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Preface

In Applications and Optimizations of Kalman Filter and Their Variants, we
meticulously examine the multifaceted applications and adaptations of Kalman
filters across diverse domains, delving into their nuanced functionalities and
optimizations.

The discussion begins with an analytical focus on the use of Kalman filters within
microgrid management—a domain fraught with intricate challenges and presenting
many technical opportunities for optimization. Within this context, the Kalman filter
drives a grid-injected current for harmonic mitigation, offering adaptive and robust
estimation techniques beneficial for effective microgrid control strategies.

The book continues with a study of distribution system state estimation in data
collection, which is for system monitoring and control. To address the challenges
posed by uncertain parameters such as the variable output of distributed generation,
random meter errors, and inaccurate network parameters, an innovative two-stage
stochastic programming model is developed using an extended Kalman filter to run
state estimation with micro-phasor measurement unit data and attain a low error with
minimal installation cost.

In later sections, the scope is expanded further to encompass pairs trading—a
domain necessitating the fusion of financial modeling and Kalman filter-based
estimation. From pairs trading to partial co-integration, each variation offers
meticulous insights into the intricate interplay between price dynamics and
fundamental value.

Kalman filter optimizations and variants are covered in a section that addresses the
reduction of error in object tracking and thick-tailed Gaussian environments. It
highlights the use of dynamic stochastic approximation algorithms, the minimum
variance criterion, and the combination of M-robust estimates with minimum mean
square error prediction. Additionally, it introduces the integration of a Huber moving
window M-robust parameter estimator to handle unknown noise statistics, showcas-
ing the effectiveness of the proposed approach in mitigating various types of outliers
in a simulated maneuvering target tracking scenario.

Through numerous studies and rigorous analysis, we illuminate pathways toward
enhanced efficiency and accuracy in Kalman filter applications, applying the power-
ful approach in a wide range of domains.
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Chapter 1

Kalman Filter-Based Harmonic
Distortion Mitigation Technique
for Microgrid Applications

Hasan Igbal, Asadullah Khalid, Hugo Riggs and Avif Sarwat

Abstract

This work presents a Kalman filter-based harmonic mitigation technique that can
be used to reduce the total harmonic distortion (THD) of grid-injected current by
reducing the harmonic distortion. Throughout the power supply system, power elec-
tronic converters have become increasingly used in recent years, which has resulted in
more reactive power and harmonics. In a power system, harmonics add to noise and
lower power quality. A study in MATLAB/Simulink 2022b for improving the THD of
renewable energy injected grid currents using seven-level packed u-cells (PUC7) has
been undertaken to improve the grid-injected current THD with Kalman filter-based
harmonic mitigation technique. With the Kalman filter-based harmonic mitigation
techniques, the THD for the grid-injected current is improved from 6.32 to 2.49%
when compared to the grid-injected current without the Kalman filter-based
technique.

Keywords: Kalman filter, harmonic mitigation, inverter, microgrid, THD

1. Introduction

A microgrid design for a sustainable energy ecosystem must include renewable
energy sources. It is vital to utilize renewable energy sources in order to ensure a truly
sustainable and eco-friendly future. Renewable energy sources such as solar and wind
have become increasingly important with the demand for cleaner and more efficient
electricity generation. This boom has also led to increasing importance of inverters as
the key to converting fluctuating direct current (DC) from renewable sources into
alternating current (AC) for grid integration. As renewable resources are converted
into useful electrical power through inverters, this change is facilitated. When it
comes to reducing our carbon footprint and switching to a greener energy source,
understanding the role inverters play is crucial. Power from renewable sources can be
variable and sometimes surprising, such as wind turbines and solar panels. Inverters
serve as the main component of these systems, which convert direct current (DC)
generated by renewable energy sources like solar panels and wind turbines into
alternating current (AC), the type of electricity that people use in their homes and
businesses [1, 2].
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However, the switch to inverters has not been without its challenges. Inverters that
incorporate renewable energy sources into the power system cause harmonic distur-
bances. It is mainly due to the switching activity that is inherent in power electronics
that harmonic distortions appear as deviations from the ideal sinusoidal waveform of
AC power. As a result of harmonic distortion, also known as total harmonic distortion
(THD), connected loads are susceptible to being dependent and ineffective [3].

AC voltages and currents deviate from sinusoidal waveforms when they are sub-
ject to total harmonic distortion (THD). While converting DC power into AC power,
power electronics inverters produce harmonics due to their non-linear nature. There
are non-sinusoidal harmonics that can interfere with electrical equipment and impair
sensitive loads. The reduction of harmonic distortion in microgrids has been accom-
plished using a wide range of techniques. One way to absorb harmonic currents is
through passive harmonic filters. There may be some applications for which these
filters are not appropriate, and they can be extremely expensive and large. A second-
ary strategy for canceling harmonics is active harmonic compensation, which involves
injecting extra currents into the power supply proactively. Often, these strategies
require extra hardware and intricate control algorithms, which can be implemented
with digital signal processors or harmonic controllers [4, 5].

As harmonic distortions become more prevalent, power electronics researchers are
exploring several mitigation strategies. THD and power quality have been improved
by using active and passive filters, as well as sophisticated control algorithms. The
continuous search for the best solution involves weighing the advantages and disad-
vantages of all approaches [6].

Many harmonic reduction techniques are used in the industry, including phase
multiplication, active filtering, hybrid filters, passive filters, and so on. In the past,
passive power filters were widely used to reduce harmonic distortion. They did this by
absorbing harmonic currents and simplifying and streamlining filter construction. An
impedance level is specified to remove a particular harmonic. However, the passive
filter has several drawbacks, including a high configuration size, fixed harmonic cor-
rection, and the creation of resonance with the power system network. Active power
filters (APFs), the most popular and well-respected harmonic mitigation filters in the
market, can be utilized to mitigate the shortcomings of passive power filters [7, 8].

As opposed to passive power filters, active power filters use active components
such as resistors, capacitors, and inductors, while passive power filters use passive
components such as resistors, capacitors, and inductors. A power filter can be catego-
rized into two categories, namely shunt or series, based on the type of active compo-
nent. There is a difference between a shunt filter and a series APF in the sense that the
load and filter are connected in parallel, whereas the load and filter in a shunt filter are
connected in series [9]. Shunt active filters produce sinusoidal current waveforms by
applying harmonic compensating current that is equal in magnitude and opposite in
phase to the harmonics in the current. As opposed to the shunt active filter, which
reduces distortions associated with currents, the series active filter reduces distortions
associated with voltages [7, 8].

This study presents the Kalman filter-based strategy, a powerful harmonic mitiga-
tion method for microgrid applications. With the use of the Kalman filter, a popular
recursive technique for estimation and control, this methodology seeks to improve
power quality in microgrid contexts by dynamically mitigating harmonic distortions
in real time. Through an examination of the fundamentals of Kalman filters and their
use in harmonic mitigation, this research aims to further the field of cutting-edge
technologies for more dependable and cleaner microgrid operations.
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The remaining chapters are arranged as follows: Sections 2 and 3 provide the
literature reviews for the various inverters and Kalman filters, respectively. In Part 4,
the design and modeling of the power electronics converter for renewable energy
using Kalman filters-based harmonic mitigation is completed. In Part 5 and Section 6,
the simulation results are finally examined and concluded.

2. Inverters and harmonic distortions

Multi-level inverters (MLIs) were developed in the 1970s to address the short-
comings of two-level inverters, such as excessive harmonics. But this required the
system to have additional power semiconductors put to it. When the price of semi-
conductors dropped, this was a fair trade-off. Numerous undesirable characteristics
are associated with typical two-level converters, including bulky filters, high switch
stress, significant distortion caused by harmonics in the voltage waveforms, and
restricted power handling capacity. It is not recommended to utilize two-level con-
verters in grid-connected and particularly high-powered applications, since they are
inappropriate for use in a range of usage, including all of the ones listed above [10, 11].

The use of multi-level inverters (MLI) has enhanced reliability, allowed power
switches to be rated above their capabilities, and obtained high-quality waveforms.
They may now be utilized in high-power applications because of this. In the past
several decades, a number of publications pertaining to control and modulation
approaches have been published. In practice, three types of MLI have been studied
most often: cascaded H-bridge converters (CHBs), floating capacitor converters
(FCs), and neutral point clamped converters (NPCs). For high-power applications,
the scalable and modular CHB architecture is preferred. The drawback of CHB is that
many independent voltage sources are needed. When there are additional levels, the
FC and NPC structures need more capacitors, and the CHB structure needs more DC
sources because it has H-bridges [12-14].

The most common topology is the CHB topology due to its modular design, ease of
usage, and need for a lesser count of components. The AC output voltage of the CHB
is staircase sinusoidal as a result of the utilization of several DC sources. In this work,
the topology utilized is the seven-level packed U-cell (PUC7), which is shown in
Figure 1 [15, 16]. The PUC7 utilizes six switches, one source, and one capacitor
balanced at one-third of the DC source to obtain a seven level of inverter output

Current Kalman
i
ISP“ M H Controller ’> Filter

Phase C ‘

Phase B

abc/af

Phase A
[

LCL
Circuit

Figure 1.
Packed U-cell topology with Kalman filter.
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Switching states S: S, S3 Vb Capacitor voltage
1 1 0 0 A _
2 1 0 1 V-V,
3 1 1 0 v,
4 1 1 1 0 —
5 0 0 0 0 —
6 0 0 1 -V, N
7 0 1 0 Vo - Vy 0
8 0 1 1 v _
“I"—charging, “—"—no effect, “\ "—discharging.
Table 1.

Switching table for PUC7.

voltage. The switching schemes for this topology are presented in Table 1. In this
table, capacitor voltage across each state is also tabulated.

