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Abstract

In this paper, we consider the problem of finding traveling wave solutions to the
generalized seventh-order KdV equation (KdV7). Solitons are non-linear waves that
exhibit extremely unexpected and interesting behavior—solitary waves that propa-
gate without deformation. We use different approaches in order to find one and
multisoliton solutions. Soliton travels through liquid, solid, and gaseous media and
even as electron waves through an electromagnetic field. Making use of a traveling
wave transformation, we obtain a non-linear ode, which is solved using either
hyperbolic or elliptic algorithm. We also use the Hirota method to get the bilinear
form, and then we may obtain multisoliton solutions. In the end, we consider the
forced KdV7.

Keywords: traveling wave solutions, KdV7, solitons, cnoidal waves, deformed
sine-Gordon equation, Sawada-Kotera equation, Kaup-Kupershmidt equation, Ito
equation, ILax equation

1. Introduction

One of the most notable achievements in the second half of the twentieth century,
which also clearly illustrates the underlying unity of Mathematics and Nonlinear
Physics, is the Theory of Solitons. Solitons are nonlinear waves exhibiting extremely
unexpected and interesting behavior—solitary waves propagating without
deformation.

The other waves, the nonlinear ones, are less familiar and are very different from
the linear ones. A wave in the sea approaching the shore is a good example of a
nonlinear wave. Note that the amplitude, wavelength, and speed vary as the wave
advances, while in linear waves, these are constant. The distance between the crests
decreases, the height of the waves increases as they perceive the bottom, and the
speed changes. The upper part of the wave overtakes the lower part, falls on it, and the
wave breaks. There are even more intricate phenomena such as two waves that
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intersect, interact in complicated and nonlinear ways, and give rise to three waves
instead of two.

Now we come to solitons. During a horseback ride around Edinburgh, on the
Union Canal in Hermiston, very close to the Riccarton campus of Heriot-Watt
University, the Scottish engineer John Scott-Russell watched as a barge was towed
along a narrow canal by two horses that pulled from land to obtain a more efficient
design of boats.

A decisive step in the theory of integrable systems was the integration of the KdV
equation. Thus, Gardner, Greene, Kruskal, and Miura observed that if we consider a
potential #(x) for the stationary Schrédinger equation on the line, the corresponding
scattering data are transformed extremely easily when the potential changes as long as
u(x, t) satisfies the KdV equation. Therefore, given an initial condition # (x) for KdV,
we can find the associated scattering data and determine its evolution immediately.

In this paper, we consider the following generalized seventh-order KdV equation
(KdV7 for short):

Uy + aulu, + bui + U Uy + AU Uz + QU + Pusigy + yuus, +uz, = 0. (1)

This nonlinear evolution equation describes the behavior of physical phenomena
such as shallow water waves and plasmas. Its conservation laws were determined to
predict its complete integrability [1, 2]. In Ref. [3], Wazwaz obtained one and two
soliton solutions for the following special cases:

* The seventh-order Sawada-Kotera-Ito equation:

u + 252uu, + 63u93c + 378uttay + 126U Use + 63untiay + 42uxthay + 2lunse + u7, = 0.
(2)

 The seventh-order Lax equation:

uy + 140u3u, + 70u33€ + 280uyttay + 70u? use + 70Utz + 42Usthsy + 14usis, + 7, = 0.
(3)

* The seventh-order Kaup-Kuperschmidt equation

u, + 2016u°u, + 630u33c + 2268112, + 504u? Uz, + 252uUncttse + 147Usthay + 42uttsy + 7 = O.
(4)
These three cases of the seventh-order KdV equation are completely integrable.
This means that each of these equations admits an infinite number of conservation

laws, and as a result, each gives rise to N-soliton solutions. We aim to describe the
families of these KdV7 that admit soliton and cnoidal wave solutions.

2. Cnoidal wave solutions

Let

w(,t) = p +qp(x — X+ Eoig0,83). ®)
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Then

3 2
U, + avdu, + bu;, + cus iy, + du” Uz, + QUoUsy + Pty + yUlisy + Uz =

1
iq\/ 8,00 — 83 + 499 [2ap” — 2bgaq” — cgpq — 36180 — 24fig5q — 1440g; — 2

+ (64’ — 2, — cgag® + 24dp” — Vagyq — 36figsq — 361g,0 — 4032 )+ OV
6p (aq” + 2cq + 120y + 8dq) go°+
2 (ag® + 4bq* + 6¢q® + 12dq” + 72aq + 120pq + 360yq + 20160) g°],
where g = go(x — 2t + £032,,83)-
The system to be solved is
2ap® — 2bg.q” — cg,pq — 3678, — 24fg,q — 1440g;, +24 = 0.
6ap’q — 2bg,q* — cg,q* + 24dp” — 12ag,q — 367, — 4032, = 0. ©)
6apq” + 12cpq + 720y + 48dpq = 0.
2aq° + 8bq” + 12cq* + 24dq” + 144aq + 2408g + 40320 = 0.
We will have a solution for the following parameter values:
_ 6p*(aq + 4d)
&2 2bq> + cq?® + 12aq + 36fq + 4032’
_ 2ap® — cgypq — 3618, + 22
8T T gt + 1289 +720) @)
o 120y
P= q(aq +2c+8d)’

aq® +2(2b + 3¢ + 6d)g* + 24 (3a + 58)q + 20160 = 0.
Example. Let

u Y (x, 1) — 63.5567u(x, t)*u% (x,£) — 5089.7u1%) (x,)* + 0.939611u(x, t)u>) (x, 1) > (x, )
+0.471886u (x, 1)°u>% (x, 1) + 0.03102962 > (x, 1) u>) (x, 1) + 0.626069% " (x,1)u** (x,1)  (8)
+0.48252u(x, £)u> (x, ) + u”% (x,1) = 0.

See Figure 1.
Let now

u(x,t) = B+ Ccn’(wx — Mt + &g, m). 9)

Then
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Figure 1.
u(x,t) = 0.480062 + go(—7.21261t — x — (4.70653 — 5.33465i);0.0139651, — 0.0000274235).

uy + audu, + bufc + CUttttag + du® Use + QUotze + Pisthax + yUtisy + U7y =
2 —aB*w — 2BcCa?® + 4B%dw? + 2BcCma?® — 8B*dmw® + 8Caw® — 24Cmaw® + 16Cm*aw’
2Ccnsndn [~ | +8Cpw’ — 24Cmpw’ + 16Cm*pa’® — 16Byw® + 136Bmyw® — 136Bm?yw° + 64w’ cn
—2112ma’ + 5952m*w’ — 3968m3w’
3aB?C — 4BcCa? + 4bC*w? + 2C*w* — 8BCdw? + 8BcCma? — 4bC*ma? — 2C*ma’ — 12Bdma’
+o | +16BCdma? + 16Caw* — 88Cmaw* + 88Cm>aw* + 16Cpw* — 136Cmpw* + 136Cm*pu* + 16Cyw* | cn®

+240Bmyw* — 136Cmyw* — 480Bm*yw* + 136Cm?*ya* — 4032maw® + 24192m*w® — 24192m3w®
3aBC? — 4bC*w?* — 4cC*w?* — 4C%dw?* — 6BcCma® + 8bC*ma? + 8¢C*ma? — 24BCdmaw>

+o | +8C%dma? + 72Cmaw* — 144Cm*aw* + 120Cmpw* — 240Cm*Bw* + 240Cmyw* + 360Bmyw* | cn’®

—480Cm*yw* — 20160m*w® + 40320m3w®
+ (aC® — 4bC*mae* — 6cC*ma? — 12C%dma” + 72Cm*aw®* + 120Cm*po* + 360Cm*yo* — 20160m>w®) cn’.

