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Preface

Rheology, the science of material flow and deformation, has become increasingly 
significant across various scientific and industrial fields. As material science continues 
to evolve, the ability to measure, understand, and predict the behavior of complex 
materials under different conditions becomes essential. This edited book, Rheological 
Measurement Techniques and Analysis Methods, provides a comprehensive exploration 
of advanced rheological methods, their applications, and the challenges faced by 
industries that rely on the analysis of flow behaviors.

Chapter 1, “Real-Time Rheological Measurement Techniques in Plastics Industry” 
delves into the development of real-time rheological techniques, discussing their 
vital role in monitoring and controlling processes in the plastics sector. This chapter 
covers the principles, instrumentation, and applications of various rheometers, 
such as slit, capillary, and ultrasonic, offering insights into real-time solutions for 
quality control and product development. In Chapter 2, “Exploring the Rheological 
Properties of Viscoelastic Materials” the focus shifts to understanding the interplay 
between viscous and elastic characteristics. This chapter bridges theoretical concepts 
like the Deborah number and storage modulus with real-world applications, offering 
a comprehensive overview of measurement techniques and practical applications 
for materials that fall within the viscoelastic spectrum. Moving on to the theoretical 
aspects of material behavior, Chapter 3, “Modeling, Analysis, and Numerical Solution 
of a Viscoelastic Contact Problem with Normal Compliance in the Context of Locking 
Materials” presents a mathematical investigation of viscoelastic materials in contact 
with rigid foundations. This chapter highlights a novel viscoelastic model, providing 
readers with a detailed explanation of variational inequalities, finite element schemes, 
and error estimation, all crucial for those working with materials exhibiting locking 
behaviors. The focus on industrial applications becomes even more prominent in 
Chapter 4, “Emulsion Rheology: Applications and Measuring Techniques in Upstream 
Petroleum Operations” This chapter provides an in-depth analysis of emulsions’ role 
in the oil and gas industry, where rheological analysis of emulsified working fluids is 
critical for optimizing extraction and refining processes. Key techniques, including 
rotational and extensional rheometry, are explored, offering valuable insights into 
non-Newtonian fluid behavior in petroleum production. Chapter 5, “Application 
of Nanotechnology in the Petroleum Industry: A View from Rheology” introduces 
the cutting-edge integration of nanotechnology into rheological studies within the 
energy sector. The chapter covers significant advancements in using nanomaterials 
to enhance crude oil transport, improve drilling fluid performance, and increase 
recovery efficiency, all underpinned by rheological analysis.

This book brings together a wealth of knowledge from different industries, providing 
readers with essential tools to approach rheological challenges from both theoreti-
cal and practical perspectives. I hope that this book serves as a valuable resource for 
researchers, engineers, and industry professionals engaged in the field of material 
science.
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Chapter 1

Real-Time Rheological 
Measurement Techniques in 
Plastics Industry
Yucan Liang, Yue Cheng and Jian Wang

Abstract

This chapter aims to provide a comprehensive overview of real-time rheological 
measurement techniques and their applications in various fields. Rheology, as the 
study of the flow and deformation of materials, plays a vital role in understanding 
the mechanical properties and behavior of complex fluids and soft matter. With 
the advancement of technology, real-time rheological measurements have become 
increasingly crucial for in situ monitoring and control applications. This chapter 
discusses real-time rheological measurement techniques’ principles, instrumentation, 
and applications.

Keywords: real-time rheology, online rheology, inline rheology, slit rheometer, 
capillary rheometer, oscillatory rheometer, ultrasonic rheometer

1.  Introduction

Polymer products are utilized extensively across diverse applications spanning 
the automotive, consumer goods, aerospace, electronics, biomedical, and mineral 
processing sectors. Specific sectors impose stringent quality standards on polymer 
products. Commonly used methods for forming polymer material products include 
additive manufacturing, injection molding, extrusion molding, and blown film mold-
ing. For additive manufacturing (AM), the polymer material is melted and extruded 
and then stacked layer by layer to complete the processing of the product [1]. For 
injection molding, the polymer material is molten, injected into a specific mold, and 
then cooled to form the product [2]. Similarly, extrusion molding is the continuous 
process by which a molten polymer material is extruded from a hopper to a head with 
a fixed runner and then cooled to form a product [1]. A polymer, characterized by a 
linear molecular chain arrangement, exhibits larger dimensions along the chain than 
in other directions, setting it apart from other materials with its intricate rheologi-
cal behaviors [3]. The intricate flow channels and inherent polymer characteristics 
significantly impact material flow and deformation during processing. Rheological 
testing helps to understand the viscoelastic behavior of polymer materials. It is used 
to guide the setting of process parameters, screw design optimization, and computer 
simulation calculations for the processing of polymer products [4]. In addition, 
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rheological measurements are also suitable for evaluating new materials and improv-
ing the composition of materials to enable more rapid development [5].

In material extrusion additive manufacturing, the product is formed in three steps. 
Firstly, the filament material or solid particles are fed into a heating unit. Secondly, 
the material is heated to a temperature point with a high flow state. Lastly, the mate-
rial is dispensed onto a printing platform to solidify and form the product, depending 
on the parameters of the product model [6]. The polymers always exhibit viscoelastic 
behavior during the material extrusion additive manufacturing process. At the same 
time, the printability of the material and the quality control aspects of the printed 
product are highly related to the rheological properties of the polymer material. 
Inadequate viscosity during extrusion from the nozzle may affect the mechanical and 
structural characteristics of the product. In addition to this, many semi-crystalline 
polymers, when extruded from the extrusion head, not only affect the interfacial dif-
fusion between the deposited layers due to rapid crystallization but also lead to a high 
level of residual stresses inside the printed part, causing shrinkage and warpage of the 
product. Controlling the fluctuation of melt viscosity during 3D printing can help to 
solve the above problems. Still, unfortunately, the current parameter tuning method 
commonly used in additive manufacturing is a trial-and-error approach based on 
time and cost.

Injection molding is a mature technology that has been in use for decades, and the 
quality of the product is related to the processing parameters, the processed mate-
rial, and the plasticizing quality [7]. In particular, plasticization quality depends 
on the shear rate, temperature, and pressure during the plasticization phase, which 
ultimately manifests itself in the viscosity of the melted polymer material. During the 
injection phase, when the material is injected into the cavity, changes in its viscosity 
can lead to flow behavior inconsistent with that of the last injection, and differ-
ences in pressure changes along the flow direction may produce different degrees of 
shrinkage, which may ultimately lead to warpage of the part. Similarly, for extrusion 
molding, rheological assessments play a pivotal role in both scientific research and 
industrial applications [8]. Insufficient time for polymer molecules to relax during 
processing may give rise to die swell or other instabilities, particularly pronounced in 
more branched and higher molecular weight polymers requiring extended relaxation 
times. Modulating melt flow and heat transfer parameters, such as barrel tempera-
ture, pressure in the mold cavity, or drive power, provides a means of controlling the 
injection molding process.

Whether it is additive manufacturing, injection molding, extrusion, or any other 
method of processing plastic products, a standard method of testing melt viscosity 
is by using commercial rheometers. This type of measurement is a non-real-time 
rheological testing method, where samples of material produced from the factory 
need to be sent to a laboratory for testing, and the data obtained is used to correct 
process parameters on the production line, with a significant time lag. During this 
time, it may lead to an increase in cost [3]. Real-time rheological measurements aim 
to characterize the rheological behavior of materials during processing. However, 
offline testing methods do not provide direct access to the rheological parameters of 
the material in the mold or the barrel, and the results it obtains may produce errors 
depending on the actual processing conditions [9]. However, offline testing has 
become a standard test, which has the research value of allowing direct comparison of 
the flow characteristics of different materials.

At present, the era of Industry 4.0 is coming; the digitalization and real-time 
monitoring of the production process are becoming more and more critical, and the 
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adaptive control of the production process using big data and artificial intelligence 
will become a hot spot of research in the future [8]. Acquiring real-time rheological 
parameters will become an essential part of intelligent injection molding or other 
industrial automation. This chapter mainly introduces the standard methods of real-
time rheological measurements and their application areas, laying the foundation for 
future research in related fields.

2.  Principle of real-time rheology

With the development of colloid (now called polymer) chemistry in the first 
half of the nineteenth century, scientists saw the need for a separate discipline to 
describe the fluid properties of polymers as becoming increasingly urgent. Hence, the 
concept of the present-day discipline of rheology [10] and the Society of Rheology 
were established at the end of 1929. One of the most important symbols of the birth 
of rheology is the shear-thinning phenomenon. In 1925, Ostwald [11] observed that 
different shear rates make the materials show different viscosities. In 1929, the thesis 
of Hencky [10] proved this phenomenon. Classical Newtonian fluid mechanics posits 
that viscosity remains unaffected by shear rate [11]. Consequently, the emergence of 
rheology as a distinct branch of physics can be attributed to the recognition of shear-
dependent viscosity. The substances responsible for this phenomenon are alterna-
tively referred to as non-Newtonian fluids. The rheological properties of materials 
are divided into two main aspects: on the one hand, the study of the relationship 
between viscosity, shear rate, temperature, time, and other influencing factors; on the 
other hand, the dynamic viscoelasticity [12–14]. Currently, the most commonly used 
polymer viscosity model is the Carreau equation [15] (Eq. (1)):
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where η0 is the Newtonian viscosity, η∞ is the shear viscosity at a much high 
shear rate, α is the characteristic time, inverse α is the critical shear rate (starting 
Newtonian fluid behavior), l  is relaxation time, n is the non-Newtonian index, 
and g  is the shear rate.

The most mainstream research method for the effect of time and temperature 
on viscosity is based on the time-temperature superposition principle (TTSP) [16]. 
The viscosity curve of materials, subject to rapid variations at low temperatures and 
short durations, can be extrapolated to encompass high temperatures and prolonged 
durations. This process facilitates deriving a comprehensive viscosity master curve 
for the material across an extended testing range. The most widely used temperature 
conversion factor is based on the Williams-Landel-Ferry equation [17] (Eq. (2)):
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where C1 and C2 are empirical constants whose product is about 900.
Rheometers used for viscosity profile testing are mainly compressional rheometers 

(slit rheometers [18–20] and capillary rheometers [21, 22]) and rotational rheometers 
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(plate rheometers [23] and cone-plate rheometers [24]). Compressional rheometers are 
mainly used to obtain viscosity profiles at high shear rates. In contrast, rotational 
rheometers are used to obtain viscosity profiles at low shear rates, and the combina-
tion of the two can result in a complete viscosity profile of the material.

On the other hand, the dynamic viscoelasticity of polymers is also an essential 
rheological property. The primary focus of the research revolves around examin-
ing the interplay between storage modulus, loss modulus, and tanδ across varying 
temperature conditions. The equations for the calculation of these parameters and the 
relationship are as follows [25] (Eqs. (3)–(5)):

 s
d

g
=¢ 0

0

cosG  (3)

 s
d

g
=¢¢ 0

0

sinG  (4)

 d
¢¢
¢

=tan G
G

 (5)

where ¢G  is the energy storage modulus, ¢¢G  is the dissipation modulus, and d  is 
the dissipation angle.

Compared with viscosity testing, dynamic viscoelasticity testing is mainly car-
ried out using an oscillatory rheometer, where the linear dynamic viscoelastic master 
curve of a material is obtained by applying oscillatory shear at different temperatures 
to understand the viscoelastic properties of the material in different intervals [25].

Rheometers can be classified into four types, offline, at-line, online, and inline, 
according to their position concerning the production line and how they are installed 
[9], as shown in Figure 1.

Both offline and at-line rheological testing techniques are non-real-time measure-
ment methods. Offline rheological measurement techniques involve transporting 
raw materials or products from the factory to a laboratory or measurement center for 
measurement. This method usually takes more time due to the type of measurement 

Figure 1. 
Four kinds of rheometers: (a) offline rheometers; (b) at-line rheometers; (c) online rheometers; (d) inline 
rheometers.
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and the need to transport the material. At-line rheological measurements use instru-
ments close to the production line so that the operator can remove the material from 
the production line in time for the measurement to be made in the test instrument. 
At-line measurements reduce the transport time of the material, but the equipment 
used in the measurement method is a non-specialized plastometer.

Online rheological testing is generally used on extruders mounted in the extruder’s 
plasticizing unit or extruder head/die [26, 27]. Test instruments using online rheo-
logical method are connected to the main melt flow path of the extruder through a 
bypass. Typically, the molten polymer in the primary flow channel is introduced into 
a capillary tube through the implementation of a gear pump within the bypass, or the 
melt in the main flow channel is used directly to feed the material under its pressure 
into a slit or two rotating disks for measurement. There is a risk that the measured 
material in the test setup will not be utilized for secondary purposes, thus resulting in 
unnecessary waste. Some designs [26] allow the material on the bypass to be recycled 
back into the main flow path, but only online capillary rheometers or online slit tube 
rheometers equipped with gear pumps can fulfill this function.

Inline rheological testing can be applied on extruders and injection molding 
machines [9]. In the case of injection molding machines, the device is located inside 
the nozzle or mold; in the case of extrusion molding, the measuring device is an 
extruder head with pre-designed channel dimensions [28, 29]. The main principal 
methods of using inline rheological measurements are capillary rheometers and slit 
rheometers.

Incorporating real-time rheological measurement devices allows for the assess-
ment of the rheological characteristics of the molten material throughout the pro-
cessing stage, facilitating the optimization of parameters such as temperature and 
pressure. The main advantages of real-time rheological measurements over non-real-
time measurements are as follows [26]: (1) automated process control, mitigating or 
eliminating manual intervention and reducing the time lag between sampling and test 
results, thereby expediting material or process development; (2) sensitivity to minute 
changes or trends in material properties that may indicate potential product failure; 
and (3) the systematic collection of pertinent material data at specific intervals to 
establish correlations among equipment characteristics, operating conditions, mate-
rial formulations, chemical transformations, and the resulting material’s morphology 
and properties.

Qwist et al. [30] innovatively designed and manufactured a pressure difference 
apparatus (PDA) capable of producing gels with varying viscosities by conducting 
online rheological parameter measurements. The PDA demonstrates superior mea-
surement speed compared to offline capillary rheological devices commonly used in 
this field. In a study by Bonino et al., the cross-linking reaction of UV-capable meth-
acrylate alginate was investigated using a dynamic rheological approach. Real-time in 
situ online rheological testing revealed a power-law relationship between UV intensity 
and gelation time, exploiting the sudden viscosity drop near the gel point to expedite 
production process development [31].

Furthermore, offline testing, involving equipment like capillary rheometers for 
non-real-time measurements, presents challenges due to low piston loading dur-
ing melt extrusion. This results in pressures that deviate significantly from actual 
processed pressures and fail to accurately reflect the polymer’s melt viscosity during 
processing. On the other hand, real-time rheological measurements circumvent 
such issues [9].
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3.  Instrumentation for real-time rheological measurements

Real-time rheological test instruments mainly include molds/frames that consti-
tute the instrument’s main body, temperature/pressure sensors, different shapes of 
the test area, power modules, and other components (different for different types 
of rheometers). In this chapter, we mainly classify the instruments and technologies 
according to the testing principle of the rheometer, which can be divided into the 
following four types: (1) slit and capillary rheometer; (2) rotational rheometer; (3) 
oscillatory rheometer; and (4) ultrasonic rheometer.

Slit rheometers and capillary rheometers are both extrusion rheometers. The 
difference between the two is that the test area of the slit rheometer is a rectangular 
or other special-shaped flat gap, so it is called a slit rheometer. In contrast, the test 
area of the capillary rheometer is a cylindrical gap. The main components of the slit 
rheometer are the slit mold body, sensors, slit test area, etc. The schematic diagram is 
shown in Figure 2. The slit rheometer is affixed either at the exit point of the material 
processing or at an intermediary bypass location through a connecting flange, featur-
ing a configuration wherein a minimum of 2 or more pressure sensors are seamlessly 
integrated into the slit test area.

Rotational rheometers are typically categorized into flat and cone-plate types, 
distinguished primarily by the upper and lower clamping plate configuration. Online 
rotational rheometer’s main components: upper and lower plates, motor, sensor, 
cleanup ring, etc., the schematic and work procedure diagram shown in Figures 3 and 4,  
the rotational rheometer through the connecting flange is installed in the material 
processing of any bypass position, from the mainstream to take out enough material 
for the test, through the baffle plate will be the bypass and the mainstream to isolate 
the upper and lower plates to move up, the movement of the test position, the cleanup 
ring shown in Figure 4(e) will be the removal of excess material, and at the same 
time to ensure the sealing of the test area.

The oscillatory rheometer closely resembles the plate-type rotational rheometer, 
where the lower plate is typically stationary, and the upper plate experiences small 
amplitude vertical vibrations. By applying an alternating stress field to the material 
through this setup, one can extract the dynamic viscoelastic characteristics of the 
material. The main components are also the same as the rotational rheometer, and  
the difference only lies in that the rotational rheometer motor is rotating motion, and 
the oscillatory rheometer is a small range of linear reciprocating motions.

Figure 2. 
(a) Real-time slit rheometer [28]; (b) real-time capillary rheometer [32].



9

Real-Time Rheological Measurement Techniques in Plastics Industry
DOI: http://dx.doi.org/10.5772/intechopen.1007453

Inline ultrasonic rheometers are a very new method of non-destructive testing 
with a very simple composition, usually consisting only of a fixed frame and an ultra-
sonic transducer, as shown in Figure 5, which reflects the flow rate of non-Newtonian 
fluids in the pipeline using an ultrasonic transducer.

The real-time rheological test instrument’s design must adhere to the following 
requirements: (1) facilitate the extraction of samples representative of the material 
under processing; (2) ensure that sampling procedures do not interfere with the 
ongoing processing operations; (3) guarantee that sampling activities do not alter 
the inherent properties of the material; (4) enable rapid and repeatable execution of 

Figure 3. 
Online rotational rheometer [4].

Figure 4. 
Real-time rotational rheometer [4].
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sampling tests; (5) incorporate a sensor with high sensitivity; (6) achieve a high rate 
of data acquisition; (7) shield the sensor from the adverse effects of processing envi-
ronments, including high temperatures, high pressure, and mechanical vibrations;  
(8) demonstrate commendable sealing of the test area; (9) be easily cleanable; and 
(10) exhibit good ease of use during testing procedures.

4.  Online and inline rheometers

4.1  Real-time slit and capillary rheometers

Both slit rheometers and capillary rheometers operate based on the principle of 
evaluating the rheological characteristics of a material through the measurement of 
the correlation between pressure drop and flow. This assessment is conducted using 
distinct pressure transducers to monitor the variations in pressure during the flow 
process. The test conditions are generally high shear rates, that is, actual processing 
conditions. The real-time slit rheometer is available in both online and inline configu-
rations. However, its installation position can be at the die head or the main flow path 
bypass, as shown in Figure 6.

In 1991, Pabedinskas [35] designed and built an inline slit rheometer, which at 
this time was still in its most straightforward stage. The rheometer was mounted 
on the die head of the extruder with a vertical cone-shaped test area (as shown in 
Figure 7(a) and a rectangular cross section. Three pressure and two temperature sen-
sors were distributed above and below the test area. The outcomes favorably concur 
with those obtained from a commercially available capillary rheometer. Likewise, 
a similar online slit rheometer was installed on the injection molding machine for 
rheological testing of the injected material [36]. The slit rheometer was mounted on 
the gate for material injection (instead of the original mold), as shown in Figure 7(b). 
As the slit rheometer needs to be installed at the material outlet position, the extruder 
die/injection mold needs to be replaced by the slit rheometer for rheological testing, 
which brings no change to the material processing. Teixeira [37] divided the main 

Figure 5. 
Inline ultrasonic rheometer [33].
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flow path of the extruder into two identical flow paths (as exhibited in Figure 7(c). 
The slit rheometer was installed in the die head. One flow path was used to test the 
viscosity of the material, and the other was used to perform the material extrusion 
process. Nevertheless, this enhancement is contingent to a certain degree on altera-
tions induced in the original material flow characteristics. Luger [8] proposed to be 
installed in the die position of the slit rheometer converted to the side of the main 
flow channel and from the main flow channel to lead out of the part of the bypass for 
rheological testing, and finally through the gear pump will be tested after the bypass 
of the material flow convergence of the main flow channel.

There are still unavoidable shortcomings of Pabedinskas’s, Teixeira’s, and Luger’s 
rheological measuring equipment. (1) The material flow through the slit rheometer 

Figure 6. 
Real-time slit rheometers: (a) die head slit rheometer (inline form) [34]; (b) bypass slit rheometer (online form) [8].

Figure 7. 
Different slit rheometers: (a) online slit rheometer installed in extruder [35]; (b) online slit rheometer installed in 
injection molding machine [36]; and (c) inline slit rheometer with two channels [37].



Rheological Measurement Techniques and Analysis Methods

12

is changed to a certain extent due to its processing thermal history being different 
from the actual mainstream channel, which is the common disadvantage of the online 
slit rheometer and the commercial offline rheometer. While the online rheometer 
has undergone significant enhancements compared to its offline counterpart, the 
outcomes still deviate from those observed in the mainstream channel. (2) The 
installation of a slit rheometer at the exit position poses an impediment to the regular 
processing of the material. Consequently, it is predominantly employed in research 
and development settings, utilizing a bypass for testing. (3) As viscosity requires data 
at multiple shear rates, different processing conditions are necessary. The thermal 
stability, homogeneity, and morphology of the material are affected.