Certain controlling techniques are employed in order to improve the output power
and functioning of modulating index (MI). Based on regulating and modulating
approaches, MI operates as either high or fundamental switching frequency modula-
tion (FSFM). Switch power loss is substantial when the MI is operated at a high
switching frequency. A FSFM approach minimizes the loss of power due to switching
in high-power networks.

There are three types of FSFM: Selective harmonic elimination (SHE), closest level
control (NLC), and nearest space vector control (NSVC). Using the NSVC to find the
space vector is challenging and time-consuming. Despite its low modulation index and
low output level, the NLC scheme produces a great deal of harmonic distortion.
Moreover, these regulating techniques cannot eliminate the particular harmonics. Up
to 1 kHz, low switching frequency SHE is suitable. SHE techniques are used with
optimal switching angles selected to eliminate the distinct lower-order harmonics. A
selective harmonic elimination modulation based on the crystal structure algorithm
(CryStAl) is employed in cascaded H-bridge MLIs. Research has shown that CHB
architecture is the most widely used architecture, as it eliminates the need to balance
floating capacitor voltage and account for the DC side’s midpoint voltage offset.

The use of MLIs can benefit all kinds of power applications, including drives,
storage, and FACTS tools. There are several advantages to using MLIs over conven-
tional inverters, including higher output efficiency, improved electromagnetic com-
patibility, a lower rating, a sine wave output, a switch that is near to the ground, and
fewer tools needed to generate higher voltages with better power quality when com-
pared to conventional inverters. Currently, inverters are being designed with fewer
components, such as DC sources and switches, to minimize their size. A total har-
monic distortion (THD) standard specified by IEEE Standard 519-2022 must be
adhered to when calculating converter output voltage. With more stages/levels, the
THD diminishes, improving the power quality.

Harmonic distortion (THD) is a key component of an efficient inverter. According to
IEEE standards, inverters can reduce total harmonic distortion by employing selective
harmonic mitigation (SHM) because the overall harmonic distortion is reduced.

The output waveform of the inverter in Figure 2 is analyzed using Fourier series
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V(CDot)
A
o
+3E
7 0<oy<or<o:<m/2
ay
o
7[,;2 3n/2 2n
-3E
v

Figure 2.
Seven-level output voltage with switching angles.

analysis to obtain SHM Equations. An output voltage with seven levels can be written as
follows:

3 3

V(t) =E [Zu(t —a) =Y ult—(r—a) =Y ult—(z+am)+ > ult—(2z+a))

i—1 i—1 i—1 i—1
(1)

M)
M)

Because of its symmetry on the x-axis and the y-axis, the waveform’s Fourier series
contains odd harmonics whose amplitudes are as follows:

to
VvV, = Tij V(¢) sin(nw,t)dt¥n = 1,3,5, ... ... 2)
0J0

Replacing V(t) from Egs. (1) into (2), gives to

4 3

V,=—
nr

E COS(V!(X,‘)] Vn=1,3,5, .. .. 3)
1

i=

where O <oy < <az <z/2

\/ Zfza,s, [% Z?:l COS("“:‘)}
THD =

£ S3  cos(nay)

(4)

Optimally, using a fundamental voltage V1, one may compute the switching angles
a1, @y, a3 to obtain Vo (wt) = Vi sin (wt), which will result in a null high-order har-
monic content. In order to minimize # harmonics and manage the fundamental output
voltage, n + 1 equations are required. The SHE switching angles can be obtained by
simultaneously solving the following equations:
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4mE
cos(ay) + cos(a) + cos(az) = e
P

cos(3a1) + cos(3a;) + cos(3az) = 0
0

cos(5a1) + cos(56;) + cos(5a3) = -
5

cos(nay) + cos(nay) + cos(naz) =0

3. Kalman filters: theory and applications

Kalman filters are used in state space format to identify states based on linear
dynamical systems. The state’s evolution from instant K — 1 to instant & is defined as
follows in accordance with the process model:

X = Fxp_q + Bugp—1 +wp_1 (6)

where wy,_; is the process noise vector, B is the control-input matrix applied to the
control vector #;,_1, and F is the state transition matrix applied to the prior state vector
Xl—1-

The measurement model, paired with the process model, explains the correlation
between state and value at present time step & as follows:

2z, = Hxp, + vy, @

Here is the equation: z;, = measurement vector, H = measurement matrix, v, =
Noise vector.

The two phases of a Kalman filter are prediction and update. Note that the phrases
“prediction” and “update” are occasionally described to as “propagation” and “cor-
rection” in numerous literary works, respectively. An overview of the Kalman filter
algorithm is provided below:

Prediction stage:

Predicted state estimation

&, =Fx | +Bup1 (8)
Predicted error covariance
Py =FPF"+Q )
Updating stage:
Measurement residual
¥, =2 — Hx), (10)
Kalman gain.
K, =P,H" (R + HP) (11)
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-
A

l

v _ :
—*B;®L Xkk-1 ?xk

Le L

u(k) C o= Ii(l{)

s =T

—
Figure 3.
Structure of the Kalman filter.
Updated state estimate
% =%, + Ky (12)
Updated error estimate
Pl = (I-KyH)P, (13)

In the above equations, the estimate of a variable is represented by * operator and
the priori and posteriori are represented by + and — superscripts.

4. Designing a Kalman filter for harmonic mitigation

The optimal estimation recursive data processing algorithm known as the Kalman
filter is used to infer a system’s state from erratic observations. It is used in domains
such as computer vision, econometrics, guidance, navigation, and signal processing.
In order to minimize harmonics, this work calculates voltage and current magnitudes
as shown in Figure 3 using the Kalman filter [9]. It operates using a prediction-
updating methodology. The Kalman filter algorithm’s dynamical and measurement
equations are provided by

U(k +1) = FU(k) + Bh(k) (14)
W (k) = HU(k) (15)

The state vector can be described as:

Ulk) = [in(k) in(k) io (k)] (16)

where, in turn, i1, 4,2, and i, stand for input phase current (phase —1), output
phase voltage (phase —2), and output phase current (phase —1) which can be initiated
as [0 0 0]". The input-containing vector is shown as

9
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hik) = [vi(k) vac(k) vea(k)]" (17)

where the output line voltage, inverter output voltage, and output phase-1 voltage
are represented by the variables v;, v,., and v,1, respectively. Process noise vector s(k)
and measurement noise vector (k) are represented by these vectors. The observation
matrix, H chooses the measured variables of the states vector, and W (k) is the
measurement vector. Every parameter in U(k) has an impact on the system’s state,
which is applied by the state transition matrix F. The matrix F is provided by

- 1 ;T 0 —
Ly
F r, = 18
o I 4
L Ly i

where T represents the sampling duration and Ly and Cy indicate the filters’
capacitance and inductance, respectively. The input control matrix, denoted by B,
employs the effects of every constraint in (k) to the system’s state. The matrix B is

provided by

T -T

L I

B=|0 0 O (19)
00__T
Ly

There are two parts to the Kalman filter algorithm, namely the prediction part and
the updating part.
Part 1: The prediction part of this model is responsible for predicting the a priori

estimate U (k) and error covariance for the a priori estimate Z~ (k).
U (k) = FU(k — 1) + Bh(k) (20)
Z (k) = FZ(k — 1)FT (21)
Part 2: The Kalman gain, K (), is used to determine the posteriori estimate, U (k).

To reduce the a posteriori estimate error covariance, Z(k), the Kalman gain is
calculated.

K(k) = Z (k)HT (HZ (k)HT) " (22)
Uk) =U (k) +K(k)(W(k) —HU (k)) (23)
Z(k) = (I — K(k)H)Z" (k) (24)

The identity matrix is represented by I. Using Egs. (20) and (23) yields the
recursive posteriori estimate equation, which is represented by

U(k) = (FU(k — 1) + Bh(k))(I — K(k)H + K (k)W (k)) (25)
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A priori error covariance can be estimated using Eq. (24) in Eq. (21) as follows:

Z (k) =F( -K(k —1)H)Z (k—1)HT

(26)

The switching action of the inverter power transistor in the active filter circuit can
be controlled by selective harmonic mitigation by the output of the Kalman filter
block. The state vector serves as the input for the Kalman filter block in the active
filter circuit to control the switching action of the Kalman filter block.

5. Results

The simulation results are discussed in this section in order to give you a better
understanding of them. Kalman filter-based harmonic mitigation for grid-tied PUC7
inverters is implemented using MATLAB/Simulink® 2022b in a MATLAB/Simulink®
environment with parameters shown in Table 2.

Particular Values

DC source (V) 315V
Capacitor (Cy) 8000 pF
Line impedance 0.2 Qand 2.5 mH
AC grid voltage (peak) 20V

Line frequency 60 Hz
Sampling time 10 ps

Initial covariance (P)

Identity matrix (3 x 3)

Process noise covariance (Q) 0.05
Measurement noise covariance (R) 0.01
Table 2.
Simulation parameters.
6
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Figure 4.

Grid-injected current without Kalman filter.
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Figure 5.
FFT analysis of the grid-injected current without Kalman filter.
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Figure 6.

Grid-injected current with Kalman filter.

In Figure 4, the grid-injected current for the inverter output without Kalman filter
is plotted and Figure 5 shows the FFT analysis for the same. The Kalman filter-based
mitigation is applied and the grid current is obtained in Figures 6 and 7 shows the FFT
analysis for the grid-injected current for the inverter. The THD without Kalman filter-
based technique was 6.42% which is improved to 2.49% with the proposed Kalman-
based technique.

The comparison of the proposed Kalman filter-based techniques with other filters
is tabulated in Table 3.

6. Conclusions

To reduce the harmonic distortion of the inverter, a Kalman filter-based harmonic
mitigation strategy is used. The grid is not healthy because harmonic distortion is
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FFT analysis of the grid-injected current with Kalman filter.

Particular Current harmonic content (%)
Without filter 34
Passive filter 20
Proposed Kalman Filter 2.49
Table 3.

