf) f (x|91, U9k> , then the likelihood function is defined by

L(9|X) = L(91, ,9k|x1, ,x,,) = Hl'-’:lf(x,-|61, ,Hk) (3)

Let us assume that the sojourn time follows a Weibull Distribution. The pdf of the
Weibull distribution according to Billington and Allan [16], Tobias and Trindade [17]
is defined by:

fo="(

a

t
a.

e

where a and f are the respective scale and shape parameters, and ¢ represents the
number of years that each unit of a mile of pavement segment takes to sojourn in one
condition state before transitioning to another state. If 7 = 1/q, then

)ﬂ

f@) = pnlney e )
Using Eq. 3 [18] it follows that the likelihood is:
L(ts, wstin f) = ()™ (8 + o+ )t (6)

After differentiating the log likelihood and equating it to zero, the MLE of the
parameters /3 and 7 are:
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. n iy ) 1< -
P [—Z;: :;:1 ;( ) _ : ; In (ti)] %
and
p
ﬁ:[ZLA (&
respectively.

If there are # units of pavement in a particular condition state and k units have
transitioned to a lower condition state (with complete individual sojourn times
11 <13 < ... <1) and the sojourn time for # — k units of pavement are not known, then
the sojourn times T4, ..., T, — k for the n — k units of pavement should also be
accounted for in the evaluation [13]. For the Weibull distribution, if it is assumed that
the incomplete sojourn times of T4, ..., T,—, have been observed in addition to the
complete sojourn times #1, ..., %, then the likelihood function can be expressed as:

L= I1F(610) - T0F (1~ F(T;,]0)) ©)

where i sums over all completed sojourn times, j sums over all incomplete sojourn
times, and @ can be a vector [13].

L(tsy wstss ) = (prf) e (8 o )T e () (10)

producing the MLE of the parameters 4 and 7:

S )+ ST I (T) 1 & -
F= E‘— t’“rZ" kT/i _E; In (t:) (11)

and

1/p
k

PRAVARED Sy Y 14

(12)

~>

3.2 Semi-Markov Kernel

To demonstrate how the semi-Markov can be developed by knowing the sojourn
times in a particular condition state before transitioning, one may consider the semi-
Markov kernel in the form shown in Eq. 13. Ibe [19] defines the one-step transition
probability Q; ;(t) of the semi-Markov process as:

Q;j(t) = PXn1 =, Gn <Xy =] 20 (13)

where Q; ;(t) is the conditional probability that the process will be in state j next,
given that it is in state i currently and that the waiting time in the current state 7 is no
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more than t. G, is the time the process spends in i before transitioning to j. It also
follows that:

Qi;(t) = p; jHi;(t) (14)

where p; ; is defined as the transition probability of the embedded Markov chain,

and

3.2.1 Semi-Markov process
Howard [20] provided the following formulation to determine the probability that

a continuous-time semi-Markov process will be in state j at time # given that it entered
state i at time zero.

N n
$i(n) = 65" wi(n) + Zpikjohik(m)‘l’kj(” -m)i=1,2,..,N;j=1,2, ...,N;
=1

n = 0,1,2,

(16)

si={t 1= (17)
Tlo i# g

where ¢;;(n) is the probability that a continuous-time semi-Markov process will be
in state j at time # given that it entered state i at time # = 0 and is referred to as the
interval transition probability from state 7 to state j in the interval (0,%). ~w;(n) is the
probability that the process will exit its starting state i at a time greater than z.

The second term in 3.2.1 describes the probability of the sequence of events, such
that the process makes an initial transition from state i to some state k at some time m
and thereafter proceeds from state k to state j in the remaining time #-m. To account
for all possible scenarios, the probability is summed over all states k to which the first
transition could have been made and over all times of the initial transition, m, between
I'and n. p,, is the probability of transitioning from i to k, and h;, (m) represents the
probability distribution of the sojourn time from 7 to k at time . The matrix formu-
lation of 3.2.1 can be expressed as:

7

®(n)="W(n)+ Jo [POH(m)|®n —m) n=0,1,2, .. (18)

In addition, let
C(m) = [POOH(m)] (19)

where C(m) is defined as the core matrix [20]. The elements of C(m) are
¢ij(m) = p;hij(m), where p;; represents the transition probability of the embedded

Markov chain and 4;;(m) represents the probability distribution of the sojourn time in
state i, before transitioning to j at time .
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As a result, the interval transition matrix representing a single transition at time 7,
®%™ (m), for ‘do-nothing’ actions can be expressed as:

1= iprjHiojm) o o o pigsHios(m)  pyg 4Hioa(m)
0 e e e PgsHos(m) P 4Hoa(m)
0 0o - Py sHss(m) Py 4Hs,4(m)
@ (m) = 0 0 0 pysH7s(m)  p; 4Hya(m)
0 O 0 0 - PesHes(m) Pes4Hea(m)
0 0 0 0 0 1-ps,Hsa(m) ps,Hsa(m)
0 0O 0 0 O 0 1
(20)

where p;; represents the probability for the embedded Markov chain of the semi-

Markov process, and H;; represents the cumulative distribution of the sojourn time
between condition state i and condition state j at time .

It can be seen by 3.2.1 that as the number of years, m, increases, a number of
permutations must be considered when computing the overall transition probabilities
for an interval (0, %), and so another approach is suggested to model the overall
transition over time. In the context of modeling asset deterioration, the focus is on ‘do-
nothing’ scenarios, where there is no action taken on the infrastructure. It therefore can
be assumed that once the infrastructure exits a condition state, that condition state is
not visited again, and the semi-Markov process occurs in one direction only. There is
also the probability of the condition of some infrastructure, in this case the pavement
segments, ‘skipping’ condition states in a single transition, however the probability of
‘skipping’ two (2) or more condition states is extremely small and therefore may not
have to be considered. If it is assumed that only one condition state may be ‘skipped’ in
a single transition, then the transition probability (for the embedded Markov chain),
p;j» of “skipping’ a condition state, k, is one minus the transition probability (for the

embedded Markov chain) of transitioning to the next state, p,,. Therefore,
Py =1-pa i=10,9,8,7,6,5 j=i—2, k=i—1, min(j,k) =4 (21)

This is because the total probability of eventually leaving a particular condition
state (which is not a terminal state), to a lower condition state is 1, since deterioration
is being considered.

Another assumption is that the sojourn time in condition state 7 before
transitioning to j is the time from the pavement segment first entered condition state i
to the time the pavement segment first entered condition state j. The transition
diagram shown in Figure 1 shows the possible ‘single step’ transitions in developing

P09 hiogo(m) Pog hog(m) ps.7hgz(m) p7.6h76(m) Pe.s hgs(m) Ps.ahs 4(m)

O ONONBONONNO

Piogh,i0s(m) Po.7hg7(m) Ps.s h.g.s(m) p7.shys(m) Pe.4he.4(m)

Figure 1.
Transition diagram that represents the possible ‘single step’ transitions between condition states.
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the semi-Markov model, where p; is the probability for the embedded Markov chain

from condition state i to condition state j, and &;;(m) is the probability density function
of the sojourn time between condition state i and condition state j at time 7. The term
‘single step’ transition is based on the assumption that only a single transition can take
place in a year. For the transition labeled p, 9/110,9(m) the pavement segment spends
some time in condition state 10 before transitioning to condition state 9, and for the
transition labeled p gh10,8(m) the pavement segment spends some time in condition
state 10 before transitioning to condition state 8 without going to 9 [13].

Other than determining the interval transition probabilities for the interval (0,#),
the conditional transition probabilities for each yearly interval for m = 1,2, ..., n is
determined, which is multiplied by each other to estimate the transition probabilities
for the interval (0,#). It is also assumed that only a single transition takes place in a
year. In other words, let

% (n) = @%1. @2 . | @ " (22)

where ®" 1™ is a 1 year ‘single’ transition probability matrix for the time m — 1 to
m (i.e. m™ interval), m = 1,2, ..., n. Based on Eq. (20), if the condition states can drop
by either one (1) or two (2) states, then the interval transition probability for the first
year results to:

1- ngzspw,jHlO,j(m) ProoH109(m) piogHios(m) 0 0 0 0
0 0O 0 O
0 0 0O o0
*(m) = 0 0 0 0
0 0 0 0
0 0 0 0o 0
0 0 0 o 0 0 1
(23)

where m = 1. On the other hand, to determine the respective transition probability
matrices for the subsequent intervals, a different formulation is used, in which it is
assumed that the sojourn time is left truncated at the start of each interval.

3.2.2 Service life analysis and left truncation

Statistical analyses of the service lives of transportation infrastructures can be done
using Reliability Theory otherwise called Survival Analysis. In Survival Analysis, some-
times subjects are selected and followed prospectively until the event or censoring
occurs, but sometimes the start time at the point of selection is not¢ = 0 (i.e. not at
birth), but at a value t = t( > 0. It therefore means that the life or censoring time of the
subjects, T}, is greater than t( [21, 22], and the life T; is considered to be left truncated at
to. Applying the same principle to the service life of a transportation infrastructure then,

0 if to> t;

Frirse,(t) =< Fr(t) — Fr(to) . (24)
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To determine the probabilities that are associated with the sojourn time for interval
(1,2], we assume that from Eq. (24) to = 1and 1<t <2. It therefore means that at this
point only sojourn times greater than ¢ = 1 are being considered and the cumulative
distribution of the sojourn time in the interval can be considered truncated [22]. It is
therefore can be described as:

H;; (t) —H;; (1)
H;. =M/ TWrv/ 1<t<?2 2
’]T\T>1(t) 1— Hi,]‘T(]-) <is ( 5)

It follows that for interval (m — 1,m)] the cumulative distribution of the sojourn
time in the interval can be described as:

_ Hi;, () —Hjj (m —1)

Hi’jTIT>m—l (t) - 1— H] (WL _ 1) ’
Lt

m—1<t<m (26)

At t = m the cumulative distribution of the sojourn time then becomes

H;; (m)—H;j (m —1)
Hi X — Jr JT , _1<t< >
JIT|T>m-1 (WL) 1— Hi,jT (m _ 1) m <t<m ( 7)

Therefore, the transition probability for interval (m — 1, m] is:

1= 37 ep10,H10jy,, . (M) ProoH109770,,(m) .. 0 0 0 0

0 0 0 0

0 0 . 0 0

Q" (m) = 0 0 0 - 0
0 0 0 0

0 0 0 0 0 - ..

0 0 0 0 0 0 1

(28)

Eq. (27) have been used to determine the transition probabilities for one-step state-
based yearly transitions in deterioration models by Black et al. [11, 12], for which the
transition probability of the embedded Markov chain was assumed to be 1. It therefore
means that the probability obtained using Eq. (27) can be used to describe the proba-
bility associated with the sojourn time to the end of the period, given that it had
‘survived’ up to the start of the period.

3.2.3 Sojourn times of flexible pavement condition states

For developing the semi-Markov model, the number of miles for a particular
segment can be rounded to the nearest one-tenth of a mile and the sojourn time
distribution for each one-tenth unit of a mile of pavement segment is then
analyzed. Figure 2 gives a schematic of how the pavement segment can be
divided into one-tenth of a mile sub-sections. An algorithm can be created and used
to help organize and analyze the data on the infrastructure to estimate the
parameters of the sojourn time distributions in each condition state. The following
outlines the steps:
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Segment length =
Segment length = 9.3 miles 2.4 miles

/N |

0.1 0.1
mile mile mile

Figure 2.
Schematic of pavement segment divisions into equal units of one-tenth of a mile.

1.The length of each segment to the nearest one-tenth of a mile is determined.

2.The yearly decreases in CRKs for each segment subsequent to the year being
newly constructed or overlaid is extracted, such that a series of decreasing CRKs
for each segment can be used to model ‘do-nothing’ actions on the pavement
segments over time.

3.The pavement segments are assigned to condition states over time, in accordance
with Table 1, as outlined earlier.

4. At some point in time, all the pavement segments tracked, are either just
becoming ‘new’ or entered the current condition state from a higher or equal
condition state. If a unit of pavement segment exits a particular condition state to
a lower condition state at a known time, then the sojourn time of that unit of
pavement segment in the current condition state is essentially known. However,
if a unit of pavement segment is in a particular condition state and the tracking of
the pavement ended because the condition state either increased or the because
the ‘study’ was terminated, then the sojourn time of that unit of pavement
segment is not precisely known and is considered right-censored [23]. Figure 3
gives a representation of the change in the condition states of pavement
segments over time, outlining examples of complete and censored times spent in
particular condition states.

5.Based on the complete and censored durations obtained from the data, the
distribution of the sojourn time in condition state i before transitioning to
condition state j (H;;(¢)) can be determined, where is either i — 1 ori — 2,
i=10,9,8,7,6,5 min (j) = 4. The proportion of the number of units of the

I yearly intervals
Segment [BMP [EMP [DIST[ 1] 2] 3] 4] 5] e 7] 8 9] 10 11| 12] 13| 14] 15[ 16| 17| 18] 19 20|

A 7.04] 8891 19] 10] 0] 0] 9] censored 1 state drop sojourn time of 6 years in condition state 7 (censored)

2] 15:615] 16.098] 0.5] 10] 10] 10] 10] 10] 10] _ 9]* censored \ e ™~
3[ 16.098] 18.47] 2.4] 10 10]

4] 12.502] 19.334] 6.8] 10] 10]

o[ _10[ _10[ _10o[ o[ o[ o[ o o o o 8 7 7 7 7 7] __7]* censored

[
[
[
[ o _fo[ o[ o[ o[ o] do] 10| 8 8 8 7] 7 6 B[ 5[ 4 4] censored

S
2 state drop ‘sojourn time of 2 years in condition state 7 (complete)

Figure 3.
An example of the change in the condition states of pavement segments over time.
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infrastructure that left condition state i and transitioned to condition state j, to
the total number of units of assets that left condition state i and transitioned to all
condition states other than itself (p, j) can be determined, for each condition state

i. From Figure 3, one can see that segment 3 spends 6 years in condition state 10,
has a one state drop and then spends 7 years in condition state 9, and then has
another one state drop to condition state 8. It shows that segment 3 then spends
1 year in condition state 8, before transitioning to condition state 7, where the
pavement segment spent at least 6 years in condition state 7. In Figure 3, for
segment 4, it is seen that the segment spends 10 years in condition state 10
before having a two-state drop to condition state 8, followed by a series of one
state drops for which the respective sojourn times can also be inferred.

The maximum likelihood estimate of the scale («) and shape (f) parameters of the
Weibull distribution, used to describe the sojourn time distributions, can be com-
puted. An algorithm can be written to determine the series of transition probability
matrices, based on the Weibull parameters (« and f values) obtained for the sojourn
times between condition states. The MLE of the @ and f values serves as inputs for this
algorithm. The transition probabilities according to Egs. (23) and (28) can then be
determined and used to simulate the survival curves and the expected deterioration
over time.

4. Examples of transition probabilities associated with the Markov chain
and semi-Markov models

4.1 Transition probabilities in a Markov chain model

An example of a set of transition probabilities for a Markov chain model are
represented as a transition probability matrix, as shown below in Eq. (29). At the left
and top of the transition probability matrix in Eq. (29) are the condition states i and j
respectively, where IT;; is transition probability matrix used for a Markov chain model.