Real-time capillary rheometers can be divided into inline and online types. Early 
developed capillary rheometers are similar to the online slit rheometers, and their 
installation position is also divided into the mold head position and the main flow 
channel bypass position [38], as shown in Figure 8(a). In addition to bypass, real-
time capillary rheometers installed at the injection molding machine and extruder die 
position also develop gradually. Limper [39] developed an online capillary rheometer 
to solve the problem that commercial offline rheometers cannot measure the rheologi-
cal properties of PVC materials, which is used for the online determination of the 
flow characteristics of PVC materials. The drawback is that the power of the rheom-
eter needs to be bigger, and the range of the achievable shear rate is only between 10/s 
and 200/s, which limits the wide application of flowmeters. Similarly, in the field of 
injection molding, Lohr [29] devised an online capillary rheometer integrated into an 
injection mold, enabling the concurrent assessment of flow characteristics for both 
the materials within the mold and the injection-molded products.

Compared with the online capillary rheometer, there are very few reports on the 
inline type. In 2022, Wappler [32] developed an inline capillary rheometer that can be 
applied to injection molding machines. As shown in Figure 8(b), the measurement 
area is located between the plasticizing area of the barrel and the injection nozzle. 
The diameter and length of the capillary test section in the main flow path are initially 
determined through computer simulations, leading to variations in capillary dimen-
sions depending on the specific melt being tested. Wappler et al. designed a capillary 

Figure 8. 
Different kinds of real-time capillary rheometer: (a) online cap capillary rheometer [38]; (b) inline cap capillary 
rheometer [32].
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smaller than the main channel but significantly more extensive than a conventional 
capillary rheometer’s test area. This modification reduces pressure loss due to sudden 
deformation at the capillary inlet, a common issue in conventional capillary rheome-
ters that necessitates Bagley correction. Additionally, because the measurement area is 
integrated into the main flow path, this design enables precise measurement of mate-
rial flow characteristics. However, this design has a limitation: adapting the system 
to different units is difficult, as the capillary’s aspect ratio is fixed. Researchers must 
calculate the required aspect ratio based on the specific melt material and experimen-
tal conditions before setting up the instrument. The need for different capillaries with 
varying aspect ratios for different polymer materials represents a significant chal-
lenge, potentially limiting the widespread adoption of this type of online rheometer.

4.2  Real-time rotation rheometer

Real-time rotational rheometers are generally flat plate rheometers and are only 
available online. The device is mounted on the bypass of the main flow path. Utilizing 
upper and lower plates, low-speed shear is applied to the material between the plates, 
and the torque transmitted by the two plates provides feedback on the material’s 
rheological properties.

Mold et al. [4] developed an online rotational rheometer for twin-screw extrud-
ers. This device switches a valve on and off to take melt from the main flow path for 
rotational measurements. It has the same functionality as commercial rheometers but 
lacks thermal history from the valve to the rheometer. Figure 4 describes the detailed 
process of the online rotational rheometer test.

4.3  Real-time oscillatory rheometer

Real-time oscillatory rheometers are used for dynamic viscoelastic testing of mate-
rials and can be worked online. Alternating stresses are applied to the material utiliz-
ing upper and lower plates, and the data collected by the sensors are used to calculate 
the energy storage modulus, loss modulus, and loss angle of the material. Konigsberg 
[40] incorporated an online oscillatory rheometer into the pipeline production 
process to test the rheology of the non-Newtonian fluid inside the pipeline, as shown 
in Figure 9. Although inline dynamic viscoelastic testing is possible, it is limited and 
only suitable for large pipeline production. It cannot be applied to processes such as 
extrusion and injection molding.

4.4  Real-time ultrasonic rheometer

In addition to the above rea-time rheometers based on traditional principles, 
several testing techniques based on new principles have emerged. Ultrasonic rheom-
eters are ideally suited to measure the rheological properties of materials due to their 
non-destructive properties. Ultrasonic rheometers work on receiving the backscat-
tered sound emitted by each pulse modulation, performing quadrature demodulation 
and ranging, obtaining the power spectrum, establishing the relationship between 
power and flow rate, and thus obtaining the material’s flow characteristics. Pfund’s 
research [41] team has measured the flow characteristics of non-Newtonian fluids 
using the patented ultrasonic Doppler velocimeter (UDV)-based inline rheometer, 
which obtains rheograms of shear-thinning gel. The study employed pulsed Doppler 
ultrasonic technology to measure the fluid’s velocity profile within a pipe, enabling 
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the estimation of rheological parameters, such as viscosity, from the acquired velocity 
data. This technique is based on the interaction of ultrasonic signals with scatterers 
present in the fluid, including particles, bubbles, and other inhomogeneities.

5.  Real-time rheological testing applications

Polymers are essential to non-Newton materials, so real-time rheological testing 
technology has been widely applied in polymer processing and quality control. As 
previously mentioned, the primary application scenarios for the discussed concept 
involve extrusion and injection molding processes.

Pabedinskas [35] fabricated an online slit rheometer used in polymer extrusion 
area. An increasing number of scholars are engaged in advancing inline rheometers 
for applications in the extrusion process and injection molding. Kopplmayr [42] 
developed an online rheometer for extrusion and measured tensile and shear rheol-
ogy simultaneously using hyperbolic slits. Sousa [43] applied the inline rheometer 
on a micro-extruder to produce 3D printing filaments, expanding the use of inline 
rheometers to a certain extent. An online rheometer with a hyperbolic slit contraction 
[8], as described by Unger et al. [44], was employed to measure the shear and exten-
sional viscosity of the prepared PP/UHMWPE mixture. This approach was utilized to 
enhance the machining properties of UHMWPE and investigate the mixture’s rheo-
logical behavior and mechanical property variations.

Volpe [45] employed an inline slit rheometer installed at the nozzle of an injec-
tion molding machine to achieve high shear rate rheological characterization and 
widened the range of inline rheometer shear rate testing for injection molding 
machines to 105 S−1. Gou [46] proposed a novel real-time rheological measurement 

Figure 9. 
Online oscillatory rheometers [40].
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device integrated into the head of an injection molding machine, featuring two 
capillary tubes with different aspect ratios for Bagley correction. The experimental 
results indicate that real-time rheological testing more accurately reflects the actual 
machining environment, providing more precise rheological data, which is benefi-
cial for enhancing the accuracy of numerical simulations and the optimization of 
machining parameters. Fernandez et al. [47] investigated the rheological behavior 
of polypropylene containing 10% mineral filler during injection molding using an 
inline rheological testing method. Moreover, the modified method can be applied to 
CAE simulations of non-traditional injection molding processes, enhancing mold 
design accuracy and optimization efficiency. Zhang et al. [48] developed an online 
rheological measurement system based on a dumbbell-shaped slit die to study the 
microinjection molding process. The results demonstrate that slit thickness, wall slip, 
and non-isothermal conditions significantly impact viscosity. Coogan [49] designed 
a novel 3D printer nozzle with a pressure sensor and thermocouple. It can monitor 
volumetric flow and shear rate by tracking stepper motor pulses, as well as custom 
wire encoder signals to account for wire slip and motor stepping errors. The inline 
rheometers deliver accurate viscosity measurements with appropriate corrections, 
facilitating real-time monitoring and process control.

The examples above suggest that using real-time rheometers to guide and 
control polymer processing is the way forward. In the non-plastic processing fields, 
such as the food and beverage industry, real-time rheometers also have a wide range 
of applications. The materials used in the food and beverage field mainly belong 
to non-Newton fluid materials; the rheological properties of such fluids often 
affect the efficiency of the processing operations and the quality of the products 
[40]. Unlike the high-temperature conditions of polymer processing, the rheology 
properties of these materials were measured under temperature around room tem-
perature. Another important distinction is the higher requirements for the process-
ing environment; these differences bring about different design requirements and 
structures. For example, for the monitoring and control of opaque non-Newtonian 
fluids, a combination of ultrasonic Doppler velocity profile (UVP) and differential 
pressure (PD) techniques (PUV + PD) is employed to observe the evolution of 
velocity profiles, the formation of mixing zones, and real-time variations in fluid 
rheology [50].

6.  Challenges and future perspectives

Although real-time rheological measurement technology has been utilized in 
the field of plastics, yielding significant benefits, several challenges persist despite 
ongoing advancements in research. Firstly, commercially available and custom-made 
real-time rheological test instruments share a common measurement principle. 
However, their internal structures exhibit variations, lacking a standardized con-
figuration in the polymer rheological testing process. Furthermore, certain online 
testing processes necessitate manual intervention, such as the post-testing cleanup of 
waste generated in some online capillary rheometers. This manual aspect hinders the 
attainment of a high degree of automation, posing challenges to industrial automa-
tion production. In the trajectory toward industrialization, enhancing the unifor-
mity of equipment involved in real-time measurement technology is imperative. 
Simultaneously, efforts should be directed at augmenting the automation level of the 
testing process to minimize the impact of real-time rheological testing on polymer 
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processing. Secondly, the rheological parameters of a given material are susceptible 
to influences from shear rate, shear stress, and temperature. The installation of 
instruments introduces variables such as slit size changes and differing distances 
between the main flow channel and bypass in various instruments. These struc-
tural factors contribute to disparities in measurement outcomes among real-time 
rheological testing instruments. Therefore, the structural design of the instrument 
should prioritize easy installation and testing, minimizing the impact of sampling on 
mainstream production and ensuring consistency in material properties between the 
bypass and the mainstream. When selecting sensors, preference should be given to 
those with higher precision and superior anti-interference capabilities, and careful 
consideration should be given to the sensor’s installation position. Finally, research-
ers aiming to ensure the reliability of test results should choose different types of 
rheological test instruments based on the specific rheological properties of the 
materials under examination.

With advancements in measurement and testing methods, the aforementioned 
challenges will be gradually addressed, leading to a more robust and comprehensive 
rheological measurement system. To facilitate the widespread adoption of real-time 
rheological measurement in the plastics industry, future development directions for 
these techniques are as follows: (1) higher level of automation, (2) excellent adapt-
ability to different equipment, and (3) non-destructive real-time rheological measur-
ing techniques. Intelligent real-time rheometers will be developed and then applied in 
the field of polymer processing and quality control, thus promoting the development 
of the polymer processing industry and, at the same time, improving the real-time 
rheological testing technology.

7.  Summary

This review mainly described real-time rheological testing techniques, equip-
ment, and application areas in the plastics industry as thoroughly as possible. Existing 
real-time rheological test technologies were classified into online and inline based on 
their installation form, and the basis for their classification was clarified. Through 
different testing principles, the real-time rheological testing technology was divided 
into real-time slit and capillary rheometer, real-time rotational rheometer, real-time 
oscillatory rheometer, and real-time ultrasonic rheometer. The working principle of 
each real-time rheological measurement technology was introduced. The develop-
ment of various types of real-time rheometers was also elaborated, which introduced 
the researcher’s improvement and ingenuity for each type of real-time rheometers in 
terms of structure, principle, and other aspects. Subsequently, the application areas 
of real-time rheometers were introduced. Some implementation cases of real-time 
rheological measurement techniques applied in polymer processing and quality con-
trol, the food and beverage industry, the pharmaceutical and cosmetic industry, and 
the biomedical field were illustrated. Finally, the challenges and future perspectives 
of real-time rheometers were summarized.
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Chapter 2

Exploring the Rheological
Properties of Viscoelastic Materials
Rahul Sharma and Noor Jahan

Abstract

Between two of the extremes i.e., ideally viscous and ideally solid behaviors of the
materials, there is a window depicting dynamic interplay between the viscous and
elastic properties of the materials classified as viscoelastic behavior. Consideration of
this blended behavior is crucial in many scientific, commercial, and biological appli-
cations. In this chapter, we will try to unveil the complexities of these materials by
first understanding the basics of the viscoelasticity, discussing the relevance of various
parameters such as Deborah number, Storage modulus, loss modulus etc., and various
equations developed to model the viscoelastic response of such materials. A brief
overview of the measurement procedures, various techniques employed to under-
stand the realm of viscoelastic materials will also be under great focus. At last, the
practical applications bridging the theoretical perceptions with the real world will also
be elaborated in this chapter.

Keywords: viscoelasticity, fading memory, deborah number, burger model,
magnetorheological fluids

1. Introduction

Materials, with their diverse properties, plays a crucial role in a wide range of
applications that shape our world. Exploring the response of materials to stress and
strain, from the fluidity of liquids to the rigidity of solids, is a journey to understand
core of materials. This chapter embarks on a captivating exploration into the world of
rheology, with a special focus on the dynamic characteristics of viscoelastic materials.
From the everyday to the extraordinary, understanding how materials flow and
deform is a key to unlocking innovation across diverse industries. Rheology, a special
branch to study the changes in the material’s outer dimensions and inner properties
under the application of certain stress and strain, provides us the lens to observe these
changes and hence differentiate materials for various applications [1]. The subject of
viscoelastic rheological characteristics has seen several significant advancements that
have greatly benefited humanity. The use of smart materials has improved their
rheological properties, enabling better control of the devices in technologies such as
suspension systems, haptics, prostheses, teleoperations, etc. [2] These materials
include magnetorheological fluids and magnetorheological elastomers stabilized by
surface functionalization. Sanjay et al. investigated the impact of replacing carbonyl
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iron particles with iron oxide nanoparticles that were deposited on graphene oxide
layers. This led to increased sedimentation stability and improved viscoelastic rheo-
logical characteristics [3]. Avina et al. recently examined the impact of adding bio-
polymers—almonds, guar gum, etc.—to cement-based composites and discovered
improvements in the materials’ rheological characteristics [4]. By blending
nanoparticles in the network of viscoelastic surfactants, Olga et al. have discovered an
improvement in the rheological properties proving highly desirable features for real-
world applications, especially for fracturing fluids in oil recovery [5]. Owing to such
characteristics and applications, it is worth giving a thorough consideration to the
rheological properties of viscoelastic materials.

In our everyday world, we encounter matter in two forms: solids and fluids (liq-
uids and gases). Think of it like-viscous materials, like honey resisting flow when we
try to stir them and elastic materials on the other side like waistbands, hand bands etc.
which tends to regain their initial shape after the removal of the stress under which
they were kept. Interesting fact is that there are some peculiar kind of materials which
encompasses the properties of both of these extremes. These amazing materials are
renowned as viscoelastic materials which serves as a bridge between purely elastic
materials with strong memory and purely viscous materials being memoryless. These
viscoelastic materials have a bit of both, a kind of fading memory [6]. These visco-
elastic materials have the ability to change their behavior depending on the time with
the applied shear stress. Toothpaste, Paints are the most common examples of these
materials. Thus, viscoelastic materials have a time dependent behavior [7]. Now, to
understand this intriguing behavior of such interesting materials we need some special
techniques which can minutely and accurately tell us about the properties of these
materials. Rheology, rheological techniques and analysis of these experiments serves
this purpose. Understanding viscoelasticity is not just an academic pursuit—it holds
the key to solving real-world problems in diverse fields. So, in this chapter, we embark
on a journey to unravel the complexities of fluids that exhibit both viscous and elastic
characteristics. This chapter will consist of various sections discussing the fundamen-
tals of fluidic behavior, rheology of fluids, mathematical models such as Maxwell and
Kelvin-Voigt, Oldroyd-B etc. providing the theoretical framework, toolkit for analysis
of materials and their viscoelastic properties. With unfolding of each section, our
understanding about the materials will get strengthened. Furthermore, we will discuss
various parameters, experimental techniques used to characterize these materials and
will delve deep into the process of unraveling the time-dependent nature of these
viscoelastic materials. After that, various kind of fluids such as suspensions, colloids,
polymeric fluids, biological systems will be under great focus. These viscoelastic
materials have potential application in diverse fields including industry [8], healthcare
[9], pharmaceutical [10] etc. each of them will be discussed in details. In the section
that follows we will discuss the cases where the use of these viscoelastic materials have
benefitted and in the end we will conclude the chapter with the key takeaways
obtained from this exploration.

2. Fundamental of fluids and rheology

An intriguing question naturally arises: why delve into the fundamentals of fluids
and rheology? The answer lies in establishing a foundational understanding that
empowers readers of all expertise levels to navigate the mechanics and science
governing these fluids. In the world of rheology, shear stress (σ), shear rate ( _γ), and
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viscosity (η) are the dynamic trio that unveils the mesmerizing dance of fluids. Our
exploration begins by probing the fundamental concepts such as shear stress, shear
rate, and viscosity. This knowledge not only enhances the comprehension of our
journey for readers in related fields but also serves as a gateway for a broader audi-
ence. Let us start by defining the stress acting on a material which can be basically of
two types: Normal stress (σ) and shear stress (τ). Normal stress is the amount of stress
that results from a force acting perpendicularly on a specific area in comparison to the
shear stress which is the ratio of shearing force applied per unit area on a body with
one end or base fixed. Shear stress tress is basically a quantity which means how much
deforming force applies per unit area of an object. A type of stress that acts coplanar or
parallel with cross section of material. It is a measure of how easily one plane within
the material can be made to slide or deform along another in response to an applied
force [11, 12]. Shear stress occurs when the material or fluid’s adjacent layers move
relative to one another due to an applied force. This results in a component of the
force per unit area acting parallel to the surface. This force attempts to deform the
material by causing one portion of it to slide past another. On the other side, shear rate
or the rate of shear strain ( _γ) is the rate at which shear deformation or strain (γ) is
exerted on a particular material usually quantified as gradient of velocities. The most
important parameter or property related to the fluid is the viscosity, the hidden dance
partner of fluids which defines the resistance felt by fluids to flow. Just like the solids
are identified by elasticity, fluids are identified with the help of viscosity. It’s like the
graceful choreography of a liquid, determining how smoothly or sluggishly it moves.
It is the opposition that every single layer of the fluid offers to each other when they
move relative to each other [12]. Thus, viscosity is the measure of the pressure
required to cause a liquid to flow. Together, these three fundamentals define how
different fluids behaves in term of their rheological properties, letting us distinguish
between different fluids, unravel the mystery of their behavior. Let us now introduce
several special characters that exist in the field of fluids: Newtonian fluids, non-
Newtonian fluids such as Bingham plastic, pseudoplastic fluids, dilatant, and
Herschel-Bulkley fluids. Newtonian fluids are the one following Sir Isaac Newton’s law
of viscosity strictly i.e., they have a constant viscosity regardless of shear rate or we
can say that shear stress is directly proportional to shear rate [13].

τ∝
dγ
dt

(1)

τ ¼ η
dγ
dt

(2)

Where η represents the viscosity of the fluid. On the other hand, non-Newtonian
fluids shows varying viscosity under different shear rates. They do not follow New-
ton’s law of viscosity but tend to obey power law [14]. The general equation
representing non-Newtonian fluids is,

τ ¼ τy þm
dγ
dt

� �n

(3)

Where yield stress τy
� �

, is minimum initial stress required for the fluids to flow, m
is consistency index telling us the thickness of the fluid and n is the flow index. This
Eq. (3) is capable of explaining almost all type of fluids. For example, Dilatant fluids
(τy ¼ 0, n> 1 Þ thicken when you try to stir them quickly i.e., their viscosity increases
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non-linearly with the shear rate. Pseudoplastic fluids (τy ¼ 0, n< 1 Þ on the other side,
loses their viscosity upon increasing shear rate meaning they tend to become thin as
the shear rate increases [15]. Yield stress τy comes into picture only in case of Bingham
Plastics and Herschel-Bulkley fluids which starts to flow only after a certain value of
stress applied to them called as “Yield stress” [16]. Bingham fluids follows the New-
ton’s law of viscosity after this yield stress value is achieved [17, 18] whereas Herschel-
Bulkley fluids shows Non-Newtonian behavior once they are exerted a stress value
greater than the yield stress [19, 20]. Behavior of all these fluids is as shown in the
Figure 1.

Armed with the essential information needed, we can immerse ourselves in the
captivating realm of rheology and begin our exploration of viscoelasticity.

3. Basics of viscoelasticity

Viscoelastic materials possess a distinctive combination of elastic (solid-like) and
viscous (liquid-like) properties, encompassing both the flowing properties of fluids
and the resilient qualities of solids. However, what sets viscoelastic materials apart is
their dual nature. They not only exhibit elastic behavior with the ability to recover
from deformation but also display viscous behavior by flowing over time, resembling
fluids. Examples include: polymers, some biological fluids, magnetic fluids etc.
Understanding and modifying this coordination between the elastic and viscous
aspects of these viscoelastic materials are crucial in diverse fields such as material
science, engineering and biomechanics. Best example to explain the behavior of the
viscoelastic materials are polymers. Toothpaste and paint etc. have polymers in them
which cause them to show viscoelastic nature. Toothpaste consists polyethylene glycol
(PEG), acrylic polymers are most commonly used in paints. In storage, paint should

Figure 1.
Different types of fluids (redrawn from [21]).
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exhibit solid-like behavior to prevent sedimentation. However, during application, it
should transform into a fluid-like state, allowing it to flow through the bristles of the
brush for an even coat.

Origin of such behaviors having mixed characteristics can be understood from
the entangled structure of the polymers that make up materials like paint and
toothpaste. When polymers are highly entangled, they tend to show dominant elastic
behavior with less fluidic characteristics, on the other flip, when disentanglement of
polymers happens in these materials, they takes on a more viscous character behaving
like fluids up to a large extent with minutely solid-like characteristics [22].

Viscoelastic materials exhibit time-dependent behavior due to their combination of
viscous and elastic properties [23]. When stress is applied, these materials initially
deform and then continue to respond over time. The extent and rate of deformation
may vary, and factors such as temperature, frequency of applied stress or strain, and
the specific viscoelastic properties of the material influence this time-dependent
response which is extremely useful in tons of applications. When it comes to these
viscoelastic materials, the stress at any given point in time depends not only on
the current deformation gradient value but also on the entire temporal prehistory of
the motion [24]. Viscoelastic substances exhibit diverse responses depending on the
speed at which they undergo stretching. Note that the extent of displacement corre-
lates with strain, making rate of strain the determinant of how rapidly the material
experiences stretching. Therefore, viscoelastic materials are said to be strain rate-
dependent.