Comparison with other existing filters.

created by the presence of power converter components. Due to the reduction of
harmonics, the output current power quality has been significantly improved. By
generating a harmonic voltage with a similar amplitude but opposite phase, the filter
compensates for voltage harmonics, resulting in sinusoidal voltage and current wave-
forms. In compliance with IEEE 519-2022 standards, the THD was 6.32% prior to the
suggested Kalman filter and decreased to 2.49% following the Kalman filter-based
mitigation measures. Increasing the number of renewable energy sources connected to
the grid will result in power converters being used more frequently to convert DC
power to AC power, resulting in harmonic injected current. Since these harmonics are
detrimental to the system’s functionality, suitable power converters and control
schemes must be developed for renewable energy that is connected to the grid.
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Chapter 2

An Application of Particle Filter
for Parameter Estimation and
Prediction in Geotechnical
Engineering

Akiva Murakami, Takayuki Shuku and Kazunori Fujisawa

Abstract

This chapter presents an application example of a nonlinear Kalman Filters (KFs),
i.e., Particle Filter (PF), for state (or parameters) estimation and prediction of a
dynamical system in geotechnical engineering. First key characteristics of dynamical
systems in geotechnics, which need to be considered in filtering, are described by
showing some figures, and why PF is necessary for geotechnical applications is
explained. Then, a detailed algorithm and implementation of PF for geotechnical
problems are presented with key equations. The PF is demonstrated through a case
history focusing on deformation behavior of a ground due to embankment construc-
tion. The PF is applied to estimation of geotechnical parameters and predictions of
future settlement behavior of the ground to discuss the effectiveness of the PF in
geotechnical engineering. The results of the case history have shown that PF has
presented great promise as an accurate parameter identification for a nonlinear
dynamic model. The simulation with the identified parameters predicts the actual
measurement data with high accuracy even though a limited amount of measurement
data was used in identification stage. The PF provides more information on estimates
than optimization methods because the estimates are obtained in the form of proba-
bility density functions (PDFs). This characteristic can contribute to risk analysis and
reliability-based decision-making in geotechnical practice.

Keywords: nonlinear Kalman filter, particle filter, geotechnical engineering,
probability density function, finite element method

1. Introduction

Filtering refers to the process of estimating state or parameters and prediction of
dynamic systems based on noisy monitoring data, and it has significant applications in
many different fields. There is no exception in geotechnical engineering: there are many
applications of filtering for geotechnical problems, particularly for enhancing the accu-
racy and reliability of numerical simulations. Filtering helps in fine-tuning numerical
simulation models by continuously updating them as new data becomes available.
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This iterative process enhances the accuracy and reliability of the models, leading to
better decision-making in engineering projects. One of the key benefits of filtering is its
ability to quantify uncertainties in model predictions. Geotechnical engineering involves
dealing with uncertain soil properties, geological variations, and environmental condi-
tions [1]. Filtering provides a probabilistic framework to express these uncertainties,
which is crucial for risk assessment and management in engineering projects.

One of the most well-known methods or algorithms to achieve filtering is KF. In
1960, R.E. Kalman published a famous paper describing a recursive solution to the
discrete-data linear filtering problem [2]. This algorithm has been applied to the
Apollo program. Since that time, due in large part to advances in digital computing,
the KF has been the subject of extensive research and application, particularly in the
area of time-series analysis. The KF is a set of mathematical equations that provides an
efficient computational recursive solution of the least-squares method (LSM). The
filter is very powerful in several aspects: it supports estimations of past, present, and
even future states, and it can do so even when the precise nature of the modeled
system is unknown.

KF also received significant attention in geotechnical engineering around 1980s.
Murakami and Hasegawa [3] applied KF to a geotechnical one-dimensional time-
series problem (consolidation settlement problem) for updating geotechnical param-
eters and predicting consolidation settlement of soft clay ground. Murakami and
Hasegawa [4, 5] extended their method to two-dimensional settings: they integrated
KF and Finite Element Method (FEM), which is known as “Kalman Filter FEM”,
for solving broad practical/realistic time-series estimation problems in geotechnical
engineering. In addition, they utilized it successfully to solve the optimal location
of observation points [6, 7]. After these pioneering works, several researches
combining KF with numerical simulation models were reported in geotechnical
engineering [8-11].

Although the KF is a powerful tool for state (or parameter) estimations and pre-
diction, it has some limitations which are as follows:

1.Linearity: Standard KF assumes that the system dynamics and measurement
models are linear. This can be a significant limitation for systems that are
inherently nonlinear.

2.Gaussianity: KF assumes that the process and measurement noise are both
Gaussian. If the noise characteristics deviate significantly from a Gaussian
distribution, the filter’s performance may degrade.

3.Robustness: KF may not be robust to outliers or sudden changes in the system
dynamics, which can lead to divergence or inaccurate estimates.

Unfortunately, the characteristics of geotechnical problems can make the applica-
tion of the KF challenging. First, many geotechnical systems exhibit nonlinear behav-
ior, such as soil-structure interaction and material nonlinearity (e.g., plasticity, strain-
hardening). Second, geotechnical systems often encounter non-Gaussian noise due to
complex subsurface conditions, measurement errors, and model uncertainties. KF
assumes Gaussian noise, which may not be suitable for accurately capturing the
uncertainties in geotechnical problems.

Despite these challenges, KF and its variants are still valuable tools in geotechnical
engineering for applications such as deformation prediction, slope stability analysis,
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and foundation performance assessment. The variants include Extended Kalman
Filter (EKF) [12] for nonlinear systems, the Unscented Kalman Filter (UKF) [13],
Ensemble Kalman Filter (EnKF) [14] and Particle Filter (PF) [15-17] for better han-
dling of nonlinearities, and adaptive versions for systems with changing dynamics.
Due to the increased need for nonlinear filters in geotechnical engineering, several
attempts have been made to apply these nonlinear filters for enhancing the accuracy
and reliability of numerical simulations, managing uncertainties, adapting to changing
conditions, and supporting cost-effective and safe engineering solutions. Its integra-
tion into geotechnical practices represents a significant advancement in the field,
enabling more informed and confident decision-making in complex engineering
projects [18-23].

This chapter describes some key characteristics of geotechnical problems that need
to be considered in filtering and presents an application example of a variant of
nonlinear KF for parameter estimation and predictions in geotechnical engineering.
To the best of the authors’ knowledge, PF is the most suitable method for geotechnical
applications because of its versatility for nonlinear and non-Gaussian problems. We
believe that this chapter is beneficial not only for geotechnical engineers and
researchers but also for those who learn standard Kalman filtering and other nonlinear
Kalman filtering. This chapter is organized as follows: Section 2 describes the impor-
tance and the roles of state estimations and predictions based on monitoring data in
geotechnical engineering considering characteristics of geotechnical problems. Section
4 shows an application example of PF in a numerical simulation of a typical geotech-
nical problem: predicting deformation behavior of a ground due to embankment
construction. Section 5 briefly summarizes this chapter.

2. Characteristics of geotechnical problems

Understanding heterogeneity of grounds and variability of soil parameters is cru-
cial in geotechnical engineering. This section outlines the importance of state estima-
tion and prediction based on monitoring data by considering heterogeneity of grounds
and uncertainties in geotechnical parameters.

The concept of ground heterogeneity is a fundamental aspect of geotechnical
engineering. It refers to the variation in the composition, structure, and properties of
the ground, including soil and rock layers. This heterogeneity can occur on various
scales and has significant implications for construction, environmental projects, and
geological studies. At least two types of heterogeneity in the context of geotechnical
engineering, which are a) soil composition: variation in the types of soil (clay, sand,
silt, and gravel) and their mixtures, and b) rock structure: differences in rock types,
stratification, faulting, folding, and weathering. Figure 1 shows an example of het-
erogeneity of the ground created by a coupled Markov chain (CMC) method [24]. The
heterogeneity can be due to natural processes like sedimentation, erosion, and
weathering, or human activities such as excavation or filling. Therefore, the hetero-
geneity of the ground can be observed not only in natural grounds, but also artificial
grounds such as earthen embankments for river dikes.

Variability (or uncertainty) of soil parameters is another fundamental aspect in
geotechnical engineering that influences the design and analysis of geotechnical
structures. These uncertainties arise due to the complex and variable nature of soil as a
material, and they have significant implications for the safety, reliability, and cost-
effectiveness of geotechnical projects. There are many potential sources of natural
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Figure 1.
An example of heterogeneity of a ground [24].

variability of soils, which are a) natural variability: soils are formed through long
geological processes, leading to inherent variability in properties like grain size, min-
eral composition, density, strength, and permeability, b) sampling and testing limita-
tions: soil properties are typically determined through field sampling and laboratory
testing, but samples may not represent the entire site, and tests can have inherent
errors or limitations, C) spatial variability: soil properties can vary significantly over
short distances, both horizontally and vertically, making it challenging to obtain a
comprehensive understanding of the subsurface conditions, and d) temporal changes:
soil properties can change over time due to factors like weathering, organic matter
decomposition, moisture content changes, and human activities. Figure 2 shows
examples of variability of rock parameters. We collected compressive strength and
elastic modulus of granite from several technical reports published in Japan. It is clear
that the parameters show large variations despite all the data being from Japanese
granite.

The uncertainties dealt with in geotechnical engineering are classified as being
either aleatory — the inherent variation given sufficient samples of the stochastic
process, which can be characterized via a probability distribution, or epistemic — where
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Figure 2.
Variability of rock properties.
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there is insufficient information concerning the parameters of interest. The aleatory
uncertainty is also called stochastic uncertainty or randomness. On the other hand, the
epistemic uncertainty is referred to as knowledge uncertainty or reducible uncer-
tainty. The categories of uncertainty in soil properties are shown in Figure 3. These
uncertainties need to be considered in geotechnical engineering.