Next, we equate to zero the coefficients of cr/ to obtain an algebraic system of
nonlinear equations. This system admits a solution under the condition

A1A; =0, (10)

where

Ay = 17640a* + 27aa*y + 90aapy + 180aay? + 754y + 300apy* — 840aby + 300ay® — 126aac — 210apc
—1260ayc — 504aad — 840apd — 2520ayd + 10b%y* + 14bc* — 3abyc — Sbfyc -+ 10by’c + 112bcd + 224bd”
—12abyd — 20bfyd — 20by*d + 14> — 3ayc? — 5pyc? + 126¢%d + 336cd” — 15aycd — 25pycd — 30y%cd + 224d°
—12ayd® — 20pyd®> — 30y%d*, and

Ay = 2822447 + 3a0® + 3ad’f + 63aa’y — 63aaf® + 234aapy + 297aay* — 1354 + 135a/%y + 168aab
+3192apb + 675af3y* — 3528aby + 405ay> — 252aac + 588afic — 2772acy — 1008aad — 3024apd — 3024ayd
+504b> + 40?b* — 16apb* + 84ab’y — 208%h> + —608b%y + 360b*y* + 84bh*c — 2016b°d — 70bc* + 2a*bc
—12apbc + 48abey + 105%be — 120bcy + 270bcy* — 672bcd + 2016bd* — 6a*bd + 12apibd — 108abyd
+9042bd — 1808byd — 270by%d + 7c® — 2apc? + 3acty + 10472 — 45pc*y + 45cy* + 168c%d + 1008cd>
—3a’cd + 6apcd — S4acyd + 456%cd — 90fcyd — 135cy*d.
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The Egs. (2)-(4) obey the condition in Eq. (10).
Solving the system we obtain the solutions as follows:
aB® + 8B%dma® — 4B*dw? — 2BcCma? + 2BcCar®
+16Byw* + 136Bym’w* — 136Byma™* — 8aCw®*
—84Cw* — 16aCm’w* — 16Cm*w* + 24aCmaw*

+24BCma* + 3968m>w® — 5952m2w® + 2112mw® — 64w®

11)
4(2m — o’ 2 2 2 2 2 (
B= - bC” + ¢C” + C°d — 18aC —30pC

3(aC2 — 2cCmae? — 8Cdma? + 120ym2w?) ( ¢ ame pCma

—60yCma?* + 5040m?w*).
aC3+ (—4bma? — 6ecma? — 12dme?) C* + (72am*a* + 120pm*w* + 360ym*w*) C
—20160m3w® = 0.

* Sawada-Kotera-Ito Eq. (2):

C = 2maw’*

A = 4w (63B° + 252B*mw® — 126B*w* + 336Bm’w* — 336Bmw* + 84Bw*

12)

+152m3w® — 228m*0® + 108mw® — 160°).

u(x,t) =B+ Ccnz(\/ax — /1t) + &olm).
B= —%(m —1)?, C = 4ma’.
Az?(m—Z)(m—i—l)(Zm ~1)a. (13)
u(x,t) =B+ Ccnz(\/ax — /1t) + &olm).

* Lax Eq. (3):
C =2ma?’.

A= 4w (35B° + 140B’mw’ — 70B*w? + 196Bm*0* — 196Bma* + 56Bw* + 96m>w® (14)
~144m’w® + 80me® — 160°)u(x,t) = B + 2mewcn® (Vo (x — it) + &|m).

* Kaup-Kuperschmidt Eq. (4):

B= —%(Zm—l)wz,C:—.

a= % (m —2)(m +1)(2m — 1o (15)

u(x,t) = B+ 2mocn’ (Vo(x — &) + &|m).

* Letting m = 1in Eqs. (2)-(4), we obtain solitonic solutions.
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3. Soliton solutions

3.1 First family
Let

252 =k
a+p+y
1

c:—E(a+ﬂ+y)(a—5(ﬂ+4y))—b—d.
42a 1 b

d=—"" 1 — —58+10y) + 2.
a+ﬁ+y+378(a+/3+7)(a 56+107) +3

We make the transformation
u = Aoy log(1+ exp(kx —wt))
to obtain the soliton solution

126k
(@+p+7) (1+ cosh (kx — k't — &)

Usoliton (x s t) =

For a graphical illustration, see Figure 2.
We are interested in the existence of two soliton solutions. Let

252
a+pf+y

01 = kyx — kit and 6, = kyx — kit

u(x,t) = Oxx log(1+ exp 61 + exp 6, + pexp(61 + 02)).

Making the choices

0.020 f
0.015

0.010
u(x, t)¢.005

Figure 2.

0.0.

Soliton solution u(x,t) = ———2%4 1o the Sawada-Kotera-Ito equation with k = 0.2.

1+ cosh (0.0000128¢t—0.2x)

6

(16)

(17)

(18)

(19)
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BB - 3% — 96y’ +317°)
49(p - 57)°
. B=n)(B = 6Py +15pr" = 237°)
7(8 -5y

B =98y +258%% — 334y + 76*

- 76— 577
2y(B> — 5% + 287> +177°)

7(8—5r)°
B — Ay +13y?
p =5

a = —

P2y — ko) (Rea? — erky + k?)
(k1 + exths)® (25%k1’ks” — 2pykiks (ky® + 4kiky + k) + 72 (ke + 4ki’ky + Oei’ky” + 4hikr® + ko))
(20)

p=

We obtain
Uy + awdu, + bui + cuttttag + du® Uz, + @ Uaxtze + Purthay + Yisy + U7 =

(B=7)(B—2r)(B —3y)R(k1, k2, 01,06,).

We conclude that the two soliton solutions exist for the parameter values in
Eq. (20) under the condition

(B—=r)(B—2r)(p—3y)=0. (21)

We obtained the following result:
Theorem. The following families of KdV7 admit one and two soliton solutions for
any p. The two soliton solutions have the form

Uy soliton (%5 1) = %OM log (1+ exp(61) + exp(62) +pexp(61+6,)), (22)
being

01 = kax — kit, 05 = kox — kit (23)
e First set:

153 15p? . 15 5p
4= e =0c=Sgnd="ra="70=p
(k) (k" ks k?)? L (24)

(kr + ko) (s + sy + ko%)"

KdVv7:

U —1—78—410 U uy, + ﬁp Uy Uy + 5_6}9 U U3, +§pu2xu3x + pu sy + pusts, + 7 =0
(25)
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Figure 3.
Two soliton solution for p = 1.

An illustration with p = 1 is shown in Figure 3. The solution is

_ 14.,0-352855t+0.5x + 27.4460‘278313t+0.7x + 25267660.2705t+1,2x + 0V097579360.262688t+1,7x + 0.049785480'188146t+1‘9x

uxt) (£01725216+0.5x | g0.0979793+07x 4 (0.0035561¢0-09016681+12x 4018033412
(26)
¢ Second set:
4, pr et 2
a—147,b—7,c— 7,d—7,a—3p,ﬂ—2p, o
- (k1 — ky)? (ler® — kaks + ko?) =
(k1 + ko)? (ka® + kiky + k2”)”
KdVv7:
4 35 1,5 6, 255 _
U + 147p U Uy, + 7p u, + 7p Uty Uy + 7p U U3y + 3puy usy + 2pu Ugy + puns, +uze =0
(28)
e Third set:
5 5pr 10p?  Sp? B
S TR VAL A VAL S & 09)
p= k) — k) v=p
(k1 + kz)2 ’
KdV7:

5 5 10 5
uy + %p"‘u'?’ux + ﬁpzui + 7p2uuxu2x + ﬁpzuzugx + Spuy sy + 3pu sy + putts, +uz =0
(30)
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Now, our aim is to find three soliton solutions for the parameter values in Eq. (20).
Assume the ansatz