Viscoelasticity can be linear or non-linear depending upon how the materials
deform under the applied stress over a period of time. Viscoelasticity is categorized in
three classes:

1.Linear viscoelasticity

2.Quasi- Linear viscoelasticity

3.Non-Linear viscoelasticity

Linear viscoelasticity deals with the behavior of viscoelastic materials having a
linear relation between stress, strain at any instant of time. This means that if you
double the stress or strain, the material’s response will also double as seen in the
Figure 2. It is based on Boltzmann’s superposition principle which states that each
loading step independently contributes to the final state. The well-established field of
linear viscoelasticity applies to materials undergoing small deformations, such as the
short-term deformation of polymer components. This concept of linear viscoelasticity
came under focus Maxwell proposed the eq. [25]:

dσ
dt

¼ E
dγ
dt

� σ
η=E

(4)

Where, E is the Elastic modulus representing the stiffness of the material, η is the
viscosity of the fluid filled in the dashpot. The ratio of η and E is called as the
relaxation time usually denoted by λ. Over the time many scientists developed models
to explain this particular behavior of materials but the initial thrust to this particular
kind of viscoelastic behavior came from the Maxwell’s equation. The following
Boltzmann integral represents the linear viscoelasticity is as:
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σ tð Þ ¼
ðt

0

E t� τð Þ dγ
dτ

dτ (5)

Nonlinear viscoelasticity describes materials where the relationship between
stress, strain, and time is not proportional (Figure 3). The material exhibits a
nonlinear response, meaning that small changes in stress or strain can lead to dispro-
portionately large changes in the material’s behavior given by the integral:

σ tð Þ ¼
ðt

0

E t� τ, γ tð Þð Þ dγ
dτ

dτ (6)

This is common in materials subjected to high deformations or complex loading
conditions. Nonlinear viscoelasticity is relevant in situations where materials experi-
ence large deformations, high stress levels, or complex loading conditions. Applica-
tions include the study of polymers, biological tissues, and materials subjected to
intense mechanical forces.

Figure 3.
Behavior of non-linear viscoelastic materials (red curve corresponds to the response of the material for γ0 strain
whereas blue curve for strain 2γ0).

Figure 2.
Typical linear viscoelastic behavior of materials.
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Quasilinear viscoelasticity bridges the gap between linear and nonlinear behavior.
It allows for a certain degree of nonlinearity in the material response while retaining
some linear characteristics. This model of quasilinear viscoelasticity was first
presented by Y. C. Fung a long time ago as a straightforward method of combining
nonlinearity and time dependence in a reduced integral model. This is particularly
relevant when dealing with materials that may exhibit nonlinear behavior under
specific conditions but still maintain some linearity in their overall response [26]. The
equation which represents the Quasi-linear viscoelasticity is as:

σ γ, tð Þ ¼
ðt

0

Et t� τð Þ dσ
dγ

dγ tð Þ
dτ

dτ (7)

In case of linear viscoelasticity, stress and strain exhibit a linear relationship, and
notably, the relaxation modulus remains independent of strain. Despite the non-linear
correlation between stress and strain, the relaxation modulus maintains its strain-
invariant nature. In contrast, non-linear viscoelastic materials showcase a non-linear
connection between stress and strain. For materials exhibiting linear or quasi-linear
viscoelasticity, stress-versus-time graphs display a linear time dependence, and the
shape of the graph remains consistent for different stress levels. However, in the case
of non-linear viscoelastic materials, the time dependence in stress-versus-time graphs
is non-linear, signifying a distinct behavior in response to applied stress [27].

4. Important parameters

Before dealing with these viscoelastic materials, we first must need to get familiar
with certain important parameters like Deborah number, Weissenberg number, stor-
age modulus, loss modulus etc. which serves as compasses guiding us through the
intricate behaviors of the materials. To understand the mystery behind the behaviors
of these materials that why they tend to behave in a certain fashion, when a particular
material will behave in a similar fashion can be predicted using these parameters and
that’s why it becomes important to understand their significance.

4.1 Deborah number

Although relaxation time gives the information whether material will be solid or
liquid by its value ranging from zero to infinity but when dealing with these
materials, the time scale of the process needs to be considered. Deborah number,
denoted as De, is a dimensionless parameter in the field of viscoelasticity that charac-
terizes the ratio of the characteristic (relaxation) time of a materials response to an
applied stress to the characteristic time scale of the deformation process [28]. It is
represented as:

De ¼ Relaxation time
Observation time

¼ λ

t
(8)

This unique parameter signifies the effect of time scale of the process on material’s
deformational behavior. “Fluid-like” behavior is to be predicted if the material is
observed for an extended period of time or if it relaxes quickly (i.e. De < <1). On the
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other hand, if the material has a long relaxation time or a short observational period,
the Deborah number is high (De > > 1) and the material behaves like a solid in all
practical senses.

4.2 Weissenberg number

Weissenberg number is another parameter which is quite important while dealing
with the viscoelastic materials. It is denoted by Wi and is equal to two times the
product of shear rate _γ and relaxation time (λ) [29].

Wi ¼ Elastic force
Viscous force

(9)

Wi ¼ 2λη _γ2

η _γ
¼ 2 _γλ (10)

A low value of Wi elucidates the process to be linearly viscoelastic whereas high
Wi number indicates non-linearly viscoelastic response of the material. It is an useful
metric which quantifies the level of anisotropy or alignment caused by the displace-
ment of the system from original position and is apt for describing flows with a
consistent stretching background [30].

4.3 Storage modulus, loss modulus and loss tangent

To forecast the behavior, a viscoelastic material’s modulus of elasticity needs to be
able to account for both the material’s elastic energy-storing and viscous energy-
dissipating components. This is accomplished by calculating the complex modulus,
represented by E*, which is the total of the viscous component, represented by E″, and
the elastic component, called storage modulus, denoted by E0 [31].

E ∗ ¼ E0 þ E00 (11)

These crucial variables show up as the main guides for comprehending how the
materials react when shear force is applied. The storage modulus provides insight into
a material’s resilience and ability to regain its original shape by indicating its ability to
store energy elastically under deformation. It is the real part of the complex modulus
(E*). On the contrary, the imaginary component of the complex modulus, or loss
modulus, indicates how much energy a material loses under stress. With little energy
lost and nearly complete recovery, a material with a high shear storage modulus (E0)
and a low shear loss modulus (E″) will act more like a solid than a fluid. When E0 is
low and E″ is large, the material will mostly exhibit fluid behavior.

The loss tangent, also called the loss factor and represented by tanδ, is a more
practical way to represent the viscoelastic material. It is the ratio of the loss modulus
to the storage modulus [31].

tanδ ¼ E00

E0 (12)

When tanδ is higher than 1, the material mostly exhibits the characteristics of a
viscous fluid. Whereas if it is less than one, the material will more solid like
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characteristics. Here, for most of the cases, we have considered the normal stress
applied on materials therefore, we have considered modulus of elasticity (E), elastic
storage modulus (E0) and loss modulus (E″) but for the case when a material is
sheared with a coplanar force in that case, we take into account shear modulus (G),
shear storage modulus (G0), shear loss modulus (G″). In that particular situation, we
will have complex shear storage modulus (G*) as sum of G0 and G″ and loss tangent
equal to the ratio of G″ and G0

5. Mathematical rheological models

Mathematical models serve as indispensable tools to bridge the gap between theo-
retical understanding and real-world applications. This section delves into the explo-
ration of mathematical models employed to describe both linear and nonlinear
viscoelasticity. Maxwell, Kelvin-Voigt, Burger model etc. are used to describe the
linear viscoelastic behavior [32, 33] whereas non-linear intricacies inherent in
materials when subjected to significant deformations or complex loading
conditions are explored using the mathematical models such as Oldroyd-B and Wag-
ner model etc.

5.1 Constitutive models for linear viscoelasticity

Behavior of these viscoelastic materials has been explained using the different
arrangements of spring and dashpots. The various models which explain the linear
behavior of viscoelasticity are

5.1.1 Maxwell model

Maxwell model of linear viscoelasticity consists of a spring and a dashpot attached
in series arrangement [22] as shown in the Figure 4. The spring in the Maxwell model
represents the elastic component of the material following the Hooke’s law. In the
context of the Maxwell model, this elastic element accounts for the instantaneous
deformation of the material when stress is applied. The dashpot represents the viscous
component of the material. It introduces a resistance to deformation proportional to
the rate of change of deformation. In other words, the dashpot resists sudden changes
in shape and dissipates energy over time. This viscous element captures the delayed,
time-dependent response of the material. The primary equation representing the
Maxwell model is

dτ
dt

¼ E
dγ
dt

� τ
η=E

(13)

This equation can be solved for different η=E values i.e., relaxation time (λ) which
indicates the rate of stress relaxation and in this way, we can see the behavior of the
material with respect to time. When a constant stress is applied, the strain has two
components i.e., elastic akin to the attached spring which relaxes immediately when
the stress is released and viscous one corresponding to the dashpot that increases over
time as long as the stress persists. The total deformation in the material is the sum of
elastic and viscous contributions.
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At constant strain (γ), strain rate is zero. So, from Eq. (13).

dσ
dt

¼ � σ

λ
(14)

Now, by integrating this Eq. 14 and using the boundary condition (σ = σm), we have.

σ ¼ σm exp �t=λ (15)

Thus, subjecting the material to a constant strain result in the gradual relaxation of
stress. At t = 0, σ = σm which implies the response is of spring only i.e., elastic nature
of the material whereas at t = λ, σ = σm/e telling us that the stress dropped from its
maximum value to σm/e. This model accurately predicts that the stress decay over
time for many polymers but it falls short while explaining the creep behavior i.e.,
behavior of the material under constant stress. Under creep behavior, model
predict linear increase in strain but in case of some polymers we have decreasing
strain [34].

5.1.2 Kelvin-Voigt model

Another possible arrangement of elastic and viscous components i.e., a
spring and dashpot or damper is their parallel combination (Figure 5) which
describes the behavior of the materials under constant applied stress and provides
the time dependent response of the materials [28]. In case of Maxwell model, the
stress applied is same whereas the rate of strain is different. So, strain rates are
added together to get total strain. In this model, since, there is parallel arrangement of
spring and dashpot so the effect of force, strain rate will be same for both of the
components but the stresses are different. So, the net stress will be the sum of stress

Figure 4.
Representation of a Maxwell model (this image is redrawn, drawing inspiration from [28]).
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induced in both of the components. The constitutive equation representing the
behavior is as:

σ ¼ Eγ þ η _γ (16)

i.e.

γ ¼ σ

E
� λ _γ (17)

At time t = 0, when a sudden force F is applied, we know dashpot cannot take
instantaneous strain which means that there will be no strain on the spring part as
they are in parallel. Initially dashpot carries the whole load. Now at time t, after a
small period from t = 0, the dashpot will start to deform and therefore spring will also
get deform. Hence, there will be equal deformation or strain in both the components.
As the spring will stretch, there will be restoring force in the spring too. At some point
of time say at t = ∞, the restoring force is equal to the applied force i.e., equilibrium
position which also means that there will not be any force carried by the dashpot but
only by the spring.

At t = ∞, elongation or deformation in spring will be,

γ∞ ¼ F
ks

(18)

Now, the rate of deformation occurred in the dashpot will be,

dγ
dt

¼ Fd

kv
¼ F � Fs

kv
(19)

Now using Eq. (19), we can write,

dγ
dt

¼ F � γks
kv

¼ ks
kv

� �
F
Ks

� γ

� �
(20)

Figure 5.
Representation of a Kelvin-Voigt model (this image is redrawn, drawing inspiration from [28]).
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dγ
dt

¼ F � γks
kv

¼ ks
kv

� �
γ∞ � γð Þ (21)

dγ
dt

¼ γ∞ � γð Þ
λ

(22)

On using variable separable method for integrating above equation we get,

γ ¼ γ∞ 1� e
�t
λ

� �
(23)

Because these elements are in parallel, they move together at a constant rate.
Applying a sudden constant load to the Kelvin model initially yields delayed defor-
mation, followed by a steady-state deformation. Upon load removal, the Kelvin model
recovers completely but not instantaneously. The Kelvin-Voigt model can be used
when a material exhibits both immediate responsiveness and persistent deformation.

Numerous other models have been created using different combinations of springs
and dashpots, consisting of three and four elements. The Maxwell and Kelvin-Voigt
models serve as the foundation for these three- and four-element models, which are
constructed with various arrangements of dashpots and springs. One of the best of
these is the burger model, which is covered in more detail below:

5.1.3 Burger model

One of the best 4-element models is Burger model. This is used to predict the creep
behavior of number of materials. This model is obtained by placing the Maxwell and
Kelvin-Voigt model in series with each other i.e., series combination of spring and
dashpot is place in series with parallel combination of spring and dashpot [35, 36]. In
such a combination (shown in Figures 6 and 7), suspending a weight on the structure
would cause the object weight or potential energy to distend the structure maximally
and more slowly because of the damping effect of dashpot. Once the weight is
removed, structure will slowly try to return to its original configuration due to the
action of springs however due to the energy dissipated by the dashpots some of the
strain is irrecoverable and the structure will not return to its original or baseline
position. It is thus partially deformed permanently. There are two possible configura-
tions representing this particular model, one given by Maxwell and other by Kelvin as

Figure 6.
Maxwell representation of Burger model (redrawn from the original source [37]).
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shown in the Figures below. The Maxwell representation of constitutive equation for
this particular model is given as:

σ þ η1
E1

þ η2
E2

� �
_σ þ η1η2

E1E2
€σ ¼ η1 þ η2ð Þ _γ þ η1η2

E1 þ E2ð Þ
E1E2

€γ (24)

Where, one Maxwell material has an elasticity E1 and viscosity η1, and the other
Maxwell material has an elasticity E2 and viscosity η2.

The Kelvin representation of constitutive equation for this particular model is
given as:

σ þ η1
E1

þ η2
E2

þ η2
E1

� �
_σ þ η1η2

E1E2
€σ ¼ η2 _γ þ

η1η2
E1

€γ (25)

Where, one Kelvin material has an elasticity E1 and viscosity η1, and the other
Kelvin material has an elasticity E2 and viscosity η2.

5.2 Constitutive models for non-linear viscoelasticity

To quantitatively address phenomena in fluids, such as stress variations, shear
thinning and thickening, there is a requirement for non-linear viscoelastic constitutive
equations. Various models or equations to account for this are discussed as below

5.2.1 Second order fluid model

The second-order fluid model is a constitutive model used to describe the
rheological behavior of fluids, particularly those exhibiting non-Newtonian
characteristics. Unlike Newtonian fluids, which have a constant viscosity, non-
Newtonian fluids display a viscosity that varies with the applied shear rate or stress.
The second-order fluid model is one approach to capturing the non-linear viscosity
observed in certain complex fluids. The constitutive equation of this model is
represented as:

T ¼ �pI þ 2η0D� ψ1,0D
∇ þ 4ψ2,0D:D (26)

Figure 7.
Kelvin representation of Burger model (redrawn from the original source [37]).
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Where, T is the stress tensor, I is the identity tensor, D is the deformation tensor,
η0,ψ1,0 and ψ2,0 denote viscosity, and first and second normal stress coefficients,
respectively and D∇ is the upper convected derivative of D [38]. The term propor-
tional to D∇ in above equation incorporates a weak elastic “memory” into the consti-
tutive equation. It can be shown under quite general conditions that a viscoelastic
fluid will obey this above equation if the flow is sufficiently slow and slowly varying,
to ensure that departures from Newtonian behavior are small. But this model is
applicable to a limited number of non-Newtonian fluids only and does not cover a
wide range of non-linear viscoelastic behaviors. This relation will hold only if the
shear rate is low enough to prevent the viscosity and first and second normal stress
coefficients from departing from their low shear rate values that is, if there is no shear
thinning.

5.2.2 Upper-convected Maxwell model

The upper-convected Maxwell (UCM) model is a generalization of the Maxwell
material for the case of large deformations using the upper-convected time derivative.
The model was proposed by James G. Oldroyd. The concept is named after James
Clerk Maxwell. Perhaps the simplest way to combine time-dependent phenomena and
rheological nonlinearity is to incorporate nonlinearity into the simple Maxwell equa-
tion, This can be done by replacing the substantial time derivative in a tensor version
of Maxwell equation with the upper-convected time derivative of τ [39]:

τ þ λτ∇ ¼ 2η0D (27)

This equation is the upper-convected Maxwell (UCM) equation, is nonlinear
because τ∇ contains products of the velocity gradient ∇v and the stress tensor τ. For
small strain amplitudes, the nonlinear terms disappear and the upper-convected time
derivative reduces to the substantial time derivative UCM equation is then equivalent
to the linear Maxwell model. On the other hand, if the flow is steady and the strain
rate is small, τ is negligible and Newtonian behavior is recovered. Thus, to first order
in the velocity gradient, we obtain.

τ ≈ 2η0Dþ second order terms (28)

Suppose that we now increase the strain rate until we start to see a weak departure
from Newtonian behavior. We can calculate this departure by using the above equa-
tion to calculate upper convected stress tensor:

τ∇ ≈ 2η0D∇ þ third order terms (29)

Then we get,

τ ≈ 2η0D� 2η0D
∇ þ second order terms (30)

Comparing this Eq. (30) with second-order fluid equation, we see that to
second order in the velocity gradient the upper-convected Maxwell equation for
small strain rates reduces to a special case of the equation of the second-order fluid
with first order stress coefficient being 2η0D and second order stress coefficient being
zero [40].
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5.2.3 Oldroyd-B model

The Oldroyd-B model is an extension of the upper Convected Maxwell model
[39] and is interpreted as a solvent filled with elastic bead and spring dumbbells.
Although the UCM equation gives the polymer contribution to the stress in a
dilute solution, the solvent contribution to the stress cannot be neglected, and so
the total stress tensor in these solutions is the sum of the polymeric and solvent
contributions

τ ¼ τp þ τs (31)

Where, τp is the polymeric contribution and is given by equation Upper Convected
Maxwell model (eq. UCM model) and τs is the contribution due to solvent given by
2ηsD which ultimately gives,

τ þ λ1τ
∇ ¼ 2η0 Dþ λ2D∇� �

(32)

Where, λ1relaxation is time and λ2 is retardation time =ηs
η0
λ1. This model gives

good approximations of viscoelastic fluids in shear flow, it has an unphysical
singularity in extensional flow, where the dumbbells are infinitely stretched.
This is, however, specific to idealized flow; in the case of a cross-slot geometry the
extensional flow is not ideal, so the stress, although singular, remains integrable,
although the stress is infinite in a correspondingly infinitely small region. If the
solvent viscosity is zero, the Oldroyd-B becomes the Upper Convected Maxwell
Model.

5.2.4 Wagner model

Wagner model is might be considered as a simplified practical form of the
Bernstein–Kearsley–Zapas (BKZ) model [41, 42]. When the Cauchy strain terms
are ignored in the original K-BKZ model we get Wagner model. This idea was first
employed by Wagner [43, 44]. The Wagner model often involves a set of equations
based on molecular reptation theory, describing the movement of polymer chains
through entanglements. The specific equations can vary depending on the details of
the model.

The constitutive equation for this model is given by,

σ ¼ �p ρ,Tð ÞI þ
ðt

�∞

M ξ tð Þ � ξ t0ð Þð Þh I1, I2ð ÞC�1
t t0ð Þdt0 (33)

Here, M ξ tð Þ � ξ t0ð Þð Þ the memory function carries the value,

M ξ tð Þ � ξ t0ð Þð Þ ¼ � dG ξ tð Þ � ξ t0ð Þð
dt

¼
Xm
i¼1

gi
aTθi

e�
ξ tð Þ�ξ t0ð Þ

θi (34)

And Gðξ tð Þ � ξ t0ð Þ ¼ Pm
i¼1 gie

�ξ tð Þ�ξ t0ð Þ
θi is the shear relaxation modulus, θi is the

relaxation time, h I1, I2ð Þ is the strain damping function.
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6. Testing of viscoelastic materials

Several tests can be employed to investigate viscoelastic materials and establish the
relation between stress, strain and time under specific deformation and loading con-
ditions. The primary tests encompass stress relaxation, creep and dynamic tests.
Rheometers which have been discussed in details in the initial chapters, are widely
used by the rheologist to perform such tests on the materials under investigation to get
the necessary information about their behaviors. These assessments are crucial for
understanding the materials behavior and performance, providing valuable insights
into its viscoelastic properties over time and under various loading patterns. Following
section discusses these tests in detail.

6.1 Stress relaxation test

Stress relaxation test is a cornerstone in the study of viscoelastic materials offering
a detailed exploration of their response to constant deformation or constant step strain
over time. The primary aim of this test is to observe how a material gradually reduces
stress under sustained strain, providing essential insights into its relaxation processes.
Observing this relaxation of stress with time under the action of the constant defor-
mation allows the observer to analyze the material’s stress relieving capabilities and
mechanism governing its viscoelastic properties. Maxwell model is commonly used to
represent the stress relaxation behavior of viscoelastic materials. The experimental
procedure involves subjecting a specimen to a constant deformation, with stress
continuously monitored and recorded. The resulting stress decay curve, often
exhibiting an exponential nature, serves as a key parameter for understanding the
material’s relaxation time and time dependent viscoelastic behavior.

A graph depicting stress versus time for a material stretched to a particular dis-
placement and held there is shown in Figure 8. Vertically upward line at time t0 is the
force required to deform the material up to a certain stress say σ0 on the application of

Figure 8.
Stress relaxation behavior of a viscoelastic material (this illustration has been redrawn using the concept from
[22]).
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a sudden strain or displacement, there is an increase in the stress induced in the
material but when the strain is held constant further, there is a reduction in the
induced stress with time. Approaching the end of the graph, the line flattens
horizontally, indicating the attainment of a stable stress level and equilibrium
within the material.