The heterogeneity and the parameter variability make numerical simulations in geo-
technical engineering challenging. As shown in Figure 1, natural (and even artificial)
grounds are essentially heterogeneous, and it is challenging to make numerical models
considering the actual heterogeneity in simulations. Most of practical simulations assume
that the ground is homogeneous for simplicity. In addition, geotechnical researchers and
engineers usually assume that the input parameters are “deterministic” despite actual
parameters being quite uncertain (Figure 2). Geotechnical engineers select one parameter
from the dataset of the parameters and tend to choose “conservative” parameters to avoid
the worst-case scenario.

Rather than using single, deterministic values for soil parameters and ground
conditions, probabilistic approaches are necessary to deal with the uncertainties.

In general, uncertainty quantification is necessary, as current real-world data is
insufficient and incomplete. A renowned statistician C. R. Rao stated that the logical
equation is important in decision-making under uncertainties (Figure 4). If we have
to make decisions under uncertainty, we cannot avoid mistakes. If mistakes cannot be
avoided, we had better know how often we make mistakes [26]. Therefore, it is
natural to consider the probabilistic methods as suitable for geotechnical applications.

As mentioned in the previous section, one of the key benefits of Bayesian updating
is its ability to quantify uncertainties. Uncertainties in geotechnical engineering can be
quantitatively modeled with PDFs or statistical models, and the initial probability or

Uncertainty in soil properties

Aleatory Epistemic
Real spatial Ran_dom Statls_tlcal Bias in
o testing error in the measurement
variation
errors mean procedures

Figure 3.
Categories of uncertainty in soil properties [25].

Knowledge of
Amount of
Uncertainty in it

Usable Uncertain +
Knowledge Knowledge

Figure 4.
A logical equation stated by C.R. Rao [26].
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statistical model can be updated (improved) based on observation data. Bayesian
updating provides a reasonable framework for this process.

Mechanical behavior of soils shows strong nonlinearity. The nonlinearity refers to
the characteristic that the response of soil to stress or strain is not directly propor-
tional. In other words, the relationship between the applied stress and the resulting
strain in soil is not a straight line, but rather it exhibits a more complex, often curved
relationship. Figure 5 shows an example of stress—strain relationship of a clayey soil.
At the beginning of the curve, the relationship between stress and strain is linear. In
this region, the soil deforms proportionally to the applied stress, and the deformation
is usually reversible if the stress is removed. As the stress increases, the curve reaches
a point where the soil begins to yield, meaning it starts to undergo plastic deformation.
Beyond this point, the relationship between stress and strain is no longer linear. After
the yield point, the curve enters the plastic region, where the soil continues to deform
under constant or slightly increasing stress. If the stress continues to increase, the
curve eventually reaches a peak. The failure point is characterized by a significant
increase in strain with little or no increase in stress. Beyond the failure point, the stress
decreases while the strain continues to increase.

It is clear that the stress—strain curve in Figure 5 shows strong nonlinearlity which
is a critical factor in geotechnical engineering that can affect the design and analysis of
geotechnical structures such as foundations, slopes, retaining walls, and other soil-
structure interaction problems. It requires sophisticated nonlinear models and analysis
techniques to accurately predict soil behavior under various loading conditions.

250
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0 2 4 6 8 10
Axial Stram & (%)

Figure 5.
Example of nonlinear behavior of soil (stress—strain curve).

Algorithm Problem or model Likelihood Prior probability
(Observation noise)

Kalman filter (KF) Linear Gaussian Gaussian
Extended Kalman filter (EKF) Nonlinear Gaussian Gaussian
Unscented Kalman filter (UKF) Nonlinear Gaussian Gaussian
Ensemble Kalman filter (EnKF) Nonlinear Gaussian Gaussian

Particle filter (PF) Nonlinear Non-Gaussian Non-Gaussian

Table 1.

Some algorithms for sequential Bayesian filtering [7].
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Table 1 summarizes several filtering algorithms. As mentioned, standard KF is
designed for linear and Gaussian problems and is difficult to apply for practical
geotechnical problems. Although nonlinear filtering such as EKF, UKF, and EnKF can
analyze nonlinear problems, they cannot capture complex non-Gaussian probability
functions. As shown in Figure 2, histograms of soil and rock parameters often show
non-Gaussian distributions. Hence, PF is the most preferable algorithm of filtering for
geotechnical applications.

3. A versatile nonlinear filter: particle filter

As discussed in Section 2, geotechnical problems are fundamentally nonlinear and
non-Gaussian, hence it is natural to use PF for geotechnical problems (see Table 1).
This section provides a thorough description of the PF.

We consider a nonlinear and non-Gaussian state space model, which is represented
in the following [16]:

Xt :ft(xt—l) + v 1)
Yy = he(x:) +w; )
where x; = (%1, X2, ..., %¢) and y; = (y1, y2, ..., y;) indicate the state (or parameter)

vector and the observation (or data) vector, and the subscripts k£ and / indicate the size
of the vectors. f; and %, are the nonlinear operator (or function) and the observation
operator. Subscript ¢ indicates the discrete time. The vectors v, and w;, are the vectors
for system and observation errors respectively. The errors follow the normal (or
Gaussian) distributions with zero mean which are defined by:

Vg ~ N(O’ Qt) 3)
wy ~N(0,R;) (4)

where Q; and R, indicate covariance matrices.

This chapter focuses on the mechanical behavior of geomaterials which are com-
monly modeled by soil-water coupled FEM. When the soil-water coupled FEM is
used, Eq. (1) is given by the following equation:

{ u } - { e } N S I B B S { oy } “
2 Pra [Ky] —OAt[Ky] {Q} + (1 - 0)[Kulp, vf

where

[K]: the tangent stiffness matrix defined by constitutive models

[K,]: the matrix transforming the increment in nodal displacements to the volume
change of each element

[Kp]: the matrix for seepage flow in soils

{F}: a vector representing applied force

{,}: the displacement vector

{p:}: the ore pressure vector

0: coefficient (0 < 0 < 1)

{Q}: the vector representing increment in the volume rate of the water flow

{v;“}: the system error vector for {u,}
{v#}: the system error vector for {p,}
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The state (or parameter) vector x, is defined by

2
Xy = { } (6)
b,

If state variables u;, #,, and u3 in {u,} are directly observed, nonlinear function 4,
can be written in matrix form as

1 0 0 0
H=|0 10 0 (7)
0 0 1 0

We can describe y, = Hyx, using Eq. (7).

The recursive formula of probability densities for prediction and filtering is
defined as follows:

Prediction (time update):

oo

P(xtb’wfl) = J P(xt’xt b’ufl)dxt*l = J p(xt‘xtfl’ylzt—l)p (xtfl b’l:t—l)dxt*I
- o (8)

= J Pl 1)p (xtfl b’l:t—1)dxf*1

Filtering (observation update):

(el :p(xt’ytb’lzt—l) PO, lxe 1) P (%ey1ss) P()’t|xz) P (%5 re 1)
1t p(ytbllit—l) P()’tb/l_,_l) P(ytb’lm)

)

where p(x|x, 1) is the density of x, given previous state vector x,.1, p(y;|x;) is the
density of y, given x,.

In linear and Gaussian problems, the KF provides updating recursions using Eqs
(8) and (9). However, integral computations in (8) and (9) are usually intractable for
practical problems which usually show nonlinearity and non-Gaussianity. This is the
main reason to use numerical methods such as PF in geotechnical problems.

The PF expresses PDFs with a set of Monte Carlo (MC) samples called an “ensem-
ble” that has weights, and each MC sample is called a “particle.” A filtered distribution
at time ¢ — 1, p(x,.1|y14.1), where y1,.1 denotes {y1, y2, ..., Jr.1}, is redefined with
“particles” and weights:

Mz

P(xf 1b’1t 1 (xt 1= l('.)l\t—l) (10)

i=1

where N is the number of particles and & is the Dirac delta function. Using
this particle or MC approximation, integral computation in (8) and (9) become
summations.

The particle approximation for the prediction distribution p (x;|y1,.1) at time ¢ is
given by the following equation:
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N e . .
(xflylz 1) (el 1)p(xt*1b/l:t—l)dxt*1z w£115 Xr-1 _xi?lt—l (e |oe—1)dx; 1
|
oo )
(11)

N
Wgﬂs(xt fr( -1l 1’”§)>> = ngﬂs(’cr _xﬁ\zz)q)

i=1 i=1

I
.MZ

where, {v,?},_/" is an independent and identically distributed (i.i.d.) sample
set for Eq. (3). The calculation means that each particle for the prediction ensemble,
xt|t_1(i), is obtained by the direct calculation of ﬁ(xt_1|t_1(i)| 2,D).

Filtering

We obtain the ensemble approximation for filtered distribution, from Eqs (9) and
(11), and observation y, by the following calculation:

P(}’tb’npﬂ Jw p(yt\xt) 'P(xtlylzt—l)dxt
) P (%!x?h) Zp <yf el 1)w§)15(xf - 1) 12

Py <O PEbi) o) p )

2 wly 5
I TN D L CER

where

(@)
) P\ VX
‘[Z)ﬁl) _ ( t’ tle 1) - (13)

Z]P (yt }x?\t)—l) Wiy
If the observation system is linear, p(yt|xt/t_1(i)) is given by Eq. (14):

1 (y Hf( - 1>)TRf (y Ht( - 1)> (14)

p(nl ) = Ry | 5

The rest of the problem is how to sample from p(x,|y;,) which is called “sampling.”
There are two ways of sampling methods which are Sequential Importance
Resampling (SIR) and Sequential Importance Sampling (SIS). While classic PF algo-
rithms use SIR [15, 16], SIS is known as a generalization of PF [17]. The pseudo-code
of the two sampling methods is as follows:

Sequential Importance Resampling (SIR)

Step 1. Initial setup:

Generate an ensemble (set of particles) {xo™, %0?, ..., 0™} from the initial prior
probability distribution pg. Setz = 1.

