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Preface

Stochastic processes provide essential mathematical frameworks for various 
applications in complex systems that are better described using probability theory. 
Many phenomena and processes in life and medical sciences, physics, and engineering 
are subject to fluctuations due to the interactions with the environments within which 
they manifest. These fluctuations are often random and sometimes inherent to the 
phenomena, but they are also due to the measurements. While macroscopic systems 
can be successfully described by models rooted in Newtonian mechanics, mesoscopic 
and microscopic systems need probabilistic descriptions, and stochastic processes 
have been successful in providing the support to understand the complexity at these 
levels. At the macroscopic level, we can employ mechanistic models to explain the 
regularities in phenomena superimposing the randomness of variables. Randomness, 
however, affects the systems differently depending on the conditions under which 
they function. For example, noise-induced state space transitions are a well-known 
phenomenon in many natural systems. These can be dealt with using the theory of 
stochastic ordinary differential and partial differential equations.

Master equations are used in modeling mesoscopic systems such as the biomolecular 
interactions within a cell where you find experimentally established stochasticity due 
to low copy numbers and random collisions. But at microscopic levels, the quantum 
theory has been successful and is based on the uncertainty that exists within the 
system. At each level of natural systems, uncertainty plays a vital role; hence stochastic 
processes have become a cornerstone of the body of knowledge to understand com-
plexity. Operational research is another discipline where stochastic processes such as 
Markov chains have been used for decades.

This book contains chapters written by colleagues who have been working with various 
complex systems. There is a broad span of topics covered by the authors, and I would 
like to thank them for their contributions. I would also like to thank IntechOpen for 
publishing this book; especially, I gratefully acknowledge Ms. Nina Miocevic, publish-
ing process manager, for helping me in various ways in this project. Without her, this 
book project would not have been possible. I also thank Lincoln University for providing 
the facilities and the time to engage in editing this book.

Don Kulasiri
Centre for Advanced Computational Solutions (C-fACS),

Lincoln University,
Christchurch, New Zealand
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Chapter 1

Introductory Chapter: Stochastic 
Processes – Theoretical Advances 
and Applications in Complex 
Systems
Don Kulasiri

1.  Role of randomness in complex systems

Randomness is ubiquitous in complex systems. Many systems that we encounter 
in day-to-day life, whether in macroscopic or microscopic scales, exhibit random 
fluctuations caused by often interwoven internal and external causes. In the theory of 
biological evolution [1], random variation plays a pivotal role in selection. Dynamic 
systems are often modeled by deterministic differential equations, and these equa-
tions sometimes exhibit bifurcations with the time evolution of a critical parameter. 
Bifurcation points of the parameter divide the time evolution of the system along dif-
ferent branches [2]. Fluctuations in parameters near critical points can lead systems to 
bifurcations [3].

The concept of stability is extended to understand the dynamic nature of system 
behaviors when the parameters are perturbed under internal and external fluctua-
tions. Self-organization of dissipative structures in irreversible reactions is a prime 
example of order when the variables are not in static states but in dynamic states. 
These self-organized behaviors are evident in open, far-from-thermodynamic 
equilibrium systems [4]. Beyond a certain threshold of fluctuations, chaos may exist. 
Hence to understand complex behaviors under fluctuation regimes, we need math-
ematical tools, theories, and frameworks. This is where a vast body of literature on 
stochastic processes based on probability theory can be very useful.

2.  Stochastic processes

Mathematics of stochastic processes has been developed over almost 100 years 
with rigors of characterization of probability theory, and even though most of the 
stochastic processes are domains of mathematicians, there are many applications in 
engineering, physics, economics, and biology.

Markov processes are one of the most applied branches of stochastic processes 
that rely on the assumption (Markov property) that the current state of a system 
only depends on the previous state. This implies a state transition dynamism and the 
transition probabilities to guide the transition. The Markov property reduces the evo-
lution of a complex system to a tractable mathematical framework. In other words, 
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the Markov property is memoryless, limiting the memory only to the previous state. 
But many behaviors of complex systems such as weather/climate systems are based on 
many past events converging onto the present moment. Therefore, non-Markovian 
processes also should play a significant role in applications.

It is often important to understand the role of noise in system variables. Theories 
of stochastic differential equations (SDEs) may be applied in certain systems to 
explore the impact of noise on dependent variables. To this end, Ito calculus is a 
significant addition [5] to the theory. Many applications now exist using SDEs as well 
as Stochastic Partial Differential Equations (SPDEs). SPDEs are used in space-time 
problems with irregular properties in the medium in which the modeled phenomenon 
exists. The flow of solutes in porous media is a classic example [6].

Large-scale computations and numerical methodologies developed in recent 
decades have improved the applicability of SDEs/SPDEs on a more practical level. 
Indeed, this advancement has demonstrated the relevance of these equations to a wide 
range of technological disciplines, including reliability and control theory, data-
driven computer prediction and design, decision-making, and risk analysis in the 
environmental and financial sectors. In the presence of inherent and extrinsic noise, 
SDEs/SPDEs are being utilized as a mathematical tool to describe numerous physical, 
biological, and economic systems. Modeling uncertainties, inbuilt parameters, and 
aspects of the applied theory such as open-end boundary conditions are all instances 
of intrinsic noise. In contrast, extrinsic noise can be caused by environmental factors, 
geographic disparity, or random user input. Another reason for using SPDEs relates to 
the need to find a controlled or adjustable solution to complicated physical systems. 
The advent of noise frequently leads to the emergence of a new phenomenon, both 
mathematically and phenomenologically.

There are literally hundreds of new advances in stochastic processes during the last 
several decades. Hence, readers are encouraged to understand the depth and breadth 
through a thorough literature review of the subject.

© 2024 The Author(s). Licensee IntechOpen. This chapter is distributed under the terms of 
the Creative Commons Attribution License (http://creativecommons.org/licenses/by/3.0), 
which permits unrestricted use, distribution, and reproduction in any medium, provided 
the original work is properly cited. 
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Chapter 2

Numerical Methods in Python
for Solving Systems of Stochastic
Differential Equations: An
Application to the SIRD Model
in Latin America
Dennis Quispe and Obidio Rubio

Abstract

In this chapter, we apply the exploration of the Euler–Maruyama, Milstein, and
Runge–Kutta methods to solve systems of stochastic differential equations associated
with the stochastic SIRD model. We simulate sample trajectories of each variable
using Python and data collected in Peru during the years 2020 and 2021, marked by
the onset of the COVID-19 pandemic. Our research involves comparing stochastic and
deterministic systems obtained from the SIRD model in the Peruvian context. We use
different values for the intensity of white noise to assess the impact of stochasticity on
the dynamics of the SIRD model. Presenting random simulations alongside determin-
istic ones provides a comprehensive understanding of the effect of randomness in the
context of infectious disease modeling.

Keywords: SIRD model, stochastic differential equations, numerical methods,
Euler–Maruyama method, Milstein method, Runge–Kutta method, Python code

1. Introduction

In our investigation into the dynamics of infectious diseases, we leverage advanced
numerical methods to address the complexities posed by systems governed by sto-
chastic differential equations (SDE). Our primary focus is on the widely recognized
SIRD (Susceptible-Infectious-Recovered-Deceased) model, particularly relevant in
the Latin American context.

Python serves as our computational tool of choice, ensuring the efficient imple-
mentation of numerical methods. Our study is grounded in data collected in Peru
during 2020 and 2021, a period marked by the profound impact of the COVID-19
pandemic. This temporal context provides a unique opportunity for a meticulous
examination of the influence of stochasticity on the SIRD model, as evidenced by our
previous works [1, 2].
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Our methodology involves simulating trajectories of SIRD variables in Python,
considering varying intensities of white noise resembling Brownian motion. We
employ the Euler–Maruyama, Milstein, and Runge–Kutta methods, each strategically
chosen for its precision and relevance to infectious disease dynamics within the
framework of stochastic epidemiological systems.

In the mathematical modeling of COVID-19 transmission, our study aligns
with prior research [1], which utilized the deterministic SIR model for COVID-19
transmission in Peru. In parallel, our investigation [2] employs the stochastic SIRD
model, utilizing the Milstein method to simulate and demonstrate results with
Peruvian data. This approach promises a nuanced exploration of SIRD dynamics
under diverse conditions, dissecting the interplay between deterministic trends
and stochastic fluctuations. Our work contributes valuable insights to the field of
infectious disease dynamics, shedding light on the complexities inherent in real-world
scenarios.

2. SIRD model

The SIRD model, representing Susceptible-Infectious-Recovered-Deceased, offers
a theoretical foundation for capturing the dynamics of infectious diseases in a popu-
lation. This model categorizes individuals into four compartments based on their
health status concerning the specific disease.

1.Susceptible (S): Individuals in this group are susceptible to the infectious agent
but have not yet been exposed or infected. The number of susceptibles
diminishes as individuals encounter the disease.

2. Infectious (I): This compartment includes individuals currently infected and
capable of transmitting the disease to susceptible individuals. The duration of
infectivity significantly influences disease spread.

3.Recovered (R): Individuals in this category have recovered from the infection and
are assumed to have acquired immunity. Recovered individuals are no longer
susceptible or infectious.

4.Deceased (D): Unfortunately, some individuals may succumb to the disease,
transitioning to the deceased category. The mortality rate is a crucial parameter
governing this transition.

The SIRD model’s dynamics are commonly expressed through a system of differ-
ential equations, where transition rates between compartments depend on parameters
such as transmission, recovery, and mortality rates. This model provides valuable
insights into the evolution of infectious diseases within a population, aiding
researchers and policymakers in assessing intervention impact and disease control
strategies.

In epidemiology, the SIRD model stands as a fundamental tool, offering a
quantitative understanding of interactions among population compartments
during infectious disease outbreaks. Its widespread use is attributed to its

6
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versatility and simplicity, making it a valuable framework for analyzing and
predicting the spread of infectious diseases.

2.1 Deterministic model

In a given population N, if there are individuals affected by a virus, the population
is categorized into the infected group (I), the susceptible group (S), the recovered
group (R), and the deceased group (D). These groups undergo changes over time
following the depicted scheme in Figure 1.

Expressed as a modification of the mathematical model proposed in 1927
by Kermack and McKendrick [3], it is represented by the system of four
equations:

S0 tð Þ ¼ �λS tð ÞI tð Þ,
I0 tð Þ ¼ λS tð ÞI tð Þ � γI tð Þ � μI tð Þ,
R0 tð Þ ¼ γI tð Þ,
D0 tð Þ ¼ μI tð Þ:

8>>>>>><
>>>>>>:

(1)

Referred to as the SIRD model, the variables and parameters are detailed in
Table 1.

All variables are required to meet the compatibility condition
N ¼ S tð Þ þ I tð Þ þ R tð Þ þD tð Þ, ensuring the constancy of the total population.

2.2 Stochastic model

Given the significant impact of environmental factors on COVID-19 spread,
coupled with the inherent uncertainty in data accuracy, the stochastic aspect becomes
particularly intriguing. The complexity is heightened by scenarios where infected
individuals, especially children, may not show symptoms but contribute to transmis-
sion. Additionally, asymptomatic individuals, unmonitored yet active in community
transmission, add another layer of complexity.

Transmission through contact with contaminated surfaces further widens
the scope of possibilities. Acknowledging literature on modeling environmental
fluctuations’ influence on population dynamics [4, 5], two approaches emerge.
One involves introducing random perturbations for each variable, delving into the
less-understood connections among susceptible, infected, and recovered individuals
through white noise. Following [6], a stochastic system is proposed as follows:

Figure 1.
The progression of a pandemic’s development over time.
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dS tð Þ ¼ �λS tð ÞI tð Þdtþ σ1S tð ÞdW1 tð Þ, S 0ð Þ ¼ s0,
dI tð Þ ¼ λS tð ÞI tð Þdt� γI tð Þ � μI tð Þð Þdtþ σ2I tð ÞdW2 tð Þ, I 0ð Þ ¼ i0,
dR tð Þ ¼ γI tð Þdtþ σ3R tð ÞdW3 tð Þ, R 0ð Þ ¼ r0,
dD tð Þ ¼ μI tð Þdtþ σ4D tð ÞdW4 tð Þ, D 0ð Þ ¼ d0:

8>>><
>>>:

(2)

Here, s0, i0, r0, d0 ≥0; Wi tð Þ are independent standard Brownian motions, and
σ2i ≥0 represent the intensities of for i = 1, 2, 3, 4.

The entire system is established on a comprehensive probability space Ω,ℱ,Pð Þ
accompanied by a filtrationℱt ≥0 that adheres to standard conditions (i.e., it is right-
continuous and increasing, with ℱ0 encompassing all null sets on P).

3. Numerical methods

Stochastic differential equations (SDEs) serve the purpose of describing phenom-
ena influenced by both deterministic and random terms.

dX tð Þ ¼ f X tð Þð Þ dtþ g X tð Þð Þ dW tð Þ, t≥0,

X 0ð Þ ¼ X0:

�
(3)

Eq. (3) consists of a right-hand side depending on two components, the
function f : ℝd ! ℝd, recognized as the drift, representing the deterministic aspect
and the function g : ℝd ! ℝd�m, referred to as the diffusion, governing the
stochastic part.

The term W(t) in (3) denotes an m-dimensional standard Wiener process.
Because of its lack of differentiability everywhere (with probability 1),
the expression in Eq. (3) serves as a concise notation for its integral form:

X tð Þ ¼ X 0ð Þ þ
ðt
0
f X sð Þð Þ dsþ

ðt
0
g X sð Þð Þ dW sð Þ: (4)

Variables and parameters Meaning

S(t) Susceptible population at time t,

I(t) Infected population at time t,

R(t) Recovered population at time t,

D(t) Dead population at time t,

t The time expressed in days,

λ Transmission rate,

γ Rate of recovery,

μ Mortality rate.

Table 1.
Variables and parameters associated with the system (1).

8

Stochastic Processes – Theoretical Advances and Applications in Complex Systems



If the stochastic integral in (4) is an Itô integral, the equation is an Itô stochastic
differential equation. If it is a Stratonovich integral, (4) represents a Stratonovich
stochastic differential equation. Unless stated otherwise, our discussion primarily
revolves around Itô SDEs. Notably, Itô SDEs can be equivalently formulated in
Stratonovich form:

dX tð Þ ¼ f tð Þ � 1
2
g0 tð Þ

� �
dtþ g tð Þ∘dW tð Þ: (5)

This interchangeability allows transitioning between Itô and Stratonovich SDEs,
providing equivalent formulations in terms of the solution [7, 8].

3.1 Euler: Maruyama

The Euler–Maruyama (EM) method is recognized as one of the simplest computa-
tional techniques for approximating Stochastic Differential Equations (SDEs), serving
as the stochastic counterpart to the Euler method employed in ordinary differential
equations. Before delving into the stochastic scenario, let us provide a brief introduc-
tion to this method.

To approximate the solution of a Stochastic Differential Equation (SDE) expressed
in the form (3) over the interval [0, T], the interval is initially discretized into L parts
L∈ℕð Þ. Here, Δt ¼ T=L represents the time step size, and τj ¼ jΔt, j = 0, … , L. Our
numerical approximation is denoted as Xj. The Euler–Maruyama method, when
applied to an SDE of the type (3), is precisely defined by the following recursive
formula:

Xjþ1 ¼ Xj þ f Xj
� �

Δtþ g Xj
� �

ΔWjþ1, j ¼ 0, 1, … ,L� 1: (6)

In this context, we compute the discretized trajectories of the Brownian
motion and use them to generate the increments ΔWjþ1 ¼ W τjþ1

� ��W τj
� �

needed
in the above recursive formula. For convenience, we always choose the time step
Δt ¼ τjþ1 � τj as an integer multiple R≥ 1 of the increment δ ¼ tjþ1 � tj for the trajec-
tory that generates the Brownian sample, that is, Δt ¼ Rδt. This ensures that the set of
points τj

� �
in each discretized Brownian trajectory contains the points τj

� �
in each

calculated solution of the Euler–Maruyama method. The increments W τjþ1
� ��W τj

� �
are given by:

W τjþ1
� ��W τj

� � ¼ W jþ 1ð ÞRδtð Þ �W jRδtð Þ ¼
Xjþ1ð ÞR

k¼jRþ1

δWk: (7)

Finally, we describe the Euler–Maruyama method as follows:
Euler–Maruyama Method (3.1):

X0 ¼ x0, Δt ¼ Rδt ¼ R tjþ1 � tj
� � ¼ τjþ1 � τj,

Xjþ1 ¼ Xj þ f Xj
� �

Δtþ g Xj
� �

W τjþ1
� ��W τj

� �� �
, j ¼ 0, 1, … ,L� 1:

(
(8)

The method mentioned above is of the explicit one-step type since each
value Xjþ1 is expressed in terms of a single previous value, Xj. The denomination
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Euler–Maruyama method is then the summa of the work of Euler (1707–1783)
and Gisiro Maruyama (1916–1986). Subsequently, the Euler–Maruyama method
emerges as a first-order truncation of the Itô-Taylor expansion of the precise
solution to (3).

3.2 Milstein method

Additional formulae for approximating SDEs (3) may arise by including
further terms from the Itô-Taylor expansion in the numerical method. An instance
of this is the Milstein method, which, for scalar problems, can be obtained as
follows. Applying the Itô formula to the expressions f Xsð Þ and g Xsð Þ, where
these represent the coefficients of the Stochastic Differential Equation (SDE), we can
derive

Xtjþ1 ¼ Xtj þ
ðtjþ1

tj
ðf Xtj

� �
þ
ðs
tj

f 0 Xuð Þf Xuð Þ þ 1
2
f 00 Xuð Þg Xuð Þ2

� �
du

þ
ðs
tj
f 0 Xuð Þg Xuð ÞdWuÞ dsþ

ðtjþ1

tj
ðg Xtj

� �
þ
ðs
tj

g0 Xuð Þf Xuð Þ þ 1
2
g00 Xuð Þg Xuð Þ2

� �
du

þ
ðs
tj
g0 Xuð Þg Xuð Þ dWuÞ dWs:

(9)

We can ignore the double integrals of the form dWsdu and ds du. Then, we obtain
the following expression:

Xtjþ1≈Xtj þ
ðtjþ1

tj
f Xtj

� �
dsþ

ðtjþ1

tj
g Xtj

� �
þ
ðs
tj
g0 Xuð Þg Xuð Þ dWu

 !
dWs: (10)

This can be expressed as:

Xtjþ1≈Xtj þ f Xtj

� �
Δtþ g Xtj

� �
ΔWjþ1 þ

ðtjþ1

tj

ðs
tj
g0 Xuð Þg Xuð Þ dWu dWs:

The first three terms are familiar from the Euler–Maruyama method. The fourth
term can be approximated as:

ðtjþ1

tj

ðs
tj
g0 Xuð Þg Xuð Þ dWu dWs≈g0 Xtj

� �
g Xtj

� �ðtjþ1

tj

ðs
tj
dWudWs:

The integral on the right-hand side is known to be:

ðtjþ1

tj

ðs
tj
dWudWs ¼ 1

2
ΔWjþ1
� �2 � Δt
� �

Substituting into our previous approximation, we finally obtain the Milstein
method Milstein Method (3.2):
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X0 ¼ x0

Xjþ1 ¼ Xj þ f Xj
� �

Δtþ g Xj
� �

ΔWjþ1 þ 1
2
g0 Xj
� �

g Xj
� �

ΔWjþ1
� �2 � Δt
� �

8<
: (11)

while for systems of SDEs,

dX tð Þ ¼ g0 X tð Þð ÞΔtþ
Xm

k¼1

gk X tð Þð Þ dWk tð Þ,

where gk : ℝd ! ℝd, , k = 0, 1, … , m, the method is given by

Xnþ1 ¼ Xn þ g0 Xnð ÞΔtþ
Xm

k¼1

gk Xnð ÞΔWk
nþ1

þ
Xm

j1, j2¼1

Lj1gj2 Xnð Þ
ðtnþ1

tn

ðt
tn
dWj1 sð Þ dWj2 tð Þ,

with Lk ¼Pd
i¼1 g

k,i ∂

∂xi
, k = 1, 2, … , m.

The Milstein method, also a one-step explicit approach, achieves increased accu-
racy compared to the Euler–Maruyama method due to the inclusion of additional
terms originating from the truncation of the Itô-Taylor expansion.

3.3 Runge–Kutta

A category of stochastic Runge–Kutta methods (SRK methods) has been derived
by appropriately perturbing deterministic Runge–Kutta methods. The formulation we
adopt is based on the framework outlined in [9], which characterizes SRK methods as
follows:

Xnþ1 ¼ Xn þ Δt
Xs
i¼1

bif X̂i
� �þ ΔWnþ1

Xs
i¼1

qig X̂i
� �

, (12)

Where the intermediate values are used to estimate the value of X tn þ ciΔtð Þ for
every index i = 1, 2, … , s, are provided by

X̂i ¼ Xn þ Δt
Xs
j¼1

aijf X̂j
� �þ ΔWnþ1

Xs
j¼1

γijg X̂j
� �

, (13)

A more compact effective representation of SRK methods (12)–(13) is obtained by
using a Butcher tableau:
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with A ¼ ai,j
� �

,Γ ¼ γi,j

� �
∈ℝs�s, and vector of weights b ¼ bj

� �
, q ¼ qj

� �
∈ℝs

and vector of abscissae c ¼ cj
� �

∈ℝs.
If Γ is the zero matrix and q the null vector, then SRK methods (12)–(13) recover-

ing the equivalent family of deterministic Runge–Kutta methods is also applicable. In
the stochastic scenario, the computational cost of the method is influenced by the
composition of matrices in (13). Specifically, if A and Γ are strictly lower triangular,
the corresponding method is explicit.

3.4 Convergence analysis

Convergence in the stochastic context differs due to the randomness of the error,
denoted as kXn � X tnð Þk, subject to random fluctuations. The error is measured using
the expectation operator.

Assuming analysis within the interval [0,T], partition it into L subintervals, with
Δt ¼ T

L. The partition intersects a set of grid points ℐΔt ¼ tj ¼ jΔtjj ¼ 0, 1, … ,L
� �

.
Typically, these points are a subset of Wiener points, Δt ¼ Rδt,R∈ℕ.

Definition 1: A numerical method for SDEs (3) providing the numerical solution
Xnf gn¼0 is strongly convergent if

lim
Δt!0

sup
tn ∈ℐΔt

 jXn � X tnð Þj j½ � ¼ 0: (14)

Moreover, we say that its strong order of convergence is p if there exist two
positive numbers C and Δt ∗ such that

sup
tn ∈ℐΔt

 jXn � X tnð Þj j½ �≤CΔtp, forany Δt≤Δt ∗ : (15)

It is noteworthy to mention that in numerous real-world scenarios, an integer p
that satisfies (15) may not be present, particularly in cases involving low regularity
problems, such as certain stochastic partial differential equations. An alternative con-
cept of convergence is presented as follows:

Definition 2: A numerical method for SDEs (3) providing the numerical solution is
weakly convergent if

lim
Δt!0

sup
tn ∈ℐΔt

∣ Φ Xnð Þ½ � �  Φ X tnð Þð Þ½ �∣ ¼ 0 (16)

for any test function Φ within a designated function space S. Furthermore, we
assert that its weak order of convergence is p if there exist two positive numbers C and
Δt ∗ , satisfying

sup
tn ∈ℐΔt

∣ Φ Xð Þ½ � �  Φ X tnð Þð Þ½ �∣ ≤CΔtp, foranyΔt≤Δt ∗ : (17)

In numerous real-world scenarios, a suitable choice for the functional space S is
given by the space of algebraic polynomials limited to a specified degree. It is crucial
to underscore the connection between the two previously mentioned convergence
concepts. Assuming that Φ xð Þ ¼ x, a method demonstrating strong convergence is
inherently weakly convergent.
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sup
tn ∈ℐΔt

∣ Φ Xnð Þ½ � �  Φ X tnð Þð Þ½ �∣ ¼ sup
tn ∈ℐΔt

∣ Xn½ � �  X tnð Þ½ �∣ (18)

Since

sup
tn ∈ℐΔt

∣ Xn½ � �  X tnð Þ½ �∣ ¼ sup
tn ∈ℐΔt

∣ Xn � X tnð Þ½ �∣ ≤ sup
tn ∈ℐΔt

 kXn � X tnð Þk½ �, (19)

We obtain

sup
tn ∈ℐΔt

∣ Φ Xð Þ½ � �  Φ X tnð Þð Þ½ � ∣ ≤ sup
tn ∈ℐΔt

 kXn � X tnð Þk½ �, (20)

as we aimed to prove.
Below, we present some results on the convergence of the numerical methods

discussed in this section. The proofs are omitted and can be found in [9].
Theorem 1: Euler–Maruyama method (8) is strongly convergent with a strong

order of 1
2.

Theorem 2: Euler–Maruyama method (8) is weakly convergent with weak order 1.
It is also possible to demonstrate the following, [9]:

• Both the strong and weak orders of convergence for the Milstein method (10) are
equivalent and set at 1.

• Consequently, the Milstein method represents an improvement over the Euler–
Maruyama method, particularly in terms of strong convergence.

• The convergence of explicit SRK methods (12)–(13) relies on the convergence of
the corresponding deterministic RK methods, subject to an additional condition.
This additional condition is necessary to ensure that

Xs
i¼1

bi ¼
Xs
i¼1

qi ¼ 1:

4. An application to the case of Peru

4.1 Data and equations

Based on the national census conducted on October 22, 2017, the population of
Peru is reported to be 31,237,385 individuals. Subsequent yearly estimates, as of June
30, according to [10], project the population to approximately N = 32,625,948, as
indicated by this institution.

To apply the system of eqs. (1) for parameter calculation, we require the values of
S(t) I(t), R(t), and D(t). These values have been derived from official reports of the
Ministry of Health (MINSA) [11] spanning from March 5 to September 30, 2020.
A subset of this data is presented in Table 2 for illustrative purposes.

In order to calculate the parameters, we use the approximation of the derivative by
central difference, implying that for each day of the sample data t = 1, 2, … , 208 = T, we
calculate the parameters λt, γt, and μt, which give us a sequence of data. Then, we
calculate the simple average of such values to have the final parameters, as shown in
Table 3.

13

Numerical Methods in Python for Solving Systems of Stochastic Differential Equations…
DOI: http://dx.doi.org/10.5772/intechopen.1004772



To obtain an approximate solution for the system (2), we consider ΔWl � ζl
ffiffiffiffiffi
dt

p
,

where ζl is a standard Gaussian random variable with mean 0 and variance 1. Subse-
quently, we discretize the system using the Euler–Maruyama, Milstein’s, and Runge–
Kutta methods, as outlined in (8), (10), (12), and (13). The Python codes obtained for
both the deterministic case and the stochastic system are presented in the following
section.

4.2 Codes in python and simulations

Below, we present the complete codes for both deterministic and stochastic SIRD
models.

4.2.1 Deterministic case

import numpy as np.
import matplotlib.pyplot as plt.
# Model parameters.

Day Date Susceptible S(t) Infected I(t) Recovered R(t) Deceased D(t)

0 Mar-05 32,625,948 0 0 0

1 Mar-06 32,625,947 1 0 0

12 Mar-17 32,625,831 116 0 1

26 Mar-31 32,624,883 630 394 41

27 Apr-01 32,624,625 829 447 47

33 Apr-07 32,622,994 1734 1100 120

40 Apr-14 32,615,645 7204 2869 230

47 Apr-21 32,608,111 10,371 6982 484

56 Apr-30 32,588,972 25,520 10,405 1051

57 May-01 32,585,489 28,206 11,129 1124

71 May-15 32,541,453 54,956 27,147 2392

87 Jun-01 32,455,909 96,898 68,507 4634

117 Jul-01 32,337,471 100,372 178,245 9860

148 Aug-01 32,203,765 111,940 290,835 19,408

179 Sept-01 31,962,511 154,001 480,177 29,259

208 Sept-30 31,807,651 95,234 690,528 32,535

Table 2.
Data related to COVID-19 in Peru (mar. 05 to sept. 30, 2020).

t = 0 S(0) I(0) R(0) D(0) λ γ μ

March 17 32,625,831 116 0 1 4:244� 10�9 4:576� 10�2 1:990� 10�3

Table 3.
Parameters of the SIR model for COVID-19 in Peru (mar. 17 to sept. 30, 2020).
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T0 = 0, T = 365, n = 36,500, dt = (T - T0) /n.
lambda_val = 0.00000000424404.
gamma = 0.0457600061.
mu = 0.0019902810.
initial_conditions = np.array ([32,625,831, 116, 0, 1]).
# Define the system of differential equations.
def sird_model (S, I, R, D):
dS = � lambda_val * S * I * dt.
dI = (lambda_val * S * I – gamma * I – mu * I) * dt.
dR = gamma * I * dt.
dD = mu * I * dt.
return np.array([dS, dI, dR, dD]).
# Initialize matrices to store results.
population_states = np.zeros((n, 4)).
population_states[0,:] = initial_conditions.
# Simulation of the model.
for i in range(1, n):
d_population = sird_model(*population_states[i – 1,:])
population_states[i,:] = population_states[i – 1,:] + d_population.
lot(np.arange(T0, T, dt), population_states[:, 0], label = ‘Susceptible’).
plt.plot(np.arange(T0, T, dt), population_states[:, 1], label = ‘Infected’).
plt.plot(np.arange(T0, T, dt), population_states[:, 2], label = ‘Recovered’).
plt.plot (np.arange(T0, T, dt), population_states [:, 3], label = ‘Deceased’).
plt.lege.
# Plotting results.
plt.pnd().
plt.grid(True).
plt.xlabel(‘Time’).
plt.ylabel(‘Population’).
plt.title(‘SIRD Model Simulation’).
plt.show().
We observe in Figure 2 that the simulation of the deterministic case using

Python reproduces the same patterns obtained in MATLAB, which aligns with the
literature [1, 2].