This stress relaxation after the application of a step strain (γ0) is the fundamental
way to define the relaxation modulus E (t), one of the most important viscoelastic
parameters given as:

E tð Þ ¼ σ tð Þ
γ0

(35)

It is the time at which the stress in the body reduces to 1/e of its initial value. It
signifies the rate at which the material releases the stress.

6.2 Creep and recovery test

Creep and recovery test provides crucial insight into how materials respond to a
constant box type stress for some period of time as shown below. Figure 9 shows the
response of the viscoelastic material under such applied constant stress. Creep and
recovery behavior of viscoelastic materials can be easily shown by the use of Burger
model. This experiment involves application of a sudden load, holding it for some
time and then removing the load.

It can be seen that at time t0, there is an elastic strain produced in the material but
in the interval from t0 to t1, strain is increasing always with the time such strain
produced in the material under constant stress applied is called as creep strain. Now at
time t1, when the load is removed, the initial decrease in strain is equal to the amount
of strain the material instantaneously experienced when it first had the force applied.

Figure 9.
Strain response of a viscoelastic material to the creep recovery test (this illustration has been redrawn using the
concept from [22]).
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Over time, the material almost returns to its original configuration and its strain
becomes approximately zero with very small amount of inelastic recovery in case
of metals but there is significant amount of unrecovered strain left in case of
polymers [45].

6.3 Dynamic tests

Although stress relaxation and creep-recovery tests are quite simple techniques to
characterize the viscoelastic materials but there are two disadvantages of these tech-
niques, first is that we have to take measurements of a many decades of time cycle but
during this time interval there can occur chemical and physical changes inside the
material which can affect the behavior of the material and hence the final information
that is extracted from the test. Second disadvantage is that is impossible to apply such
instantaneous deformation at the beginning of the test. These issues are overcome
with the help of dynamical or sinusoidal load when the material under investigation is
loaded with a deformation varying sinusoidally with time. Common type of dynamic
tests includes Dynamic Mechanical Analysis (DMA), vibration and oscillation testing
etc. involving the exposure of specimen to varying loads or frequencies while mea-
suring its dynamic response.

7. Practical applications

Due to their distinctive ability to deform and dissipate energy under stress, visco-
elastic materials are extensively utilized across diverse industries. Their versatility
renders them essential in numerous fields. This section digs into particular applications
of viscoelastic materials, emphasizing their many applications and practical contribu-
tions. Various kind of viscoelastic applications are as discussed below (Figure 10).

Figure 10.
Applications of viscoelasticity in various sectors (image source for pharmaceutical [46], textile [47] and medical
applications [48]).

42

Rheological Measurement Techniques and Analysis Methods



7.1 Mechanical applications

Viscoelastic materials finds their place in variety of applications ranging from
enhancing structural resilience to improving the comfort and performance of every
day products and machinery [49]. Blend of unique properties makes them invaluable
in addressing various mechanical challenges across industries. These materials play a
crucial role in the automotive sector, contributing to improved safety, comfort, and
performance. They are extensively used in vehicle components such as shock
absorbers, vibration dampers etc. These materials find substantial use in the
manufacturing of sports equipment such as helmets, pads, and shoe soles. Their ability
to absorb and dissipate impact energy helps prevent injuries by cushioning the effects
of shocks and reducing the transmission of forces to the athlete. These viscoelastic
materials and their coatings are very much useful in increasing the life span of the
components of the machines by reducing the wear and tear issues. Viscoelastic
dampers are used in the buildings and structures of the regions which are prone to
earthquakes which reduces the effect of the vibrations in these structures by absorb-
ing and then dissipating the effect thereby minimizing the potential damage. Visco-
elastic materials are employed in the aerospace industry for interior components such
as seating and panels. Their vibration damping capabilities contribute to passenger
comfort by minimizing the effects of turbulence and mechanical vibrations during
flight.

7.2 Pharmaceutical applications

Viscoelastic materials are now widely used in the pharmaceutical business [50],
where they have a wide range of applications that help with drug discovery, produc-
tion, dermatological uses, etc. [51]. These viscoelastic materials are frequently used in
medicine formulation to improve the chemical and physical characteristics of the
medication. Mucoadhesive and hydrogel polymers, for example, help to increase the
stability, controlled release, and bioavailability of pharmaceuticals. Even viscoelastic
encapsulation technologies are essential for shielding delicate medications from out-
side influences. Pharmaceutical companies use biodegradable viscoelastic polymers,
particularly for designing implants or controlled drug release systems. Viscoelastic
materials are used in dermatology to formulate lotions, ointments, and other products
[52]. The therapeutic effects of these formulations are ensured by improving medica-
tion penetration through the skin.

7.3 In textile industries

Textile industry has witnessed a paradigm shift with the advent of the viscoelastic
materials as they enable the development of the fabrics that meets the dynamic and
diverse needs of modern consumers. When subjected to a load, textiles re recognized
for exhibiting dynamic viscoelastic behavior [53]. These materials are known to pro-
duce hysteresis behavior under cyclic loading and unloading and they tend to release
the stress when load is decreased with time [54]. These special qualities of the mate-
rials not only make the fabric flexible and comfortable, but they are also commonly
utilized in sportswear to make it durable and able to withstand a lot of movements,
which can greatly enhance a player’s performance [55]. Impact collisions frequently
result in numerous injuries to participants in physically hard-fought and competitive
sports like football, rugby, boxing, etc. Use of the padding materials, safe guard
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mitigates the impact of such collisions by absorbing the forces up to 35 to 40%. D3O,
Sorbothane (used in shoes) etc. are some of the materials used as an energy absorber
in the sportswear [56].

7.4 Medical applications

As we are familiar with the fact that polymers are the representative for the
viscoelastic materials. These materials holds a great position in the medical field [57].
Materials with viscoelastic properties can be employed as agents to deliver drugs into
human bodies in order to treat specific illness [58, 59]. In addition to using them as
drug delivery agents, we may use them to make medical equipment that can be used
in the amputation of body parts. In the biomedical field, 3D printed and injection
molded polymers are employed as prosthetics bearing products [60] emphasizing
their applications in hip and knee joints [61]. Viscoelasticity is also observed in mag-
netic fluids especially magnetorheological fluids therefore they also hold a special
place in the category of viscoelastic materials [62, 63]. Devices based on these
magnetorheological fluids such as rehabilitation, haptic and prosthetic devices also
plays an important usefulness in the field of medicine and surgery [64]. Prosthetic
devices uses magnetorheological fluids based dampers for their controlled motion
helping the amputees [65]. Thus, these magnetorheological viscoelastic materials are
integral to the design of orthopedic implants and prosthetics. Viscoelastic materials
are also used in ophthalmology as some viscoelastic materials are employed in the
production of contact lenses to improve the comfort and to provide the stable fit on
the eye. Moreover, due to their unique properties based on their chemical structure,
these materials can also be used in the protection of corneal endothelium and epithe-
lium from mechanical trauma and to maintain an intraocular space. Healon, Vitrax,
Orcolon etc. are some of the viscoelastic materials that have been used earlier in
ophthalmology [66]. In conclusion, the medical applications of viscoelastic materials
encompass a broad spectrum of interventions and versatility of these materials con-
tributes significantly to the advancement of medical treatments.

There are tons of other important applications of these viscoelastic materials com-
prising their use in dental applications [67], paints [68], surgical sealants, in tire
technology for reduced rolling resistance [69], for packaging and acoustic insulations,
even in oil and gas industry [70] too. Beyond such properties and useful applications
these materials are also environmentally friendly which motivates for their wide-
spread use.

8. Conclusions

In conclusion, our exploration of viscoelasticity has covered the fundamental
principles of rheology and the nuanced behaviors exhibited by materials under
dynamic conditions. Key metrics such as the Deborah number, storage modulus, and
loss modulus have been discussed, providing insights into the exciting responses of
materials. Also, when we look at specific applications, we can see how viscoelasticity
affects a variety of industries, including engineering and healthcare. We have
interpreted the complexity of material’s behavior under various settings by navigating
constitutive models. Along the way, we encountered experimental methods that gave
us the means to discover the mysteries buried in materials. Our analysis of constitutive
models, which included linear, non-linear, and quasi-linear viscoelasticity, clarified
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the intricate relationship between viscosity and elasticity that controls material
behavior. The dynamic character of materials, as demonstrated by tests for creep,
stress relaxation, and dynamic behavior, emphasizes how crucial it is to understand
their behavior for real-world applications. A complete picture is painted by the pro-
gression from grasping the fundamentals to investigating sophisticated models and
experimental methods.
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Chapter 3

Modeling, Analysis, and Numerical
Solution of a Viscoelastic Contact
Problem with Normal Compliance
in the Context of Locking Materials
Mustapha Bouallala

Abstract

This article delves into investigating a novel contact problem involving viscoelastic
materials that exhibit ideal locking behavior when in contact with a rigid foundation,
exploring their unique characteristics and implications. The contact is represented
using the Signorini condition, while the friction is characterized by the nonlocal
Coulomb’s law. We introduce the mathematical model for the viscoelastic process,
derive its variational formulation, and establish the existence and uniqueness of the
solution. We introduce fully discrete finite element schemes for the variational prob-
lem and derive error estimates for the approximate solution. In conclusion, we pro-
vide an example of a viscoelastic material exhibiting blocking behavior.

Keywords: locking material, Signorini conditions, Coulomb’s friction, variational
inequality, weak solution, finite element method, error estimate

1. Introduction

When an obstacle prevents the deformation of a material or restricts it beyond a
certain threshold, the material becomes impervious to further deformation, regardless
of the applied force. This results in stress changes without corresponding deforma-
tions, and this phenomenon is referred to as material locking.

The initial investigations into variational problems related to locking materials,
pioneered by Prager, are referenced in [1–3] and subsequently expanded upon by
Demengel and Suquet in [4, 5]. In a recent publication [6], an investigation has been
presented on a Signorini-type contact problem with friction. The model incorporates a
nonmonotone multivalued subdifferential condition that is contingent on the
slip. Complementary to this research, the article [7] focuses on a numerical study,
providing convergence results, error estimation, and numerical simulations. The
publication by Sofonea [8] introduces a mathematical model that characterizes a
resilient locking material featuring memory properties. Reference [9] provides
insights into the mathematical and numerical examination of a static model applied to
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an electro-elastic locking material. The analysis incorporates considerations of
contact, friction, and interactions with a conductive foundation.

The references [7, 10–13] address elliptic variational-hemivariational inequalities
related to the displacement field in various contact problems with friction. These
problems span across elastic, viscoelastic, and electro-elastic-visco-plastic ideally
locking materials. The authors in [14] addressed a static process involving a unilateral
contact problem with nonlocal Coulomb friction between a locking material and a
rigid foundation. The penalty method was employed in their approach.

A notable source for a recent model explicates the quasi-static progression of
unilateral contact and friction between a thermo-electro-viscoelastic body and a
conductive foundation as outlined in [15–17]. In a recent investigation, Bouallala et al.
[18, 19] examined the feasibility of two innovative mathematical models. The initial
model tackles a frictionless contact scenario within the realm of viscoelasticity, while
the subsequent model centers on a contact problem involving friction. This second
model explores the interaction between a body displaying thermo-viscoelastic
behavior and a foundation with thermal conductivity. In their study, the researchers
employed the Kelvin-Voigt constitutive law and incorporated the Fourier law
alongside a fractional time derivative.

In this current paper, we undertake a mathematical and numerical analysis of a
novel quasistatic contact problem involving a viscoelastic ideally locking material and
a rigid foundation. The contact is characterized by the Signorini condition, and
Coulomb’s law is employed to model friction.

We establish the existence and uniqueness of a weak solution through the utilization
of quasi-variational inequalities and the Banach fixed-point theorem. The discrete prob-
lem is formulated using the finite element method and a backward Euler finite difference.
Additionally, we demonstrate the convergence of the solution to the discrete problem.

The rest of the paper follows this structure: in Section 2, we outline the frictional
contact viscoelastic with locking model, presenting the material’s behavior through a
nonlinear viscoelastic-locking constitutive law, equilibrium equation, and boundary con-
ditions. In Section 3, we introduce the notations and assumptions regarding the problem’s
data, and we derive its variational formulation. Section 4 is dedicated to presenting the
proof of weak solvability. Moving on to Section 5, we introduce a fully discrete scheme,
derive error estimates, and establish convergence results. Finally, in the last section, we
provide a concrete example involving a viscoelastic blocking material.

2. Contact problem involving locking material

Let d denote the space of second-order symmetric tensors on d. The symbols
“�“and �∥ will denote the inner product and the Euclidean norm on d and d, respec-
tively. Specifically, for any u and v in d and for any σ and τ in d, the expressions are

u � v ¼ ui � vi, ∥v∥ ¼ v � vð Þ12 and σ � τ ¼ σij:τij, ∥τ∥ ¼ τ � τð Þ12: (1)

Here, the indices i and j range from 1 to d, and unless explicitly mentioned
otherwise, we apply the summation convention to repeated indices.

We examine a rigid body initially located within an open, bounded domain Ω⊂d,
where d ¼ 1,2,3. The boundary Γ of the domain Ω is presumed to be Lipschitz, and it
is partitioned into three distinct, measurable components: ΓD, ΓN, and ΓC, with the
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condition that mes ΓDð Þ>0. In this context, let T >0, and consider the time interval of
interest as 0,T½ �. The body is immobilized within ΓD � 0,Tð Þ, causing the displace-
ment field to be zero in that region. Meanwhile, a volume force with a density of f 0
operates in Ω� 0,Tð Þ, and surface traction with a density of f 1 applies to ΓN � 0,Tð Þ.
At ΓC � 0,Tð Þ, the body has the potential to interact with a solid obstacle referred to
as the foundation (Figure 1).

Moreover, a comma signifies partial differentiation concerning the spatial variable
x, as in ui,j ¼ ∂ui

∂xj
. Additionally, ε and Div represent the linearized strain tensor and the

deformation and the divergence operator, respectively, namely,

ε uð Þ ¼ εij uð Þ� �
, εij uð Þ ¼ 1

2
ui:j þ uj:i
� �

, Div σ ¼ σij,j
� �

: (2)

Furthermore, ν ¼ νið Þ represents the outward unit normal vector at Γ. The terms
uν ¼ u:ν and uτ ¼ u� uνν correspond to the normal and tangential components of the
vector field u on the boundary Γ.

Lastly, the normal stress σν ¼ σνð Þ:ν and tangential stress στ ¼ σν� σνν are defined
on the boundary Γ.

With these considerations, we are now ready to present the formulation of the
contact problem under the aforementioned assumptions.

Problem (P): Find a displacement field u : Ω� 0,Tð Þ ! d and a stress tensor
σ : Ω� 0,Tð Þ ! d, a.e. t∈ 0,T½ � such that

σ tð Þ∈Vε _u tð Þð Þ þ Eε u tð Þð Þ þ ∂ IA ε u tð Þð Þð Þð Þ in Ω� 0,Tð Þ, (3)

Div σ u tð Þð Þð Þ þ f 0 tð Þ ¼ 0 in Ω� 0,Tð Þ, (4)

u tð Þ ¼ 0 on ΓD � 0,Tð Þ, (5)

σ tð Þν ¼ f 1 tð Þ on ΓN � 0,Tð Þ, (6)

σν tð Þ≤0, uν tð Þ � g≤0, σν tð Þ uν tð Þ � gð Þ ¼ 0 on ΓC � 0,Tð Þ, (7)

∥στ∥≤ μ ∥uτ∥ð Þ∣Rσν uð Þ∣,
∥στ∥< μ ∥uτ∥ð Þ∣Rσν uð Þ∣ ) _uτ ¼ 0,

∥στ∥ ¼ μ ∥uτ∥ð Þ∣Rσν uð Þ∣ ) ∃λ 6¼ 0 ∣ στ ¼ �λ _uτ

9>=
>;

on ΓC � 0,Tð Þ, (8)

Figure 1.
Domain in the initial configuration.
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with IA is the indicator function defined by

IA αð Þ ¼ 0, if α∈A,
þ∞, otherwise

�
(9)

of a closed and convex set A given by A ¼ β∈d, ∥β∥≤M
n o

.

It is worth noting that Eq. (3) characterizes the constitutive behavior of viscoelas-
tic materials subject to locking constraints, where E ¼ eijkl

� �
and V ¼ vijkl

� �
are,

respectively, the elasticity tensor and the viscosity tensor. On the other hand, relation
(4) delineates the equilibrium condition for the stress-displacement field. Conditions
(5) and (6) describe the displacement and traction boundary conditions, respectively.
Additionally, relation (7) corresponds to the normal compliance contact condition on
ΓC. Finally, conditions (8) embody Coulomb’s friction law, where μ denotes the
coefficient of friction and R serves as a regularization operator; for more details, see
[20, 21].

3. Variational formulation

To introduce the weak formulation of Problem (P), we require additional notation
and preliminary concepts. Let X denote a Banach space, and let T be a positive real
number.

We employ the conventional notation for the spaces Lp 0,T;Xð Þ andWk,p 0,T;Xð Þ,
where 1≤ p≤∞ and k ¼ 1, … , equipped with the corresponding norms.

∥u∥pLp 0,T;Xð Þ ¼
ðT
0
∥u∥pXdt: (10)

We also make use of Hilbert spaces.

H Ωð Þ ¼ L2 Ωð Þd ¼ u ¼ uið Þ, ui ∈L2 Ωð Þ� �
,

H1 Ωð Þ ¼ H1 Ωð Þd,
H ¼ τ ¼ τij

� � j τij ¼ τji ∈L2 Ωð Þ� �
:

(11)

These spaces are real Hilbert spaces equipped with inner products.

u, vð ÞH Ωð Þ ¼
ð

Ω
uividx, σ, τð ÞH ¼

ð

Ω
σijτijdx,

u, vð ÞH1 Ωð Þ¼ u, vð ÞH Ωð Þ þ ε uð Þ, ε vð Þð ÞH:
(12)

Considering the boundary condition (5), we define a closed subspace of H1 Ωð Þ as
follows:

V ¼ v∈H1 Ωð Þ : v ¼ 0 on ΓDf g: (13)

The set of admissible displacements

K1 ¼ v∈V = vν � g≤0 on ΓCf g, (14)
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and the closed convex

K2 ¼ v∈V = ; jε vð Þj≤M a:e:on Ωf g: (15)

We define V ∗ as the dual space of V and by identifying L2 Ωð Þd with its own dual.

Also, it holds V ⊂L2 Ωð Þd ¼ L2 Ωð Þd
� � ∗

⊂V ∗ . The duality pairing between V ∗ and V is

denoted as �, �ð ÞV ∗�V , and the norm in V ∗ is represented by ∥ � ∥V ∗ .
For a given mapping φ defined on the space X, where X ∗ represents its topological

space, ∂φ signifies the subdifferential of φ as defined in (see [22]):

∂φ xð Þ ¼ z∈X ∗ j z, y� xh i≤φ yð Þ � φ xð Þ, ∀y∈Xf g: (16)

Given that meas ΓDð Þ>0 and Korn’s inequality is satisfied (refer to [23]),

ε vð Þk kH ≥ ct∥v∥H1 Ωð Þ, ∀v∈V, (17)

where ct is a nonnegative constant determined solely by the properties of Ω and ΓD.
This inequality plays a crucial role in the theory of linear elasticity, where the

symmetric part of the gradient serves as a measure of the deformation experienced by
an elastic body when deformed by a given vector function. Thus, this inequality is an
essential tool as an a priori estimate in the context of linear elasticity theory. For more
details, refer to [24].

In the vector space V, we contemplate the inner product defined by

u, vð ÞV ¼ ε uð Þ, ε vð Þð ÞH, ∥u∥2V ¼ u, uð Þ, (18)

and the norm associated with it, denoted by ∥v∥V , is equivalent on V to the
conventional norm ∥ε vð Þ∥H in ∥ � ∥H1 Ωð Þ.

Furthermore, leveraging the Sobolev trace theorem, there exists a positive constant
c0 dependent solely on Ω, ΓC, and ΓD such that

∥v∥L2 ΓCð Þd ≤ c0∥v∥V , ∀v∈V: (19)

To proceed with the investigation of the mechanical Problem (P), we require the
following assumptions:

(HP1) The elasticity operator E : Ω� d ! d satisfies the usual properties of
symmetry, boundedness, ellipticity, and continuity

i. f ijkl ¼ f jikl ¼ f lkij ∈L∞ Ωð Þ,

ii. f ijkl xð Þξkξl ≥ma∥ξ∥2, for all ξ in d, and for all x in Ω, with ma >0,

iii. ∥ Eε uð Þ, ε vð Þð ÞH∥≤Ma∥u∥V∥v∥V :

(HP2) The viscosity tensor V : Ω� d ! d satisfy

i. vijkl ¼ vjikl ¼ vlkij ∈L∞ Ωð Þ,
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ii. vijkl xð Þξkξl ≥mb∥ξ∥2, for all ξ in d, for all x in Ω, with mb >0,

iii. ∥ Vε uð Þ, ε vð Þð ÞH∥≤Mb∥u∥V∥v∥V :

The symmetry of the elasticity and viscosity tensors implies that the order of
force application does not affect the result. Moreover, this often corresponds to
conservation laws.

The continuity of tensors ensures that small changes in input lead to small changes
in output. In the context of elasticity and viscosity, it is crucial for the harmonious
behavior of materials under deformation or flow. Physically, continuous operators
reflect the concept that a material’s response to gradual changes in conditions is itself
gradual. Sudden changes in stress or deformation are avoided.