Step 2. Prediction (Forecasting):

Each ensemble member or particle x, 4
Eq. (1).

Step 3. Filtering:

@ evolves via nonlinear operator f; given by

25



Applications and Optimizations of Kalman Filter and Their Variants

After measurement data y,, is obtained, weight wt(i) is calculated.

Step 4. Resampling (based on filtered distribution):
Resample new particles (P, x,?, ..., x,™} N times from the set of particles or
parameters x;_;). The set of samples approximates filtered distribution p (x[y1.).

Setz =t + 1and go back to Step 2.

Sequential Importance Sampling (SIS)
Step 1. Initial setup:
Generate a set of particles {xo™, %0
bility distribution.

Step 2. Prediction (Forecasting):
Each sample x, ,® evolves via nonlinear operator f; given by Eq. (1)
Step 3. Filtering:
After measurement data y,, is obtained, weight w,’
Step 4. Weight (or probability) q?dating:

} approximates filtered distribution p (x;[y1.).

@ .., x0™} from the initial (or prior) proba-

D is calculated.
The set of weighted particles {x,"
Setz =t + 1 and go back to Step 2.

Figure 6 compares the PDFs approximated using SIR and SIS.

The main question here is which sampling method, SIR or SIS, should be used for
geotechnical applications. To answer the question, let us focus on the mechanical soil
behavior. Soil undergoes both elastic and plastic deformation when load is applied to
and reaches “critical state” under large shear deformation at constant volume and
constant shear/normal stress conditions [27]. This mechanical behavior of soil can be
well explained by the critical state constitutive models. In critical state soil mechanics,
the mechanical state of soil is described by the stress parameters q and p and the
specific volume (1 + ¢). The history of consolidation, which causes long-term

p(x) PDF
p(x) SIR .
W I
pvy| P AT
HIM hT‘r, AT X

Filtered PDF approximated by particles.
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Figure 7.
Current stress and consolidation history (Modified from [28]).

settlement of the ground, is described by overconsolidation ratio p.,’/p’ (pm’ is the
stress at the intersection of the current swelling line with the normal consolidation
line, Figure 7). In many theories for stress—strain behavior, the value of p,,’ defines
the size of the state boundary surface in Figure 7 and it separates the elastic states
inside from the elastoplastic states.

The mechanical behavior or stress—strain response of soil not only depends on the
current stress state, but also on the stress history that soil has undergone [28]. The
schematic on the effect of the stress history is shown in Figure 8. Soil samples brought

State boundary
surface

&

P I4
(a)
q
A A
After DO
After CO
04
SS
(b)

Figure 8.

Effect of vecent stress history on current stiffness. (a) Stress paths of a soil, (b) stvess-strain curves for the same
loading path OA. (Modified from [28]).
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to the same initial states of ¢; and p; at zero (O), along different paths of CO and DO,
are then loaded along the same path, OA. Figure 8b illustrates the stress—strain curves
for the same loading path OA. Soil offers different stress—strain curves depending on
the stress histories undergoes before OA loading, and this is commonly observed in
laboratory tests for soil samples.

Thus the stress or loading history is an essential factor for evaluating the mechan-
ical (or stress—strain) behavior of soils. Let us refocus on the sampling methods herein.
While the SIR algorithm abandons the information of stress history the soils have
undergone due to resampling, the SIS keeps storing the information of stress history
during the entire process of filtering. This implies that the SIS has natural ability to
evaluate the mechanical behavior of soils considering stress history and it has high
potential of Bayesian updating in geotechnical problems.

Selection of parameters to be identified and observed quantities [7]: The selection of
parameters to be identified varies with the actual types of problems. For example,
when a soft clay ground is improved by sand compaction piles or vacuum consolida-
tion, the mechanical properties of the clay layer change after the ground improve-
ment. Hence, the new, but unknown, properties of the improved layer, such as the
hydraulic conductivity and compression index, can be a target for identification.
Material constants that are difficult to measure, or parameters that significantly affect
the future behavior of structures, are usually worthy of identification. Observed
quantities, such as the settlement, lateral displacement, and pore water pressure, for
such inverse analyses, must be sufficiently sensitive to the parameters to be identified.
In practice, the measurable physical quantities are limited. Hence, we need to obtain
and select the observed quantities that are relevant to the parameters to be identified.

Effective sample size [7]: When PF is used for Bayesian updating, attention must be
paid to “degeneracy.” The term “degeneracy” refers to the scenario whereby, after a
few iterations of the particle filter algorithm, only a small number of particles have
significant weight. This means that only a few particles account for most of the
posterior probability mass, making the approximation less accurate. Degeneracy hap-
pens when the weights of the particles become too unequal. There is a useful metric,
which is called the effective sample size [29, 30], for discussing how severe the
degeneracy is. The N is defined by the following equation:

1
Zﬁ\; (wl(ei) ) ’

where N is the total number of particles and w;,® is the weight of the ith particle at
the kth filtering step. The N takes values from 1 (only one particle has significant
weight) to N (all the particles have the same weight). In practice, when the N is less
than a certain predetermined threshold for the Neg, some measures (resampling or
redefining the covariance matrix in likelihood) are considered. Although the “proper”
threshold depends on the problems and the purpose of the Bayesian updating, N/5 and
N/3 are commonly used.

Negs = (15)

4. A case study

This section presents an example that applies PF to a typical geotechnical problem:
deformation of the ground under embankment loading which is predicted by a
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numerical model. This example was used for a student competition on machine
learning in 2020 organized by Technical Committee 304 and 309 of International
Society of Soil Mechanics and Geotechnical Engineering (ISSMGE) [31]. Figure 9
shows the geometry of the cross-section of an embankment, which was constructed
on layers of soft silty and clayey soils, installed with different types of instrumenta-
tion. In the figure, “M” and “VWP” indicate instruments to observe ground settle-
ment and excess pore pressure of the ground. “HPG1” is an instrument to measure
surface settlement. In this construction site, prefabricated vertical drains (PVDs) were
installed to improve the ground because the ground consists of very soft clay layers.
Information on the construction sequences of the embankment is shown in Figure 10.
In the figure, four types of data measured at different locations (SP1 ~ 4) were
presented. In the student contest, the unit weight of embankment fill was assumed to

12m 6m 6m 16m 6m 6m 1.2m

Embankment fill Depth below original

1
2.4 ml é ; | MO (0.8 m ht-lnm"ﬂ":vl ground level (GL) (m)
0.6 or 7

— -+ 0
................................................... R inbeichaU ], . Mudslslt L 14
* ) 4
(2 m below GL) VWP1a NWP2a VWPBa Estuarine clay (1)
................................................... M2 (4.5 m below GL) S 4 45
L ] L ]
(6 m below GL) VWP1b VWP2b VWPéb X .
& M3 (7.5 m below GL) Estuarine clay (2)
L] L]
——————————————————————————————————————————————————————————————————————————————— ---- T 108
(10 m below GL) VWP1c VWP2c VWPEC Transition from
clay to sand
------------------------------------------------------------------------------------------------------- - 140
Prefabricated Sand
vertical drains T 182

Figure 9.
Cross-section of embankment with location with instrumentation [31].
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Figure 10.
Time history of embankment construction [31].
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Settlement data [31].

be 20 km/m?>. Deformation of the ground (settlement) was recorded at the site for
around 3 years, which is shown in Figure 11. In the contest, only the settlement data
measured for one year were presented, and the participants tried to predict the
settlement after one year. The task of the contest was to develop a method to facilitate
the prediction of the future settlement.

We used soil-water coupled Finite Element (FE) analysis with Cam-clay model for
simulating deformation behavior of the ground. The FE mesh used for this problem is
shown in Figure 12. We assumed horizontal displacements are zero at the edge of
right and left of the model and vertical and horizontal displacements are zero at the
bottom of the model. In addition, only the surface of the model ground is permeable:
right, left, and bottom are assumed to be impermeable boundaries. Due to the sym-
metry of the embankment, only the right half was discretized for the numerical
analysis. The foundation ground was divided into five layers; the first and fifth layers
were assumed to be linear elastic bodies, and layers two to four were modeled as
elastoplastic materials by the Cam-clay model.

62.0
g0 | 60 | 80 | 40.0
1 T T
Layer 1 (Elastic)
(Unit: m)
T.47% Z
31 Layer 2 (Cam-clay)
_ 6.3 Layer 3 (Cam-clay)
=1
[}
3z Layer 4 (Cam~clay)
6.0 Layer 5 (Elastic)
Figure 12.

FE mesh used for the simulation.
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In this study, a diagonal matrix with the maximum absolute value of the observa-
tion data used for PF is employed as the covariance matrix. This assumes that level of
observation noise increases with increasing output (observation data). Such an
empirical setting for the covariance matrix has been used in Bayesian updating with
PF in geotechnical engineering [21-23], and despite its simplicity, there is a significant
track record of obtaining reasonable results. The covariance matrix is given as follows:

1.08 O 0 0

0 105 O 0
0 0 074 0

0 0 0 032

where Ry;, Ry, R3s, and Ry4 corresponds to the observation noise of M0, M1, M2,
and M3, respectively.

In this case study, we focus only on the 2nd to 4th layers of clayey soil, which
greatly influence the time-settlement behavior, and only the compression index A and
permeability coefficient k£ (m/d) of each layer are considered as the parameters for
Bayesian updating. Therefore, the total number of geotechnical parameters to be
estimated is six. Less influential parameters are assumed to be “deterministic,” and
they are summarized in Table 2.