252 3
u(x,t) = ————0Oxx log (1 + n; + pinil; + P1,2,3’71’72’13> > (31)
(X+ﬂ+7 ]‘:1 / 1S;§3 W
where
1; = exp (ij — kj7t> forj =1,2,3. (32)
We have:

Uy + avdu, + bui + cuttytty, + du® Uy + X Upeltzy + PlUylhsy + yUlts, + U7 =

98(8 — 5y )krka (k1 + k2) (ks — 1°p1.2k5 — 677kl + 2ykakes — 4r7kapy ok
12075k + 18y°k3ky — 12Bykok; — 8ykopy okt — Ap%kaks — 26y°k3k; + 208ykik;
—107%k3p1 k3 + 28Kk + 18y°k3ks — 12Byk3ks — 8y%k3py ks — 67°kaks + 2Bykaks
—47’kopr ks + 77kS — 7’kSp1,) /7 717

+98(B — 5p)kiks (k1 + k3) (r?k§ — r2prsks — 6y%ksk; + 2Byksks — 4y*kspy sk;
+2p%k5kT + 187°k3kT — 12pyk3k] — 8y*k3p sky — 4B*k3k; — 26y°k3k; + 20Byk3k; —
10y°k3p, sk3 + 2%k5ks + 18y%k3ks — 12fyk3k; — 8y*k3py sks — 6y°k3ks + 2Byk3k:
—47°k3py k1 + 7°kS — 1k3p13) /7 7123

+98(f — 5y )kaks(ka + k3) (k5 — 17 pa ks — 617k3k5 + 2frksks — 4y7kapy 55
12p%k3ks + 18y°k3ks — 12fyksks — 8y*k3p, sks — 4B%k3ks — 26y%k3ks + 20pyk3k]
—107%k3p, 3k5 + 2B%k3k5 + 18y%k5k; — 12Byk3ks — 8y*kip, sk — 67%k3ka + 2Byk3k,
—47%k3p, ska + 17k — r*k3pa3) /7 7023 + hoot

Equating to zero the coefficients of 212>, 2123, and 2,23 and solving the resulting
system of algebraic equations we obtain

(k1 — ke2)* (2/7k3k + 2Bykeakes — 8Byl + 2pykdkes + vk — 4r%koks + 9ykaks — 4y%kedker + y2k3)

e 72 (k1 + kz)z(ki + kokq + k%)z

= (k1 — k3)” (28%k3k1 + 2Byksks — 8Bykaks + 2pykyer + vk — 4y22k31ei + 97 k3kL — 47Kk + 7K3)
’ 72 (ky + k3)? (k3 + sk + k3)

s = (ks — k)" (26°K33 + 2Prksks — 8prkSks + 2prkka + yks — 4y’ksks + 9%k3k; — dy'kiks + k7).

72 (kz + k)2 (k2 + keskea + k2)°
(33)

Next, we equate to zero the coefficient of 212,23 in order to obtain the value for
p12,3- It is given as follows.
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e Forp =1y

P1,23 = Pl/Ql,where

Py = y*(ka — k1)’ (kz = k3)? (k3 — k1)* (ks + k2 + k3)

(k3k® + k3kl® — 2eskdlel’ + 3kskiker — 2kesksky 4 koks” + kyky” — koksks” + kakiks”

+hdkiky? — kykski® + 2kSkyt + 2kSkit — kol + 6kaksky! — Skakak:® + 6kyksk)t

—3kdkaky! + 2esk1® + 2k%el® — aheokeSki — 103k’ — 18k3k5k:° — 18ksk3kl’ — 10k5k3k:°
—4Ske3k1® + 3kl + 3kSk] — Gkokik] — ThIkSK] — 38k3kSk] — 26k3k3k: — 38k3kak; — Tkakik,
—6kksk; + 3kokS + 3k3kS — 3keakSkS — ThokikS — 35k3kSkS — S58k5kokS — 58k3k3KS — 35kSkIKS
—Th3RE — 3kSksk® 4 2630k + 2k k] — 6kokk] — Th3kSk] — A1k3kik] — 60k;kSk] — 99k3k3k]
—60kSk3k] — 41kk3k] — Thk3k3k] — Gkksky + 2es kS + 23 kS — 4koke}0kS — ThokkS — 35k3k5kS
—60k; k3RS — 92k5kSkS — 92k5k3kS — 60k k3kS — 35k5k3kS — Thkaks — 4ky kskS + kykS + k3
—3kok}k] — 10k2k3 ks — 38kakik; — S58k;kik; — 99k3kk; — 92kSkSks — 99kIk3k; — 58kSkk:
—38kyk3k; — 10k, k3ks — 3k sk + kyky + kyky — kaky'ki + 6koky'k; — 18k3k° kT — 26k;k3k;
—58kok5k; — 60kSkik; — 60k5kSks — 58k5k3k; — 26k5k3k; — 18k k3ky + 6Ky K3k — k3 ksk;
sk + kokykd — Skakikd — 18k3k3 ks — 38k3kyks — 35kSkSk — 41kjkbkd — 35kSkSk]
—38k5k3k: — 18k;°k3kS — Sky' k3K + ky ks — kb ksl + 3kaky ks + kaky ks + 6kyks kel
—10k5kS kT — TRSkIkE — ThkSk: — Th3kik: — ThykSk: — 10k3 k3k? + 6k3'k3k: + k3 k3k:

13k k3k2 — 2k3k ks — kyk ke — k3 ey — 4kSk3 ke — 6kkIk: — 3kSkSky — 6k5kikr — 4Ry kSk:
—3ky'k3ks — kY kgks — 2keb ke + ik + koks” 4 2Kkt + 2kiks” + 3k 4 3kkS + 2k3°k]
25 kS + kK3 + kyk3),

and

Qi = 7* (ke + ko) (k2 + kaky + k2)° (ks + k)2 (ks + ks (ky + ke + ka2 (K2 + eskes + k2)
(k2 + kgkey + k2)*
(e + skl + esked + 3k2k? + 3k3k2 + Skoksk? + 2edky + 2kl + Skokiks + Skiksks
+k5 + k3 + 2keoke3 + 3kdk; + 2edks).
e For = 2y:
P13 = P2/Q,, where
Py = y*(ky — k1)? (kT — koky + k3 (ke + kaky + k3) (ky — k3)* (3 — k1) (k1 + ko + k3)*
(kT — kesky + k3) (kT + ksky -+ k3) (k3 — kska + k3) (k3 + ksky + k3) (kS + 2kok] + 2kesk;
+3k3k? + 3k3k? + Skoksk? + 2k3ky + 23k + Skokdky + Skiksky + k3 + ki + 2ok + 3k3k3 + 2kdks),

and
Qy = 7' (k1 + Te2)2 (I + leakey + K2)° (kg + ke3) (ks + ke3)2 (s + o + es)? (k2 + sy + k2)°
(k2 + kesky + 2)°

(e + 2ok + 2kesks + 3ksks + 3k3ks + Skoksk] + 2k3ky + 2k + Skok3k + Skoksky + k5 + kj
+ 2ok + 3e3ks + 2edks).

e For f = 3y:

10
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P13 = P3/Q;, where

Py = y*(ky — le1)* (kS — kaker + k3) (k3 + kaky + k3) (ko — k3 ) (ks — k1) (ky + ko + k3)” (kT — keskey + k3)

(k3 + ksky + k3)

(k3 — ksky + k3) (5 + keska + k3) (ki + 2keokes + 23k + 3kdks + 3k3ks + Skoksks + 2kdky + 2ke3kr + Skokik:
+5k3ksk + k5 + K + 2egk3 + 33k + 2kedks),

and
Q; = J/4(k1 + k2)2 (k% + koky + k%)z(kl + k3)2(k2 + k3)2(k1 +ky+ k3)2 (k% + k3ky + kﬁ)z(ki + ksky + k§)2

(ke + eaked + 2lesk? + 3k3k: + 3kiks + Skoksk? + 2kekey + 2keiker -+ Skok3key + Skaksks + k; + k3
+2kok3 + 33k + 2edks).