0 9 8 7 6 5 4
0.905 0.072 0.017 0.006 O 0 0
9| O 0737 0157 0090 0016 0 0
g| o 0 0660 0274 0.042 0.014 0.010
mj=7| 0 0 0 0707 0.188 0.086 0.019 (29)
61 o 0 0 0 0724 0112 0.164
> o 0 0 0 0 0582 0418
o 0 0 0 0 0 1

4.2 Transition probabilities in a semi-Markov model

An example of the transition probability of the embedded Markov chain of a semi-
Markov process are shown for each transition in Table 2.
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Transitions i to j Transition probability
10to 9 0.707
9to8 0.752
8to7 0.645
7t06 0.468
6to5 0.214
5to 4 1.000
10to 8 0.293
9to7 0.248
8t0 6 0.355
7to5 0.532
6to4 0.786
Table 2.

Transition probabilities of the embedded Markov chain of the semi-Markov process.

Figures 4-7 show examples of the frequency distributions of the observed sojourn
time for each unit mile before transition, including both the uncensored and right-
censored sojourn times.

From Figures 4 and 5 it can be seen that there are more units of pavement that
transitioned completely from condition state 10 to 9, than from 10 to 8, which is
expected. The total pavement length that are right-censored in Figures 4 and 5 are the
same. This is because it is not known whether each unit of pavement would have
transitioned from condition state 10 to 9 or from 10 to 8.

Based on the Maximum Likelihood Estimation (MLE), examples of the Weibull
distribution parameters are shown in Table 3, while the associated uncertainties are
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Figure 4.
Frequency of sojourn times in condition state 10 before transitioning to 9.
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Figure 5.
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Frequency of sojourn times in condition state 10 before transitioning to 8.
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Frequency of sojourn times in condition state 9 before transitioning to 8.
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Frequency of sojourn times in condition state 9 before transitioning to 7.
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Transition 7 to j @ 95% C.I. limits for a B 95% C.I. limits for §
Lower Upper Lower Upper
10to 9 9.432 9.332 9.533 2128 2.094 2.163
9to 8 4.887 4.777 4.999 1.579 1.539 1.62
8to7 3.496 3.394 3.602 1.345 1.304 1.387
7to6 5.039 4.811 5.278 1.257 1.208 1.308
6to5 6.304 5.754 6.906 1.523 1.412 1.641
5to4 3.164 3.03 3.304 2.062 1.94 2193
10 to 8 13.126 12.904 13.351 3.182 3.088 3.278
9to7 6.103 5.845 6.372 1.249 1.204 1.295
8to 6 9.672 8.744 10.697 1.465 135 1.591
7to5 9.103 8.355 9.918 1.236 1.165 1.312
6to 4 5.417 5.092 5.763 1.693 1.591 1.802
Table 3.

Example of the maximum likelihood estimation of the scale (a) and shape (p) parameters for the holding time

(Weibull) distributions in condition state i.

Transitions i to j

Mean (years)

Standard deviation

10to9 8.35 4.13
9to 8 4.39 2.84
8to7 321 2.41
7to6 4.69 3.75
6to5 5.68 3.80
5to4 2.80 1.43
10to 8 11.75 4.05
9to7 5.69 4.58
8to6 8.76 6.08
7to5 8.50 6.91
6to4 4.84 2.94
Table 4.

Means and standard deviations of sojourn times (Weibull).

illustrated in Table 4. The 95% C.I. limits of the scale and shape parameters are shown
in Table 3. Table 4 provides the means and standard deviations for each sojourn time
(Weibull) distribution. The standard deviations for the sojourn time in condition state 8
before transitioning to 6, and that of condition state 7 before transitioning to 5

seems relatively high in comparison to the others, which is a function of the quantity of
data representing each transition. As more data for each transition becomes available,
then the standard deviations associated with the particular transition is expected to

be less. A Goodness-of-fit test can also be done on the distribution of the complete

sojourn times.
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As an example, the transition probability matrices of the first 5 years for the semi-
Markov model are shown in Egs. (30)-(34). In Eq. (30), ¢10 10 = 0.991 means that
there is a 0.991 probability that the pavement segment remains in condition state 10.
The other ¢;; terms represent the probability of transition from i to; in a given year.

Year 1
10 9 8 7 6 5 4
0 0.991 0.008 0.001 0 0 0 0
o| O 082 0078 0100 0 0 0
g | o 0 0795 0170 0.035 0 0
@;(1)=7| 0 0 0 0814 0123 0.063 O (30)
61 o 0 0 0 088 0.059 0.056
> o 0 0 0 0 0911 0.089
‘ 0 0 0 0 0 0 1
Year 2
10 9 8 7 6 5 4
0 0.970 0.028 0.002 0 0 0 0
o| O 0716 0150 0134 0 0 0
g | O 0 0.690 0249 0.061 0 0
;)= 7| 0 0 0 0749 0166 0.085 0 (31)
6 0 0 0 0 0773 0.107 0.120
> o 0 0 0 0 0744 0.256
o 0 0 0 0 0 1
Year 3
10 9 8 7 6 5 4
0 0.944 0.049 0.007 0 0 0 0
9 0 0652 0197 0151 0 0 0
8 0 0 0.633 029 0077 O 0
o;3)=7| o 0 0 0717 0188 0.095 0 (32)
6 0 0 0 0 0695 0138 0.167
> 0 0 0 0 0 0602 0.398
¢ 0 0 0 0 0 0 1
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0.915 0.071 0.014

0.883 0.093 0.024

Year 4

10

10
9 0
8 0
D;i(4) = 7 0
6 o
3 0

4
0

Year 5

10

10
9 0
8 0
(Dij(S) =7 0
6 0
> 0

4
0

5. Stochastic preservation model

9

8

7 6
0 0

0.603 0.234 0.163 0

0

0
0
0
0

9

0.591 0.319 0.090

0

0
0
0

8

0.694 0.203 0.103

0 0.631
0 0
0 0
7 6
0 0

0.562 0.265 0.173 0

0
0

0.557 0.343 0.100

0
0

0.676 0.215 0.109

0 0.577 0.183 0.240

0 0

0 0

5 4
0 0
0 0
0 0
0
0.163 0.206
0.484 0.516
0 1
5 4
0 0
0 0
0 0
0

0.388 0.612

0

1

(33)

(34)

This section outlines a stochastic preservation model based on bridge elements.
The model can be used for transportation infrastructure management, in which the
underlining decision model is based on a semi-Markov decision process (SMDP). The
“Bare Concrete Deck” is an example of a bridge element that has different condition
states to which the preservation model can be applied in a Bridge Management Sys-
tem. The preservation model is adaptive and this concept has been used by researchers
in the field of infrastructure management, particularly as it relates to pavement and
rail infrastructures [24-27]. Madanat et al. [27] also describes the methodology used in
the Pontis® Bridge Management System as being adaptive, since transition probabili-
ties are updated over time. The methodology outlined here is based on the application

of SMDP.

The maintenance activities on a bridge element can encompass a wide range of

types of work having varying durations. Again, the Weibull distribution can be

assumed to estimate the sojourn time, which in this case, is the time it takes for
maintenance actions to be completed. Unlike the ‘do-nothing’ action, it is assumed
that the sojourn times for maintenance activities are irrespective of the current and
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subsequent condition states of the bridge element. It can also be assumed that
rehabilitation works predominantly encompass the replacement of the respective
bridge element, which has a more predictable duration time than that of
maintenance works. The time taken for improvement (maintenance and
rehabilitation) works to be completed, can be interpreted to start from the point at
which the problem to the bridge element was first identified, including the time for
the required works to be sent out for bid if necessary, followed by the time taken to
undertake the works.

5.1 Network level optimization

One of the main goals of a Bridge Management System (BMS) is to be able to
determine the minimum-cost long-term policy for each bridge element [28]. This
policy consists of a set of recommended actions that minimizes the long-term Main-
tenance, Repair and Rehabilitation (MR&R) cost requirements, while keeping the
bridge element out of risk of failure. If the minimum-cost long-term policy can be
determined, it represents the most cost-efficient set of actions for the bridge element.
Therefore, if any of the actions are delayed, it results in more expense in the long-
term. Also, if more improvement actions other than what is recommended are done,
then it will also result in higher costs in the long-term. This is based on the steady state
concept. Bridge elements are expected to remain in service for long periods of time
providing transportation connectivity on a continuous basis. Having an optimal policy
that is sustainable far into the future is of great importance. In a BMS the following
three (3) things typically takes place each year: (1) Bridge elements deteriorate when
no improvement actions are done to them, otherwise called ‘do-nothing’ actions; (2)
Improvement actions are done to some of the bridge elements, which results in
corresponding costs; and (3) The improvement actions cause an overall improvement
in network conditions [13].

At the network level, any given condition state will have elements passing in and
out of condition states based on the MR&R actions. For steady state to occur across
the entire bridge network or across a subset of that network, the total quantity of
bridge element entering a particular condition state is equal to the total quantity of
that similar bridge element leaving that same condition state. As a result the distribu-
tion of a bridge element among its condition state remains constant from year to year
within the group, and the policy becomes sustainable over the long-term [28]. The
optimal policy is the one policy that satisfies the requirements of a steady state and
consequently minimizes annual expenditure of the transportation agency in charge of
MR&R works.

The Markov Decision Process MDP have been used in the Pontis Bridge
Management System to determine the optimal policy, in which there is a means to
update the transition probabilities over time or as needed. This is because a
Markov chain model assumes that the sojourn time in one state before transitioning
to another follows an exponential distribution for continuous time, thus making it
more restrictive than the semi-Markov process in which the sojourn times can be
assumed to follow a different distribution, such as the Weibull distribution. The
SMDP facilitates the natural updating or changing of the transition probabilities over
time. Again, it is assumed that the sojourn time in a particular condition state
follows the Weibull distribution, and the deterioration process can be represented as a
semi-Markov process. The probability density function (pdf) for the Weibull distri-
bution is [29]:
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o =2 @ﬁil"(é)ﬂ (35)

a \a

where a and are the scale and shape parameters respectively. When the shape
parameter equals 1, the resulting distribution becomes exponential, and the rate
deterioration is constant. If the shape parameter is greater than 1, it means that the
rate of deterioration increases with time, and if the shape parameter is less than 1, the
rate of deterioration decreases with time. Typically, the latter is not expected for
transportation infrastructure.

One component of the preservation model for bridge elements is the deterioration
model similar to that explained above, where the Maximum Likelihood Estimation of the
parameters of the Weibull distribution, used to describe the sojourn time in one condi-
tion state before transitioning to a lower condition state, is determined. A similar
approach can be used to determine the sojourn time distribution for maintenance works.

5.2 Discount coefficient

Let us consider continuous-time discounting at a rate s > 0, such that the present
value of one unit received ¢ times units in the future equals ¢~*. For discounting over 1
year, lett = 1, therefore, e~ = d, where d represents corresponding discrete-time
discount rate that would be used in a MDP. So, for example, d = 0.9 in the MDP
corresponds tos = —log (0.9) = 0.105 in the SMDP, which is the corresponding dis-
count factor based on continuous-time [30].

5.3 The Laplace transform (s-transform)

When taking into consideration the discounting for continuous-time in the SMDP
model, the Laplace transform (s-transform) of the distribution of the sojourn times
between states has to be computed [19]. It is therefore prudent to look at Laplace
transform. Now, if is the pdf of a continuous random variable X that takes only non-
negative values; then f (x) = 0 for x <0. It follows that the Laplace transform of
fx(x), denoted by M,(s) is [19]:

=
=
I
b
S
5
I

Jwefvy;(x)dx (36)
0

An essential Laplace transform property is that when it is evaluated at s = 0, its
value is equal to 1:

00

M.(s)],_ = Jofx(x)dx ~1 (37)

The Laplace transform of the Weibull distribution can be complex, as shown in
Eq. (38) [31].

1-k 2-k p—k
k 5 > eees
ElieftX:I —_ i P q/p Gq,p p p p pp (38)
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where G is known as the Meijer G-function.

As a result, it may have to be solved numerically. The numerical solutions are
determined by substituting the scale and shape (Weibull) parameter estimates and the
continuous-time discount rate, s, into the expression provided in Eq. (39).

M,(s) =E[e™] = Jme”x b (é)ﬁ_ief(i)ﬂdx (39)

0 a

For the case of when the bridge element condition is in the terminal state, mathe-
matically, it can be assumed that the bridge element spends 1 year in that state before
‘transitioning’ back into the terminal state. When a particular transition takes 1 year
every time, then the equivalent to the Laplace transform in this scenario is provided
by Eq. (40) [30]:

M,(s) =E[e™*] =¢™* (40)

5.4 Semi-Markov decision process with discounting

The computation of the present values based on the SMDP is provided by the
following formulation [19, 20]:

vi(a, 1) =ria +Zpy JO (a, e " fy, (rade  i=1,..,N (41)

where, v;(a, 1) = total expected long-term discounted cost; i = the condition state of
a bridge element; 4 = set of feasible MR&R actions for condition state i; 7;(a, 4) = the
expected cost for an MR&R action a in condition state i; 4 = the continuous-time
discount factor; p;(a) = the transition probability of the embedded Markov chain that

the bridge element will transition from condition state 7 to condition state j after action
a is taken; f H; is the probability density function of the sojourn time, 7z, from condition

state i to condition state j, when action « is taken. Therefore,
N
vi(a, 2) =7i(a,2) +Y_py(@)M}(a, A)vj(a, 4) (42)
=

where Mf]{ (a, A) is the Laplace transform (s-transform) of f’ H; (7,a) evaluated at

s = 4, and transition probability matrix, P;; is given by,

}71,1(”) P1,2(“) Pl,N(“)
P2,1(”‘) Pz,z(“) Pz,N(”)
PN—m(“) PN—l,z(“) PN—l,N(“)
PN,1(”) PN,z(“) <+ =+ PNN (a)
If we let
4,(a,4) = p; (@M (a, 1) (44)
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we obtain

N

vi(a, ) =ria, ) + > _q,a,)vj(a,2) i=1,..,N. (45)
j=1

According to [19], the long-term value for 7;(a, A) is given by

= Bj(a) + jﬁ;p"jﬁior

efﬂxbij(x,ﬂ)inj (7,a)dxdr (46)
x=0

where B;(a) is the immediate cost and is determined by
N
Bi(a) = p;@Bja) i=1,..,N Bja)<eo (47)
=1

Mathematically, the second term in Eq. (46) represents the sum of the costs that
accumulates at the rate per unit time until the transition to state j occurs, b;;(x,a) < co.
For the SMDP model, it is assumed that only ‘immediate’ costs are incurred when
there is a transition from one condition state to another. It can therefore be assumed
that the second term in Eq. (46) equals zero. Expressing Eq. (45) in a matrix form, we
have [19]:

Via,2) = [ul(a,z) 0@, 2) . v(a, )" (48)
R(a,2) =V(a,2) = [r(a,2) 7r(a,2) .. rn(a,2)]" (49)
%,1(5"1) %,2(“’}“) 41,1\/(“’/1) ’

Qa, ) = 92,1(”’/1) %,2(“”1) %,N(“ﬂl) (50)
QN,1(“’/1) QN,z(“J) QN,N(“J)

Based on Eq. (45), considering steady state conditions,
V(a,A) =R(a,1) + Q(a,)V(a, ) (51)
then,
V(a,2) = [ - Q(a, )] 'Ra, 4) (52)

As a result, there is a Q (4, 4) that gives the minimum long-term cost, which is
based on an optimum policy. The minimum long-term cost is defined by Ibe [19] as:

N
v} = min {V,-(a,/l) + Zqij(a,,l)vj* (a,2)} i=1,..,N (53)
=

5.5 Do-nothing action (action ‘d’)

As mentioned before, for ‘do-nothing’ actions () it can be assumed that the
sojourn time in a condition state before transition, follows a Weibull distribution,
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except when sojourning in the terminal state. Using Eq. (39), the numerical solution
for the Laplace of the Weibull distribution for each scenario, except failure, can be
determined. Let:

M?(“d’/l) = L{f<°°’ad|aijaﬁij)} i,j=1,..,NS (54)

where NS represents the number of states, not including the terminal state.
The terminal state can be referred to an absorption condition state or the point at
which the bridge element has come to the end of its useful life. In other words,
when considering the ‘do-nothing’ action on a bridge element, once the condition
state enters the terminal state, it will remain in that state unless rehabilitated. It
follows that,

M{(ag, ) =e*=e¢* s=2 i=j=F (55)

where F represents the terminal state. From Egs. (44), (50) and (54),

P L{f (e, aalon, ra) } e Pir - L{f (0, aalore, frp) }
Q(aq,4) =
Ppa - Lif(e0saglars, fra)} o oo ppp - L{f(c0saalarr, frr) }
0 0 O et
(56)

where 4, represents ‘do-nothing’ action.

