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Abstract

In this paper, we consider the problem of finding traveling wave solutions to the
generalized seventh-order KdV equation (KdV7). Solitons are non-linear waves that
exhibit extremely unexpected and interesting behavior—solitary waves that propa-
gate without deformation. We use different approaches in order to find one and
multisoliton solutions. Soliton travels through liquid, solid, and gaseous media and
even as electron waves through an electromagnetic field. Making use of a traveling
wave transformation, we obtain a non-linear ode, which is solved using either
hyperbolic or elliptic algorithm. We also use the Hirota method to get the bilinear
form, and then we may obtain multisoliton solutions. In the end, we consider the
forced KdV7.

Keywords: traveling wave solutions, KdV7, solitons, cnoidal waves, deformed
sine-Gordon equation, Sawada-Kotera equation, Kaup–Kupershmidt equation, Ito
equation, lLax equation

1. Introduction

One of the most notable achievements in the second half of the twentieth century,
which also clearly illustrates the underlying unity of Mathematics and Nonlinear
Physics, is the Theory of Solitons. Solitons are nonlinear waves exhibiting extremely
unexpected and interesting behavior—solitary waves propagating without
deformation.

The other waves, the nonlinear ones, are less familiar and are very different from
the linear ones. A wave in the sea approaching the shore is a good example of a
nonlinear wave. Note that the amplitude, wavelength, and speed vary as the wave
advances, while in linear waves, these are constant. The distance between the crests
decreases, the height of the waves increases as they perceive the bottom, and the
speed changes. The upper part of the wave overtakes the lower part, falls on it, and the
wave breaks. There are even more intricate phenomena such as two waves that
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intersect, interact in complicated and nonlinear ways, and give rise to three waves
instead of two.

Now we come to solitons. During a horseback ride around Edinburgh, on the
Union Canal in Hermiston, very close to the Riccarton campus of Heriot-Watt
University, the Scottish engineer John Scott-Russell watched as a barge was towed
along a narrow canal by two horses that pulled from land to obtain a more efficient
design of boats.

A decisive step in the theory of integrable systems was the integration of the KdV
equation. Thus, Gardner, Greene, Kruskal, and Miura observed that if we consider a
potential u(x) for the stationary Schrödinger equation on the line, the corresponding
scattering data are transformed extremely easily when the potential changes as long as
u(x, t) satisfies the KdV equation. Therefore, given an initial condition u(x) for KdV,
we can find the associated scattering data and determine its evolution immediately.

In this paper, we consider the following generalized seventh-order KdV equation
(KdV7 for short):

ut þ au3ux þ bu3x þ cuuxu2x þ du2 u3x þ αu2xu3x þ βuxu4x þ γuu5x þ u7x ¼ 0: (1)

This nonlinear evolution equation describes the behavior of physical phenomena
such as shallow water waves and plasmas. Its conservation laws were determined to
predict its complete integrability [1, 2]. In Ref. [3], Wazwaz obtained one and two
soliton solutions for the following special cases:

• The seventh-order Sawada-Kotera-Ito equation:

ut þ 252u3ux þ 63u3x þ 378uxu2x þ 126u2 u3x þ 63u2xu3x þ 42uxu4x þ 21uu5x þ u7x ¼ 0:

(2)
• The seventh-order Lax equation:

ut þ 140u3ux þ 70u3x þ 280uxu2x þ 70u2 u3x þ 70u2xu3x þ 42uxu4x þ 14uu5x þ u7x ¼ 0:

(3)

• The seventh-order Kaup-Kuperschmidt equation

ut þ 2016u3ux þ 630u3x þ 2268uxu2x þ 504u2 u3x þ 252u2xu3x þ 147uxu4x þ 42uu5x þ u7x ¼ 0:

(4)

These three cases of the seventh-order KdV equation are completely integrable.
This means that each of these equations admits an infinite number of conservation
laws, and as a result, each gives rise to N-soliton solutions. We aim to describe the
families of these KdV7 that admit soliton and cnoidal wave solutions.

2. Cnoidal wave solutions

Let

u x, tð Þ ¼ pþ q℘ x� λtþ ξ0; g2, g3
� �

: (5)
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Then

ut þ au3ux þ bu3x þ cuuxu2x þ du2 u3x þ αu2xu3x þ βuxu4x þ γuu5x þ u7x ¼
1
2
q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�g2℘� g3 þ 4℘3

q
½2ap3 � 2bg3q

2 � cg2pq� 36γg2p� 24βg3q� 1440g3 � 2λ

þ ð6ap2q� 2bg2q
2 � cg2q

2 þ 24dp2 � 12αg2q� 36βg2q� 36γg2q� 4032g2Þ℘þ
6p aq2 þ 2cqþ 120γ þ 8dq
� �

℘2þ

2 aq3 þ 4bq2 þ 6cq2 þ 12dq2 þ 72αqþ 120βqþ 360γqþ 20160
� �

℘3�,

(5a)

where ℘ ¼ ℘ x� λtþ ξ0; g2, g3
� �

:

The system to be solved is

2ap3 � 2bg3q
2 � cg2pq� 36γg2 � 24βg3q� 1440g3 þ 2λ ¼ 0:

6ap2q� 2bg2q
2 � cg2q

2 þ 24dp2 � 12αg2q� 36βg2q� 4032g2 ¼ 0:

6apq2 þ 12cpqþ 720γ þ 48dpq ¼ 0:

2aq3 þ 8bq2 þ 12cq2 þ 24dq2 þ 144αqþ 240βqþ 40320 ¼ 0:

(6)

We will have a solution for the following parameter values:

g2 ¼
6p2 aqþ 4dð Þ

2bq2 þ cq2 þ 12αqþ 36βqþ 4032
:

g3 ¼
2ap3 � cg2pq� 36γg2 þ 2λ

2 bq2 þ 12βqþ 720
� � :

p ¼ � 120γ
q aqþ 2cþ 8dð Þ :

aq3 þ 2 2bþ 3cþ 6dð Þq2 þ 24 3αþ 5βð Þqþ 20160 ¼ 0:

(7)

Example. Let

u 0,1ð Þ x, tð Þ � 63:5567u x, tð Þ3u 1,0ð Þ x, tð Þ � 5089:7u 1,0ð Þ x, tð Þ3 þ 0:939611u x, tð Þu 1,0ð Þ x, tð Þu 2,0ð Þ x, tð Þ
þ0:471886u x, tð Þ2u 3,0ð Þ x, tð Þ þ 0:0310296u 2,0ð Þ x, tð Þu 3,0ð Þ x, tð Þ þ 0:626069u 1,0ð Þ x, tð Þu 4,0ð Þ x, tð Þ
þ0:48252u x, tð Þu 5,0ð Þ x, tð Þ þ u 7,0ð Þ x, tð Þ ¼ 0:

(8)

See Figure 1.
Let now

u x, tð Þ ¼ Bþ C cn2 ωx� λtþ ξ0,mð Þ: (9)

Then
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ut þ au3ux þ bu3x þ cuuxu2x þ du2 u3x þ αu2xu3x þ βuxu4x þ γuu5x þ u7x ¼

2C cn sn dn ½�
λ� aB3ω� 2BcCω3 þ 4B2dω3 þ 2BcCmω3 � 8B2dmω3 þ 8Cαω5 � 24Cmαω5 þ 16Cm2αω5

þ8Cβω5 � 24Cmβω5 þ 16Cm2βω5 � 16Bγω5 þ 136Bmγω5 � 136Bm2γω5 þ 64ω7

�2112mω7 þ 5952m2ω7 � 3968m3ω7

0
BBB@

1
CCCA cn

þω

3aB2C� 4BcCω2 þ 4bC2ω2 þ 2cC2ω2 � 8BCdω2 þ 8BcCmω2 � 4bC2mω2 � 2cC2mω2 � 12B2dmω2

þ16BCdmω2 þ 16Cαω4 � 88Cmαω4 þ 88Cm2αω4 þ 16Cβω4 � 136Cmβω4 þ 136Cm2βω4 þ 16Cγω4

þ240Bmγω4 � 136Cmγω4 � 480Bm2γω4 þ 136Cm2γω4 � 4032mω6 þ 24192m2ω6 � 24192m3ω6

0
BBB@

1
CCCAcn3

þω

3aBC2 � 4bC2ω2 � 4cC2ω2 � 4C2dω2 � 6BcCmω2 þ 8bC2mω2 þ 8cC2mω2 � 24BCdmω2

þ8C2dmω2 þ 72Cmαω4 � 144Cm2αω4 þ 120Cmβω4 � 240Cm2βω4 þ 240Cmγω4 þ 360Bm2γω4

�480Cm2γω4 � 20160m2ω6 þ 40320m3ω6

0
BBB@

1
CCCAcn5

þω aC3 � 4bC2mω2 � 6cC2mω2 � 12C2dmω2 þ 72Cm2αω4 þ 120Cm2βω4 þ 360Cm2γω4 � 20160m3ω6� �
cn7�:

Next, we equate to zero the coefficients of cnj to obtain an algebraic system of
nonlinear equations. This system admits a solution under the condition

Δ1Δ2 ¼ 0, (10)

where

Δ1 ¼ 17640a2 þ 27aα2γ þ 90aαβγ þ 180aαγ2 þ 75aβ2γ þ 300aβγ2 � 840abγ þ 300aγ3 � 126aαc� 210aβc
�1260aγc� 504aαd� 840aβd� 2520aγdþ 10b2γ2 þ 14bc2 � 3αbγc� 5bβγcþ 10bγ2cþ 112bcdþ 224bd2

�12αbγd� 20bβγd� 20bγ2dþ 14c3 � 3αγc2 � 5βγc2 þ 126c2dþ 336cd2 � 15αγcd� 25βγcd� 30γ2cdþ 224d3

�12αγd2 � 20βγd2 � 30γ2d2, and
Δ2 ¼ 28224a2 þ 3aα3 þ 3aα2β þ 63aα2γ � 63aαβ2 þ 234aαβγ þ 297aαγ2 � 135aβ3 þ 135aβ2γ þ 168aαb
þ3192aβbþ 675aβγ2 � 3528abγ þ 405aγ3 � 252aαcþ 588aβc� 2772acγ � 1008aαd� 3024aβd� 3024aγd
þ504b3 þ 4α2b2 � 16αβb2 þ 84αb2γ � 20β2b2 þ�60βb2γ þ 360b2γ2 þ 84b2c� 2016b2d� 70bc2 þ 2α2bc
�12αβbcþ 48αbcγ þ 10β2bc� 120βbcγ þ 270bcγ2 � 672bcdþ 2016bd2 � 6α2bdþ 12αβbd� 108αbγd
þ90β2bd� 180βbγd� 270bγ2dþ 7c3 � 2αβc2 þ 3αc2γ þ 10β2c2 � 45βc2γ þ 45c2γ2 þ 168c2dþ 1008cd2

�3α2cdþ 6αβcd� 54αcγdþ 45β2cd� 90βcγd� 135cγ2d:

Figure 1.
u x, tð Þ ¼ 0:480062þ℘ �7:21261t� x� 4:70653 � 5:33465ið Þ; 0:0139651,� 0:0000274235ð Þ.
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The Eqs. (2)–(4) obey the condition in Eq. (10).
Solving the system we obtain the solutions as follows:

λ ¼ ω

aB3 þ 8B2dmω2 � 4B2dω2 � 2BcCmω2 þ 2BcCω2

þ16Bγω4 þ 136Bγm2ω4 � 136Bγmω4 � 8αCω4

�8βCω4 � 16αCm2ω4 � 16βCm2ω4 þ 24αCmω4

þ24βCmω4 þ 3968m3ω6 � 5952m2ω6 þ 2112mω6 � 64ω6

0
BBBBBBB@

1
CCCCCCCA
:

B ¼ � 4 2m� 1ð Þω2

3 aC2 � 2cCmω2 � 8Cdmω2 þ 120γm2ω4
� � ðbC2 þ cC2 þ C2d� 18αCmω2 � 30βCmω2

�60γCmω2 þ 5040m2ω4Þ:
aC3þ �4bmω2 � 6cmω2 � 12dmω2ð ÞC2 þ 72αm2ω4 þ 120βm2ω4 þ 360γm2ω4ð ÞC

�20160m3ω6 ¼ 0:

(11)

• Sawada-Kotera-Ito Eq. (2):

C ¼ 2mω2

λ ¼ 4ω ð63B3 þ 252B2mω2 � 126B2ω2 þ 336Bm2ω4 � 336Bmω4 þ 84Bω4

þ152m3ω6 � 228m2ω6 þ 108mω6 � 16ω6Þ:
u x, tð Þ ¼ Bþ Ccn2 ffiffiffiffi

ω
p

x� λt
� �þ ξ0∣mÞ:

(12)

B ¼ � 4
3

2m� 1ð Þω2,C ¼ 4mω2:

λ ¼ 128
3

m� 2ð Þ mþ 1ð Þ 2m� 1ð Þω7:

u x, tð Þ ¼ Bþ Ccn2 ffiffiffiffi
ω

p
x� λt

� �þ ξ0∣mÞ:

(13)

• Lax Eq. (3):

C ¼ 2mω2:

λ ¼ 4ω ð35B3 þ 140B2mω2 � 70B2ω2 þ 196Bm2ω4 � 196Bmω4 þ 56Bω4 þ 96m3ω6

�144m2ω6 þ 80mω6 � 16ω6Þu x, tð Þ ¼ Bþ 2mωcn2 ffiffiffiffi
ω

p
x� λtð Þ þ ξ0jm

� �
:

(14)

• Kaup-Kuperschmidt Eq. (4):

B ¼ � 1
6

2m� 1ð Þω2,C ¼ mω2

2
:

λ ¼ 2
3

m� 2ð Þ mþ 1ð Þ 2m� 1ð Þω7:

u x, tð Þ ¼ Bþ 2mωcn2 ffiffiffiffi
ω

p
x� λtð Þ þ ξ0jm

� �
:

(15)

• Letting m = 1 in Eqs. (2)–(4), we obtain solitonic solutions.
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3. Soliton solutions

3.1 First family

Let

A ¼ 252
αþ β þ γ

,w ¼ k7:

c ¼ � 1
126

αþ β þ γð Þ α� 5 β þ 4γð Þð Þ � b� d:

d ¼ 42a
αþ β þ γ

þ 1
378

αþ β þ γð Þ α� 5β þ 10γð Þ þ b
3
:

(16)

We make the transformation

u ¼ A∂x,x log 1þ exp kx�wtð Þð Þ (17)

to obtain the soliton solution

usoliton x, tð Þ ¼ 126k2

αþ β þ γð Þ 1þ cosh kx� k7t� ξ
� �� � : (18)

For a graphical illustration, see Figure 2.
We are interested in the existence of two soliton solutions. Let

u x, tð Þ ¼ 252
αþ β þ γ

∂x,x log 1þ exp θ1 þ exp θ2 þ ρ exp θ1 þ θ2ð Þð Þ:

θ1 ¼ k1x� k71t and θ2 ¼ k2x� k72t

(19)

Making the choices

Figure 2.
Soliton solution u x, tð Þ ¼ 0:04

1þ cosh 0:0000128t�0:2xð Þ to the Sawada-Kotera-Ito equation with k = 0.2.
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a ¼ � γ2 β þ 2γð Þ β3 � 3β2γ � 9βγ2 þ 31γ3
� �
49 β � 5γð Þ3

b ¼ � β � γð Þ β3 � 6β2γ þ 15βγ2 � 23γ3
� �

7 β � 5γð Þ2

c ¼ β4 � 9β3γ þ 25β2γ2 � 33βγ3 þ 76γ4

7 β � 5γð Þ2

d ¼ 2γ β3 � 5β2γ þ 2βγ2 þ 17γ3
� �

7 β � 5γð Þ2

α ¼ � β2 � 4βγ þ 13γ2

β � 5γ

ρ ¼ γ2 k1 � k2ð Þ2 k1
2 � k1k2 þ k2

2� �2
k1 þ extk2ð Þ2 2β2k1

2k2
2 � 2βγk1k2 k1

2 þ 4k1k2 þ k2
2� �þ γ2 k1

4 þ 4k1
3k2 þ 9k1

2k2
2 þ 4k1k2

3 þ k2
4� �� � :

(20)

We obtain

ut þ au3ux þ bu3x þ cuuxu2x þ du2 u3x þ α u2xu3x þ βuxu4x þ γu5x þ u7x ¼
β � γð Þ β � 2γð Þ β � 3γð ÞR k1, k2, θ1, θ2ð Þ:

We conclude that the two soliton solutions exist for the parameter values in
Eq. (20) under the condition

β � γð Þ β � 2γð Þ β � 3γð Þ ¼ 0: (21)

We obtained the following result:
Theorem. The following families of KdV7 admit one and two soliton solutions for

any p. The two soliton solutions have the form

u2�soliton x, tð Þ ¼ 252
αþ β þ γ

∂xx log 1þ exp θ1ð Þ þ exp θ2ð Þ þ ρ exp θ1 þ θ2ð Þð Þ, (22)

being

θ1 ¼ k1x� k71t, θ2 ¼ k2x� k72t: (23)

• First set:

a ¼ 15p3

784
, b ¼ 0, c ¼ 15p2

28
, d ¼ 15p2

56
, α ¼ 5p

2
, β ¼ p,

ρ ¼ k1 � k2ð Þ2 k1
2 � k1k2 þ k2

2� �2
k1 þ k2ð Þ2 k1

2 þ k1k2 þ k2
2� �2 , γ ¼ p

8>>>><
>>>>:

9>>>>=
>>>>;

(24)

KdV7:

ut þ 15
784

p3u3ux þ 15
28

p2uuxu2x þ 15
56

p2u2u3x þ 5
2
pu2xu3x þ puxu4x þ puu5x þ u7x ¼ 0

(25)
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An illustration with p = 1 is shown in Figure 3. The solution is

u x, tð Þ ¼ 14:e0:352855tþ0:5x þ 27:44e0:278313tþ0:7x þ 2:52676e0:2705tþ1:2x þ 0:0975793e0:262688tþ1:7x þ 0:0497854e0:188146tþ1:9x

e0:172521tþ0:5x þ e0:0979793tþ0:7x þ 0:0035561e0:0901668tþ1:2x þ e0:180334tð Þ2

(26)

• Second set:

a ¼ 4p3

147
, b ¼ p2

7
, c ¼ 6p2

7
, d ¼ 2p2

7
, α ¼ 3p, β ¼ 2p,

ρ ¼ k1 � k2ð Þ2 k1
2 � k1k2 þ k2

2� �
k1 þ k2ð Þ2 k1

2 þ k1k2 þ k2
2� � , γ ¼ p

8>>><
>>>:

9>>>=
>>>;

(27)

KdV7:

ut þ 4
147

p3u3ux þ 1
7
p2u3x þ

6
7
p2uuxu2x þ 2

7
p2u2u3x þ 3pu2xu3x þ 2puxu4x þ puu5x þ u7x ¼ 0

(28)

• Third set:

a ¼ 5p3

98
, b ¼ 5p2

14
, c ¼ 10p2

7
, d ¼ 5p2

14
, α ¼ 5p, β ¼ 3p,

ρ ¼ k1 � k2ð Þ2
k1 þ k2ð Þ2 , γ ¼ p

8>>><
>>>:

9>>>=
>>>;

(29)

KdV7:

ut þ 5
98

p3u3ux þ 5
14

p2u3x þ
10
7
p2uuxu2x þ 5

14
p2u2u3x þ 5pu2xu3x þ 3puxu4x þ puu5x þ u7x ¼ 0

(30)

Figure 3.
Two soliton solution for p = 1.
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Now, our aim is to find three soliton solutions for the parameter values in Eq. (20).
Assume the ansatz

u x, tð Þ ¼ 252
αþ β þ γ

∂xx log 1þ
X3
j¼1

ηj þ
X

1≤ i< j≤ 3

ρi,jηiηj þ ρ1,2,3η1η2η3

 !
, (31)

where

ηj ¼ exp kjx� k7j t
� �

for j ¼ 1,2,3: (32)

We have:

ut þ au3ux þ bu3x þ cuuxu2x þ du2 u3x þ α u2xu3x þ βuxu4x þ γuu5x þ u7x ¼
98 β � 5γð Þk1k2 k1 þ k2ð Þðγ2k61 � γ2ρ1,2k

6
1 � 6γ2k2k

5
1 þ 2βγk2k

5
1 � 4γ2k2ρ1,2k

5
1

þ2β2k22k
4
1 þ 18γ2k22k

4
1 � 12βγk22k

4
1 � 8γ2k22ρ1,2k

4
1 � 4β2k32k

3
1 � 26γ2k32k

3
1 þ 20βγk32k

3
1

�10γ2k32ρ1,2k
3
1 þ 2β2k42k

2
1 þ 18γ2k42k

2
1 � 12βγk42k

2
1 � 8γ2k42ρ1,2k

2
1 � 6γ2k52k1 þ 2βγk52k1

�4γ2k52ρ1,2k1 þ γ2k62 � γ2k62ρ1,2Þ=γ4z1z2
þ98 β � 5γð Þk1k3 k1 þ k3ð Þðγ2k61 � γ2ρ1,3k

6
1 � 6γ2k3k

5
1 þ 2βγk3k

5
1 � 4γ2k3ρ1,3k

5
1

þ2β2k23k
4
1 þ 18γ2k23k

4
1 � 12βγk23k

4
1 � 8γ2k23ρ1,3k

4
1 � 4β2k33k

3
1 � 26γ2k33k

3
1 þ 20βγk33k

3
1�

10γ2k33ρ1,3k
3
1 þ 2β2k43k

2
1 þ 18γ2k43k

2
1 � 12βγk43k

2
1 � 8γ2k43ρ1,3k

2
1 � 6γ2k53k1 þ 2βγk53k1

�4γ2k53ρ1,3k1 þ γ2k63 � γ2k63ρ1,3Þ=γ4z1z3
þ98 β � 5γð Þk2k3 k2 þ k3ð Þðγ2k62 � γ2ρ2,3k