We have three soliton solutions only when f = 2y or = 3y. Thus, the KdV7 has
two soliton solutions for the parameter values in Eq. (20), but it does not have three
soliton solutions for y = f5..

3.2 Second family

Let

_ S5(7a+5p—6p)(a+p+r)’
N 7938 '
1

b= 6—3(a+ﬂ+}/)(36a+ 356 +10y).

1
c= —6—3(a+ﬂ+y)(37a+35/}+15y).

1
dzﬁ(a+ﬂ+}’)(a+5ﬂ+30y).

(34)

We make the transformation

u(x,t) = #ﬂi_y()&x log(1+ exp(kx — k’t) + pexp(2kx — 2k’t)) (35)

to obtain the soliton solution

04k26k7t+kx 1
Usoliton (x, t) = > 3 forp = Z . (36)

(a+p+7)(2e4 + &)

A cnoidal wave solution is

Ucnoidal (x> t) - ]0 +

_ 7 _
(1-2mE+Vm? —m+1)p an( M(X — )+ 50,m> ,
po— 252m

(37)
where

11
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A=— m [(a+ p + 7)*(2205am>p® + 1575pm>p® — 1890ym>p® — 126am>p’q
—630pm>p*q — 3780ym>p?q — 2331am’pg® — 2205pm>pq® — 2016ym>pq? + 2am’q>
+28m3q® — 124ym>q® + 63am’p*q + 315pm’p’q + 1890ym*p*q + 2331am’pq” + 2205pm’pq*
+2016ym2pq2 . 3am2q3 . 3ﬂm2q3 + 186;/1’;12413 — 126}/mpq2 - 3amq3 . 3[7’mq3

—66ymq’ + 2aq> + 24> + 2r4°)].
3.3 Third family

Let

L 8(a+ B+ 7)*(4a — 108 + 25y)
N 453789
1
b= ) (—160” + 220 — 23ay + 386> + 31py — 71°).
. _ 8% +2ap +107ay — 65 + 93Py + 997
- 1029 '
2(20% + 4ap — 31ay + 28* — 318y — 33y?)

d=- 1029 '

(38)

We make the transformation

441

R T ]

O log(1 + exp(kx — k't) + pexp(2ex — 2k’t)) (39)

to obtain the soliton solution

3528%k> (16ek7t’kx 4 kKTt 4)

Usoliton (X5 1) = 5 forp = i (40)
(a+pB+y) (16ek7f*kx +ekxkTE 16) 16
A cnoidal wave solution is
ulet) =p+ 1L e ( &4 4(7“(Ir L ;my)) (x — 4t) + éo,m> , (41)
where
L Am—2)(m+ 1)p*(48a — 506 — 99y)(a + f +7)* . “42)

3176523(2m — 1)

Let us investigate the existence of two soliton solutions in the ansatz form

441 1
mdxx log(1+ exp 6y + exp 6, + TS [exp(261) + exp(26,)]+

plexp (61 +26,) + exp (201 + 6,)] + kexp (61 + 6,) + p* exp(201 + 26,)),
where 61 = kix — kit and 0, = kyx — k;t.

u(x,t) =

12
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We have three soliton solutions for the following choices:

A ) ) Ty
a_m, _ﬁ’ 6—7’ d—T) (1—6}/, ﬂ_? (43)
Zkélt - k%k% + Zkg _ (kg — k2)2(k% — kaky + k%) (44)

K= > P =
2ker + ka)? (2 + keaker + k) 16(k1 + k)* (e + kaker + k3)
Letting y = 42 gives the Kaup—Kuperschmidt seventh-order equation:

u, + 2016u°u, + 630u33c + 2268u, 2, + 504u” Uz, + 252unxthze + 147Uxthay + 42utisy + U7 = O.
(45)

3.4 Three soliton solutions
The three soliton solutions have the form
2
U3_soliton (X5 ) = 1/20,c log | 1+ Z pij €xp (i (lrx — kit) +j (kax — kJt) +1(k3x — kjt)) |,
isj51=0

(46)

where p;;; = 1wheni +j + 1 = 1. The parameter values are obtained as follows.

First, we set
kyx — k7t = log(z1), kox — kjt = log(z,) and ksx — kjt = log(z3) (47)

to get

Uy + 2016u%u; + 63002 + 2268u,ur, + 504u” us,
+252un 3y + 147Ut sy + 42usy + U7, = P(21,22,23).
Next, we solve the equation
gt
—————Y¥(21,22,23) |2—zy=23=0 = O (48)
02,02,z s

for p;;;. The parameter values are:

1 ey — k3k; + 25 (ky — k3)? (k) — keska + k3)
P =275P = P = :
B0 T16 M T ey + k32 (R + kska +42) T 160k + k)2 (K3 + kska + k3)

1 (ky — k3)* (k5 — ksks + k3) et — ki + 2k;5
P =P = s P = .
020167 0P T 16 ke, + ) (K2 + ksky +R2) 0T 2(kr + k3)? (2 + kesks + K2)

. (ky — ks ) (kT — kesky +k3) . e} — kdks + 25 - (k1 — k2)? (ke — koky + k3) .
YO8 16k + k)2 (k2 + kesky +K2) 7T 2y + ko) (2 + kaks +K2) " PO 16(Ry + ko) (K2 + koky + K2)

13
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pog=L o (ky — k3)? (2 — kesky + &2) Y (ke — lea)? (k2 — leokey + k2)
P06 0N 16y + k) (k3 + esker + K2) T 16(ky + ko) (k3 + eakes + )

(ky — k3)* (k2 — sk + k2)
256(ky + k3)* (2 + ksky + k2)

P0,22 =

1

PV 4oy + o) (2 + ks + 12) (kr + ko) (ko + s (2 + egles + K2) (k2 + ks + K2)

X 4l + akskS — 2k3k2kd — 2eSkS — 20SkS — kk3kS — kykikS + 4kSky + 4k
—kDkSkT — 6leskik; — kSkik; — 2k3kSkl — kykSkl — kSkikl — 2eSkik? + dkk — 2k5kS 4 4kSks).

(2k7 — kdk? + 2k3 ) ey — ke3) (ko — ke3)* (kT — kesky + k3) (k5 — ksky + k3)

P12 = .
Y30 (kg + k)2 (2 + ok + k2) ey + k3)2 (kg + k)2 (k2 + ksky + k2) (k2 + kks + k2)
b (k1 — ko)* (kg — kaky + k3 (ka — ke3)? (k5 — kska + k3) (2 — k3k: + 2k3) .
PN 32y + kea)? (k3 + keaker + K3) (ke + k3) (ke + kes)? (s + kskq + k3) (k5 + sk + k3)

o (o1 — ko) (k2 — keoker + 2) (k1 — k3 )2 (ks — ka)* (k2 — ksks + k2) (k2 — ksks + k2)*

256(k1 + k)2 (k2 + akes + 12) (s + ks)2(fea + ks)* (k2 + esles + 3 (k2 + kska + k2)°

(ks — ) (k2 — ks + £2)°

P2,02 = :
256(ky + kes)* (3 + feskey + k2)°
_— (ky — k) (k5 — koky + k3) (k1 — k3 ) (kS — ksky + k3) (2 — k3k5 + 2k3)
PPN 30y + ko) (k7 + keakn + K3) (ks + ks (ks + s (k] -+ kskn -+ k3) (k3 + kska + k3)
(ke — ko)’ (] — ka1 + k3) (ke — kes)” (ko — k3)? (e — ks + kﬁ)z(ké — kska + k3)
p2’1’2_256(k 212 2 4 212 2\2(12 2y
1+ k2) (kl + koky + kz) (kl + k3) (kz + k3) (kl + kskq + k3) (k2 + ksky + k3)
(kg — k) (k2 — kokey + K2)°
P22,0 =