It can be assumed that the deterioration of bridge elements is a one-step
process, and the bridge element can only drop by one condition state at a given point
in time. In other words, a bridge element in a particular condition state will eventually
transition to the next lower condition state when there are no other actions on that
element other than ‘do-nothing’ actions. It can also assumed that for ‘do-nothing’
actions, once the condition of the bridge element exits a condition state, that condition
state will not be visited again. The transition probability for the embedded Markov
chain of the semi-Markov process, p;;, for ‘do-nothing’ action is therefore assumed
to be 1 between the current and succeeding condition states, and for the terminal

state. Therefore, for the bridge element that has five (5) condition states plus the
terminal state,

ro 1. 0 0 0 07
0 01 0 0O
0 0 01 0O
Pij(aq) = (57)
000010
0O 0 0 0 0 1
LO O 0 0 O 1

and so Eq. (56) can be simplified to:
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[0 L{f(oo, agloy, ﬁ1,2) } 0 00 0 _
0 0 L{f (0, aala23,$,3)} 0 0 0
0 0 0 0
4) =
Q(aa, ) 0 0 0 0 0
0 0 0 0 0 L{f(e0,a4lasr,pfsr)}
Lo 0 0 00 ¢’ -

(58)
5.6 Maintenance action (action ‘n2’)

For the maintenance action (4,,) the sojourn time distribution can also be Weibull.
Each time a maintenance action is done it may affect the condition of each bridge
element in the network differently. In other words, the same maintenance action may
result in the condition state of a bridge element to either increase, stay the same or
decrease at a slower rate than it would have performed if the action was not done. To
estimate the transition probability of the embedded Markov chain due to the mainte-
nance action, one can observe the changes that take place in a sample of bridge
elements to which the maintenance action was done. To achieve this, the method of
least squares using matrices computation can be used to determine the expected
transition probability matrix between pairs of observations [32]. Consider Eq. (59):

X1 .. XF P11(am) o pyip(am) Jr -~ JF
: E e 3 = E .es E (59)

x{ o xp | [Ppal@m) . ppp(am) 24 Ir

in which each row of x;’s are the proportions of bridge element (in each state) in
condition state i before the maintenance action, a,,; each row of y,’s are the propor-
tions of the same bridge element in condition state i after the maintenance action, a,,,
fori=1,2, ... NS, F. Each row of the respective matrices with the x;’s and y,’s values
represents a different inspection record of a particular bridge element. If the x;’s and
;s are known for a sample of the same type of bridge element, then the transition
probability matrix representing action 4,, can be computed using the method of least
squares by matrices computations, using Eq. (60). The closest pair of inspection dates
before and after a maintenance action can be used to capture the pairs of records
having the respective condition states.

P,j(an) = [X7X] ' [XTY] (60)

The resulting transition matrix does not take into consideration the uncertainties
as it relates to the time it takes for the maintenance works to be undertaken, which can
be described by the distribution of the sojourn time in each condition state. The
sojourn time distribution for the maintenance action can also be assumed to follow a
Weibull distribution. Using Eq. (39), the numerical solution for the Laplace of the
Weibull distribution of the sojourn times irrespective of the current and subsequent
condition states can be determined for NS states, excluding the terminal state. Since
the solutions for NS states are numerical and the scale (a) and shape () estimates are
not state specific, then the Laplace of the Weibull distribution for each i,j is
represented by:

69



Markov Model — Theory and Applications

H o »
Mij (am>A) = L{f (o0, a|a, B)}  for condition states 1, ...,NS (61)

where NS represents the number of states, except the terminal state. Eq. (55) can be
used to determine g, (a,,, 1). For a five (5) condition state (plus terminal state) element,

(P11 Lf (0 amla, B} oo o o o prp L{f(00,amla, B)} ]
j 2% L{f (0, am|a, )} v e e Par - L{f (c0, am|a, )}
| Paa “L{f (0, am|a, )} oo e e Psr - L{f (o0, am|a, ) }
Qan, 2) = Paq Lif(o0samlas B)} oo o o o pup - L{f (o0, am|a, B)}
Psa L{f (0, amla, )} oo e e pS,F-L{f(oo amla, )}

L 0 O 0 O O et

(62)
5.7 Rehabilitation action (action ‘r’)

The duration of particular rehabilitation actions can be determined if sufficient
data is available on these rehabilitation projects. If this information is not available,
the duration between the two (2) closest inspections prior to the start and subsequent
to the completion of the rehabilitation action can be used as an estimate of the
duration of the rehabilitation action. The latter was done in this case, assuming two
(2) years for the sojourn time. The transition probability of the embedded Markov
chain for the rehabilitation action can be assumed to be fixed in which the condition
state of the bridge element reverts to 1. As such, the transition probability for the
embedded Markov chain of the semi-Markov process, p;;, for rehabilitation action for

a five (5) condition state element (plus terminal state) can be represented as:

0 0 0 0 07

Pij(a,) = (63)

[ O S N S

o O O © O
S O © © O
S O O © O
S O O © O
S O O © O

Based on Egs. (40), (44) and (50),

Qand) = |, (64)

o O O © © ©
O O O © © ©
S O © © © O

6. Conclusions

This chapter outlined feasible approaches that demonstrate how the condition of
transportation infrastructure can be used to develop Markov and semi-Markov
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deterioration models that are able to model network level performance when no
actions are done to the infrastructure. The use of semi-Markov processes to model
deterioration relaxes the assumption of the distribution of the sojourn time in condi-
tion states for ‘do-nothing’ actions and is therefore less restrictive than Markov chain
deterioration models. A preservation model for transportation infrastructure using
Semi-Markov Decision Processes was presented. The objective of the preservation
model is to determine the minimum long-term costs for the preservation of a trans-
portation infrastructure within a group or network of similar infrastructure. The main
‘inputs’ for the preservation model are: (a) the scale and shape parameter estimates of
the Weibull distribution used to describe ‘do-nothing’ actions, and (b) the transition
probabilities of the embedded Markov chain and the scale and shape parameter
estimates of the Weibull distribution for maintenance actions. If there is sufficient
data available, the use of the Semi-Markov Decision Process is a useful tool to use for
modeling Transportation Infrastructure preservation.
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Nomenclature

CRK Crack Index

NS number of states

Abbreviations

PMS Pavement Management System
ADOT Arizona Department of Transportation
NOS Network Optimization System

MLE Maximum Likelihood Estimation

iid identical and independent distributed
pdf probability density function

pmf probability mass function

MDP Markov Decision Process

SMDP Semi-Markov Decision Process

BMS Bridge Management System

MR&R  maintenance, repair and rehabilitation
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Chapter 5

Some Applications of the Partially
Observable Markov Decision
Processes

Doncho S. Donchev

Abstract

We give two examples of reduction of a POMDPs model to a MDP model with a
complete information. In both MDP models, corresponding Bellman’s equations allow
to construct optimal policies. The first example is the classical discrete time disorder
problem. We include it into the framework of POMDPs in contrast to the standard
approach based on optimal stopping rules. In the second model, we consider the steps
of a transaction under threat as a trajectory of POMDP. We show how to define the
elements of the model in order to achieve an optimal balance between the successful
end of the transaction and minimum applications of mitigating actions.

Keywords: transaction models, intrusion detection and information filtering, cost
functions, partially observable Markov decision processes, disorder problem,
Bellman’s equation

1. Introduction

Methods based on the Markov decision process (MDP) have become an essential
part of the reinforcement learning in environments in which we can observe directly
the evolution of the controlled object. In many situations, however, we suffer from
limited capabilities to do that. The partially observable Markov decision processes
(POMDPs) extend the MDP framework allowing us for decision making under the
conditions of uncertainty. The classical approach to POMDPs suggests that in order to
find the optimal policy in that model one should perform its reduction to a MDP
model with complete information which consists of the following steps:

1.Find suitable sufficient statistics that play the role of a controlled process in the
MDP model with complete information;

2.Define all elements of the MDP model;

3.Solve Bellman’s equation for the model from step 2.
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Unfortunately, there is a lack of examples for which this procedure can be
completed successfully. In this chapter, we present two POMDPs models by focusing
on the algorithm described above and show how the optimal policies for these
POMDPs can be represented.

Firstly, we revisit the discrete time disorder problem which was stated and
investigated in details by Shiryaev [1]. The formal setting of this problem is the
following. On some measurable space (Q, F) are given random variables 0, &;, &, ...
and a probability measure P* such that

PrO=0)=mP@=n=1-np1l-—p)" ", n>1,

where 0 <p <1,0 <7 <1 are some constants, and the probability of any event
A={w: &<x1,...,& <x,} is equal to

P (A) =

-

n—

= aPY(A)+ (1—x) > _p(1 —p) P& <x1, oy & <5}

Il
o

X PY& 1 <xist, s & <0} + (1— 1) (1= p)PO(A).

In the last formula both measures P° and P! define c.d.fs. F;(x) = P'(§; <x), i =
0,1 with densities p;(x), i = 0,1. W.r.t. P!, i=0,1all random variables &;,&,, ... are
iid.

Let F¢ = {ffl},}"g = {g{),Q},fﬁ =o0(&, &, r &), m=1,2, ... be a filtration
adapted to the observations &, &,, .... The problem is to find a F*-stopping time 7
which minimizes the risk

p*(z) =P*(r<0) + cE*(r — 9)+,

where ¢ is a positive constant. A solution to that problem in terms of optimal
stopping rules and martingale techniques can be found in [1].

In Section 3, we present a different approach to this problem including it into the
framework of POMDPs. We show that steps 1 and 2 of the reduction can be performed
successfully. Moreover, we define asymptotic solutions to Bellman’s equation and
describe a procedure which allows to find them for some densities p(x) and p, (x).

Section 4 is devoted to applications of POMDPs in the cybersecurity. The
Contemporary Intrusion Detection Systems (IDS) are widely used in network
management and cybersecurity frameworks for detecting and classifying potential
security threats of unauthorized intrusions. The unauthorized intrusions during
transaction processing are particularly dangerous because they can lead to significant
financial losses. There are a number of security measures which can be used to
counteract, but the success of their use depends on the precision of the detection and
the time. In both network-based IDS, which use signature information [2], and host-
based IDS, which use behavioral information [3] the data analysis utilizes a variety of
methods for Machine Learning (ML).

In our recent papers, see [4, 5], we developed an approach based on the POMDPs
which allows to perform a quantitative assessment of the impact of the parameters of
the model on different important characteristics of the transaction. A deficiency of the
model presented in [4, 5] is the assumption for a constant intrusion rate. Here, we
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relax it. Moreover, we reveal the crucial role of the costs of counteractions in building
the model. On the one hand, they should favor the successful end of the transaction,
but, on the other hand, prevent the unnecessary use of counteractions when there is
no an attack. We show that the costs can be found as optimal solutions of some linear
program. We complete this section by solving Bellman’s equation and describing the
optimal policy in the model.

In order to make this chapter selfcontained we make a general description of
POMDPs models in Section 2.

2. A general description of models with incomplete information

We remind the general framework of the model with incomplete information for
controlled Partially Observable Markov Decision Processes (POMDP). For more
details we refer the reader to [6, 7]. The model consists of the following elements:

1. The state space X. A non-empty Borel space.
2.An action space A. A non-empty Borel space.
3. An observation space Z. A non-empty Borel space.

4. A transition kernel t(dx,1|x,,4,). A probability measure on X depending on
both the last state x,, and the last action a,,.

5.An observation kernel s(dz,11|X,+1,4,). A probability measure on Z depending
on both the current state x,_,, and the last action a,,.

6. An initial observation so(dzg|xo).
7.A running reward function g(x,,a,).

8.A horizon N. A positive integer or oo. If N < co we introduce also a final reward
R(.X'N)

We assume that all transition kernels and rewards are measurable.

The evolution of the POMDP is the following. At time #n, » = 0,1,2, ... it jumps
from state x, to state x,.1 according to the law t(dx,1|xy, a,). We do not observe both
x, and x,1. Instead, we observe 2,1, whose distribution is s(dz,1|x,11,4,), and add
this observation to the information available till time # + 1: 4,1 = 2040 ... 2,212 11
The initial information iy coincides with the initial observation zo which depends on
the initial state xo. We assume that the initial distribution p of x, is also known.

Definition 1 A policy is a sequence 7 = (ug, fi -, yy_1) of measures p, (da,|p, in)
such that p, (A, |p,i,) = 1, where A, is the set of all admissible actions corresponding
to the initial distribution p and the information z,.

Besides the information i,,, we consider also the set of all histories H,, till time 7.
Each history &, € H, includes not only i, but also all states visited by the process till
time 7 : b, = X02040X12101 ... XnZpdy. According to Ionesku-Tulchea’s theorem to each
initial distribution p and policy 7 on the set H, there corresponds a measure Py (p)
given by the formula:
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Py (p)(Xo0ZoAo ... XnZnAn) =

- .[XU JZ(, JAO ny, Jznﬂn Aalps i) x

X$(d2y %0, An—1)t(Axp|Xn—1, An_1 ... po(dao|p,20)so(dzo|x0 )p (dxo).

Here X0ZoAy ... X,Z,A, is a cylindrical subset of H,. The problem is to find a
policy 7 which maximizes the total reward

N-1
Jn(p) = Ex(p) <Zg(xmﬂn) + R(xzv)>, 1)
n=0

where Ef(p) is an expectation w.r.t. the measure Py (p), and the term R(xy) is
missing if N = oo,

If N = oo, then in order to ensure convergence in (1) often introduce a
discounting. However, the infinite horizon model which we study here is such that in
(1) with probability 1 there are a finite number nonzero terms. So, we do not need to
take care for the convergence.

The general approach to the optimal control of POMDP consists in a reduction of
problem (1) to a MDP with a complete information. We pay no attention to that
reduction in a full generality, referring the reader to [6, 7]. However, in the next
section we consider in details all steps of the reduction.

3. The disorder problem

In this section we develop an approach to the discrete time disorder problem based
on POMDPs. We define the elements of the general model described in Section 2 as
follows:

1.The state space X = {0,1,2} consists of three states 0,1 and 2.

2.The action space A = {wait, stop} consists of the two possible actions we can

apply.

3.The observation space Z coincides with the support of both densities p,(z) and
p,(2). We assume that the supports of p,(z) and p, (z) coincide for, otherwise, in
some cases we will observe directly the current state of the controlled process.