6
2 � 6γ2k3k

5
2 þ 2βγk3k

5
2 � 4γ2k3ρ2,3k

5
2

þ2β2k23k
4
2 þ 18γ2k23k

4
2 � 12βγk23k

4
2 � 8γ2k23ρ2,3k

4
2 � 4β2k33k

3
2 � 26γ2k33k

3
2 þ 20βγk33k

3
2

�10γ2k33ρ2,3k
3
2 þ 2β2k43k

2
2 þ 18γ2k43k

2
2 � 12βγk43k

2
2 � 8γ2k43ρ2,3k

2
2 � 6γ2k53k2 þ 2βγk53k2

�4γ2k53ρ2,3k2 þ γ2k63 � γ2k63ρ2,3Þ=γ4z2z3 þ h:o:t

Equating to zero the coefficients of z1z2, z1z3, and z2z3 and solving the resulting
system of algebraic equations we obtain

ρ1,2 ¼
k1 � k2ð Þ2 2β2k22k

2
1 þ 2βγk2k

3
1 � 8βγk22k

2
1 þ 2βγk32k1 þ γ2k41 � 4γ2k2k

3
1 þ 9γ2k22k

2
1 � 4γ2k32k1 þ γ2k42

� �
γ2 k1 þ k2ð Þ2 k21 þ k2k1 þ k22

� �2 :

ρ1,3 ¼
k1 � k3ð Þ2 2β2k23k

2
1 þ 2βγk3k

3
1 � 8βγk23k

2
1 þ 2βγk33k1 þ γ2k41 � 4γ2k3k

3
1 þ 9γ2k23k

2
1 � 4γ2k33k1 þ γ2k43

� �
γ2 k1 þ k3ð Þ2 k21 þ k3k1 þ k23

� �2 :

ρ2,3 ¼
k2 � k3ð Þ2 2β2k23k

2
2 þ 2βγk3k

3
2 � 8βγk23k

2
2 þ 2βγk33k2 þ γ2k42 � 4γ2k3k

3
2 þ 9γ2k23k

2
2 � 4γ2k33k2 þ γ2k43

� �
γ2 k2 þ k3ð Þ2 k22 þ k3k2 þ k23

� �2 :

(33)

Next, we equate to zero the coefficient of z1z2z3 in order to obtain the value for
ρ1,2,3. It is given as follows.
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• For β ¼ γ:

ρ1,2,3 ¼ P1=Q1, where

P1 ¼ γ4 k2 � k1ð Þ2 k2 � k3ð Þ2 k3 � k1ð Þ2 k1 þ k2 þ k3ð Þ
ðk42k131 þ k43k

13
1 � 2k2k

3
3k

13
1 þ 3k22k

2
3k

13
1 � 2k32k3k

13
1 þ k52k

12
1 þ k53k

12
1 � k2k

4
3k

12
1 þ k22k

3
3k

12
1

þk32k
2
3k

12
1 � k42k3k

12
1 þ 2k62k

11
1 þ 2k63k

11
1 � 3k2k

5
3k

11
1 þ 6k22k

4
3k

11
1 � 5k32k

3
3k

11
1 þ 6k42k

2
3k

11
1

�3k52k3k
11
1 þ 2k72k

10
1 þ 2k73k

10
1 � 4k2k

6
3k

10
1 � 10k22k

5
3k

10
1 � 18k32k

4
3k

10
1 � 18k42k

3
3k

10
1 � 10k52k

2
3k

10
1

�4k62k3k
10
1 þ 3k82k

9
1 þ 3k83k

9
1 � 6k2k

7
3k

9
1 � 7k22k

6
3k

9
1 � 38k32k

5
3k

9
1 � 26k42k

4
3k

9
1 � 38k52k

3
3k

9
1 � 7k62k

2
3k

9
1

�6k72k3k
9
1 þ 3k92k

8
1 þ 3k93k

8
1 � 3k2k

8
3k

8
1 � 7k22k

7
3k

8
1 � 35k32k

6
3k

8
1 � 58k42k

5
3k

8
1 � 58k52k

4
3k

8
1 � 35k62k

3
3k

8
1

�7k72k
2
3k

8
1 � 3k82k3k

8
1 þ 2k102 k71 þ 2k103 k71 � 6k2k

9
3k

7
1 � 7k22k

8
3k

7
1 � 41k32k

7
3k

7
1 � 60k42k

6
3k

7
1 � 99k52k

5
3k

7
1

�60k62k
4
3k

7
1 � 41k72k

3
3k

7
1 � 7k82k

2
3k

7
1 � 6k92k3k

7
1 þ 2k112 k

6
1 þ 2k113 k

6
1 � 4k2k

10
3 k61 � 7k22k

9
3k

6
1 � 35k32k

8
3k

6
1

�60k42k
7
3k

6
1 � 92k52k

6
3k

6
1 � 92k62k

5
3k

6
1 � 60k72k

4
3k

6
1 � 35k82k

3
3k

6
1 � 7k92k

2
3k

6
1 � 4k102 k3k

6
1 þ k122 k

5
1 þ k123 k

5
1

�3k2k
11
3 k

5
1 � 10k22k

10
3 k51 � 38k32k

9
3k

5
1 � 58k42k

8
3k

5
1 � 99k52k

7
3k

5
1 � 92k62k

6
3k

5
1 � 99k72k

5
3k

5
1 � 58k82k

4
3k

5
1

�38k92k
3
3k

5
1 � 10k102 k23k

5
1 � 3k112 k3k

5
1 þ k132 k

4
1 þ k133 k

4
1 � k2k

12
3 k

4
1 þ 6k22k

11
3 k

4
1 � 18k32k

10
3 k41 � 26k42k

9
3k

4
1

�58k52k
8
3k

4
1 � 60k62k

7
3k

4
1 � 60k72k

6
3k

4
1 � 58k82k

5
3k

4
1 � 26k92k

4
3k

4
1 � 18k102 k33k

4
1 þ 6k112 k

2
3k

4
1 � k122 k3k

4
1

�2k2k
13
3 k

3
1 þ k22k

12
3 k

3
1 � 5k32k

11
3 k

3
1 � 18k42k

10
3 k31 � 38k52k

9
3k

3
1 � 35k62k

8
3k

3
1 � 41k72k

7
3k

3
1 � 35k82k

6
3k

3
1

�38k92k
5
3k

3
1 � 18k102 k43k

3
1 � 5k112 k

3
3k

3
1 þ k122 k

2
3k

3
1 � 2k132 k3k

3
1 þ 3k22k

13
3 k

2
1 þ k32k

12
3 k

2
1 þ 6k42k

11
3 k

2
1

�10k52k
10
3 k21 � 7k62k

9
3k

2
1 � 7k72k

8
3k

2
1 � 7k82k

7
3k

2
1 � 7k92k

6
3k

2
1 � 10k102 k53k

2
1 þ 6k112 k

4
3k

2
1 þ k122 k

3
3k

2
1

þ3k132 k
2
3k

2
1 � 2k32k

13
3 k1 � k42k

12
3 k1 � 3k52k

11
3 k1 � 4k62k

10
3 k1 � 6k72k

9
3k1 � 3k82k

8
3k1 � 6k92k

7
3k1 � 4k102 k63k1

�3k112 k
5
3k1 � k122 k

4
3k1 � 2k132 k

3
3k1 þ k42k

13
3 þ k52k

12
3 þ 2k62k

11
3 þ 2k72k

10
3 þ 3k82k

9
3 þ 3k92k

8
3 þ 2k102 k73

þ2k112 k
6
3 þ k122 k

5
3 þ k132 k

4
3Þ,

and

Q1 ¼ γ4 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �2

k1 þ k3ð Þ2 k2 þ k3ð Þ2 k1 þ k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �2

k22 þ k3k2 þ k23
� �2
ðk41 þ 2k2k

3
1 þ 2k3k

3
1 þ 3k22k

2
1 þ 3k23k

2
1 þ 5k2k3k

2
1 þ 2k32k1 þ 2k33k1 þ 5k2k

2
3k1 þ 5k22k3k1

þk42 þ k43 þ 2k2k
3
3 þ 3k22k

2
3 þ 2k32k3Þ:

• For β ¼ 2γ:

ρ1,2,3 ¼ P2=Q2, where

P2 ¼ γ4 k2 � k1ð Þ2 k21 � k2k1 þ k22
� �

k21 þ k2k1 þ k22
� �

k2 � k3ð Þ2 k3 � k1ð Þ2 k1 þ k2 þ k3ð Þ2
k21 � k3k1 þ k23
� �

k21 þ k3k1 þ k23
� �

k22 � k3k2 þ k23
� �

k22 þ k3k2 þ k23
� �ðk41 þ 2k2k

3
1 þ 2k3k

3
1

þ3k22k
2
1 þ 3k23k

2
1 þ 5k2k3k

2
1 þ 2k32k1 þ 2k33k1 þ 5k2k

2
3k1 þ 5k22k3k1 þ k42 þ k43 þ 2k2k

3
3 þ 3k22k

2
3 þ 2k32k3Þ,

and

Q2 ¼ γ4 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �2

k1 þ k3ð Þ2 k2 þ k3ð Þ2 k1 þ k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �2

k22 þ k3k2 þ k23
� �2
ðk41 þ 2k2k

3
1 þ 2k3k

3
1 þ 3k22k

2
1 þ 3k23k

2
1 þ 5k2k3k

2
1 þ 2k32k1 þ 2k33k1 þ 5k2k

2
3k1 þ 5k22k3k1 þ k42 þ k43

þ2k2k
3
3 þ 3k22k

2
3 þ 2k32k3Þ:

• For β ¼ 3γ:
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ρ1,2,3 ¼ P3=Q3, where

P3 ¼ γ4 k2 � k1ð Þ2 k21 � k2k1 þ k22
� �

k21 þ k2k1 þ k22
� �

k2 � k3ð Þ2 k3 � k1ð Þ2 k1 þ k2 þ k3ð Þ2 k21 � k3k1 þ k23
� �

k21 þ k3k1 þ k23
� �
k22 � k3k2 þ k23
� �

k22 þ k3k2 þ k23
� �ðk41 þ 2k2k

3
1 þ 2k3k

3
1 þ 3k22k

2
1 þ 3k23k

2
1 þ 5k2k3k

2
1 þ 2k32k1 þ 2k33k1 þ 5k2k

2
3k1

þ5k22k3k1 þ k42 þ k43 þ 2k2k
3
3 þ 3k22k

2
3 þ 2k32k3Þ,

and

Q3 ¼ γ4 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �2

k1 þ k3ð Þ2 k2 þ k3ð Þ2 k1 þ k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �2

k22 þ k3k2 þ k23
� �2

ðk41 þ 2k2k
3
1 þ 2k3k

3
1 þ 3k22k

2
1 þ 3k23k

2
1 þ 5k2k3k

2
1 þ 2k32k1 þ 2k33k1 þ 5k2k

2
3k1 þ 5k22k3k1 þ k42 þ k43

þ2k2k
3
3 þ 3k22k

2
3 þ 2k32k3Þ:

We have three soliton solutions only when β ¼ 2γ or β ¼ 3γ. Thus, the KdV7 has
two soliton solutions for the parameter values in Eq. (20), but it does not have three
soliton solutions for γ ¼ β:.