256(ky + ko) (k2 + kaky + k2)”

o — (y — ko) (2 — keoley + k2)” (ley — ke3) (s — k3 )? (I3 — kesley + k2) (k2 — sk + K2)
2,2,1 —
256(ky + k) (k3 + kol + k2)* (g + k32 (kg + k3 )2 (I3 + keslen + k2) (K2 + keskey + k2)
s — (ks — ko) (2 — keoler + k2)” (ley — k3)* ey — kes)* (k2 — keskes + 2)” (2 — keskey + k2)°
2,22 —

4096(ks + ko) (k2 + kol + k2) (ks + k3) (ko + Fes)* (k2 + kealer + k2)” (k2 + sk + 2)°

3.5 Four soliton solutions

The four soliton solutions have the form u(x,t) = 1/2d,, logf (x,t), where

14
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2 2 2 2 i iy i3 i
{f (x,1) = ZilzoZiz:OZig:OZi4:0Bi1i2i3i4zlllzi22‘z?Zi€’ (49)

zj = exp (ij - ij) for anyj

The 76 coefficients B;,;,i,;, are given by

4 2,2 4
Boooz = l,Boon = 23 _2k42k3 2 2y
16 ks + k) (k2 + kakes + k3)
g (ks ka)” (k3 — kaks + k3) 1
O T 16 (ks + ka)> (k3 + kaks +2) T 16
g _ (k- ka)” (k3 — kaks + k)
T 163 + ) (2 + keaks + k2
(k3 — ka)* (k3 — kaks + k3)°
Booxn = e .
256(k3 + ks)” (k3 + kaks + ki)
4 212 4
Bopy =28 —2k42k2 + 2%k .
2(k2 + k4) (kz + kaley + k4)
g _ (k- ka) (k5 — keaky + k)
M T 16k + ka) (k3 + kaky + 3)
4 2,2 4
Boio = 2k2—2k32k2+2k3 N
2(ky + k3) (k2 + k3k, + k3)

Boin = [4k5kS + 4kjkS — 2k3kikS — 2kSkS — 2kSkS — kikikS
—ksk3RS + 4kSk; + 4kSky — k3kSks — 6k3kiks

—kSk3ks — 2ekeSkD — k3kSks — kakiks — 2kSkiks

43k — 25k + 4k3ky]/[4(ky + ke3)* (k5 + sk + k3) (ka + ks)?
(ks + ka)* (k3 + kaks + k3) (k3 + kaks + k3)].

(2k — k3l + 2k3) (ky — kea)* (ks — ky)* (k5 — kaky + k3) (k3 — kaks + k3)

B =
T 30k + ke3P (2 + ksks + k2) (ko + ka) (ks + k) (k2 + aks + k2) (k2 + keaks + k3
(ky — ke3)? (k3 — ksks + k3)
Bono = > >
16(ky + k3) (k2 + k3k, + k3)
By — (ky — k3)? (I3 — ksky + k3) (ks — ka)? (k3 — kaks + k3) (25 — k3k; + 2k5)

32(ky + k3)* (k3 + ksky + k3) (ko + ka)? (k3 + ks ) (k5 + kaky + k3) (k3 + kaks + &3)

15
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s (ky — 3)? (k2 — sk + 2 (ky — )2 (ks — ka)* (k2 — kakes + k2) (k2 — kakes + k2)°
0122 =
256(k + k)2 (2 + ksks + k2) (lez + ka)2 (ks + kea)* (2 + kakey + 2) (2 + leales + k2)*
g1 g (e — ka) (k5 — kaky + 3
0200 16’ 0201 16(k2+k4)2(k§+k4kz+ki)

(ky — ka)* (k2 — kaks + 2)

(ky — k3)* (k3 — ksks + k3)
Boaoz = e 2> Bozo = 5 -
256 (ks + ka)* (k3 + kaky + k%) 16(k2 + k3)” (ky + kska + k3)
s (ky — ke3)? (k3 — ksky + k3 (ky — ka)? (k3 — keaky + k3) (25 — k3k3 -+ 2k3)
0211 — .
32(ky + ke3) (3 + ksky + 3) (ka + ka)* (3 + ks ) (k3 + kaks + k3) (k3 + kakes + k)
B (ky — k3)2 (k2 — ksk + 2 (ky — ) (s — lea)2 (k2 — kakes + k2)” (k2 — keaks + k2)
0212 — .
256(ky + k3)2 (2 + ksks + k2) (ea + ka)* (s + ka2 (2 + keakes + k2)” (12 + kakes + k2)
(ke — es)* (k2 — keskey + k2)
Bono = -

256(ky + k3)* (k2 + ks + k2)*

g _ (- k) (2 — ks + k2)” (ke — Jea) (k3 — lea)? (3 — leakes + k2) (k3 — keaks + k2)
0221 — .
256(ky + k3)* (k2 + kesky + k2) " (ky + k) (ks + k)2 (3 + keaky + k2) (2 + keaks + k2)

5 (ky — les)* (k2 — kesky + k2)" (ks — kea)* s — fea)* (k2 — kakes + 2) (k2 — kakes + K2)”
0222 — .
4096(ky + k3)* (k2 + kesks + k2) (ks + lea) (3 + lea) (k2 + eaks + k2)° (k2 + keaks + k2)°

ey — Kk + 2k
»D1002 =
(Rey + kea)* (] -+ kealer + k3

(k1 — key)? (k3 — keaky + 3

Bioor = :
T 16(ky + a)? (k2 + kaks + k2)

2y — k3l + 2k
(k1 + k3)? (kT + ksky + k3)

Bio1wo =
)

Bion = [4k3kS + 4kl — 2k3keakd — 20SkS — 265k — k3kikS
—k3kERS + 4kSle; + 4kSk; — kakShky — Gkskiky — kakiks — 2k3kSk?
—ke3kSkE — kSkik] — 2k5kak? + 4kiks — 2%eSkS + 4kSk]

14 (ke + k3)? (k2 + kesky + k3) (k1 + ka)? (k3 + ka)®

(kS + keakey + k3) (k5 + kaks + k)]

Buy — (2k7 — k3kes + 2k3) (ko — ka) (k3 — ko) (k3 — keaker + k3 (k3 — kakes + k3)
32(ky + k3)” (kT + kesker -+ k3) (k1 + ka ) (k3 + ka)* (k3 + kaky + k3) (k3 + kaks + k3)

Biozo = (k1 — k3)* (k7 — kskr +k3)
16(ky + k3 ) (k3 + sk + k3)
Buo — (ke — k3)* (k] — k1 + k3) (k3 — ka)® (k3 — kaks + k3 ) (2] — k3ks + 2k3)

32(ky + k3)” (kT + keskey -+ k3) (k1 + ka)* (k3 + ka)* (k3 + kaky + k3) (k3 + kaks + k3)
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Broy — 1= ks)2 (k3 — Tesker + 12) (kg — k) (ks — kea)* (2 — kakes + K2 (2 — kakes + 3)’
256 (k1 + k3)? (2 + esker -+ k2) (k1 + k) (k3 + ka)* (2 + ks + k2) (k3 + keakes + k2)°
2%y — ok + 2k;
2ker + ko) (k] + leoker + k3)

Bi100 =

Brior = [4k3kS + 4kl — 202k2kS — 205kS — 2UelkS — ke kS — kyk2kS
+akSky + 4kSk] — kokSky — 6kskiks — kSkikT — 2kdkSk — kikSk:—
kSkiks — 2kSkiks + dksk — 2kSkS + 4kSky) /[4(k1 + ka)” (] + kaky + k3)
(k1 + ka)*(ky + ka)* (k2 + keaky + k3) (k5 + kaks + k5)].