4.We define the transition kernel ¢ by:

t(1)0,wait) = p, t(0]0,wait) =1—p, t(1]1,wait) =1,
(2|0, stop) = t(2|1,stop) =1(22) = 1.

5.The observation kernel is

s(dz|0,wait) = p(2)dz, s(dz|1, wait) = p,(z)dz.
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6.The running reward is:

2(0,wait) =1, g(1,wait) = —c<0,g(0,stop) =g(1,stop) =0, g(2) = 0.

7.The initial distribution on X is

P(xo=0)=1—1x, P(xo=1)=nx, Plxo=2)=

8.The horizon N = oo.

Let us clarify how this model relates to the disorder problem as stated above. The
moment of disorder 8 which is Ge(p)-distributed is in fact the time of the first visit of
the controlled process at state 1. Our goal is to fix 0 as precisely as possible making use
of the action stop. If we are in state 0 then the disorder still not occur, and the right
decision is to wait. This yields an income equal to 1, and our total reward increases by
the same amount. However, if we miss 6 (and therefore being in state 1) then applying
the action wait is certainly a wrong decision which results in paying a positive penalty
¢> 0. The only way to avoid such a situation is to stop the process, and to go to the
absorbing state 2. Since we apply the action stop once, say at time 7, we can identify
any policy with that time, and consider the following problem: Maximize the total
expected reward

7—1

J(x) = B glon, wait), (2)

n=0

where E” is an expectation corresponding to the initial distribution given by Ele-
ment 7 of the model.

Remark. In contrast to the optimal stopping approach where we receive our
income when applying the action stop, formula (2) shows that now the situation is
completely different—the whole reward is a result of waiting actions whereas the
action stop yields no income.

3.1 Filtration equations. Sufficient statistics. Bellman’s equation

The total probability formula implies the following representation of J*(x):
J'(#) = (1= )] (0) + ]*(1). €)

Evidently, /(1) = 0 because, being aware that the process starts at state 1, the
optimal policy recommends an immediate stop. In order to find J*(0) we follow a
standard procedure of reducing the POMDP model to a model with complete
information.

The first step of this procedure consists in solving the filtration equations. Denote
byf,(@), i=0,1,n =1,2, ... (resp.r,(i), i=0,1, n=1,2, ...) the prior (resp. pos-
terior) probabilities of states i, i = 0,1 at time #. Namely, f, (i) is the probability of
being in state i before observing &£, whereas 7, (i) is the same probability after the
observation has occur. Let £; = 2. Since at the beginning we certainly know that the
process starts at state 0, and applying the Bayes rule we get
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f1(0)=1-p, f1(1) =p, (4)

f1(0)Po(z) ri(1) = f1(1)171(2> (5)
F10)po@) +f1(DpsE)" 7 f1(0)pe @) +£1(1)p, @)

1’1(0) =

Similarly, under the assumption that £, = 2, for any » >1 one holds

fn(0) = (1 =p)ra1(0).f,, (1) = pr,, 4(0) +72-1(1), (6)

ru(0) = ~ f,0)po(z) +£,(Dp,(3)°

The general theory recommends using suitable posterior probabilities, say
r.(1), m =1,2, ..., as sufficient statistics. However, in our case it is more convenient
to introduce other sufficient statistics. Indeed, formulas (6) and (7) imply that

@ _pry 40 +rma)  p Lt ra-1(1) ®)
f2(0)  (A-p)ra1(0)  1-p 1-pr,(0)
a(1) _Pl(z) f.(1) _pl(z) p 1 7ra()
o e (e ) ®
Let us set
_ (@ _
n _an(O) +1Ln=12, .. (10)
Then, (17) reduces to
X, = X, 1/a(z) + 1La(s) = L 2P0®) (11)

The linear relation between X, and X,,_; in (11) makes the process (X,)
very convenient to work with, and suitable to be the sufficient statistics for our
problem.

In order to complete the reduction to a fully observable MDP it remains to express
the reward g, in terms of X,,, and to find the conditional distribution of £, provided
that X,,_1 = y. Making use of (10), and the fact that 7,(0) + 7,(1) = 1, we get

1 pX,—1)

:1+p(Xn—1)’Vn(1):1+p(Xn—1)' (12)

72(0)

On the other hand, the expected reward of the waiting action at step # is equal
to 7,(0) — ¢r,(1). Thus, in view of (12), the reward in the reduced MDP model

should be

g(Xn)zl—(c+1)1+p(Xn_1).
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Comparing (8) and (10) we get

f.(0) 1-p
Making use of the first equalities in (6), (12), as well as (14), we obtain
P(¢, €dz|Xy 1 =y) = dz(f,(1 f2(0)po(2))

ol
— def, (0 (pp1<>+po<z>)

_ ry 1-p
= dz (7_1)}71(2) + mpo(z)) :

Thus, in the reduced fully observable MDP model the controlled process is the
Markov chain X, = X,,_1/a(¢,) + 1. Its transitions are according to formula (15), and
each waiting action yields an income (3). The action stop yields no income and
terminates the process. We want to maximize the total reward

(Zg )1X1 = )i:o,

1

%) +Polz >) (15)

where 7 is the time when we apply the action stop. Let us set
V(y) = supR*(y).

The function V(y) satisfies Bellman’s equation

Vi) = (1(c+1)1i(}y7(;1)1)
ppie) (1=—ppe)\, \"
+ .[ZV(y/a(z)+1)<1+p6’_1)+1+p0}31)>dz> ‘ (16)

It is strictly positive on some interval (1,y,), ¥, =¥0(c,p), and is equal to zero if
y>Y,. If the threshold y, is known, then the optimal stopping rule is

T= min(nzl :Xn>y0).

3.2 Asymptotic solutions to Bellman’s equation

Multiplying (16) by 1+ p(y — 1) we get

o= 1)) = (1-eplr =)+ [ V(25 +1) Gapate) + 1 —p>p0<z>>dz)+-
17)
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Making use of representation py = (1 + py/a(z) — 1)a(z), and taking into consid-
eration the second equality in (11) we see that the integral in the right-hand side of
(17) is equal to

| (254 1) @+ mraeraep, @

The substitution a(z) = t reduces the last integral to

L(z)v(y )<1+p) (p1°2) (®) (18)

where (p,ea)(t) = p,(a~'(¢))/a’(a () is the transformation of the density p, with
the function a(z).

Let us introduce a new unknown function U(y) = (1+p(y — 1))V(y). Then, in
terms of U(y), and in view of (18), Eq. (17) reduces to

Uy) = (1 —ep(y—1) + L(Z)U(y; + 1)1‘2 (p10a) (z) ?) . (19)

Let ¢ = 0. Then, the optimal policy does not recommend using the action stop
at all, since then both states 1 and 2 become indistinguishable and we can only
lose if the process is in state 0. Therefore, in this case the function U satisfies the
equation

U(y)=1+J

dt
U +1)2(pea) )
a(Z)
This observation motivates us to introduce asymptotic solutions to Eq. (16).
Definition 2 The function V(y) = (U(y)/(1+p(y —1)))", y>1is an asymptotic
solution to the eq. (16) as ¢ — 0, if the function U(y) satisfies the equation

U(y)=1—cp<y—1)+L() G+1)i(pyea) )= 3 (20)

The asymptotic optimal threshold y, is the root of the equation U(y) = 0.

We are going to apply Mellin’s transform to Eq. (20). In order to be consistent with
that transform, we assume that the set a(Z) (and therefore Z) does not intersect with
the negative part of the real line.

Let us recall that the Mellin transform M[f](s) of function f(x),x > 0, is defined by
the formula

MIf](s) = J:ﬁ’b"(x)dx, sEQy. (21)

It is an analytical function inside domain Q¢ which is usually either a half-plane or
a stripe of the complex plane parallel to the imaginary axis. The Mellin transform is
invertible and the inversion formula is
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Flx) = %rmmm (s)x~*ds, 7 €. (22)

y—ioo
We are looking for solutions to Eq. (20) which belong to the class of Meyer’s G-

functions. These functions have the property of their Mellin’s transform being

r bi+s, by +s,1—ay—s,-,1—a, —s
Am+1 + 8,5 ar +5, 1- bm+1 -5 "',1 - bq -5
[[2 0 + )1 T (1 —a; —s)

= , 23
[T aTai +s) ?:mHF(I —b; —s) (23)

where I'(-) is the Euler gamma function, 0 <m <q,0<n <7, and a; and
bj,i =1, ...,r,j =1, ...,q are numbers. Formally, Meyer’s G-function is given by the
integral

Gy (z](ar); (bg)) = G (zlat, ... ar;b1, ... by) =

1 (rtie [b1+5s, by +s,1—a1—s5, ..., 1—a, —s
_J r z%ds, (24)

2ri

y—ioo Apy1 T+ S, ...,ﬂy+5,1—bm+1—5, ...,1—bq—5

where y is a number such that all poles —b; —k, k= 0,1, ... (resp.
1—a;+k, k=0,1,..) remain in the left (resp. right) half-plane w.r.t. the line
Re (s) = y. The properties of Meyer’s G-function as well as tables containing repre-
sentations of many elementary and special functions in terms of Meyer’s G-functions
can be found in [8], Chapter 8.

The following formulas represent Meyer’s G-functions in terms of generalized

hypergeometric functions:
(ar) )
G (z
EANCY)

m b1 —br, by —bp, 1+ by —aq, ..., 1+ by —a,
=N'r 2
k=1 ﬂn+1 —bk, e s Ay —bk,1+bk —bm+1, een ,1+bk —bq

xoFy1 (1 by = (@)s 1+ b — (b) s (<1 " "5), (25)
r<q, bj—b, #0, £1+2, ...
n lak—a1,~?~,ak—an,1+b1—ak, wis14+by —ay ]
=T Z4!
=1 L% —bmits wsap — by, 14 ap1 — ag, .., 1+ a, —ay,
XgFro1(14 (bg) — a1+ (a,) — aps (17" ") (26)
r>q, aj—ar #0, £1, £2, ...
Here, (a,)' —ap = a1 — Apy we s A1 — Ay Afpi1 — iy oon s Ay — A, and
Clay — ag, > am — ap)=L(a1 — ap) .. V(ap_1 — ap)T(ar + 1 —ap) ...T(an — ag).
In order to apply the Mellin transform to Eq. (12), we need the following lemma
for the Mellin transform of the composition of two functions.
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Lemma 1 Let f(x) and ¢(x) be two functions, F(s) = M[f](s) and assume that the
Mellin transform of function (¢(x)) “ exists for all # from the line Re (1) = # which
belongs to Q. Let us set G(s,u) = M[(¢(x)) “](s). Then

ptico
Mot = 55| GlowFdu @)

Proof. We apply the inversion formula (22) to the right-hand side of (27) taking
7 to be such that line Re (s) = y belongs to €,-. Changing the order of integration,
we get

1 y+ico 1 f+ico
—J x_’ds—.J G(s,u)F(u)du
2mi y—ico 2mi f—ico

1 f+ioco y+ioo
= —J F(u)duJ G(s,u)x " ds
2mi f—ioo y—ioo

B-tico
1 J F(u)(g(x)) “du =f(p(x)),

ey

which ends the proof.

Let us set F(s) = M[U](s), A(s) =M|[t*(p,a)()](s). Applying Mellin’s
transform to (20), and making use of the formula for the transform of a
convolution, we get

F(s) = S% ! tcf’ + MW (y + 1)](s)A(s). 8)

Applying Lemma 1 to both functions U(y) and y + 1 we obtain

1 f+ico
MW (y +1)](s) = 2—m,L.°°B(s, u —5)F(u)du,

where B(s, u — s) is the beta-function, and f is such that the line of integration
belongs to Q. Substituting the last formula in (28) we come to the equation

F(s) =

fico
cp  l+cp LJ " B(s,u — 5)F(u)duA(s). (29)

s+ 1 s 2]7,'1 f—ioo

If U(y) is a G-function, then F(s) is of the form (23), and so is the function under
the integral in (29). The integral itself can be found by formula (24), and evaluated
according to formulas (25) and (26). Thus, we can find A(s), (p;°a)(t), and finally
densities p,(z) and p, (z) which correspond to the function (p,°a)(t). The function
V(y) = (U@y)/(1+p(y —1)))" will be an asymptotic solution to Eq. (16),
corresponding to these densities.

This approach has been applied in [9], where we have found the stationary distri-
bution of the Markov chain X,, = £,X,,_1 + 1in case of some special i.i.d. random
variables &,,n = 1,2, ....
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4. The role of the cost functions for preventing intrusions in transactions
under threat

Here, we briefly describe the model studied in [4, 5] which we denote by M. It

consists of the following elements:

85

1. State space S = {safe, danger, deadend }—corresponds to the different types of
situations from the point of view of the risk they pose:

a. safe Situations along the transactions in absence of any threats;

b. danger Situations in which the system is under the influence of security
threats but still able to recover and

c. deadend Situations in which the system experiences severity and crashes
completely under the security threats.

2. Action space A = {noact, respond }—corresponds to the two types of actions
from risk perspective:

a. noact—no action intervention, the system goes straight to the next
situation according to the recommended action and continues the normal
track of execution of the current transaction, and

b. respond—counteraction, which brings the system back to a safe
situation after malicious action deviating the transaction from its normal

course.

3.Observation space Z = {nothreat, threat, crash }—corresponds to the different
types of events from risk viewpoint:

a. nothreat—asynchronous event, which is non-threatening and does not
require counteraction;

b. threat—detection of malicious intervention which requires counteraction,
and

c. crash—losing control of the system without chance for recovery.

4. Transition kernel q(s,.1|s,, 4,+1)—probability of the transition from situation s,
to situation s,,¢ under control ¢, 1, calculated as follows:

* g(safe|safe) = p, p is the probability for absence of threats after transition
from a safe situation;

* g(danger|safe) = 1 — p, 1 — p is the probability for presence of threats after
transition to from safe situation;

* g(safe|danger, respond) = 1 because the counteraction in dangerous situation
eliminates the threat;
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* g(deadend|danger,noact) = 1 because the absence of counteraction in
dangerous situation leads to inevitable crash of the system, and

* g(deadend|deadend) = 1 since there is no way out of the crash.

5.0ccurrence kernel ¢(z,|s, )—probability of the occurrence of event 2, in
situation s,, calculated as follows:

t(nothreat|safe) = p,,—probability of not observing threat occurrence in a
safe state (true negative);

o t(nothreat|danger) = p,,—probability of not observing threat occurence in a
dangerous stage (false negative);

t(threat|safe) = p,,—probability of observing threat occurrence in a safe
state (false positive);

t(threat|danger) = p,,—probability of observing threat occurrence in a
dangerous state (true positive), and

t(crash|deadend) = 1—probability of observing the system crash under
threat.

6. Costs—quantitative measures of the costs of taking actions which can be
interpreted differently, depending on the needs; we are considering it to be the
delay caused by the additional counteractions to neutralize the detected threats:

a. Running cost 7(c) calculated as follows: (noact) = 0, r(respond) = —c
where ¢ > 0 is the penalty for executing counteraction respond;

b. Final reward R(sg). This is the reward we get in the final state sp. We
define it as follows: R(safe) = R(danger) = 1, R(deadend) = 0. Thus, we
consider the final state sr as an indicator whether the transaction was
successful or not.

7.Horizon N—length of the transaction, measured by the number of situations
along the transaction.