While previous studies [21-23] mainly focused on the estimation of material
parameters, this study also considers the embankment load and its loading history as
unknown parameters and presents a specific example of load modeling. The reason
embankment load and construction history have not been the focus previously is that
nearly deterministic information can be obtained about the unit weight of the
embankment and the construction process, which is considered negligible compared
to the uncertainty of the foundation ground information. In this study, the uncer-
tainty of the embankment load (f;) at time ¢ is modeled using the following equation:

Pl {aFo{(eXP(ﬁt) ~1)/exp(T) 1} t<T )
oFg t>T

where F is the load at the completion of embankment construction, f; is the load
at time ¢, and o and f are parameters controlling loading history of embankment.
Figure 13 represents the variation in load patterns due to differences in o« when f is
fixed at 1.0. Although the actual construction process shows a shape significantly
different from an exponential function because of periods of rest in embankment
construction, we proposed a new model based on an exponential function, which has
relatively fewer parameters and is computationally easier to handle. Moreover, it is
demonstrated through application examples that such a simplified modeling can

Layer Soil Poisson’s Compressionindex,) Swelling Void Critical state Permeability

type ratiov Elastic modulus index, k ratioe parameter M k (m/d)
E (Kpa)
1,5 Sand 0.333 128,000 - - - -
2,3,4 Clay 0.348 Unknown 0.123 1.525 1.023 Unknown

Table 2.
Soil parameters assumed to be deterministic.
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Parameter Initial distribution
Loading model « 0.05-0.50
[} 0.8-1.2
Cam-clay model A 0.4-1.2
log;ok(m/s) 0.01-0.50

Table 3
Target parameters and their prior distributions.

function effectively in this case history. We added the parameters o and p into the
unknown parameters, and the total number of parameters for Bayesian updating
becomes eight. Since no prior information regarding the unknown parameters was
provided, prior probabilities of the unknown parameters assumed to follow uniform
distributions within the range shown in Table 3. During this process, several trial
calculations were conducted to confirm the range within which the numerical results
could explain the observational data, and then the parameter range was determined.

Generally, it is known that the required number of particles N increases in pro-
portion to the number of estimated parameters, but as mentioned earlier, the appro-
priate number of particles is often determined through trial and error. In this study,
calculations were performed with 50,000 particles.
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Figure 13.
Loading histories generated using Eq. (17).
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Figure 14.
Impact of the load modeling on settlement simulations.
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Figure 14 shows the impact of the presence or absence of load modeling on the
Maximum A Posteriori (MAP) estimation of settlement. As evident from the figure,
the load modeling enables the numerical analysis to successfully reproduce the
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Figure 16.
Posterior distributions of settlement measured at different locations.
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observation data. On the other hand, without the embankment load modeled, a
significant discrepancy between measurement and prediction is observed during the
embankment loading period. This can be attributed to ‘modeling errors’ in the simu-
lation model representing soil mechanical behavior. While altering the simulation
model (Cam-clay model) may resolve this issue, the use of load modeling proposed in
this paper leads to successful simulation of actual ground.

Figure 15 shows the prior and posterior distributions for the eight unknown
parameters. These histograms are drawn using 50,000 particles. Representing param-
eters as probability distributions allows for discussion of the uncertainty and reliabil-
ity of the estimates, as well as the sensitivity of the parameters to the amount of
settlement. For example, focusing on the compression index A of the third layer, the
posterior distribution is flat, showing little difference from the prior distribution. This
indicates that this parameter has low sensitivity to settlement and that any value it
takes does not significantly the result. On the other hand, the posterior distribution
of the permeability coefficient k of the third layer is updated with a clear peak,
indicating high sensitivity to settlement. In terms of sensitivity trends, the parameters
of the load model (« and p) and the permeability coefficients k are highly sensitive,
while the compression indices A are less so. This can be attributed to the compression
indices A being in a trade-off relationship with the load intensity parameters (espe-
cially @) and due to the presence of multiple layers. The compression index A is a
parameter that defines the amount of settlement due to loading, and in the case of a
single layer of clay ground, there are two possible combinations of parameters that can
explain the amount of settlement. In other words, there are countless combinations of
parameters that can explain the observational data, corresponding to the ‘ill-posed
problem’ in the context of inverse problems, a challenge commonly encountered in
analyses of inverse problems not only in geotechnical engineering but also in civil
engineering.

Figure 16 shows a comparison between the settlement observed at M1 and the
posterior distribution of settlement estimated by PF. These results consider load
modeling, and hereafter, only results involved with load modeling are presented. The
figure includes the 10%, 50%, and 90% percentile values. The percentile value repre-
sents the threshold below which 10% of the PF posterior distribution samples fall
when ordered from smallest to largest. This allows for discussion of the accuracy of
the prediction. Due to the settings in the simulations (covariance matrix X), the
results of MO and M1 have a significant impact, and the predictions match these two
results. As a result, in M2 and M3, the measurement data do not fall within the 10% —
90% range, leading to an underestimation of settlement in M2 and an overestimation
in M3. In this study, since the settlement at the ground surface is the most important
for embankment structures, Bayesian updating focused on the prediction accuracy of
surface settlement was conducted. However, if one wishes to focus on predictions for
M2 or M3, adjustments can be made in the covariance matrix. By reducing the
variance of the focused observation point, its influence becomes more significant in
the Bayesian updating.

Figure 17 shows the posterior distribution of the settlement for MO-M3 as of June
1, 2016. The figure also displays each percentile value. The posterior distribution
shows a nearly symmetrical Gaussian distribution shape, and irrespective of the mea-
surement point, the 50% percentile value almost coincides with the mean of the
distribution. It has been reported in previous literature that the posterior distribution
being unimodal and symmetrical is common. This suggests the possibility of applying
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Posterior distributions of settlement at June 1, 2016.

more efficient algorithms than PF in ground analysis, which is a subject for future
research.

5. Conclusion

This chapter presented the theoretical and the practical effectiveness of the PF for
geotechnical problems through a case history. First, some essential characteristics of
geotechnical problems such as heterogeneity of the ground and variability of soil/rock
parameters are explained to emphasize the motivation for using probabilistic methods
in geotechnical engineering. Second, we have outlined the fundamentals PF by com-
paring two different sampling algorithms (SIR and SIS) and discussed which algo-
rithm is more preferable in geotechnical problems from an aspect of geomechanics:
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stress history dependency of soils. Then, PF was applied to a real case history on
embankment construction on clay ground to discuss the effectiveness in parameter
(or probability density) identification and prediction in geotechnical engineering. The
main conclusions of this study can be summarized as follows:

37

1. Probability estimation or uncertainty quantification plays a crucial role in
geotechnical engineering because several different types of uncertainties (e.g.,
heterogeneity of the ground and variability of soil parameters) can be included in
geotechnical design and construction process. Hence it is natural to use
parameter identification methods that can provide posterior probability
distributions of estimate such as KF and nonlinear KF in geotechnical
engineering.

2.Unlike linear KF, the PF is applicable to nonlinear and non-Gaussian problems.
Geotechnical problems usually show nonlinearity and non-Gaussianty, and the
PF is preferable to apply in geotechnical engineering compared to standard KF.

3.Two types of sampling methods, SIR and SIS, are used in PF. Although SIR is

commonly used in many different research fields, SIS is preferable to use for
geotechnical problems because SIS can consider stress history soils undergo,
which greatly impacts on mechanical behavior of soils.

4.PF can accurately estimate the posterior PDFs of geotechnical parameters in soil-

water coupled FEM. In addition, PF can also be applied to identification of
boundary condition, loading history in this study, for numerical simulations. The
simulation with identified parameters predicts the future behavior of the ground
with high accuracy: these results show that the PF has high potential for more
general parameter identification and prediction problems in geotechnical
engineering.
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Chapter 3

Data Sensor Fusion for Surveillance
Applications: Evaluation of
Extended Kalman Filter vs.
Unscented Kalman Filter

Oscar M. Sogamoso, Eduardo A. Ferndndez and Marco ]. Suarez

Abstract

This chapter introduces the foundations of the Extended Kalman Filter (EKF) and
Unscented Kalman Filter (UKF) for data sensor fusion applications in surveillance
applications. After explaining how to model the drone under the constant turn rate
and velocity (CTRV) dynamics, the EKF and UKF techniques for Lidar and Radar data
sensor fusion are applied to enable better 3D object detection and reconstruction from
point cloud data is evaluated under a performance comparison. Through root mean
square error (RMSE) and mean square error (MSE) the filters are designed to meet the
specifications of the model based on the position of the gathered points (X and Y axis)
in the space state model. By degrading the measurements with Gaussian and Rayleigh
noise, the results evaluate and compare both techniques to show the tolerance and
performance in terms of stability, scalability, and application to drone monitoring in
surveillance activities.

Keywords: extended Kalman filter, unscented Kalman filter, data sensor fusion,
Lidar, radar, cloud point, CTRV model

1. Introduction

Intelligent autonomous systems have gained great importance today, often
supported by artificial intelligence, assisting in daily tasks by reducing margins of
error associated with human factors. Specifically in the field of autonomous driving,
new trends in automotive manufacturing focus on the implementation of self-
sufficient techniques for driver assistance, saving lives, and reducing driver fatalities
on highways. It is estimated that 90% of accidents are due to human error, and 40% of
these errors are caused by driver distraction. One of the first prospective studies in
this regard was carried out in 2011 by the GDV, the German Insurance Association,
which concluded that systems that detect vehicles, as well as pedestrians, can reduce
the number of collisions by 30.7%, and if they also detect cyclists, they could avoid up
to 45.4% of accidents involving these users [1].
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Deep Learning and Machine Learning are effective tools for the creation of auton-
omous driving systems, which employ Lidar sensors, infrared radar, and cameras to
generate spatial awareness for correct decision-making. However, the inherent
uncertainty of the sensors can lead to failures in taking data from the environment,
thus reducing the safety and robustness of the system, which in the first instance was
designed to avoid accidents. To counteract this phenomenon, sensor data fusion is
employed, which achieves a reduction in the uncertainty in the data obtained from the
environment by reducing the gap between measurements and actual data [2, 3]. Data
fusion can occur in sensor arrays that use similar physical phenomena for measure-
ment, such as sensor arrays that are heterogeneous to each other.