(25— k32 + 203) (s — ko) (kz — k)2 (8 — ks + K2) (k3 — keaka + 2)
32(ky + k2)? (k] + koky + k3) (k1 + ka)? (ko + ka)? (S + kaky + k3) (k3 + kaka + k)
(2k7 — k3ks + 2k3) (k1 — k3 ) (ko — ke3)? (k3 — ksky + k3) (k3 — ksk + k3)
32(ky + k) (k3 + koky + k3) (1 -+ k3)* (o -+ k3)? (kT + ksky + k3) (k3 + keska + k3)

B = (ky — k3)*(ky — ke3)* (k3 — sy + k3) (k3 — sk + k3) (k3 — ka)® (k3 — kaks + k3)
(43S + 4kl — 2e2l2led — eSS — 2UeSkS — IkbkS — Riak2kS + 4kSkt + 4kSk: +
—k2kSkt — 6kakikt — kSkAk: — 2k2kSl? — kakShk? — kSkik? — 2kSk2k? + 4kikS — 2kSkS + 4kSk])
/[64(ky + k2)? (ke + kokr + k3) (ke + ks ) (ko + k3)? (k] + ksky + k3) (k3 + kska + &3) (k1 + ka)?
(key + kea)* (k3 + kea)* (3 + keaker + k3) (3 + kaks + k3) (k3 + kaks + k3)].
Bum = (e} — k3k: + 2k5 ) (ke — k3)* (ka — k3)? (k3 — ksky + k3) (k5 — kska + k3) (ky — kea)?
(ky — kea) (ks — kea)* (3 — kakes + k2) (2 — kaky + k2) (k2 — kaks + k2)°
/15121 + k) (k2 + kaker -+ k3) (k1 + k3)?(ey + ke3) (k3 + ksker + k3) (5 + kel + k3)
ey + a2 (ly + fea)? (k3 + ko) (k2 + ks + k2) (2 + kealey + K2) (2 + eakes + k2)°).
(k1 — ko) (kT — kaks + k3)
16(ky + k2)* (kT + kaker + &3)
(ke — k) (k3 — keaker + &3) (ko — kea)? (k3 — keaky + k3) (2} — K3k + 2k3)
32(ky + ko) (k3 + koky + k3) (k1 + ka)* (ka + ka)* (3 + kaky + k3) (k3 + kaky + k)
By — (1 — Tea)? (k2 — akes + k2) (ky — keq)2(lea — k) (3 — lealer + Je3) (2 — leakey + 3)’
256(k1 + fea)? (k2 + kaker + 2) (ky + kea)2(la + k) (k2 + leakes + 2) (2 + keakey + 2)°
(k1 — ko)? (k] — keakey -+ k3) (ky — k3)* (k5 — kesky -+ k3) (2K — k3] + 2k3)
32(ky + ka)” (k2 + koker + k3) (k1 + ke3)* (ko + k3 ) (K3 + ksky + k3) (k3 + ksky + k3)

By =

Bi1po =

B0 =

Byo1 =

Byig =

Bim = (ky — ka)* (k3 — kakey + k3) (ky — k3) (k5 — kska + k3) (ko — ka)? (k3 — kaka + &3
(4k;‘k§ + 4k — 2e3kikeS — 20eSkS — 2UeSkS — kS — k3kikS + 4kSky + akSkT — k3kSky
—6lk3kiky — kSkiky — 22kl — kS — kSkik? — 2UeSkik? + k3t — 2USkS + 4k§kj)
/(64 (k1 + ke2) (k2 + koky + k3) (o1 + k3)* (e + k3)? (ke + kesky + k3) (k5 + keska + k3)

(k1 + ka) (k2 + ka)* (k3 + ka)? (kT + kaky + k3) (k5 + kaky + k3) (k3 + kaks -+ k3)].
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Buary = [(kn — ka)? (ke — ok + 3) (k2 — Jes)? (k3 — kkez + k3) (27 — kgl + 2k3)

(ky — keq)2 (s — ) * (ks — kea)2 (k2 — Realer + 2) (k2 — Rakes + K2)° (k2 — eaks + k2)]

[[512(ky + k) (S + koky -+ k3) (k1 + k3)?(ky + k3) (5 + ksky + k3) (k3 + ksks + k3)

(ky + ka)2 (s + ) (ks + o) 2 (k2 + kealer + k2) (k3 + Feaky + k2)” (2 + kakes + R2)).

o k- ko) (2 — eokes + R2) (ke — k)2 (ks — s)* (k2 — keskey + k2) (K2 — sy + K2) 5
256(kex + ko) (k2 + keoks + k3) (1 + k) ey + kes)* (k3 + kskey + 3) (k2 + kks + k3)

Biom = [(k1 — ka)2 (k3 — keakes + k2) (ks — 3)2(ka — ks )* (k2 — kealer + k2) (k2 — kesky + k2)°
(ky — ka)* (3 — ea)* (k3 — kaky + k3) (k3 — kaks + k) (25 — k3k: + 2k3)]
J[512(k1 + ko) (2 + leakey + k2) (k1 + k32 (o + ks)* (2 + leskes + 2 (K2 + sk + K2)°
(ley + fea)? (ley + fea)* (k3 + kea)? (k3 -+ kealer + k3 ) (I3 + keakey -+ k3 ) (k3 + keakes + k3 ).
Bim = (k1 — ko) (k2 — keaker + k2) (k. — )2 (ky — ke3)* (k2 — keskes + k2 (2 — keskey + k2)
(y — Fea)? (s — lea)* (s — lea)* (k2 — Jeakey + k2) (k2 — kakes + 2)° (k2 — kakes + 3)°
/14096 (ky + k22 (k3 + Feokes + K2) ey + Te3) (ks + kes)* (k2 -+ kesler + 2) (2 + sk + &2)°
(k1 + Tea)2 (s + kea) (3 + ka)* (k2 + kakes + R2) (k2 + kealr + k2)” (2 + kaks + k2)°].
1 (k. — e )? (K2 — kakes + K2) (by — kea)* (k2 — eaky + k2)°
B2000 = 16> P2001 = 6tk 1 ka2 (2 + ke ) 56(ks 1 ) (3 + kkey +42)°
(ke —ke3)? (kT — keskr + k3)
16y + k3) (k2 + ksky +k3)
(k1 — ke3) (k3 — ksky + k3) (k1 — kea)* (k3 — kaker + k3) (2k5 — k3k3 + 2k3)
32(ky + k3)? (5 + ksky + k3) (k1 + k) (k3 + ka)” (k3 + kaky + k3 ) (k5 + kaks + k)
ey — Tes)? (k2 — lesler + 12 (k1 — la)* (s — ) (k2 — leakey + k2)” (2 — kakes + k3)
256(k + k)2 (2 + feskey + 2) (k1 + g (ks + k)2 (k2 + lealey + 2)” (2 + leakes + 3)
(ke — k)t (k2 — sy + K2)’
256(ks + s (k2 + esks +k2)
(e — ks)* (k3 — egkes + k3)” (ks — ea)? (ks — k) (k3 — akes + k3) (k3 — leaks + k3)
256k + k3)* (k2 + ksl + k2)” (kx + k)2 (ks + ea) (2 + kakes + 2) (3 + keaks + k2)
By -1 ks)* (k2 — sk + k2)” (g — ka)* (s — kea)* (2 — kakes + 3)” (k2 — kakes + k2)* .
4096(ky + ke3)* (2 + sk + k2)” (ly + ka)* (s + kea)* (k2 + kakey + R2)” (2 + kakes + k2)*

(k1 — k2)* (I3 — kaokey + k3)
16(ky + ky)* (k3 + kakey + 3)

Byo10

Boo11 =

Ba100 =

(k1 — k) (kT — keakey + k3) (ly — k) (kT — aky + k3) (2k5 — k3ks + 2k5)