4.2.2 Euler–Maruyama code

import numpy as np.
import matplotlib.pyplot as plt.
# Model parameters.
T0 = 0, T = 365, n = 36,500, dt = (T - T0) / n.
lambda_val = 0.00000000424404.
gamma = 0.0457600061.
mu = 0.0019902810.
sigma1 = 0.05.
sigma2 = 0.05.
sigma3 = 0.05.
sigma4 = 0.05.
initial_conditions = np.array([32,625,831, 116, 0, 1]).
# Stochastic SIRD Model using Euler-Maruyama.

15

Numerical Methods in Python for Solving Systems of Stochastic Differential Equations…
DOI: http://dx.doi.org/10.5772/intechopen.1004772



np.random.seed(100).
S = np.zeros(n).
I = np.zeros(n).
R = np.zeros(n).
D = np.zeros(n).
dW = np.sqrt(dt) * np.random.randn(n, 4).
S[0] = 32,625,831.
I[0] = 116.
R[0] = 0.
D[0] = 1.
def f(S, I, R, D, lambda_val, gamma, mu):
dS = �lambda_val * S * I.
dI = lambda_val * S * I – gamma * I – mu * I.
dR = gamma * I.
dD = mu * I.
return np.array([dS, dI, dR, dD]).
def g(X, sigma1, sigma2, sigma3, sigma4):
return np.array([[sigma1 * X[0], 0, 0, 0],

[0, sigma2 * X[1], 0, 0],
[0, 0, sigma3 * X[2], 0],
[0, 0, 0, sigma4 * X[3]]])

for i in range (1, n):
# Euler-Maruyama.
X = np.array([S[i – 1], I[i – 1], R[i – 1], D[i – 1]]).
dX = f(*X, lambda_val, gamma, mu) * dt +.
g(X, sigma1, sigma2, sigma3, sigma4).dot(dW[i,:])

X_new = X + dX.
S[i], I[i], R[i], D[i] = X_new.

Figure 2.
Simulation results of the SIRD model in the deterministic case. The plot shows the evolution of the susceptible,
infected, recovered, and deceased populations over time.
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# Plotting results.
plt.figure (figsize = (12, 6)).
# Stochastic SIRD using Euler-Maruyama.
plt.plot(np.arange (0, T + dt, dt), [S[0]] + list (S),
label = ‘Susceptible (Stochastic)’, linestyle = ‘dashed’, color = ‘blue’).
plt.plot(np.arange(0, T + dt, dt), [I[0]] + list(I),
label = ‘Infected (Stochastic)’, linestyle = ‘dashed’, color = ‘orange’).
plt.plot(np.arange(0, T + dt, dt), [R[0]] + list(R),
label = ‘Recovered (Stochastic)’, linestyle = ‘dashed’, color = ‘green’).
plt.plot(np.arange(0, T + dt, dt), [D[0]] + list(D),
label = ‘Deceased (Stochastic)’, linestyle = ‘dashed’, color = ‘red’).
plt.legend(fontsize = ‘small’).
plt.grid(True).
plt.xlabel(‘Time’).
plt.ylabel(‘Population’).
plt.title(‘Deterministic vs. Euler-Maruyama’).
plt.show().
We can observe in Figure 3 that by using the values of σ1 ¼ σ2 ¼ σ3 ¼ σ4 ¼ 0:05,

the curve of recovered individuals overestimates that of the deterministic case. This
phenomenon is evident when conducting an individual variable analysis in Figure 4
and when performing 50 simulations in Figure 5. We attribute this to the convergence
order of the method, p = 0.5.

4.2.3 Milstein code

import numpy as np.
import matplotlib.pyplot as plt.
# Model parameters.
T0 = 0, T = 365, n = 36,500, dt = (T - T0) / n.
lambda_val = 0.00000000424404.
gamma = 0.0457600061.
mu = 0.0019902810.
sigma1 = 0.05, sigma2 = 0.05, sigma3 = 0.05, sigma4 = 0.05.
# Milstein method for the SIRD model.

Figure 3.
Simulation results of the SIRD model using Euler–Maruyama method.
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S_milstein = np.zeros(n).
I_milstein = np.zeros(n).
R_milstein = np.zeros(n).
D_milstein = np.zeros(n).
dW = np.zeros(n).
S_milstein[0] = 32,625,831.
I_milstein[0] = 116.
R_milstein[0] = 0.
D_milstein[0] = 1.

Figure 5.
50 simulations of each variable of the stochastic SIRD model using Euler–Maruyama method.

Figure 4.
Plots of the join three methods.
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dW[0] = np.sqrt(dt) * np.random.randn().
for i in range(1, n):
dW[i] = np.sqrt(dt) * np.random.randn().
S_milstein[i] = S_milstein[i - 1] - lambda_val * S_milstein[i - 1].
* I_milstein[i - 1] * dt + sigma1 * S_milstein[i - 1]* dW[i - 1].
+ 0.5 * (sigma1 ** 2) * S_milstein[i - 1] * (dW[i - 1] ** 2 - dt).
I_milstein[i] = I_milstein[i - 1] + (lambda_val * S_milstein[i - 1].
* I_milstein[i - 1] - gamma * I_milstein[i - 1] - mu * I_milstein[i - 1]).
+ sigma2 * I_milstein[i - 1] * dW[i - 1] + 0.5 * (sigma2 ** 2).
* I_milstein[i - 1] * (dW[i - 1] ** 2 - dt).
R_milstein[i] = R_milstein[i - 1] + gamma * I_milstein[i - 1] * dt.
+ sigma3 * R_milstein[i - 1] * dW[i - 1] + 0.5 * (sigma3 ** 2).
* R_milstein[i - 1] * (dW[i - 1] ** 2 - dt).
D_milstein[i] = D_milstein[i - 1] + mu * I_milstein[i - 1] * dt +.
sigma4 * D_milstein[i - 1] * dW[i - 1] + 0.5 * (sigma4 ** 2).
* D_milstein[i - 1] * (dW[i - 1] ** 2 - dt).
# Plotting results.
plt.figure(figsize = (12, 6)).
plt.plot(np.arange(T0, T, dt), [S_milstein[0]] + list(S_milstein[1:]),
linestyle = ‘dashed’, label = ‘Susceptible (Milstein)’).
plt.plot(np.arange(T0, T, dt), [I_milstein[0]] + list(I_milstein[1:]),
linestyle = ‘dashed’, label = ‘Infected (Milstein)’).
plt.plot(np.arange(T0, T, dt), [R_milstein[0]] + list(R_milstein[1:]),
linestyle = ‘dashed’, label = ‘Recovered (Milstein)’).
plt.plot(np.arange(T0, T, dt), [D_milstein[0]] + list(D_milstein[1:]),
linestyle = ‘dashed’, label = ‘Deceased (Milstein)’).
plt.legend(fontsize = ‘small’).
plt.grid(True).
plt.xlabel(‘Time’).
plt.ylabel(‘Population’).
plt.title(‘SIRD Model Simulation with Deterministic and Milstein Methods’).
plt.show().

Figure 6.
Simulation results of the SIRD model using Milstein method.
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In the case of Milstein with the same values for σ1 ¼ σ2 ¼ σ3 ¼ σ4 ¼ 0:05, we
observe in Figure 6 an underestimation in the recovered individuals. In the individual
analysis depicted in Figure 4, it is noted that during a segment of its trajectory,
an overestimation occurs, while in another segment, an underestimation is
observed. Finally, in Figure 7, conducting 50 simulations reveals that,
collectively, the trajectories are underestimated compared to the deterministic
case. We attribute this phenomenon to the inherent convergence order of the
method, p = 1.

4.2.4 Runge: Kutta 4 code

import numpy as np.
import matplotlib.pyplot as plt.
# Set random seed for reproducibility.
np.random.seed(100).
# Model parameters for the SIRD system.
T0 = 0, T = 365, n = 36,500, dt = (T - T0) / n.
lambda_val = 0.00000000424404.
gamma = 0.0457600061.
mu = 0.0019902810.
sigma1 = 0.05, sigma2 = 0.05, sigma3 = 0.05, sigma4 = 0.05.
# Initialize arrays to store S, I, R, D.
S = np.zeros(n).
I = np.zeros(n).
R = np.zeros(n).
D = np.zeros(n).
# Initialize stochastic increments.
dW = np.sqrt(dt) * np.random.randn(4, n) # Now dW has 4 components.
# Initial conditions.
S[0] = 32,625,831, I[0] = 116, R[0] = 0, D[0] = 1.
# Define deterministic part of the system.
def deterministic_part(S, I, R, D):

Figure 7.
50 simulations of each variable of the stochastic SIRD model using Milstein method.
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return np.array([�lambda_val * S * I,
lambda_val * S * I - gamma * I - mu * I,
gamma * I,
mu * I]).

# Define stochastic part of the system.
def stochastic_part(S, I, R, D):
return np.array([sigma1 * S, sigma2 * I, sigma3 * R, sigma4 * D]).
# Stochastic Runge–Kutta method.
def stochastic_runge_kutta(X, f, g, dt, dW):

stages = 4.
A = np.array([[0, 0, 0, 0],

[0.5, 0, 0, 0],
[0, 0.5, 0, 0],
[0, 0, 1, 0]])

Gamma = np.array([[0, 0, 0, 0],
[0.5, 0, 0, 0],
[0, 0.5, 0, 0],
[0, 0, 1, 0]])

b = np.array([1 / 6, 1 / 3, 1 / 3, 1 / 6])
q = np.array([1/6, 1/3, 1/3, 1/6]).
c = np.array([0, 0.5, 0.5, 1]).
X_hat = np.zeros((stages, len(X))).
for i in range(stages):

sum_f = sum(A[i, j] * f(*X_hat[j]) for j in range(stages)).
sum_g = sum(Gamma[i, j] * g(*X_hat[j]) for j in range(stages)).
X_hat[i] = X + dt * sum_f + dW[i] * np.sqrt(dt) * sum_g.

sum_b = sum(b[j] * f(*X_hat[j]) for j in range(stages)).
sum_q = sum(q[j] * g(*X_hat[j]) for j in range(stages)).
X_new = X + dt * sum_b + dW[�1] * np.sqrt(dt) * sum_q.
return X_new.

# Time-stepping loop.
for i in range(1, n):

X = np.array([S[i - 1], I[i - 1], R[i - 1], D[i - 1]]).
X_new = stochastic_runge_kutta(X, deterministic_part, stochastic_part,

dt, dW[:, i - 1]).
S[i], I[i], R[i], D[i] = X_new.

# Plot results.
plt.plot(np.arange(0, T + dt, dt), [S[0]] + list(S), label = ‘Susceptible’).
plt.plot(np.arange(0, T + dt, dt), [I[0]] + list(I), label = ‘Infected’).
plt.plot(np.arange(0, T + dt, dt), [R[0]] + list(R), label = ‘Recovered’).
plt.plot(np.arange(0, T + dt, dt), [D[0]] + list(D), label = ‘Deceased’).
plt.legend().
plt.grid(True).
plt.xlabel(‘Time’).
plt.ylabel(‘Population’).
plt.title(‘Stochastic Runge–Kutta Method for SIRD Model’).
plt.show().
With the same values of σ1 ¼ σ2 ¼ σ3 ¼ σ4 ¼ 0:05, in this case, we observe in

Figure 8 that all four variables follow the deterministic path. This observation holds
true both in the individual analysis depicted in Figure 4 and in the 50 simulations
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presented in Figure 9. Analyzing the three methods, we can conclude that the fourth-
order Runge–Kutta method best fits the deterministic case. We attribute this to the
stability and convergence order of the method, p = 1.5, [7].

In Figure 4, we present a comparison for each variable of the stochastic SIRD
model using the three methods explained in this chapter: Euler–Maruyama (yellow
dashed lines), Milstein (green dashed lines), Runge–Kutta (red dashed lines), and the
deterministic simulation (solid blue line).

Figure 8.
Simulation results of the SIRD model using Runge Kutta 4 stochastic method.

Figure 9.
50 simulations of each variable of the stochastic SIRD model using RK4 method.
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In Figures 5–9, we conducted 50 simulations for each method to examine the
average behavior of the simulations. It is worth noting that in some cases, stochastic
models may provide a better description of the variable over extended periods, as seen
in the case of recovered, for example.

5. Conclusion

5.1 Theoretical insights and stochastic methods

This section delves into theoretical results for stochastic methods, including dis-
cussions on the strong and weak convergence of the Euler–Maruyama and Milstein
methods. Additionally, it explores specific conditions for the convergence of SRK
methods, contingent on the deterministic Runge–Kutta methods’ convergence.

5.2 Application to COVID-19 modeling in Peru

The study applies the developed methodologies to a specific case: modeling the
spread of COVID-19 in Peru. Official health reports are utilized to calculate parame-
ters for the SIR model. The section presents deterministic and stochastic simulations
of the SIRD model, offering insights into population dynamics over time.

5.3 Implementation and comparative analysis

Providing practical implementation, this part offers Python code snippets for
various stochastic methods, including Euler–Maruyama, Milstein, and stochastic
Runge–Kutta. The concluding part includes comparative visualizations between
deterministic and stochastic simulations, emphasizing the impact of stochastic com-
ponents on the model’s outcomes.

This comprehensive summary covers theoretical foundations, practical applica-
tions in COVID-19 modeling, and detailed code snippets, offering a thorough over-
view of the research.
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Chapter 3

Perspective Chapter: Numerical
Solutions for Modelling Complex
Systems with Stochastic
Differential and Partial Differential
Equations (SDEs/SPDEs)
Parul Tiwari, Don Kulasiri and Sandhya Samarasinghe

Abstract

Understanding phenomena ranging from biological processes to financial
markets involves uncertainty. Stochastic Differential Equations (SDEs) and Stochastic
Partial Differential Equations (SPDEs) serve as robust mathematical frameworks for
modelling such systems. Given the stochastic influences within these models,
comprehending the dynamics of complex systems becomes pivotal for accurately
predicting system behaviour. However, traditional numerical techniques frequently
encounter challenges in effectively addressing the intricacies and stochastic properties
inherent in these equations. This chapter explores several numerical methods that
offer streamlined and dependable solutions capable of handling the complexities
inherent in stochastic differential and partial differential equations. Also, numerical
challenges associated with these methods are discussed and the solution strategies are
also suggested.

Keywords: stochastic differential and partial differential equations, Brownian
motion, Cameron-Martin basis, stochastic spectral methods,
Wiener chaos expansion

1. Introduction

Mathematical modelling of complex system is a sophisticated way to understand
and simulate intricate relationships in various fields including engineering, science,
economics, finance and biology [1–4]. Stochastic Differential Equations (SDEs) and
Stochastic Partial Differential Equations (SPDEs) play critical role in understanding
the behaviour of these systems. These systems having dynamic interactions and a
large number of variables, necessitating advanced mathematical and computational
models for proper representation. To capture the complexities and uncertainties
inherent in these systems, researchers employ mathematical frameworks using SDEs
and SPDEs [5, 6].
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Many physical processes are simulated using mathematical models that lead to
partial differential deterministic equations. Due to lack of data on parameters and
initial data, a system’s behaviour may differ from the ideal deterministic
description. Adding random inputs, such as random variables or stochastic processes,
to make a system’s explanation more realistic is one way to deal with this issue and
compensate for a lack of information. As a result of this, SDEs and SPDEs are
formulated.

In financial mathematics, these equations are a central part of modelling; these are
used to model the key features such as interest rate, asset prices, risks and their
volatility [7–9]. In applied mathematics, these equations are useful for modelling
transport equations [10], quantum mechanics [11], wave propagation in random
media [12], neuroscience [13], population genetics and mathematical biology [14].
These equations are also being used in pure mathematics as a natural object to study
stochastic processes and dynamical systems and to develop theoretical frameworks,
convergence and stability for the algorithms in the form of lemma and theorems.

Although numerous studies have proved the applicability of solute transport
models based on deterministic advection-dispersion equations [15, 16], the success of
such deterministic models in describing solute movement in variable field conditions
is questionable. The deterministic modelling of solute transport in groundwater con-
tamination involves the simulation of hydrodynamic dispersion, advection and
absorption with velocity field. Moreover, these components suffer from significant
uncertainty because of scale dependency, even in homogeneous media; their effects
are poorer in the case of heterogeneous mediums where micro-variations take place in
flow parameters.

These difficulties have been captured and handled in two ways. One way is to
increase the dispersion parameter with distance, and the other way is to increase it
with time. Another approach to scale dependency and heterogeneity is stochastic
modelling in which relevant flow parameters are characterised by a distribution func-
tion [17]. Ensemble means of the output variables provide a useful description of the
larger-scale spatial and temporal trends in practical applications. Although it is not of
great importance to know the exact deviation of local fluctuations from the ensemble
mean, it is useful to know their likely range.

Various numerical approaches are used to address the challenges posed by the
dynamic and uncertain nature of complex systems. Finite difference approaches, for
example, discretize the spatial domain and use difference approximations to obtain
solutions [18]. This method works well in situations when the spatial features of a
complicated system are carefully considered. Monte Carlo simulations, on the other
hand, use random sampling to generate numerical results, making them ideal for
capturing the randomness found in many complex systems [19, 20]. Efficiency of
numerical methods is often measured in terms of computational resources and accu-
racy. Some numerical methods, like the Implicit-Explicit (IMEX) schemes, strike a
balance between stability and efficiency, making them suitable for solving stiff sys-
tems with varying time scales. Karhunen-Loève expansion utilises eigenfunctions to
represent stochastic processes. This approach is advantageous in problems with ran-
dom spatial variations, allowing for a reduction of dimensionality.

Another numerical approach to solve SDEs and SPDEs is to use stochastic spectral
methods (SSMs). These methods provide a powerful and flexible way for dealing with
complex systems defined by these equations and use spectral representations to
efficiently handle the systems’ inherent stochasticity, offering correct solutions while
maintaining computational efficiency.
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Stochastic spectral methods are intrusive and non-intrusive. Intrusive methods
[21, 22] represent the solution as a sum of orthogonal basis functions, and then using
these basis functions to approximate the solution to the SDE or SPDE. The coefficients
of the expansion are determined by solving a system of equations derived from the
original problem, typically using techniques such as Galerkin projection or least-
squares regression. One popular intrusive stochastic spectral method is the stochastic
finite element method (SFEM). SFEM involves representing the solution as a sum of
finite element basis functions, and then using these basis functions to approximate the
solution [23, 24].

Non-intrusive spectral methods approximate the solution to the SPDE using a
series of basis functions. The coefficients of the basis functions are determined by
solving a system of equations derived from the original SPDE. These methods are
‘non-intrusive’ in the sense that they do not require the original deterministic solver to
be modified in order to handle stochastic inputs. Instead, they use a surrogate model
to represent the solution in terms of a spectral expansion. A popular non-intrusive
stochastic spectral method is the polynomial chaos expansion (PCE) method. PCE
involves representing the solution as a sum of orthogonal polynomials, such as
Legendre or Hermite polynomials. The coefficients of the expansion are determined
by projecting the original problem onto the polynomial basis, which can be done
using techniques such as Galerkin projection or least-squares regression [25–27].
An advantage of non-intrusive stochastic spectral methods is their ability to handle
high-dimensional problems with a relatively small number of samples. This
is because the spectral expansion can capture the global behaviour of the
solution, allowing for accurate approximation of the solution using only a
few terms.

There is a great need and interest in developing efficient numerical schemes to
solve these equations. It is essential and profitable too, especially when dealing with
randomness. This chapter explores the existing numerical approaches surrounding
SDEs and SPDEs relevant to selected applications. Computational aspects of different
stochastic spectral methods are discussed and applied to solve some practical problems
such as contaminant transport in porous media. A class of problems of solving SDEs/
SPDEs using polynomial chaos expansion methods is discussed. The computational
efficiencies of polynomial chaos expansion methods are compared with alternative
methods. This chapter also explores Wick calculus, a potent but less commonly used
method in the stochastic calculus.

2. Numerical approaches for SDEs and SPDEs

2.1 Direct integration techniques

In stochastic analysis, quantities of interest can be represented by the
expected value of certain functionals of the dependent variable, say, y, and
denoted as E. The value of this expectation is defined in the form of
integrals and the need to compute certain integrals, with respect to the probability
measure Pξ as:

E fð Þ ¼
ð

R
f y xð Þ; xð ÞdPξ xð Þ ¼

ð

R
f y xð Þ; xð Þpξ xð Þdx (1)
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where p ξð Þ is the probability density function of ξ, and the integration strategies
lead to the following estimation:

E fð Þ≈Qi fð Þ ¼
Xn
i¼1

f y xið Þ; xið Þwi (2)

where the xi are the points and wi ∈R are the weights of integration. The model
response is then evaluated for possible outcomes ξ ¼ xi of the selected random vari-
ables. Finally, it requires the solution of a system having n uncoupled deterministic
equations.

L y xið Þ; xið Þ ¼ b xið Þ, i ¼ 1, 2, … … … n (3)

2.2 Finite difference methods

Finite difference methods involve discretizing the spatial and temporal domains of
the equations. For instance, the Euler-Maruyama method is widely used for SDEs. In
this approach, the stochastic process is simulated by iteratively updating the solution
at each time step.

Consider the example of modelling stock prices St as given in Eq. (4), where the
geometric Brownian motion equation can be solved using the Euler-Maruyama
method. This numerical scheme is the generalisation of Euler’s method for ODEs to
solve SODEs. Consider an Itô SDE [28] of the form,

dSt ¼ μ t, Stð Þdtþ σ t, Stð ÞdWt (4)

whereWt is a standardWiener process on the interval 0,T½ �. To solve this equation
numerically, we discretise the time interval with an h (a sufficiently small) step size.
Symbolically, Eq. (4) can be written as,

St ¼ St0 þ
ðt
t0
μ t, Stð Þdtþ

ðt
t0
σ t, Stð ÞdWt (5)

and the Euler-Maruyama (E-M) approximation is calculated using the Itô-Taylor
expansion.

The first integral on the right-hand side of (Eq. (5)) using an Itô-Taylor
expansion is,

ðt
t0
μ t, Stð Þdt ¼

ðt
t0
μ t0 þ t� t0ð Þ, S0 þ S tð Þ � S0ð Þdt (6)

¼ hμ t0, S0ð Þ þ O h3=2
� �

(7)

or simply,

Snþ1 ¼ Sn þ μ tn, Snð Þ
ðtnþ1

tn
dτ þ σ tn, Snð Þ

ðtnþ1

tn
dWτ (8)

where n ¼ 0, 1, … … … ,N � 1 for t0 < t1 < … < t ¼ T and N ∈N. Thus, for an
m-dimensional SDE, Sh ¼ Sh1, S

h
2, … , Shm

� �
and
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Shtnþ1
¼ Shtn þ hμ tn, Shtn

� �
þ σ tn, Shtn
� �

ΔBn (9)

with ΔBn ¼ Btnþ1 � Btn , tn ¼ nh
ΔBn is the sequence of identically independent Gaussian random variables having a

zero mean and h standard deviation.
Eq. (9) can be rewritten as,

Stnþ1 � Stn ¼ hμ tn, Shtn
� �

þ
ffiffiffi
h

p
σ tn, Shtn
� �

Bn þ O hð Þ (10)

The order condition for h judges the quality of the numerical scheme. Conse-
quently, the variation in step size h defines the convergence rate of the numerical
scheme. In numerical approximation, based on model requirements, the two most -
commonly used definitions of convergence are strong and weak convergence.

2.2.1 Numerical example

We shall apply the E-M method to a simple population growth model which has an
exact solution. The population growth model equation of a species Sð Þ in time t years is
written as:

dSt ¼ αStdtþ βStdWt (11)

where α and β are the model parameters. The exact solution of this equation, using
Itô’s formula, is given by:

St ¼ S0e α�β2

2

� �
tþβWt

� �
(12)

Simulation (three runs) of the population growth model for an exact solution, with
parameter values α ¼ 0:35 and β ¼ 0:25, is shown in Figure 1. Initial population is
assumed to be S0 ¼ 20 and Δt ¼ 0:01. The E-M approximation is also plotted for the
three runs for comparison in Figure 2 with the same parameter values for all compu-
tations.

The simulation results are different for the same parameter values because of the
stochastic nature of the model. Thus, it is a good idea to run the simulation numerous
times and choose an average value to see how the given system behaves (Figure 3).

The first graph on the top left corner is the average population growth after five
simulations. The results from the E-M scheme differ from the exact solution. How-
ever, as the simulation runs are increased, the E-M approximations coincide with the
actual solution.

2.3 Monte Carlo (MC) methods

Monte Carlo methods are very popular for handling both SDEs and SPDEs.
These methods involve random sampling to approximate solutions. MC methods
approximate the outcomes based on random sampling and the law of inertia of
large numbers. An example is the Black-Scholes model in finance, where Monte Carlo
simulations can estimate option prices by simulating the stochastic evolution of asset
prices. Practically, these random samples are pseudo-random samples of the basic

31

Perspective Chapter: Numerical Solutions for Modelling Complex Systems with Stochastic…
DOI: http://dx.doi.org/10.5772/intechopen.1005429



random variable ξ and integration error is defined by a Gaussian Random Variable
(GRV) (Figure 4).

A basic MC estimator of an integral of a quantity of interest (expectation), say μ, is
given by,

Mean μð Þ ¼
ð

R
f xð Þp xð Þdx ¼ E f xð Þ½ �≈ 1

n

Xn
i¼1

f xið Þ, (13)

the variance of the estimator is,

var μð Þ ¼ var f xð Þ½ �
n

,

The MC estimator does not work accurately for large variance. Statistical errors in
the confidence interval can be too large to believe that the interval is valid. For

Figure 1.
Exact solution for population growth model.

Figure 2.
Euler-Maruyama approximation for population growth model.
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variance reduction, standard deviation of the estimator equals to σtffiffi
n

p . For small confi-
dence interval, we can reduce the variance. For example, var f xð Þ½ � ¼ 1, and a smaller
confidence interval is required, say 10�2;

Thus,

var f xð Þ½ � ¼ 10�4 nð Þ (14)

Thus, we need n ¼ 104 sample points. Numerous techniques based on the
control variate, importance sampling, stratified sampling and anthetic variates are
available in literature. Zhang and Karniadakis [29] used different reduction
methods to avoid generating a large number of sample points. The convergence rate

of the basic MC estimator for a one-dimensional integral is O 1ffiffi
n

p
� �

. While this con-

vergence is free from stochastic dimensions, it is slow. The positive side of this
independence confirms the applicability of MC methods in problems with high-
stochastic dimensions.

2.4 Quasi monte carlo (QMC) methods

Computing mathematical models using MC methods is expensive due to the
requirement of a large number of sample points. One solution is to use variance
reduction techniques. An error in these approaches is proportional to 1

n as compared to

Figure 3.
Simulation results for the exact and Euler-Maruyama approximation after a number of runs.
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1ffiffi
n

p as in the MC methods. A detailed study of these techniques has been given in [30].
A few low-discrepancy sequences are shown in Figure 5.

2.5 Stochastic spectral methods

Stochastic spectral methods use spectral representations to efficiently capture the
inherent randomness and complexity in systems governed by SDEs and SPDEs. Some
of the spectral methods are:

2.5.1 Karhunen-Loève expansion

The Karhunen-Loève expansion is particularly useful for problems with random
spatial variations. It uses eigenfunctions to represent stochastic processes and helps in
dimensionality reduction. In environmental modelling, this method is being applied to
simulate groundwater flow in heterogeneous aquifers, where the spatial variability of
hydraulic conductivity is considered as a stochastic field.

Figure 4.
Generation of a Gaussian random variate (GRV) for different sample sizes and a comparison with MC integration
error and the mean.
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2.5.2 Polynomial chaos expansion (PCE) methods

The basic idea of PCE methods is to approximate the solution as a sum of polyno-
mial functions that are orthogonal, with respect to the probability distribution of the
random inputs [25]. The coefficients of the expansion are determined by solving a
system of equations derived from the original problem, typically using techniques
such as Galerkin projection or least-squares regression. A schematic for working
process of PCE methods is shown in Figure 6.

The resulting PCE can then be used to estimate the solution at any point in the
domain, including those with stochastic inputs. One advantage of PCE methods is in
their efficiency to propagate uncertainty through the system, allowing for the efficient
estimation of statistics such as mean and variance [31]. PCE methods can also be used
to efficiently quantify the effect of input uncertainties on the system response, such as
in sensitivity analysis. PCE methods can be used in both intrusive and non-intrusive
implementations. While intrusive PCE methods modify the original deterministic
solver to handle the stochastic inputs directly, non-intrusive PCE methods use a
surrogate model to represent the solution in terms of the PCE.

2.5.3 Generalised polynomial chaos expansion (gPCE) methods

Wiener PCE methods use Hermite polynomials and express the solution of SDE/
SPDE in terms of these smoothed orthogonal polynomials. Although these homoge-
neous Wiener polynomial chaos is quite useful and satisfies certain universal

Figure 5.
Quasi-random sequences. Quasi-random sequences are used in variance reduction techniques. The word ‘quasi’
signifies that the values of a low-discrepancy sequence is neither random nor pseudo-random, but share some of the
characteristics of both of the random variables. This low-discrepancy property is an added benefit of QMC
methods. Using a control variate helps to reduce MC variance.
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polynomial characteristics, but these polynomials are more useful for Gaussian dis-
tributed random input parameters. For non-Gaussian random variables, Hermite
polynomial-based chaos expansion is slow. Askey scheme for orthogonal polynomials
is given in [32]. It involves mapping the stochastic solution onto a set of polynomials
that are orthogonal to the probability distribution of the input parameter.