The EKF is one of the widely used methods for sensor data fusion [4], this chapter
will show the design of Lidar and Radar sensor fusion starting from the CTRV model
[4, 5] and how it can be taken to a three-dimensional model for a drone-type flying
device. Performance comparison will also be made against the UKY model.

2. CTRV model for EKF

To extend the CTRV model to three dimensions, the following assumptions were
taken into account:

* Automobiles on highways do not present tangential movements between them,
since the common traffic on highways maintains trajectories with a regular
tendency.

* The projection of the drone position will be examined as a function of the angular
velocity of the drone and the angular velocity of the tracked object.

Figure 1 shows the dynamics between two cars on a highway, where p is the
magnitude of the distance between the car with the sensor data fusion and the target,
0 is the reference angle between the two, and w is the angular velocity of the target.

YA

Py

e B o o R~
4 TLlI'gCI VX

/p/;‘,g

Sensor Px X

Figure 1.
CTRV model for dynamics between two automobiles.
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The CTRV model between the UAV system - moving target for the three-
dimensional case, determines the projection of the position of the target x; + 1 on the axis
starting from the values of the angular frequency w and the angle 6, [4, 5]. The com-
monly used sensors provide x and y positions concerning the measurement device in the
case of Lidar and distance and angle formed with the measurement device in the case of
Radar. Therefore, these variables are contemplated in the state variables x, y, and 6.

X = [X,J/, v, 9,1/(), wd] (1)

Therefore, the equations that model the dynamics in tracking the final position of
the object, as a function of the angular velocities of the sensor drone and the velocity
of the target have the following form:

Xit1 =% + [vobject - l)dmm,] AT ()
Fiv1 =i + [Vobjct = Varone] - AT 3)

The state variables are the frontal velocity, the theta angle, the target angular
velocity, and the angular velocity of the UAV.

v =w- AT
=0

4
w0 (4)
wd:O

Because the data sensor fusion operation is bidimensional, the CTRV model does
not include motion in the position about the z-axis in its state variables. To maintain a
bi-dimensional analysis, the UAV velocity is projected as:

v, = Vcos¢ (5)
v, = Vsing (6)

In this way ¢ represents the elevation of the UAV concerning the sensed target,
this angle allows to projection of the velocities of the drone in the xz plane and
determines the x + Ax ory + Ay, as shown in Figure 2, for the position prediction. The
current technology provides IMU (inertial measurement units) and its evolution to
AHRS (Attitude and Heading Reference Systems) shown in Figure 3, which internally
incorporates a fusion of Gyroscope Accelerometer and magnetometer to achieve a
georeferencing and is able to project the velocities of the drone to an XY plane to
maintain the philosophy of the CTRV model.

To simplify the physical model for the EKF, we propose a data acquisition method
in which the UAV only uses pitch (rotation on the lateral Y axis) and yaw (rotation on
the vertical Z-axis) movements, and their projection in a three-dimensional coordi-
nate system [6].

Vi Vocos¢ cos

0y — Vay _ Vocos¢p sin g )
Vs Vo sin¢
W4, 0
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Figure 2.

EKF performance for x and y position estimation.

Figure 3.
AHRS device.

The angular velocity of the target is possible to measure from the radar sensor, so
the change of position of the target is also a function of the angular velocity as AT - w.
The velocity equations are obtained from x; and y;, which corresponds to its first
derivative, such that x;,1 and y;  ; are expressed as:

Xit1 :%[Sin (AT -w + ) — sin6] — v,y cos O cos ¢

Vin :%[0059— cos(AT - w + 6)] — vgy cos fsin ¢
6=0
w=20
wy =0

When the target has an initial angular velocity w = 0, the expressions change to [5]:
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Xix1 =x; +vcosf- AT — v, cos@cosgp - AT

Vi1 =Y; Hvsing - AT — vy, cosOsing - AT

v =0
0 —0 )
w=20
wy; =0

For the spatial projection of the data obtained from the fusion of Lidar and Radar
sensors, a system with spherical coordinates is used.

The EKEF allows us to reduce the uncertainty around the variables measured from
the noisy sensor, by executing the following steps: (i) Projection of the system
dynamics as a function of the state variables previously calculated, the error covari-
ance matrix associated with the system, and the covariance matrix associated with the
noise of the observations. (ii) The calculation of the Kalman gain allows to minimize
the error of the current prediction with respect to it. (iii) Finally, the algorithm update
of the measurement matrix and the error covariance matrix associated with the
system. The representation from the selected state variables corresponds to the fol-
lowing equation:

x=f(x)+w (10)

Where X is the vector of states of the system and f(x) is a nonlinear function of
those states. This model in state space is based on the dynamics of the system and
allows to project of an estimation of the states and outputs a priori from the previous
states. The reduction of the error between the values measured by the sensors and the
values estimated by the filter is performed in an iterative way [7], mainly involving
the projection of the state variables: The Kalman gain, the values measured by the
sensors, the error covariance matrix associated to the system, and the covariance
matrix associated to the noise of the observations.

M, = ©,P,®7 +Q, (11)

The Kalman gain, the update of the measurements, and of the state variables, is
defined according to the following equations:

Ky, = M,HT (HM,HT +R) " (12)
P, = (I — K H)M, (13)

5, = HX + V), (14)

X = PpeXp—1 + Ki (g — HOpXp—1) (15)

The fundamental matrix for the EKF is defined as:

po ¥ (16)
ox

X=X

The Jacobian corresponds to the first partial derivative of each state variable, it
performs a linearization of the F function as can be seen next:
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ox
J= (17)
8(x, 9,0, 0,w,wy)
Therefore, the discrete fundamental matrix corresponds to:
O, =1+F AT (18)
- A -
10 1 (—sinf + sin x) v (—cos@ + cos k) ATv [cos K— % (—sin6 + sin K)} —v,5in0cos®
w w w w
1 AT
0 1 —(cos® — cos k) K(ﬂinﬁ + sin k) ek [Sin K — 12 (cosO — cos K)} v,4c0s0sin®
w w w w
d,=|0 0 1 AT 0 0
0 0 0 1 0 0
0 0 0 0 1 0
LO O 0 0 0 1

(19)

In Eq. 19, x = AT + 0.
In case of angular velocity of the target is zero, the fundamental matrix changes to:

(1 0 cosf-AT —v-sin@-AT 0 —vysinfcosg
0 1 sinf-AT v-cos@-AT 0 wvycosbsing
00 1 0 0
@, = (20)
00 0 1 0 0
0 0 0 0 1 0
LO O 0 0 0 1 ]

The matrix associated with the system noise was calculated from the discrete
output matrix. For the proposed model the angular acceleration of the target has been
taken into account; as well as the angular velocity and acceleration of the UAV
Has P> Hipg- The output matrix for the EKF is presented below.

Ts

Gui = | @ul0)- G-d(o) 1)
0

Therefore, replacing the solution in matrix form is:

[ '%ATCOSG 0 —puuAT cosOcosd |

'% AT?cosf 0  —p, AT cosfcos ¢

/’ld
Gu=| AT 0 0 A o (22)
0 0 0 fod
0 AT 0
0 0 AT

The noise matrix from the output matrix is calculated through the following
expression:
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Q=G E[u-4"| -G (23)

With E being the expectation or mean value of the variance in the state variables
magnitude, angular velocity of the target, and the angular velocity of the drone.

65 0 0
E[ﬂ'ﬂT} =10 (71%) 0 (24)
0O O Gtzud

Where 6?2 is the standard deviation for the magnitude of the distance detected by
the radar, o2 is the standard deviation in the angular velocity extracted from the
radar, 62, and is the angular velocity measured by the IMU inside the drone:

The covariance matrix associated with the noise of the observations Q,, is
represented by:

Qx,y Qi ATTSaazxin Ocos 0 0 0 —(AT - 6,1g)* cos ¢ cos 4[’_
Qx,y Qx,, AT’T}auzsinH 0 0 —(AT - o—wd)2 cos Osin ¢
> AT?
0 0 0 (%%)2 5 ow 0
0 0 0 AT’IﬁGw AT?0%, 0
L —(AT - trwd)2 cosf cos¢p —(AT - 5wd>2 cos ¢ sin ¢ 0 0 0 (AT JWd)z
(25)
Where:
AT? :
Qx, = (T 6, COS 9) + (AT - 6,4 cosOcos qb)z (26)
AT? 1\’
Qk, = (T au) sin@ cos @ + (AT - 6,4 cos 0)2 cos ¢ sin ¢ 27)
AT \° 2
Qx, = (T oa) sin€ cos 0 + (AT - 6,4 cos0)” cos ¢ sin ¢ (28)
AT \°
Qx, = <T cra> 5inf cos @ + (AT - 6,54 cos O sin )’ (29)

Regards the variables provided by the sensors, often in a sensor data fusion the
data formats and protocols used by the manufacturers are different. In the LIDAR
case, the distance estimation for autonomous driving applications is delivered in
rectangular x and y coordinates, which for the purposes of this chapter are part of the
state vector. In a fusion of LiDAR and Radar sensors alternated the measurements
delivered by each of the sensors through the matrix H because there are six state
variables to operate only the x and y variables maintaining the conformable product
between X and HL, we have that:

1 0 0 0 0 O

Hp =
01 0 0 0 O

(30)
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For the Radar, the measurement matrix changes to:

Hp = (31)

S O O O -
S O O »r O
S O »r O O
SO »r O O O
= O O O O
SO O O O O

The measurement error covariance matrix of the LiDAR sensor, obtained from the
statistical analysis of the data set obtained from this sensor is as follows:

(32)

0.0222 0
Ry =

0 0.0222

Rj,_; is obtained from the variance in the LiDAR data set. Likewise, the measure-
ment error covariance matrix of the radar sensor obtained is:

0.088 0 0 0 0
0 0.00088 0 0 0

Ror=| 0 0 0088 0 0 (33)
0 0 0 00088 0
0 0 0 0  0.08

For this matrix, the covariance values are directly related to the resolution and
variability around the measurements of the LiDAR and Radar sensors previously
characterized for a generic situation. The purpose of this chapter is to investigate the
response of the EKF and UKF filter in case of significant distortion increase of the x
and y measurements for the LIDAR case and magnitude p, angle 6, and target speed in
the Radar case.