Byyor = .
PO 3y + ko) (k2 + ks + K2) (s + ea) (ke + kea) (2 + eakey + 12 (K2 + eaky + )

P Jea)? (k3 — keakes + 3) (ky — lea)* (k2 — kea)? (k2 — keales + k2)° (k2 — keales + k2)
2102 — .
256(k1 + ka)? (k2 + keakes + k2) (ks + ea)* (ko + ka2 (k2 + leaker + 12)° (k2 + ks + k2)

(k1 — ky)* (k5 — keake + k3 ) (k1 — k3)* (k5 — keskes + k3) (25 — k3k3 + 2k3)

Byio = .
32(ky + ko) (5 + kaker + k3 ) (kg + k3)* (ky + k3)* (k3 + ksl + k3) (k3 + ksks + k3)

18
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By = [(k1 — k2)* (kS — kaky + k3) (ke — k3)* (k3 — ksky + k3) (ky — k4 )®
(kS — keakey + k3) (4k5kSs + 43k — 2eskikes — 2eSks — 2kSks — kikiks
—keSk3RS + 4kl + 4kSks — k3kSks — 6kjkiks — kikiks — 2k3kSk
—keskSks — kSkiks — kSl + 4kl — 205k + 4kSk})]

/(64 (k1 + k2)? (k3 + ko + k3) (1 + ke3)* (ka + k3)* (k5 + keskr + k3)

(k3 + kesks + k3) (k1 + k) (ky + ka ) (k3 + ka ) (k2 + kaky + k3)

(k3 + kaky + k3) (k3 + kaks + k3)).

Boiiz = [(k1 — k2)* (k] — kakey + k3) (k1 — k3 )? (k5 — ks + k3)

(23 — 23+ 2k2) (g — kea)* (la — kea)? (3 — ) (2 — keakey + k2)°

(k) — kaky + k3) (k5 — kaks + k3)]/[512(k1 + k2)* (kS + koker + k3) (k1 + k3)
(ky + k3)? (k3 + kskr + k3) (k5 + sk + k3) (k1 + ka)* (ko + ka)? (k3 + k4)®
(2 + leakey + 12)" (2 + feakey + k2) (2 + keaks + k2)].

(ky — ko) (2 — leakes + 2) (y — k3)* (ley — k3 (k2 — keskey + K2)° (k2 — ksky + k2)
256(ky + ko) (k2 + leakes + k2) (e + k3 )* (fex + ke3) (k2 + sy + 12)° (k2 + kskes + k2)

Bou = [(k1 — ka)* (k3 — keaker + k3 (y — ke3)* (ky — ke3)” (k3 — keskes +k§)2
(k3 — keska + k3) (k1 — ka)* (ks — ka)® (k] — kaks + k3 ) (k3 — kaks + k&3)
(25 — k3ks + 2k3)]/[512(k1 + ko)* (k] + kaky + k3) (k1 + ke3)* (o + ke3)*
(k2 + kegkey + k2)” (k3 + kky + k2) (g + kea)? (g + k)23 + kg
(2 + keaker + k3) (k5 + kakes + k3) (k5 + keaks + k3)].
Boiny = (k1 — ka)? (k5 — koks + k3) (k1 — k3)"* (ka — k3)” (ki — ksl + k§)2
(k2 — leskey + k2) (g — kea)* (g — kea) (s — ka)* (2 — lealey + K2)"
(2 — keaky + R2) (k2 — kakes + k2)°]/[4096 (ky + k)2 (k2 + kaky + k2) (1 + k3)*
(ky + e3)? (k2 + ks + K2)° (k2 + ks + &2) (kr + kea)* (e + ka2 (k3 + k)
(k2 + kaley + k2)” (2 + leakes + 12) (2 + leaks + k2)7].

(ky — k)* (k2 — koky + K2)°
256(ky + ka)* (k2 + kaky + k2)

 (a— o)t (k2 — ks + 2)” (len — a2y — hea)? (k2 — ks + k2) (k2 — keakes + K2)
=

256(k1 + ko) (I2 + kokey + k2)* (1 + a2y + o) (k2 + legley + k2) (k2 + kesr + k2)
(k= ko)t (k2 — oy + K2) (fey — k) (ky — k) (k2 — ey + K2)” (k2 — kaky + K2)°
4096 (ky + ko)t (k2 + Rakey + k2)° (g + ea)* (ka + ka)* (2 + kkey + k2)” (2 + eaky + k2)
(k1 —ka)* (ke — Feoks + k%)z(kl — k3)?(ky — k3)? (kS — ksky + k3) (k3 — ksky + k3)
256k + ko)t (k2 + kokey + k2) (s + fes) 2y + fes)? (k2 -+ keskey + K2) (2 + sy + 2)
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By = [(k1 — k2)4(k% — kok1 + k%)z(kl —k3)* (ky — ka)z(ki — kesky + k3)
(k3 — kska + k3) (kr — ka)*(ky — k) (k3 — kaks + k3 ) (k5 — kaks + k3)
(2§ — 33 + 2] /512(0ks + ko) (k2 + kokes + 3) " (kn + es)?(kz + es)*
(k2 + keskr + k3) (3 + kska + k3) (k1 + ka)* (ka + ka)’ (3 + ka)”
(3 + kaky + k3) (k5 + kaky + k3) (k5 + kakes + k3]
Bomy = (k1 — ko) (2 — keoler + k2)* (g — k3)2(ky — ke3)? (k2 — kskey + k2)
(k2 — ks + 12) (k1 — kea)* (ly — ka)* (3 — kea)? (k2 — kakes + k2)°
(k2 — keay + 12)" (k2 — kakes + k2)]/[4096 (k1 + k) (2 + keokes + k2)* (kg + k3)?
(g + k3)? (k3 + keskey + k3) (3 + kesky + k3) (ky + ea)* (ky + ka)* (o3 + kea)?
(5 + eskes + 13)° (15 + eakez + 13)” (45 + sk + k3.
By — (k1 ko) (el = ok & k%)zoe; —k3)* (ka — k3)* (] — ksks + k%)z(kz% — kskz + 43)” 5
4096 (k1 + ko)* (kS + koky + k3) " (k1 -+ k3)* (ko + k3)* (k5 + ksky + k3)" (k3 + ksks + k3)

Ba = [(kr — ko) (k7 — ok + k%>2(kl — k)" (ko — k)" (i — sk + k§)2
(k2 — kskey + k2)* (g — kea) (g — k)2 (3 — kea)? (2 — lealey + K3)
(k2 — kakey + 2) (k2 — kakes + k2)]/[4096 (k1 + k) (k2 + kokey + &2)* (fer + es)*
(o + lea)* (k2 + keskey + k2)” (2 + ks + k2) (ky + ka)2(lea + o) (s + oa)?
(kT + keakey + k3) (k5 + kaky + k3 ) (k3 + kakes + k3]
Bonm = (k1 — ko) (k2 — kokey + 12) (k1 — kes)* (a — ez (k2 — Reskes + k2)
(k2 — ksky + 2) (k1 — kea)* (ko — ka)* (3 — kea)* (2 — lealer + k2)°
(k2 — leaky + 12)" (2 — kakes + k2)] /65536 (ky + ko) (k2 + kaky + k2)” (kg + es)*
(fa + fes)* (} + sk + K3)” (3 + ek +3)” (e + ) (o + ) (3 + ko)
(k2 + kaley + 2)” (2 + feakey + 12)" (2 + leakes + k2)°].

For a graphical illustration, see Figure 4.