3.2 Second family

Let

a ¼ � 5 7αþ 5β � 6γð Þ αþ β þ γð Þ2
7938

:

b ¼ 1
63

αþ β þ γð Þ 36αþ 35β þ 10γð Þ:

c ¼ � 1
63

αþ β þ γð Þ 37αþ 35β þ 15γð Þ:

d ¼ 1
126

αþ β þ γð Þ αþ 5β þ 30γð Þ:

(34)

We make the transformation

u x, tð Þ ¼ 126
αþ β þ γ

∂x,x log 1þ exp kx� k7t
� �þ ρ exp 2kx� 2k7t

� �� �
(35)

to obtain the soliton solution

usoliton x, tð Þ ¼ 504k2ek
7 tþkx

αþ β þ γð Þ 2ek
7 t þ ekx

� �2 forρ ¼ 1
4
: (36)

A cnoidal wave solution is

ucnoidal x, tð Þ ¼ pþ 1� 2m� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 �mþ 1

p� �
p

m� 1
cn2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q αþ β þ γð Þ

252m

r
x� λtð Þ þ ξ0,m

 !
,

(37)

where
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λ ¼ � 1
500094m3 ½ αþ β þ γð Þ2ð2205αm3p3 þ 1575βm3p3 � 1890γm3p3 � 126αm3p2q

�630βm3p2q� 3780γm3p2q� 2331αm3pq2 � 2205βm3pq2 � 2016γm3pq2 þ 2αm3q3

þ2βm3q3 � 124γm3q3 þ 63αm2p2qþ 315βm2p2qþ 1890γm2p2qþ 2331αm2pq2 þ 2205βm2pq2

þ2016γm2pq2 � 3αm2q3 � 3βm2q3 þ 186γm2q3 � 126γmpq2 � 3αmq3 � 3βmq3

�66γmq3 þ 2αq3 þ 2βq3 þ 2γq3Þ�:

3.3 Third family

Let

a ¼ 8 αþ β þ γð Þ2 4α� 10β þ 25γð Þ
453789

:

b ¼ 1
882

�16α2 þ 22αβ � 23αγ þ 38β2 þ 31βγ � 7γ2
� �

:

c ¼ 8α2 þ 2αβ þ 107αγ � 6β2 þ 93βγ þ 99γ2

1029
:

d ¼ � 2 2α2 þ 4αβ � 31αγ þ 2β2 � 31βγ � 33γ2
� �

1029
:

(38)

We make the transformation

u x, tð Þ ¼ 441
2 αþ β þ γð Þ ∂x,x log 1þ exp kx� k7t

� �þ ρ exp 2kx� 2k7t
� �� �

(39)

to obtain the soliton solution

usoliton x, tð Þ ¼
3528k2 16ek

7 t�kx þ ekx�k7 t þ 4
� �

αþ β þ γð Þ 16ek7 t�kx þ ekx�k7 t þ 16
� �2 forρ ¼ 1

16
: (40)

A cnoidal wave solution is

u x, tð Þ ¼ pþ 3mp
1� 2m

cn2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p αþ β þ γð Þ
147 1� 2mð Þ

s
x� λtð Þ þ ξ0,m

 !
, (41)

where

λ ¼ � 4 m� 2ð Þ mþ 1ð Þp3 48α� 50β � 99γð Þ αþ β þ γð Þ2
3176523 2m� 1ð Þ2 : (42)

Let us investigate the existence of two soliton solutions in the ansatz form

u x, tð Þ ¼ 441
2 αþ β þ γð Þ ∂xx logð1þ exp θ1 þ exp θ2 þ 1

16
exp 2θ1ð Þ þ exp 2θ2ð Þ½ �þ

ρ exp θ1 þ 2θ2ð Þ þ exp 2θ1 þ θ2ð Þ½ � þ κ exp θ1 þ θ2ð Þ þ ρ2 exp 2θ1 þ 2θ2ð ÞÞ,
where θ1 ¼ k1x� k71t and θ2 ¼ k2x� k72t:
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We have three soliton solutions for the following choices:

a ¼ 4γ3

147
, b ¼ 5γ2

14
, c ¼ 9γ2

7
, d ¼ 2γ2

7
, α ¼ 6γ, β ¼ 7γ

2
: (43)

κ ¼ 2k41 � k22k
2
1 þ 2k42

2 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� � , ρ ¼ k1 � k2ð Þ2 k21 � k2k1 þ k22

� �
16 k1 þ k2ð Þ2 k21 þ k2k1 þ k22

� � (44)

Letting γ ¼ 42 gives the Kaup–Kuperschmidt seventh-order equation:

ut þ 2016u3ux þ 630u3x þ 2268uxu2x þ 504u2 u3x þ 252u2xu3x þ 147uxu4x þ 42uu5x þ u7x ¼ 0:

(45)

3.4 Three soliton solutions

The three soliton solutions have the form

u3�soliton x, tð Þ ¼ 1=2∂xx log 1þ
X2

i, j, l¼0

ρi,j,l exp i k1x� k71t
� �þ j k2x� k72t

� �þ l k3x� k73t
� �� �0

@
1
A,

(46)

where ρi,j,l ¼ 1 when i + j + l = 1. The parameter values are obtained as follows.
First, we set

k1x� k71t ¼ log z1ð Þ, k2x� k72t ¼ log z2ð Þ and k3x� k73t ¼ log z3ð Þ (47)

to get

ut þ 2016u3ux þ 630u3x þ 2268uxu2x þ 504u2 u3x
þ252u2xu3x þ 147uxu4x þ 42u5x þ u7x ¼ Ψ z1, z2, z3ð Þ:

Next, we solve the equation

∂
iþjþl

∂zi1∂z
j
2∂

lz3
Ψ z1, z2, z3ð Þ z1¼z2¼z3¼0

�� ¼ 0 (48)

for ρi,j,l. The parameter values are:

ρ0,0,2 ¼
1
16

, ρ0,1,1 ¼
2k42 � k23k

2
2 þ 2k43

2 k2 þ k3ð Þ2 k22 þ k3k2 þ k23
� � , ρ0,1,2 ¼ k2 � k3ð Þ2 k22 � k3k2 þ k23

� �
16 k2 þ k3ð Þ2 k22 þ k3k2 þ k23

� � :

ρ0,2,0 ¼ 1
16

, ρ0,2,1 ¼
k2 � k3ð Þ2 k22 � k3k2 þ k23

� �
16 k2 þ k3ð Þ2 k22 þ k3k2 þ k23

� � , ρ1,0,1 ¼ 2k41 � k23k
2
1 þ 2k43

2 k1 þ k3ð Þ2 k21 þ k3k1 þ k23
� � :

ρ1,0,2 ¼
k1 � k3ð Þ2 k21 � k3k1 þ k23

� �
16 k1 þ k3ð Þ2 k21 þ k3k1 þ k23

� � , ρ1,1,0 ¼ 2k41 � k22k
2
1 þ 2k42

2 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� � , ρ1,2,0 ¼ k1 � k2ð Þ2 k21 � k2k1 þ k22

� �
16 k1 þ k2ð Þ2 k21 þ k2k1 þ k22

� � :
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ρ2,0,0 ¼ 1
16

, ρ2,0,1 ¼
k1 � k3ð Þ2 k21 � k3k1 þ k23

� �
16 k1 þ k3ð Þ2 k21 þ k3k1 þ k23

� � , ρ2,1,0 ¼ k1 � k2ð Þ2 k21 � k2k1 þ k22
� �

16 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� � :

ρ0,2,2 ¼
k2 � k3ð Þ4 k22 � k3k2 þ k23

� �2
256 k2 þ k3ð Þ4 k22 þ k3k2 þ k23

� �2 :

ρ1,1,1 ¼
1

4 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k3ð Þ2 k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

k22 þ k3k2 þ k23
� �

� ½4k42k81 þ 4k43k
8
1 � 2k22k

2
3k

8
1 � 2k62k

6
1 � 2k63k

6
1 � k22k

4
3k

6
1 � k42k

2
3k

6
1 þ 4k82k

4
1 þ 4k83k

4
1

�k22k
6
3k

4
1 � 6k42k

4
3k

4
1 � k62k

2
3k

4
1 � 2k22k

8
3k

2
1 � k42k

6
3k

2
1 � k62k

4
3k

2
1 � 2k82k

2
3k

2
1 þ 4k42k

8
3 � 2k62k

6
3 þ 4k82k

4
3 �:

ρ1,1,2 ¼
2k41 � k22k

2
1 þ 2k42

� �
k1 � k3ð Þ2 k2 � k3ð Þ2 k21 � k3k1 þ k23

� �
k22 � k3k2 þ k23
� �

32 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k3ð Þ2 k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

k22 þ k3k2 þ k23
� � :

ρ1,2,1 ¼
k1 � k2ð Þ2 k21 � k2k1 þ k22

� �
k2 � k3ð Þ2 k22 � k3k2 þ k23

� �
2k41 � k23k

2
1 þ 2k43

� �
32 k1 þ k2ð Þ2 k21 þ k2k1 þ k22

� �
k1 þ k3ð Þ2 k2 þ k3ð Þ2 k21 þ k3k1 þ k23

� �
k22 þ k3k2 þ k23
� � :

ρ1,2,2 ¼
k1 � k2ð Þ2 k21 � k2k1 þ k22

� �
k1 � k3ð Þ2 k2 � k3ð Þ4 k21 � k3k1 þ k23

� �
k22 � k3k2 þ k23
� �2

256 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k3ð Þ2 k2 þ k3ð Þ4 k21 þ k3k1 þ k23
� �

k22 þ k3k2 þ k23
� �2 :

ρ2,0,2 ¼
k1 � k3ð Þ4 k21 � k3k1 þ k23

� �2
256 k1 þ k3ð Þ4 k21 þ k3k1 þ k23

� �2 :

ρ2,1,1 ¼
k1 � k2ð Þ2 k21 � k2k1 þ k22

� �
k1 � k3ð Þ2 k21 � k3k1 þ k23

� �
2k42 � k23k

2
2 þ 2k43

� �
32 k1 þ k2ð Þ2 k21 þ k2k1 þ k22

� �
k1 þ k3ð Þ2 k2 þ k3ð Þ2 k21 þ k3k1 þ k23

� �
k22 þ k3k2 þ k23
� � :

ρ2,1,2 ¼
k1 � k2ð Þ2 k21 � k2k1 þ k22

� �
k1 � k3ð Þ4 k2 � k3ð Þ2 k21 � k3k1 þ k23

� �2
k22 � k3k2 þ k23
� �

256 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k3ð Þ4 k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �2

k22 þ k3k2 þ k23
� � :

ρ2,2,0 ¼ k1 � k2ð Þ4 k21 � k2k1 þ k22
� �2

256 k1 þ k2ð Þ4 k21 þ k2k1 þ k22
� �2 :

ρ2,2,1 ¼
k1 � k2ð Þ4 k21 � k2k1 þ k22

� �2
k1 � k3ð Þ2 k2 � k3ð Þ2 k21 � k3k1 þ k23

� �
k22 � k3k2 þ k23
� �

256 k1 þ k2ð Þ4 k21 þ k2k1 þ k22
� �2

k1 þ k3ð Þ2 k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

k22 þ k3k2 þ k23
� � :