A security decision ¢(n) is a function which on each step # of the transaction
chooses either noact or respond. Decision policy = = (¢(1), ¢(2), ..., $(IN)) is a collec-
tion of security decisions such that on each step z of the transaction, ¢(#) depends
only on the past observations, and the prior probabilities of the states before the
transaction has begun. We assume that the prior probability of state deadend is 0,
since otherwise any policy makes no sense. Therefore, the sum of the prior probabil-
ities of the other two states is equal to 1, and the prior distribution of the states is
determined by the prior probability x of state safe. In [4] we studied a problem with a
criterion

v"(x) = EZ(R(sp) — ¢cK), (30)
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where E7, is the expectation, corresponding to the policy 7 and the prior probability
x, and K is the total number of times when we apply the action respond. A value
function of the POMDP model is the function

v(x) = max V" (x). (31)

The policy z such that v(x) = v"(x) is an optimal policy.
Element 6 of the model M, the running cost, is crucial. The point is that if we allow
it to be arbitrary, we can face the following two extreme situations:

* Case 1: ¢ is too small. Then the optimal policy may recommend applying
mitigating action respond permanently, without taking into consideration any
observations;

* Case 2: ¢ is too large. Then we would not be able to neutralize all threats even if
we know exactly when they occur, i.e., when both the false positives and the false
negatives are equal to 0. This could happen because the total cost of the
mitigating actions may exceed 1, which is the maximum reward we can get for a
successful end of the transaction.

In [5], we suggested the following choice of ¢. Let m be the maximum number
when the action respond can be used. Then, we have

mc<1l, (m+1)c>1, (32)
and therefore,
1 1
<c< —.
m+1 =63 m (33)

Since the number of attacks during the transaction has a Binomial distribution with
parameters 1 — p and N, a suitable choice of m is it to be 1 — a-quantile of this
distribution for a given significance level a.

Remark. Formula (33) assigns to ¢ values inside the interval to which it
must belong. However, in fact we should select between the end points of
that interval. If we take ¢ = 1/(m + 1), then we favor the successful end of the
transaction. Otherwise, if ¢ = 1/m, we focus on avoiding a unnecessary use of
mitigating actions.

In the model described above, the probability of attacks, 1 — p, remains unchanged
during the transaction. This makes the model too restrictive. Indeed, in the real life, if
the computer is infected before the transaction, it is more likely to expect intrusions at
its early steps rather than in the end. Moreover, some transaction steps like entering
an IBAN for money transfer or credentials, are more risky than the others, purely
technical, steps of the transactions. Here, we relax this restriction assuming that p =
(p1>Py> - >Py) is a vector, whose entry p, is equal to the probability to stay in the state
safe at the n-th step of the transaction. It is worth noting that p, is exactly the prior
probability x in the model M, and 1 — p, is a probability of attacks which, however,
occur not during the transaction, but before it. We shall refer to this model as a
generalized model, and denote it by M'.
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Let us discuss the running costs in this model. As we have seen, they are
very important, since they control the actions we apply on different steps of the
transaction. If the probability p, is large, then the corresponding running cost ¢,
should be large as well, in order to prevent a useless choice of a mitigating action.
Evidently, such an action should be applied in case of a probability p, which is small
enough, and we favor its application taking ¢, to be small, too. Thus, ¢, depends on p,
(but not only), and we define the running costs in this model as a vector
¢ = (c1,¢2, ... ,cn)- The other elements of both models M and M’ coincide. Eq. (30) in
model M’ reads as

N
v"(x) = E (R(SF) — Zc,-l(ai = Vespond)> . (34)

i=1

We stress the dependence of ¢, on p,, making the following basic assumption.

Assumption 1 For any two steps i and j of the transaction, one holds ¢; = ¢; if
p;=p;-

This assumption trivially holds in model M, and it implies that the running cost in
that model is a constant.

4.1 Determining costs ¢y, ¢, ..., N

Here, we are going to determine the costs ¢1,¢2, ..., ¢y, trying to satisfy the fol-
lowing conditions:

* guarantee a successful end of the transaction with a probability which is large
enough;

* avoid a useless application of the action respond when the current state of the
transaction is safe.

Unlike the model M when, given N, p, and a significance level a, one should take ¢
according to the remark after formula (33), here the situation is more complicated.

We shall consider the transaction as a random trial whose basic space Q is the set of
all diadic representation of integers between 0 and 2V — 1:

Q={w=ww,..wy, w,=00r 1, =12, ...,N}.

We assume that w, =1 (resp. w, = 0) corresponds to the event when there is
(resp. there is no) an intrusion on the #-th step of the transaction. Each elementary
event w € Q is determined by the set

A, 22N A, ={n: w, =1}, (39

where 2{%2 N} s the set of all subsets of {1,2, ...,N}.
Formula (35) implies that there exists 1-1 correspondence between Q and

2{12, N} qf necessary, we shall denote by w4 the elementary event w € Q, that corre-
sponds to the set A € {1,2, ..., N}. The probability g, of ® € Q can be calculated by the
formula
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N
9, =][ri1-p,)" weq. (36)
n=1

Let us fix a significance level a, and let
q(l) <q(2> < <q(2N) (37)

be the ordered statistics of series (qw) , @€ Q. Denote by A; the set given by (35),
that corresponds to ¢ %, and define the integer I by the formula:

I = min <i ) ¢¥>aq, and ¢ <q(i+1>>. (38)
=1

4.1.1 Case 1

All probabilities p,, n =1,2, ..., N, are different.
First, we shall discuss the case when all probabilities p,, #n =1,2, ..., N are differ-

ent. Similarly to the inequalities in (32), we want that the costs ¢1, ¢, ..., ¢y satisfy the
constraint
N
ZLUJ'C]': ZC]'Z]-,CU:CUAZ-, 1=1,2,..,1, (39)
=1 jea;
N
S wig =Y <Lo=wsi=1+1,1+2,..,2". (40)
j=1 jEA;

The mean cost of the transaction is equal to

N
C=> (1-p)e (41)

i1
In view of the remark after formula (33) is natural to try to minimize C, in order to
favor the successful end of the transaction. Thus, we come to the following linear
program: minimize (41), under constraint (39) and (40). Evidently, if N is large, this
problem seems to become hopeless to solve even with the help of supercomputers.

4.1.2 Case 2

Some of the probabilities p;, p,, ..., py, coincide.

Now, assume that some of the probabilities p,,p,, ..., py coincide. At a first glance
in this case the problem becomes even more complicated, because, in view of
Assumption 1, to the inequality constraint (40) and (41), one should add equality

! In fact, if the inequalities in (24) are not strong, then g does not allow us to determine the corresponding
o, and, therefore A;. We avoid this difficulty, defining I by formula (24).
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constraint ¢; = ¢; for all pairs of states (7,) such that p; = p;. However, it turns out that

the more equal probabilities among p,,p,, ..., py there are, the simplier the problem
becomes. Let

Pi<Py<..<Pg, K<N,

be all different numbers among p,,p,, ...,py. Then, we can represent the set
{1,2, ..., N} as a union of disjoint subsets Bj, By, ..., Bx such that

Bk = {n: Pa ZPk}, k:1,2, ...,I(.

Assumption 1 implies that not only the probabilities (pn) , n=1,2,..,N, butalso
the costs (¢,), # =1,2, ...,N coincide on each set By, By, ..., Bg. Denote them by
C1,Cs, ..., Ck. Then, in terms of Cy, C,, ..., Cg, both the constraint (39) and (40) as
well as formula (41) reduce to

K

Zdikck >1, i=1,2, ..,1, (42)
k=1
K
D duCe<li=T+11+2,..,2", (43)
k=1
K
C=> Di(1-Pp)Cy, (44)
k=1

wheredy,, k=1,2,.,K, i=1,2, ...,2~, and D, k =1,2,..,K, are cardinalities
of sets A;NBy, and By, respectively. Thus, the problem becomes: minimize (44) under
constraint (43) and (44). The dimensionality of this problem is K rather than N.
Moreover, the number of constraint will be less than 2. In order to understand this,
we give the following definition.

Definition 3 We say that the vector a = (41,43, ... ,ax) majorates the vector
b = (b1,by, ...,bx), and write axb, if a, > b, k=1,2,..,K..

Denote by A the matrix with entries (dj), and let
8; = (di, diy .., di), i=1,2,..,2, be its rows. If i,j <I and §;>5;, then we can
discard the constraint &;, because it will hold automatically if we satisfy &;. Similarly, if
i,j > 1, and 6;>6;, then we can discard the constraint J;, because it will hold automati-
cally if we satisfy 6;. Thus, the number of constraint in (5) (resp. (4)) is equal to the
cardinality of the maximum subset of {1,2, ..., I} (resp. {I +1,I1+2, .., 2N}) such
that for any two i and j belonging to this subset neither §;>§; nor §;>5;.

4.2 An example
A transaction consists of N = 12 steps with probabilities
p = (0.6,0.9,0.9,0.8,0.7,0.9,0.9,0.9,0.9,0.9,0.8,0.9).

We have K =4, P=(0.6,0.7,0.8,0.9), D = (1,1,2,8). The linear program (42),
(43) reduces to: minimize
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0.4C; + 0.3C, + 0.4C3 + 0.8C4,
under constraint

C1+3C4 21,
Cy+3C4 21,
C3+3C4 21,
Cs+Ca21/2,
Cr+C35+4+2C4 21,
C1+C3+2C4 <1,
C1+ G +2C4 L1,
Ci1+Cy+2C35+ Cys L1,

where
0<C;<1, 0<(C,<1, 0£(C51/2,C4 =1/3.

Its solution is C; = 0, C, = C5 =1/6, C4 =1/3. Thus, in the first state of the
transaction, which is most dangerous, one should pay a zero cost for counteracting.
Therefore, we shall certainly prevent an attack in this state, if it occurs.

4.3 Description of the optimal policy

Here, we briefly describe the optimal policy in model M/, referring the reader for
more details to [4], where, in case of the model M, both the value function (31) and
the optimal policy have been found by performing a standard reduction to a fully
observable MDP. Sufficient statistics in this reduction are the posterior probabilities of
the states of the transaction. Since the state deadend is absorbing, the total probability
of the other two states, safe and danger, is 1, and we can consider the posterior
probability of either of them, say safe, as a controlled process in the reduced MDP
model. The state space of that process is [0, 1]Ju{  }, where the isolated point *
corresponds to state deadend. Consider the following functions defined for x € [0, 1]:

Mix,1—x) = PnX T2(x,1—x) = PuX i 45
(x %) PuX +Pp(l—x) (x %) PuX +pp(l—x) 45

Valx) = max E} (1(0 <xns1<1) — =, cr1(a), = respond)),n =1, ...N, (46)

where x = x,, is the posterior probability of state safe at time z. The function
I(x,1 —x) (resp. I%(x,1 —x)) in (45) is the posterior probability of state safe, if we
detect a danger (resp. nothreat), and the prior probability of state safe is x. The
functions in (46) represent the maximum income we can get after the z-th step of the
transaction. They satisfy Bellman’s equation

Vau(x) = max(V),(x), V') (x)), (47)

and the final condition
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VN+1(3C) =1. (48)

In (47), V! (x) and V" (x) are one-step ahead estimates of both actions noact and
respond.:

V(%) = x(ppyn+ (1-p,)pn) Vaa (T (p,n 1~ p,))
+ x(ppn+ (1-p)p0) Ve (P, 1-p,))s
Vo) = —tut+ (0 + (1-p,)p0) Varr (' (P51~ p,))
+ (papu+ (1=2)P0) Ve (P (P, 1-p,)).

The optimal strategy ¢, at any moment of time n = 1,2, ..., N is the following:

(x) = {noact, if Vu(x) =V, (x)
PniX) = respond, if V,(x) =V, (x)’

Egs. (47) can be solved backwards, starting with the boundary condition (48). For
example, for n = N we get:

Vn(x) = max(1 —cy,x),
noact, if x>1—cy (above the threshold)

o) = { respond, if x<1—cy (bellow the threshold)

The remaining iterations until reaching the beginning of the transaction can be
performed recursively, taking the previously calculated solution as terminal. It is worth
noting that not only ¢y, but also all ¢,,# =1,2...,N — 1 are determined by thresholds
,),n=1,2,..,N—1, yy =1—cy, and the optimal policy recommends using of a
counteraction only if the posterior probability of state safe in time n, x,, isless thany,.

After all thresholds have been found, the optimal policy recommends the following
optimal behavior:

1. At the beginning of transaction (n = 1), depending on whether we detect a
threat or not, we calculate the posterior probability x; of the state safe by the
formula

rt (1"1’ 1 —P1>, if 21 =threat
X, = ,
' I*(p,1—p,), if z1=nothreat

If x1 is greater than the threshold y,, then we do not apply the counteraction, x1
remains unchanged, and with probability 1 — x; we fall into a state deadend.
Otherwise, we use respond after paying the cost ¢, and the posterior probability
becomes 1 since we certainly know that we are safe;

2.0n the next step we start with a prior probability equal to the just found
posterior probability (x; or 1), multiplied by p,, observe again if there is
detection of a threat, calculate the posterior probability x,, compare it with the
threshold y,, and so on till the end of the transaction.
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5. Conclusions

We focus on two new applications of the theory of the Partially Observable Mar-
kov Decision Processes (POMDPs).

Firstly, we revisit the discrete time disorder problem. The classical approach to it is
based on optimal stopping rules and martingale technique. We include it into the
framework of POMDPs which improves the quality of detection, and allows, in some
cases, to find solutions to Bellman’s equation.

The second application is in the cybersecurity. A basic problem here is the assess-
ment of the security risk during transaction processing. We consider the transaction as
a controlled POMDP and construct an optimal policy that recommends a best behav-
ior for neutralizing the intrusions when they occur. We reveal the crucial role of the
costs of counteractions in building the model. On the one hand, they should favor the
successful end of the transaction, but, on the other hand, prevent the unnecessary use
of counteractions when there is no an attack. We show that the costs can be found as
optimal solutions of some linear program.

Abbreviations

POMDP Partially Observable Markov Decision Processes

MDP Markov Decision Processes
IDS Intrusion Detection Systems
ML Machine Learning
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Chapter 6

Engineering Stochastic
Optical Modes

Patricia Martinez Vara, Juan Carlos Atenco Cuautle,
Elizabeth Saldivia Gomez and Gabriel Martinez Niconoff

Abstract

In this chapter, we describe the engineering of optical modes whose axial structure
follows fluctuations of Markov-chain type. The stochastic processes are associated
with a sequence of time subintervals of duration AT. Each subinterval is linked to a
Bessel mode of integer order. This process models a thermodynamic equilibrium and
can be related to the evolution and stability of optical systems. The matrix represen-
tation for the stochastic process allows the incorporation of entropy properties and
therefore, it is possible to deduce the similarity with completely coherent modes. This
property is known as the purity of the optical mode. Herein, the resulting optical field
is simulated using Markov-chain type Ehrenfest process.