3.6 N-soliton solutions

The N-soliton solutions have the form u(x,t) = 1/20,, logf (x,t), where

2 j
Fert) = 20 iy—oBiizeis 11 27
Jj= (50)

zj = exp (ij — ij) for anyj
In order to find the unknown coefficients B ;,...;,, we define

¥(21,22, -+, 2N) = Uy + 2016u3u, + 630u93c + 2268u, 2, + 504u? U3,
+252uy 3y + 147Usth gy + 42Uthsy + U7y

20
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Figure 4.
Four soliton solution:{k, = 0.489591,k, = 0.68479,k; = 0.104676,k, = 0.733527 }.

The number B is obtained from the equation

i1ipiy
ai1+i2+~"+iN

—9(0,0,0,..,0)=0 (51)
027 025 -+ 023y ( )

4. Bilinearization
Let us consider the case when d = ¢/2 — b. The family to be considered is

Uy + avdu, + bui + cunyttr, + (¢/2 — b)uz Uz + QU U3y + Pllylhay + yUlhs, + U7, = 0.
(52)

Let
u(x,t) = Adyf (x,1). (53)

Plugging the ansatz in Eq. (53) into Eq. (52) and integrating once with respect to x,
taking a zero integration constant gives

3 (8 (4Af 2 (Ab + 58 — SY)D*c(f -f) + 2 (A(y = B)f weweee D -f) + 2 (D%(f - f)+

Dyf -f))) + (Ala—p+7) = 140)D*(f - f)? + (A(B+7) — 112)D°(f - D (f - f))

+D%(f -f)* (aA® + 6A(12a + 4Ab — 2Ac + 38 + 77y) — 20160)

+4f° D2 (f - f)’D*(f -f) (A%(c — 2b) — 3A(4a + f3 + 197) + 3360))

—48AF I (4Ab +15(y — B))D%(f -f) — 24AFFf .. (3(4Ab — 15 4 157)D%(f - f)*

+102(B — )D*<(f - ) + BAFU2 (B — 1)(f2 (20 2y — 2f e + D% 1))

HISD(f - f)D*(f - ) + 9(BAb +20(y — B))D(f - £)*) + 4AF* (B = 7 )f e (—4* (20f 7, + DO -f))
A8 e — 45D%(f -f)? 4 307D (f - F)DA(F - ) + 288AF(B — 1) of e

+96Af7(Ab +12(y — B))D2%(f - f) + 48Af>(3(2Ab — 156 + 157) D (f - f )

+52(8 — 1)D*(f -f)) +288A(y — B)f; = 0.
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The choices

5y 1543 15y2
= — pr— = — pr— = — 4
{(Z zaﬁ 7:“ 784,b O,C 28 (5 )

will give the following bilinear form

Dy(f -f) +Dx(f -f) = 0 (55)
This corresponds to the KdV7 (A = 2,y = 28)

u + 420u3u, 4+ 420uytiog + 210U U3, + 70uncttze + 28uthay + 28utts, + 17, = 0.
(56)

This KdV7 admits one and two soliton solutions. However, it does not have three
solitons solutions despite the fact that it admits bilinear form.
One soliton solution: u(x,t) = 20x log(1+ exp (kyx — kit))..
Two soliton solution:
u(x,t) = 20xx log(l + exp (klx — kit) + exp (kzx — k;t) + Apexp (k1x — kit) exp (kzx — k;t)),
where

An__%z—kﬁz@%—kﬂl+k92 (57)
52 T 2
(k1 + ky)? (kT + koky + k3)

Breather: u(x, t) = 20y log(pe™* + qe" ™ + rsin(xx — pt)), where
3=~ 75 + K - 202k* + 35*%?).
U= K(—K6 + 7k® — 35K%k* + 211<4k2).

K22 (31(2 — k2)2

4k%q (k2 — 3k

(58)

p:

Let us consider a more general than Eq. (56) KdV7

Uy + 42003u, + 420Uttty + 21008 + 70Uty + 28U tserex

F28Uthyrxr + U7k + OpuLL, + 4Squ2ux + 15qu, uxx + pu,,., + 15quu,, . + quus, + uz. = 0.

XXX

This KdV7 admits the bilinear form

DL(f -f) +pDi(f -f) +qD2(f -f) + Di(f -f) = 0. (59)
The one soliton solutions are
2t (R kg tp ) e

(ek3t(k4+k2q+p) 4 ekx>2 .

u(x,t) =

22
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The two soliton solutions are
u(x,t) = Oy log(1+ exp(kix —wit) + exp(kax — wot) + A exp(kix — wit) exp(kax — wat)),
where wy = kp + kg + ki, w, = kap + kg + k5, and

(k1 — ky)* (Skiq — Skak1q + Skaq + 7k — 14kok + 21kdk; — 14k3ks + 7k + 3p)
(k1 + ky)* (Skiq + Skakq + Skaq + 7k + 14kok + 21kdk] + 14k3ks + 7k5 + 3p)
(60)

1,2 —

On the other hand, direct calculations show that the KdV7

2
Uy + (32— 5$)(2p +7) Sue + 1 B—r)2p+ y)ui + % (20 +7)2a — 36 + 3y)uny iy

1176 RT3
1
+ % (Zﬂ + 7) (a - Zﬁ + zy)uzuxxx + QU Uxxx + ﬁuxuxxxx + YU xcxxxx + Usexxxxxx = 0

may be written in the following Hirota’s bilinear form [4]:

7(6-7) 3(8—3r) 14(6a — 86 — 7y)
th(f'f)*mDi(f'g)*WDi(f'f)Jr Wty DY(f -f)
14(6a2/;iﬁy— ) 4.0 =o0.
Dif-f)—(f-g =0.
168
u(x,t) = Adge logf (x,t),A = m

(61)
The seventh-order Kaup-Kuperschmidt Eq. (4) belongs to this class (A = 1/2).

Using the obtained bilinear form, we may obtain all the results we presented in
previous sections (for the special case d = ¢/2 — b).

5. Forced KdV7
The forced KdV7 is written as
Uy + avlu, + hui + cutt sy, + du® Uz + MUz + Plthay + Yibse + Uz =f(t). (62)

The forced Sawada-Kotera-Ito Eq. (2) and the forced Lax Eq. (3) admit the exact
solution.

Uy + 252u3u, + 63u93c + 378uyttny + 126U sy + 63uscttse + 42uxthay + 21Uty + U7y =f(1).
Exact solution:

u(x,t) = B+ 2sech®(x — A(t)) + F(t), (63)
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where
At) =4 [(6333 1 189B2F(t) + 126B + 189BF(t)? + 252BF(t) + 84B + 63F(t)® + 126F(t)* + 84F(z) + 16)dt.
(64)
and
F) = [f0). (65)
Uy + 140u3u, + 700 + 280wz, + 70u? Uz, + 70unctuzy + 42uytiay + 14uns, + uz, = 0.

¢ Exact solution:

u(x,t) = B+ 2sech®(x — A(t)) + F(z), (66)
where
3 2 2 2
) =4 J 35B% + 105B%F ) +37OB + 1025BF(t) +140BF () | )
+56B + 35F(t)° 4+ 70F(t)” + 56F(¢) + 16
and
F) = [f0). (68)
For other parameter values, we obtained the following result:
Ifa+p+y+#0and
1
a= 6—3;1 (a+p+7)
b= % (= + 4ap — 1ay + 58° — 58y — 107> + 1264) (69)
1
¢=51 (Say + 5By + 57* — 424)
then the forced KdV7 in Eq. (2) admits the exact solution
u(x,t) :B+%ﬂ2+ysech2(x — A1) + F(), (70)
where
o 1 ( F(t)(3aB’d + 3BB*d + 3B?yd + 504Bd + 1008y) ) .,
Alt) = 7J t
63 )\ 1 F(t)*(3aBd + 3$Bd + 3Byd + 252d) + F(t)*(ad + fd + yd)

+ 6—13t(aB3d + pB%d + B3d + 252B%d + 1008By + 4032),
Fo = [f0)

See also [5].
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