ρ2,2,2 ¼
k1 � k2ð Þ4 k21 � k2k1 þ k22

� �2
k1 � k3ð Þ4 k2 � k3ð Þ4 k21 � k3k1 þ k23

� �2
k22 � k3k2 þ k23
� �2

4096 k1 þ k2ð Þ4 k21 þ k2k1 þ k22
� �2

k1 þ k3ð Þ4 k2 þ k3ð Þ4 k21 þ k3k1 þ k23
� �2

k22 þ k3k2 þ k23
� �2 :

3.5 Four soliton solutions

The four soliton solutions have the form u x, tð Þ ¼ 1=2∂xx log f x, tð Þ, where
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f x, tð Þ ¼P2
i1¼0
P2

i2¼0
P2

i3¼0
P2

i4¼0Bi1i2i3i4z
i1
1 z

i2
2 z

i3
3 z

i4
4 ,

zj ¼ exp kjx� k7j x
� �

for any j

8<
: (49)

The 76 coefficients Bi1i2i3i4 are given by

B0002 ¼ 1
16

,B0011 ¼ 2k43 � k24k
2
3 þ 2k44

2 k3 þ k4ð Þ2 k23 þ k4k3 þ k24
� � :

B0012 ¼
k3 � k4ð Þ2 k23 � k4k3 þ k24

� �
16 k3 þ k4ð Þ2 k23 þ k4k3 þ k24

� � ,B0020 ¼ 1
16

:

B0021 ¼
k3 � k4ð Þ2 k23 � k4k3 þ k24

� �
16 k3 þ k4ð Þ2 k23 þ k4k3 þ k24

� � :

B0022 ¼
k3 � k4ð Þ4 k23 � k4k3 þ k24

� �2
256 k3 þ k4ð Þ4 k23 þ k4k3 þ k24

� �2 :

B0101 ¼ 2k42 � k24k
2
2 þ 2k44

2 k2 þ k4ð Þ2 k22 þ k4k2 þ k24
� � :

B0102 ¼
k2 � k4ð Þ2 k22 � k4k2 þ k24

� �
16 k2 þ k4ð Þ2 k22 þ k4k2 þ k24

� � :

B0110 ¼ 2k42 � k23k
2
2 þ 2k43

2 k2 þ k3ð Þ2 k22 þ k3k2 þ k23
� � :

B0111 ¼ ½4k43k82 þ 4k44k
8
2 � 2k23k

2
4k

8
2 � 2k63k

6
2 � 2k64k

6
2 � k23k

4
4k

6
2

�k43k
2
4k

6
2 þ 4k83k

4
2 þ 4k84k

4
2 � k23k

6
4k

4
2 � 6k43k

4
4k

4
2

�k63k
2
4k

4
2 � 2k23k

8
4k

2
2 � k43k

6
4k

2
2 � k63k

4
4k

2
2 � 2k83k

2
4k

2
2

þ4k43k
8
4 � 2k63k

6
4 þ 4k83k

4
4�=½4 k2 þ k3ð Þ2 k22 þ k3k2 þ k23

� �
k2 þ k4ð Þ2

k3 þ k4ð Þ2 k22 þ k4k2 þ k24
� �

k23 þ k4k3 þ k24
� ��:

B0112 ¼
2k42 � k23k

2
2 þ 2k43

� �
k2 � k4ð Þ2 k3 � k4ð Þ2 k22 � k4k2 þ k24

� �
k23 � k4k3 þ k24
� �

32 k2 þ k3ð Þ2 k22 þ k3k2 þ k23
� �

k2 þ k4ð Þ2 k3 þ k4ð Þ2 k22 þ k4k2 þ k24
� �

k23 þ k4k3 þ k24
� �

B0120 ¼ k2 � k3ð Þ2 k22 � k3k2 þ k23
� �

16 k2 þ k3ð Þ2 k22 þ k3k2 þ k23
� �

B0121 ¼
k2 � k3ð Þ2 k22 � k3k2 þ k23

� �
k3 � k4ð Þ2 k23 � k4k3 þ k24

� �
2k42 � k24k

2
2 þ 2k44

� �
32 k2 þ k3ð Þ2 k22 þ k3k2 þ k23

� �
k2 þ k4ð Þ2 k3 þ k4ð Þ2 k22 þ k4k2 þ k24

� �
k23 þ k4k3 þ k24
� �
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B0122 ¼
k2 � k3ð Þ2 k22 � k3k2 þ k23

� �
k2 � k4ð Þ2 k3 � k4ð Þ4 k22 � k4k2 þ k24

� �
k23 � k4k3 þ k24
� �2

256 k2 þ k3ð Þ2 k22 þ k3k2 þ k23
� �

k2 þ k4ð Þ2 k3 þ k4ð Þ4 k22 þ k4k2 þ k24
� �

k23 þ k4k3 þ k24
� �2

B0200 ¼ 1
16

, B0201 ¼
k2 � k4ð Þ2 k22 � k4k2 þ k24

� �
16 k2 þ k4ð Þ2 k22 þ k4k2 þ k24

� �

B0202 ¼
k2 � k4ð Þ4 k22 � k4k2 þ k24

� �2
256 k2 þ k4ð Þ4 k22 þ k4k2 þ k24

� �2 ,B0210 ¼ k2 � k3ð Þ2 k22 � k3k2 þ k23
� �

16 k2 þ k3ð Þ2 k22 þ k3k2 þ k23
� � :

B0211 ¼
k2 � k3ð Þ2 k22 � k3k2 þ k23

� �
k2 � k4ð Þ2 k22 � k4k2 þ k24

� �
2k43 � k24k

2
3 þ 2k44

� �
32 k2 þ k3ð Þ2 k22 þ k3k2 þ k23

� �
k2 þ k4ð Þ2 k3 þ k4ð Þ2 k22 þ k4k2 þ k24

� �
k23 þ k4k3 þ k24
� � :

B0212 ¼
k2 � k3ð Þ2 k22 � k3k2 þ k23

� �
k2 � k4ð Þ4 k3 � k4ð Þ2 k22 � k4k2 þ k24

� �2
k23 � k4k3 þ k24
� �

256 k2 þ k3ð Þ2 k22 þ k3k2 þ k23
� �

k2 þ k4ð Þ4 k3 þ k4ð Þ2 k22 þ k4k2 þ k24
� �2

k23 þ k4k3 þ k24
� � :

B0220 ¼ k2 � k3ð Þ4 k22 � k3k2 þ k23
� �2

256 k2 þ k3ð Þ4 k22 þ k3k2 þ k23
� �2 �

B0221 ¼
k2 � k3ð Þ4 k22 � k3k2 þ k23

� �2
k2 � k4ð Þ2 k3 � k4ð Þ2 k22 � k4k2 þ k24

� �
k23 � k4k3 þ k24
� �

256 k2 þ k3ð Þ4 k22 þ k3k2 þ k23
� �2

k2 þ k4ð Þ2 k3 þ k4ð Þ2 k22 þ k4k2 þ k24
� �

k23 þ k4k3 þ k24
� � :

B0222 ¼
k2 � k3ð Þ4 k22 � k3k2 þ k23

� �2
k2 � k4ð Þ4 k3 � k4ð Þ4 k22 � k4k2 þ k24

� �2
k23 � k4k3 þ k24
� �2

4096 k2 þ k3ð Þ4 k22 þ k3k2 þ k23
� �2

k2 þ k4ð Þ4 k3 þ k4ð Þ4 k22 þ k4k2 þ k24
� �2

k23 þ k4k3 þ k24
� �2 :

B1001 ¼ 2k41 � k24k
2
1 þ 2k44

2 k1 þ k4ð Þ2 k21 þ k4k1 þ k24
� � ,B1002 ¼

k1 � k4ð Þ2 k21 � k4k1 þ k24
� �

16 k1 þ k4ð Þ2 k21 þ k4k1 þ k24
� � :

B1010 ¼ 2k41 � k23k
2
1 þ 2k43

2 k1 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

B1011 ¼ ½4k43k81 þ 4k44k
8
1 � 2k23k

2
4k

8
1 � 2k63k

6
1 � 2k64k

6
1 � k23k

4
4k

6
1

�k43k
2
4k

6
1 þ 4k83k

4
1 þ 4k84k

4
1 � k23k

6
4k

4
1 � 6k43k

4
4k

4
1 � k63k

2
4k

4
1 � 2k23k

8
4k

2
1

�k43k
6
4k

2
1 � k63k

4
4k

2
1 � 2k83k

2
4k

2
1 þ 4k43k

8
4 � 2k63k

6
4 þ 4k83k

4
4�

=½4 k1 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

k1 þ k4ð Þ2 k3 þ k4ð Þ2

k21 þ k4k1 þ k24
� �

k23 þ k4k3 þ k24
� ��:

B1012 ¼
2k41 � k23k

2
1 þ 2k43

� �
k1 � k4ð Þ2 k3 � k4ð Þ2 k21 � k4k1 þ k24

� �
k23 � k4k3 þ k24
� �

32 k1 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

k1 þ k4ð Þ2 k3 þ k4ð Þ2 k21 þ k4k1 þ k24
� �

k23 þ k4k3 þ k24
� �

B1020 ¼ k1 � k3ð Þ2 k21 � k3k1 þ k23
� �

16 k1 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

B1021 ¼
k1 � k3ð Þ2 k21 � k3k1 þ k23

� �
k3 � k4ð Þ2 k23 � k4k3 þ k24

� �
2k41 � k24k

2
1 þ 2k44

� �
32 k1 þ k3ð Þ2 k21 þ k3k1 þ k23

� �
k1 þ k4ð Þ2 k3 þ k4ð Þ2 k21 þ k4k1 þ k24

� �
k23 þ k4k3 þ k24
� �
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B1022 ¼
k1 � k3ð Þ2 k21 � k3k1 þ k23

� �
k1 � k4ð Þ2 k3 � k4ð Þ4 k21 � k4k1 þ k24

� �
k23 � k4k3 þ k24
� �2

256 k1 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

k1 þ k4ð Þ2 k3 þ k4ð Þ4 k21 þ k4k1 þ k24
� �

k23 þ k4k3 þ k24
� �2

B1100 ¼ 2k41 � k22k
2
1 þ 2k42

2 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

B1101 ¼ ½4k42k81 þ 4k44k
8
1 � 2k22k

2
4k

8
1 � 2k62k

6
1 � 2k64k

6
1 � k22k

4
4k

6
1 � k42k

2
4k

6
1

þ4k82k
4
1 þ 4k84k

4
1 � k22k

6
4k

4
1 � 6k42k

4
4k

4
1 � k62k

2
4k

4
1 � 2k22k

8
4k

2
1 � k42k

6
4k

2
1�

k62k
4
4k

2
1 � 2k82k

2
4k

2
1 þ 4k42k

8
4 � 2k62k

6
4 þ 4k82k

4
4�=½4 k1 þ k2ð Þ2 k21 þ k2k1 þ k22

� �
k1 þ k4ð Þ2 k2 þ k4ð Þ2 k21 þ k4k1 þ k24

� �
k22 þ k4k2 þ k24
� ��:

B1102 ¼
2k41 � k22k

2
1 þ 2k42

� �
k1 � k4ð Þ2 k2 � k4ð Þ2 k21 � k4k1 þ k24

� �
k22 � k4k2 þ k24
� �

32 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k4ð Þ2 k2 þ k4ð Þ2 k21 þ k4k1 þ k24
� �

k22 þ k4k2 þ k24
� �

B1120 ¼ 2k41 � k22k
2
1 þ 2k42

� �
k1 � k3ð Þ2 k2 � k3ð Þ2 k21 � k3k1 þ k23

� �
k22 � k3k2 þ k23
� �

32 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k3ð Þ2 k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

k22 þ k3k2 þ k23
� �

B1121 ¼ k1 � k3ð Þ2 k2 � k3ð Þ2 k21 � k3k1 þ k23
� �

k22 � k3k2 þ k23
� �

k3 � k4ð Þ2 k23 � k4k3 þ k24
� �

ð4k42k81 þ 4k44k
8
1 � 2k22k

2
4k

8
1 � 2k62k

6
1 � 2k64k

6
1 � k22k

4
4k

6
1 � k42k

2
4k

6
1 þ 4k82k

4
1 þ 4k84k

4
1þ

�k22k
6
4k

4
1 � 6k42k

4
4k

4
1 � k62k

2
4k

4
1 � 2k22k

8
4k

2
1 � k42k

6
4k

2
1 � k62k

4
4k

2
1 � 2k82k

2
4k

2
1 þ 4k42k

8
4 � 2k62k

6
4 þ 4k82k

4
4Þ

=½64 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k3ð Þ2 k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

k22 þ k3k2 þ k23
� �

k1 þ k4ð Þ2

k2 þ k4ð Þ2 k3 þ k4ð Þ2 k21 þ k4k1 þ k24
� �

k22 þ k4k2 þ k24
� �

k23 þ k4k3 þ k24
� ��:

B1122 ¼ 2k41 � k22k
2
1 þ 2k42

� �
k1 � k3ð Þ2 k2 � k3ð Þ2 k21 � k3k1 þ k23

� �
k22 � k3k2 þ k23
� �

k1 � k4ð Þ2

k2 � k4ð Þ2 k3 � k4ð Þ4 k21 � k4k1 þ k24
� �

k22 � k4k2 þ k24
� �

k23 � k4k3 þ k24
� �2

=½512 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k3ð Þ2 k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

k22 þ k3k2 þ k23
� �

k1 þ k4ð Þ2 k2 þ k4ð Þ2 k3 þ k4ð Þ4 k21 þ k4k1 þ k24
� �

k22 þ k4k2 þ k24
� �

k23 þ k4k3 þ k24
� �2�:

B1200 ¼ k1 � k2ð Þ2 k21 � k2k1 þ k22
� �

16 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

B1201 ¼
k1 � k2ð Þ2 k21 � k2k1 þ k22

� �
k2 � k4ð Þ2 k22 � k4k2 þ k24

� �
2k41 � k24k

2
1 þ 2k44

� �
32 k1 þ k2ð Þ2 k21 þ k2k1 þ k22

� �
k1 þ k4ð Þ2 k2 þ k4ð Þ2 k21 þ k4k1 þ k24

� �
k22 þ k4k2 þ k24
� �

B1202 ¼
k1 � k2ð Þ2 k21 � k2k1 þ k22

� �
k1 � k4ð Þ2 k2 � k4ð Þ4 k21 � k4k1 þ k24

� �
k22 � k4k2 þ k24
� �2

256 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k4ð Þ2 k2 þ k4ð Þ4 k21 þ k4k1 þ k24
� �

k22 þ k4k2 þ k24
� �2

B1210 ¼ k1¼ � k2ð Þ2 k21 � k2k1 þ k22
� �

k2 � k3ð Þ2 k22 � k3k2 þ k23
� �

2k41 � k23k
2
1 þ 2k43

� �
32 k1 þ k2ð Þ2 k21 þ k2k1 þ k22

� �
k1 þ k3ð Þ2 k2 þ k3ð Þ2 k21 þ k3k1 þ k23

� �
k22 þ k3k2 þ k23
� �

B1211 ¼ k1 � k2ð Þ2 k21 � k2k1 þ k22
� �

k2 � k3ð Þ2 k22 � k3k2 þ k23
� �

k2 � k4ð Þ2 k22 � k4k2 þ k24
� �

4k43k
8
1 þ 4k44k

8
1 � 2k23k

2
4k

8
1 � 2k63k

6
1 � 2k64k

6
1 � k23k

4
4k

6
1 � k43k

2
4k

6
1 þ 4k83k

4
1 þ 4k84k

4
1 � k23k

6
4k

4
1

�
�6k43k

4
4k

4
1 � k63k

2
4k

4
1 � 2k23k

8
4k

2
1 � k43k

6
4k

2
1 � k63k

4
4k

2
1 � 2k83k

2
4k

2
1 þ 4k43k

8
4 � 2k63k

6
4 þ 4k83k

4
4

�
=½64 k1 þ k2ð Þ2 k21 þ k2k1 þ k22

� �
k1 þ k3ð Þ2 k2 þ k3ð Þ2 k21 þ k3k1 þ k23

� �
k22 þ k3k2 þ k23
� �

k1 þ k4ð Þ2 k2 þ k4ð Þ2 k3 þ k4ð Þ2 k21 þ k4k1 þ k24
� �

k22 þ k4k2 þ k24
� �

k23 þ k4k3 þ k24
� ��:
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B1212 ¼ ½ k1 � k2ð Þ2 k21 � k2k1 þ k22
� �

k2 � k3ð Þ2 k22 � k3k2 þ k23
� �

2k41 � k23k
2
1 þ 2k43

� �
k1 � k4ð Þ2 k2 � k4ð Þ4 k3 � k4ð Þ2 k21 � k4k1 þ k24

� �
k22 � k4k2 þ k24
� �2

k23 � k4k3 þ k24
� ��

=½512 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k3ð Þ2 k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

k22 þ k3k2 þ k23
� �

k1 þ k4ð Þ2 k2 þ k4ð Þ4 k3 þ k4ð Þ2 k21 þ k4k1 þ k24
� �

k22 þ k4k2 þ k24
� �2

k23 þ k4k3 þ k24
� ��:

B1220 ¼ k1 � k2ð Þ2 k21 � k2k1 þ k22
� �

k1 � k3ð Þ2 k2 � k3ð Þ4 k21 � k3k1 þ k23
� �

k22 � k3k2 þ k23
� �2

256 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k3ð Þ2 k2 þ k3ð Þ4 k21 þ k3k1 þ k23
� �

k22 þ k3k2 þ k23
� �2 :

B1221 ¼ ½ k1 � k2ð Þ2 k21 � k2k1 þ k22
� �

k1 � k3ð Þ2 k2 � k3ð Þ4 k21 � k3k1 þ k23
� �

k22 � k3k2 þ k23
� �2

k2 � k4ð Þ2 k3 � k4ð Þ2 k22 � k4k2 þ k24
� �

k23 � k4k3 þ k24
� �

2k41 � k24k
2
1 þ 2k44

� ��
=½512 k1 þ k2ð Þ2 k21 þ k2k1 þ k22

� �
k1 þ k3ð Þ2 k2 þ k3ð Þ4 k21 þ k3k1 þ k23

� �
k22 þ k3k2 þ k23
� �2

k1 þ k4ð Þ2 k2 þ k4ð Þ2 k3 þ k4ð Þ2 k21 þ k4k1 þ k24
� �

k22 þ k4k2 þ k24
� �

k23 þ k4k3 þ k24
� ��:

B1222 ¼ k1 � k2ð Þ2 k21 � k2k1 þ k22
� �

k1 � k3ð Þ2 k2 � k3ð Þ4 k21 � k3k1 þ k23
� �

k22 � k3k2 þ k23
� �2

k1 � k4ð Þ2 k2 � k4ð Þ4 k3 � k4ð Þ4 k21 � k4k1 þ k24
� �

k22 � k4k2 þ k24
� �2

k23 � k4k3 þ k24
� �2

=½4096 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k3ð Þ2 k2 þ k3ð Þ4 k21 þ k3k1 þ k23
� �

k22 þ k3k2 þ k23
� �2

k1 þ k4ð Þ2 k2 þ k4ð Þ4 k3 þ k4ð Þ4 k21 þ k4k1 þ k24
� �

k22 þ k4k2 þ k24
� �2

k23 þ k4k3 þ k24
� �2�:

B2000 ¼ 1
16

,B2001 ¼
k1 � k4ð Þ2 k21 � k4k1 þ k24

� �
16 k1 þ k4ð Þ2 k21 þ k4k1 þ k24

� � ,B2002 ¼
k1 � k4ð Þ4 k21 � k4k1 þ k24

� �2
256 k1 þ k4ð Þ4 k21 þ k4k1 þ k24

� �2 :

B2010 ¼ k1 � k3ð Þ2 k21 � k3k1 þ k23
� �

16 k1 þ k3ð Þ2 k21 þ k3k1 þ k23
� � :

B2011 ¼
k1 � k3ð Þ2 k21 � k3k1 þ k23

� �
k1 � k4ð Þ2 k21 � k4k1 þ k24

� �
2k43 � k24k

2
3 þ 2k44

� �
32 k1 þ k3ð Þ2 k21 þ k3k1 þ k23

� �
k1 þ k4ð Þ2 k3 þ k4ð Þ2 k21 þ k4k1 þ k24

� �
k23 þ k4k3 þ k24
� � :

B2012 ¼
k1 � k3ð Þ2 k21 � k3k1 þ k23

� �
k1 � k4ð Þ4 k3 � k4ð Þ2 k21 � k4k1 þ k24

� �2
k23 � k4k3 þ k24
� �

256 k1 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

k1 þ k4ð Þ4 k3 þ k4ð Þ2 k21 þ k4k1 þ k24
� �2

k23 þ k4k3 þ k24
� � :

B2020 ¼ k1 � k3ð Þ4 k21 � k3k1 þ k23
� �2

256 k1 þ k3ð Þ4 k21 þ k3k1 þ k23
� �2 :

B2021 ¼
k1 � k3ð Þ4 k21 � k3k1 þ k23

� �2
k1 � k4ð Þ2 k3 � k4ð Þ2 k21 � k4k1 þ k24

� �
k23 � k4k3 þ k24
� �

256 k1 þ k3ð Þ4 k21 þ k3k1 þ k23
� �2

k1 þ k4ð Þ2 k3 þ k4ð Þ2 k21 þ k4k1 þ k24
� �

k23 þ k4k3 þ k24
� � :

B2022 ¼
k1 � k3ð Þ4 k21 � k3k1 þ k23

� �2
k1 � k4ð Þ4 k3 � k4ð Þ4 k21 � k4k1 þ k24

� �2
k23 � k4k3 þ k24
� �2

4096 k1 þ k3ð Þ4 k21 þ k3k1 þ k23
� �2

k1 þ k4ð Þ4 k3 þ k4ð Þ4 k21 þ k4k1 þ k24
� �2

k23 þ k4k3 þ k24
� �2 :

B2100 ¼ k1 � k2ð Þ2 k21 � k2k1 þ k22
� �

16 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� � :

B2101 ¼
k1 � k2ð Þ2 k21 � k2k1 þ k22

� �
k1 � k4ð Þ2 k21 � k4k1 þ k24

� �
2k42 � k24k

2
2 þ 2k44

� �
32 k1 þ k2ð Þ2 k21 þ k2k1 þ k22

� �
k1 þ k4ð Þ2 k2 þ k4ð Þ2 k21 þ k4k1 þ k24

� �
k22 þ k4k2 þ k24
� � :