Keywords: Markov chain, Ehrenfest process, stochastic process, entropy, N-step
matrix

1. Introduction

The time/spatial evolution of the optical fields is determined by its coherence
features, which are closely related to the fluctuations of polarization states [1]. In this
context, coherence deals with the propagation of the statistical correlation function.
The control of the coherence properties has been implemented in the generation of
tunable optical tweezers [2], which allows the generation of novel spectroscopy
effects described by inducing resonant effects that locally modify the effective refrac-
tive index [3]. In the context of communications systems, it enables the transmission
of a great volume of information [4]. From the theoretical point of view, the coher-
ence study is interesting because of phase dislocation at the boundary conditions that
can be matched with the generation of topological charge. By giving it a dynamic
behavior, it is possible to induce topological currents and consequently, the media
acquire a topological conductivity with the corresponding entropy fluctuations. How-
ever, the coherence models have been designed under the hypothesis that the random
fluctuations of the optical field have a stationary character [5, 6]. For the study of the
partial coherence effects, some parameters that characterize the balance among the
amplitude-phase functions are time dependent [7]. Therefore, the topological charge
acquires a dynamical behavior that justifies the generation of topological currents and
consequently, topological conductivities emerge. This behavior implies a strong
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analogy to the traditional electromagnetic theoretical models. In this chapter, we
establish the basis to describe the generation of optical fields that exhibits a random
behavior without the stationary hypothesis. Then, we perform the synthesis of optical
fields with time-dependent partially coherent features whose evolution follows a
Markov-chain type Ehrenfest process. Using this type of chain allows the establish-
ment of a strong analogy between the evolution of optical fields and the thermody-
namic models in equilibrium. The equilibrium behavior is known because stochastic
optical fields increase their coherence properties as they propagate. The theoretical
predictions are supported by computational simulations, where the coherence param-
eters are related to the entropy process allowing the definition of a purity factor for
the optical fields. This factor is complementary to the degree of coherence, which
allows us to identify and compare the similarity with a fully coherent optical field.

2. Brief overview of the coherence models

We start our analysis with an overview of the coherence features. Coherence is the
analysis of the correlation complex amplitude function between two arbitrary points
in time/space. This study is supported by assuming that the optical fields under study
are stationary and ergodic. The simplest case occurs when we describe the autocorre-
lation functions [8] defined as

<Pt)p* (t)> = j¢<t1>¢* () (ts, 1) vl 1)

in most cases, the probability density function p(¢1,2;) is an unknown function.
When the random fluctuations are stationary, the probability density function
depends on the time difference, and it is of the form

plt,12) = p(tr — 1), ()

As consequence, the autocorrelation function acquires the form of a convolution
integral, simplifying the calculus of the coherence function. To describe the amplitude
distribution of the optical field, we use the fact that we can represent it as a sum of
modes, given by

= 3" @ 0", (x,), 3)

Wheref, (x,) are functions that describe the mode profile, and its square modulus
gives its morphological shape. The coefficients are random time-depending parame-
ters. The amplitude product for two arbitrary optical fields takes the form

P, (x,12) Zzan ta; (), (690 (5.9), (4)

And the autocorrelation function defined by the mean of the previous equation
takes the form

C(tl,tz) = <¢(x,t1)¢ X, tz Z%ZZ<(1" tl tz >f (.X’ y)f ( ,y) (5)
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from the previous representation, we can easily deduce the matrix structure
for the autocorrelation function. Rewriting this correlation function in a matrix
form as

ao(tr)ag (t2) ao(t)af (t2) - ao(tr)a,,(t2) fo
1 am(t)ag ()  ai(ti)af () - ailtr)a,, (t2) fi
ot = < 2y £y 1) [ ARl | I
ap(t))ag (t2) an(ti)as (t2) - ax(t1)a,,(t2) fm
(6)

Where the square brackets mean the expected value is evident that the correlation
matrix is Hermitian. Each term in the matrix carries on information about the inter-
action between all possible modes.

The matrix representation allows the implementation of a Markovian process
where <a,(f1)a, (t2)> is closely related to a transition probability. Modifying the

matrix elements is possible to generate optical fields that do not present a stationary
behavior. In particular, we focus our attention on the generation of optical fields
whose random fluctuations follow a Markov chain.

3. Markovian processes: Some basic concepts

In many physical situations, we are interested in describing the occurrence of a set
of random events represented by P(ug, ..., , ), where y; is linked to a certain physical
situation. This expression can be rewritten using Bayes formula as

P(pgs pas oovs Hy) = P15 oo s 1) P(Hy—15 Hy—25 -+ s H15 Ho)> (7)

the previous expression can be simplified assuming that its behavior depends only
on its recent past [9], i.e., P(u,|ty_1> ... »%1) = P(u,|1,_1). Applying recursively this
expression, Eq. (7) acquires the form

P(ugs p1s o> ) = Ppnltn—1)P(pn_1lttn—2) - P(Hy_25 -5 1) .. P(pa|pto)P(po).  (8)

Eq. (8) can be interpreted as the #-th correlation order, in this way, we can expect
that this expression can be used for the analysis of optical coherence. Eq. (8) defines
the Markov chain, where the term P(y;|y;_,) is known as the transition probability.
With the transition probabilities, it is possible to generate a matrix representation
given by

Koo Hon
Plud) = | ¢ = & |, )
Hno 0 Hun

where the matrix elements correspond to the transition probabilities. This expres-
sion is known as the transition matrix. As each matrix term represents a probability,
the sum of the row elements satisfies the conservation probability given by
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Y up=1, i=0,12, ..,n (10)
j

This means that the Markov chain has associated with a stochastic matrix repre-
sentation. Important properties of a stochastical matrix can be found in Ref. [10].

The evolution of a Markov chain can be obtained by applying the transition matrix
to a random vector, which represents the probability of the chain starting in a given
situation. Then, the stochastic matrix is acting on a random vector transforming it into
another random vector. This representation is given by

Koo Hor = Hon
a1=(ag ~ a,)| "0 F TGP, (1)
Hno Hn1 0 Hun
and o, = yP? = aoP?, ..., a, = aoP" where
n
Koo Hon
L (12)
Hno " Hun

is the n-step transition matrix.

4. Markov chain-type Ehrenfest process

In this section, we analyze the equilibrium of a Markovian process that follows a
Markov chain-type Ehrenfest process [11]. This is performed by using a boxes model.
The simplest case occurs by considering two boxes labeled as B; and B;. In the boxes
are randomly distributed # balls. In box By are s balls, and in the box B, are # — s balls.
The balls are labeled from 1 to # and they are randomly distributed in each box. The
Ehrenfest process describes the transfer of the balls between the boxes. The first step
is the random selection of a ball and transferring it to the other box with probability g,
or letting it to remain in the same box with probability 1 — . This process is repeated
many times and the resulting ball distribution acquires a stable configuration. It can be
shown that the Markovian matrix is given by

1-p B 0 0 0 w0
Poaen () o 0 0
n n
2 n—2
E= 0 n 1-4 < n )ﬁ 0 0 (13)
0 0 &4 (1-p) (n_3)/)’ 0
n n
0 0 0 0 p (1-p)
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To analyze the convergence and the stability of the Ehrenfest process, we imple-
ment a numerical example for four balls and § = 1/2. We focus our attention on the
following issues: how the probabilistic terms in the rows are transformed and how the
matrix evolves after N steps. The following matrix expressions show the resulting
stochastic matrix after 1, 2, and 25 steps.

0.5000 0.5000 0 0 0.3125 0.5000 0.1875 0

0.1250 0.5000 0.3750 0 2 0.1250 0.4063 0.3750 0.0938
0 0.2500 0.5000 0.2500 0.0313 0.2500 0.4688 0.2500
0 0 0.5000 0.5000 0 0.1250 0.5000 0.3750

0.0714 0.2857 0.4286 0.2143
0.0714 0.2857 0.4286 0.2143
0.0714 0.2857 0.4286 0.2143
0.0714 0.2857 0.4286 0.2143

S

(14)

From the last matrix expression, we can identify that all elements in each column
have the same value; consequently, all rows have the same entropy value that corre-
sponds to the final equilibrium state [12]. The structure of Eq. (14) shows that the
product of a row in the arbitrary random vector with an N-step stochastic matrix
reproduces the matrix row. This represents the equilibrium of the process, and a
surprising result is that the final entropy does not depend on the initial random vector.
From this entropy value, it is possible to deduce some generic features. For example,
the maximum entanglement between the probabilistic values in the n-step random
matrix. This can be obtained by analyzing the digraphs evolution shown in Figure 1.

Figure 1.

Depicture of the stochastic matrix process corvesponding to Eq. (14). (a) Digraph associated with the initial
stochastic matrix. (b) Digraph for E*. (c) Digraph for E*, showing when the process reaches a standard
configuration.
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0 1 2 3
0 0.0714 0.2857 0.4286 0.2143
1 0.0714 0.2857 0.4286 0.2143
2 0.0714 0.2857 0.4286 0.2143
3 0.0714 0.2857 0.4286 0.2143

Table 1.
Numerical vepresentation of the digraph shown in Figure 1(c).

The entanglement features carry information on the evolution of the different
probability states between the nodes. This analysis is contained in the entropy value
evolution.

Finally, we remark that the changes in the assigned probability values in the initial
stochastic matrix imply the modification of the connectivity between states. This
information becomes evident in Table 1; however, all the nodes acquire invariant
connectivity between the probabilistic states obtained from the n-step probabilistic
matrix.

5. Generation of Ehrenfest optical modes

The purpose of this section is to implement an Markovian Ehrenfest process in the
optical context. To perform this, we define an optical mode as an exact solution to the
Helmholtz equation. The mathematical expression is of the form [13]:

¢(x,9,2) =f(x,y) exp(ifz), (15)

where the function f(x, y) must satisfy the eigenvalue equation

Vif(x,p) + Kf (x,y) = Ff (%), (16)

the transversal profile f(x, y) remains invariant when it is propagating along the z
coordinate. For mathematical convenience, we solve Eq. (16) by using polar coordi-
nates, allowing us to identify the solutions as a set of Bessel functions of integer order.
The optical modes are given by

(7], 2mrd)e™) n=0, +1, +2, .... (17)

It should be noted that all of the modes have the same phase value that
describes the mode propagation along the z coordinate. This is a condition for all the
modes present diffraction-free features. We will use the representation to generate a
tandem array of optical modes following a Markovian chain, i.e., we engineer a
stochastical mode that locally presents diffraction-free features. An important case
occurs when a set of integer-order Bessel modes are selected following a Markov
chain type process.

Eq. (17) can be matched with the box model of the Ehrenfest process described in
the previous section. By replacing the label in each ball by J,, J;, ...,J, the evolution of
initial state is described x¢ = (@0, ...,4a,). This vector corresponds to the coordinates
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representing the appearance of the mode with the following interpretation: Assuming
that the process has time duration T, divided by # subintervals of length AT In
each subinterval, a Bessel mode of integer order is selected. Thus, the optical field
consists of a succession of mode-type chains where the occurrence of the ith Bessel
mode is na;. With this interpretation, the optical field assumes the structure shown in
Figure 2. A liquid crystal display (LCD) is implemented to generate the boundary
condition that consists of an annular slit angularly modulated for synthesizing the
corresponding Bessel mode [13, 14]. The chain structure corresponds to an
Ehrenfest mode.

To get an understanding of the evolution of the Markovian mode, it is convenient
to describe a tree graph, shown in Figure 3. The dotted line represents the sequence

Lens
LCD
[ Markovian mode Detector

)

[ |
[ [l ] nla Taa]a Lo o el sl 2] o]

Figure 2.
To generate the Bessel modes, an LCD is illuminated containing an annulay slit with time-dependent angular
modulation with a coherent plane wave linearly polarized.

=

- ceesosescses|

(1,0,0,0)

(n"a, n"0,n" sa5,n" ya,)

{3ty Nyttyy N30, Ny

Figure 3.
Sketch of the entanglement between states as “n” grows; duving this evolution, it is possible to visualize that the
probability density is distributed between the accessible states.
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Figure 4.

Thgeumeam irradiance after N-steps for an Ehrenfest-type process. (a) Represents the initial state associated with a
Jo Bessel mode. The initial probability vector is (1, 0, 0, 0). (b) Mean irradiance after 2-steps, and the probability
vector is (1/2, 1/2, 0, 0). (¢) Mean irradiance after 25-steps, the probability vector is (0.0714, 0.2857, 0.4286,
0.2143). It must be noted that this last vector corresponds to a row for the stabilized N-step stochastic matrix. The
expression for the mean irradiance can be related to the probability vector as I="n (P2 + P2J? + PJ2), where

NuP; is the occurrence number for the irradiance of each mode.

Jo —Jo—J1 —J2 ... ), and the dotted arrowed line represents (Jo —J; —J, — J; ... )-
From this representation, time-structured modes are generated, and all of them must
exhibit the same irradiance mean when the equilibrium is reached. In the early steps,
the corresponding modes display different irradiance values as shown in Figure 4
obtained with commercial software.

The Ehrenfest mode consists of a sequence of Bessel modes of integer order where
each sequence appears according to a certain probability value. The state starts with a
zero-order Bessel beam, whose irradiance is shown in Figure 4-a, which evolves
following the chain and after three steps, the initial vector evolves toward the vector
whose irradiance is given by agz)](z) + af)] T+ (Jéz)]%. When the experiment is
performed n-times, the number of occurrences of each element of the basis can be
obtained from the transformed random vector. The mean of irradiance after three
steps is shown in Figure 4-b. When the number of steps increases, the chain is
stabilized and the irradiance means distribution is shown in Figure 4-c. The global
optical fields were analyzed once the equilibrium was reached. The mean
irradiance distribution presents diffraction-free features. The latter is easily
understood since the irradiance associated with each mode is non-depending on the
z-coordinate. However, locally these fields follow a sequence of optical modes
according to the Markov chain selected. The resulting optical mode consists of a
sequence of time-changing blocks that do not follow a stationary process. For
this reason, the mode is characterized using the entropy models in the following
section.

6. Entropy, purity, and interference between Markovian modes

Using the fact that a Markovian process is associated with a stochastic matrix,
some generic properties through entropy description can be identified allowing the
study of the mode’s structural features. The calculus of the Von Neumann entropy is
proposed [15] in order to obtain a reference to compare the entropy value from the N-
step stochastic matrix. The entropy is calculated from the principal diagonal elements,
and we remark that the resulting value acts as a reference value for the different
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entropy measurements obtained from the elements of the rows in the N-steps
resulting matrix; also as the entropy obtained in the secondary diagonal, this last value
contains information about the correlation among the constitutive modes [16]. By
comparing these entropy values, it can be deduced how the correlation function
evolves, which allows us to understand the irradiance distribution as a function of N,
which represents the number of applications of the initial stochastic matrix. The Von
Neumann entropy is defined as

Sc = —=TrD(ENLnE"), (18)

where Tr denotes the trace of stochastic matrix EV Ln(E"). It should be noted that
this type of entropy contains information for the irradiance distribution. However, we
need to describe the entanglement among the elements of the basis. This description
can be obtained by proposing the correlation entropy calculus as an ansatz using the
elements in the secondary diagonal. This entropy takes the following form:

S, = —Tr(ENLnE"), (19)

where TrD denotes the trace of the secondary diagonal. Furthermore, a good
method for describing the mode structure is applied by calculating the difference of
the entropy values, which is expressed as

AS=S,-3S,. (20)

From this last definition, it can be easily proved that the correlation entropy is
always lower-bounded by the Von Neumann entropy S, ...S,. To compare the entropy
values, each diagonal needs to satisfy the normalization condition. From Eq. (20),
certain interesting cases can be identified. The limit case occurs when AS = 0. Its
physical meaning is that all irradiance events involved during the process participate in
the global irradiance distribution, another case occurs when AS = S. There is no inter-
action among the elements of the basis; thus, they are statistically independent. How-
ever, this case is not permitted in the Markov chain-type Ehrenfest process. Finally,
another entropy measurement can be obtained from the gth-row elements, expressed as

qu = —Z O!ian (aiq), (21)

where a;; denotes the elements in the gth row and satisfies ) ; aj; = 1forg =
0,1,2, ..., n. From this set of entropy values, an order relationship is easily identified, e.g.,

Sq <S, :S4<85< cee s (22)

this means that a gth-Bessel mode appears in a principal manner, followed by the
second-order Bessel mode that appears in the same proportion as the fourth-order
Bessel modes, and so on. From this order relationship, we can associate a purity
measurement to the Ehrenfest mode [17] as follows:

s

-1-—7
N o(n)’
oS

q= (23)
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which determines the similitude of the Markovian mode with the J, mode
because 3/, P; = 1. The entropy values for the Ehrenfest mode are given by

Sy =S, = 0.5383. The equality indicates that the process reaches an equilibrium con-
dition. In addition, all of the rows have the same entropy value. Consequently, from
the purity definition, it can be deduced that the resulting mode is the same for each
element of the basis. This result is expected because the Ehrenfest process describes
the conditions to reach an equilibrium system. Consequently, once the equilibrium
condition is reached and as a result of the isotropy of the process, all the elements of
the basis in the resulting random vector appear in the same proportion. The purity
concept describes the times each element appears in a given mode.