Thus, instead of finding the random solution of the SDE/SPDE, the problem is
reduced to evaluating the expansion coefficients. The basis functions are selected based
on the distribution of random parameters. The correspondence between the basis func-
tions and their known distributions is available in the literature [32] and is summarised in
Figure 7.

3. Applications of PCE method

3.1 Development of a meta model for geometric brownian motion (gBM)

A sequence of random variables W ¼ W tð Þf gt≥0 ∈R in a time domain on a proba-
bility space Ω,F,℘ð Þ is known as a standard Brownian motion.

For a fixed T ∈ 0,∞ð Þ and a filteration, let FW
t be the sigma-algebra generated by

these random variables for 0≤ t≤T: Using Cameron-Martin basis [33] for a countable
multi-index set,

J ¼ α
j
i, i, j≥ 1

� �
, αji ∈ 0, 1, … …f g

n o
with α! ¼

Y
i,j

α
j
i! (15)

here i and j are the number of Gaussian random variables and the Wiener
processes, respectively.

Figure 6.
Diagrammatic representation for working process of polynomial chaos expansion methods for SDEs and SPDEs.
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According to the Cameron-Martin theorem, there exists an orthonormal basis
mi, i≥ 1 of square integrable space L2 0,T½ �ð Þ, such that a set of independent random
variables ξij is defined as,

ξij ¼
ðT
0
mi τð ÞdWj

τ (16)

Now, the set of random variables known as Cameron-Martin basis are defined as,

T ¼ ξα, α∈ Jf g (17)

A space generated by this basis is the Wiener chaos space w and a random
variable f ωð Þ∈w, or some realisation ω is written in terms of Wiener chaos
expansion as,

f ¼
X
α∈ J

aαξα (18)

With the above setup defined, we now develop a meta model for geometric
Brownian motion given by the solution of SDE, defined in Eq. (19).

Again,

dYt ¼ μ t,Ytð Þdtþ σ t,Ytð ÞdWt (19)

gBM is the solution of Eq. (19).
Applying the Euler-Maruyama method and using independent increments of the

Wiener process and for each increment m ¼ 0, 1, … … ,M� 1f g, we have,

Ytmþ1 ¼ Ytm (20)

for 0 ¼ t1 < t2 < … … < tM�1 < tM ¼ T and Δtm ¼ tmþ1 � tm:

For meta modelling, we input this multivariate function in the form,

Figure 7.
Equivalence between distributions, basis polynomials and related input random variables.
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Ytm ¼ M Yð Þ (21)

Y ¼ ξ1,ξ2,… … … :, ξm�1
� �

, ξi N 0, 1ð Þ

and, for the Euler-Maruyama scheme,

W tð Þ N 0, tð Þ, t∈ 0,T½ �

This model automatically chooses Hermite polynomials as the basis functions since
the random variables are Gaussian. More conveniently, Eq. (20) is written as

Yt ¼ Ytm ¼ Y0

YM�1

m¼0

1þ μ tm,Ytmð ÞΔtm þ σ tm,Ytmð Þ
ffiffiffiffiffiffiffiffi
Δtm

p
ξm

� �
(22)

Using a suitable transformation, gBM converts Eq. (19) into the form of Eq. (21).
Using the Itô’s lemma and defining Xt ¼ ln St, we get

dXt ¼ μ� 1
2

� �
σ2dtþ σ t,Xtð ÞdWt (23)

Now, for any computed value of Xt, we have,

St ¼ eXt (24)

and this output is of the form

ST ¼ M Y,⨀ð Þ (25)

where ⨀ is the transformation.
Using a UQLab framework [34] and feeding input Y as gBM, we develop a meta

model. Figure 8 represents the PCE coefficients spectrum based on different methods.
The hyperbolic truncation scheme is used with q-norm in the range 0≤ q� norm≤ 1.
The Sobol sequence sampling strategy is used for all methods. The graphs show that
the number of PCE coefficients can be reduced using a suitable evaluation method and
the sparse sampling technique. The output of the model is summarised in Table 1.

This model is also validated with a set of 1E4 samples. The results for the validation
error using different approaches are provided in Table 2.

3.2 Stochastic contaminant transport

The stochastic advection dispersion equation for contaminant transport [35] is
given below:

∂C
∂t

þ μ:∇C ¼ ∇: κ x;ωð Þ∇C½ � þ F t, x;ωð Þ, t, x;ωð Þ∈Rþ �D�Ω (26)

with the initial condition C 0, x;ωð Þ ¼ C0 x;ωð Þ, where C is the concentration of the
contaminantwithin the bounded domainD∈Rd d ¼ 1, 2ð Þ, Rþ is the time domain 0,Tð �
and Ω is the sample space. F t, x;ωð Þ is the random forcing term. We consider
F t, x;ωð Þ ¼ σ ∂W

∂t , where σ is the standard deviation of the stochastic term, and ∂W
∂t
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represents the time derivative of a Wiener process which introduces stochastic vari-
ability. μ is the mean advection velocity representing the bulk flow of the fluid; κ x;ωð Þ
is the dispersion coefficient characterising the rate of diffusion and C0 x;ωð Þ is the
initial condition. κ x;ωð Þ and C0 x;ωð Þ are both real valued functions in D and Ω for all
random inputs.

In gPCE, random numbers are chosen based on the probability distribution
of input variables and corresponding orthogonal basis functions. Choosing
φnf g, n ¼ 0, 1, … … as orthogonal polynomials for random variable ξ satisfies the

orthogonality condition given. Applying gPCE to Eq. (26), we have

Figure 8.
Spectrum of the PCE coefficients for the meta modelling of geometric Brownian motion using (a) Gaussian
quadrature, (b) least angle regression, (c) subspace, (d) ordinary least-squares regression, (e) orthogonal
matching pursuit and (f) Bayesian compressive sensing. NNZ represents the number of nonzero coefficients in the
chaos expansion.
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κ x;ωð Þ ¼
XN
i¼0

κi x, tð Þφi ξð Þ (27)

C t, x; ξð Þ ¼
XN
j¼0

Cj t, xð Þφj ξð Þ (28)

and

F t, x; ξð Þ ¼
XN
j¼0

Fj t, xð Þφj ξð Þ (29)

The value of N (the total number of expansion terms) is based on the order of
polynomials nð Þ used and the dimension of the random space pð Þ: It is given by,

N þ 1 ¼ nþ pð Þ!
n!p!

(30)

Substituting Eq. (27) to Eq. (29) in the governing Eq. (26), we get
XN
j¼0

∂Cj t, xð Þ
∂t

φj ξð Þ þ μ
XN
j¼0

∇Cj t, xð Þφj ξð Þ

¼ ∇:
XN
i¼0

κi xð Þφi ξð Þ∇
XN
j¼0

Cj t, xð Þφj ξð Þ
 !" #

þ
XN
j¼0

Fj t, xð Þφj ξð Þ
(31)

Parameters Method

Gaussian Quadrature BCS LARS SP OMP OLS

Number of input variables 3 3 3 3 3 3

Maximal degree 14 8 6 9 5 5

q-norm 1 1 1 0.75 0.75 0.75

Size of full basis 680 165 84 111 32 32

Size of sparse basis 680 165 84 55 24 20

Full model evaluations 3375 500 150 150 150 150

Quadrature error 2.24E-29 2.54E-19 1.04E-13 8.13E-12 3.52E-07 1.43E-07

Mean value 1.0305 1.0305 1.0305 1.0305 1.0305 1.0305

Standard deviation 0.1554 0.1554 0.1554 0.1554 0.1554 0.1554

Coefficient of variation 15.09% 15.09% 15.09% 15.09% 15.09% 15.09%

Table 1.
Meta model’s input and output parameters.

Validation parameter Gaussian Quadrature BCS LARS SP OMP OLS

Relative error 4.59E-28 1.56E-18 1.27E-13 1.10E-06 7.54E-11 6.92E-07

Table 2.
Relative error for model validation.
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Rewriting the above equation,

XN
j¼0

∂Cj t, xð Þ
∂t

φj þ μ
XN
j¼0

∇Cj t, xð Þφj ¼
XN
i¼0

XN
j¼0

∇: κi xð Þ∇Cj t, xð Þ� �" #
φiφj

þ
XN
j¼0

Fj t, xð Þφj

(32)

Next, applying the Galerkin projection onto each polynomial basis ensures that the
induced error is orthogonal to functional space spanned by truncated finite dimen-
sional basis functions φn. Projecting φm for each m ¼ 0, 1, … … ,Nf g and applying the
orthogonality conditions, we get

∂Cm

∂t
þ μ∇Cm ¼

XN
i¼0

XN
j¼0

∇: κi xð Þ∇Cj
� �

Eimj þ Fm (33)

where Eimj¼ <φiφkφj > and is calculated as Eimj ¼ <φiφj,φm >
<φm,φm > by setting up the

definition of φn. The above equation can be written as,

∂Cm

∂t
þ μ∇Cm ¼

XN
j¼0

∇: amj xð Þ∇Cj
� �þ Fm (34)

or

∂Cm

∂t
¼
XN
j¼0

amj xð Þ∇2Cj þ bmj xð Þ:∇Cm
� �� μ:∇Cm þ Fm,m ¼ 0, 1, … … … ,N (35)

where,

amj xð Þ ¼
XN
i¼0

κi xð ÞEimj (36)

and,

bmj xð Þ ¼
XN
i¼0

∇κi xð ÞEimj ¼ ∇amj xð Þ (37)

Equation (35) is a set of (N + 1) coupled deterministic equations with an initial
condition,

C 0, x;ωð Þ ¼
XN
j¼0

Cj 0, xð Þφ ξð Þ ¼ C0 x;ωð Þ

where the coefficients Cj 0, xð Þ ¼ C0 xð Þ in the expansion are deterministic and we
can obtain the initial and boundary conditions for each expanded (Eq. (26)). For
numerical simulation, we considered a one-dimensional case and the equation,
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dC t, x;ωð Þ
dt

þ μ
dC t, x;ωð Þ

dx
¼ d

dt
κ x;ωð Þ dC t, x;ωð Þ

dx

� �
þ F t, x;ωð Þ (38)

with the deterministic initial condition C 0, x;ωð Þ ¼ 1 and boundary conditions
x∈ 0, 1½ Þ. Without a loss of generality, randomness in transport is characterised by
considering the random forcing term as F t, x;ωð Þ ¼ σ ∂W

∂t with the Wiener process
term and κ x;ωð Þ is characterised with κ x;ωð Þ ¼ ξ. While applying MC simulation, 105

random numbers are generated. For polynomial chaos expansion, the randomness in σ
is captured through the polynomial basis functions and the Wiener process. Figures 9
and 10 show the concentration profile using the MC method with 104 samples and the
PCE method of polynomial order 3 for C 0, x;ωð Þ ¼ 1:

Time domain Rþ is (0,1] with time step Δt ¼ 0:01, C 0, x;ωð Þ ¼ 1, space domain
x∈ 0, 1½ Þ and number of random samples 10000. Hermite polynomials are of order 3
and maximum order of polynomial chaos expansion is 5. The mean and standard
deviation of the Gaussian distribution are 0 and 1, respectively. Figure 10 shows that
PCE method is more efficient in capturing the randomness in C t, x;ωð Þ compared to
MC simulation.

Figure 9.
Simulation of concentration using MC method.

Figure 10.
Simulation of concentration using PCE method.
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3.2.1 Effect of boundary conditions on solution

The choice of boundary conditions plays an important role in determining the
appropriate order of polynomial chaos expansion (PCE) for computer simulations.

Graphs for the Gaussian initial condition C 0, x;ωð Þ ¼ 1
σG
ffiffiffiffi
2π

p exp x� μð Þ2=2σG
� �

for

different order of Hermite polynomials are shown in Figure 11(a)–(d). Boundary
conditions determine the behaviour of a random process at the boundaries of the
domain of interest. For example, imposing periodic or reflection boundary
conditions can have a significant impact on the statistical properties of the random
field. In cases where the boundary conditions introduce additional sources of
randomness or nonlinearity, higher-order PCE may be needed to accurately capture
these effects.

In contrast, simpler boundary conditions, such as Dirichlet or Neumann condi-
tions, can lead to smoother responses, allowing lower-order PCEs to provide accurate
approximations. Therefore, choosing the appropriate PCE order is closely related to
understanding the boundary conditions and their influence on the stochastic

Figure 11.
Simulation of concentration C using the PCE method with the Gaussian initial condition and various order of
polynomial chaos expansion. Time domain Rþ is (0,1], time step Δt ¼ 0:01, Hermite polynomials of order 3. The
mean and standard deviation of Gaussian distribution is μ ¼ 0:5 and standard deviation σG ¼ 0:1.
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behaviour of the system, thereby ensuring that the computational model faithfully
represents the physical reality of the problem. The graphs in Figure 11 show that
lower-order polynomials are capable of capturing the Gaussian distribution more
accurately than higher-order polynomials.

4. Wick product

The Wick product was initially used as a renormalisation process. T. Hida and N.
Ikeda [36] proposed the Wick product for stochastic analysis. Later on, this concept
was expanded [37] to include white noise in the Wick products of stochastic distribu-
tions and applied Gaussian Wick calculus. A detailed and clear overview of the Wick
product and Wick renormalisation is explained in [38].

4.1 Motivation for Wick multiplication (renormalisation point of view)

White noise W tð Þ can be represented as an element of Hida dual space L2� ��1
as,

W tð Þ ¼ lim
Δt!0

1
Δt

ðtþΔt

t

dBu (39)

ð

R
δtdBu (40)

where δt is the Dirac measure of t that belongs to the dual Sobolov space. Using
Itô’s formula,

Wtð Þ2≈ 1
Δt

ðtþΔt

t

dBu

0
@

1
A

2

(41)

2

Δtð Þ2
ðtþΔt

t

ðv

t

dBu

0
@

1
AdBv þ 1

Δt

0
@

1
A (42)

The additive re-normalisation of the above term is,

2

Δtð Þ2
ðtþΔt

t

ðv

t

dBu

0
@

1
AdBv

0
@

1
A

This motivates the definition of,

ð
δtdB◊δtdB ¼

ð
δt ⊗ δtdB

⊗ 2 (43)

Here, ⊗ is the symmetrized tensor product. The generalised structure of the
solutions is transferred to the stochastic component, and the SPDEs are interpreted
in the typical strong sense with respect to the time parameter t and the spatial
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parameter x∈Rd. An important aspect of using the Wick product is the ability to
define a unique white noise process as a mathematical object, such as the time deriv-
ative of the Brownian motion. SDEs can therefore be solved as true differential
equations, which is how they are typically understood, rather than just as integral
equations.

TheWick product is used in the context of white noise analysis to solve the issue of
pointwise multiplication of generalised functions. It is specified in the test and gener-
alised stochastic function of Kondratiev spaces. It is also useful to replace all products
with Wick products and all nonlinear functions with their Wick equivalents in order
to solve the multiplicative noise and nonlinear equations because the Wick product is
a product in the algebraic sense. Although the Wick product performs very smoothly
as a mathematical object, care should be taken when using it.

4.2 The Wick product in stochastic analysis

If Sð Þ� is a Hida distribution space and f ωð Þ and g ωð Þ are two elements of Sð Þ�
defined as,

f ωð Þ ¼
X

α
aαHα (44)

and

g ωð Þ ¼
X

β
bβHβ (45)

where α and β are the multi-indices, then the Wick product of f ωð Þ and g wð Þ is
defined as,

f ωð Þ◊g ωð Þ ¼
X

α,β
aαbβHαþβ (46)

Also, f ωð Þ◊g ωð Þ∈ Sð Þ�. A detailed explanation and application of theWick product
can be found in the extant literature [39].

4.3 Properties of the Wick product

The following are some of the properties of the Wick product used in stochastic
analysis:

W◊2 tð Þ ¼ W2 tð Þ � t, t≥0

For a random process X, E exp ◊ Xð Þ� � ¼ expE X½ �

E X◊Y
� � ¼ E X½ �E Y½ �

Chain rule: for an analytic function g : C ! C, i:e:, g Rð Þ⊆R,

d
dt

g◊ x tð Þð Þ
h i

¼ g’ð Þ◊ x tð Þ◊x’ tð Þ
� �

(47)

also,
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ð

R
g xð ÞdW xð Þ

� �
◊
ð

R
h yð ÞdW yð Þ

� �
¼

ð

R
g xð ÞdW xð Þ

� � ð

R
h yð ÞdW yð Þ

� �
�
ð

R
g tð Þh tð Þdt,

(48)

∀g, h∈L2 Rð Þ and are deterministic.

In general, the nth Wick exponential of ϑ is defined as

ϑ◊n ¼ jfj jjnHn
ϑ

jfj jj
� �

(49)

where ϑ ¼ ÐRfdW and hence,

W◊n tð Þ ¼ t
n
2Hn

W tð Þ
t12

� �
, n ¼ 0, 1, 2, … … … (50)

exp ◊
ð

R
fdW

� �
¼ exp

ð

R
fdW � 1

2
fk k2

� �
, f ∈L2 Rð Þ (51)

and,

exp ◊W tð Þ ¼ exp W tð Þ � 1
2
t

� �
,∀t≥0 (52)

Equations (49) to (52) are very important from computational point of view.
These equations help us to understand the basic building block of smoothed white
noise process and need of Wick product.

4.4 Computation of wick product

Let us consider (Eq. 52) and compute the Wick product and Wick exponential.
First, we will compute least-square norm of a deterministic function f tð Þ, that is,
f ∈L2 Rð Þ given by a second-degree polynomial

f tð Þ ¼ aþ btþ ct2 (53)

L2-norm of f tð Þ is

Figure 12.
Least square norm of a second-degree polynomial function.
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fk k ¼
ðt

0

f tð Þð Þ2dt
0
@

1
A

1=2

(54)

When f tð Þ ¼ 1, fk k ¼ Ðt
0
dt

� �1=2

¼ ffiffi
t

p
, when a ¼ 0, b ¼ 1, c ¼ 0; fk k ¼

Ðt
0

f tð Þð Þ2dt
� �1=2

¼
ffiffiffi
t3
3

q
and when a ¼ 1, b ¼ 2, c ¼ 0:001; fk k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 10�7t5 þ 0:001t4 þ 1:334t3 þ 2t2 þ t

p
and is plotted in Figure 12.

Now, let ϑ tð Þ ¼ ÐRf tð ÞdW; this is an Itô process, and a realisation of ϑ for the
interval 0, 1½ � is shown in Figure 13.

Let Ψ tð Þ ¼ ϑ
fk k so that using (Eq. 50), we have,

Ψ tð Þ ¼

ðt

0

f tð ÞdW tð Þ

fk k (55)

As we have already computed the numerator
Ðt
0
f tð ÞdW tð Þ and denominator fk k,

we can compute Ψ tð Þ, and then, incorporating this Ψ tð Þ into (Eq. 50) we can
compute ϑ◊n as

ϑ◊n ¼ fk knHn Ψ tð Þð Þ

Further, using (Eq. 52), we have

exp ◊
ð

R
f tð ÞdW tð Þ

� �
¼ exp ◊ ϑ tð Þf g ¼ exp ϑ tð Þ � 1

2
fk k2

� �
(56)

also, if f tð Þ ¼ 1,

exp ◊
ð

R
f tð ÞdW tð Þ

� �
¼ exp ◊ W tð Þf g ¼ exp W tð Þ � 1

2
t

� �
(57)

Figure 13.
Realisation of an Itô process.
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for f tð Þ ¼ 1þ 2tþ 0:001t2, the graph for Wick exponential (Eq. 55) is plotted in
Figure 14.

5. Discussion and conclusion

Numerical approaches offer a systematic and effective way to simulate the
dynamic behaviour of complex systems, allowing academics and practitioners to
obtain insights into their complex dynamics. Numerical methods are vital tools for
modelling and analysis of these systems, where the interaction of many elements
creates stochasticity. Finite difference/element methods, Monte Carlo simulations and
spectral methods are all adaptable approaches to dealing with SDEs and SPDEs. These
methods assist the investigation of complex events in a variety of domains by provid-
ing computationally feasible solutions.

The ability of numerical approaches to deal with high-dimensional problems and
spatial changes is very important when studying complex systems. For example,
Stochastic Collocation and Galerkin approaches enable researchers to address uncer-
tainty in several dimensions and spatial domains. This adaptability is essential for
reflecting the complexities of real-world systems where uncertainties emerge in a
variety of ways. Furthermore, as computer capabilities improve, numerical
approaches play an increasingly important role in enhancing our knowledge of com-
plex systems. These give a practical way to investigate and simulate stochastic sys-
tems, allowing for the exploration of problems that would otherwise be intractable
using analytical methods alone.

The toolbox of stochastic spectral approaches is extensive and diverse. While
stochastic spectral approaches provide an impressive set of tools for dealing with
uncertainty, these approaches are not without limitations. One of the most significant
issues is the computational intensity, particularly when dealing with high-dimensional
situations. Monte Carlo simulations, for example, may require a large number of
samples to reach convergence, making them computationally expensive. Similarly,
polynomial chaos expansions have difficulties in adequately capturing highly
nonlinear dynamics, frequently demanding an increased number of terms or
advanced techniques to accurately approximate the solution. As a result, these

Figure 14.
Wick exponential of an Itô process ϑ tð Þ ¼ ÐRf tð ÞdW tð Þ, f tð Þ ¼ aþ bt þ ct2 with a ¼ 1, b ¼ 2, and c ¼ 0:001.
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methods may struggle to give real-time solutions for complicated systems, limiting
their application in situations requiring quick decision-making.

Another drawback comes from the inbuilt assumptions of the modelling process.
Numerical methods often assume certain statistical properties of the underlying
uncertainties, such as square integrable spaces, specific probability distributions or
correlations. These assumptions, while simplifying the problem, may not always align
with the true nature of the system, leading to model inaccuracies. Also, the curse of
dimensionality remains a serious issue, especially in high-dimensional systems, where
it can exponentially increase the computational cost. As a result, when applied to real-
world scenarios with large parameter spaces, numerical methods may find practical
challenges. To address these constraints, continued research into more efficient algo-
rithms, adaptive strategies and novel methodologies to improve the adaptability and
dependability of numerical approaches in dealing with complex, high-dimensional
and nonlinear systems is required.
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Chapter 4

Some Remarks on Vector Markov
Chains and Their Applications to
the Description of Many-Particle
Systems
Bruno Carbonaro and Federica Vitale

Abstract

Although in the literature on the topic, this point is never expressed, but regularly
implied, an important and widely studied scheme of models to describe and predict, at
least in stochastic terms, the behavior of many-particle systems is based on Markov
Chains. In fact, Markov Chains are special stochastic processes with important prop-
erties that have revealed to be shared with many natural processes. This fact, though
almost obvious, requires to be carefully discussed, at least to point out that the very
notion of a Markov Chain must be completed and somehow generalized to understand
the way in which Markov Chains intervene in the equations describing the stochastic
behavior of any system. This is not a purely critical and “foundational” task but aims
to develop a new very plausible and likely way to introduce possible effects of external
world on a non-isolated many-particle system. This paper aims to offer at least a basic
discussion of this perspective.

Keywords: stochastic processes, Markov Chains, probability, kinetic theory,
mathematical models, complex systems

1. Introduction

The aim of the present chapter is twofold.
On one hand, we want to consider explicitly some properties of a kind of Markov

Chains [1–3], which is of course taken implicitly into account in the whole literature
about these important stochastic processes but—as far as we are aware—has been
never examined explicitly, that is, the Markov Chains whose states are n-tuples of
integers or of real numbers, which can be called vector Markov Chains. In particular,
we will also pay attention in particular to nonstationary Markov Chains, which we
recall in some details in Section 1.2.

On the other hand, we want to examine the equations of kinetic-theoretic models
[4] that since almost forty years seem to be diffusing ever more in the research about
the evolution of many-particle systems and appear to be a particularly effective,
expressive, and versatile tool to describe in stochastic terms such evolution [5–10].

53



Rather strange to say, these equations are firmly based on the use of Markov Chains,
since in them a basic rôle is played by transition matrices, that just characterize these
important stochastic processes, but in the literature about the kinetic-theoretic models
Markov Chains are never even mentioned (at least to our knowledge). The researchers
in this field probably consider this reference superfluous. But the question spontane-
ously arises whether if we exploit the rôle of Markov Chains then our understanding
of the terms of equations could be improved, suggesting to us some modifications that
could help us to produce a good and effective description of the behavior of systems
that have till now escaped the classical equations used up to the last few years (in this
connection, see [11, 12], where an accurate stochastic description of the evolution of a
system is obtained renouncing the Principle of Inertia, and [13–15] where new per-
spectives about the description of non-isolated systems have been obtained by intro-
ducing «forcing» terms in the equations).

Accordingly, after giving some definitions recalling some types of Markov Chains
and introducing explicitly the vector Markov Chains, of which we shall discuss some
basic properties that could be useful to understand the rôle of transition matrices in
the equations of the kinetic-theoretic models, we shall first recall the structure of these
latter, giving a critical description of the terms involved therein, and finally, we will
suggest the ways in which, in virtue of our knowledge of the complete meaning of the
transition probabilities, and in view of catching new natural processes for non-isolated
systems, the transition probabilities (together with the so-called encounter rates, see
Sections 1.6 and 1.7) can be modified.

2. Some background about Markov Chains

As is well-known, a random process [2] is a sequence Xη

� �
η∈ℍ of random variables

with a common range S of possible values (the states) called the state space of the
process. Both ℍ and S can be either discrete or continuous sets. If ℍ is discrete, that is
ℍ ¼ ℕ ¼ 0,1,2, … , n, …f g, then the process is said to be time-discrete, while, if ℍ is
continuous, that is, ℍ ¼ 0,þ∞½ Þ, then the process is said to be time-continuous. Anal-
ogously if S is discrete, that is, S ¼ zhf gh∈  ⊆ℝ with ⊆ℤ, then the process is said to
be discrete, while, if S is continuous (it is any real interval), then the process is said to
be continuous. From now to the end of this section, we shall first consider discrete and
time-discrete processes, and at a second step time-continuous discrete processes. In
both cases, for the sake of simplicity, the state space S will be assumed to be finite. In
this choice, there is no loss of generality, and we only avoid to write matrices with
infinitely many rows and columns.

Consider then a discrete and time-discrete random process Xhf gh∈ℕ with
S ¼ z1, z2, … , znf g. . As usual, we shall denote by a vector ph (called the state vector of
the process at time h) the (absolute) probability distribution on S according to the

random variable Xh. In other words, ph � ph,1, ph,2, … , ph,n
� �

with ph,k ¼ P Xh ¼ zkð Þ.1
Now, a discrete time-discrete Markov Chain Xhf gh∈ℕ, with R Xhð Þ ¼ S⊂ℤ, is a

random process such that the Markov condition

1 Here and in the sequel, any probability measure, when explicitly applied to events, will be denoted by a

bold-face capital letter.
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P Xh ¼ zh jX1 ¼ z1,X2 ¼ z2, … ,Xh�1 ¼ zh�1ð Þ ¼
¼ P Xh ¼ zh jXh�1 ¼ zh�1ð Þ, ∀h∈ℕn 0f g (1)

holds (where we have used the usual symbol P A jBð Þ to denote the conditional
probability of an event A under the assumption that an event B has taken place). This
means that, for any h∈ℕ, the values of the h-th random variable of the process
depend only on the values of the (h – 1)-th, not on the values of any previous variable.
Now, setting Pij hð Þ ¼ P Xh ¼ zj jXh�1 ¼ zi

� �
(with i, jð Þ∈ 1, 2, … , nf g2), Pij hð Þ is the

transition probability from state zi to state zj at the h-th step, and the matrix

Ph � Pij hð Þ� �
1≤ i,j≤ n �

P11 hð Þ P12 hð Þ … P1n hð Þ
P21 hð Þ P22 hð Þ … P2n hð Þ

⋮ ⋮ ⋱ ⋮
Pn1 hð Þ Pn2 hð Þ … Pnn hð Þ

0
BBB@

1
CCCA, ∀h∈ℕn 0f g: (2)

is called the transition matrix at h-th step. It is well-known (and also obvious) that

Xn
j¼1

Pij hð Þ ¼ 1, ∀h∈ℕn 0f g (3)

and, in virtue of the law of alternatives,

ph ¼ ph�1Ph, ∀h∈ℕn 0f g, (4)

where ph is a row vector for any h, so that the product at right-hand side is a row-
by-column product. For the sake of completeness, we also recall that, for any couple
(r, s) of nonnegative integers,

prþs ¼ prPrþ1Prþ2 …Prþs, (5)

and in particular, when the Markov Chain is stationary, that is, a transition matrix
P exists such that Ph ¼ P for any h∈ℕn 0f g,

prþs ¼ prP
s, (6)

where the power at right-hand side must be interpreted in the sense of the row-by-
column product of matrices (for further details, see e.g. [2, 3]).