Coercivity is a property that ensures the operator “pushes back” significant inputs,
preventing unbounded behavior. In elasticity and viscosity, coercivity is often associ-
ated with the stability and well-posedness of mathematical models. In mechanics,
coercivity ensures that materials resist extreme deformations or rapid changes in
stress, thereby contributing to the physical stability of the system.

(HP3) The forces, the traction, the initial conditions, and the gap function satisfy

f 0 ∈W1,∞ 0,T;L2 Ωð Þd
� �

, f 1 ∈W1,∞ 0,T;L2 ΓNð Þd
� �

,

u0 ∈V, g∈L2 ΓCð Þ, g≥0:
(20)

The regularities of these elements not only are important mathematically for the
well-posedness of problems but also have direct physical implications, contributing to
the stability, reliability, and accuracy of models in various scientific and engineering
applications.

(HP4) The coefficient of friction μ : ΓC � þ ! þ satisfies the following:

i. There exists Lμ >0, for all a, b in þ, μ :, að Þ � μ :ð , bÞj j<Lμ∣a� b∣ a.e. on ΓC.

ii. For all a in þ, the mapping x↦μ x, að Þ is measurable on ΓC.

iii. For all a in þ, the mapping x↦μ x, að Þ is μ ∗ -bounded, a.e. on ΓC, with

μ ∗ ¼ sup
t∈ 0,T½ �

∥μ∥L∞ ΓCð Þ: (21)

iv. The mapping R : H0
ΓC

! L∞ ΓCð Þ is linear compact and continuous with
cR ¼ ∥R∥.

This implies that the friction coefficient is defined at each point on the contact
boundary, and its value depends on the magnitude of the applied normal forces,
limited to positive real numbers, reflecting the physical nature of the friction coeffi-
cient as a nonnegative quantity. The friction coefficient may vary in space, reflecting
the heterogeneity of friction properties in different contact regions. This situation is
often encountered in real-world scenarios where surfaces may have different textures
or materials. The friction coefficient is sensitive to changes in the applied normal force
at the contact interface. This reflects the physical reality that the friction behavior
between surfaces can be influenced by the magnitude of compression forces.
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Subsequently, employing Riesz’s representation theorem, we characterize the ele-
ments f ∈V as follows:

f tð Þ, vð ÞV ∗�V ¼
ð

Ω
f 0 tð Þ � vdxþ

ð

ΓN

f 1 tð Þvda: (22)

We represent the bilinear and symmetric mappings a : V � V !  and c :
V � V !  as follows:

a u tð Þ, vð Þ≕ Eε u tð Þð Þ, ε vð Þð ÞH and b u tð Þ, vð Þ≕ Vε u tð Þð Þ, ε vð Þð ÞH: (23)

We establish the mappings j : V � V !  as follows:

j u tð Þ, vð Þ ¼
ð

ΓC

μ ∥uτ tð Þ∥ð Þ∣Rσν u tð Þð Þ∣∥vτ∥Vda, ∀u, v∈V: (24)

Now, employing a standard variational approach, it becomes evident that if u
satisfies the conditions (3)–(6) and (22)–(24), then for almost every t∈ �0,T½ and for
all v∈V,

b _u tð Þ, v� _u tð Þð Þþ a u tð Þ, v� _u tð Þð Þ þ Y ε u tð Þð Þð Þ, ε vð Þ � ε _u tð Þð Þh i
þ j u tð Þ, vð Þ � j u tð Þ, _u tð Þð Þ≥ f tð Þ, v� _u tð Þð ÞV ∗�V ,

(25)

with Y ε u tð Þð Þð Þ∈ ∂IK2 ε u tð Þð Þð Þ.
Exploiting the convex nature of IA yields:

Y ε u tð Þð Þð , ε u tð Þ � _u tð Þð ÞÞh i≤ IK2 ε vð Þð Þ � IK2 ε _u tð Þð Þð Þ ¼ 0, ∀v∈K2: (26)

By incorporating all these assumptions, we derive the weak formulation as a
variational inequality.

Problem (PV): Find a displacement field u :�0;T ! d�
a.e. t∈ �0;T½ and for all

v∈K1∩K2 such that:

u∈K1∩K2, (27)

c _u tð Þ, v� _u tð Þð Þþ a u tð Þ, v� _u tð Þð Þ þ j u tð Þ, vð Þ � j u tð Þ, _u tð Þð Þ
≥ f tð Þ, v� _u tð Þð ÞV ∗�V :

(28)

4. Existence and uniqueness of the solution

Theorem 4.1. Under the assumptions HP1ð Þ � HP4ð Þ, and the following condition

mb > μ ∗ c20 þ cRLμc20
� �

(29)

a unique solution to Problem (PV) exists, satisfying the following regularity:

u∈W2,∞ 0,T;Vð Þ: (30)

Proof. Under the assumptions HP2ð Þ, the viscosity operator is bilinear, symmetric,
continuous, and coercive.
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Similar to HP1ð Þ, the operator a is bilinear, symmetric, and continuous.
By HP4ð Þ, the operator j is a proper convex l.s.c.
Now, let u1, u1, v1, and v1 in V, using (24), we have that

j u1 tð Þ, v2ð Þ þ j u1 tð Þ, v1ð Þ þ j u2 tð Þ, v1ð Þ þ j u2 tð Þ, v2ð Þ
¼

ð

ΓC

μ ∥u1τ∥Vð Þ Rσν u1 tð Þð Þ � Rσν u2 tð Þð Þð Þ ∥u1τ∥V � ∥u2τ∥Vð Þda

þ
ð

ΓC

Rσν u2 tð Þð Þj j μ ∥u1τ∥Vð Þ � μ ∥u2τ∥Vð Þð Þ ∥u1τ∥V � ∥u2τ∥Vð Þda:
(31)

Taking into account the continuity of R, (19), the conditions presented in HP4ð Þ,
and after calculation, we deduce that

j u1 tð Þ, v2ð Þþ j u1 tð Þ, v1ð Þ þ j u2 tð Þ, v1ð Þ þ j u2 tð Þ, v2ð Þ
≤ μ ∗ c20 þ cRLμc20
� �

u1 tð Þ � u2 tð Þk kV v1 � v2k kV :
(32)

Then, considering the regularities of f 0 and f 1 as stated in HP3ð Þ, we conclude that
f ∈W1,∞ 0,T;Vð Þ.

Finally, by combining all these results with (29) and utilizing the theorem
presented in Sofonea and Matei ([25], pp. 67–70), the Problem (PV) has a unique
solution that satisfies (30).

5. Fully discrete approximation

In this section, we present a fully discrete numerical scheme for solving Problem
(P) and derive an optimal error estimate. We employ the finite element space Vh and
introduce a time interval partition 0,T½ � as follows: 0 ¼ t0 < t1 < … < tN ¼ T.

Consider time step sizes kn >0, defined as kn ¼ tn � tn�1 for n ¼ 1, … ,N. We
permit a nonuniform partition of the time interval and denote k ¼ max nkn as the
maximal step size.

For a continuous function u tð Þ taking values in a function space, we express ui ¼
u tið Þ for 0≤ i≤N. We represent the difference as Δwn ¼ wn �wn�1 and the
corresponding divided difference as δw ¼ Δw

kn
.

Consider a regular family of triangular finite element partitions Th� �
defined on

Ω, which is compatible with the boundary decomposition Γ ¼ ΓC∪ΓD∪ΓN.
We proceed to define a finite element space Vh ⊂V, Kh

1 ¼ K1∩Vh, and Kh
2 ¼ K2∩Vh

for the approximations of the displacement field u as follows:

Vh ¼ vh ∈ C Ω
� �� �d; vh∣Tr ∈ ℙ1 Trð Þ½ �d ∀Tr∈Th; vh ¼ 0 on ΓD

n o
, (33)

The fully discrete approximation method is founded on a backward Euler scheme,
taking the following form:

Problem (PVHK): Find a displacement field uhkn
� �

⊂Kh
1∩K

h
2 for all v

h ∈Vh and n ¼
1, … ,N

b whk
n , vh � whk

n

� �þ a uhkn�1, v
h � whk

n

� �

þ j uhkn�1, v
h� �� j uhkn�1,w

hk
n

� �
≥ f n, v

h �whk
n

� �
,

uhk0 ¼ uh0,

(34)
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with uh0 ∈Vh is an approximate of u0.
To simplify the notation further, we introduce the velocity.

whk
n ¼ δuhkn , n ¼ 1, … ,N, and uhkn ¼

Xn
j¼1

kjwhk
j þ uh0: (35)

Applying a discrete analogue of Theorem 4.1, we observe that given uhkn�1 ∈Vh,
Problem (PVHK) possesses a unique solution uhkn ∈Vh:.

Next, we establish the following convergence result for the fully discrete solution.
Theorem 5.1. Assume the initial values uh0 ∈Vh and the assumptions HP1ð Þ � HP4ð Þ.

Then, if

u0 � uh0
�� ��

V ! 0, as h ! 0, (36)

the fully discrete solution of the Problem (PVHK) converges:

max
1≤ n≤N

un � uhkn
�� ��

V þ wn �whk
n

�� ��
V

n o
! 0, as h, k ! 0: (37)

Proof. Substitute v ¼ whk
n into (28) at t ¼ tn, and we obtain:

b whk
n ,whk

n �wn
� �þ a un,whk

n �wn
� �

j un,whk
n

� �� j un,wnð Þ≥ f n,w
hk
n � wn

� �
:

(38)

Summing up (34) with vh ¼ vhn and (34)

b whk
n , vhn �whk

n

� �þ v wn,whk
n �wn

� �þ a uhkn�1, v
h
n � whk

n

� �þ a un,whk
n �wn

� �

þj uhkn�1, v
h
n

� �� j uhkn�1,w
hk
n

� �þ j un,whk
n

� �� j un,wnð Þ
≥ f n, v

h
n �whk

n

� �þ f n,w
hk
n � wn

� �
:

(39)

With this equality

b wn � whk
n ,wn � whk

n

� �¼ b whk
n ,whk

n � vhn
� �þ b wn,wn � vhn

� �

�b whk
n ,wn � vhn

� �þ b wn, vhn � whk
n

� �
:

(40)

We deduce that

b wn � whk
n ,wn � whk

n

� �¼ Rhk þ Rhk
j þ b whk

n � wn, vhn �wn
� �

þa uhkn�1 � un, vhn �whk
n

� �
,

(41)

where

Rhk ¼ c wn, vhn � wn
� �þ a un, vhn �wn

� �

þj un, vhn
� �� j un,wnð Þ � f n, v

h
n �wn

� �
,

(42)

and
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Rhk
j ¼ j uhkn�1, v

h
n

� �� j uhkn�1,w
hk
n

� �þ j un,whk
n

� �� j un, vhn
� �

: (43)

Under the assumptions HP1ð Þ � HP2ð Þ, we obtain

mb wn � whk
n

�� ��2 ≤Mb whk
n �wn

�� ��
V vhn �wn
�� ��

V

þMe uhkn�1 � un
�� ��

V vhn �whk
n

�� ��
V þ Rhk

�� ��þ Rhk
j

���
���:

(44)

Due to (24) and the assumption HP4ð Þ and applying the inequality

ab≤ αa2 þ 1
4α

b2, ∀α>0, (45)

we found the following estimate

Rhk
j

���
���¼ j uhkn�1, v

h
n

� �� j uhkn�1,w
hk
n

� �þ j un,whk
n

� �� j un, vhn
� ��� ��

¼ μ ∗ c20 þ cRLμc20
� �

uhkn�1 � un
�� ��

V whk
n � vhn

�� ��
V :

¼ c un � uhkn�1

�� ��2
V þ vhn �whk

n

�� ��2
V

n o
:

(46)

Here, vhn �whk
n

�� ��
V will be bounded as follows:

vhn �whk
n

�� ��
V ≤ vhn �wn

�� ��
V þ wn �whk

n

�� ��
V : (47)

Combining (44), (46), and (47), we obtain the following relation

wh
n � whk

n

�� ��
V ≤ c vhn �wn

�� ��
V þ uhkn�1 � un

�� ��
V þ Rhk

�� ��12n o
: (48)

Following the same procedures outlined in Han and Sofonea ([26], pp. 565–567),
we obtain the following estimate

max
1≤ n≤N

un � uhkn
�� ��

V þ wn �whk
n

�� ��
V

n o

≤ c max
1≤ n≤N

inf
vhn ∈Vh

vhn � wn
�� ��

V þ Rhk
n

�� ��12n o

þ uh0 � u0
�� ��

V þ c Ik wð Þ þ k∥u∥C1 0,T;Vð Þ
� �

:

(49)

where

Ik wð Þ ¼
XN
j¼1

ðtj
tj�1

wj �ws
�� ��

Vds: (50)

We take vhn ¼ Ph wnð Þ with Ph : V ! V is a projection operator defined by

v� Ph
v

�� ��
V ¼ inf

vh ∈Vh
v� vh

�� ��
V , ∀v∈V: (51)
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Utilizing Lemma 5.4, established in Han and Sofonea [26], we deduce the result
stated in Theorem 5.1.

6. Appropriate example

In this section, we illustrate an example of a viscoelastic blocking material. It is
worth noting that viscoelasticity is employed to characterize the behavior of reversible
materials that are sensitive to the rate of deformation, including polymers, concrete,
wood, rubber, and the like.

Example: Exploring the coupled mechanosorptive and viscoelastic behavior of
wood. The mechanosorptive behavior includes the hygro-lock phenomenon, charac-
terized by deformation blockage during the drying phase under stress.

The polymeric composition of wood, including cellulose, hemicellulose, and lignin,
contributes to its viscoelastic behavior. This behavior is observed through the gradual
increase in deformation over time under constant stress (creep) or the relaxation of
stress over time under constant deformation. It is characterized by its time-dependent
nature and is influenced by various factors, including the external atmosphere.

Assuming a partition of the deformation, we can express

ε tð Þ ¼ ε1 tð Þ þ ε2 tð Þ: (52)

Here, ε1 represents the elastic deformation, compensating for the blocked part
caused by the variation of the modulus of elasticity during drying and ε2 denotes the
viscoelastic deformation.

The dual form associated with the constraint set is expressed as

σ tð Þ ¼ σ1 tð Þ þ σ2 tð Þ: (53)

7. Conclusion

In this study, we have addressed a novel viscoelastic contact problem involving
Coulomb friction for locking materials. The contact was modeled using the Signorini
condition law. We established the existence and uniqueness of a weak solution and
derived error estimates for the approximate solution. The proofs relied on arguments
involving time-dependent variational inequalities, finite element methods, and Euler’s
forward scheme.

We emphasize that the key distinction between contact problems with materials
without blocking and those involving blocking materials, as considered here, lies in
the nature of the material’s behavior law, which is of a differential type.

We conclude our study with the following outlook:

1.The model can be explored with alternative behavior laws such as electro-
viscoelasticity, thermo-viscoelasticity, thermo-electro-viscoelasticity, and so on.

2.Investigating problems of a similar nature with diverse types of contact, friction,
and locking effects could be a promising avenue for future research.

3.Addressing the same problem in the dynamic case poses greater challenges.
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4.Conducting numerical simulations using finite element methods or other
approaches represents a compelling direction for future research.
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Emulsion Rheology: Applications 
and Measuring Techniques in 
Upstream Petroleum Operations
Iskandar Bin Dzulkarnain, Muhammad Mohsin Yousufi  
and Mysara Eissa Mohyaldinn Elhaj

Abstract

Emulsions play a prominent role in the petroleum exploration and production 
fields. They act as working fluids for drilling exploration wells, cementing the 
completion assembly, and helping to enhance hydrocarbon production. Moreover, 
the liquid hydrocarbons produced are often in the form of emulsions. The rheological 
analysis is crucial for the effectiveness of emulsion-based working fluids as well as 
the optimization and refinement of water-engulfed crude oil produced. The chapter 
covers the vast role of emulsions in the petroleum upstream section and the rheologi-
cal techniques applied (such as rotational, oscillatory, extensional rheometry, and 
microfluidics) to better understand the flow characteristics of the non-Newtonian 
fluid in multiple applications.

Keywords: rheology, emulsion rheology, emulsified acids, rheometer, Pickering 
emulsion

1.  Introduction

Emulsions are colloidal systems consisting of two immiscible liquids combined 
together with the help of an emulsifier [1]. These colloids are found in various 
industrial applications including cosmetics, pharmaceuticals, food, energy, and fuels 
[2]. The coexistence of generally two unmixable fluids provides unique character-
istics that are not found otherwise, such as providing enhanced transportation and 
controlled release capabilities for various substances with required stability under 
varying thermal and mechanical conditions. These colloidal suspensions allow for 
tailor-made rheological characteristics with respect to viscosity, flow rate, sweep 
efficiency, phase ratio, and degree of reactivity within the system and with the 
environment.

In the petroleum upstream sector, emulsions are either used as potential solutions 
for various drilling and production operations or are as a nuisance in the form of oil 
and water mixtures during subsurface production of hydrocarbons, which requires 
extensive time and money for separation of oil, and water phases before transporta-
tion of hydrocarbon from the field [3].
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2.  Type of emulsions and their applications/occurrences in oil field

The emulsions found are of various types with respect to the droplet size, disper-
sion phase, and type of emulsifier used.

2.1  Emulsion as per droplet size

Emulsions are generally divided into three types with respect to the droplet 
size, namely, nanoemulsions (1–100 nm), microemulsions (100–400 nm), and 
macroemulsions (1–100 μm) [4, 5]. The droplet size influences the rheology just as 
it governs the stability of the emulsion by preventing coalescence and flocculation. 
Smaller droplet size leads to higher viscosity because of an increase in interfacial area, 
better elasticity, and shear thinning behavior due to the ability to deform under high 
stress and reform upon stress release.

2.2  Emulsion as per dispersion phase

The flow and deformation behavior (rheology) of an emulsion depends on both 
the nature of the droplets (dispersed phase) and the surrounding liquid (continu-
ous phase). Moreover, the water–oil ratio will govern the flow of the emulsion. 
Macroemulsions (coarse emulsions) are categorized as water-in-oil (W/O) or oil-in-
water (O/W) based on the continuous phase. Microemulsions, distinct from coarse 
emulsions, exhibit phase sensitivity and can exist in three phases: oil-in-water-in-oil 
(O/W/O) or water-in-oil-in-water (W/O/W) [6].

2.3  Emulsion as per type of emulsifier

The type of emulsifier severely impacts the rheological behavior of an emulsion. 
There are two types of emulsifiers generally used: solid particles, also known as 
Pickering particles and surfactant (liquid-based emulsifiers); the key difference 
between them has been shown in Figure 1. Both types have their own advantages 
and drawbacks as per different types of applications. In Pickering emulsions, solid 
particles at the interface create steric hindrance, resisting droplet movement and 
leading to higher viscosity compared to liquid emulsifiers. Under high shear rates, 
particles pack more tightly, further increasing viscosity and potentially leading to 
gel-like behavior, but this varies according to the overall emulsion composition and 
the particle characteristics, which can exhibit shear thinning upon increasing shear 
rates; however, it is comparatively lower than surfactant-based emulsions. These 
emulsions can exhibit elastic properties due to the network formed by the particles 
at the interface. On the contrary, surfactants reduce interfacial tension, allowing 
easier flow and generally resulting in lower viscosity compared to solid particle 
emulsifiers. Surfactants typically exhibit shear thinning behavior comparatively 
higher than Pickering emulsions, where viscosity decreases with increasing shear 
rate due to droplet alignment and deformation. Hence, these emulsions are more 
fluid-like and less elastic than those stabilized by solid particles. From a technical 
and economic perspective, it is feasible to incorporate solid particles as emulsi-
fiers during drilling and production operations as it requires a lower amount of 
emulsifier concentration to maintain stability and viscosity [9, 10]; additionally, the 
surfactants generally used are prone to being toxic, carcinogenic, and allergic, and 
are not mostly biodegradable [11–13].
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    3.  Emulsion applications and occurrences in the upstream sector 

 Emulsions, as mentioned above, are a part of different petroleum operations, 
often used for a variety of applications while also acting as a hindrance during the 
production phase. 

  3.1  Drilling muds 

 Emulsions used in drilling applications are generally invertible emulsions that 
transition between O/W and W/O configurations depending on pressure and appli-
cations [ 14 – 20 ]. This property allows for balancing filtration control and lubricity 
requirements in different wellbore sections. The droplet size in these emulsions plays 
a significant role in their behavior and performance. Generally, a moderate droplet 
size range between 0.5 and 5 microns is desired. This is because traditional coarse 
emulsions have droplet sizes typically ranging from 1 micrometer (μm) to millimeters 
(mm), significantly larger than the desired range for drilling fluids. These emulsions 
are thermodynamically unstable and tend to separate over time, a major drawback 
for drilling muds requiring long-term stability; moreover, they often lack specific 
functionalities needed in drilling, like shale inhibition and high-temperature stability 
[ 21 ]. Microemulsions, although if tailor designed, can provide the required thermal 
stability and viscosity but are currently kinetically unstable and tend to be infeasible 
on a large scale [ 22 ,  23 ]. Smaller droplets lead to higher viscosity, improved filtration 
control, and potentially better shale inhibition. However, excessive viscosity can 
hinder flow and pumping operations. In contrast, larger droplets contribute to lower 

  Figure 1.
  The key distinction between emulsions formed with surfactants and those formed with Pickering particles. 
Surfactants rely on groupings of special molecules called amphiphiles and their hydrophilic–lipophilic balance 
(HLB) value to create different types of emulsions while for a Pickering emulsion, the particle’s wettability 
contact angle categorizes the emulsion [ 7 ,  8 ].          
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viscosity, better flow behavior, and enhanced lubricity. However, they might compro-
mise filtration control and thus provide limited shale inhibition.