7. Conclusions

We described the synthesis of Markovian optical modes that have diffraction-free
features. The type of optical field was obtained by means of a tandem array or chain of
Bessel modes. The chain evolves following a Markovian process. We present an
example for a Markov-chain process type Ehrenfest. This type of process is very
important since the theoretical point of view because it is close related to the thermo-
dynamical process establishing a geometrical point of view for the entropy evolution.
The optical mode reaches an equilibrium condition, which can be deduced from the
N-step stochastical matrix. This condition is identified when the random rows of the
matrix have the same entropy value. Using the entropy values we define the purity of
the mode, and this definition allows to compare the similitude of the Markovian mode
with a single Bessel mode. A very important result of the chapter is that changing the
probabilistic values in the Markovian matrix all the Ehrenfest matrixes reaches the
same final configuration; however, the number of steps is different. This property
corresponds to hysteresis effect. These features allow to implement inverse processes
in particular offering the possibility to generate Markovian holographic process. In the
optical context, the Markovian optical mode can be used as illumination beam to
generate random diffraction also as it can be implemented to generate tunable optical
tweezers inducing tunable spectroscopy features [18-21]. Other immediate applica-
tions are cryptographic transference information, entanglement of arbitrary optical
fields, and self-healing analysis [22-27].
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Chapter 7

Hidden Markov Models for
Pattern Recognition

Majed M. Alwateer, Mahmoud Elmezain,
Mohammed Farsi and Elsayed Atlam

Abstract

Hidden Markov Models (HMMs) are the most popular recognition algorithm for
pattern recognition. Hidden Markov Models are mathematical representations of the
stochastic process, which produces a series of observations based on previously stored
data. The statistical approach in HMMs has many benefits, including a robust mathe-
matical foundation, potent learning and decoding techniques, effective sequence
handling abilities, and flexible topology for syntax and statistical phonology. The
drawbacks stem from the poor model discrimination and irrational assumptions
required to build the HMMs theory, specifically the independence of the subsequent
feature frames (i.e., input vectors) and the first-order Markov process. The developed
algorithms in the HMM-based statistical framework are robust and effective in real-
time scenarios. Furthermore, Hidden Markov Models are frequently used in real-
world applications to implement gesture recognition and comprehension systems.
Every state of the model can only observe one symbol in the Markov chain. In
contrast, every state in the topology of a Hidden Markov Model can see one symbol
emerging from a particular gesture. The matrix representing the observation proba-
bility distribution contains the likelihood of observing a symbol in each state. As an
illustration, the probability that a symbol will emit is determined by its observation
probability in the first state. In the recognition task, the emission distribution is
another name for the observation probability distribution. For the following reasons,
HMM states are also referred to as hidden. First, choosing to emit a symbol denotes
the second process. Second, an HMM’s emitter only releases the observed symbol.
Finally, since the current states are derived from the previous states, the emitting
states are unknown. HMMs are well-known and more flexible in the field of gesture
recognition because of their stochastic nature.

Keywords: recognition algorithm, gesture recognition, hidden Markov models,
statistical framework, probability distribution matrix

1. Introduction

One of the greatest methods for pattern recognition is HMM since it can deal
with the issues caused by spatiotemporal variability [1-4]. Additionally, HMMs
have been effectively used in the classification of gestures, speech, modeling of
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X Spotting

pre-gesture —s-- key-gesture —»e post-gesture

Figure 1.
Three main phases for the trajectory for spotting meaningful gestures.

proteins, etc. [2, 5-8]. Because segmentation and recognition are tuned concurrently
during recognition using HMMs, the use of HMMs increases the effectiveness of
recognition-based segmentation. The two categories of gesture are communicative
gestures (also known as key gestures or meaningful gestures) and noncommunicative
gestures (i.e., garbage gesture or transition gesture) [9-12]. In other words, as indi-
cated in Figure 1, a natural gesture comprises three phases: pre-, key-, and post-
gesture. The key gesture may be described as a hand trajectory component that has
clear human significance. While pre- and post-gestures signify inadvertent motion
utilized to integrate important gestures (Figure 1).

A method to detect American Sign Language was developed by Vogler and
Metaxas [13], using HMMs and three video cameras (ASL). To extract 3D character-
istics of the user’s hand and arm, they employed an electromagnetic tracking device.
Two trials using 99 texts and 22 signals to test their method were conducted. Both
single signals and full phrases were used in the trials. For isolated signs and continuous
phrases, their system has obtained recognition rates of 94.5 and 84.5%, respectively.
A data collection of 40 signs was used by Starner et al. [5] to present two HMM-based
algorithms. While the second technique embeds the camera on the user’s headgear,
the first system depends on the camera’s presence on a desk. According to hand
shapes as extracted characteristics, the trials have been run on continuous data
collection. The systems accuracy rates for the first and second systems were 92 and
98%, respectively.

A German Sign Language (GSL) recognition system based on HMMs was
presented by Bauer and Kraiss [14] and uses colored gloves. Both continuous and
isolated indicators have been used to test the system. Subunit HMMs were employed
in their system to identify isolated signs and carry out the spotting signs. The system
detected spotted hand signals with an accuracy of 92.5% for 100 isolated signs,
according to the findings of the experiment.

For French Sign Language (FSL), Braffort [15] presented a recognition method
that classified signs into communicative, noncommunicative, and variable signals. In
order to extract information like hand position and appearance, a colored glove was
utilized. These features were then used to generate HMM codewords. The studies
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followed classifiers; one was used to identify communicative signs, and the other to
identify both noncommunicative and variable indicators. For a repertoire of seven
signs, their method achieves a 96% recognition rate.

The approach used by Lee and Kim [6] is regarded as one of the pioneering
examples of distinct modeling that deals with transition gestures. Regardless of the
hand morphologies, this approach has been utilized to handle 2D hand trajectory (also
known as gesture trajectory). The disadvantage of this technique is that while merging
two states, the quantity of samples is not taken into account.

The Hierarchical Activity Segmentation (HAS) method was proposed by Kahol
et al. [16, 17]. The HAS algorithm dynamically represented human anatomy using
layers of hierarchy. In addition to making several tries to segment a complicated
human motion sequence, this algorithm has also taken low-level motion factors into
account to distinguish up-bottom motions (e.g., dancing). There were two primary
phases that the mechanism of this procedure went through. Three cues were used in
the first step to identify the boundaries of potential gestures, and they were then
applied in the second step to a naive Bayesian classifier for boundary detection of the
right gesture. Individual gesture patterns were analyzed in 3D using coupled HMMs
(cHMMs) in order to identify dance sequences. Unlike other studies, which are only
interested in key gesture spotting, this method takes into account all transition ges-
tures in person motions. The transition gestures are explicitly modeled in order to
identify key gestures precisely. In summary, HMMs effectively model the spatiotem-
poral aspects of gestures and can manage non-gesture patterns.

The remainder of the chapter is organized as next. Section 2 explores an overview
of the Hidden Markov Model. Section 3 conducts hand gesture recognition application
and Section 4 provides the concluding remarks.

2. Hidden Markov model

The most popular method for gesture recognition algorithms is Hidden Markov
Models (HMMs) [1, 18-20]. HMMs are mathematical models of the stochastic
process and observations, which should be estimated, using a well-defined approach
based on previously stored information. The statistical approach in HMMs has
numerous benefits as a strong mathematical framework, effective learning and
decoding techniques, the ability to handle sequences well, and flexible topology for
the statistical syntax. HMMs are a viable option for modeling dynamic gestures since
they are time-varying processes that exhibit statistical variation and are frequently
employed in practice to put gesture recognition and comprehension systems into
place.

Every state in the Markov chain can only see one symbol, whereas the architecture
of HMMs allows for more observation, every state can see one sign emerging from a
different gesture. The likelihood of finding a symbol for each state is contained in the
observation probability distribution matrix. For instance, the probability of observing
a symbol in the state s; is equivalent to the probability of the symbol emitting.
Furthermore, HMMs states are called hidden because of (1) Choosing to observe a
symbol denotes the execution of the second process; (2) an HMM emitter only emits
the symbol that has been chosen to be seen; and (3) the emitting states are unknown
since the current states are derived from the prior states. Due to their stochastic
character, HMMs are more adaptable and well-known in the field of gesture
recognition.

111



Markov Model — Theory and Applications

2.1 Elements of HMMs

HMMs can be expressed with 4 = (A, B, z) and are defined by the following
parameters [1, 21-23];

* The group of states S = {s1,52, ...,sn}. N express the number of states in the
technique.

* For each state #, an initial probability distribution that;
7 =P(si), 1<j<N 1)

* An N-by-N transition matrix A = {a; }, which defined by;
ll,']' =P(sj|s,-), 1S1,]SN (2)
where a; is the likelihood that state s; at time ¢ will change to state s; at time ¢ + 1.

since the probabilities of changing from one state to another are represented by the
entries in each row of matrix A their sum must be equal to 1.

Zﬂij =1 3)
j

* The potential observations list O = {01,0,, ...,07} in which T is the gesture path
length.

* The group of symbols V = {v1,v,, ..., oM},

where M denotes the different observation symbols for each state (Size of code
word).
An N-by-M observation matrix B = {b;(m)}, where

bj(m) =P(vnls)), 1<j<N, 1<m<M (4)

> bitm) =1 5)

where bj(m) represents the probability that symbol v,, would be emitted at state s;.
For the same obvious reason, the total of each row’s elements in matrix B must equal 1.

Two model parameters (N and M) make up a comprehensive specification of the
HMNMs. It also contains the three probabilistic parameters A, B, and « as well as the
observation symbols. Thus, the following is a compact notation for HMM:

A= P(z,A,B) (6)

Here, A refers to the model’s set of parameters.

2.2 HMMs problems

Mathematically, three variables govern the application of HMMs. These elements
are topologies, the chosen emission features, and the probabilities of their
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observations. The observation job informs the feature choices. Moreover, there are
three primary problems that must be resolved to effectively use transition probabili-
ties in practical applications for real-world applications. They are:

* Evaluation problem: How to determine the probability of the observed sequence
given the observation sequence O‘s model parameter and the model parameter 2
(i.e., P(O|1))?

* Decoding problem: How to choose the most efficient route A that generates
O = {01,072, ...,or} with maximum probability for observation sequence O and
model parameter 4,

* Estimation problem: How to change or update the model 1 = P(x, A, B) to
generate O = {01,0,, ...,or} with largest probability? for observation sequence O.

2.2.1 Evaluation problem

The simple way is to calculate P(O|1) by counting all conceivable state sequences
s of length T and calculating the corresponding probability P(Ols1, s, ...,s:) for
given observation sequence O and model parameter A. Assume that the definition
of the forward chain is equal to the probability of the partial observation sequence
O = 04,0, ...,0; at state s; equals the definition of the forward variable ot(7) (Figure 2)
[1]. Therefore,

(i) = P(01,02, ... ,01,5i|4) @

Using the following recursive relation, the computation of all forward variables is
simple a’s
N
@) =Y (i) -a3-bj(o1), 1<j<N, 1<e<T -1 (8)
i=1

where the a values are calculated as follows:

a1(j) = 77:]' . bj(01), 1 S]SN (9)

a (i) ax(i) a(i)

s POl
B=[bl ]| |l It
(o) () e (o)

Figure 2.
Forward algorithm for trellis diagram.
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Therefore, the required probability P(O|1) with the terminated procedure at T is
provided by:

N

P(O[3) = ar(i) (10)

i=1

The probability of the partial observation sequence is similar 0,11, 0,12, ...,or at the
state s; for backward variable S, (7) is defined as:

ﬁt(l) = P(Ot-‘rl) 01425 ... )OT)SZ'M') (11)

Moreover, compute the recursive relationship f,(i) for calculations of a's as
follows:

N
Bii) = Brali) - ay - bj(0r1), 1<i<N, 1<t<T-1 (12)
j=1

Then,
pr(i)=1, 1<i<N (13)

Hence, for state s; at time ¢, the multiplication of § and « is calculated as follows:
a(i) - p,(i) = P(O,si]4), 1<i<N, 1<¢<T (14)

This estimate offers a different calculation P(O|1) using both forward a‘s and
backward f‘s parameters as in (Eq. (15)).

N

P(012) = Y (i) - B,(0) (15)

i=1

Finally, the prior equation is crucial and more precise in predicting the formulas
required for gradient-based training.

2.2.2 Decoding issue

To explain the precise state sequence that produces the observations O =
01,02, ...,0; with model parameter A = (A, B, #) and maximum probability is the
incentive for solving the decoding problem. Therefore, the Viterbi algorithm
which is applied to find the sequence of most likely hidden states to emit the
sequence of observed events is employed as in Figure 3 [20].

The Viterbi path is a set of hidden states. The forward variable (i) is
implemented similarly to the Viterbi algorithm. During the recursion stage, the
maximize over the preceding states makes a difference. An auxiliary variable to
make computation easier is defined as follows:

8:(j) = max{P(01,02, ... ;01,51,52, . »8¢|4)} (16)
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B=[hal [] oo

Figure 3.
Forward algorithm for trellis diagram with &, (j) of largest probability of arriving in statej at time t.

To demonstrate how the Viterbi algorithm works, the following steps are used:

* Stepl (Initialization): for 1<i<N,
(@) 61(i) = @i - bio1)
(b) ¢1(i)=0

* Step2 (Recursion): for 2<t<T, 1<j<N,
@ a0i) = max [31() -a5] b0,

(b) 1(j) = argmax [6,1(0) - ay]
* Step3 (Termination):
@) p* = max[5r(i)]
(b) g7 = argmax [6r(i)]
* Step4 (Reconstruction): fort=T7-1, T -2, ..,1

4 = bra (%11)

The resulted optimal states sequence and tate optimized likelihood function is
4195 > - »q7 - ¢;(j) indicates the state index j at time ¢, and p*.

2.2.3 Estimation problem

The system’s effectiveness is greatly impacted by the training procedure. A HMM
is trained by modifying its model parameters to get the best description for the
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observation sequence Oyy,y,. There is currently no analytical method for optimizing
HMMs parameters to optimize the likelihood of observed sequences from the
training data set [1]. Instead, the Baum-Welch (BW) method is employed to
complete the training procedure, so that 4 = (A4, B, #) is optimized with maximum
likelihood P(O|A) [24]. BW is a generalized expectation maximization procedure that
is calculated using variables that are both forward and backward [25]. Moreover,
BW algorithm uses a number of iterations for the observation sequence to optimize
HMMs parameters. BW determines the posterior mode estimate and the maximum
likelihood estimation for the HMMs parameters (A, B, 7) given a series of observation
sequences Oy, € O.