3. Joint and marginal transition probabilities

Now, bearing in mind these premises, we want to observe that in the literature
about Markov Chains, the structure of the state space S is usually completely
disregarded. With only one exception at our knowledge [16], it is simply assumed to
be an ordered set, mainly to be allowed to write simple transition matrices. But we
want to ask ourselves which new features should be taken into account if we consid-
ered some kinds of structure, and how should develop the study. In particular, we
want to examine the case in which S ¼ Ωm (where Ω ¼ x1, x2, … , xlf g so that
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∣Ωm∣ ¼ lm and zi � xi1 , xi2 , … , ximð Þ for any i∈ 1, 2, … , nf g and
i1, i2, … , imð Þ∈ 1, 2, … , lf gm) and the process on consideration should be described
as a sequence Xh,1,Xh,2, … ,Xh,mð Þf gh∈ℕ, which will be written in vector notation as
Xhf gh∈ℕ. In such a case, we should consider the transition probabilities

P Xh ¼ zh j Xh�1 ¼ zh�1ð Þ ¼
¼ P Xh,1 ¼ xh,1, … ,Xh,m ¼ xh,m jXh�1,1 ¼ xh�1,1, … ,Xh�1,m ¼ xh�1,mð Þ (7)

that have 2m indexes, that is, we can set

P Xh,1 ¼ xj1 , … ,Xh,m ¼ xjm jXh�1,1 ¼ xi1 , … ,Xh�1,m ¼ xim
� � �

� Pi1,i2,… ,im,j1,j2,… ,jm hð Þ: (8)

So, for any h∈ℕ, the transition matrix Ph at h-th time is a 2m-dimensional matrix.
It will be called the joint transition matrix, and each of its elements Pi1,i2,… ,im,j1,j2,… ,jm hð Þ
expresses the probability that the chain passes from the state xi1 , … , ximð Þ to the state
xj1 , … , xjm
� �

at h-th time. These will be called the joint transition probabilities.
But, of course, together with these joint probabilities, we are now allowed to

consider also the many different marginal probabilities. More precisely, for any h∈N,
we can choose r<m of the random variables Xh,1,Xh,2, … ,Xh,m, say
Xh,k1 ,Xh,k2 , … ,Xh,kr and look for the probabilities

P Xh,k1 ¼ xjk1 , … ,Xh,kr ¼ xjkr jXh�1,1 ¼ xi1 , … ,Xh�1,m ¼ xim
� �

. For any choice, we have

a rþmð Þ-dimensional matrix with lrþm entries. Of course, the matrices are
n
r

� �
. We

shall denote by Pi1,i2,… ,im,jk1 ,jk2 ,… ,jkr
hð Þ the entries of each of such matrices. It should also

be noted that, setting s ¼ m� r, and agreeing to denote by Xh,ℓ1 ,Xh,ℓ2 , … ,Xh,ℓs the
remaining s variables, we have

Pi1,i2,… ,im,jk1 ,jk2 ,… ,jkr
hð Þ ¼

X1… n

jℓ1 , … , jℓs
Pi1,i2,… ,im,jk1 ,… ,jkr ,jℓ1 ,… ,jℓs

hð Þ (9)

Now, for the sake of simplicity, assume that k1 ¼ 1, k2 ¼ 2, … , kr ¼ r and
ℓ1 ¼ rþ 1,ℓ2 ¼ rþ 2, … ,ℓs ¼ m. Then, we shall also agree to set

S ¼ zij
� �

1≤ i≤ p
1≤ j≤ q

� Ωr � Ωs � xi, yj
� �n o

1≤ i≤ p
1≤ j≤ q

p ¼ lr, q ¼ lsð Þ, where rþ s ¼ m,

xi � x1i , x
2
i , … , xri

� �
and yj � xrþ1

j , xrþ2
j , … , xmj

� �
2. Then, we can write relation (9) in the

form

Pzhk,xi hð Þ ¼
Xq

j¼1

Pzhk,zij hð Þ ¼
Xq

j¼1

Pzhk, xi,yjð Þ hð Þ, (10)

2 From now on, the symbols zij and xi, yj
� �

will be treated as interchangeable. Moreover, the indexes of

components of any vector will be written as apices for the sake of readability.
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and introduce the joint state vector ph � pijh
� �

, with pijh � ph zij
� � � ph xi, yj

� �
, and

the marginal state vector px,h � px,h xið Þ
� �

1≤ i≤ p
, where

px,h xið Þ ¼
Xq

j¼1

ph zij
� � ¼

Xq

j¼1

ph xi, yj
� �

(11)

and, in virtue of the law of alternatives

ph zij
� � ¼

Xp

k¼1

Xq

l¼1

ph�1 zklð ÞPzkl,zij hð Þ:

Hence, replacing this last relation in relation (11), and taking into account relation
(10), we get

px,h xið Þ ¼
Xq

j¼1

Xp

k¼1

Xq

l¼1

ph�1 xk, yl
� �

Pzkl, xi,yjð Þ hð Þ ¼

¼
Xp

k¼1

Xq

l¼1

ph�1 xk, yl
� � Xq

j¼1

Pzkl, xi,yjð Þ hð Þ
 !

¼

¼
Xp

k¼1

Xq

l¼1

ph�1 xk, yl
� �

Pzkl,xi hð Þ:

Now, for reasons that will be clear in the sequel, we write this last equation in the form

px,h xið Þ � px,h�1 xið Þ ¼
Xp

k¼1

Xq

l¼1

ph�1 zklð ÞPzkl,xi hð Þ � px,h�1 xið Þ: (12)

In addition, for any l∈ 1, 2, … , qf g,

Xp

i0¼1

Xq

l0¼1

P xi,ylð Þ, xi0 ,yl0ð Þ hð Þ ¼ 1,

so that we can rewrite equation (12) in the final form

px,h xið Þ � px,h�1 xið Þ ¼
Xq

l¼1

X1… p

k 6¼i

ph�1 zklð ÞPzkl,xi hð Þþ
(

� ph�1 zilð Þ
X1… p

i0 6¼i

P xi,ylð Þ,xi0 hð Þ
9=
;: (13)

Finally, if for any h∈ℕ, the random variables Xh,i and Xh,j are independent for any
couple (i, j), and the chain is stationary, then we find

px,h xið Þ � px,h�1 xið Þ ¼
Xq

l¼1

X1… p

k 6¼i

px,h�1 xkð Þpy,h�1 yl
� �

Pzkl,xiþ
(

� px,h�1 xið Þ
X1… p

k 6¼i

py,h�1 yl
� �

Pzil,xk

)
:

(14)

The first term at right-hand side will be called the gain term of the subset of states
Si ¼ zilf g1≤ l≤ q since it accounts for all the possible transitions from other states to a
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state of Si, while the last term is called the loss term of Si since it accounts for all the
possible transitions from a state of Si to any state outside Si.

4. Time-continuous vector Markov Chains

We now want to turn our attention to the case of time-continuous Markov Chains.
But before treating that case, we want first to consider the random process
Xh, χhð Þf gh∈ℕ, where, for any h∈ℕ, χh is the classical Bernoulli variable, with range

R χhð Þ ¼ 0, 1f g. The variables χh are independent and identically distributed, with
P χh ¼ 0ð Þ ¼ v and P χh ¼ 1ð Þ ¼ u for any h∈ℕ. For any h∈ℕ, Xh, the state vector ph
and the transition matrix Ph are assumed to depend only on χh. So, using again the
notation introduced above, we see at once that
ph zij
� � ¼ P Xh ¼ zij, χh ¼ 1

� �þ P Xh ¼ zij, χh ¼ 0
� �

, that is,

ph zij
� � ¼ P Xh ¼ zij jχh ¼ 1

� �
uþ P Xh ¼ zij jχh ¼ 0

� �
v: (15)

Analogously, for any h∈ℕ, the transition matrix at h-th step (or time) should be
written according to the condition

Pzij,zkl hð Þ ¼ Pzij,zkl ∣ χh¼1 hð Þuþ Pzij,zkl ∣ χh¼0 hð Þv,

where Pzij,zkl ∣ χh¼1 hð Þ is the transition probability from the state zij to the state zkl at
h-th step under the assumption χh ¼ 1, and Pzij,zkl ∣ χh¼0 hð Þ is the transition probability
from the state zij to the state zkl at h-th step under the assumption χh ¼ 0. In particu-
lar, we shall set

Pzij,zkl ∣ χh¼0 hð Þ ¼ δikδ
j
l, ∀h∈ℕ : (16)

this means that the chain remains in the state occupied at time h and also at time
h + 1 when χh ¼ 0. Also, notice that the Markov Chain is stationary if and only if the
matrix Pzij,zkl ∣ χh¼1 is constant with respect to h.

By replacing the well-known relations

P Xhþ1 ¼ zij jχh ¼ 1
� � ¼

Xp

k¼1

Xq

l¼1

ph zklð ÞPzkl,zij ∣ χh¼1 hð Þ,

P Xhþ1 ¼ zij jχh ¼ 0
� � ¼

Xp

k¼1

Xq

l¼1

ph zklð ÞPzkl,zij ∣ χh¼0 hð Þ,

in equation (15), and taking into account assumption (16) and the obvious relation
v = 1 � u, we get

phþ1 zij
� �� ph zij

� � ¼
Xp

k¼1

Xq

l¼1

ph zklð ÞPzkl,zij ∣ χh¼1 hð Þu� ph zij
� �

u: (17)

These are of course pq equations, one for any couple xi, yj
� �

. By taking the sum

over j of both sides, we obtain the following system of p equations:
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px,hþ1 xið Þ � px,h xið Þ ¼

¼
Xp

k¼1

Xq

l¼1

ph zklð ÞPzkl,xi ∣ χh¼1 hð Þu� px,h xið Þu, i ¼ 1, 2, … , pð Þ: (18)

Finally, it is readily seen that, under the independence assumption on the random
variables Xh,i and Xh,j for any h, we obtain the system

px,hþ1 xið Þ � px,h xið Þ ¼

¼ u
Xq

l¼1

X1… p

k 6¼i

px,h xkð Þpy,h yl
� �

Pzkl,xi ∣ χ¼1þ
(

�px,h xið Þ
X1… p

k6¼i

py,h yl
� �

Pzil,xk ∣ χ¼1

)
,

i ¼ 1, 2, … , pð Þ: (19)

if the transition matrix Pχ¼1 � Pzij,zkl ∣ χ¼1

� �
is stationary.

We are now ready to consider the case of a time-continuous Markov Chain analo-
gous to the one; we have just described, namely a random process of the type
Xt, χtð Þf gt∈ 0,T½ Þ, where T >0 may be either finite or infinite. In this case, the state

vectors obviously depend on time, but the transition probabilities may depend on time
or not, as well as the probabilities associated to the Bernoulli variables χt. But, similarly
to what has been done above, these variables will be assumed to be identically distrib-
uted. In this connection, we have to recall to the reader that it is impossible to assign a
positive probability u such that P χt ¼ 1ð Þ ¼ u for any t because in such case the proba-
bility that at least one of the variables χt could take the value 1 for t in any interval
contained in [0,T) would be infinite. What we can do is to assign a constant probability
density τ such that τΔt is the probability to find in any interval of length Δt some points
such that χt ¼ 1. Roughly speaking and referring to the interpretation of probability as
relative frequency, we can state that, for any s∈ 0,T½ Þ, τΔt is the length of the set
t∈ s, sþ Δt½ � j χt ¼ 1f g so that τ is the ratio of that length to the lengthΔt. Accordingly, τ

is the measure of the set of points for which χt ¼ 1 in any interval of unit length.
This stated, we shall write system (19) as follows:

px,tþΔt xið Þ � px,t xið Þ ¼

¼ τΔt
Xq

l¼1

X1… p

k6¼i

px,t xkð Þpy,t yl
� �

Pzkl,xi ∣ χ¼1þ
(

�px,t xið Þ
X1… p

k 6¼i

py,t yl
� �

Pzil,xk ∣ χ¼1

)
:

i ¼ 1, 2, … , pð Þ, (20)

where τΔt replaces the probability u in this continuous framework.
Next, dividing both sides by Δt and letting Δt ! 0, we get

px,t
t

xið Þ ¼ τ
Xq

l¼1

X1… p

k 6¼i

px,t xkð Þpy,t yl
� �

Pzkl,xi ∣ χ¼1þ
(

�px,t xið Þ
X1… p

k6¼i

py,t yl
� �

Pzil,xk ∣ χ¼1

)
:

i ¼ 1, 2, … , pð Þ: (21)
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We will show that the above «mixed» process we have just discussed above,
obtained by coupling a Markov Chain with a uniform process, can be further general-
ized, by taking into account vector uniform processes of an appropriate dimension. But
we will do this in a different context, namely in the context of the models of collective
phenomena.

5. Some background about the stochastic description of many-particle
systems

For reasons that will be clear in a very short, while we shall now focus our attention
on the double indexing of the elements on S, and assume r = s is so thatm = 2s, S ¼ Ω2s,
p ¼ q ¼ ls and n ¼ l2s and consider the random process Xt, χ tð Þf gt∈ 0,T½ Þ, where

0<T ≤ þ∞ and χ t � χ
ij
t

� �
1≤ i,j≤ ls

for any t∈ 0,T½ Þ. According to our notation con-

ventions, χ t is in fact for any t a vector with n components that are double-indexed
just to reproduce the (conventional) double indexing of the elements of S. We can
treat it as a square matrix with χ t rows and ls columns. For each entry χ

ij
t of this matrix,

we shall set

χ ijt � χklt ∈ χ t j either k 6¼ i or l 6¼ j
� �

:

For any t and for any couple (i, j), χijt is a Bernoulli random variable, and we
assume that

1.For any t and t0 in [0,T), χijt and χ
ij
t0 are independent and identically distributed.

Accordingly, P χ
ij
t ¼ 1

� �
¼ uij and P χ

ij
t ¼ 0

� �
¼ 1� uij for any t∈ 0,T½ Þ.

2.For any t∈ 0,T½ Þ and for any i, jð Þ∈ 1, 2, … , lsf g2, the probability of state zij at

time t depends only on χ
ij
t .

3.For any t∈ 0,T½ Þ and for any i, jð Þ∈ 1, 2, … , lsf g2, the transition probabilities
from the state zij to any other state depend only on χ

ij
t ; accordingly, we are

allowed to consider only the conditional transition probabilities Pzij,zkl ∣ χ
ij
t ¼0 tð Þ and

Pzij,zkl ∣ χ
ij
t ¼1 tð Þ.

4.As for the process considered in the previous section,

Pzij,zkl ∣ χ
ij
t ¼0 tð Þ ¼ δikδ

j
l, ∀t∈ 0,T½ Þ,

so that we are allowed again to state that the chain is stationary if and only if
Pzij,zkl ∣ χ

ij
t ¼1 tð Þ is in fact independent of t.

This stated that we are allowed to reproduce the reasonings of the pre-
vious sections, with obvious changes leading us to replace the system (21) with
the system
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px,t
t

xið Þ ¼
Xq

l¼1

X1… p

k 6¼i

τklpx,t xkð Þpy,t yl
� �

Pzkl,xi ∣ χklt ¼1þ
(

�px,t xið Þ
X1… p

k 6¼i

τilpy,t yl
� �

Pzil,xk ∣ χilt ¼1

)
, i ¼ 1, 2, … , lsð Þ:

(22)

Now, once we have reconstructed the way in which this last system of equations is
originated by coupling a stationary vector Markov Chain with an additional vector
random process actually modifying the final form of the transition matrix
maintaining; however, its stationarity (that is its independence on time), we shall
devote the rest of this section to recall a classical interpretation (see [8]) of system
(22), which has become in the last forty years ever more important as it can be applied
to a wide range of different phenomena, from mechanics of gases (which is its true
historical origin, since Boltzmann proposed his celebrated kinetic theory [4]) to the
behavior of biological systems, with particular concern to the interaction between
healthy and tumor tissues (see [6], also for more complete bibliographic references),
from social sciences, with particular concern to the diffusion of competing opinions
[14], to economics [9], and to the behavior of swarms and crowds [5, 7]. This inter-
pretation has in fact given rise to a general model for the description of the behavior of
a large number of many-particle systems, we would dare say of almost all possible
types and in almost all possible contexts.

The key idea upon which the kinetic-theoretic description of the behavior of
many-particle systems is based and is the following. A set S of a very large number N
of objects is given. The objects of S, usually called «particles» or «individuals»
according to the context, can interact pairwise3 with each other and are identified
(further than by some common «physical» properties they can possess to different
degrees, which do not appear explicitly in the mathematical description of the behav-
ior of S, but influence the values of parameters) by their «states». According to the
context, the set of possible states of all particles can be finite, countably infinite, or
continuous. We cannot (and do not) claim to know exactly the state of each particle of
the system at any time so that even the prescription of N precise initial conditions on
the states of particles would be quite unrealistic. What we assume to be allowed to
state is that, if the number of all possible different states is q, then all the particles of S
can be thought of as divided into n different classes S1,S2, … ,Sq, each containing all
and only the particles sharing the same state; if ni tð Þ (with i∈ 1, 2, … nf g is the number
of particles sharing the i-th state at time t, then pi tð Þ ¼ ni tð Þ=N is the probability to
pick at random in S a particle in the i-th state, and we can construct a state vector

p � p1, p2, … , pq
� �

. In addition, each particle belonging to a class Sk can jump into

another class Si if and only if it «interacts» with some other particle: the state (that is,
the class S ∗

l ) of this latter does not matter, if not as influencing the assessment of the
different probabilities of jump Pki ¼ P Sk,Sið Þ, that accordingly are denoted
Pki; l ¼ P Sk,Si;S ∗

l

� �
. Moreover, if a particle has no interactions with other particles,

then it will not change its state.
The above almost purely qualitative descriptions lead us at once to conclude that,

in the above scheme, any many-particle system is in fact a random process
Xt, χ tð Þf gt∈ 0,T½ Þ of the above-described type, where Xtf g is a Markov Chain,

3 But the theory is currently developing to cover the case of multiple interactions.
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characterized by a state space, which in our previous description is Ωs �
x1,x2, … , xq
� �

(where, we recall, q ¼ ls), a state (probability) vector px expressing in
percentage the distribution of particles over all possible different states, an interaction
rate τij (the average number of interactions between a particle of Si and a particle of

Sj occurring in any unit time interval, that is, the measure of the set I1 �
t∈ I j χijt ¼ 1
n o

in any inerval I of unit length), and each probability of jump

Pki; l ¼ P Sk,Si;S ∗
l

� �
, conditional to the occurrence of an interaction between a parti-

cle in the state xk and a particle in the state yl is given by P xk,ylð Þ,xi ∣ χklt ¼1 ¼ Pzkl,xi ∣ χklt ¼1.

So, relations (22) turn out to be exactly the equations governing, in stochastic terms,
the evolution of isolated many-particle systems.

6. Equations for many-particle systems with time-dependent transition
matrices

At a first glance, the above reconstruction of the equations of kinetic theory in
terms of a random process Xt, χ tð Þf gt∈ 0,T½ Þ coupling a stationary Markov Chain and a
Bernoullian process could seem a purely academic exercise, though interesting as
showing the correspondence between two different languages, born in different con-
texts, with different aims and in different times4. But our exercise is not an end in
itself but is very useful to extend our model for many-particle systems to cover the
case of systems interacting with the external world. It is in fact not by chance that we
have stressed that equations (22) hold for isolated many-particle systems. These equa-
tions are based on the assumption that the instantaneous variation of the distribution
of particles over the state space is uniquely due to mutual interactions between
particles and that these interactions modify the states of the involved particles always
in the same way, independently of the time at which they occur5. But when the system
perceives the influence of the external world, we are allowed to assume that both the
interaction rate and the results of any interaction are more or less strongly modified
from time to time by events that happen outside the system.

More precisely, our stochastic process Xt, χ tð Þf gt∈ 0,T½ Þ must be replaced by another
process Xt, χ t,Etð Þf gt∈ 0,T½ Þ, where, for any t∈ 0,T½ Þ, Et is another «strange» vector

random variable6 with values in  � ℝd �h (where  is a finite subset of ℤ), such
that, for any t∈ 0,T½ Þ, there exists an e tð Þ ¼ u tð Þ,v tð Þð Þ � u1 tð Þ, u2 tð Þ, … , ud tð Þ, v1 tð Þð ,
v2 tð Þ, … , vh tð ÞÞ∈ u tð Þ � u1 tð Þ, u2 tð Þ, … , ud tð Þð Þ,v tð Þ � v1 tð Þ, v2 tð Þ, … , vh tð Þð Þ½ � for
which the probability density function of Et is expressed, for any
ε � ξ, ηð Þ � ξ1, … , ξd, η1, … , ηhð Þ, with ξ � ξ1, … , ξd,ð Þ and, η � η1, … , ηhð Þ, by the
relation

4 The equation of Kinetic Theory was proposed by Botzmann in 1872 when Markov was sixteen years old.
5 This assumption can be seen as equivalent to assuming a form of the Principle of Inertia for many-particle

systems [12].
6 This simply means that the external events may be always described by a set of measures or numerical

labels. And, provided we adopt a widely shared choice of a numerical labelling method, this is, always

possible.
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ρEt
εð Þ ¼ δ ξ1 � u1 tð Þð Þ δ ξ2 � u2 tð Þð Þ… δ ξd � ud tð Þð Þ�

�δ η1 � v1 tð Þð Þ δ η2 � u2 tð Þð Þ… δ ηh � vh tð Þð Þ ¼ , ∀t∈ 0,T½ Þ
¼ δ ξ � u tð Þð Þ δ η� v tð Þð Þ:

(23)

This means that the process Etf gt∈ 0,T½ Þ is a deterministic external process. For
instance, we can imagine that our system consists of all the inhabitants of a given
region, whose states are vectors, one component of which is the amount of money of
each individual, and the other components are quantities of food. We consider only
interactions consisting in purchase and sale of apricots. In the late summer, in the
autumn, and in the winter the interaction rate will be zero (no apricots in these
seasons); in the early springtime, the interaction rate will be small, and the transition
probabilities will describe changes of states with little increases or decreases of the
quantity of apricots, and large increases or decreases of the amount of money (in that
period, apricots are hardly available and very expensive); in the late springtime and in
the early summer, the interaction rate will attain its maximum value and the transition
probabilities will describe changes of states with large increases or decreases of the
quantity of apricots, and small increases or decreases of the amount of money (in that
period, many apricots available at low prices). So, both the interaction rates and the
transition probabilities depend on seasons, that is, are functions of time, and system
(22) must be simply written in the form

px,t
t

xið Þ ¼
Xq

l¼1

X1… p

k6¼i

τkl tð Þpx,t xkð Þpy,t yl
� �

Pzkl,xi ∣ χklt ¼1 tð Þþ
(

�px,t xið Þ
X1… p

k 6¼i

τil tð Þpy,t yl
� �

Pzil,xk ∣ χilt ¼1 tð Þ
)
, i ¼ 1, 2, … , lsð Þ:

(24)

Accordingly, the introduction of a dependence on time of both interaction rates
and transition probabilities seems to be the most appropriate way to link the behavior
of a many-particle system to deterministic external influences. Of course, the inter-
esting aspect, and also the most difficult one, of this kind of model, is the choice of
functions τkl tð Þ and Pzkl,xi ∣ χklt ¼1 tð Þ in such a way as to express faithfully the changes of
the environment, as well as the way in which these changes are perceived by the
individuals of the system. At an initial stage, we can adopt a purely hypothetical
method and make any assumption we want, but when we have in mind some precise
applications, then we need a preliminary statistical analysis to get the right hints
toward the most plausible assignment of the above functions.

7. Equations for many-particle systems with stochastic transition
matrices

The case treated in the previous section is rather trivial, and its main interest lies in
the choice of the dependence of all the interaction rates τkl tð Þ and of all transition
probabilities Pzkl,xi ∣ χklt ¼1 tð Þ on time, which is connected with the application we have in
mind, that is, much more with experimental and statistical analysis than with theo-
retical reasonings. Much more interesting is the case in which the changes of external
world influencing the behavior of the system are not assigned at each time, but
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stochastic events. This means that we have to consider again a stochastic process
Xt, χ t,Etð Þf gt∈ 0,T½ Þ, but now, for any t∈ 0,T½ Þ, Et is a random variable in the “strict”

sense of the word. More precisely, for any t∈ 0,T½ Þ,

1.We denote again by  � ℝd � ℤh the range of all possible values of Et.

2.We denote by ε � ξ, ηð Þ � ξ1, … , ξd, η1, … , ηhð Þ any unspecified element
of .

3.We set a � a1, a2, … , adð Þ, b � b1, b2, … , bdð Þ, and I a, bð Þ � a1, b1½ � � a2, b2½ � �
… � ad, bd½ �;

4.We set Et � Et,1,Et,2ð Þ where the range of values of E1 is ℝd and the range of
values of E2 is ℤh, and assume that Et,1 and Et,2 are independent;

5.To the (continuous) random variable E1 is associated a probability density
function ρt,1 ξð Þ � ρ1 ξ, tð Þ such that

P Et,1 ∈ I a, bð Þð Þ ¼
ð

I a,bð Þ
ρ1 ξ, tð Þ dξ< 1

for any a, bð Þ∈ℝd �ℝd such that ℝdnI a, bð Þ 6¼ ∅;

6.To the (discrete) random variable E2 is associated a probability distribution
function Pt,2 such that

P Et,2 ¼ ηð Þ ¼ Pt,2 ηð Þ � P2 η, tð Þ:

For any η∈ℤh, P2 η, tð Þ< 1.

7.we denote by the symbol τij ε, tð Þ the density (on the interval [0,T)) of the

probability that χijt ¼ 1 conditional to the event Et ¼ ε.

Accordingly, for any ε∈, the associated probability density of Et at ε is

ρEt
εð Þ ¼ ρ1 ξ, tð ÞP2 η, tð Þ:

This stated, according to the law of alternatives, and under the conditions
imposed in Section 1.5, we find that each transition probability depends on time, and
we have

Pzil,xk ∣ χil,t¼1,t ¼
X
η∈ℤ

P2 η, tð Þ
ð

ℝd
P zil, xk j χil,t ¼ 1,E1 ¼ ξ,E2 ¼ η
� �

ρ1 ξ, tð Þτij ε, tð Þ dξ:

(25)

Accordingly, the system of equations governing the evolution of the many-
particle system we have decided to describe by means of the present language
and of the notions of random processes and, in particular, of Markov Chains,
takes the form
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dpx,t
t

xið Þ ¼
Xq

l¼1

X1… p

k 6¼i

X
η∈ℤ

P2 η, tð Þ � px,t xkð Þpy,t yl
� �ð

ℝd
Pzkl,xi ∣ χklt ¼1,Et¼ε ρ1 ξð , tÞτkl ε, tÞ dξþð

�

�px,t xið Þpy,t yl
� �ð

ℝd
Pzil,xk ∣ χilt ¼1,Et¼ε ρ1 ξð , tÞτil ε, tÞ dξð g, i ¼ 1, 2, … , lsð Þ (26)

where Pzkl,xi ∣ χklt ¼1,Et¼ε � P zkl, xi jχklt ¼ 1,E1 ¼ ξ,E2 ¼ η
� �

and

Pzil,xk ∣ χilt ¼1,Et¼ε � P zil,xk j χilt ¼ 1,E1 ¼ ξ,E2 ¼ η
� �

, when Ω (the state space common to
all components of the vector Markov Chain X) is a discrete set (as we have assumed
throughout the whole chapter till now). When Ω is instead a continuous set (typically,
a real interval), then the sums in relations (26) must be replaced by integrals and —

with the obvious correspondences xi ! x, xk ! x0, yl ! y, zkl ! x0, y
� �

, zil !
x, y
� �

, τkl ε, tð Þ ! τ x0, y; ε, t
� �

, τil ε, tð Þ ! τ x, y; ε, t
� �

, χklt ! χ x0, y, t
� �

, and χilt !
χ x, y, t
� �

— we get the equation7

∂px
∂t

x, tð Þ ¼
X
η∈ℤ

P2 η, tð Þ �
ð

Ω

ð

Ω

px x0, tð Þpy y
�
, tÞ
ð

ℝd
P x0,yð Þ,x ∣ χ x0,y,tð Þ¼1,Et¼ε ρ1 ξ, tÞτ x0, y; ε, tÞ dξþ���

�px x, tð Þpy y
�
, tÞ
ð

ℝd
P x,yð Þ,x0 ∣ χ x,y,tð Þ¼1,Et¼ε ρ1 ξ, tÞτ x, yÞ; ε, tÞ dξ� �

dx0y
�

(27)

where we have also agreed to write

px,t xð Þ ¼ px x, tð Þ, px,t x
0ð Þ ¼ px x0, tð Þ, py,t y

� � ¼ py y, t
� �

:

Equation (27) is a generalization of system (24). As a matter of fact, this latter can
be easily obtained from the former by simply replacing the probability density func-
tion ρ1 with the one defined by relation (23). And, of course, the equations governing
the evolutions of isolated many-particle systems can be derived at once by choosing
Etf g as a deterministic and constant process (i.e. a process in which all the random

variables Et have the same probability density function

ρ ξð Þ ¼ δ ξ � eð Þ

on , however, e is fixed). So, system (27) seems to be the most general descrip-
tion of the behavior of any one of such systems. Recently, however, other types of
external influence have been considered, acting directly on the state vectors and not
on the interactions between particles [13, 14]. This point will be discussed in some
details in the last section of the chapter.