3.2  Emulsion formation during production

The emulsions produced from oilfields range from water-in-oil (W/O) or oil-in-
water (O/W) to the complex Winsor type 3 (W/O/W and O/W/O)-based emulsions 
depending on the percentage of the phases and type of surfactants present and their 
affinity with the phases [24, 25] But mostly water-in-oil-based (W/O) emulsion are 
formed due to presence of high concentration of asphaltene in the crude oils, asphaltene 
is a natural surfactant which is strongly oleophilic [26, 27]. The rheology in these scenar-
ios holds a critical role during flow assurance and refinement of the hydrocarbons, which 
depends on the severity of the emulsification, which is controlled by viscousness of the 
phases and their compositional percentage along with the temperature and pressure 
conditions. Emulsions significantly impact the flow behavior of produced fluids within 
pipelines and processing facilities. Increased viscosity in emulsions can lead to pressure 
drops, flow restrictions, and heat transfer issues affecting the cooling and heating of 
pipelines and equipment [28]. Similarly, high viscosity emulsions can complicate various 
downstream refining processes like separation, transportation, and processing [29].

3.3  Well stimulation (matrix acidizing)

Water-in-oil macroemulsion is synthesized for matrix acidizing operations as it can 
hold large quantities of acid content while utilizing low concentrations of emulsifier, 
and the oil phase provides retardation against reactivity between acid and the rock 
surface [30, 31]. Figure 2 presents the large adaptation of water-in-oil (W/O) emul-
sions favored by various research studies and field cases. Figures 3 and 4 provide a 
comparison between flow of a conventional acid and an emulsified acid. Conventional 
acid is consumed entirely halfway due to lack of a diffusion barrier to subside the acid 
reactivity in one area, whereas, as with emulsified acid, it successfully reaches the 
targeted depth due to the presence of the oil phase acting as a retarding agent between 
the acid and the rock surface thereby slowing down acid reactivity and minimizing 
consumption. In order to perform a successful acidizing operation, the shear thinning 
under high stress of the emulsion during propagation through the wellbore to the reser-
voir and the ability to thicken as the pressure subsides is crucial to be optimized while 
maintaining stability against thermal and mechanical stresses [32].

Figure 2. 
The high usage of water-in-oil (W/O) emulsions which provide better retardation and sweep efficiency during 
acid stimulation.
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3.4  Conformance control

Similar to matrix acidizing, the shear thinning and thickening behavior of the 
emulsion is important for improving oil recovery through reservoir profile enhance-
ment and chemical flooding at varying (low to high) temperature and pressure condi-
tions. Contrary to the well-stimulation operations, which utilize oil as the external 
phase for retarding acid, the conformance control emulsions utilize oil-in-water 
(O/W) emulsions, as shown in Figure 5. This is because O/W emulsions possess 
adequate viscosity and hence better shear-thinning rheology, which is better suited 
for injectivity contrary to the comparatively more viscous W/O emulsion, which 
is harder to inject and induce large pressure drop during displacement [28, 33, 34]. 
This type of rheology generates low chances of formation damage and makes it easy 
for blockage removal, along with better power over droplet size, providing a wider 
range of droplets and making it more possible to plug different pore throats during 
conformance control [35–38]. Figure 6 presents the three different type of plugging 
mechanisms adapted by emulsion droplets during conformance control.

Figure 3. 
How a typical acid treatment without a retarder penetrates the rock. As illustrated, the acid is completely used up 
before reaching even half the intended depth [7].

Figure 4. 
The propagation of an emulsified acid that reaches the targeted depth due to oil acting as the external phase as it 
retards the reactivity between the acid and rock surface [7].
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3.5  Enhance oil recovery

Highly permeable formations favor O/W emulsions due to their lower viscosity 
and better flow characteristics. Conversely, W/O emulsions might be preferred in 
low-permeability reservoirs to enhance sweep efficiency. Oil-wet reservoirs benefit 
from W/O emulsions, which can change the rock surface wettability toward water, 
mobilizing trapped oil. Water-wet reservoirs might find better success with O/W 
emulsions. Macroemulsions are sought over microemulsions generation due to high 
expenditure requirements attached to the smaller droplet size emulsions regardless of 
providing better thermal stability and, due to higher viscosity, the ability to mobilize 
oil from tight zones and improve sweep efficiency [39, 40].

Figure 5. 
The number of publications utilizing W/O and O/W emulsions for conformance control. O/W emulsions are 
favored more due to the provision of desired viscosity and shear thinning rheology than W/O emulsions, which 
have injectivity constraints and generate large pressure drops during flow.

Figure 6. 
The plugging mechanism that works for emulsions during conformance control: (a) In oil-in-water emulsions, as 
an oil droplet enters a narrow pore throat, the curved front of the droplet faces more resistance than the flatter 
back. This difference in resistance creates a pressure that helps the droplet lodge itself in the pore, blocking it; this 
is also known as the Jamin effect. (b) Additionally, emulsions can plug pores by having droplets of various sizes 
accumulate at the pore throat. This variety in droplet size allows them to fit into and block pores of different 
diameters, creating a more effective overall blockage. (c) Finally, the charged Pickering particles used in these 
emulsions can be attracted to the oppositely charged rock surface within the pores. This attraction helps the 
droplets adhere to the pore walls, further contributing to the plugging effect [8].
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4.  Factors affecting emulsion rheology

4.1  Internal phase factors

4.1.1  Water: oil ratio

The water-to-oil ratio influences the viscosity-to-mobility ratio, which governs 
the overall rheological performance of an emulsion. Slight changes in a certain phase’s 
ratio can change the continuous and discrete phases of the emulsion and may distort 
the affinity of the emulsifier with a certain phase. For instance, emulsions used for 
conformance control and acid stimulation require a balanced viscosity to mobility 
ratio, which provides low injection pressure requirements, controlled shear thinning 
and thickening behavior with great sweep efficiency for this purpose generally, 50:50, 
70:30, and even 80:20 are considered as water to oil ratios respectively as this allows 
aqueous medium to govern the emulsion viscosity no matter how viscous the oil 
phase. If the oil phase has a percentage greater than 50%, then the emulsion viscos-
ity will resemble oil viscosity, which in most cases is troublesome due to high power 
injection rates, along with other constraints such as higher chances of formation dam-
age, difficulty in damage removal, stagnancy in plugging and stimulation operations 
as well as increasing the overall operational cost [6, 28, 35–38].

4.1.2  Droplet size distribution

Generally, smaller droplet size leads to higher viscosity in emulsions. This is 
because smaller droplets create a larger total interfacial area within the emulsion, 
requiring more energy for the fluid to flow and increasing resistance to movement 
[41]. However, it is crucial to account for the interplay between droplet size and the 
viscosity of the individual phases. If the dispersed phase is much more viscous than 
the continuous phase, a smaller droplet size can significantly increase viscosity. If 
the viscosity difference is smaller, the impact of droplet size on overall viscosity 
might be less pronounced. Droplet size depends on the viscosity and polarity of 
the individual phases, emulsifier concentration (in case of Pickering emulsions, 
the size of the particle is also accounted for), method of homogenization, which 
includes mixing speed, ultrasonication power and duration, temperature, droplet 
dispersion mode. Externally, the reservoir temperature, pressure, salinity, and 
pH of the rock mineralogy and reservoir fluid can influence the droplet size, 
thereby changing the flow behavior of an emulsion. For example, if the droplet 
size distribution is disturbed by an increase in salinity in the system, it may lead 
to instability mechanisms such as coalescence and flocculation. This larger droplet 
size can reduce the shear and thermal resistance of an emulsion due to large drop-
lets requiring lesser energy to propagate within the continuous phase and being 
more sensitive to thermal conductivity [42]. This salinity increase can also have 
an opposite effect by providing an enhanced particle network surrounding the 
droplets, which depends upon the affinity between the emulsifier, the salt ions, and 
the phases. Table 1 and Figure 7 present the different emulsion droplet size ranges 
for emulsified acids used for matrix acidizing and emulsions used as conformance 
agents. The droplet size can vary depending on the specific reservoir. Factors that 
influence droplet size include the size of the Pickering particles used, the viscosity 
and polarity of the oil and water phases, the method used to create the emulsion, 
and the conditions within the reservoir itself [8].
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4.1.3  Oil viscosity

The flow of emulsion can largely be affected by the viscosity of the oil phase, 
whether it is the dispersed phase or continuous phase. Oil should be moderately vis-
cous as per the operational conditions, so that whether oil is the dispersed or continu-
ous medium, it can slow down the droplet propagation toward one another, thereby 
preventing coalescence. The emulsion will be able to exhibit the necessary flow sweep 
efficiency, the shear thinning behavior will be customized to provide minimum 
injectivity concerns, and it is useful in cases where minimum contact between droplet 
and rock surface is required. If the oil is highly viscous, it shows solid-like behavior 
leading toward emulsion destabilization, high pumping requirement, and possible 
formation damage [52, 53].

4.1.4  Effect of main constituents and additives on emulsion performance

The rheological performance of an emulsion, meaning its flow and deforma-
tion behavior, depends heavily on the composition of its main constituents and the 

Figure 7. 
A representation according to past research on the size of droplets used for conformance control which typically 
falls between 1 and 4 microns.

Authors Year Droplet size Emulsion type

Guidry et al. [43] 1989 20 μm HCl,
200 μm N2

Macroemulsion

Al-Anazi et al. [44] 1998 77 μm HCl Macroemulsion

Navarrete et al. [45] 1998 1–77 μm HCl Macroemulsion

Nasr-el-din et al. [46] 2008 35 μm HCl Macroemulsion

Zakaria and Nasr-El-Din [47] 2015 1.14–6.34 μm HCl Macroemulsion

Sidaoui et al. [48] 2016 1.47–3.09 μm HCl Macroemulsion

Hoefner and Fogler [49] 1987 10 nm (micelle state) Microemulsion

Zhang et al. [50] 2008 54.5 nm Microemulsion

Tupã et al. [51] 2016 80–183 nm Microemulsion

Table 1. 
Highlights the different droplet sizes of the emulsified acids utilized for well stimulation [7].
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presence of any additives. The viscosity, size distribution, and polarity of the dis-
persed phase significantly impact the overall viscosity and flow behavior of the emul-
sion. Smaller droplets and higher viscosity of the dispersed phase generally increase 
resistance to flow. Similarly, the viscosity of the continuous phase plays a major role, 
with higher viscosity leading to thicker emulsions. Additionally, its compatibility 
with the dispersed phase and emulsifier influences stability and flow characteristics. 
The emulsifier controls the interfacial tension between phases, promoting droplet 
dispersion and stability [54]. The type and concentration of emulsifier directly affect 
droplet size, viscosity, and flow behavior. Additives such as thickeners and thinners 
alter the viscosity for various purposes, controlling flowability, improving suspension 
of solids, or enhancing stability; easier pumping or flow is often used to compensate 
for the high viscosity of the emulsion. The magnitude and shear dependence of vis-
cosity modification by additives depends on both their specific mechanism of action 
and their compatibility with the emulsion components. As a result, the optimal type 
and concentration of an additive will vary based on the desired effect and the specific 
properties of the emulsion [2, 55, 56].

4.1.5  Interfacial affinity /wettability of the emulsifier toward the phases

As mentioned prior, the effect on droplet size affects emulsion stability and, 
thereby, viscosity, the affinity between the emulsifier and the individual phases can 
affect how robust an emulsion will be under different temperature, shear, and salinity 
conditions in case of surfactant-based emulsion where the surfactant hydrophilic–
lipophilic balance (HLB)-based affinity determines the governing phase it is crucial to 
attain a balance between both the phases (oil and water) to achieve long-term stability 
as required for an application [57]. Similarly, in Pickering emulsions, the solid particle 
wettability toward the oil and water phases is the determinant of stability, where 
generally partial wettability (90° contact angle) by the emulsifying particle is favored 
for both phases as it reduces the amount of energy required to create a steric barrier 
by the particle at oil–water interface [58–60]. This strengthened stability creates an 
emulsion that is able to flow fluently under varying shear and thermal stresses due 
to the strong affinity-induced network between the emulsifier and the phases. The 
external wettability of the emulsion with the rock surface is important to consider as 
flow performance gets hindered in cases of unwanted frictional resistance and slip-
ping behavior; therefore, the viscosity and polarity of the emulsion and its individual 
phases need to be modified as per the reservoir mineralogy and application require-
ment. For instance, during conformance control, plugging performance is highly 
affected not just by the wettability between the emulsion and the rock during flow 
but also depends on the elasticity of the inner droplet network (in case of Pickering 
emulsion interparticle network as well), which is highly dependent on the emulsifier 
interaction with the phases [8, 52].

4.1.6  Density

The density of individual phases is vital for a stable emulsion, which affects the 
emulsion viscosity. A large density difference between two phases can lead to fast 
gravity segregation-based destabilization (creaming and sedimentation), whereas a 
low-density difference can prevent this phenomenon from occurring. Highly dense 
emulsions tend to be generally highly viscous due to the increased mass per unit 
volume, although other factors such as droplet size, temperature, gravitational forces, 
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viscosity of individual phases, emulsifier type, and shear rate. The impact of density 
is often more pronounced in dilute emulsions with a significant phase difference. In 
densely packed emulsions, the overall density might dominate the individual phase 
densities. The density difference can affect the homogenization process used to create 
the emulsion. This, in turn, influences the droplet size distribution, which signifi-
cantly impacts viscosity and flow behavior [8].

4.2  External phase factors

4.2.1  Reservoir (mineralogy, and fluid pH and salinity) composition and heterogeneity

Reservoir mineralogy and its fluid composition hold content with different salinity 
and polarities, which when interacting with the injected emulsion, can either increase 
the stability and viscosity of the emulsion or cause emulsion disassociation. These 
invasive ions can either create an additional particle network around the droplets 
along with the emulsifiers to strengthen the interfacial film between the dispersed and 
continuous phase, or these ions can draw the weakly bonded emulsifier ions toward 
themselves, causing destabilization of the interfacial film. The increase in stability 
does generate an increase in viscosity due to the additional particle volume and struc-
ture of the interfacial film; the additional particles in liquid increase their resistance 
to flow. The magnitude of viscosity increase depends on the thickness and rigidity of 
the film, the volume fraction of the dispersed phase, and the initial viscosity of the 
phases. Therefore, the emulsion is optimized during the design phase according to the 
mineralogy and fluid constituents of the reservoir so that the stability remains intact, 
and the emulsion causes minimal concerns during the displacement profile [61, 62].

4.2.2  Temperature

Temperature plays a key role in emulsion stability, much like pH and salt levels. 
It affects the viscosity of the liquids, which in turn influences the size and surface 
tension of the droplets. Similar to how pH and salt alter the ionic arrangement of the 
emulsion (colloid), during synthesis, high temperatures can break down droplets into 
smaller ones and energize the ionic charges because of an increase in thermal energy 
[63]. However, the specific impact of temperature depends on the chosen emulsifier 
and the nature of the liquids involved. During propagation in the subsurface, high 
temperatures and salinity can lead to either stabilization or destabilization of the 
emulsion. Emulsions, whether naturally occurring or intentionally introduced, need 
to be resistant to the high temperatures encountered in reservoirs, typically ranging 
from 80 to150°C [64–70].

4.3  Additional factor

4.3.1  Aging and stability overtime

As the emulsion ages, it heads toward destabilization due to several mechanisms 
that affect the rheology by disturbing the internal structural integrity of the colloidal 
system. Mechanisms influenced by gravity segregation and density differences such as 
creaming and sedimentation affect the composition and flow behavior by separation 
of the phases heading chromatographic fractionation, having each individual phase 
moving at a different speed, having a different inclination toward reservoir fluids 
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and mineralogy. This, in certain cases, can be harmful if unintended such as during 
matrix acidizing [46], but in conformance control, if designed carefully, can provide 
a beneficial plugging mechanism such as during simultaneous oil production and 
water plugging through a production zone [71].

5.  Rheology testing methods

The significance of rheometry in analyzing emulsions cannot be overstated, as it 
sheds light on both their stability and their behavior under flow. Viscosity serves as a 
key indicator of an emulsion’s resistance to instability, with higher viscosities reflect-
ing a lower tendency for droplets to intermingle and destabilize due to retarded fluid-
ity. Rheometry delves deeper by quantifying the mobility–viscosity ratio, offering 
valuable insights into both the efficiency of mixing during synthesis and the injec-
tion requirements for deployment. This ratio captures the delicate balance between 
viscosity, which resists flow, and mobility, which facilitates movement. Grasping 
this interplay is crucial for optimizing processes like emulsion mixing and injection 
into reservoirs. Rheology of drilling fluids affects hole cleaning, pressure control, 
and wellbore stability. Rheometry is crucial in optimizing the emulsion stability and 
viscosity for controlled acid release, reduced corrosion, and better penetration into 
the formation during matrix acidizing applications. During enhanced oil recovery 
operations, the viscosity and flow behavior of injected emulsions significantly 
influences sweep efficiency and oil displacement. While in flooding control, where 
redistributing flows within a reservoir take place, emulsion slugs are used as divert-
ing agents to temporarily plug high permeability zones and divert flow toward less 
permeable zones.

Beyond pure viscosity, it is important to acknowledge that shear thinning behav-
ior, where the viscosity decreases with increasing shear rate, is common in emulsions. 
This can be advantageous for pumping and injection but necessitates consideration of 
varied shear conditions. Additionally, some emulsions exhibit a yield stress, requiring 
a minimum shear stress to initiate flow. This factor becomes relevant in applica-
tions with low shear forces. Both viscosity and flow behavior can be temperature-
dependent, making rheometry under application-relevant temperatures essential for 
accurate predictions.

5.1  Rotational rheometry

Emulsions possess shear thinning behavior and rotational viscometry can cover 
a wide range of shear rates to capture this behavior accurately. A sample is subjected 
to a controlled shear rate and shear stress through which the angular viscosity of 
the sample can then be measured. This is useful for emulsions used in drilling and 
production. During drilling, rotational rheometry is used to characterize viscosity, 
shear thinning, and yield stress of drilling fluid emulsions under simulated downhole 
conditions, including temperature and pressure. In the application of matrix acidiz-
ing, where emulsified acids are utilized, rotational viscometry helps ensure proper 
emulsification and stability of the acid during pumping and placement in the reser-
voir. For enhanced oil recovery where mobility improvement is undertaken, rota-
tional viscometry helps design emulsions with tailored viscosity and shear thinning 
properties for better mobility in porous media and improved oil recovery. For con-
formance control operations enhancement of reservoir profile, rotational rheometric 
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technique is used to optimize emulsions with desired viscosity, gelation properties, 
and shear thinning behavior for effective plugging and subsequent flow through less 
permeable zones.

5.2  Oscillatory rheometry

In dynamic rheometry, a sample is subjected to an oscillating shear stress, and 
the strain response is measured. The storage modulus (G′) and loss modulus (G″) 
can then be calculated from the strain response. The storage modulus is a measure of 
the elastic behavior of the sample, while the loss modulus is a measure of the viscous 
behavior of the sample. Here are two main types of tests carried out in oscillatory 
rheometry, namely, (a) amplitude sweep and (b) frequency sweep [72, 73].

a. Strain (Amplitude) Sweep: Here, the frequency (ω) is held constant, and the 
amplitude of the strain (γ0) is gradually increased. This helps identify the linear 
viscoelastic region (LVR), where the stress response remains proportional to the 
strain and independent of the amplitude.

b. Frequency Sweep: Once the LVR is identified, the amplitude of the strain (γ0) is 
kept constant, and the frequency (ω) is varied. This test measures the viscoelastic 
properties of the sample, such as the storage modulus (G′) and the loss modulus 
(G″), throughout a range of frequencies.

Generally, rotational rheometry requires different geometries like cone-and-plate, 
parallel plates, and concentric cylinders, depending on sample volume and viscosity. 
While Oscillatory rheometers might have additional features like temperature control 
and wider frequency ranges compared to rotational ones. Often, specialized types 
(e.g., microfluidic rheometers) might be specific to either rotational or oscillatory 
measurements [74].

For reservoir condition-based applications, it is safe to state that for both the 
rheometric techniques, hybrid rheometers can be employed, which utilize diverse 
plate geometries to analyze the rheology of various fluids under varying temperature 
conditions and shear stresses [75, 76]. This adaptability is crucial to account for the 
unique behaviors of different fluids, such as slipping and phase evaporation under 
high heat. For highly viscous samples, parallel plates offer suitable measurement, 
while less viscous colloids benefit from the enclosed environment of concentric 
cylinders. The expansive surface area of parallel plates can lead to potential fluid slip-
page and evaporation in low-viscosity media, an issue less significant for their highly 
viscous counterparts. Conversely, concentric cylinders effectively confine the fluid, 
minimizing such concerns even with elevated temperatures. This versatility in plate 
geometry allows rheometers to accurately assess the rheological properties of a wide 
range of fluids, ensuring reliable data across diverse applications. Figure 8 shows (a) 
Searle-type viscometer and (b) Couette-type viscometer. In a Searle-type viscometer, 
the viscosity measurement can be performed by rotating the inner cylinder as the 
resulting torque is measured on the rotating tool, which is usually the bob, the cone, 
or the upper plate. In contrast, a Couette-type viscometer is used to rotate the outer 
cylinder to take viscosity measurements because the resulting torque is measured on 
the counterpart of the rotating tool [77, 78].
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5.3  Extensional Rheometry

In extensional rheometry, a sample is subjected to an extensional flow, and the 
extensional viscosity is measured. Extensional viscosity is a measure of the resistance 
of a material to stretching. Extensional flow analysis can help optimize emulsion sta-
bility to prevent breakdown and ensure proper mud rheology during drilling opera-
tions. This is conducted to better understand how emulsions interact with cuttings 
and solids during hole cleaning under various flow conditions [79]. Design emulsions 
with tailored extensional properties (enables the development of emulsions with 
improved resistance to extensional forces for better performance) for specific drill-
ing environments and challenges [80]. Although it is more targeted toward polymer 
and surfactant flooding during enhanced oil recovery [81, 82], in the case of emul-
sion utilization in the application, this technique can help in perceiving how emul-
sions interact with rock minerals and pore structures, influencing oil mobilization 
mechanisms. Provide multiple insights regarding changes in viscosity and droplet 
deformation, the effect of extensional forces encountered during flow through a 
porous medium, which can help in designing emulsions with optimal viscosity and 
extensional behavior for efficient flow and sweep for specific reservoir characteristics 
and target zones to maximize oil recovery. Similarly, for conformance control, the 
effect of extensional forces during emulsion propagation through different permeable 
zones can help analyze droplet deformation and flow behavior, influencing diversion 
effectiveness and plugging performance and allowing for developing diverting agents 
with better adaptability to extensional forces.