B2102 ¼
k1 � k2ð Þ2 k21 � k2k1 þ k22

� �
k1 � k4ð Þ4 k2 � k4ð Þ2 k21 � k4k1 þ k24

� �2
k22 � k4k2 þ k24
� �

256 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k4ð Þ4 k2 þ k4ð Þ2 k21 þ k4k1 þ k24
� �2

k22 þ k4k2 þ k24
� � :

B2110 ¼ k1 � k2ð Þ2 k21 � k2k1 þ k22
� �

k1 � k3ð Þ2 k21 � k3k1 þ k23
� �

2k42 � k23k
2
2 þ 2k43

� �
32 k1 þ k2ð Þ2 k21 þ k2k1 þ k22

� �
k1 þ k3ð Þ2 k2 þ k3ð Þ2 k21 þ k3k1 þ k23

� �
k22 þ k3k2 þ k23
� � :
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B2111 ¼ ½ k1 � k2ð Þ2 k21 � k2k1 þ k22
� �

k1 � k3ð Þ2 k21 � k3k1 þ k23
� �

k1 � k4ð Þ2

k21 � k4k1 þ k24
� �ð4k43k82 þ 4k44k

8
2 � 2k23k

2
4k

8
2 � 2k63k

6
2 � 2k64k

6
2 � k23k

4
4k

6
2

�k43k
2
4k

6
2 þ 4k83k

4
2 þ 4k84k

4
2 � k23k

6
4k

4
2 � 6k43k

4
4k

4
2 � k63k

2
4k

4
2 � 2k23k

8
4k

2
2

�k43k
6
4k

2
2 � k63k

4
4k

2
2 � 2k83k

2
4k

2
2 þ 4k43k

8
4 � 2k63k

6
4 þ 4k83k

4
4Þ�

=½64 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k3ð Þ2 k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

k22 þ k3k2 þ k23
� �

k1 þ k4ð Þ2 k2 þ k4ð Þ2 k3 þ k4ð Þ2 k21 þ k4k1 þ k24
� �

k22 þ k4k2 þ k24
� �

k23 þ k4k3 þ k24
� ��:

B2112 ¼ ½ k1 � k2ð Þ2 k21 � k2k1 þ k22
� �

k1 � k3ð Þ2 k21 � k3k1 þ k23
� �

2k42 � k23k
2
2 þ 2k43

� �
k1 � k4ð Þ4 k2 � k4ð Þ2 k3 � k4ð Þ2 k21 � k4k1 þ k24

� �2
k22 � k4k2 þ k24
� �

k23 � k4k3 þ k24
� ��=½512 k1 þ k2ð Þ2 k21 þ k2k1 þ k22

� �
k1 þ k3ð Þ2

k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

k22 þ k3k2 þ k23
� �

k1 þ k4ð Þ4 k2 þ k4ð Þ2 k3 þ k4ð Þ2

k21 þ k4k1 þ k24
� �2

k22 þ k4k2 þ k24
� �

k23 þ k4k3 þ k24
� ��:

B2120 ¼ k1 � k2ð Þ2 k21 � k2k1 þ k22
� �

k1 � k3ð Þ4 k2 � k3ð Þ2 k21 � k3k1 þ k23
� �2

k22 � k3k2 þ k23
� �

256 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k3ð Þ4 k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �2

k22 þ k3k2 þ k23
� � :

B2121 ¼ ½ k1 � k2ð Þ2 k21 � k2k1 þ k22
� �

k1 � k3ð Þ4 k2 � k3ð Þ2 k21 � k3k1 þ k23
� �2

k22 � k3k2 þ k23
� �

k1 � k4ð Þ2 k3 � k4ð Þ2 k21 � k4k1 þ k24
� �

k23 � k4k3 þ k24
� �

2k42 � k24k
2
2 þ 2k44

� ��=½512 k1 þ k2ð Þ2 k21 þ k2k1 þ k22
� �

k1 þ k3ð Þ4 k2 þ k3ð Þ2

k21 þ k3k1 þ k23
� �2

k22 þ k3k2 þ k23
� �

k1 þ k4ð Þ2 k2 þ k4ð Þ2 k3 þ k4ð Þ2
k21 þ k4k1 þ k24
� �

k22 þ k4k2 þ k24
� �

k23 þ k4k3 þ k24
� ��:

B2122 ¼ ½ k1 � k2ð Þ2 k21 � k2k1 þ k22
� �

k1 � k3ð Þ4 k2 � k3ð Þ2 k21 � k3k1 þ k23
� �2

k22 � k3k2 þ k23
� �

k1 � k4ð Þ4 k2 � k4ð Þ2 k3 � k4ð Þ4 k21 � k4k1 þ k24
� �2

k22 � k4k2 þ k24
� �

k23 � k4k3 þ k24
� �2�=½4096 k1 þ k2ð Þ2 k21 þ k2k1 þ k22

� �
k1 þ k3ð Þ4

k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �2

k22 þ k3k2 þ k23
� �

k1 þ k4ð Þ4 k2 þ k4ð Þ2 k3 þ k4ð Þ4

k21 þ k4k1 þ k24
� �2

k22 þ k4k2 þ k24
� �

k23 þ k4k3 þ k24
� �2�:

B2200 ¼ k1 � k2ð Þ4 k21 � k2k1 þ k22
� �2

256 k1 þ k2ð Þ4 k21 þ k2k1 þ k22
� �2 :

B2201 ¼
k1 � k2ð Þ4 k21 � k2k1 þ k22

� �2
k1 � k4ð Þ2 k2 � k4ð Þ2 k21 � k4k1 þ k24

� �
k22 � k4k2 þ k24
� �

256 k1 þ k2ð Þ4 k21 þ k2k1 þ k22
� �2

k1 þ k4ð Þ2 k2 þ k4ð Þ2 k21 þ k4k1 þ k24
� �

k22 þ k4k2 þ k24
� �

B2202 ¼
k1 � k2ð Þ4 k21 � k2k1 þ k22

� �2
k1 � k4ð Þ4 k2 � k4ð Þ4 k21 � k4k1 þ k24

� �2
k22 � k4k2 þ k24
� �2

4096 k1 þ k2ð Þ4 k21 þ k2k1 þ k22
� �2

k1 þ k4ð Þ4 k2 þ k4ð Þ4 k21 þ k4k1 þ k24
� �2

k22 þ k4k2 þ k24
� �2

B2210 ¼ k1 � k2ð Þ4 k21 � k2k1 þ k22
� �2

k1 � k3ð Þ2 k2 � k3ð Þ2 k21 � k3k1 þ k23
� �

k22 � k3k2 þ k23
� �

256 k1 þ k2ð Þ4 k21 þ k2k1 þ k22
� �2

k1 þ k3ð Þ2 k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

k22 þ k3k2 þ k23
� �
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B2211 ¼ ½ k1 � k2ð Þ4 k21 � k2k1 þ k22
� �2

k1 � k3ð Þ2 k2 � k3ð Þ2 k21 � k3k1 þ k23
� �

k22 � k3k2 þ k23
� �

k1 � k4ð Þ2 k2 � k4ð Þ2 k21 � k4k1 þ k24
� �

k22 � k4k2 þ k24
� �

2k43 � k24k
2
3 þ 2k44

� ��=½512 k1 þ k2ð Þ4 k21 þ k2k1 þ k22
� �2

k1 þ k3ð Þ2 k2 þ k3ð Þ2

k21 þ k3k1 þ k23
� �

k22 þ k3k2 þ k23
� �

k1 þ k4ð Þ2 k2 þ k4ð Þ2 k3 þ k4ð Þ2
k21 þ k4k1 þ k24
� �

k22 þ k4k2 þ k24
� �

k23 þ k4k3 þ k24
� ��:

B2212 ¼ ½ k1 � k2ð Þ4 k21 � k2k1 þ k22
� �2

k1 � k3ð Þ2 k2 � k3ð Þ2 k21 � k3k1 þ k23
� �

k22 � k3k2 þ k23
� �

k1 � k4ð Þ4 k2 � k4ð Þ4 k3 � k4ð Þ2 k21 � k4k1 þ k24
� �2

k22 � k4k2 þ k24
� �2

k23 � k4k3 þ k24
� ��=½4096 k1 þ k2ð Þ4 k21 þ k2k1 þ k22

� �2
k1 þ k3ð Þ2

k2 þ k3ð Þ2 k21 þ k3k1 þ k23
� �

k22 þ k3k2 þ k23
� �

k1 þ k4ð Þ4 k2 þ k4ð Þ4 k3 þ k4ð Þ2

k21 þ k4k1 þ k24
� �2

k22 þ k4k2 þ k24
� �2

k23 þ k4k3 þ k24
� ��:

B2220 ¼ k1 � k2ð Þ4 k21 � k2k1 þ k22
� �2

k1 � k3ð Þ4 k2 � k3ð Þ4 k21 � k3k1 þ k23
� �2

k22 � k3k2 þ k23
� �2

4096 k1 þ k2ð Þ4 k21 þ k2k1 þ k22
� �2

k1 þ k3ð Þ4 k2 þ k3ð Þ4 k21 þ k3k1 þ k23
� �2

k22 þ k3k2 þ k23
� �2 :

B2221 ¼ ½ k1 � k2ð Þ4 k21 � k2k1 þ k22
� �2

k1 � k3ð Þ4 k2 � k3ð Þ4 k21 � k3k1 þ k23
� �2

k22 � k3k2 þ k23
� �2

k1 � k4ð Þ2 k2 � k4ð Þ2 k3 � k4ð Þ2 k21 � k4k1 þ k24
� �

k22 � k4k2 þ k24
� �

k23 � k4k3 þ k24
� ��=½4096 k1 þ k2ð Þ4 k21 þ k2k1 þ k22

� �2
k1 þ k3ð Þ4

k2 þ k3ð Þ4 k21 þ k3k1 þ k23
� �2

k22 þ k3k2 þ k23
� �2

k1 þ k4ð Þ2 k2 þ k4ð Þ2 k3 þ k4ð Þ2
k21 þ k4k1 þ k24
� �

k22 þ k4k2 þ k24
� �

k23 þ k4k3 þ k24
� ��:

B2222 ¼ ½ k1 � k2ð Þ4 k21 � k2k1 þ k22
� �2

k1 � k3ð Þ4 k2 � k3ð Þ4 k21 � k3k1 þ k23
� �2

k22 � k3k2 þ k23
� �2

k1 � k4ð Þ4 k2 � k4ð Þ4 k3 � k4ð Þ4 k21 � k4k1 þ k24
� �2

k22 � k4k2 þ k24
� �2

k23 � k4k3 þ k24
� �2�=½65536 k1 þ k2ð Þ4 k21 þ k2k1 þ k22

� �2
k1 þ k3ð Þ4

k2 þ k3ð Þ4 k21 þ k3k1 þ k23
� �2

k22 þ k3k2 þ k23
� �2

k1 þ k4ð Þ4 k2 þ k4ð Þ4 k3 þ k4ð Þ4

k21 þ k4k1 þ k24
� �2

k22 þ k4k2 þ k24
� �2

k23 þ k4k3 þ k24
� �2�:

For a graphical illustration, see Figure 4.