7 Notice that system (24) is replaced by only one equation because the ls unknown functions px,t xið Þ of one
variable (the time variable) corresponding to the ls possible states are replaced, in view of the continuity of

the state variable, by a unique unknown function of both the variables x and t.
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8. Subsystems

This section is almost a pure aside, just to give a complete exposition of the
development of the whole theory of many-particle systems as based on the theory of
stochastic processes. We want to recall that a more general formulation of the theory
takes into consideration the case in which a system S is the join of a number N of
subsystems S1,S2, … ,SN, called the functional subsystems of S, that can share the
same state space or not, and are such that, for any λ∈ 1, 2, … ,Nf g, the particles of Sλ

are not constrained to share the same state. In order to show the way in which the
equations describing the behavior of S must be modified under this assumption, in
order to avoid an undue multiplication of indexes, and for the sake of a better
readability, we shall assume that all the subsystems share a continuous state space
Ω � a, bð Þ⊆ℝ. The point of the present development is that now we must allow
interactions between particles of different subsystems so that we must consider a
mixed stochastic process Xt, χ t,Etð Þf gt∈ 0,T½ Þ where χ t � χλ,μ x, y, t

� �� �
, and for any

t∈ 0,T½ Þ and for any 4-tuple λ, μ,x, y
� �

∈ 1, 2, … ,Nf g2 � Ω2s the random variable
χλ,μ x, y
� �

is again a Bernoulli variable, with probability density function τλμ u, vð ÞΔt, in
view of the continuity of variables x and y. By reproducing almost without changes
the reasonings of the previous two sections, we obtain the system

∂pλx
∂t

x, tð Þ ¼
X
η∈ℤ

P2 η, tð Þ �
Xν
μ¼1

ð

Ω

ð

Ω(
, pλx x0, tð Þpμy y

�
, tÞ
ð

ℝd
P x0,yð Þ,x ∣ χλμ x0,y,tð Þ¼1,Et¼ε ρ1 ξ, tÞτλμ x0, y; ε, tÞ dξþ��

�pλx x, tð Þpμy y
�
, tÞ
ð

ℝd
P x,yð Þ,x0 ∣ χλ,μ x,y,tð Þ¼1,Et¼ε ρ1 ξ, tÞτλμðx, yÞ; ε, tÞ dξ

�
)

dx0y λ ¼ 1, 2, … ,Nð Þ: (28)

We have now again a system of equations. Each of them describes the evolution of
the probability density function of a corresponding subsystem in consequence of the
interaction of both interactions between particles of the same subsystem and of
particles of different subsystems. But, of course, we have written the equations in the
final form they have when also external actions that modify both the rates and the
effects of interactions.

9. Alternative views, conclusions and perspectives

In almost all the literature about many-particle systems, external actions are
completely disregarded, and the system of equations governing their evolution is
written in its simplest form, where both the transition probabilities and the interac-
tion rates are constant. Only recently, a number of papers have taken into account
external «forcing» events that are capable to modify the distribution of states on each
subsystem of a system S independently of possible interactions between particles
[11–15]. These external events, however, are assumed to act directly on the functions
pλx x, tð Þ (or pλx x, tð Þ, when the state space is discrete). The origin of this viewpoint is in
[11] where, dealing with a description of possible evolutions of an epidemics, an
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additional term describing spontaneous healing or death was necessary to get a faith-
ful picture. This also led to general considerations about the implicit use of an analog
of the Principle of Inertia in the scheme depicted in Sections 1.5 and 1.6. Taking into
account an additional term of this type, system (28) becomes

∂pλx
∂t

x, tð Þ ¼
X
η∈ℤ

P2 η, tð Þ �
Xν
μ¼1

ð

Ω

ð

Ω(
, pλx x0, tð Þpμy y

�
, tÞ
ð

ℝd
P x0,yð Þ,x ∣ χλμ x0,y,tð Þ¼1,Et¼ε ρ1 ξ, tÞτλμ x0; y, εtÞ dξþ��

�pλx x, tð Þpμy y
�
, tÞ
ð

ℝd
P x,yð Þ,x0 ∣ χλ,μ x,y,tð Þ¼1,Et¼ε ρ1 ξ, tÞτλμ xð , yÞ; ε, tÞ dξ� �)

dx0yþ

þFλ p1x, p
2
x, … , pNx

� �
tð Þ λ ¼ 1, 2, … ,Nð Þ: (29)

where the form of the term Fλ p1x, p
2
x, … , pNx

� �
tð Þ depends on the context and on the

type of external solicitation producing a «spontaneous» variation of the distributions.
But now, to conclude this overview of the possible developments of the modern

generalization of kinetic theory, that becomes evident when it is analyzed and for-
malized in terms in terms of n-tuples of joint random processes (one of which is a
Markov Chain, but to this point we will return at the very end of this final section),
going back to the discrete version of the equation, from which we started to recon-
struct the logic the equations of the theory are based upon, we want to point out an
interesting new application of the theory in the scope of experimental procedures.
This application was presented in [17] and its theoretical formulation in [18].

In order to outline the above-mentioned development, we first assume to deal with
a system S split into two subsystems S1 ¼ Σf g and S2 ¼ Xhf gh∈ℕ. So, S1 contains
only one element, which will be called the «subject», while the elements of S2, that are
random variables8will be called the experiments or questions about Σ. The «state space
of the subject Σ» is a set Ω1 � x1, x2, … ,xp

� �
while, for any h∈ℕ, the «state space of

question Xh», that is, the set of all of its possible outcomes, is the set

Ω2h � yh1, yh2, … , yhqh

n o
⊂ℤ. The set Ω2 ¼ ∪h∈ℕΩ2h will be the state space common to

all the random variables of the sequence Xhf gh∈ℕ. We consider the discrete (stepwise)
stochastic process Xh, χhð Þf gh∈ℕ, where Xhf g, such as in Section 1.3, is a Markov
Chain with the state space Ω1 � Ω2 and

χ h �
χ11h xi, xj
� �

χ12h xi, yhj
� �

χ21h xi, yhj
� �

χ22h yhi, yhj
� �

0
B@

1
CA

for any h∈ℕ. The entries of this matrix are independent Bernoulli’s random vari-
ables. χ11h xi, xj

� � ¼ 1 means that an interaction between Σ in the state Σ and Σ in the

8 The reader should carefully note that, differently from any classical application of the description of

many-particle systems outlined in the previous Section of this chapter, the members of system S can be

very different from «particles» in the classical sense of the word, that is. abstract objects, such as random

variables.
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state xj occurs at h-th step, and χ22h yhi, yhj
� �

¼ 1 means that at the same step an

interaction occurs between two different answers to the same question Xh. We have
not yet defined the meaning of the word «interaction» in the present context (this
point will be briefly discussed at the end of the section), so for the moment, we simply
assume that χ11h xi, xj

� � ¼ χ22h yhl, yhm
� � ¼ 0 for any h∈ℕ and for any

i, jð Þ∈ 11, 2, … , pf g2 and l,mð Þ∈ 1, 2, … , qh
� �2. If τ11i,j ¼ P χ11h xi, xj

� � ¼ 1
� �

and

τ22l,m ¼ Pχ22h yhl, yhm
� � ¼ 1Þ, this also means that τ11i,j ¼ τ22l,m ¼ 0. On the other hand,

χ12h xi, yhj
� �

¼ 1 and χ21h xi, yhj
� �

¼ 1 mean that an interaction between Σ in the state xi
and the question Xh giving the answer yhj certainly occurs at h-th step; this corre-
sponds to the fact that the interaction is decided and produced by an experimenter.

We assume χ12h xi, yhj
� �

¼ χ21h xi, yhj
� �

¼ 1 for any h∈ℕ and for any i∈ 11, 2, … , pf g so

that τ12i,j ¼ τ21i,j ¼ 1. Moreover, we assume P21
xk,ylð Þ,xi ∣ χ21h xi,yhjð Þ¼1

¼ 0 for any h∈ℕ and for

any i, jð Þ∈ 11, 2, … , pf g2. All the other conditions assuring that we are allowed to write
equations (19) are assumed to hold, These equations, with obvious meaning of the
symbols, will be finally rewritten in the form

p1x,hþ1 xið Þ � p1x,h xið Þ ¼

¼
Xqh
l¼1

X1… p

k 6¼i

p1x,h xkð Þp2y,h yhl
� �

P12
xk,yhlð Þ,xi ∣ χ12 xi,yhið Þ¼1

þ
(

�p1x,h xið Þ
X1… p

k6¼i

p2y,h yhl
� �

P12
xi,yhlð Þ,xk ∣ χ12 xi,yhið Þ¼1¼1

)
,

p2y,hþ1 y hþ1ð Þi
� �

� p2y,h yhi
� � ¼ 0

i ¼ 1, 2, … , pð Þ: (30)

To conclude the section and the chapter, we want now to expose an interpretation
as complete as possible of the special model just described. To this aim, what is
necessary to stress first is that system (30) is meant to describe the results of interac-
tions between information rather than between objects. More precisely, the values xi of
the variable in Ω1 should be interpreted as labels that define, in the appropriate
context, possible states of the subject; then, the interaction between the subject and
the h-th experience Xh on it places this latter into a state, expressed by a real value yhi,
that is, the outcome of a measurement of a physical parameter. Now, in virtue of the
information carried by the value yhi, the i-th experience interacts with the initial
definition, and in the sense that it can either confirm the initial state xi (by increasing
its probability) or raise doubts about it (by lowering its probability). Accordingly, the
terms p1x,h xið Þ and p1x,h xið Þ in equations (30) must be interpreted respectively as the
absolute probability that the definition of the state of the subject before the experience
is the value xi and the absolute probability that the outcome of the h-th experience is
the state yhi; furthermore, the term P12

xk,yhlð Þ,xi ∣ χ12 xi,yhið Þ¼1
is the probability that defini-

tion xk, after the «interaction» with information yhl becomes definition xi.
In [17], equations (30) were derived by discretization from the ones of kinetic

theory and used to describe the way in which new experiences on a number of
different parameters can modify the classification of a phenomenon, in particular the
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diagnosis of depression in a human subject suspected to be depressed according to the
score obtained by answering a questionnaire. Of course, in an application like that, the
transition probabilities must be estimated in advance by a preliminary study of the
correlation of the involved random variable with the possible depression states. We
have reported this application, together with the classical application of kinetic theory
and its developments, to give a more complete picture of the way in which the study
of joint random processes (vector random processes), in particular when one of the
processes considered simultaneously is a Markov Chain, can open the way to an ever
wider range of applications.
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Chapter 5

Brownian Computing and Its
Similarities with Our Brains
Alexandra Pinto

Abstract

With the current need for the miniaturization of electronic circuits and transistors,
there is a critical problem of fluctuations that create signal interference for the outputs
of those circuits. One solution is to use those fluctuations and stochastic manipulation
to the benefit of computing architectures. Such a solution is defined as Brownian
computing, and it is possible to apply it with Brownian circuits. At those physical
limits, nonlinear dynamics dominate, and synaptic modeling is critical. Synapses are
the target of most, if not all, brain disorders. Because of the enormous number of
synapses in our brain (~ 100,000,000,000), it is often difficult to comprehend how
defects in one type of synapse yield the overall loss in brain performance characteristic
of all brain disorders. Computational modeling of synapses has been a slow process
that is constrained by advances in the interdisciplinary fusion of physics, both for
measuring and data analysis, and advances in molecular biology or biophysics. These
constraints are also computational: some models have detailed sets of coupled equa-
tions with experimental parameters that, although accurate, are impossible to solve
because of the enormous number of synapses. This limitation impedes understanding
of brain information processing, both in health and in disease states.

Keywords: Brownian computing, beyond von-neumann computing, synapses,
memristors, non-linear dynamics

1. Introduction

With the current need for miniaturization of electronic circuits and transistors,
there is a critical problem of fluctuations that create signal interference for the outputs
of those circuits. One solution is to use those fluctuations and stochastic manipulation
to the benefit of computing architectures. Such a solution is defined as Brownian
computing, and it is possible to apply it with Brownian circuits [1]. At those physical
limits, nonlinear dynamics dominate.

In this chapter, we are going to focus on one of the similarities between our brain
and one type of brain-inspired computing approach known as reservoir computing
(RC) [2], which uses to its benefit the nonlinear dynamics of an echo state to map a
complex problem to a much simpler linear problem, a well-know concept in computer
science - problem reduction. Our brains are constantly transforming our inputs into a
simpler representation through the use of nonlinear dynamics to obtain perception
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and action in a synchronous way. In the next section, I will introduce an analogous
source of fluctuations in our brains compared to the miniaturization of transistors. We
will focus on synaptic modeling as they are the main source of nonlinearity and
fluctuation in the brain, and they will play the role of echo state reservoir in analogy
with reservoir computing. Tunning synaptic weight during learning is equivalent to
biasing the operating point with the corresponding slope of the flux versus charge
dynamics, where the synaptic strength is equivalent to the memristance [3].

2. Computation with fluctuations in the brain: a quantized approach

Networks of neurons have the task of conveying a digital n-dimensional input
space, which is comprised of each signal detected by each neuron, into an analogous
four-dimensional space, that is our output space, the environment we perceive
dynamically as a time-space continuum. This transformation from input to output
must be created both in a continuous manner according to classical mechanics and
conditioned to the Plank constant, the minimum action according to quantum theo-
ries, such that our perception of time and space could be smooth and efficient so as to
minimize the errors in perception.

The brain uses these mechanisms for the projection of what we perceive as reality.
This can only happen by computing with noise or spontaneous fluctuations of periodic
origin in chemical synapses [4]. This is analogous to Brownian circuits and this
synaptic modeling with memristors mechanisms, and what could be seen as a
mesoscopic scale phase transition prediction by considering long-range correlations
through the Bose-Einstein condensate. This can only be done with memristors since
the flux-to-charge relation captures the mesoscopic and quantum effects needed.

As a side effect of the model, it gives us the Fokker-Einstein equation as a result of
dynamical considerations. The scales and frequencies between the study of Brownian
circuit fluctuation, lasers, and the synaptic cleft are at the limit between classical and
quantum effects. This is why we can understand this model as a memristor and it is
the generation of synaptic self-sustained oscillations. It is relevant to explore its
connection with fluctuations of Quantum origin.

The before mentioned proposition implies that synaptic behavior cannot only
be added by the Hebbian rule, but it has to be added as oscillations accounting for
the Quantum effects that the dispersion pattern of interference creates. As a
consequence of the Quantum correction for the interference in neuronal activity, we
can understand the inter-neural communication as the particle-wave duality principle
in neurons.

This proposition is necessary because input information in the nervous system is in
the form of an analogous continuous wave that guarantees the flow and appropriate
match of information. Since there is a change in the biophysical and chemical sub-
strates from pre-synapse hydrophobic composition and its electromagnetic content to
the more open hydrated space of the synaptic cleft, which affects the biophysical and
electromagnetic characteristics of the post-synapse.

The nature of information along the transmission must carry a transformation
from the wave state of the pre-synapse to the particle probabilistic state of the post-
synapse. This transformation is carry out at the synaptic cleft, where, as a conse-
quence of the diffracted interference pattern, the wave probability density is calcu-
lated in the Quantum Mechanical formalism. The most relevant characteristic of this
model can be seen in learning and subsequently in memory, given that the oscillatory

72

Stochastic Processes – Theoretical Advances and Applications in Complex Systems



state at the synapse has a recurrent update given by the action potential probabilistic
state that depends on the postsynaptic effect. This behavior captures attenuation
which is the basis for learning.

There is a big impact on this proposition for memory and plasticity given that only
recurrent patterns are constructing a stable channel at the post-synapse. However, its
impact is not necessarily local given the effect of the quantum mechanical consider-
ations; non-local quantum effects can be carried out by long-range correlations on the
postsynaptic probability pattern. For this special consideration, we need to go beyond
quantum effects and add fluctuating effects.

Even though the origin of the effect of complex, it is possible to simplify the model
to a deterministic point. This does not imply that decision-making is fully determined,
but the neural activity, as a physical substrate, can be fully determined by energetic
considerations. Energy quantization can be used in a deterministic fashion for predic-
tion purposes.

3. Synapses, source of fluctuations in the brain

Fluctuations in the brain can be modeled as a wave-to-pulse-to-wave conversion in
the neuron’s trigger zones, associated with the chemical synapses occurring in the
nervous system. The wave-to-pulse-to-wave conversion was deeply studied by
Freeman in the mesoscopic scale [5]. The current experimental database and
theoretical explanation on this subject are very limited on the explanation of the
different process that convert electrical into chemical and back to electrical energy
via the synaptic cleft, where conservation of information and frequency must
happen [4]. The interest in studying this problem arose from the fact and
knowledge that the trains of action potentials certainly play a part in transmitting
information through the nervous system, together with the fact that most of the time
neurons are silent, without transmitting action potentials. Generally speaking, it is
observed that 99 percent of the time, the electrical activity of neurons is in the
subthreshold regime [6].

It is the combination of those low-amplitude fluctuating signals, without the
energy to emanate an action potential, carrying the majority of information, that after
broadcasting and at higher cortical levels of integration, generate the necessary
knowledge and meaning that allows us to: a) perceive the world subjectively, b)
communicate via the use of language, c) retain valuable memories, and d) in general,
perform activities that do not require the fast response inter neuron communication
that is associated with electric synapses.

The model that is proposed in this chapter is of a synapse as an oscillator. This
oscillator undergoes constructive and destructive interference patterns of wave activ-
ity. The function of this wave patter is to smooth the train of action potential via the
release of neurotransmitters from the presynaptic neuron into the post-synaptic neu-
ron. The frequency is preserved during the process of transforming electrical into
chemical and back to electrical energy. In a summary, in this theoretical proposal,
synapses are described as a system composed of an input wave that is transformed
quantum mechanically through interferometry.

A synapse is replaced by an oscillation that depends on the wavelength of the input
signal. The collective synaptic interference pattern of waves will determine the points
of maximum amplitude for the density wave synaptic function, where the action
potential is observed.
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There is a relation between the pulse train arriving at the post-synaptic neuron
terminal and the release of neurotransmitters in order to manifest a chemical wave-
like pattern that finally is converted, in the post-synaptic neuron, to a smoother
electrical wave-like pattern and hence the term pulse wave conversion. Note that this
model also describes a wave chemical to wave electrical conversion, contrary to the
current assumption in neuroscience. This new proposal for the synapse as a memristor
[7], allows us to recover the density function of the postsynaptic neuron. The final
electrical activity resting potentials, described as a wave pattern, will, when above
threshold, generate a new action potential and hence the term wave-to-pulse conver-
sion [8]. Memristors also capture the memory capabilities of synapses and the
nonlinearity chaotic behavior of the action potential.

4. Why oscillations represented by memristors at synapses?

Memristors, as well as synapses, store information, and the continuous flow of
information needs a flux charge measure. The slope of such a relation is measured by
the variable amount of neurotransmitter at the synaptic cleft. This is why we model
the synapse as an oscillator; besides, oscillations in nature are ubiquitous (mechanical
(movement of fluids)) and electromagnetic (movement of ions).

Most of the time, neurons are not evoking action potentials, but they are not at the
zero equilibrium point either, rest state requires the continuous flow of information
based mainly on fluctuations at synapses. Transformation from the synaptic fluctuat-
ing nonlinear state to the action potential state requires the addition and subtraction of
memristors, forming the interference pattern that depends on other
synapses connected to the same neuron, which as a result forms the wave
probability density.

The model of the synapse is the same for all of them (biologically plausible oscilla-
tor), but the location is special in the influence of the pattern formation (not always
constructively). Learning in the synapse (wave state) updates depending on the action
potential (particle state). As the uncertainty principle, where the certainty of position
is constrained by certainty in momentum and vice-versa.

Constant oscillation at the interior of the membrane; the potential is never zero,
there is a non-stopping flow of information that happens without accounting for
action potential initiation, but assuming that it is interference is also responsible for
background noise generation, then is a cyclic process that is sensible to small
perturbations. Evoking an action potential can be observed as the fact that the wave
synaptic state functions overlap and cause the locking of their phases, creating a
stronger state.

Given that spontaneous oscillations are an important assumption, considering the
most common scenario in the lifespan of a neuron where it is 99 percent of the time in
a sub-threshold regime and many of them die without ever making a spike, we do not
need a forcing term in the oscillator modeling, but rather a very small initial
condition that should move the system from the unstable origin. Neurons, in the
absence of action potential stimulation, are in a latent constant transmission of
information in the form of small amplitude waves that reside in the sub-threshold
regime and which spontaneously emerge as a consequence of constructive interfer-
ence. In this case, the resonant state is found for slightly perturbations of the initial
condition.
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Modeling synapses has been a slow process that is constrained by advances in
the interdisciplinary fusion of physics, both for measuring and data analysis, and
advances in molecular biology or biophysics [9]. Nonetheless, nowadays, the con-
straints are also computational, given that some models have detailed sets of
coupled equations with experimental parameters that are pretty accurate but
solving them for each one of the 5 � 1013 synapses is an impossible computational
task with current computational resources. The main con-sequence of this
computational limit is that there are different forms of synapse modeling, from
detailed biophysical models that sacrifice the possibility of analyzing the behavior of
several synapses to reductionist models that consider the phenomenon in a probabi-
listic way. Analyzing synapses with the wave-particle viewpoint is computationally
efficient [10].

5. Electronic modeling of synapses

In this section, we will consider the electronic modeling of synapses with
memristors. We will also add the proposed synaptic interference for computing col-
lective behavior as synchronous oscillators. The memristor act as a synapse with the
energy source through a nonlinear resistor with pumping effect that is connected with
an inductance for magnetic field connectivity constraint. There is generation of action
potential at locations of maximum amplitude at memristors interference pattern.
Analog with double slit problem is for wave interference representation and
waveparticle duality or synaptic-action potential dynamics. Synapses act as
memristors that generate waves interfering to create a probability density of action
potential generation in the form of constructive interference. This means that synap-
ses cannot be added as discrete particles but they need to be added by the alternative
approach of constructive and destructive interference.

Synaptic activity as a source of fluctuations for Brownian computing with inter-
ference is valuable for reducing computational costs. There are possible tunneling
effects at resonance points since we are interested in the subthreshold regime where
the amplitude of the signal is very small in comparison with the size of the barrier
potential. Computation with uncertainty is possible. Both inhibitory and excitatory
synapses (consequently excitatory and inhibitory neurons) can be modeled with the
same model, memristors, which makes the computation easier than under consider-
ations of ionic activity; however, inhibition is expressed as destructive interference
and excitatory with constructive interference.

6. Algorithmic explanation

I. Compute the neural transmission as a function of the distribution
of the post-synaptic neurons from the delta distribution of
observations: this means the distribution of features, depending on k,
the sub-network within each node in the network, and the delta
distribution.

II. The weight matrix connects pre-synaptic neurons with post-synaptic neurons.
In this case, the weight matrix is the synapse model of diffusion determined by
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oscillators with memristors elements. The weight matrix depends on the
generative function of the post-synaptic neurons; that means the current
prediction as a function of the neurons positions.

III. Calculate the synaptic weight for each particle, using each calculated synaptic
weight matrix to update the state of the pre-synaptic and post-synaptic neuron
for each neuron.

IV. The update of the pre-synaptic neuron between the distribution of
observations and the generative function of the current prediction. In this
case, it is the communication between pre-synaptic and post-synaptic neuron
that will change the current state of the pre-synaptic neuron through
interference oscillatory patterns that reflect the duality particle-wave
properties.

V. Given that the communication between pre- and post-synaptic neurons is in
both directions, the post-synaptic neurons require an update rule that
depends on the pre-synaptic. Pre-synaptic neurons are the input that
transmits sensory information; that means that even if communication
happens with a preferential directional stream, it does not mean that in the
opposite direction, there could not be a response effect that reflects the
action-reaction nature of states in the particle-wave nature of communication.
This update is, in this case, given by addition of the current post-synaptic
neuron state, the deterministic classical drift function, the synaptic
connectivity from the distribution of pre-synaptic neurons, and lastly, a
Brownian motion term that comes from the fact that the process requires a
spontaneous component.

VI. The algorithm finishes with the total number of neurons.

VII. At the end, the distribution of post-synaptic neurons or in this term, the wave
distribution of the postsynaptic neuron is found after each neuron passes
through the weight matrix or in this term the splitting phenomenon produced
by the diffusion process that waves passing through the synaptic cleft have to
experience. Once these waves get in contact with the wall of postsynaptic
activity distribution, there is a reflective component that changes the activity
of the pre-synaptic distribution.

7. Mathematical foundation

Analyzing synapses with the wave-particle viewpoint is computationally efficient
for studies of memory and learning, where it is crucial to detect the appearance and
disappearance of synaptic contacts and plasticity. With this framework, synapses are
amplitudes of wave activity that vanish or emanate depending on the collective
oscillatory behavior. This is a novel way for modeling interneuron communication
that does not reside on the complexity of detailed biophysical neuronal models or its
synapses, whereas is presented in this document, it is necessary to compute around 25
coupled differential equations.
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Another desirable characteristic of this proposal is the fact that the required noise
generation, proper of real synaptic recordings, is implicit in the wave pattern generation
as a consequence of the distribution and structural complexity that can be reduced as the
location of the slit, again as analogous to Young’s experiment. This is a valuable feature,
given that it is not necessary to add extra noise terms that, in the case of biophysical
models or integrate and fire models, make the system harder to solve computationally.

This study is a potential tool for the analysis data where it is required a transfor-
mation from the postsynaptic signal to the presynaptic or vice-versa. This approach
can also be useful in computational tasks, both in software and hardware, that can
make use of real biological network architectures as templates of interference genera-
tors that are able to solve different computations.

Simplified explanation of the model of synaptic wave signal detection: Suppose
that the distance and speed of a synaptic signal are to be determined. For this purpose,
a transmitter/receiver neuron sends a test signal action potential signal f, toward the
synaptic wave. Then, the signal f is reflected by the synaptic wave, and a part of the
reflected signal is received by the neuron as an echo. The sent test signal is a pulse of
short duration:

f xð Þ ¼ σ xð Þ exp 2πiω � xð Þ (1)

with an envelope signal σ of slow variation. This means that supp σ transform is
contained between -A and A and A is small compared to the carrier frequency ω. The
support of f transformed is contained between ω� A and ωþ A.

Considering r as the distance between pre and postsynaptic neurons the transmitter
and receiver, with v as the relative velocity between the receiver and the synaptic signal
and with c as the speed of light. Then the ”echo” (in analogy to the echo state in reservoir
computing which is also represented by synaptic activity) is received with a time lag

δt ¼ 2r
c

(2)

Each frequency, f undergoes a Doppler shift δω ¼ � 2ωv
c . Since the bandwidth 2A is

small compared to the carrier frequency ω, the frequency shifts can be approximated
by the shift δω≈� 2ωv

c , independently of the exact form of f. No further distortion of f
is taken into account, therefore the ”echo” has the form:

e ¼ MδωTδtf (3)

At the receiver neuron the ”echo” is compared to the time-frequency shifts of the
original signal f by taking the correlation absolute value of the inner product of the
”echo” signal with the MωTxf . Which is equivalent to the absolute value of the Short-
time Fourier transform (STFT) of f xð Þ ¼ �δ and ω� δω which is equal to the ambi-
guity function of the same function.

The values of δt and δω and the distance r and the velocity v of the synaptic wave,
can be determined by means of the lemma: Suppose that f is part of the Hilbert space
L2 of Rd, and f is different from zero, then the absolute value of the ambiguity
function is less than the ambiguity function of f evaluated at the Origen. Which is
equal to the ∥x∥∀ω and x different from 0.

Synaptic wave is the support of the function σ with which the Wigner
distribution should be convoluted in order to average each of its points. The lack of
positivity of the Wigner distribution is similar to the behavior of the membrane
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potential in the neuron, in mathematics, this negative point values do not have any
meaningful interpretation. We have to understand the oscillation properties of the
neuron membrane and this is translated to understand the oscillation properties of the
Wigner distributionWf . A solution for the negative values of the membrane, one might
take averages at each point. The standard averaging procedure in mathematics is the
convolution ofWf with a smoothing function σwhich is centered at the origin, then the
convolution can be seen as a local averageWf at (x,w). Where as we already explained,
the ω and x signals are the information from the frequency of action potentials and the
voltage of the membrane respectively. Since only regions in phase space of area δxδω ≥ 1
are relevant, one may conjecture that the oscillations cancel out and that the convolu-
tion is non-negative for all functions whenever the support sigma is large enough.

It is important to find the kernels σ for which the averaged Wigner distribution is
always positive. If we take into account this assumption and intuition of the synaptic
wave as a Gaussian σ, then the convolution works, and we can consider the average of
each point. Now, connected with the circle and the light spectrum just a few millime-
ters from the edge, with white light in the center, and the coefficient indexes of each
color defining different diameters for the cone of light.

Considering the synaptic wave as a general Gaussian has important implications in the
sense that we can find all the signal from the general form, and from this kernel recover
Wf . Let me refer to the following paper for more details on the step from the uncertainty
principle to the Wigner distribution based on the work of A.J.E.M. Janssen [11].

8. Conclusions

Synapses are the target of most, if not all, brain disorders. Because of the enormous
number of synapses in our brain (approximately 100,000,000,000), it is often difficult
to comprehend how defects in one type of synapse yield the overall loss in brain
performance characteristic of all brain disorders. Computational modeling of synapses
has been a slow process that is constrained by advances in the interdisciplinary fusion of
physics, both for measuring and data analysis, and advances in molecular biology or
biophysics. These constraints are also computational: some models have detailed sets of
coupled equations with experimental parameters that, although accurate, are impossible
to solve because of the enormous number of synapses. This limitation impedes under-
standing of brain information processing, both in health and in disease states.

Modeling synapses as oscillators with memristors seeks to overcome this compu-
tational limitation via an entirely new theoretical approach based on modeling synap-
ses via a wave-particle viewpoint that is computationally efficient. This framework is
based on considering synapses as amplitudes of wave activity that vanish or emanate
depending on the collective oscillatory behavior. This is a novel way for modeling
interneuron communication that does not reside on the complexity of detailed bio-
physical neuronal models or its synapses. As future consequences of the theoretical
proposal, it is necessary to analyze the following implications once experiments at the
Amstrong scale are available:

• Analysis of ion channels as wave perturbations and analysis of energy constraints
considering oscillations in the Glutamate cycle in interaction with astrocytes for
new carriers of long-range correlations, allowing the generation of long-range
pattern waves.
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• Analysis of mesoscopic oscillations and connection with macroscopic oscillations
by applying quantum field theory in the analysis of long-range correlation.

• Improvement of the model considering perturbation details of the arriving wave
function.