5.4  Microfluidic rheometry

Microfluidic chips have recently been adapted vastly to study steady shear 
viscosity for enhanced oil recovery and mobility control applications [6, 83–88]. 

Figure 8. 
(a) Searle-type viscometer (viscosity measurement can be performed by rotating the inner cylinder) and (b) 
Couette-type viscometer (viscosity measurement can be performed by rotating the outer cylinder). Where 
ω = angular velocity in radians per second, M = torque in newton-meters acting on the cylinder surface, 
Ri = radius in meters of the inner cylinder, Ro = radius in meters of the outer cylinder, h = height of immersion in 
meters of the inner cylinder in the liquid medium.
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These miniature reservoir models allow for a better understanding of the fluid flow 
and optimization on a microscale, mimicking specific reservoir geometries for 
targeted analysis. These models allow for testing numerous emulsion formulations 
under different temperature, pressure, and salinity conditions with limited expense 
of resources. For enhanced oil recovery and conformance control applications, 
this technique has permitted the development of emulsions with optimal viscosity 
and mobility for efficient sweep efficiency. Study of emulsion-rock interactions 
to understand mechanisms of oil mobilization and entrapment. Design diverting 
agents with better performance for effective plugging of high permeability zones 
while observing the colloidal systems flow behavior in the presence of diverse 
reservoir heterogeneity.

Microfluidic scale rheometry is an emerging technique [89] which is currently 
utilized mostly for testing extensional rheology of polymer-based fluids in enhanced 
oil recovery applications [90–93]. However, it has the potential to optimize drilling 
muds and analyze small sample volumes, which is crucial for limited availability 
or expensive drilling fluids. Generate data at high shear rates encountered during 
drilling, enabling better prediction of flow behavior, which can be used to improve 
viscosity and shear thinning behavior for efficient hole cleaning and pressure control. 
Examine fluid-particle interactions to understand suspension stability and prevent 
clogging. Emulsified acids can be designed more efficiently by implementing micro-
fluidic techniques. These will help analyze small volumes of the emulsion relevant to 
lab-scale development and optimization. Simulate flow through porous media within 
the microfluidic chip, mimicking acid transport in the reservoir. This will enable 
better investigation of reaction kinetics and interactions between acid and rock 
formations at a finer scale, thereby improving the design of emulsions with controlled 
acid release and improved penetration depth. Moreover, this can work to strengthen 
emulsion stability and minimize corrosion.

Microfluidic holds multiple advantages, from enabling rapid screening and 
optimization of numerous emulsion formulations to reducing material requirements 
and facilitating research with finite resources. Simulate controlled environments to 
replicate specific downhole conditions, which can be combined with visualization 
tools for a deeper understanding of flow behavior. There are also limitations associ-
ated with scaling challenges as well; transforming results from microfluidic chips to 
larger-scale field applications requires multiple factors to be amended. These small-
scale models sometimes allow for limited geometry options to mimic the complexity 
of real-world porous media. The equipment might not be readily available in all 
settings. Despite these current limitations, it is an emerging field that presents a 
valuable tool for future research and development. Investigating emulsions at relevant 
scales and simulating flow conditions can contribute to designing and deploying 
more effective emulsions for optimal well management, stimulation, and enhanced 
oil recovery strategies. Figure 9 a and b presents a working principal diagram of a 
microfluidic chip rheometer and a graphical representation of changes in flow rate, 
shear rate, and viscosity upon the position of the two fluids on the microfluidic chip. 
This technique measures a sample’s viscosity by injecting it alongside a reference fluid 
into a microfluidic chip. By precisely controlling the flow rates and capturing images 
of the merging streams, the position where the two fluids meet (interface) is precisely 
measured. Since a change in the sample’s viscosity alters the space it occupies within 
the chip, the interface position will also shift. This relationship between flow rates, 
occupied volume, and the interface location allows for a straightforward calculation 
of the sample’s viscosity [94].
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6.  Conclusion

Understanding emulsion rheology is crucial for optimizing their performance in 
various upstream petroleum operations. This chapter has explored the role of emul-
sion rheology in various upstream petroleum operations. By tailoring the composition 
and properties of emulsions, operators can achieve improved wellbore stability, 
enhanced oil recovery, and efficient fluid flow management. The emerging trends 
such as adaptation of solid particles as emulsifiers, need to be explored further to 
make them more resistant to varying thermal and shear disturbances during the fluid 
flow from the surface to the reservoir. Similarly, these enhancements can be tested 
and optimized more economically and efficiently using microfluidic scale rheome-
ters, allowing for more effective rheological optimization at a finer scale. Considering 
the implementation of these trends can lead to more productive outcomes in the 
petroleum fields, which, as per the current scenario, require inexpensive solutions, 
especially during the designing and deployment stages [1].
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Application of Nanotechnology in
the Petroleum Industry: A View
from Rheology
Esteban Taborda, Yurany Villada, Lady J. Giraldo,
Diana A. Estenoz, Camilo A. Franco and Farid B. Cortés

Abstract

The objective of this chapter is to demonstrate the use of rheology as a fundamen-
tal tool for fluid characterization in processes of the oil industry assisted by nanotech-
nology. In more detail, the chapter will present three important processes in the oil
and gas industry: (i) increase the mobility and transport conditions of heavy and
extra-heavy crude oil, (ii) improve the performance of drilling fluids, and (iii)
improve polymer injection technology in enhanced recovery (EOR) processes,
through the use of nanomaterials. To this end, steady-state rheometry and dynamic
rheology are incorporated to understand the phenomena and relate the performance
and microstructure of the fluids used. The content of the chapter presents interesting
results of a disruptive technology of great importance to the energy industry in
general. It will be of great technical contribution to the readers of the book.

Keywords: drilling fluids, heavy oil, nanotechnology, oil and gas industry, polymer
flooding, rheology

1. Introduction

Rheology is the science that studies the flow response of fluids under certain forces
applied that gives important information about the intrinsic properties and composi-
tional microstructure of fluids [1]. It is known that the functional properties of fluids
are dependent on their composition and structural disposition. These properties are
favored under specific arrangements that promote a particular behavior for deter-
mined conditions of forces applied, pressure, and temperature, among others [1, 2].
Within the value chain of the Oil and Gas industry take great importance the flow of
fluids inside rock/reservoirs and their transport through the pipes, where the under-
standing of its rheological behavior is critical [3–5]. In a general view of the value
chain of the Oil and Gas industry are recognized the upstream, midstream, and
downstream processes related to the exploration/production, transport/storage, and
refining/use stages, respectively [6]. Upstream and midstream processes include well
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drilling operations, chemical-enhanced oil recovery (CEOR) processes, and mobility
and transport of crude oil (Figure 1) [6]. These processes have in common the proper
fluid management with the design of water or mud-based drilling fluids, the selection
of polymer or gels injection for enhanced oil recovery (EOR) application, and the
respective flow considerations of crude oil inside the reservoir and the transport up to
refining. For all of these fluids, the rheological behavior plays an important role in the
adequate performance of each operation. Static and dynamic rheology allows an
understanding of the flow behavior of several fluids applied in the oil industry [1].
The main tests for the characterization of these fluids include steady shear (flow
curves) and oscillatory shear (amplitude, frequency, time, and temperature sweeps).
The flow curves provide information about the flow behavior (Newtonian and non-
Newtonian fluids) [1]. In particular, the fluids used in the described stages for oil
extraction exhibit a non-Newtonian trend. Likewise, the frequency sweep indicates
the elastic (G’) and loss (G’) modules used to evaluate the viscoelastic behavior of
fluids. Temperature sweep is used to study the thermal stability of fluids from elastic
and loss components, as well as the complex viscosity [1]. On the other hand, the time
sweep is important to predict the gel formation in the fluids. This behavior is of vital
importance to the drilling operation for suspending the cuttings under rest conditions.
Rheological properties of these fluids can be impacted depending on the conditions of
each field, reservoir fluids (brines and crude oil), temperature, and petrophysics
properties of the reservoir, which can promote poor performance in drilling opera-
tions, low recovery factor with cEOR processes and low mobility and transport of
heavy crude oil (HO) and extra-heavy crude oil (EHO).

The advances in nanotechnology in the last decades have shown the multiple
applications and properties of nanomaterials in the different areas of science and
Engineering [10, 11]. In this sense, the Oil and Gas industry has not been strange to
this development with several applications from laboratory to field trial tests [12]. One
of the main purposes of the nanomaterial’s inclusion in fluids in the Oil and Gas
industry has been focused on enhancing the rheological properties in upstream and
midstream operations [13]. Some researchers have reported that nanoparticles can
modify the viscoelastic network of fluids improving the rheological and thermal
properties, among others.

Figure 1.
Schematic representation of fluids used in stages of oil and gas operations. Images taken from Refs. [7–9].
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2. Rheological behavior of heavy oils and influence of nanomaterials

Among the different types of reservoir fluids, heavy crude oil stands out. Cur-
rently, heavy and extra-heavy crude oil reserves represent 40–45% of total oil reserves
worldwide [14, 15]; therefore, the need to continue extraction is current. The physical
property that characterizes this class of hydrocarbons is their low API gravity (≤ 20°)
and high viscosities [16–19]. This specific property is mainly due to the high content
of asphaltenes and their tendency to self-associate, which in the presence of resins
form a very stable viscoelastic network [20–26]; therefore, the mobility of these fluids
is low, which forces the industry, in general, to constantly search for alternatives that
allow improving the mobility of this type of fluids. However, there are limitations that
range from the application of expensive technologies, the use of toxic substances,
among other factors [27–33]. For this reason, in recent years, nanotechnology has
emerged as a potential alternative capable of competing technically, economically,
and environmentally with conventional processes [12, 34–39], based on the principle
of reducing the viscosity of heavy crude oil due to the interaction of nanometric
particles with the asphaltenes present in the crude [7, 26, 40–43]. Nanoparticles have
characteristics such as high surface area-volume ratio, nanometric size, ease of syn-
thesis, and, above all, high affinity for asphaltenes [42, 44–47], allowing their perfor-
mance to be appropriate and producing a reduction in viscosity necessary to improve
the mobility of heavy and extra-heavy crude oil.

Interesting results presented below demonstrate the performance of different
types of nanoparticles in the rheological behavior of heavy crude oils.

2.1 Rheological measurements: steady-state and dynamic rheometry

Taborda et al. [5, 7, 40] evaluated different types of nanoparticles, from commer-
cial to in-house synthesized, SiO2 with acid, basic, and neutral surface, Al2O3, and
Fe3O4 (more information in the supplementary material), in heavy crude oil matrices
to evaluate their performance as viscosity-reducing agents, through steady-state and
dynamic rheology measurements. The authors carried out the rheological measure-
ment Kinexus pro Rheometer (Malvern, UK), using a plate-plate geometry with a
300 μm gap at 298 K. Each run was repeated three times. The oil and nanoparticles
were mixed using an HP130915Q mixer from Thermo Scientific (Waltham, Massa-
chusetts, USA), at 500 rpm for 30 min and a temperature of 298 K. They evaluated
effects such as concentration of nanoparticles, particle size, chemical nature of the
nanoparticles, and oil type, among others. The results are presented in Figure 2.

Figure 2(a) shows the rheological measurement of the HO matrix in the presence
of S8 (8 nm diameter SiO2 nanoparticles) at concentrations of 10, 100, 1000, and
10,000 mg/L. All nanoparticles evaluated generated viscosity reductions in heavy
crude oil. The point of greatest viscosity reduction was found in the presence of
1000 mg/L of S8. The point of lowest viscosity reduction was found at a concentration
of 10,000 mg/L. Despite interacting with asphaltenes, it is possible that it is due to
increase in the packing factor of the nanoparticles, causing a reduction in the interac-
tion energies with asphaltenes due to aggregation effects between the same
nanoparticles.

All the flow curves presented in Figure 2 exhibit a shear-thinning type behavior,
typical of this class of fluids [49]. The degree of viscosity reduction determined by
adding S8 nanoparticles varies from 3%, obtained at concentrations of 10 mg/L, to the
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point of greatest viscosity reduction, 45% obtained at 1000 mg/L. It is worth
highlighting that as the shear rate increases, the performance in viscosity reduction is
lower, due to the shear-thinning nature of the fluid, which causes changes in the
microstructure of the fluid when subjected to greater stresses.

In Figure 2(b), the effect of the nanoparticle size was evaluated, starting at 8 nm,
up to 285 nm, using SiO2 nanoparticles from different precursor sources, mixing
commercial and in-house synthesized, all particles were added to 1000 mg/L. Similar
to the previous results, the nanoparticles caused viscosity reductions where a clear
trend of better performance is evident as the size of the nanoparticle is smaller. If the
diameter is smaller, a greater number of particles are expected in the same amount of
added mass compared to those with a larger diameter, this causes more points of
contact between the nanoparticles and the crude oil, generating a greater degree of
interaction between the asphaltenes and the nanoparticles.

To complete the evaluation of the properties of nanoparticles, the authors evalu-
ated their different chemical natures. In Figure 2(c), they evaluated S8 with a neutral
(S8), acidic (S8A), and basic (S8B) surface, alumina (Al2O3), and magnetite (Fe3O4).
The results demonstrated that the S8 nanoparticle with a neutral surface is the one
with the best performance in viscosity reduction. The rheological evaluation of the
performance of the S8 nanoparticles was completed by varying the type of crude oil
between heavy and extra-heavy oil, the first one is heavy oil with 13°API, and the
second is extra-heavy oil with 6.4°API; Figure 2(d) shows a very good performance of
the nanoparticles, altering asphaltene colloidal structure producing reduction in vis-
cosity. To understand the phenomenon more completely, dynamic rheology evalua-
tions were carried out using the same nanoparticles in heavy crude oil systems.

Heavy crude oils can be categorized as viscoelastic liquids; that is, they have
viscous behavior typical of pure liquids, but also elastic behavior typical of ideal solids.
The measurements of the storage modules G’ and loss G” are characterized by mea-
suring the contribution of both ideal solid and pure liquid of each heavy crude oil. This
is carried out through oscillometry measurements with sweep tests, both frequency
and of strain. Before measuring the modules, the zone of linear viscoelasticity was
identified in Figure 3(a) and (b), which was found between 0.5 and 5% strain. The
results presented show that G” is always greater than G’, suggesting that viscous
behavior predominates over elastic behavior in the process of fluid deformation and

Figure 2.
Impact of nanoparticles on the flow curves of heavy crude oil. (a) effect of concentration, (b) effect of size,
(c) effect of the chemical nature, (d) effect of the oil. Adapted from Taborda Acevedo [48].
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flow. By adding 1000 mg/L of S8 nanoparticles, a clear reduction in the G’ and G”
modules is noted, altering the internal microstructure of the fluid, reducing the
viscoelastic behavior of the material, favoring total mobility. Figure 3(c) and
(d) show these results were obtained by executing the frequency sweep between
0.1 and 100 rad/s, at 298 K, at a fixed strain of 2% (within the linear viscoelasticity
zone), this to eliminate noise generated by the natural movement of the sample in the
rheometer.

The changes in the microstructure of the fluid are evidenced by the alterations in
the viscoelastic moduli after the inclusion of the nanoparticles into the system; at a
fixed frequency, the storage modulus G’ decreases by 55%, and the loss modulus G”
decreases by 64%, which explains the reduction in the viscosity of the heavy crude oil.
This change in the microstructure of the fluid alters its rheological behavior in general.
Rheological variables such as creep, elastic limit, and thixotropic behaviors are
affected by the presence of nanoparticles as demonstrated by subsequent publications
[50–52]. These rheological changes favor the mobility of the fluids, evaluated at
different conditions, and generate a positive impact on the transportation and mobil-
ity processes of heavy and extra-heavy crude oil.

The reduction in viscosity produced by the presence of nanoparticles is striking;
for this reason, a new rheological model was proposed, seeking to understand phe-
nomenologically how the particles work and to be able to predict viscosities at differ-
ent concentrations of nanoparticles in the crude oil. The model is presented below.

2.2 HB-PR modified model

The model presented by Taborda et al. [53] allows us to relate the pseudoplastic
behavior of heavy crude oil with the inclusion of the Herschel-Bulkley model, and the
rheological behavior of suspensions in the presence of nanoparticles with a mathe-
matical modification to the Pal and Rhodes model. This model allows the experimental
data to be correlated correctly. The modified Pal and Rhodes model is a mathematical
approach presented in Ref. [54] as shown in Eq. (1):

nr ¼ 1þ Koϕð Þ�V (1)

Figure 3.
Dynamic rheology measurements of heavy oil in the presence of S8 nanoparticles at 1000 mg/L and 298 K.
(a) LVR of heavy oil, (b) LVR of heavy oil with S8 nanoparticles, (c) frequency sweep test of heavy oil, and
(d) frequency sweep test of heavy oil with S8 nanoparticles. Adapted from Ref. [48].
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Where nr is the relative viscosity, ϕ is the volume fraction of nanoparticles, V is the
“shape factor” of dispersed particles, and Ko is the solvation constant, for spherical
particles takes a value of 2.5.

One of the most widely used rheological models to describe the flow behavior of
pseudoplastic liquids is the Herschel-Bulkley (H-B) model. The development of the
model is presented in Refs. [55, 56]. This model was selected to evaluate mixtures of
heavy crude oil originating from the Gulf of Mexico and called Mb, and S8
nanoparticles. The H-B model is described as follows:

μ ¼ KH γ nH�1ð Þ
� �

þ μ∞,γ (2)

Combining Eqs. (1) and (2) leads to the Herschel-Bulkley-Modified Pal and
Rhodes model (HB-MPR) as shown in Eq. (3):

μ ¼ KH γ nH�1ð Þ
� �

þ μ∞,γ

h i
1þ Koϕð Þ�V (3)

The model enables a full understanding impact of nanoparticles on the viscosity of
HO and EHO when submitted to a certain shear. Figure 4 presents the evaluation of
the model in another heavy crude oil in the presence of S8 nanoparticles at different
concentrations. Table 1 presents the parameters of the proposed model. A clear trend
is noted in all the parameters that follow the decrease in viscosity.

The impacts that these findings have generated can be evidenced by multiple
investigations developed subsequently, where mobility processes in the reservoir,
surface transportation conditions, and durability of treatments over time, among
others, were evaluated [5, 51, 52].

Figure 4.
Extra-heavy oil experimental and HB-PB proposed model plots. Figure taken from Ref. [53].

Np’s type Np’s concentration (mg/L) μ∞,γ(cP) KH�105 nH Ko �103 V RSME%

0 512 0.99 0.80 NA NA 7.9

S8 500 388 0.645 0.83 39.8 0.214 4.6

1000 212 0.557 0.85 43.1 0.247 4.9

Table 1.
HB-PR proposed model parameters.
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3. Rheological properties of drilling fluids

Drilling operation is a common and important process in the exploitation of
hydrocarbons. The design and formulation of a proper drilling fluid are essential for a
successful operation. The design and composition of these fluids are based on the
characteristics of the geological formations and the available additives. Likewise,
the fluid should fulfill physicochemical, economic, and environmental requirements
[57]. Drilling muds serve several functions: provide hydrostatic pressure to protect
invasion of the wellbore by formation fluids; promote sealing of porous formation;
prevent damage to the formation; clean, cool, and lubricate the bit and other compo-
nents; allow the suspension and mobility of drilling cuttings from subsurface to
surface; and ensure well stability [58]. Two types of drilling fluids are conventionally
used: water-based (WBMs) and oil-based (OBMs). The OBMs have high performance
for the penetration rate, excellent filtration control, high lubricity, thermal stability,
high salt tolerance, and good ability to transport cuttings, and they promote a decrease
in the swelling of the clay formation and the stabilization of the well [59]. However,
OBMs have disadvantages related to the environmental impact, cost, and negative
effects on well cementing [60]. In contrast, WBMs have a low environmental
impact but present some disadvantages in terms of the shale inhibition, lubricity, and
thermal stability.

Due to the advancement of nanotechnology, the implementation of nanoparticles
in the oil and gas industry has been proposed. Recently, the use of nanoparticles has
received significant attention due to their effects on the rheological and filtration
properties of water-based fluids (WBMs), the stability of the shale, the well strength-
ening, and the stability of fluids under hard conditions (high temperature and high
pressure) [61]. Inorganic nanoparticles such as silica graphene oxide, nanographite,
copper oxide, zinc oxide, tin oxide, aluminum oxide, iron oxide, carbon nanotubes,
and composite nanoparticles such as polyacrylamide/polyethylene glycol, attapulgite/
zinc oxide, polyacrylamide/nanoclays, carboxymethylcellulose/polystyrene, titanium
oxide/polyacrylamide, alumina/polyacrylamide have been studied. Organic
nanoparticles, such as nanocrystalline nanofibrillar cellulose and chitin nanocrystals,
have also been probed [62].