3.6 N-soliton solutions

The N-soliton solutions have the form u x, tð Þ ¼ 1=2∂xx log f x, tð Þ, where

f x, tð Þ ¼P2
i1,i2,⋯,iN¼0Bi1i2⋯iN Π

N

j¼1
zijj ,

zj ¼ exp kjx� k7j x
� �

for any j

8><
>: (50)

In order to find the unknown coefficients Bi1i2⋯iN , we define

Ψ z1, z2,⋯, zNð Þ ¼ ut þ 2016u3ux þ 630u3x þ 2268uxu2x þ 504u2 u3x
þ252u2xu3x þ 147uxu4x þ 42uu5x þ u7x:
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The number Bi1i2⋯iN is obtained from the equation

∂
i1þi2þ⋯þiN

∂zi11 ∂z
i2
2⋯∂zinN

Ψ 0,0,0, … , 0ð Þ ¼ 0 (51)

4. Bilinearization

Let us consider the case when d ¼ c=2� b. The family to be considered is

ut þ au3ux þ bu3x þ cuuxu2x þ c=2� bð Þu2 u3x þ αu2xu3x þ βuxu4x þ γuu5x þ u7x ¼ 0:

(52)

Let

u x, tð Þ ¼ A∂xxf x, tð Þ: (53)

Plugging the ansatz in Eq. (53) into Eq. (52) and integrating once with respect to x,
taking a zero integration constant gives

3f xð8f 4ð4Af 2xxx Abþ 5β � 5γð ÞD2
x f � fð Þ þ 2f ðA γ � βð Þf xxxxxxD2

x f � fð Þ þ 2f ðD8
x f � fð Þþ

Dxt f � fð ÞÞÞ þ A α� β þ γð Þ � 140ð ÞD4
x f � fð Þ2 þ A β þ γð Þ � 112ð ÞD2

x f � fð ÞD6
x f � fð ÞÞ

þD2
x f � fð Þ4 aA3 þ 6A 12αþ 4Ab� 2Acþ 3β þ 77γð Þ � 20160

� �
þ4f 2D2

x f � fð Þ2D4
x f � fð Þ A2 c� 2bð Þ � 3A 4αþ β þ 19γð Þ þ 3360

� �Þ
�48Af 2f 4xf xxx 4Abþ 15 γ � βð Þð ÞD2

x f � fð Þ � 24Af 2f 2xf xxxð3 4Ab� 15β þ 15γð ÞD2
x f � fð Þ2

þ10f 2 β � γð ÞD4
x f � fð ÞÞ þ 8Af 3xð2f 2 β � γð Þðf 2 20f 2xxx � 2ff xxxxxx þD6

x f � fð Þ� �
þ15D2

x f � fð ÞD4
x f � fð ÞÞ þ 9 3Abþ 20 γ � βð Þð ÞD2

x f � fð Þ3Þ þ 4Af 2 β � γð Þf xxxð�4f 4 20f 2xxx þD6
x f � fð Þ� �

þ8f 5f xxxxxx � 45D2
x f � fð Þ3 þ 30f 2D2

x f � fð ÞD4
x f � fð ÞÞ þ 288Af 2 β � γð Þf 6xf xxx

þ96Af 7x Abþ 12 γ � βð Þð ÞD2
x f � fð Þ þ 48Af 5xð3 2Ab� 15β þ 15γð ÞD2

x f � fð Þ2
þ5f 2 β � γð ÞD4

x f � fð ÞÞ þ 288A γ � βð Þf 9x ¼ 0:

Figure 4.
Four soliton solution: k1 ¼ 0:489591, k2 ¼ 0:68479, k3 ¼ 0:104676, k4 ¼ 0:733527

� 	
.
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The choices

α ¼ 5γ
2
, β ¼ γ, a ¼ 15γ3

784
, b ¼ 0, c ¼ 15γ2

28


 �
(54)

will give the following bilinear form

D1
xt f � fð Þ þD8

x f � fð Þ ¼ 0 (55)

This corresponds to the KdV7 A ¼ 2, γ ¼ 28ð Þ

ut þ 420u3ux þ 420uxu2x þ 210u2 u3x þ 70u2xu3x þ 28uxu4x þ 28uu5x þ u7x ¼ 0:
(56)

This KdV7 admits one and two soliton solutions. However, it does not have three
solitons solutions despite the fact that it admits bilinear form.

One soliton solution: u x, tð Þ ¼ 2∂xx log 1þ exp k1x� k71t
� �� �

:.
Two soliton solution:

u x, tð Þ ¼ 2∂xx log 1þ exp k1x� k71t
� �þ exp k2x� k72t

� �þ A12 exp k1x� k71t
� �

exp k2x� k72t
� �� �

,
where

A1,2 ¼
k2 � k1ð Þ2 k21 � k2k1 þ k22

� �2
k1 þ k2ð Þ2 k21 þ k2k1 þ k22

� �2 : (57)

Breather: u x, tð Þ ¼ 2∂xx log pekx�λt þ qeλt�kx þ r sin κx� μtð Þ� �
, where

λ ¼ k �7κ6 þ k6 � 21κ2k4 þ 35κ4k2
� �

:

μ ¼ κ �κ6 þ 7k6 � 35κ2k4 þ 21κ4k2
� �

:

p ¼ � κ2r2 3κ2 � k2
� �2

4k2q κ2 � 3k2
� �2 :

(58)

Let us consider a more general than Eq. (56) KdV7

ut þ 420u3ux þ 420uuxuxx þ 210u2uxxx þ 70uxxuxxx þ 28uxuxxxx
þ28uuxxxxx þ u7x þ 6puux þ 45qu2ux þ 15quxuxx þ puxxx þ 15quuxxx þ quu5x þ u7x ¼ 0:

This KdV7 admits the bilinear form

D1
xt f � fð Þ þ pD4

x f � fð Þ þ qD6
x f � fð Þ þD8

x f � fð Þ ¼ 0: (59)

The one soliton solutions are

u x, tð Þ ¼ k2ek
3t k4þk2qþpð Þþkx

ek
3t k4þk2qþpð Þ þ ekx

� �2 :
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The two soliton solutions are

u x, tð Þ ¼ ∂xx log 1þ exp k1x�w1tð Þ þ exp k2x�w2tð Þ þ A1,2 exp k1x�w1tð Þ exp k2x� w2tð Þð Þ,

where w1 ¼ k31pþ k51qþ k71,w2 ¼ k32pþ k52qþ k72, and

A1,2 ¼
k1 � k2ð Þ2 5k21q� 5k2k1qþ 5k22qþ 7k41 � 14k2k

3
1 þ 21k22k

2
1 � 14k32k1 þ 7k42 þ 3p

� �
k1 þ k2ð Þ2 5k21qþ 5k2k1qþ 5k22qþ 7k41 þ 14k2k

3
1 þ 21k22k

2
1 þ 14k32k1 þ 7k42 þ 3p

� � :
(60)

On the other hand, direct calculations show that the KdV7

ut þ 3α� 5βð Þ 2β þ γð Þ2
1176

u3ux þ 1
56

β � γð Þ 2β þ γð Þu3x þ
1
28

2β þ γð Þ 2α� 3β þ 3γð Þuuxuxx

þ 1
28

2β þ γð Þ α� 2β þ 2γð Þu2uxxx þ αuxxuxxx þ βuxuxxxx þ γuuxxxxx þ uxxxxxxx ¼ 0

may be written in the following Hirota’s bilinear form [4]:

2Dxt f � fð Þ þ 7 β � γð Þ
2β þ γ

D4
x f � gð Þ � 3 β � 3γð Þ

2β þ γ
D4

x f � fð Þ þ 14 6α� 8β � 7γð Þ
2β þ γ

D8
x f � fð Þ

þ 14 6α� 8β � 7γð Þ
2β þ γ

g � gð Þ ¼ 0:

D4
x f � fð Þ � f � gð Þ ¼ 0:

u x, tð Þ ¼ A∂xx log f x, tð Þ,A ¼ 168
γ þ 2β

:

8>>>>>>>>><
>>>>>>>>>:

(61)

The seventh-order Kaup-Kuperschmidt Eq. (4) belongs to this class A ¼ 1=2ð Þ.
Using the obtained bilinear form, we may obtain all the results we presented in
previous sections (for the special case d ¼ c=2� b).

5. Forced KdV7

The forced KdV7 is written as

ut þ au3ux þ bu3x þ cuuxu2x þ du2 u3x þ αu2xu3x þ βuxu4x þ γu5x þ u7x ¼ f tð Þ: (62)

The forced Sawada-Kotera-Ito Eq. (2) and the forced Lax Eq. (3) admit the exact
solution.

ut þ 252u3ux þ 63u3x þ 378uxu2x þ 126u2 u3x þ 63u2xu3x þ 42uxu4x þ 21uu5x þ u7x ¼ f tð Þ:

Exact solution:

u x, tð Þ ¼ Bþ 2sech2 x� λ tð Þð Þ þ F tð Þ, (63)
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where

λ tð Þ ¼ 4
ð

63B3 þ 189B2F tð Þ þ 126B2 þ 189BF tð Þ2 þ 252BF tð Þ þ 84Bþ 63F tð Þ3 þ 126F tð Þ2 þ 84F tð Þ þ 16
� �

dt:

(64)

and

F tð Þ ¼
ð
f tð Þ: (65)

ut þ 140u3ux þ 70u3x þ 280uxu2x þ 70u2 u3x þ 70u2xu3x þ 42uxu4x þ 14uu5x þ u7x ¼ 0:

• Exact solution:

u x, tð Þ ¼ Bþ 2sech2 x� λ tð Þð Þ þ F tð Þ, (66)

where

λ tð Þ ¼ 4
ð

35B3 þ 105B2F tð Þ þ 70B2 þ 105BF tð Þ2 þ 140BF tð Þ
þ56Bþ 35F tð Þ3 þ 70F tð Þ2 þ 56F tð Þ þ 16

 !
dt: (67)

and

F tð Þ ¼
ð
f tð Þ: (68)

For other parameter values, we obtained the following result:
If αþ β þ γ 6¼ 0 and

a ¼ 1
63

d αþ β þ γð Þ

b ¼ 1
126

�α2 þ 4αβ � 11αγ þ 5β2 � 5βγ � 10γ2 þ 126d
� �

c ¼ 1
21

5αγ þ 5βγ þ 5γ2 � 42d
� �

(69)

then the forced KdV7 in Eq. (2) admits the exact solution

u x, tð Þ ¼ Bþ 252
αþ β þ γ

sech2 x� λ tð Þð Þ þ F tð Þ, (70)

where

λ tð Þ ¼ 1
63

ð F tð Þ 3αB2dþ 3βB2dþ 3B2γdþ 504Bdþ 1008γ
� �

þF tð Þ2 3αBdþ 3βBdþ 3Bγdþ 252dð Þ þ F tð Þ3 αdþ βdþ γdð Þ

 !
dt

þ 1
63

t αB3dþ βB3dþ B3γdþ 252B2dþ 1008Bγ þ 4032
� �

,

F tð Þ ¼
ð
f tð Þ:

See also [5].
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