Perhaps the most valuable contribution of this theoretical proposal is the fact that
these equations have an implicit noise generation that allows us to compute under
uncertainty conditions without the need for complex stochastic equations for
Brownian motion. This can be applied to computation tasks in hardware and software.
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Chapter 6

Martingales and Partial Differential
Equations Price Valuation Models
for European Put Options
Hamilton C. Chinwenyi, Hussaini D. Ibrahim and
Theophilus Danjuma

Abstract

In financial mathematics, options are seen as financial transactions that gives
the holder the right rather than obligations to buy or sell some specific quantity of an
asset in the eminent future at a static price often called the strike price on or before the
expiration date of the option contract. In this research work, we examined a typical
model in finance, Constant Elasticity of Variance (CEV). Having derived its respec-
tive Stochastic Differential Equations (SDEs), we obtained the various Martingales
and Partial Differential Equations (PDEs) option price valuation formulas. These were
done by using the replicating and riskless portfolio methods. Also, we were able to
establish the equivalence of the Martingales and the PDEs methods for European put
option pricing for the two different SDE models considered in this research. We, then
applied the Girsanov theorem, Martingale theorem as well as Feynman-Kac theorem.
Results obtained, show that using our approach described in this research work, we
can actually prove the equivalence of the two (Martingales and PDEs) methods by
first, beginning with the Martingales option price valuation formula and finally arrive
at the Black-Scholes parabolic PDEs in converse.

Keywords: options, financial derivatives, Girsanov theorem, Stochastic Differential
Equation, Ito formula, Partial Differential Equations

1. Introduction

In finance, derivatives are usually tools that are attached to a specific asset and
through which definite risks in finance can be disposed or handled in financial
markets. Various transactions in form of derivatives ought to be treated separately.
The value of derivatives in finance is often obtained from the exact prices of the
fundamental asset value. Since the future reference price of the underlying item is not
known with certainty, the value of the financial derivative at maturity can only be
predicted. These derivatives in finance, can be applied for various reasons such as
arbitrage, hedging, etc. [1].

Options are one of the examples of derivatives in finance. They are one of the most
vital financial instruments. Their recent applications in hedging and arbitrage have
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earned it widespread attention. There are basically four of its kinds; European
option, Asian option, American Option and barrier option [2]. Many reasons may
inspire an investor to trade in options rather than trading on the commodities or
stocks directly. One of such key reasons is that options save transactions and aids
an investor in avoiding risks and market restrictions and fluctuations. Trading
options in conjunction with their stock portfolios aids investors in carefully adjusting
the risk and return of their investments. Since its introduction in financial mathemat-
ics, by Black, Scholes and Merton, the interest in derivatives trading has greatly
increased [3].

Determining the values of financial derivatives such as options has since consti-
tuted a major problem in the field of financial mathematics. There are two key
approaches to derive valuation formulas for a specific financial derivative such as
options. These are the Martingales and Partial Differential Equations (PDEs),
approaches [4]. In the Martingale approach, the replicating portfolio which is
obtained from underlying assets is expected to be self-financing. Since there is no
arbitrage, the identified numeraire that converts the replicating portfolio into martin-
gales is used. Hence, value of the derivative is the expectation of the value of the
payoff at expiration.

In the case of the PDE approach, a riskless portfolio is formed with the elimination
of the stochastic component such that the Stochastic Differential Equation turns to a
PDE. A boundary condition is then specified and the resulting PDE is solved by
applying the Feynman-Kac theorem. Let us state here that the two approaches as
described above are equal [5], even though they both generate different option price
valuation formulas; but showing a detailed proof for this is often a difficult task.

This chapter will be centered on the use of advanced mathematical tools (Girsanov
and Feynman-Kac Theorems) to carry out a comparative analysis of the Martingale
and PDE approaches in the pricing of options using Stochastic Differential Equation
(SDE) model in finance as practical examples.

1.1 Definition of terms

In a market economy, we assume there are N assets with values S1 tð Þ,⋯, SN tð Þ at
time t, each of which follows a stochastic process.

1.1.1 Option value

Option values are often a function of the underlying asset and time, ut ¼ f St, tð Þ.
The calculation of the price of an option (Premium) is our primary concern. For call
option, the fundamental value is given by St � K, 0ð Þ and for put option, it is given as
K � St, 0ð Þ, 0≤ t≤T: This is actually the value representing the profit an investor
gains by exercising his right on the option. The call value is the difference between the
underlying price and its fundamental value [6].

1.1.2 Options and replication

Payoff, VT at time T of an option is always a function of the underlying asset. We
look out for a self-financing trading strategy that replicates the same payoff such thatQ

T ¼ VT. This implies a replicating strategy and replicating portfolio [7].
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1.1.3 Self-financing portfolio

A portfolio allocation ξt, ηtð Þtϵþ with price (value) Vt given by

Vt ¼ ξtSt þ ηtAt, t ϵ þ (1)

is self-financing if it satisfies the relation

dVt ¼ ηtdAt þ ξtdSt (2)

where ξt is the stock shares in St and ηt is the deposit in the bank.

1.1.4 Risk-neutral measure

A probability measure  ∗ on a sample space, Ω is called a risk-neutral measure if it
satisfies

 ∗ St Fuj½ � ¼ er t�uð ÞSu, 0≤ u≤ t (3)

Where  ∗ denotes the expectation under  ∗ .

1.1.5 Numeraires

Numeraires are assets with positive price, Nt >0, for all given t. The comparative
price ~St of an underlying asset is the ratio of the stock price St to its numeraire price
Nt, i.e. ~St ¼ St

Nt
and S is usually valued in terms of measured in units of N.

1.1.6 Equivalent martingale measure

Let  and  be probability measures on a sample space Ω. A probability measure,
 is said to be an an Equivalent Martingale Measure (EMM) for a numeraire Nt, if the
following conditions are true:

1. �  and,

2.The relative price ~St is a martingale under . This implies

E ST
NT

����F t

� �
¼ St

Nt
for T > t: (4)

For a complete market economy, given a numeraire N, one can obviously find a
unique EMM  such that asset prices discounted by N are martingale under . On the
contrary, given an EMM,  we can always find an exclusive numeraire N so that asset
prices discounted by N are also, martingale under :

1.1.7 Martingale

An integrable process Xtð Þtϵþ is said to be a martingale with respect to the filtra-
tion F tð Þtϵþ if
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E Xt F sj½ � ¼ Xs, 0≤ s≤ t: (5)

1.1.8 Fundamental theorem of arbitrage

This Theorem states that if the market is complete, then for each and every
numeraire Nt there exists a unique Equivalent Martingale Measure  such that the
relative price of the assets using that numeraire, is a martingale. Therefore, St

Nt
is a

martingale under . Hence

E ST
NT

F tj
� �

¼ St
Nt

(6)

If we choose another numeraire Mt, then St
Mt

is no longer a martingale under , but

there exists another unique equivalent martingale measure, t so that St
Mt

is a martin-
gale under . Hence,

E ST
MT

F tj
� �

¼ St
Mt

(7)

Other financial terms relevant to the discussions in this research work are defined
as follows:

Asset (e.g. Stock, interest rates, commodities, etc.): these are objects that provides a
claim to future cash flow.

Strike price: this is defined as a fixed price for exercising rights on an option.
Portfolio: a portfolio (or stock portfolio) is an investment in several assets at the

same time. The idea of holding portfolio is that it is expected that this reduces the risk
in investment.

2. Methods

2.1 Assumptions, parameters and variables of option price models

2.1.1 Assumptions

The assumptions used in the solutions of the model are as follows:

i. All assets (stock) considered this research work are dividends free.

ii. There exists a riskless investment portfolio with a guaranteed return on
investment and no chance of default.

iii. There exists no arbitrage in the market which implies a complete market
economy.

2.1.2 Parameters and variables

The value of the option depends on the following parameters and variables:
S tð Þ,X tð Þ,Xt or St : the underlying asset (stock price) at time t.
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σ : the volatility of the underlying asset (measure of the standard deviation of the
returns of the asset).

K : the exercise or strike price.
T : time of expiry.
dt : step-size.
r : interest rate.
μ : average rate of growth of the asset.
dS or dX : change in stock price (always positive).

2.2 Preliminaries for model derivation

2.2.1 Girsanov theorem

The basic characteristics of the Girsanov theorem is that of the exponential
Martingale

Zt ¼ exp � 1
2

ðt
0
θ2s dsþ

ðt
0
θsdWs

� �
: (8)

Then, the Girsanov Theorem is stated as follows:
Theorem 2.1 (Girsanov Theorem) [8]: The process ~Wt ¼ Wt þ

Ð t
0ϕsds is Brownian

motion under the measure :
Theorem 2.2: Let ϕtð Þtϵ 0,T½ � be a stochastic process satisfying the Novikov

integrability condition

E exp
1
2

ðT
0
ϕjj 2dt

� �� �
<∞

and let  denote the probability measure defined by

d
d

¼ exp �
ðT
0
ϕsdWs � 1

2

ðT
0
ϕ2
s ds

� �

then

~Wt ¼ Wt þ
ðt
0
ϕsds, t ϵ 0,T½ �,

Is certainly a Brownian motion under the measure, :
Theorem 2.3 (Martingale Representation Theorem) [8]: Assuming Mt is an

F t�martingale where F tf gt≥0 is the filteration generated by the n-dimensional

Brownian motion, Wt ¼ W 1ð Þ
t , … ,W nð Þ

t

� �
: If E M2

t

� �
<∞ for all t then there exists a

unique n-dimensional adapted stochastic process, ϕt such that

Mt ¼ M0 þ
ðt
0
ϕT
s dWt for all t≥0

where ϕT
s denotes the transpose of the vector, ϕs:
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Lemma 2.1 [9]: Let ξt, ηtð Þtϵþ be a portfolio strategy with value

Vt ¼ ηtAt þ ξtSt, t ϵ 
þ

The following statements are equivalent:
(i) the portfolio strategy ξt, ηtð Þtϵþ is self-financing,
(ii)

~Vt ¼ ~V0 þ
ðt
0
ξudXu, t ϵ (9)

2.2.2 Ito formula

Let us consider the general Ito’s formula which is applicable to Ito processes of the
type [8]

Xt ¼ X0 þ
ðt
0
μsdsþ

ðt
0
σsdWs, t ϵ þ (10)

or in differential notation

dXt ¼ μtdtþ σtdWt

where μtð Þtϵþ and σtð Þtϵþ are square-integrable adapted processes.
Lemma 2.2: For any Ito process Xtð Þtϵþ of the form Eq. (9) and any

f ϵC1,2 þ � ð Þ and Zt ¼ f t,Xtð Þ we have,

Zt ¼ f 0,X0ð Þ þ
ðt
0
μs

∂f
∂x

s,Xsð Þdsþ
ðt
0
σs

∂f
∂x

s,Xsð ÞdBs þ
ðt
0

∂f
∂t

s,Xsð Þdsþ 1
2

ðt
0
σsj j2 ∂

2f
∂x2

s,Xsð Þds

or in differential form

dZt ¼ ∂f
∂t

t,Xtð Þdtþ ∂f
∂x

t,Xtð ÞdXt þ 1
2
∂
2f

∂x2
t,Xtð Þ dXtð Þ2

¼ ∂f
∂t

t,Xtð Þ þ ∂f
∂x

t,Xtð Þμt þ
1
2
∂
2f

∂x2
t,Xtð Þσ2t

� �
dtþ ∂f

∂x
t,Xtð ÞσtdWt:

(11)

2.2.3 The Black-Scholes PDE

The Black-Scholes Partial Differential Equation (PDE) for the price of a self-
financing portfolio is given as:

rg t, xð Þ ¼ ∂g
∂t

t, xð Þ þ rx
∂g
∂x

t, xð Þ þ 1
2
σ2x2

∂
2g

dx2
t, xð Þ, x>0, t ϵ 0,T½ �

Proposition 2.1 [9]: Let ξt, ηtð Þtϵþ be a portfolio strategy such that.

i. ξt, ηtð Þtϵþ is self-financing,

ii. the value Vt ¼ ηtAt þ ξtSt, t ϵ 
þ, takes the form
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Vt ¼ g t, Stð Þ

for some gϵ C1,2 0,∞ð Þ � 0,∞ð Þð Þ.
Then the function g t, xð Þ satisfies the Black-Scholes PDE

rg t, xð Þ ¼ ∂g
∂t

t, xð Þ þ rx
∂g
∂x

t, xð Þ þ 1
2
σ2x2

∂
2g

dx2
t, xð Þ, x>0, t ϵ 0,T½ � (12)

and ξt is given by

ξt ¼
∂g
∂x

t, Stð Þ, t ϵ þ:

2.2.4 The Black-Scholes European option price models

In a Black-Scholes European option price models, the concept of arbitrage allows
one to establish relationships between prices and hence to determine them. A primary
step which determines the theory of valuation of options is the issue of arbitrage. In
the real sense of finance, there no prospects of making riskless profit but in most cases
in finance, we assume the possibilities of riskless investment which assures return on
investment with no choice of uncertainties. Such assumptions can be envisaged in
situations of cash deposits in banks or in cases of government bond.

2.2.5 European call and put options

Financial derivatives such as options are financial gears that provides the option
holder the right, but not compulsion, for a financial transaction of an underlying asset
at a specific time and price [10]. The payoff function of the European Call Option with
strike price K, is given by F xð Þ ¼ x� Kð Þþ and the Black -Scholes PDE reads

rgc t, xð Þ ¼ ∂gc
∂t

t, xð Þ þ rx
∂gc
∂x

t, xð Þ þ 1
2
σ2x2

∂
2gc
∂x2

t, xð Þ
gc T, xð Þ ¼ x� Kð Þþ

8<
: (13)

As earlier stated, call options provide the buyers the right to buy assets at a fixed
price,K at thematuration time of the option. At amaturation times, if the asset xð Þ> K;
the buyer gains instantaneous profit, x� K. However, if xð Þ< K; the buyer refuses to
execute the option.

Similarly, for European put options, the Black-Scholes PDE is given as

rgp t, xð Þ ¼
∂gp
∂t

t, xð Þ þ rx
∂gp
∂x

t, xð Þ þ 1
2
σ2x2

∂
2gp
∂x2

t, xð Þ
gp T, xð Þ ¼ K � xð Þþ

8><
>:

(14)

For the put option, the option buyer has the right to sell the asset at a agreed price
at the maturation date. At option expiry tine, if xð Þ< Kð Þ; then the buyer gains in a
profit, K � x: But if xð Þ> Kð Þ, he rescinds his decision to execute his right on the
option.
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2.3 Description of martingale and PDEs options price valuation approach

2.3.1 Martingale approach

In this approach, options are not part of the traded assets S1 tð Þ, … , SN tð Þ, so cannot
be priced directly. However, using the arguments in Section 1.1.3, we can form a
replicating portfolio

Q
tð Þ ¼PN

i¼1ai tð ÞSi tð Þ that reproduces the option price at matu-
ration time, such that Vt ¼ Πt at t>0 as well as VT ¼ ΠT . However, theorem of
Arbitrage states with a numeraire Nt, each comparative price of the asset is a Martin-
gale relative to the measure , as well as Vt=Nt as they are blend of Martingale. This
implies that Vt=Nt becomes

E VT

NT

����F t

� �
¼ Vt

Nt
(15)

from which the time, t price of the option, Vt, is

Vt ¼ NtE VT

NT

����F t

� �
(16)

In the Black-Scholes economy, we have two assets, a stock St that follows the
Stochastic Differential Equation (SDE)

dS ¼ rSdtþ σSdW (17)

and a fixed bond B such that Eq. (17) is re-written as

dSt ¼ rdtþ σStdWt (18)

and

dBt ¼ rBtdt:

Applying Girsanov’s theorem, the process for dSt becomes

dSt ¼ rStdtþ σStdW
t (19)

where dW
t ¼ dWt þ μ�r

σ dt:
It is straightforward to solve for Bt ¼ exp

Ð t
0rdu

� � ¼ ert. We apply Ito’s Lemma
(Lemma 2.2) to the function ln Bt. Then lnBt follows the SDE

d lnBt ¼ rtdt:

Integrating from 0 to t we have,

lnBt � lnB0 ¼
ðt
0
rudu

Taking exponential of both sides, so the solution to the SDE is Bt ¼ exp
Ð t
0rdu

� �
since the time zero value of the bond is B0 ¼ 1: When interest rates are constant then

88

Stochastic Processes – Theoretical Advances and Applications in Complex Systems



rt ¼ r and Bt ¼ ert. Hence, we apply Bt to be the numeraire such that ~St ¼ St
Bt
becomes a

Martingale under the measure, . The payoff for European Put is given
as VT ¼ K � STð Þþ, hence, by Eq. (16), the Put price at time-t price is

Vt ¼ BtE K � STð Þþ
BT

����F t

� �
¼ e�r T�tð ÞE K � STð Þþ F tj� �

(20)

We can either evaluate this expectation directly or obtain the solution for the
European put option price.

Alternatively, when we chose a different numeraire. Bt, is subjective, and we can
use St. We have seen earlier that St

Bt
is already a martingale under . Therefore, Bt

St
would

be Martingale, under : In Eq. (20) the value Vt of the Put is derived from

Vt

Bt
¼ E VT

BT

����F t

� �

Equivalently, using St as the numeraire, the same value Vt can be derived from

Vt

St
¼ E VT

ST

����F t

� �

The European Put has payoff VT ¼ K � STð Þþ, so the time-t price of the Put is

Vt ¼ StE K
ST

� 1
� �þ����F t

� �
¼ StE K � STð Þþ

ST

����F t

� �
(21)

Even though the expression in Eqs. (20) and (21) are different, they both
produce the same solution because the change in numeraire does not affect the option
values once an Equivalent Martingales Measure (EMM) has been defined. So, St ¼
Bt ¼ exp

Ð t
0rdu

� � ¼ ert which makes equation Eqs. (20) and (21) produce the same
solution.

2.3.2 PDE approach

Financial portfolios are pairs of adapted stochastic processes such that at date, t
they can only depend on the path of a Brownian motion at time, t [11]. In this
approach, Stochastic Differential Equations (SDEs) are converted into a Partial Dif-
ferential Equation (PDE) with a set boundary condition. The stochastic components
of the SDEs are removed and the PDEs becomes easier to solve. A set of initial values
or boundary conditions are often provided to have a unique solution. Whereas, the
PDE does not give exact solutions, it can then be solved numerically [12].

It is important also to state here that as we shall see later, the Feynman-Kac
Theorem (Theorem 2.4 or 2.5), is an essential tool for the pricing of options using the
PDE approach [13]. We shall consider an existing model in mathematical finance and
then proceed to solve them analytically by applying the two approaches, Martingale
and PDEs methods to obtain options price formulas. The SDE model of interest in this
chapter is that of Constant Elasticity of Variance (CEV). In this model (CEV), the
volatility is assumed to be constant.
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2.4 Derivation of options price valuation formula

2.4.1 The Constant Elasticity of Variance (CEV) SDE model

Here, we examine European put option pricing in the CEV SDE model Cox (1975).
In this case, we have two assets; the cash deposit in the bank account
B is given by Bt ¼ ert and the stock X follow the SDE

dXt ¼ rXtdtþ σXα
t dWt,X0 >0 (22)

with constants σ >0 and α>0 whereWt is a standard Brownian motion, t∈ 0,∞½ �,
[14]. We proceed to compute the Martingale and PDE options price valuation formula
for u t,Xtð Þ.

In order to compute the Martingale option price valuation formula for the SDE
model in Eq. (22), we assume ϕ ¼ ηt, ξtð Þt ϵ 0,T½ � be portfolio strategy with price,

Vt ϕð Þ ¼ ηtBt þ ξt (23)

and that it satisfies the self-financing condition

dVt ϕð Þ ¼ ηtdBt þ ξtdXt ¼ rertηtdtþ ξtd (24)

or equivalently

Vt ϕð Þ ¼ V0 ϕð Þ þ
ðt
0
ηtdBs þ

ðt
0
ξtdXs (25)

We proceed by applying notion of change in numeraire. Certainly, the asset prices
are strictly positive, that is Bt >0, then the market can be normalized by considering

~Bt ¼ B�1
t Bt ¼ 1

and

~Xt ¼ B�1
t Xt ¼ e�rtXt

Thus, market normalization implies taking the price Bt of the riskless investment
as the numeraire (unit of price) and then calculating other prices in terms of this
numeraire.

Hence, the discounted portfolio becomes

~Vt ϕð Þ ¼ B�1
t Vt ϕð Þ ¼ e�rt ηtBt þ ξtXtð Þ ¼ ηt þ ξt ~Xt

and applying integration by parts, we have

d~Vt ϕð Þ ¼ B�1
t dVt ϕð Þ � re�rtVt ϕð Þdtþ dB�1

t

� �
dVt ϕð Þð Þ:

Since dB�1
t

� �
dVt ϕð Þð Þ ¼ 0: Hence, we have that,

d~Vt ϕð Þ ¼ B�1
t dVt ϕð Þ � re�rtVt ϕð Þdt (26)
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from Eq. (24), it is known that

dVt ϕð Þ ¼ ηtdBt þ ξtdXt,

i.e., ϕ is self-financing, then

d~Vt ϕð Þ ¼ e�rt rηte
rtdtþ ξtdXtf g � r ηt þ ξt ~Xt

� �
dt

¼ re�rtertηtdtþ e�rtξtdXt � rηtdt� rξte
�rtXtdt

¼ rηtdtþ e�rtξtdXt � rηtdt� rξte
�rtXtdt

d~Vt ϕð Þ ¼ ξte
�rtdXt � rξte

�rtXtdt ¼ ξt e�rtdXt þ d e�rtð ÞXtf g
d~Vt ϕð Þ ¼ ξtd~Xt

which yields that ~Vt ϕð Þ is self-financing because d~Bt ¼ d 1ð Þ ¼ 0: Using Eq. (26)
and assuming that d~Vt ϕð Þ ¼ ξtd~Xt (this implies that ϕ is a self-financing portfolio).
Financially speaking, this implies that changes in portfolio values depends only on
changes in the prices or values of assets and not on units in which we measure the
asset prices.

In integral form, we recall that a discounted market, is written as

~Vt ϕð Þ ¼ ~V0 ϕð Þ þ
ðt
0
ξsd~Xs, t ϵ þ (27)

Next, we need to show that Eq. (27) is a Martingale under . Then, by Girsanov’s
Theorem, we can define a probability measure  and the process

~Wt ¼ μ� r
σ

tþWt,

is a Brownian motion under .
Now from Eq. (22) if we now compute d~Xt, we get

d~Xt ¼ d e�rtXtð Þ ¼ �re�rtXtdtþ e�rtdXt

¼ �r~Xtdtþ e�rt rXtdtþ σXα
t d ~Wt

� �

¼ �r~Xtdtþ re�rtXtdtþ σXα
t e

�rtd ~Wt

¼ �r~Xtdtþ r~Xtdtþ σXα
t e

�rtd ~Wt

d~Xt ¼ σ~X
α
t d ~Wt

or unambiguously, let

ln
~Xt

~X0

� �
¼ σ~X

α
t d ~Wt

We proceed to look for the solution of the preceding equation using Ito’s formula.
let,

Y tð Þ ¼ ln ~X
α
t , f t ¼

∂ ln ~X
α
t

� �

∂t
¼ 0, f x ¼

∂ ln ~X
α
t

� �

∂~X
α
t

¼ 1
~X
α
t

, f xx ¼ � 1
~X
2α
t

Noting that, u tð Þ ¼ μXt, v tð Þ ¼ σ~X
α
t and so we have
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d ln ~X
α
t

� �
¼ 0þ 0� 1

~X
α
t

þ 1
2

σ~X
α
t

� �2
� 1

~X
2α
t

 !" #
dtþ 1

~X
α
t

σ ~X
α
t d ~Wt

) d ln ~X
α
t

� �
¼ 1

2
�σ2 ~X

2α
t

~X
2α
t

 !
dtþ σ~X

α
t d ~Wt

~X
α
t

d ln ~X
α
t

� �
¼ � 1

2
σ2dtþ σd ~Wt:

Integrating both sides of the above equation and simplifying, we get

ln ~X
α
t � ln ~X

α
0 ¼

ðt
0
� 1
2
σ2dtþ

ðt
0
σd ~Wt

ln ~X
α
t ¼ ln ~X

α
0 �

1
2
σ2tþ σ ~Wt

since W0 ¼ 0:
Taking exponential of both sides and simplifying, we get

e ln ~X
α
t ¼ e ln ~X

α
0�σ2

2 tþσ ~Wt

� �

~X
α
t ¼ e ln ~X

α
0 :e �σ2

2 tþσ ~Wt

� �

∴ ~X
α
t ¼ ~X

α
0 exp σ ~Wt � σ2

2
t

� �
(28)

We now go ahead to show that the above solution in Eq. (28) satisfies the proper-
ties of a Martingale under the measure, . First, we find a measure  which uses Bt as
a numeraire in order to turn it to a Martingale. We now have

dXt ¼ rtXtdtþ σXα
t dW


t

where, W
t ¼ Wt þ μ�rt

σ t, i.e. this is derived from the application of Girsanov
theorem.

By using Bt as the unit price (numeraire), the discounted aaset price
~Xt ¼ Xt

Bt
and ~Xt are martingales. Hence, by the application of Ito’s Lemma to ~Xt,

we obtain

d~Xt ¼ ∂~X
∂B

dBt þ ∂~X
∂X

dXt (29)

Since all terms involving the second order derivatives are zero. i.e. σ is zero when
we compare the discounted stock price ~Xt ¼ Xt

Bt
with Eq. (23). Expanding Eq. (29), we

have
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d~Xt ¼ �Xt

B2
t
dBt þ 1

Bt
dXt

¼ �Xt

B2
t
rtBtdtð Þ þ 1

Bt
rtXtdtþ σXα

t dW

t

� �

¼ �Xtrtdt
Bt

þ 1
Bt

rtXtdtþ σXα
t dW


t

Bt

) d~Xt ¼ σ ~X
α
t dW


t

The solution to the SDE is

~X
α
t ¼ ~X

α
0 exp � σ2

2
tþ σW

t

� �
:

To show that ~X
α
t is a Martingale under , we consider the expectation under  for

s< t, hence we have,

E ~X
α
t F sj

h i
¼ ~X

α
0 exp � 1

2
σ2t

� �
:E exp σW

t

� �
F sj� �

¼ ~X
α
0 exp � 1

2
σ2tþ σW

s

� �
:E exp σ W

t �W
s

� �� �
F sj� �

at time s we have that W
t �W

s is normally distributed with zero mean and
variance t as N 0, tð Þ which is identical in distribution to W

t�s at time zero. Hence, we
can write

E ~X
α
t F sj

h i
¼ ~X

α
0 exp � 1

2
σ2tþ σW

s

� �
:E exp σ W

t�s

� �
F0j�� �

Statistically, the moment generating function (mgf) of a random variable X with
normal distribution N μ, σ2ð Þ is stated as

E eϕx
� � ¼ exp μϕþ 1

2
ϕ2σ2

� �
:

Under  we have that W
t�s is - Brownian motion and distributed as N 0, t� sð Þ.

Therefore, the mgf of W
t�s is

E ~X
α
t F sj

h i
¼ ~X

α
0 exp � 1

2
σ2tþ σW

s

� �
: exp

1
2
σ2 t� sð Þ

� �

where σ ¼ ϕ and we can then write

E ~X
α
t F sj

h i
¼ ~X

α
0 exp � 1

2
σ2tþ σW

s

� �
exp

1
2
σ2 t� sð Þ

� �

E ~X
α
t F sj

h i
¼ ~X

α
0 exp � 1

2
σ2sþ σW

s

� �

∴E ~X
α
t F sj

h i
¼ ~X

α
s
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We thus have that

E ~X
α
t F sj

h i
¼ ~X

α
s

which shows that ~X
α
t is a  Martingale.

Hence, we have that

~Vt ϕð Þ ¼ ~V0 ϕð Þ þ
ðt
0
ξsd~Xs ¼ ~V0 ϕð Þ þ

ðt
0
ξsσ~X

α
t d ~Wt

and ~Vt ϕð Þ is a stochastic integral with regard to the Brownian motion under the
measure, . Applying the integrability condition in Theorem 2.2, yields

E
ðT
0
ξtσ~X

α
t

��2��� dt
� �

<∞

Hence, we have shown that ~Vt ϕð Þ is a martingale under :
Now since,

~Vt ϕð Þ ¼ ~V0 ϕð Þ þ
ðt
0
ξsd~Xs t ϵ þ

is a Martingale under , it follows from the Martingale properties of ~Vt ϕð Þ under 
that,

~Vt ϕð Þ ¼ E ~VT F tj� �

¼ e�rTE VT F tj½ �
¼ e�rTE C F tj½ �

(30)

where C is a contingent claim, u T,XTð Þ:
Note that ϕ ¼ ηt, ξtð Þt ϵ 0,T½ � hedges the claim C, i.e. we have VT ¼ C¼)VT ¼

u T,XTð Þ:
Hence Eq. (30) becomes

Vt ¼ e�rt ~Vt ¼ e�r T�tð ÞE u T,XTð Þ F tj½ �

Since the process Xtð Þt ϵ þ has the Markov property, the value

Vt ¼ e�r T�tð ÞE ϕ XTð Þ F tj½ � (31)

where ϕ XTð Þ ¼ u T,XTð Þ of the portfolio at t ϵ 0,T½ � can be written from Eq. (31) as
a function u t,Xtð Þ of t and Xt: Given the payoff function,

u T,XTð Þ ¼ K � XTð Þþ,

Eq. (31) Becomes

u t,Xtð Þ ¼ e�r T�tð ÞE K � XTð Þþ F tj� �
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u t,Xtð Þ ¼ E e�r T�tð Þ K � XTð Þþ
h i

Alternatively, we have

~Vt ϕð Þ ¼ ~V0 ϕð Þ þ
ðt
0
ξsd~Xs, t ϵ þ

We the recall the basic theorem of Asset Pricing which stipulates that a market is
arbitrage free if there is in existence, at least one Equivalent Martingale Measure
(EMM). If we correlate all these facts with Theorem 2.3, then we have all instruments
for asset pricing.