Villada et al. [63] studied the use of cellulose nanofibrils as a replacement of
xanthan gum in drilling fluids for shale formation. Two types of nanoparticles were
incorporated. Bleached (B-CNF) and unbleached (L-CNF) cellulose nanofibrils,
mainly differentiated by their lignin content, were probed. The authors employed
rheometric assays to analyze the effect of nanoparticles on the viscosity of WBMs.
Figure 5 presents the flow curves corresponding to the WBMs designed. The results
showed that all WBMs have a shear-thinning behavior. Likewise, the rheological
properties increase with nanoparticle concentration. However, this effect is more
noticeable for nanoparticles containing lower lignin amounts (BCNF). On the other
hand, several rheological models were implemented to determine theoretically the
rheological behavior. Particularly, the Sisko model predicted the rheological behavior
of studied WBMs (Eq. (4)). The authors argued that the structural differences in
dimension, shape, surfaces and thermal characteristics, rheological properties, and
lignin content between B-CNF and L-CNF produced several effects on the rheological
and filtration properties of WBMs. In this sense, changes in the viscosity, filtrate
volumes, thickness, permeability, and filtration rate of the filter cake, and in the
structure of the fluid were observed.
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Sisko model

η ¼ η∞ þ k _γn�1 (4)

where η∞ (mPa.s) is the infinite shear viscosity, k is the consistency index
(mPa.s), _γ (1/s) is the shear rate, and n is the flow behavior index.

The use of di-carboxylic acid cellulose nanofibril (DCA-CNF) as an additive in
water-based drilling fluids (WBMs) applied to shale formations was proposed by
Villada et al. [64]. The authors used a DV3TRV viscometer (Brookfield, USA) with a
cone-plate geometry (CP-51Z with 2.4 diameter and 1.56 angle) to determine the
steady-shear rheological behavior of DCA-CNF aqueous suspensions andWBMs at 25°
C. The flow curves were performed three times. The viscoelastic properties of WBMs
were also investigated using oscillatory rheology. The tests were performed in a Haake
RheoStress RS80 rheometer (Haake Instruments Inc., Paramus, NJ, USA) with a cone-
plate geometry (60 mm diameter, 1° angle). Silicone oil was added to the edge of the
WBMs to prevent evaporation of the WBMs.

Frequency sweep tests were carried out from 0.01 to 10 Hz within the linear
viscoelastic range at strains of 0.02 and room temperature. The test was repeated two
times. Before each assay, the drilling fluids were stirred at 5000 rpm for 3 min. On the
other hand, time and temperature sweeps were conducted. The time sweep was
performed at constant stress (γ =0.02), temperature (25°C), and frequency (1.00 Hz).
The evaluated time range was from 0 to 3600 s. To perform this test, any shear history
in the fluid must be removed. Thus, a rotational shear test was carried out at a shear
rate of 1000 1/s for 180 s. The temperature sweep was evaluated from 10 to 80°C,
with a heating rate of 1.55°C/min, strain (0.02), and frequency (1.0 Hz). Before
temperature sweep, an amplitude sweep was performed at the higher evaluated tem-
perature (80°C).

Figure 5.
Flow curves for WBMs designed. The steady shear analyses were performed at 25°C and 1 atm. The figure was
adapted from Villada et al. [63].
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The authors observed a shear-thinning behavior associated with the changes in
viscosity in the presence of nanoparticles. Likewise, the rheological properties of
WBMs increased with the concentration of nanoparticles. Furthermore, the Sisko
model was fitted very well with experimental data. The viscoelastic properties of
WBMs are presented in Figures 6–9. The frequency sweeps for studied WBMs are
presented in Figure 6. The mechanical spectra show that fluids have a viscoelastic
behavior. In addition, the elastic modulus (G’) is higher than the viscous modulus
(G”), which is an indication of dominant elastic and gel properties. This result could
be related to the existence of fluids with a high degree of structuring favored by
physical crosslinks between polymer chains and their interactions. Besides, the fluids
exhibit a shear-thinning behavior, and the complex viscosity decreases with the shear
rate. This behavior is in concordance with the results obtained from steady shear
analyses.

Figure 6.
Mechanical spectrum of WBMs: (a) fluid 4DCA-CNF and (b) fluid 4XGD. The figure was adapted from Villada
et al. [64].

Figure 7.
Time sweep: (a) fluid 4DCA-CNF and (b) fluid 4XGD.

Figure 8.
Temperature sweep: (a) fluid 4DCA-CNF, and (b) fluid 4XGD.
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Figure 7 depicts the variation of G’ and G” as a function time for the fluids 4DCA-
CNF, and 4XGD. The results show values of G’ > G” for both fluids, which indicates
again more elastic than viscous properties. The fluids exhibit a gel structure with
stable formation at times greater than 600 s (maximum value of G’) and 1.00 Hz. The
estimated time follows the results reported by Bui et al. [65] who associated the
structural stability with the constant value of G’. On the other hand, the complex
viscosity increases with time. This behavior is attributed to the interaction of the
additives present in the WBMs.

Overall, the DCA-CNF fluid shows higher viscoelastic parameters (G’,η*),
suggesting that some electrostatic interactions between the bentonite, DCA-CNF, and
the polyanionic cellulose are more favorable. Compared to the two fluids, there is a
greater difference in the values of the elastic than the viscous component.

Figure 8 shows the variation in the elastic and viscous moduli and complex vis-
cosity with temperature. It is observed in both fluids that G’ > G”, which indicates a
greater elastic behavior. This behavior is more noticeable for the DCA-CNF fluid. The
fluid presents two linear increases of G’ and η* around 56 and 80°C. In addition, G”
exhibits a constant value from 10 to 40°C and a linear increase from 40 to 80°C,
Figure 8(a). The increase in G’ from 10 to 40°C suggests the formation of a more rigid
structure in the fluid whereas G” remained constant. The modulus increases with
temperature, indicating a similar trend from 56 to 80°C. On the other hand, the 4XGD
fluid presents a linear increase in G’ and η* from 10 to 48°C, and in the temperature
range of 48–80°C. Besides, G” exhibits a constant value and pronounced linear
increase, Figure 8(b).

The comparison between the viscosity of rotational shear and oscillatory shear
using the Cox-Merz Rule (Eq. (5)) for the studiedWBMs is presented in Figure 9. The
results indicate that the WBMs follow the Cox-Merz rule due to the similarity in both
viscosities. Particularly, the fluid 4DCA-CNF shows a complete overlap, whereas, for
the fluid 4XGD, a slight deviation is observed. This behavior is related to the experi-
mental variations. The application of the Cox-Merz Rule allows the evaluation of the
behavior of drilling fluids under low and high shear rates.

η ∗ ωð Þ ¼ η _γð Þjω¼ _γ (5)

The incorporation of calcium carbonate particles (CaCO3) as an additive to
improve the rheological, filtration, thermal, and structural properties of drilling fluids
was studied by Villada et al. [66]. CaCO3 particles were synthesized by the precipita-
tion method and characterized in terms of morphological, thermal, and structural

Figure 9.
Comparison between the viscosity of rotational shear and oscillatory shear (Cox-Merz rule) for the fluids studied:
(a) fluid 4DCA-CNF and (b) fluid 4XGD.
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properties. WBMs were designed containing three different viscosifier additives such
as xanthan gum, (XGD), guar gum (GG), or corona gum (GEC). The authors evalu-
ated the effect of particles on the rheological properties through steady shear analyses.
The assays were performed with a Brookfield DV3TRV (cone/plate) viscometer
(Brookfield, USA). The cone-plate CP 51Z configuration was used with a shear rate
range of 3.84–960 1/s at 25°C. Before each viscosity measurement, the samples were
pre-sheared at 960 s–1 for 30 s to erase any shear history. The assays were performed
in triplicate. Villada et al. [66] adjusted two empirical models: Sisko (Eq. (4)) and
Herschel-Bulkley (Eq. (6)).

τ ¼ τ0 þ k0γn
0

(6)

where τ0(Pa.s) is the yield stress, k’ is the consistency index (mPa.s), _γ (1/s) is the
shear rate, and n’ is the flow behavior index.

The results showed that fluids containing XGD and CaCO3 particles exhibited
significant improvements in their functional properties. These results were associated
with the surface interactions between bentonite with polymers and bentonite with
particles.

Compared to the fluids formulated with GG and ECG, the use of XGD in the
WBMs resulted in a different rheological behavior that could related to the formation
of a more effective coating on the surface of Na-Bentonite platelets. Overall, the
authors argued that the complex microstructure of multicomponent systems (clay,
CaCO3 particles, and polymers) is mainly determined by the association mode of clay,
the charge of CaCO3 particles, and the nature of polymer components that modify the
rheological behavior of WBMs. Moreover, the rheological behavior of WBMs was
simulated using different empirical rheological models to provide a physical interpre-
tation of flow behavior.

4. Viscoelastic properties of injection fluids for cEOR processes

During the productivity life of hydrocarbon fields, enhanced oil recovery processes
play an important role in increasing well productivity. The injection of fluids in
injection-producer patterns is one of the main methodologies for improving oil recov-
ery. Polymers, surfactants, and gels are common chemical agents used for fluid injec-
tion based on capillary and viscous properties that can be impacted by them in
interaction with the reservoir fluids. Polymer/gel solution injection can have two
purposes: (a) for mobility control of displacing fluids for oil displacement increasing
oil recovery and (b) conformance control operations to improve sweep efficiency of
CEOR process blocking high permeability zones to allow fluids flow through non-
invaded zones. In both cases, the rheological properties of fluids (viscosity and visco-
elastic properties) have crucial importance in the design of polymeric/gel fluids.
However, due to conditions of high temperature, ion content of brines, the presence
of oxygen and hydrogen sulfide, petrophysical properties of the reservoir, and
adsorption onto the rock, the performance of polymer/gel solutions can be weakened,
affecting their stability, and decreasing their effectiveness. Thereby, nanotechnology
emerges as a promissory alternative to enhance the rheological properties and dimin-
ish the negative effects. Nanomaterials present exceptional properties of size and
surface energy promoting physicochemical interactions with certain chemicals, which
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can produce synergistic effects improving thermal stability and salinity tolerance,
increasing the gel strength and storage modulus [12, 67–69].

Polymer flooding as a chemical-enhanced oil recovery technique is designed for
mobility control of displacing fluids to modify the mobility ratio between displacing
and displaced fluids in the reservoir leading to higher oil recovery. Currently, the
hydrocarbon production of the majority of the mature fields in the world is based on
water flooding followed by tertiary recovery or EOR methodologies. The cEOR tech-
niques as part of EOR methodologies included polymer flooding as a substantial
modification of the water flooding stage by polymeric additives on the fluid injection
carrier (water/brine). The addition of polymeric agents contributes to the viscous
properties of injection fluid that favor an improvement in oil sweep efficiency in the
reservoir. The increase of the viscous effects on injection fluids decreases its fingering
path trend in the reservoir leading to a better sweep and higher oil displacement.
Nanotechnology approaches for polymer flooding present an important impact in
terms of enhancing the polymer properties such as thermal stability and salinity
tolerance to improve the higher performance of polymeric solutions on reservoir.
Several authors have studied the effect of different chemical natures of nanoparticles
such as Al2O3, SiO2, Ni2O3, ZnO, MgO, Fe3O4, TiO2, ZrO2 on the rheological behavior
of polymer-based fluids [70].

Al-Anssari et al. [70] evaluated the effect of zirconium nanoparticles mixed
with polyacrylamide (PAM) polymer on viscosity measurements under different
temperatures (from 25 to 75°C) and the presence of high salinity (1%wt NaCl). The
viscosity measurements were performed using a rheometer (discovery HR-3 hybrid)
with the respective temperature controller. The authors found that nanoparticle
inclusion increases the viscosity of polymeric solution even at harsh conditions of
temperature or salinity content. They concluded that nanoparticles can act as a
crosslinker agent with the polymer chains forming a rigid polymeric network, devel-
oping a new hybrid structure by nanoparticle integration with enhanced rheological
properties [70]. On other hand, Giraldo et al. [71] studied the effect of silica
nanoparticles on the thermal stability and rheological behavior of HPAM-polymer-
based solutions. The rheological measurements were conducted in a kinexus pro
rotational rheometer using the concentric cylinder geometry, equipped with a Peltier
cylinder cartridge for control of temperature. The authors found that nanoparticles
improve the thermal stability of polymer at elevated temperatures of 70°C for 7 and
14 days. Figure 10 presents the results obtained with a decrease in the degree of
polymer degradation with values of 4.5 and 16% for 3000 and 500 mg/L of SiO2

nanoparticles, respectively. On the contrary, the polymeric solution in the absence of

Figure 10.
Rheological behavior and degree degradation of 500 mg/L polymer solutions in the presence of different dosages of
SiO2 nanoparticles after degradation at 70°C under an inert atmosphere for (a) 7 and (b) 14 days.
Figures adapted from Giraldo et al. [71].
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nanoparticles presents a degradation degree of 65% at 7 days. It is important to note
that all polymer-based fluids evaluated exhibit a shear-thinning behavior which is a
representative behavior of this type of fluid.

More recently, Zapata et al. [72] assessed silica nanoparticle amine functionalized
to inhibit the chemical degradation by ion presence on HPAM/Brines solutions. The
authors evaluated the effect of mono-, di-, and trivalent cations’ presence in brine on
the viscous properties of polymeric solutions. The results suggest a direct correlation
between the ion’s valence and the percentage of degradation. Polymer preparation was
conducted following API 63 standard specifications. Rheological measurements were
performed in a Kinexus pro rheometer with a concenter cylinder geometry. Fluids
evaluated present a shear-thinning behavior. The authors highlight the effect of
functionalized nanomaterials in addition to polymeric solutions improving the viscous
properties by up to 16% in comparison with systems without nanomaterials. Besides,
the authors include molecular simulation analysis to describe the phenomenological
interactions that occurred to explain the effect on the viscous properties.

Conformance control operations are deployed to improve the oil-swept efficiency
in productive zones in the reservoir. The goal of these operations is to obtain addi-
tional oil trapped in unswept areas with low permeability that, in usual paths of EOR
fluid injections, are not able to mobilize. Traditional gels used are formed by polymers
(of high molecular weight) mixed with organic or metallic agents that act as
crosslinkers. Additives like partially hydrolyzed polyacrylamide (HPAM), sulfonated
polyacrylamide (SPAM), polyacrylamide (PAM), xanthan gum, guar gum, polyvinyl
alcohol (PVA), and crosslinkers like chromium (III), aluminum (III), zirconium (III),
polyethyleneimine, formaldehyde, among other are widely reported in the literature
[68, 73]. Several authors have evaluated the impact of nanoparticle addition in the
preparation of gel for conformance. Obino et al. [68] and Fathima et al. [67] present a
comprehensive review of different types of nanomaterials used for this purpose,
highlighting their performance for thermal stability and gel strength. The use of
nanomaterials of different chemical nature has been reported. Metal and metal oxide-
based (like oxides of aluminum, titanium, zinc, iron, nickel, and magnesium, among
others), organic (graphene and its derivatives, nanotubes, among others), silica
nanomaterial and its surface modifications, among others [67, 68].

Thoniyot et al. [74] make an approximation of nanoparticle-hydrogel composite
interaction for gel formation. They argued that nanoparticles can act as crosslinkers
according to their specific surface properties interact with the functional groups of
polymer to form strong networks [74]. In the same way, other authors that include
nanoparticles in combination with gel systems also refer to the crosslinker effect of
nanomaterials that leads to a stronger viscoelastic network in the fluid [75–78]. None-
theless, for conformance applications, some authors also evaluate the viscoelastic
behavior of gel by qualitative bottle test through Sydansk code which gives qualitative
information about gelation time and gel strength [79]. Sydansk code describes with
alphabetic letters the flow and consistency of gel formed, where A, B, C, D, and E are
assigned according to the flow of gel from no detectable gel formation to barely
flowing gel, while F, G, and H refer to non-flowing gels, and I and H for rigid gel
appearance [79]. Nonetheless, it is important to note that analysis of static and
dynamic rheological behavior as curves of apparent viscosity versus shear rate and
oscillatory measurement allows a deeper understanding of the microstructure of fluids
and its considerations of solid-like or liquid-like behavior.

Perez et al. [80] studied the effect of SiO2, MgO, Cr2O3, and Al2O3 nanoparticles on
the rheological properties of acrylamide sodium acrylate copolymer/Cr(III) acetate gel
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for conformance control application in reservoirs. The authors highlight the good
results of nanoparticle addition in terms of improved gel strength assessed by static
and dynamic rheological evaluation and syneresis test. Initially, the polymer solution
was prepared, and then, the crosslinker was (Cr(III) acetate) added drop by drop in a
ratio of 40:1 under constant stirring. The nanoparticles were added in the final step
after the crosslinker addition under constant mechanical stirring. The rheological
analysis was conducted by viscosity and oscillatory measurements for the under-
standing of gel microstructure with the storage G’ and loss modulus G” in the presence
and absence of nanoparticles. A Kinexus pro-rotational rheometer was used for the
rheological evaluation and equipped with a Peltier plate and cylinder cartridges for
temperature control. For viscosity measurement, a Couette geometry was used and
cone-plate geometry for G and G” with an oscillation frequency from 1 to 100 Hz and
5% of strain. Figure 11 presents the curves of apparent viscosity vs time to the gelation
time of gels prepared at 4000 and 8000 mg/L of polymer. An increase in the viscosity
of the polymer solutions is observed due to the addition of the nanoparticles.
Furthermore, a noticeable inflection point between 750 and 1500 s is observed, indi-
cating the gel formation. This behavior is associated with tridimensional network
formation due to the crosslinking effect of nanoparticles in the gel structure. As the
concentration of polymer increases, the gelation time is reduced due to the great
availability of the carboxylic group of the polymer chain and crosslinker molecules
interacting to create bonds [80]. In another similar work reported by Perez et al. [81]
with a gel system formed by hydrolyzed polyacrylamide/resorcinol/formaldehyde also
were assessed SiO2, MgO, Cr2O3, and Al2O3 nanoparticles following the methodology
previously mentioned. The authors found similar results in terms of a higher gel
strength by nanoparticle addition, with the increase of storage modulus G’ as evidence
of the predominant solid-like behavior of gel. Additionally, an increase in nanoparticle
concentration produces higher values of G, observing the best performance with
Al2O3 nanoparticles, followed by MgO and Cr2O3, while SiO2 nanoparticles do not
show significant influence, as presented in Figure 12.

Nevertheless, Figure 13 presents the frequency sweep of gel prepared with a
dosage of 100 mg/L of nanoparticles at 4000 and 8000 mg/L of polymer concentra-
tion in gel systems. The authors show that in the range of frequency assessed, the
modulus G” is slightly higher than the G’ modulus for gels prepared in the absence of
nanoparticles, which makes sense due to the predominant liquid-like behavior over

Figure 11.
The gelation time of gel prepared with acrylamide sodium acrylate copolymer/Cr(III) acetate in the absence and
presence of nanoparticles at (a) 4000 mg/L and (b) 8000 mg/L of polymer concentration and 70°C.
Figures adapted from Perez et al. [81].
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the solid-like behavior. However, when the nanoparticles were added, the viscous
response was diminished. The authors argue the results of interactions between
nanoparticles, polymer, and crosslinker based on the formation of nucleation points
by nanoparticles which decrease the entanglement [81]. A general trend is observed in
Figure 13 for 4000 and 8000 mg/L of polymer in gel systems, where G is greater than
G” and elastic modulus increases with the presence of nanoparticles based on the
strengthening of the tridimensional network. At low polymer concentration
(4000 mg/L) is marked the impact of nanoparticles with an improved gel structure,
observing the best performance with Al2O3 y Cr2O3 nanoparticles. Based on this
result, the author suggests that the inclusion of nanoparticles could also be used to
reduce the amount of polymer used in the gel systems maintaining similar properties,
which is an important issue for the cost/benefit relationship.

Rheological analysis has a critical importance for the adequate selection of gel/
nanoparticles system for conformance applications where a high gel strength is

Figure 12.
Storage modulus for gel system (0.3% HPAM, 0.06% resorcinol, and 0.4% formaldehyde) with the addition of
nanoparticles at different dosages (a) MgO, (b) Al2O3, (c) Cr2O3, and (d) SiO2 nanoparticles at 25°C.
Figures adapted from Perez et al. [80].

Figure 13.
Storage and loss modulus of acrylamide sodium acrylate copolymer/Cr(III) acetate gel with the dosage of 100 mg/L
of nanoparticles and polymer concentration of 4000 mg/L. measured at 70°C. Figures adapted from Pérez-Robles
et al. [80].
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desired, but also a delayed gel formation could be favorable for injection into the
target zone in the reservoir, being these properties contributed by nanoparticles
addition where can be solid-like behavior dominate over liquid-like [81].

Finally, the gel strength evidenced by the rheological behavior in the presence and
absence of nanoparticles is also corroborated with the syneresis test with similar
results of gelation time. The displacement test results shows an evident increase of oil
recovered then of plugging of high permeability zone obtaining in the low and
medium permeability slim tubes 55.9 and 45% of incremental oil recovery volume,
respectively.

5. Conclusions

The inclusion of nanotechnology in the petroleum industry generates technical
benefits that enhance industrial operations necessary to facilitate the exploitation and
management of hydrocarbons, from the preparation of wells in drilling processes to
improving the techniques that allow increasing the productivity of the fields, to
enhance transportation and mobility once the fluids reach the surface. To understand
how nanotechnology works, rheology appears as a fundamental science that helps to
explain the phenomenology of processes enhanced with nanotechnology. Interesting
results include the improvement of drilling fluids, which allows optimization of their
formulation and subsequent performance of the technique, reducing the viscosity of
heavy and extra-heavy crude oil, optimizing gel addition processes to allow the selec-
tive flow of hydrocarbons in the reservoir, reducing the degradation of polymers in
EOR technologies that allow greater hydrocarbon sweeps.
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