To demonstrate how the BW algorithm works, two auxiliary variables are defined.
The probability of traveling along an arc i at time ¢ to state j at time ¢ + 1 (Figure 4) is
as follows:

&(i,j) = P(si at t,s; at t+1|0,2) (17)
where the transition probability is representing by ¢ and Eq. (17) becomes as:

P(s; at t,s; at t+1]|0, 1)

(i) = PO (1)
However, by using forward and backward variables, Eq. (18) becomes:
T o
> im12j=1e(i) - @ij - fria(f) - bj(0r41)
The second variable (state probability is defined by;
7.(i) = P(s; at t|O,1) (20)

where 7,(7) is the probability of state i at ¢ for given the model parameters and the
observation sequence (Figure 4). The following formula Eq. (20) is used to calculate
forward and backward variables:

Figure 4.
Trellis diagram learning method according to Baum-Welch. (a) the likelihood of making the journey from state i to
state j. (b) the likelihood that state i at time t.
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. t ':Bt 1
7o(i) = L (21)
Zﬁ\ilat “Pria

Therefore, the relationship between y,(i) and &,(i,) becomes;

N

(i) =Y &(i,j), 1<i<N, 1<t<M (22)
i=1

As a result, BW algorithm modifies the new HMM parameters to have the highest
likelihood under the condition P(O|4). The o and ' can be calculated using the
recursive equations of (8) and (12) given the initial parameters A = (4, B, z). Egs. (19)
and (22) are used to calculate the auxiliary variables & and ', respectively. Moreover,
the HMMs parameters are updated as follows:

7 =y(), 1<i<N, (23)

T . .
ay = =20l N, 1gjen, 24)
T Y

_ Z;:T:ﬁ/t(i) ' Ck,oz

bi(k) =2 1<i<N, 1<k<M, (25)
: St )
where (,, is defined as follows:
1 k = 0¢
Sho, { 0 otherwise (26)
2.3 Topologies of HMMs

Because it depends on the training data that is available and the intended
model to represent, HMMs topology has a considerable impact on the success of
the recognition process. There are three types of HMMs: (1) Fully connected
models have positive ;; Ergodic topology coefficients because every state of the
model may be reached from any other state. Figure 5 displays topology for N = 4 the
state model.

Therefore, the transition among states has become:

an a4 a13 14

a a a a
A= 21 22 23 24 ( 27)

a3 asx asz asg
A41 A42 A43 Qa4

(2) [18] for the Left-Right model or the Bakis model. According to Figure 6,
each state of this model can either proceed to itself or one of the following states.
The state transition coefficients of this model have the feature that, fora N = 4 as
illustrated in Figure 6 (which means state transitions whose indexes are lower than
the current state are not allowed);
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Figure 5.
Ergodic model with four states.

Figure 6.
Left—right model with four states.

a; =0, j<i (28)

Moreover, the model’s starting state probabilities possess the characteristic;

mz{o ‘7 (29)
1 i=j

where the state sequence must begin from s; and transition among states of
Figure 6 becomes;

a1 ap ap O
0 a a a
Ao 2 a3 axn (30)
0 0 asx aun

0 O 0 asu

The transition coefficients, specifically for the final state in a left-right model, are
described as follows using the laws of probability:
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anyn =1, an=0, i<N (31)

(3) The Left-Right Banded model (LRB) is shown in (7) [21]. The LRB model
arranges the states from left to right, and each one has a positive probability of
returning to either itself or the one after it. The model’s state transition coefficients
exhibit the characteristic;

ayr ap 0 0
0 a a 0
4 » an (32)
0 0 asx aun

0 0 0 a44

Therefore, in an LRB model, the last state’s and other states’ state transition coeffi-
cients are as follows:

any =1, a;=0, i<j; j—i>2 (33)
and any HMM parameter with a zero initial value stays zero throughout the

estimate procedure. The Left-Right Banded model will thus have a detrimental impact
on the process (Figure 7).

3. Conducting hand gesture recognition application

A gesture is a spatiotemporal pattern that might be static, dynamic, or both.! The
term “spatio” refers to locating the hand motion in each frame. To be temporal means

9y

a;, a

Figure 7.
Left—right banded model with four states.

=
[EEY

Z% 34 . 634 372 284
5

Figure 8.
Hand gesture paths of numbers (0-9) with respect to their segmented parts.

! Gestures are hand motions, while postures are static morphs of the hands.
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to know when a gesture begins and ends. By comparing the identified hand corre-
spondences between subsequent frames, the hand gesture path is determined
(Figure 8). It goes without saying that choosing effective features to identify the hand
gesture path has a big impact on how well a system performs. The combined features
of location, orientation, and velocity with respect to Cartesian systems are used to
enhance recognition rates. The HMM codewords are then clustered using K-means.
Hand segmentation and feature extraction in computer vision are important steps in
developing vision-based hand gesture recognition systems and classification methods
for practical applications. Each isolated gesture in our experimental results was based
on 60 video sequences, of which 42 were used to train the Baum-Welch algorithm and
18 to test it (i.e., in total, there are 1512 video samples in our database, of which 648
are used for testing). To place a gesture in the appropriate category, the gesture
recognition module compares the hand gesture path to a database of reference ges-
tures. The Viterbi algorithm has calculated the greater priority to recognize numbers
frame by frame (Figure 9). Our application demonstrated good results to identify
isolated integers in real-time implementation. The training and testing procedures are
covered in the following subsections.

3.1 Model training

The Baum-Welch technique is essential to the proposed system for classifying
gestures since it is utilized to train the initialized HMMs parameters A = (4, B, x). To
place the tested gesture in the appropriate class, the gesture recognition module
compares it to a database of reference gestures. As a result, the Viterbi algorithm
recognizes the hand gesture path that maximizes the likelihood of all gesture models.
According to Figure 9, the maximal gesture is the one that has the greatest value out
of all the gesture models.

-

™ Viterbi [
Sequence Sequence -
of feature of discrete
vectors symbols
i [ e Viterbi
H P {’ R
Gesture Feature Vector ™ Select max. ‘“’é”ﬁ?"“”’@"}
path analysis quantization , J_. probability
-
= Viterbi
—  Viterbi —

Figure 9.
Block vepresentation of a meaningful gesture recognized by HMMs (Viterbi).
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(a) (®) (c)

Figure 10.
HMM topologies with a straight-line segment (a) the gesture number derived from the hand motion trajectory
(b) the gesture number’s line segment (c) LRB model with segmented line codewords.

3.1.1 Model size

The size of the HMMs must be chosen before the HMMs training process begins.
We need how many states, exactly? The complexity of the numerous patterns that will
be distinguished by HMMs must be taken into account when estimating the number
of states. In other words, when we displayed the graphical pattern, the number of
segmented portions was taken into account. The over-fitting” issue arises when there
are insufficient training data samples and excessive state numbers are used.

Additionally, using too few states reduces the discrimination capability of HMMs
since several segmented parts of a graphical pattern are modeled using the same state.
Our gesture recognition method maps each straight-line segment into a single HMM
state, which establishes the number of states (Figure 10). We must examine potential
patterns to determine how many distinct segments are contained in each pattern in
order to represent different graphical patterns. It could be a good idea to employ
varying numbers of states in the various HMMs, which were once used to represent
various kinds of patterns. For instance, only two states are necessary to represent a
graphical pattern “L,” whereas six states are needed to represent a graphical pattern
“E,” and four states are needed to represent a graphical pattern “3.”

3.1.2 Initializing a left: Right banded model

The initial values of each parameter in the HMMs must be set before beginning the
iterative Baum-Welch process. The initial model must somehow indicate how we
want to represent various model states, and this is the only general need.

2 When HMMs describe random error rather than the underlying relationship, over-fitting takes place.
Potential over-fitting issues depend not only on the quantity and quality of data and parameters, but also on
how well the model structure fits with the degree of model error and the nature of the data. When more
training does not improve generalization, additional strategies such as regularization, early stopping, cross-
validation, and others are utilized to prevent the issue of over-fitting. The reader can seek for additional
information with [26].
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Nevertheless, depending on the HMMs, this condition has a variety of effects. In
reality, the LRB model is taken into account because each state in ergodic topology has
more transitions than LR and LRB topologies, making it easy to lose structure data. In
contrast, because the LRB topology excludes a backward transition, the state
index either rise over time or stays constant. LRB topology is also simpler for
training data than LR topology and more constrained, allowing for data-to-model
matching [21].

It seems intuitive that a proper initialization of the HMMs (A, B, z) parameters leads
to better outcomes. The first parameter is found by applying Eq. (34) to Matrix A.

a1 176!11 0 - 0
0 an 1—&122 - 0

S (34)
0 0 0 e 1

It is possible to select the transition matrix’s diagonal elements 4;i to roughly
represent the average state durations 4 in the following ways:

1
ai; =1— P (35)

and

T

Such that T denotes the gesture path’s length and N is the number of states.

This is adequate for an automatic training method where state 1 is intended to
represent the first part of the training data, state 2 the second part, etc. As a result, the
same parameters can be used to initialize all output probability distributions for
various states. As a result, the training data are used to determine more accurate
output probability parameters for each state in the first iteration of the Baum-Welch
algorithm. Due to the discrete nature of HMM states, all members of matrix B are
initially set to the same value for each state (Eq. (38)). In the matrix B, which consists
of N-by-M observed symbols, b;,, denotes the likelihood that symbol v,, would emit in
state 7 (Eq. (4)).

bim = — (37)

where 7, m represent the total number of states and discrete symbols, respectively.

11 1
b by - by 11 L]
B = =M M M (38)
byt bna - bam 1 1 1
M M
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The state can return on its own or merely to the next closest state for each new
time sample. Consequently, the # initial probability vector should be set up as:

r=(10 - 0)F (39)

This will guarantee that we begin from the initial state.

3.1.3 Termination of HMMs learning

The Baum-Welch training algorithm is quite effective. After 5-10 iterations, a satis-
factory model is frequently found. The trained model must be flexible enough
to faithfully represent an entirely new test sequence after training. The training proce-
dure is repeated until the transition and emission matrices change. If the change is
smaller than 0.001, that is, tolerance ¢ = 0.001) as indicated in Eq. (40), or if the
maximum number of iterations is reached (i.e., 500), the convergence is satisfied.

>

i=1j

N N M

g — agl+ > > lbjm — bin| <e (40)
=1 =1 m=1

The primary purpose of tolerance is to reduce the number of steps the
Baum-Welch algorithm needs to take to successfully complete a task. The process is
stopped if any one of the next three quantities falls below the tolerance limit. First, a
current observation sequence’s log-likelihood (O) is generated using the most recent
estimates for the values of the transition matrix (A) and observation matrix (B).
Second, a modification in the transition matrix A’s normalization. Finally, the
observation matrix B’s normalization was changed.

Keep in mind that the Baum-Welch algorithm required fewer steps to run
before terminating as the level of tolerance increased. In actuality, the maximum
number of iterations regulates the maximum number of algorithm execution steps.
The termination occurs with a warning if the Baum-Welch algorithm runs for 500
iterations before reaching the chosen tolerance value. If this happens, the algorithm
should be allowed to run for a greater maximum number of iterations until it meets
the specified tolerance before terminating. The provision of enough training data is
typically exceedingly challenging. Because of this, some observations may never occur
in the tiny collection of training data, even if we may be aware that they may have
happened with some small probability. When a discrete HMM is trained on such data,
Baum-Welch will assign a zero observation probability to some of the matrix’s
elements. In this situation, a very small nonzero value may be allocated, and the row
matrix would need to be renormalized. The matrix representing the transition
probabilities might lead to a similar issue. We purposefully assigned several of the
transition probability matrix’s entries identically zero values for a left-right banded
HMM. After the Baum-Welch training, these elements still have zero values, and they
should keep it that way. After completing the training process, it is crucial to adjust
the HMMSs’ parameters.

3.2 Model testing

The process of classification greatly benefits from the selection of the best HMM
topology. The goal of the work is to create HMM topologies with a variety of state

123



Markov Model — Theory and Applications

numbers in order to select the topology that will produce the best outcomes for an
isolated gesture system. An extracted discrete vector features from image sequences
are subjected to the application of HMMs with Left-Right Banded (LRB), Left-Right
(LR), and Ergodic topologies. These topologies are taken into consideration with a
variety of states ranging from 3 to 10. Our gesture recognition system uses the
complexity of each gesture number to calculate the number of states by mapping each
straight-line segment into a single HMMs state (Figures 8 and 10). For two

reasons, the number of states is a significant parameter. First, the over-fitting issue
is caused by the use of excessive state numbers when there are not enough training
data samples. Second, having too few states reduces the discrimination capacity of
HMNMs since multiple segmented parts of a graphical pattern are modeled on a

single state.

In practice, the LRB model with five states is really used in the gesture recognition
system in order to guarantee that all of the states are used. The structure data is easily
lost in Ergodic topology since each state has more transitions than in LR and LRB
topologies. Completely contrary, the LRB topology avoids a backward transition in
which the state index either increases or stays as time goes on. LRB topology is also
easier to train on data than LR topology and more constrained in its ability to match
data to the model. Additionally, the gesture paths “4” and “5” have the most seg-
mented sections, so using 5 states is taken into consideration to make sure all of these
parts are utilized. The recognition ratio is the number of recognized gestures correctly
to the number of tested gestures (Eq. (41)).

# recognized gestures

Recognition ratio =
# test gestures

x 100% (41)

The BW method is used to train the HMM topologies and the Viterbi algorithm is
used to test them. From Figure 11, the LRB performs the best performance, with an
average ratio of 97.78% for states ranging from 3 to 10. Additionally, topologies with 4
states in LR and LRB received the greatest recognition. Additionally, compared to LR
and Ergodic topologies, LRB topology is always superior. In Figure 11, there is not a
significant difference between LRB and LR in terms of outcomes, and the results of

H Ergodic E LR i LRB

100

80 -

Recognition rate (%)
(=)
o

Number of states

Figure 11.
Results of isolated gesture recognition for three HMMs topologies using states ranging from 3 to 10.
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the ergodic topology were subpar in comparison to those of LRB and LR topologies.
LRB topology with a number of states equal to 5 is typically the best in terms of its
impact on gesture recognition in empirical studies.

4. Conclusions

The foundational Hidden Markov Model method was discussed in this chapter.
HMMs are generative models that put a strong emphasis on modeling the observation
in order to compute the conditional probability and specify the joint probability
distribution in order to resolve a conditional problem. This study assists in determin-
ing the best HMM topology and classification method in terms of outcomes. Further-
more, an application was made on recognizing the gesture of the hand for Arabic
numbers from 0 to 9 using the classifier of HMMs in terms of their impact on gesture
recognition. In addition, studies and research have been conducted on the effects of
HMMs with ergodic, left-right, and left-right banded topologies, as well as varying
numbers of states ranging from 3 to 10, on hand gesture recognition. It is concluded
that there is not a significant difference between LRB and LR in terms of results and
that Ergodic topology performed poorly in comparison to LRB and LR topologies. LRB
topology with a total of 5 states is typically the best in terms of its effect on gesture
recognition.

Abbreviations

HMMs Hidden Markov Models

ASL American Sign Language

GSL German Sign Language

FSL French Sign Language

HAS Hierarchical Activity Segmentation
cHMMs coupled HMMs

BW Baum-Welch algorithm

LR Left-Right model

LRB Left-Right Banded model
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