Hence, if ϕ is a hedging strategy for C, we have that

C ¼ V0 ϕð Þ þ
ðT
0
ηtdBt þ

ðT
0
ξtdXt

and the discounted portfolio will be a replicating portfolio for the claim

~C ¼ e�rtC, i:e:

C ¼ ~VT ϕð Þ ¼ V0 ϕð Þ þ
ðT
0
ξtd~Xt

it follows from the martingale properties of ~V ϕð Þ under  that

E e�rTC F tj� � ¼ E ~VT ϕð Þ F tj� � ¼ ~Vt ϕð Þ ¼ e�rtVt ϕð Þ

which yields

Vt ϕð Þ ¼ E e�r T�tð ÞC F tj
h i

:

Now, if

C ¼ ϕ XTð Þ ¼ u T,XTð Þ,

then the arbitrage free price is given by

πt Cð Þ ¼ E e�r T�tð Þϕ XTð Þ F tj
h i

Xt solves the following SDE

dXt ¼ rXtdtþ σXα
t d ~Wt

under . Hence, Xt is a Markov process, and we have that

E e�r T�tð Þϕ XTð Þ F tj
h i

¼ E e�r T�tð Þϕ XTð Þ
h i

x¼Xtj
(32)

given the payoff function,
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ϕ XTð Þ ¼ u T,XTð Þ ¼ K � XTð Þþ:
Hence, Eq. (32) becomes

u t,Xtð Þ ¼ E e�r T�tð Þ K � XTð Þþ
h i

Next, we shall derive the PDE valuation formula for the above SDE model in
Eq. (22). There are two assets in the model; the bank account B is given by Bt ¼ ert and
the stock X follows the SDE

dXt ¼ rXtdtþ σXα
t dWt,X0 >0

with constants σ >0 and α>0,where W is a Q � Brownian motion. Applying Ito’s
lemma (Lemma 2.2), the value u ¼ u Xt, tð Þ of the Option written on X follows the SDE

du ¼ ∂u
∂t

þ rx
∂u
∂x

þ 1
2
σ2x2α

∂
2u
∂x2

� �
dtþ ∂u

∂x
σxαdW (33)

We transform the SDE for u into PDE, and define some boundary conditions to allow
a solution to the PDE. We then proceed to set up a risk-free self-financing and replicat-
ing portfolio

Q
consisting of η units of the option and ξ units of the asset, to have

d
Y

¼ ηduþ ξdX

Hence, the portfolio trails the SDE

d
Y

¼ η
∂u
∂t

þ rx
∂u
∂x

þ 1
2
σ2x2α

∂
2u
∂x2

� �
dtþ ∂u

∂x
σxαdW

� �
þ ξ rxdtþ σxαdW½ �

¼ η
∂u
∂t

þ rx
∂u
∂x

þ 1
2
σ2x2α

∂
2u
∂x2

� �
dtþ ησxα

∂u
∂x

dW þ ξrxdtþ ξσxαdW

d
Y

¼ η
∂u
∂t

þ ηrx
∂u
∂x

þ 1
2
ησ2x2α

∂
2u
∂x2

þ ξrx
� �

dtþ ξσxα þ ησxα
∂u
∂x

� �
dW

(34)

We take the choices of η ¼ 1 and ξ ¼ � ∂u
∂x which eliminates the stochastic

element from d
Q

and makes the portfolio risk-free. The portfolio being risk-free, it
earns a riskless rate and the return on portfolio investment in small time increment dt
becomes

d
Y

¼ r
Y

dt

Substituting for ξ in Eq. (34) and equating it with r
Q

dt, produces a Black-Scholes
PDE for u t,Xtð Þ.

d
Y

¼ η
∂u
∂t

þ ηrx
∂u
∂x

þ 1
2
ησ2x2α

∂
2u
∂x2

� rx
∂u
∂t

� �
dtþ �σxα

∂u
∂x

þ ησxα
∂u
∂x

� �
dW ¼ rηu� rx

∂u
∂x

� �
dt

¼)η
∂u
∂t

þ ηrx
∂u
∂x

þ 1
2
ησ2x2α

∂
2u
∂x2

� rx
∂u
∂x

¼ rηu� rx
∂u
∂x

¼)η
∂u
∂t

þ ηrx
∂u
∂x

þ 1
2
ησ2x2α

∂
2u
∂x2

� rηu ¼ 0
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but η ¼ 1, therefore

¼) ∂u
∂t

þ rx
∂u
∂x

þ 1
2
σ2x2α

∂
2u
∂x2

� ru ¼ 0: (35)

We have been able to establish a risk-free portfolio with X and u resulting to a PDE
since X and u are each determined by one source of ambiguity which is the Brownian
motion W. This enhances the possibility of eliminating the stochastic element thereby
resulting to a PDE.

However, we then progress to seek a solution to the PDE above by the application
of the Feynman-Kac Theorem (Leon [15], Sarkka [16], Wiktorsson [17]) or numeri-
cally given a certain boundary condition. We note that the value ut ¼ u Xt, tð Þ of
European put option at time t having a strike price K with a constant interest rate, r
which follows the Black-Scholes PDE as stated in Eq. (35) with boundary
condition XT,Tð Þ ¼ K � XTð Þþ.

2.5 Equivalence of the martingales and PDEs valuation formulas for option
pricing models

The two stipulated methods for the derivation of option price valuation formulas
as earlier discussed are equal. This can be ascertained through a rigorous proof using
the examples earlier discussed in this work. The method employed by Heath and
Schweizer [4] to show the equivalence of the two approaches is:

i. To prove that the valuation formula obtained through the Martingale method
can be solved using Ito’s formula, which implies that under some stated
verifiable necessary and sufficient conditions that it satisfies the
corresponding valuation PDE formula, at least on the support of the
underlying diffusion.

ii. To establish that a solution exists for the derived PDE valuation formula.

However, in our research work, we looked at a possibility of establishing the
equivalence of the two methods as earlier discussed. This is achieved by the applica-
tion of Girsanov theorem and Feynman-Kac theorem to drive home our argument that
the two approaches are equivalent. That is to show that the Martingale (No-arbitrage)
method yields the Black-Scholes PDEs and vice versa.

In financial mathematics, the Feynman-Kac theorem provides the required relation-
ship between parabolic Partial Differential Equations (PDEs) and stochastic processes. It
represents solutions of a parabolic PDE forms of conditional expectations. Conversely, an
important class of expectations of random processes can be computed by deterministic
methods. The theorem can be in one dimension, and in multiple dimensions [12, 16].

Theorem 2.4: The Feynman-Kac Theorem in one dimension
Suppose that xt follows the stochastic process

dxt ¼ μ xt, tð Þdtþ σ xt, tð ÞdW
t (36)

where W
t is a Weiner process under the measure . If,

V xt, tð Þ is differentiable with respect to xt and t and V xt, tð Þ follows the Partial Differ-
ential Equation (PDE) stated as
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∂V
∂t

þ μ xt, tð Þ ∂V
∂x

þ 1
2
σ xt, tð Þ2 ∂

2V
∂x2

� r xt, tð ÞV xt, tð Þ ¼ 0 (37)

and with boundary condition V XT,Tð Þ. The theorem asserts that V xt, tð Þ has the
solution

V xt, tð Þ ¼ E e
�
ðT
t
r xu,uð Þdu

V XT,Tð Þ

�������
F t

2
664

3
775 (38)

Note that the expectation is taken under the measure  that makes the stochastic
term in Eq. (36) Brownian motion. The generator of the process in Eq. (36) is defined
as the operator

A ¼ μ xt, tð Þ ∂

∂x
þ 1
2
σ xt, tð Þ2 ∂

∂x2
(39)

So, the PDE in V xt, tð Þ is sometimes written

∂V
∂t

þ AV xt, tð Þ � r xt, tð ÞV xt, tð Þ ¼ 0 (40)

The Theorem can be used in two ways:

i. If xt adapts to the process in Eq. (36) and given a function V xt, tð Þ with initial
boundary condition V XT,Tð Þ, then we get a solution for V xt, tð Þ as in
Eq. (38).

ii. If we know that the solution to V xt, tð Þ is given by Eq. (38) and that xt follows
the process in Eq. (36), then we are assured that V xt, tð Þ satisfies the PDE in
Eq. (40):

Theorem 2.5: Multidimensional version of the Feynman-Kac theorem
Suppose that xt follows the stochastic process in n dimensions

dxt ¼ μ xt, tð Þdtþ σ xt, tð ÞdW
t

where xt and μ xt, tð Þ are each vector of dimension n, W
t is a vector of dimension

m of � Brownian motion, and σ xt, tð Þ is a matrix of size n�m. In other words

d

x1 tð Þ
⋮

xn tð Þ

0
BB@

1
CCA ¼

μ1 xt, tð Þ
⋮

μn xt, tð Þ

0
BB@

1
CCAdtþ

σ11 xt, tð Þ ⋯ σ1m xt, tð Þ
⋮ ⋱ ⋮

σn1 xt, tð Þ ⋯ σnm xt, tð Þ

0
B@

1
CA

dW
1 tð Þ
⋮

dW
m tð Þ

0
BBB@

1
CCCA

The generator of the process is

A ¼
Xn
i¼1

μi
∂

∂xi
þ 1
2

Xn
i¼1

Xn
j¼1

σσT
� �

ij

∂
2

∂xi∂xj
(41)
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where for notational convenience μi ¼ μi xt, tð Þ, σ ¼ σ xt, tð Þ, and σσT
� �

ij is compo-

nents i, jð Þ in the matrix σσT of dimensions n� nð Þ. Hence, the Partial Differential
Equation (PDE) in V xt, tð Þ is given as

∂V
∂t

þ AV xt, tð Þ � r xt, tð ÞV xt, tð Þ ¼ 0 (42)

and with boundary condition V XT,Tð Þ F tj has solution

V xt, tð Þ ¼ E e
�
ðT
t
r xu,uð Þdu

V XT,Tð Þ

�������
F t

2
664

3
775 (43)

2.5.1 Equivalence of the martingale and PDEs option valuation formulas for constant
elasticity of variance (CEV) SDE model

We now proceed to prove the equality of the Martingales and PDEs approaches for
the given SDE model in finance.

We consider the CEV SDE model given in Eq. (22) as

dXt ¼ rXtdtþ σXα
t dWt

and the fixed bond is given as

dBt ¼ rBtdt

We apply the Girsanov’s Theorem so that the process for dXt for CEV model in
Eq. (22) becomes

dXt ¼ rXtduþ σXα
t dW


t (44)

The European put has payoff

uT ¼ K � XTð Þþ

So in accordance with Eq. (21), the time, t price of the put option is

ut ¼ u t,Xtð Þ ¼ BtE K � XT

BT
Fþj

� �

were

Bt ¼ exp
ðt
0
rdu

� �
¼ ert

ut ¼ e�r T�tð ÞE K � XTð Þþ F tj� � (45)

We ascertain that the discounted option price ut
Bt
becomes a martingale only when

the Black-Scholes parabolic PDE is fulfilled or solved. In a Black-Scholes model, the
arbitrage-free price of an option ut is given as
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ut ¼ NtE uT
NT

F tj
� �

(46)

with numeraire Nt ¼ Bt

ut ¼ u Xt, tð Þ ¼ e�r T�tð ÞE u XT,T½ � F tj½ � (47)

where  is the measure under which the discounted stock price

Xt

Bt
¼ e�rtXt

is a martingale. Under , the discounted option price,

Z Xt, tð Þ ¼ e�rtu Xt, tð Þ,

is also a Martingale, which we write as

Zt ¼ e�rtut

for convenience.
By Ito’s lemma, Z Xt, tð Þ follows the process

dZt ¼ ∂Z
∂t

dtþ ∂Z
∂X

dXt þ 1
2
∂
2Z

∂X2 dXtð Þ2 (48)

We need the Ito multiplication table given below
Now by differentiating Zt ¼ e�rtut, we get

∂Z
∂t

¼ �re�rtut þ e�rt ∂u
∂t

: (49)

Substituting Eq. (49) into Eq. (48) and substituting for dXt for the CEV model in
Eq. (22) yields

dZt ¼ e�rt �rut þ ∂u
∂t

� �
dtþ ∂Z

∂X
rXtdtþ σXα

t dWt
� �þ 1

2
∂
2Z

∂X2 σ
2X2α

t dt (50)

Note that

∂Z
∂X

¼ e�rt ∂u
∂X

and
∂
2Z

∂X2 ¼ e�rt ∂
2u

∂X2 :

Substituting for this in Eq. (50), we have

dZt ¼ e�rt �rut þ ∂u
∂t

� �
dtþ rXt

∂Z
∂X

dtþ ∂Z
∂X

σXα
t dWt þ 1

2
∂
2Z

∂X2 σ
2X2α

t dt

dZt ¼ e�rt �rut þ ∂u
∂t

� �
dtþ e�rtrXt

∂u
∂X

dtþ e�rtσXα
t
∂u
∂X

dWt þ 1
2
e�rtσ2X2α

t
∂
2u

∂X2 dt

dZt ¼ e�rt �rut þ ∂u
∂t

þ rXt
∂u
∂X

þ 1
2
σ2X2α

t
∂
2u

∂X2

� �
dtþ e�rt σXα

t
∂u
∂X

� �
dWt

(51)
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The conditional expectation under which the martingale option price is derived is
taken under the measure, . Hence, the process dZt must indicate this. Therefore,
making a change of the measure to  in Eq. (51) to obtain

dZt ¼ e�rt �rut þ ∂u
∂t

þ rXt
∂u
∂X

þ 1
2
σ2X2α

t
∂
2u

∂X2

� �
dtþ e�rt σXα

t
∂u
∂X

� �
dW

t � μ� r
σ

� �
dt

h i

(52)

Since dW
t ¼ dWt þ μ�r

σ

� �
dt from the application of Girsanov’s Theorem that pro-

duced Eq. (44). Rearranging the terms in Eq. (52), we have

dZt ¼ e�rt �rut þ ∂u
∂t

þ rXt
∂u
∂X

þ 1
2
σ2X2α

t
∂
2u

∂X2

� �
dtþ e�rt σXα

t
∂u
∂X

� �
dW

t : (53)

Hence, we have that in Eq. (51)

Zt ¼ e�rtu Xt, t½ �,

the discounted time, t option price, is a martingale under  only when the drift
term in Eq. (53) is zero. That is when

∂u
∂t

þ rx
∂u
∂x

þ 1
2
σ2x2α

∂
2u
∂x2

� rut ¼ 0:

We recognize this equation as the Black-Scholes PDE for the given SDE in Eq. (22).
Obviously, it can be said that the price of the option can only be a Martingale if the
Black-Scholes parabolic PDE is fulfilled. It suffices to state that the value of ut that
solves the PDE given the boundary condition u T,XTð Þ ¼ K � XTð Þþ is the same with
the ut in Eq. (45) and we can see that it is the same equation with the one derived in
Eq. (35).

Moreso, we proceed to prove the equivalence using the Feynman-Kac theorem.
Now given the derived PDE for the CEV model in Eq. (35), we proceed to solve the
PDE by applying the Feynman-Kac theorem to ascertain if we can derive the Martin-
gales formula.

∂u
∂t

þ rx
∂u
∂x

þ 1
2
σ2x2α

∂
2u
∂x2

� ru ¼ 0

with the boundary condition

u T,XTð Þ ¼ K � XTð Þþ ¼ ψ xð Þ:

Let X tð Þ solve the Stochastic Differential Equation

dX ¼ rXdtþ σXαdW

with initial condition x tð Þ ¼ x:
We define a process x tð Þ on interval t,T½ � as follows:

dX ¼ rxdtþ σxαdW, x tð Þ ¼ x
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Applying Ito’s formula (Lemma 2.2) on u t,Xtð Þ, we have

du ¼ ∂u
∂t

dtþ ∂u
∂x

dX þ 1
2
∂
2u
∂x2

dXð Þ2

dXð Þ2 ¼ rxdtþ σxαdWð Þ rxdtþ σxαdWð Þ
dXð Þ2 ¼ rxð Þ2 dtð Þ2 þ σ2x2α dWð Þ2 þ 2rxσxα dt:dWð Þ

Using the Ito multiplication table, Table 1, we have

dXð Þ2 ¼ σ2x2αdt

Therefore

du ¼ ∂u
∂t

dtþ ∂u
∂x

rxdtþ σxαdWð Þ þ 1
2
∂
2u
∂x2

σ2x2αdt

¼ ∂u
∂t

dtþ rx
∂u
∂x

dtþ σxα
∂u
∂x

dW þ 1
2
∂
2u
∂x2

σ2x2αdt

¼ ∂u
∂t

dtþ rx
∂u
∂x

dtþ 1
2
∂
2u
∂x2

σ2x2αdtþ ∂u
∂x

σxαdW

du ¼ ∂u
∂t

þ rx
∂u
∂x

þ 1
2
∂
2u
∂x2

σ2x2α
� �

dtþ ∂u
∂x

σxαdW

(54)

But, ∂u
∂t þ rx ∂u

∂x þ 1
2

∂
2u
∂x2 σ

2x2α
h i

¼ ru as given in Eq. (35).

So, we now have

du ¼ rudtþ ∂u
∂x

σxαdW

Integrating from t to T, we have

ðT
t
du ¼

ðT
t
rudtþ

ðT
t

∂u
∂x

σxαdW

which gives

u x Tð Þ,Tð Þ � u x tð Þ, tð Þ ¼
ðT
t
rudtþ

ðT
t

∂u
∂x

σxαdW

Substituting the initial and terminal terms, we get

ψ x Tð Þð Þ � u x, tð Þ ¼
ðT
t
rudtþ

ðT
t

∂u
∂x

σxαdW

∙ dt dWt

dt 0 0

dWt 0 dt

Table 1.
Ito’s multiplication table.
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where ψ x Tð Þð Þ ¼ K � XTð Þþ

ψ x Tð Þð Þ � u x, tð Þ ¼
ðT
t
rudtþ

ðT
t

∂u
∂x

σxαdW: (55)

Taking expectations of both sides, we have

E ψ x Tð Þð Þ � u x, tð Þ½ � ¼ E
ðT
t
rudt

� �
þ E

ðT
t

∂u
∂x

σxαdW
� �

but, E
ðT
t

du
dx

σxαdB
� �

¼ 0

(56)

We now have

E u x, tð Þ½ � ¼ E ψ x Tð Þð � � E
ðT
t
rudt

� ��

E u x, tð Þ½ � ¼ E ψ x Tð Þð Þ �
ðT
t
rudt

� �
¼ E e

�
ðT
t
rsds

ψ x Tð Þð ÞjFt

2
664

3
775

u x, tð Þ ¼ E e�r T�tð Þ K � XTð ÞþjFt
� �

∴u x, tð Þ ¼ e�r T�tð ÞE K � XTð Þþ� �

where u x, tð Þ ¼ u Xt, tð Þ, which is the same option price valuation formula for the
CEV model derived in Eq. (47).

3. Conclusion

In this chapter, we have examined the Martingale and PDEs approaches for the
valuation of options price for two Stochastic Differential Equation models in finance
using the replicating and riskless portfolio methods. The two SDE models studied are
the Constant Elasticity of Variance (CEV) model and the Heston stochastic volatility
model respectively. The model parameters are given in Section 2.1.2.

From this chapter, the following conclusions were drawn:

i. The Martingales and PDEs approach for the valuation of options price
removes the stochastic components in Stochastic Differential Equation (SDE)
models, thereby making the models riskless and hence easier for the resulting
equations to be solved analytically or numerically.

ii. That adequate understanding of the two approaches in valuation of financial
Stochastic Differential Equation (SDE) models would aid an investor in the
mitigation of the risk involved in financial derivative pricing and also in
determining the quality of the choice (right) the holder of the option makes at
the maturation date of the option.
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iii. Analytical results obtained through the application of Girsanov’s theorem for
defining an Equivalent Martingale Measure and Feynman-Kac theorem
respectively has shown that the two option price valuation formulas derived
by both the Martingales and PDEs approaches are equivalent.
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Chapter 7

Optimal Stochastic H∞ Controller
Synthesis via LQR Theory
Yung Kuan Foo and Yeng Chai Soh

Abstract

Existing published works on H∞ and mixed H∞/H2 control generally solve the
problem via game theory and saddle-point solutions. We provide an alternative solu-
tion via the stochastic LQR approach. Specifically, we consider the problem of H∞

state regulation problem for continuous-time systems which are subjected to both
energy-bounded deterministic disturbances and stochastic white noises, and
uncertain initial system state x(0) satisfying E{x(0)} = 0 and E{x(0)x(0)T} ≤ X0.
We derive feedback laws which minimize sup||w(t)||2 ≤ 1E{||Π1/2x(t)||T

2 + ||R1/2u(t)||T
2},

where Π and R are positive-definite weight matrices. We further demonstrate how
the approach may be extended to solving the robust stochastic LQR control with
uncertainty in the system A matrix.

Keywords: H∞ control, LQ regulator, stochastic regulator, robust control, mixed
H2/H∞ control

1. Introduction

Existing approaches to solving H∞ control problem typically pose the problem as a
differential game where the solution is obtained by finding the minimax saddle point;
see [1–7] for example. This approach is intuitive from the H∞ perspective since the
problem is indeed mathematically a minimax problem. However, when it is found
that the Riccati equations obtained are indeed very similar to the standard Riccati
equations obtained from related LQR problems with the same system matrices, tre-
mendous interests on how to reconcile and combine the two approaches in a fruitful
way have been generated. This has given rise to the once-very-hotly investigated
mixed H2/H∞ control problem [1, 8–10]. Specifically, the system model considered is
of the form:

dx tð Þ=dt¼Ax tð Þ þ Buu tð Þ þ E2w2 tð Þ þ E∞wω tð Þ
z2 tð Þ ¼ C2x tð Þ þD2w2 tð Þ
z∞ tð Þ ¼ C∞x tð Þ þD∞w∞ tð Þ,x 0ð Þ ¼ 0

(1)

Let T2 and T∞ denote the closed-loop transfer functions from w2 to z2 and from
w∞ to z∞, respectively. The problem was to minimize the H2 norm of T2 subject to the
H∞ norm of T∞ smaller than certain prescribed positive value γ. Clearly, if w∞ = 0,
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then the H2 norm will give a performance measure on the effect of w2. Conversely, if
w2 = 0, then the H∞ norm would give a performance bound on the effect of w∞. But
what ifw2 andw∞(t) are both nonzero? The main focus of such an approach is usually
to optimize the H2 norm for performance, and the H∞ norm bound was more for
“robustness” against model uncertainties than for worst-case performance. Thus, we
start with a signal-based worst-case control problem, but eventually end up with a
“robust” (bound on the H∞ norm) LQR control solution. Such an approach is justifi-
able but an implicit implication is that the performance is only optimized for the H2

norm and hence not, at least not expressly, about worst-case performance optimiza-
tion. Another fact to note is that though we obtain a solution to guarantee the H∞

bound of the closed-loop system by solving the relevant Riccati equation (Eq. (36)),
such bound is generally not tight. This fact can be easily seen by noting the fact that as
we set γ�2 ! 0, we recover the LQR. Obviously, the H∞ norm of the closed-loop
system corresponding to an LQR cannot be ∞; so it is clear that as we set γ2 ! ∞, the
closed-loop H∞ norm does not approach ∞, and hence, γ does not equal the H∞ norm
in general. An implication of this fact is that the controller obtained via solving
Eq. (36) with γ2 = γo2 is not one that minimizes the closed-loop H2 norm subject to the
H∞ norm less than or equal to γo2. For example, suppose the closed-loop H∞ norm of
the pure LQR control system is γLQR

2. Then, it is clear that this LQR is also the optimal
solution to the minimum closed-loop H2 norm control problem subject to any value of
closed-loop H∞ norm larger than γLQR

2, and this solution ought to be unique. But if we
solve Eq. (36) with any finite γ2 > γLQR

2, we will not obtain the LQR. This implies that
the obtained solution cannot be optimal.

Other salient features of such an approach are: (i) the performance in consider-
ation is usually (there are some exceptions such as [7]) over the infinite time horizon,
(ii) the initial state is zero and, (iii) as already pointed out above, the performances in
respect of the H2 and H∞ criteria are, loosely speaking, in a mutually-exclusive
“either-or” situation; in that, it does not consider the combined effect when both the
stochastic and the deterministic disturbances are present simultaneously. In other
words, while the H∞ norm gives a bound on the worst-case performance of the closed-
loop system when there is a deterministic disturbance (but with no stochastic noises)
and the H2 norm gives indication on the performance in the presence of stochastic
noise (but in the absence of deterministic disturbances), the combined effect on the
closed-loop system when both types of exogenous disturbances are present is not
explicitly and quantitatively addressed. Another problem we may identify is that the
H2 norm obtained in a mixed H2/H∞ design is actually in regards to the nominal
model. When the system matrices are subject to perturbations, such H2 norm would
also be subject to change. Hence, the question of what would be the worst-case
performance of the closed-loop system when the nominal model has been subject to
perturbations remains to be answered. In other words, stability robustness may be
established but nothing about the worst-case performance has been said, at least not
quantitatively.

In this chapter, we revisit the mixed H2/H∞ control problem but from a different
perspective. Specifically, we pose the original problem as a stochastic H∞ control
problem where the system is subject to both possibly “worst-case” (bounded) deter-
ministic disturbances and stochastic “zero-mean” white noises simultaneously. We are
interested in minimizing the worst-case combined effect of these disturbances, along
with an uncertain nonzero initial condition [6, 11], on the closed-loop performance of
the system. It should be clear that these problems would arise when one is interested
to model and drive the state of a system from some uncertain nonzero value to the
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origin in some optimal way, in the presence of both high and low frequencies noises.
Note that while we model the disturbances as two separate noises, they could actually
be one single disturbance consisting of both low and high frequencies components,
thus modeling a nonzero-mean disturbance.

Our results here will be derived from the Riccati differential equation related to the
finite-horizon LQR problem, instead of like most existing approaches which are based
on differential games theory. Rather than looking for a minimax saddle point as a
solution, we minimize the expected worst-case cost and derive our solution by explic-
itly working with P(0) of the finite-horizon LQR Riccati equation, which is directly
related to the value of the cost functional concerned when the initial state is nonzero.
Clearly, if we assume the deterministic noise to be absent, the problem reduces to a
stochastic LQR problem, and if we assume the stochastic white noise to be absent, we
recover the standard H∞ control problem. We believe that this approach offers us a
new (in addition to the existing works such as [1–5], for example), and arguably also
simpler, perspective to look at the solution to the H∞ control problem, and H∞ control
with stochastic disturbances (compare [5, 8–10] for example).

It should be noted that the problem we consider here is different from the problem
considered in some existing stochastic H∞ control literature. For example, in [5, 10],
the stochastic H∞ approach was to incorporate stochastic disturbances into the system
matrices to obtain a stochastic system with multiplicative white noise perturbations.
This approach is quite different from the standard and familiar stochastic LQR/LQG
approach, where the system matrices are assumed to be deterministic, not subjecting
to stochastic perturbation or state-dependent multiplicative noises.

The organization of the chapter is as follows. In Section 2, we formally formulate
the control problem of our interest. In Section 3, we state and derive some mathe-
matical preliminaries. In Section 4, we consider how one may synthesize a finite-
horizon controller with uncertain initial state. In Section 5, we consider steady-state
solutions. Section 6 considers control with output feedback when the states are not
directly measureable. In Section 7, we give an example. Section 8 contains our con-
clusions.

Notation: ||.||2 denotes Euclidean norm of the vector; ||.||L2 the L2-norm; Δ denotes
“equal by definition”; E{.} denotes taking expectation; (

ÐT
. dt) denotes the definite

integral with respect to t from 0 to T; ||x(t)||T2 denotes E(
Ð Tx(t)Tx(t) dt), and A ≥ B

means A-B is positive semi-definite.

2. Problem formulation

Consider the continuous-time linear time-invariant system with input distur-
bances w(t) and v(t):

dx tð Þ=dt ¼ Ax tð Þ þ Buu tð Þ þ Bww tð Þ þ v tð Þ (2)

E x 0ð Þf g ¼ 0,E x 0ð Þx 0ð ÞT
n o

≤X0 (3)

A, Bu, Bw are known real matrices, u(t) is the control input, w(t) is an unknown
but bounded exogenous input with E{ʃTw(t)Tw(t)dt} ≤ 1, v(t) is a stationary
Gaussian zero-mean white noise with known covariance matrix ϴ. For simplicity, we
assume that the system is controllable and observable in the case of output feedback.
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The feedback control problem of our interest is to find a linear causal control law u
(t) = K(t)x(t) to minimize

Ju ¼ Π1=2x tð Þ�� ���� ��
T

2 þ R1=2u tð Þ�� ���� ��
T

2
n o

þ E xT
TQ xT

� �
(4)

where Π and R are positive-definite and Q is positive-semi-definite weight
matrices.

Note that (4) may be re-written as

Ju ¼ Π1=2x tð Þ�� ���� ��
T

2 þ R1=2K tð Þx tð Þ�� ���� ��
T

2 þ E Q 1=2x Tð Þ�� ���� ��
2 (5)

In what follows, we shall sometimes drop the argument t (especially for the system
matrices), or denote z(t) as zt, for notational simplicity when there is no danger of
confusion.

3. Preliminaries

Lemma 3.1: Let A, B, L = LT, and QL = QL
T be given matrices. Suppose there exits

on the interval 0 ≤ t ≤ T a solution P0(t) of the differential Riccati equation (DRE)

dP tð Þ=dt ¼ –P tð ÞA–ATP tð Þ þ P tð ÞBBTP tð Þ–L
P Tð Þ ¼ QL:

(6)

Then the minimum of the cost functional

JΔ
ðT

xTLxþwTw
� �

dtþ xT Tð ÞQLx Tð Þ (7)

for the system dx/dt = Ax(t) + Bw(t) + v, E{v(t)} = 0, E{v(t)v(t)T} = ϴ, E{x
(0)} = 0, and E{x(0)x(0)T} = X0 is given by

Jmin ¼ Tr Po 0ð ÞX0 þ
ðT

Po tð ÞΘdt
� �

(8)

The minimizing w(t) is given by

w tð Þ ¼ –BTPo tð Þx tð Þ (9)

Proof: Well-known stochastic LQR result (see Ref. [12], p. 221).
We next give a similar result concerning the deterministic problem and the related

Riccati differential equation, which we will find useful later in studying some of the
properties of RDE (6).

Lemma 3.2: Let A(t), B(t), L(t) = L(t)T, and QL = QL
T be given matrices. Suppose

there exists on the interval 0 ≤ t ≤ T a solution P0(t) of the differential Riccati
equation (DRE)

dP tð Þ=dt ¼ –P tð ÞA–ATP tð Þ þ P tð ÞBBTP tð Þ–L
P Tð Þ ¼ QL:

(10)
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Then the cost functional

ηΔ
ðT

xTLxþwTw
� �

dtþ xT Tð ÞQLx Tð Þ (11)

for system dx/dt = Ax(t) + Bw(t): x(0) = x0 is given by

η ¼ w tð Þ þ BTPo tð Þx tð Þ�� ���� ��
T
2 þ x0

TPo 0ð Þx0: (12)

The minimum value of η is given by x0TP0(0)x0, and the minimizingw(t) is given by

w tð Þ ¼ –BTPo tð Þx tð Þ (13)

Proof: See Ref. [13], (proof Theorem 1, p. 131.)
Remark 3.1: Note that QL and L are symmetric but not necessarily nonnegative

definite. Furthermore, as pointed out in [13], because L is not assumed to be nonneg-
ative definite, it is not generally true that a minimum η exists. However, we know
from LQR theory that such minimum η exists when L is nonnegative definite. Hence,
it is reasonable to expect that a minimum η exists if L is not “exceedingly” negative
definite.

Lemma 3.3: Let A, B, L = LT ≤ 0, and QL = QL
T be given matrices. Suppose there

exits on the interval 0 ≤ t ≤ T a solution Ps(t) of the differential Riccati inequality
(DRI), [14]:

dP tð Þ=dt ≥ –P tð ÞA–ATP tð Þ þ P tð ÞBBTP tð Þ–L
P Tð Þ ¼ QL:

(14)

Then for the system dx/dt = Ax(t) + Bu(t): x(0) = x0, η as defined in (11) satisfies:

η≥ w tð Þ þ BTPs tð Þx tð Þ�� ���� ��
T
2 þ x0

TPs 0ð Þx0: (15)

Proof: Since L ≤ 0, there exists L1 ≤ L such that

dPs tð Þ=dt¼ –Ps tð ÞA–ATPs tð Þ þ Ps tð ÞBBTPs tð Þ–L1

Ps Tð Þ ¼QL:
(16)

Let

η1Δ
ðT

xTL1xþwTw
� �

dtþ xT Tð ÞQLx Tð Þ (17)

Clearly, η ≥ η1 for any x and w since L ≥ L1. Applying Lemma 3.2 with L replaced
with L1 gives η1 = ||w(t) + BTPs(t)x(t)||T2 + x0TPs(0)x0 and completes the proof.

Remark 3.2: Since the inequality sign in (14) is non-strict, the set of solutions that
solve Lemma 3.3 contains P0(t) of Lemma 3.2 as a member.

Remark 3.3: In Lemmas 3.1-3.3, P(t) is independent of the initial condition x0, even
though the cost η is a function of x0.

Proposition 3.1: Let P0(t) be the solution that satisfies Lemma 3.2 and P1(t) be any
solution that satisfies (14). Then
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Po 0ð Þ≥P1 0ð Þ (18)

Proof: Since η ≥ η1 for any x and w, it follows that x0
TP0(0)x0 ≥ x0

TP1(0)x0 for
any x0. Thus (18) must follow.

Remark 3.4: Note time 0 may be any time before time T. So (18) also implies
P0(t) ≥ P1(t), all t < T.

Proposition 3.2: Let P1(t) be a solution and P2(t) be any solution that satisfies (14).
Then P1(t) also satisfies Lemma 3.2 if and only if

Tr P1 0ð Þ½ �≥Tr P2 0ð Þ½ � (19)

for all admissible P2(t).
Proof: Necessity is obvious from Proposition 3.1. To prove sufficiency, suppose

there is a P1(t) that satisfies (19) but not a solution to Lemma 3.2. Since P1(t) is a
solution to (14), it follows from Proposition 3.1 that P0(0) ≥ P1(0). But P0(0) is also
an admissible solution of Lemma 3.3. Then, since Tr[P1(0)] ≥ Tr[P0(0)] but
P1(0) 6¼ P0(0), it follows that P0(0) ≥ P1(0) does not hold. This contradicts Proposi-
tion 3.1 and completes the proof.

Proposition 3.3: Let P1(t) be a solution to Lemma 3.2 and P2(t) be any solution that
satisfies (14). Then the following statements are equivalent:

Tr P1 0ð Þf g≥Tr P2 0ð Þf g
d TrP1 tð Þf �=dt≤d TrP2 tð Þf g=dt (20)

Proof: Obvious consequence of Bellman’s principle of optimality, since both P1(t)
and P2(t) are solutions computed backward in time from final time T with Ps(T) =QL.

Remark 3.4: Proposition 3.3 tells us that in order to find the minimizingw(t) which
minimizes (7) and (11) from the set of sub-optimal solutions characterized by Lemma
3.3, it suffices to search for one with the maximum TrP(t) or minimum d{TrP(t)}/dt
over all tϵ[0,T]. These properties will be useful later when we search for the optimal
controller via linear matrix inequality (LMI) as follow.

Consider the LMI:

Γ tð Þ þ PAþATP–L PB
BTP I

" #
≥0 (21)

Applying Schur transformation to (21) then gives us Γ(t) ≥ –P(t)A–ATP(t) + P(t)
BBTP(t)–L. It follows from Proposition 3.3 that the Γ(t) that solves minTrΓ subject to
(21) at all tϵ[0,T] will give us the desired dP/dt that solves dP/dt = –PA–ATP + PBBTP
(t)–L for all tϵ[0,T], where Γ = dP/dt.

Before proceeding further, let us recollect what we have done so far. Lemmas 3.1
and 3.2 show that the minimizing w(t) is the same whether the system is subjected to
an input stochastic white noise or not. However, the minimum costs resulted will be
different as given by (8) and x0TP0(0)x0 (implicitly given by (12)), respectively.
Then from Lemma 3.3 to Proposition 3.3, we transformed the problem of finding P(t)
for (6) into an equivalent LMI problem.

4. Finite-horizon state regulation

Let u = Kx where K is the state feedback controller. Let Acl = A + BuK. Let
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L ¼ – ΠþKTRK
� �

(22)

Then it is clear

Ju ¼
ðT

xT ΠþKTRK
� �

x dtþ x Tð ÞTQx Tð Þ (23)

We are interested in finding a w(t) to maximize Ju. For this purpose, we consider

–γ�2
ðT

xT Πþ KTRK
� �

x
�
dtþ x Tð ÞTQx Tð Þ

� �
þ wj jj jT2– wj jj jT2 (24)

Let

dP tð Þ=dt ¼ –P tð ÞAcl–Acl
TP tð Þ þ P tð ÞBBTP tð Þ þ γ�2 ΠþKTRK

� �

P Tð Þ ¼ –γ�2Q :
(25)

Lemma 4.1: Let Acl = A + BuK and P0 be given by (25) for some chosen value of γ2.
Then for the system (2), the state feedback control law u = Kx achieves the close loop
performance for all admissible w(t):

Ju ≤ γ2 kwkT2–Tr Po 0ð ÞX0–

ðT
Po tð ÞΘdt

� �� �
(26)

And the worst case w0 achieves

Ju ¼ γ2 kwokT2–Tr Po 0ð ÞX0–

ðT
Po tð ÞΘdt

� �� �
(27)

Proof: From Lemma 3.1,

minw –γ�2
ðT

xT Πþ KTRK
� �

x
�
dtþ wj jj jT2

� �
– wj jj jT2

¼ Tr Po 0ð ÞX0 þ
ðT

Po tð ÞΘdt
� �

– wj jj jT2

Multiply throughout by –γ2 we obtain:

maxw Ju–γ2 wj jj jT2
n o

þ γ2 wj jj jT2

¼ –γ2 Tr Po 0ð ÞX0 þ
ðT

Po tð ÞΘdt
� �

þ wj jj jT2
� � (28)

This completes the proof.
Remark 4.2: From (26), we recover the conventional H∞ inequality [4, 12]:

Ju ≤ γ2kwkT2if x0 ¼ 0 and Θ ¼ 0 (29)
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Corollary 4.1: LetAcl = A + BuK and P0 be given by Lemma 4.1. Ifw0 = –Bw
TP0(t)x(t),

then

Ju ¼ γ2 kwokT2–Tr Po 0ð ÞX0–

ðT
Po tð ÞΘdt

� ��
(30)

Proof: Obvious from (28) and Lemma 3.1. This completes the proof.
To derive the optimal controller for Lemma 4.1, We substitute Acl = [A + BuK] into

(6) with P(T) = �γ�2Q. Thus we obtain

dP tð Þ=dtþ P tð Þ Aþ BuK½ � þ Aþ BuK½ �TP tð Þ – P tð ÞBwBw
TP tð Þ – γ�2 ΠþKTRK

� � ¼ 0

(31)

From (27), it is clear that the “larger” the TrP0(0)X0 and TrʃTP0(t)ϴdt, the
smaller Ju would be. This implies that we want to find the least negative-definite P0(t)
for all t < T. Proposition 3.2 implies that we should search for the P0(t) with the least
negative TrP(t). Also, since we will be working backward in time when solving (31),
this implies that we want to find a K(t) which minimizes Tr{dP/dt} at every instant of
t (principle of optimality), to maximize TrP0(t) (Proposition 3.1 and 3.2). To achieve
this, we note

dP tð Þ=dt ¼ –P tð Þ Aþ BuK½ � – Aþ BuK½ �TP tð Þ þ P tð ÞBwBw
TP tð Þ þ γ�2 ΠþKTRK

� �

(32)

Differentiate Tr{dP/dt} with respect to K and set to 0:

0 ¼ –2P tð ÞBu þ 2γ�2KTR (33)

K¼ γ2R�1Bu
TP

d2Tr dP=dtf g=dK2¼ 2γ�2R>0
(34)

Substituting (34) into (32), we obtain

dP=dt ¼ –PA–ATPþ P BwBw
T – γ2BuR�1Bu

T� �
Pþ γ�2Π (35)

If we let γ�2Pγ = –P, then we may show that (35) is equivalent to

–dPγ=dt ¼ PγAþATPγ–Pγ BuR�1Bu
T – γ�2BwBw

T� �
Pγ þΠ (36)

Note that (36) is the same RDE obtained in the conventional approach to H∞

control with R = I and trivial initial state, ([4, 12]). We have, thus, established the
connection between (35) and (36). However in our derivation here, we are able to
concurrently derive a quantitative cost corresponding to the solution based on the
initial condition and the simultaneous disturbances, as is in the case for stochastic LQR
control.

Theorem 4.1: Let Acl = A + BuK and P0 be given by (35) with P(T) = �γ�2Q. Then
K = γ2R�1Bu

TP achieves

Ju ≤ γ2 kwkT2 – Tr Po 0ð ÞX0 –

ðT
Po tð ÞΘdt

� ��
(37)
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And the worst case w0 achieves

Ju ¼ γ2 kwkT2–Tr Po 0ð ÞX0–

ðT
Po tð ÞΘdt

� ��
(38)

Proof: Substituting K = γ2R�1Bu
TP into (25) and applying Lemma 4.1 completes the

proof.
To compute ||w0||T, the system with w0 = –Bw

TP0(t)x(t) is given by

dx=dt ¼ Axþ BuKx–BwBw
TPoxþ v

¼ Aþ BuK–BwBw
TPo

� �
xþ v

¼ Awxþ v

(39)

Define

E x tð Þx tð ÞT
n o

¼ Xt (40)

Then Xt satisfies [12]:

dXt=dt ¼ AwXt þXtAw
T þΘ,Xt 0ð Þ ¼ X0 (41)

EkwokT2 ¼ E
ðT

x tð ÞTPoBwBw
TPox tð Þdt

� �

¼ Tr
ðT

PoBwBw
TPoXtdt

� � (42)

To check if the value of γ2 selected is the correct one, we require γ2 to be such that ||
w0||T

2 = 1. This could be achieved by varying and searching over values of γ2. We note
that ||wo||T

2 is generally a decreasing function of γ2, as is already known from con-
ventional H∞ control theory.

Once the desired value of γ2 and hence P(t), 0 ≤ t ≤ T, are found, we may then
compute the cost via Theorem 4.1. We summarize the results in the following con-
ceptual algorithm:

Conceptual Algorithm 1.
Step 1: Choose a value of γ2 and compute P(t) with (35). If P(t) does not exist over

the entire time interval [0, T], the chosen γ2 is too small. Set lower bound γl2 = γ2,
increase γ2, and repeat this step.

Step 2: If P(t) exists over the entire time interval [0, T], compute ||w0||T
2. If ||

w0||T
2 = 1, we have the desired solution. The optimal state control law is given by (34).

Step 3: If ||w0||T
2 > 1, the chosen γ2 is too small. Set lower bound γl2 = γ2, increase γ2,

and go to step 1.
Step 4: If ||w0||T

2 < 1, the chosen γ2 is too large. Set upper bound γu2 = γ2, decrease
γ2, and go to step 1.

Remark 4.1 It is important to note the presence of ϴ in (41). In other words, v does
have an impact on the value of Xt and hence w0. This distinguishes our approach here
from the previous mixed H2/H∞ solutions which do not explicitly take ϴ into consid-
eration.

5. Infinite-horizon state regulation

It is well known from conventional H∞ control theory [4, 12, 15] that if γ2 is large
enough, the feedback gain would approach a steady-state value K∞ far from the final
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time. In such a case, the feedback system would approach a linear time-invariant
system. Unfortunately, this is not the steady-state solution for us, at least not for the
problem formulated in Section 2. This is because as T ! ∞ and as system approaches
steady-state, limT ! ∞{Trʃ

TϴPo(t)dt} ! limT ! ∞Tr{TϴPo(∞)} ! –∞ will dominate
the other two cost components, namely TrP0(∞)X0 and limT ! ∞||w||T = ||w||L2 < ∞.
It follows that for formulations which require ||w||L2 ≤ ∞ and finite x0, the optimal
infinite-horizon solution is indeed the LQR since it minimizes Tr{ϴPo(∞)} with
γ�2 = 0.

Instead, we shall explore an alternative formulation. First, we note that there exists
a steady-state solution P∞ to the algebraic Riccati equation means P∞ is the solution to
the RDE with –γ�2Q = P(t) = P∞, 0 ≤ t ≤ T. Substituting this into the RHS of (26), we
obtain and define

ηss ≤ γ2 E kwkT2
� �

– Tr P∞X0 þ TΘP∞Þf g� �
(43)

where

ηssΔE Π1=2x
�� ���� ��

T

2 þ R1=2u
�� ���� ��

T

2
– γ2x Tð ÞTP∞x Tð Þ

n o
(44)

Dividing (43) by T gives

ηss=T≤ γ2 E kwkT2=T
� �

– TrP∞X0=T – Tr ΘP∞Þf g� �
(45)

Assume limT ! ∞E{||w||T
2}/T = p2. Note that p2 may be interpreted as “power”. We

obtain the following result:
Lemma 5.1: Let P∞, K∞, and Acl = A + BuK∞ be the steady-state solutions

corresponding to (35) with T!∞. IfA + BuK∞–BwBw
TP∞ is stable, then K∞ achieves

the infinite-horizon performance

η∞Δ lim T!∞ ηss=Tð Þ≤ γ2 p2 – Tr ΘP∞f g� �
(46)

Proof: If A + BuK∞–BwBw
TP∞ is stable, it implies that if we let Q = �γ�2P∞, then

P(t) = P∞ exists for all t < ∞. It follows that (45) holds. Noting limT ! ∞{P∞X0/T} = 0
completes the proof.

Remark 5.1: Substituting limT ! ∞E{||w||T
2}/T = p2 into and setting ϴ = 0 in (46)

shows that the H∞ norm of the closed-loop system from w to ηss is bounded by γ.
Similarly, setting w = 0 shows that the (from map) steady-state LQR cost averaged
over T as T ! ∞ would be γ2Tr{–ϴP∞}.

Finally, since A + BuK–BwBw
TP∞ is stable, there exists a X∞ which satisfies the

following Lyapunov equation:

Aþ BuK – BwBw
TP∞

� �
X∞ þX∞ Aþ BuK – BwBw

TP∞
� �þΘ ¼ 0 (47)

So w0 = Bw
TP∞x gives

E kwokT2
� �¼

ðT
Tr Bw

TP∞
� �T

Bw
TP∞

� �
X∞dt

¼ Tr Bw
TP∞

� �T
Bw

TP∞
� �

X∞T

(48)
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since Bw, P∞, and X∞ are all constant matrices. Dividing both sides of (48) by
T gives

lim T!∞E kwokT2=T
� � ¼ Tr Bw

TP∞
� �T

Bw
TP∞

� �
X∞: (49)

where X∞ is given by (47).
We may further assume that limt ! ∞E{||w||2

2} = limT ! ∞||w||T
2/T ≤ 1, and ϴ is

unknown with worst-case Trϴ ≤ σ where σ ≥ 0. This would correspond to the system
being subject to both worst case w(t) and v(t), where v(t) belongs to the class of
white noises that satisfies E{vTv} ≤ σ. The controller designed may then be
interpreted as one which optimizes expected worst-case performance in the presence
of both bounded-power deterministic disturbances and stochastic white noises. We
summarize the procedure of how to find such a controller in conceptual algorithm 2.

Conceptual Algorithm 2.
Step 1: Guess a value of γ2 and compute P∞ from (35) with dP/dt = 0. If P∞ < 0

does not exist, the chosen γ2 is too small. Set lower bound γl2 = γ2, increase γ2, and
repeat this step.

Step 2: If P∞ exists, find ϴo which solves minTrϴ=σ{TrP∞ϴ}. Compute X∞ from
(47) with ϴ = ϴo and compute p2 = limt ! ∞||wo||2 via (48). If p

2 = 1, we have the
desired solution.

Step 3: p2 > 1, the chosen γ2 is too small. Set lower bound γl2 = γ2, increase γ2, and go
to step 1.

Step 4: p2 < 1, the chosen γ2 is too large. Set upper bound γu2 = γ2, increase γ2, and
go to step 1.

6. H∞ control with output feedback

In this section, we consider the case where the state of the system is not available
for feedback. In this case, we consider dynamical controllers of the form u(t) = K(t)*z
(t) where z(t) denotes the measured output available to the controller and * denotes
the convolution operator. Let

z tð Þ ¼ Cz tð Þx (50)

Assume that the state equation of the controller is given by

dxK=dt ¼ AK tð ÞxK þ BK tð Þz (51)

u ¼ CK tð ÞxK þDK tð Þz
¼ CKxK þDKCzx

(52)

The closed-loop system may then be represented by the augmented state-space
model with xclT Δ [xT xKT]T, [3, 16]:

dxcl=dt ¼ Aclxcl þ Bclwþ I 0½ �TvΔAclxcl þ Bclwþ ζ (53)

Acl ¼ Ap þ BGC (54)

Bcl ¼ Bw
T 0

� �T
(55)
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Ap ¼
A 0

0 0

" #
B ¼

Bu 0

0 I

" #
C ¼

Cz 0

0 I

" #

G ¼
DK CK

BK kð Þ AK kð Þ

" # (56)

Although in the above formulation, the dimensions of A and AK need not be the
same, we shall assume theirs to be the same, for simplicity and better performance.
We shall also set xK(0) = E{x0} = 0. Note that the covariance of the stochastic input in
(53) is E{ζζT} = [I 0]Tϴ[I 0].

u(t) in (52) may be further re-written as

u ¼¼ YGVTVþ YGYTCzY
� �

xcl (57)

since

DK ¼ I 0 G� ½I 0½ �TΔYGYT (58)

CK ¼ I 0 G� ½0 I½ �TΔYGVT (59)

Substitute (57) into the cost functional:

xTΠxþ uTRu ¼ xcl
T YTПY
� þ YGVTVþ YGYTCzY

� �T
R YGVTVþ YGYTCzY
� �

xcl

(60)

and define

QzΔYTПYþ YGVTVþ YGYTCzT
� �T

R YGVTVþ YGYTCzY
� �

Then it follows

xTΠxþ uTRu ¼ xcl
TQzxcl (61)

Now, substituting all these parameters for (25), we obtain

dP tð Þ=dtþ P tð ÞAcl þAcl
TP tð Þ–P tð ÞBclBcl

TP tð Þ–γ�2Qz ¼ 0
P Tð Þ ¼ –YTQY

(62)

Since Acl and [YGVTV + YGYTCzY] are affine in G, (62) may be transformed into
a LMI in G.

Γþ PAcl þAcl
TP–γ�2YTПY PBcl YGVTVþ YGYTCzY

� �T
Bcl

TP I 0
YGVTVþ YGYTCzY
� �

0 γ2R�1

2
664

3
775≥0 (63)

Hence, (62) may be solved by, at each time step t, finding Γ(t) and G(t) by solving
the following optimization problem:
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minGTr Γ½ � subject to 63ð Þ (64)

With Γ(t) = dP/dt found, P(t-ε) may be computed (note that a minimum dP/dt
would give a maximum P(t-ε) given P(t). Hence, we may iteratively work backward
(numerically) toward time 0 to construct P(t) and G(t).

With G(t) found, the worst case w may be found as

wo tð Þ ¼ –Bcl
TPo tð Þxcl tð Þ, (65)

and let

Aw ¼ Ap þ BGC – Bcl
TPo (66)

The rest of the development is hence similar to the full information case and left to
the reader.

Conceptual Algorithm 3.
Step 1: Choose a value of γ2 and find G(t) and P(t) via (63)–(64). With G(t),

compute Acl and Bcl from (54) and (55), respectively.
Step 2: With the P(t) obtained, compute ||w0||T

2 with xcl(0) = 0. If ||w0||T
2 = 1, we

have the optimal solution with CK and DK defining the optimal control law (52).
Step 3: If ||w0||T

2 > 1, the chosen γ2 is too small. Set lower bound γl2 = γ2, increase γ2,
and go to step 1.

Step 4: If ||w0||T
2 < 1, the chosen γ2 is too large. Set upper bound γu2 = γ2, decrease

γ2, and go to step 1.
Another variant output feedback problem is if we assume

z tð Þ ¼ Cz tð ÞxþDwwþm (67)

where we assume DwBw
T = 0, and m a stationary zero-mean white noise process

with E{mmT} = ʘ and E{mvT} = 0. In this case, we may consider a strictly causal
controller

dxK=dt ¼ AK tð ÞxK þ BK tð Þz
u ¼ CK tð ÞxK i:e:DK ¼ 0ð Þ (68)

Other than mathematical simplicity, choosing a strictly causal controller when the
plant is not strictly proper may also be desirable for robustness purposes, because a
strictly proper return ratio is generally more robust against un-modeled dynamics at
high frequencies.

The augmented system in this case is given by:

dxcl=dt¼ Aclxcl þ Bclwþ Bξξ

Bξ ¼ I 0 T þ BG
� �

I 0
� �T (69)

where Acl and G are given by (54)-(56) with DK = 0,

ξ ¼ vT mT� �
, andE ξξT

� � ¼ diag Θ,⊖½ � (70)

where diag[ϴ, ʘ] denotes a block diagonal matrix with diagonal sub-blocks ϴ and ʘ.
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Bcl ¼ Bw
T 0

� �T þ BG Dw
T 0

� �T
(71)

u ¼ CKxK ¼ CKVxcl (72)

Thus

Π1=2x tð Þ�� ���� ��
T

2 þ R1=2u tð Þ�� ���� ��
T

2

¼
ðT

xcl
T YTПYþVTCK

TRCKV
� �

xcldt
(73)

Hence, we may solve the problem by letting

Qz ¼ – YTПYþVTCK
TRCKV

� �
(74)

and substitute (54), (71), (56) with DK = 0, and (74) into (62) to obtain the
appropriate RDE. The rest of the details and steps are similar to aboveDw = 0 case and
left to the reader.

7. Example

We consider the example (modified) from ([11], p. 335).

dx=dt ¼ xþ uþ 2wþ v (75)

and

Π ¼ 100,R ¼ 1,Q ¼ 0,

We further assume

E vf g ¼ 0,E vvT
� � ¼ 1,E x0f g ¼ 0,E x0x0

T� � ¼ 1 (76)

We shall apply Conceptual Algorithm 2 to find a linear time-invariant controller
that minimizes the infinite-horizon performance index η∞ Δ limT ! ∞(ηss/T) of
Section 5. By iterating with different values of γ2, steady-state solutions for various
relevant parameters are tabulated (Table 1) below:

γ2 –Po
∞ X∞ E||w||2

2 η∞ η∞/p2 η∞/(p2 + q2)

4.5 8,44 0.118 33.6 42.04 1.25 1.22

5 5.58 0.094 11.74 17.32 1.47 1.35

8 2.035 0.063 1.03 3.065 2.97 1.51

10 1.468 0.058 0.50 1.968 3.94 1.31

Table 1.
Iterations with different values of γ2.
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where q2ΔTrϴ = 1 (note also p2Δ E||w||2
2). It can be seen that the desired solution

occurs at about γ2 = 8. We also see that values of limt ! ∞E||w||2 and ϴ would
determine the desirable value of γ2 to be used. Note also that while η∞/p2 monotoni-
cally increases with γ2, η∞/(p2 + Trϴ) has a maximum with respect to γ2 which is the
worst-case combination of w and v from a power-ratio point of view. Note that
p2 + Trϴ is a measure of the combined power of the two disturbances.

8. Conclusion

We have considered the H∞ state regulation problem for which the initial state of
the plant is possibly nonzero, and the system is subject to worst-case nonzero-mean
exogeneous input and zero-mean white noise disturbance. It should be clear that the
two signals may be combined to represent a nonzero-mean disturbance which consists
of both high and low frequencies components.

We note that our results here were derived from the Riccati differential equation
related to the LQR, instead of like most existing approaches which are based on differ-
ential games theory. Rather than looking for a minimax saddle point as a solution, we
derive our solution bymaximizing P(0), which is directly related to the value of the cost
functional concerned when the intial state is nonzero, of the Riccati differential equa-
tion via Bellman’s principle of optimality. This should be familiar to anyone who is
familiar with the theory of LQR. We believe that this approach offers us a new (in
addition to the existing works such as [1–5], for example), and arguably also simpler,
perspective to look at the solution to the H∞ control problem, and H∞ control with
stochastic disturbances (compare [5, 8–10] for example). In fact, it is the recogniton
that the H∞ and LQR problems may be solved via the same Riccati equation that enables
us to develop the present simple way of incorporating a stocahstic exogenous input into
H∞ control, in addition to nonzero initial conditions, based on the well-known stochas-
tic LQR theory. We anticipate that this approach will enable control engineers to extend
many H∞ results to include stochastic disturbances, capitializing on, and drawing from,
the vast pool of results that have already been developed for stochastic LQR/LQG.
Hence, we believe that this would be one of the main contributions of the present paper.
Note that because we are still working with deteministic system matrices, established
and well-known techniques such as the singular-value method or small-μ test, etc. are
directly applicable to analyze the designed system [15].

We further note that the worst-case deterministic disturbance is in the form of
w(t) = –Bw

TP0(t)x(t). This is useful, because if we assume the uncertain A coefficient
matrix of the open-loop system to be A + Δ and the absence of deterministic distur-
bances, then the resultant system may be modeled as Ax + w wherew = Δx. It follows
that if P0BwBw

TP0 ≥ ΔTΔ for all admissible Δ, then the controller obtained in our
approach here will also guarantee the performance of the closed-loop system with
performance bound (46)–(48) when the open-loop system A matrix is subject to
perturbation Δ. Hence, here Bw may be construed as some free parameter/weight
matrix which, together with γ2, we may choose and vary to search for and construct a
P0 that satisfies (35) with dP/dt = 0, and P0BwBw

TP0 ≥ ΔTΔ for all admissible Δ
(for example, if Δ is assumed to be an unstructured perturbation, [15], then we may
assume σ2I ≥ ΔTΔ where σ denotes the singular-value bound), thus solving robust the
stochastic control problem with uncertain A-matrix). Note that if we let
WB = PoBwBw

TP0, then for any P0 obtained we may find Bw = (P0
�1WBP0

�1)1/2.
Thus, we may substitute P0BwBw

TP0 = σ2I into (35) with dP/dt = 0 to obtain
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0 ¼ –PA –ATPþ σ2I – γ2PBuR�1Bu
TPþ γ�2Π (77)

as the Riccati equation to be searched over γ�2 for finding the robust performance
control problem with unstructured A-matrix perturbations satisfying ΔTΔ ≤ σ2I.

Of course, assuming that just the A matrix may be uncertain is unrealistic in
practice. But it does suggest a possibly fruitful approach to address the “worst-case
performance when subject to systemmatrices perturbations” problem if we are able to
extend the approach to address uncertainties in the input and output matrices as well.
This will be a direction of our future research.
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