About the implementation, the EKF includes the nonlinear functions sine and
cosine, and the CORDIC (Coordinate Rotation Digital Computer) solves mathematical
operations from three parameters, which allows to efficiently obtain calculations of
sinusoidal functions, exponential, logarithms, roots, inverse trigonometric functions,
and hyperbolic functions using additions, iterations and rotations of bits, this rotation
process always converges in a fixed number of iterations [8].

2.1 Response of EKF

The performance of the EKF was examined by adding a contaminated signal and
comparing the actual value with the filter response. For the CTRV model, the tracking
of mobile objects by merging Lidar and Radar data achieves a good approach to the
real measurement, counteracting the Gaussian noise associated with the uncertainty
in the measurement of a sensor. The following Figure 2 shows the filter response.

To verify the filter’s ability to track targets, real measurements have been taken
from lidar and radar sensors, for a predetermined trajectory shown by the blue line in
Figure 2. The x and y positions at a height z are our variables of interest, the filter
response represented by the red line, for the first 450 samples evidences the reduction
in the scattering of the sensor data around the real trajectory.
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Figure 4.

EKEF response when contaminating the dataset with AWGN (MATLAB) for a. —25 dB, b. —20 dB and
¢. —15dB.

To evaluate the robustness of the filter, a dataset has been built using the same
scene by capturing cloud points with simultaneous Lidar and Radar data. For the Lidar
signal, the data provides the x and y position in rectangular coordinates, and for the
Radar case, the data has the magnitude and angle of the detected object and the
magnitude of the detected angular velocity of the tracked object. Besides, this data set
is degraded by adding white Gaussian noise (AWGN), and by considering that not all
sensors provide good accuracy in their measurements, an evaluation of the response of
the EKF when the data obtained from the sensors undergo progressive contamination
is performed with results as shown Figure 4.

Graphically the real trajectory for Figure 4 is shown in green and the EKF esti-
mates are in black. Figure 4. a shows the filter estimation for the measurements
degraded by noise and with zero gain; for Figure 4. b a gain of 15 dB is included, and
for Figure 4. ¢ the gain increases up to 30 dB. The parameter to quantify the ability of
the filter to discriminate the noise and approach the real values is the root mean square
error (RMSE), the comparison of this parameter for the response of the EKF and the
UKF will be examined later. A low capability of the EKF to reject high levels of noise
associated with Lidar and Radar sensor measurements is evident.

3. UKF model

The UKEF filter uses the UT (Unscented transformation) to improve the estimates
of the first moments of a first random variable [9-11] by propagating a second
Gaussian random variable through a nonlinear transformation [12]. This allows the
UKF not only to have a higher convergence speed of the filter but also to always
guarantee this convergence. In order to take the CTRV model to three dimensions, the
following assumptions were taken into account:
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Having xy, y;, state vectors, #;, work variables, v, noise associated with the process,
and #n;, noise associated with the measurements for an instant in time & [11, 13], the
UKEF filter starts from the following model:

X = F(kala We—1, kal) (34)

For the proposed model using data sensor fusion, the drone-mobile object scenario
and its dynamic model can be described as:

f =P+ V. AT (35)
f=P,+V, AT (36)

Where the fundamental matrix corresponds to:

1 0 AT O
0 1 0 AT
F— (37)
0O 0 1 0
0 0 O 1

The vector of measurements in three dimensions can be expressed as [14]:

Vi, = H(xp, mp) (38)

[ /P2 + P2+ P2

P
tan 1=2

H= P, (39)
Pe-Vi+P,-Vy

Nx +Py2 + P2

Initialization: One of the characteristics of the UKF is the concatenation in the
vector of states and the covariance matrix, which will be denominated as x,(k-1) and
P,(k-1), therefore they are initialized by fulfilling that:

=[x v m]" (40)
Po_gp-1 0 O

P,=| 0 Q o0 (41)
0 0 R

With Q and Rr being the following matrix:

[AT? AT? ]

4 2

AT? AT3
% Y

Q= AT X (42)
= AT? 0
2
3

0 % 0 AT?
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0.09 0 0
R,=| 0 0.005 0 (43)
0 0 0.09

Sigma points are defined as:

=% e+ VI Pt %% — L+ ) P (44)

The update of the sigma points through the F function is given by:
X1 = Flefp, ulk)] (45)

Calculating ;. ; and Py, is possible by means of the following expressions:

2L
X, = Z WX k-1 (46)
i=0
— = () P T
Py~ Z Wi [Xige—1 — % | [Xipe—1 — %, | (47)
i=0

In the same way, the vector of innovations of the process is also determined:

Lje—1 = H [xpp—1, u(k)] (48)
2L

Vi = Z WL k-1 (49)
i=0

Updating with measurements: the covariance matrix of the measurements is
calculated as:

2L
Py > Wi i1 — 9 g — 93] (50)
=0

The cross-correlation between the estimated states and the sequence of measure-
ments is:

wi X1 =% | [Tiore-1 = ¥ ] ' v

ka,ykz

e

Il
o

1

Then, it is necessary to evaluate the gain of the Kalman filter and update the R and
Pp_4

K=P,,P (52)
X =%, + K(y, — ¥¢) (53)
P,=P, +K-P,, K’ (54)
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3.1 Response of UKF

Similar to the way of evaluating the robustness of the EKF, the UKF its response
has been subjected to a dataset also contaminated with AWGN in a stepwise manner,
the response of the UKF is presented in the Figure 5.

Despite not having a modeling of UAV dynamics and mobile targets, the UKF
achieves a very good rejection of noise associated with the data obtained from the
Lidar and Radar sensors, managing to estimate to a large extent the real trajectory.

Figure 6 shows the strong ability of the UKF to reject high levels of noise associ-
ated with Lidar and Radar sensor measurements is evident. In real practice, the
uncertainty associated with the measurements can be increased by different factors:
sensor failures, very aggressive measurement environments, etc. For this reason, the
UKEF presents a more robust response to severe degradations in the data obtained from
the sensors (Figure 7).

When performing a sweep in the gain of the noise added to the measurements of
the Lidar and Radar sensors, and comparing the response of the EKF and UKF taking
the RMSE as a reference parameter, the following response was observed.

Figure 8 shows a better capability of the UKF filter with respect to the EKF, for
rejection of high noise levels in the sensor measurements, even when the noise level
keeps increasing, the UKF response maintains low RMSE levels, i.e. it achieves a good
estimation with respect to the real target position values. The following Table 1 shows
the RMSE and MSE values for UKF and EKF with increasing AWGN. Note that the
UKF response improves as the AWGN is increased.

Actual (sampling) Linearized (EKF) uT
sigma pom%s
covariance
mean
|
‘ y = f(x) Y =£(¥)
— AT
y = f(x) Py, =A"P:A weighted sample mean
l l and covariance
f(i) lransiurmed

true mean ‘ sqgma ponms
) 2y, lrue covariance

2y - ‘ UT mean

ATP. X

UT covarian ce
Figure 5.
Example of the UT for mean and covariance propagation. Taken from [12].
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EKF performance for x and y position estimation.
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Figure 7.
UKEF response when contaminating the dataset with AWGN (MATLAB) for a. —25 dB, b. —20 dB and
¢. —15dB.

Percentageally for —25 dB the UKEF filter reduces noise by 14.8% more than the
EKF filter, as the noise intensity is greater, this difference also increases with a value
of 27.72% for —20 dB, and 38.23% at —15 dB.

4, Conclusions

For a correct filtering with EKF, good modeling of the system dynamics is required
to achieve an accurate a priori prediction in the first stage of the filtering since the
convergence of this filter by means of the Kalman gain is slower than the convergence
of the UKF.
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RMSE for EKF and UKF with increasing noise gain added to the dataset.

RMSE
G_AWGN COORDINATE EKF UKF
—25dB Px 0.1053 0.089
Py 0.125 0.1
—20dB Px 0.159 0.1073
Py 0.1649 0.1166
—15dB Px 0.266 0.14
Py 0.2582 0.147
MSE
G_AWGN COORDINATE EKF UKF
—25dB Px 0.011 0.008
Py 0.016 0.01
—20dB Px 0.025 0.012
Py 0.027 0.014
—15dB Px 0.071 0.02
Py 0.067 0.022
Table 1.

RMSE and MSE for X coordinate and Y coordinate.

The UKEF has a higher computational complexity compared to the EKF, when the
CTRV model is combined with this last filter, a reduction of the computational com-

plexity is obtained when it is implemented together with CORDIC.

When there is a fusion of Lidar and Radar sensor data in a drone with omnidirec-
tional motion capability, the UKF filter has a better rejection of the noise associated
with the measurements than the UKEF filter.

54



Data Sensor Fusion for Surveillance Applications: Evaluation of Extended Kalman Filter...
DOI: http://dx.doi.org/10.5772 /intechopen.1005229

Even with limited modeling of the system dynamics, the UKF manages to obtain
an excellent response in the rejection of the noise associated with the fusion of the
sensors.

By employing a progressive and constant increase of the distortion in the data
obtained from the Lidar and Radar sensors, it was observed that the UKF has a more
robust response to the increase of the uncertainty of the process to be filtered. For the
actual implementation of a sensor data fusion system, this indicates a better adapt-
ability of the UKEF filter to different measurement scenarios as well as to differences in
the quality of the sensors used.
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Chapter 4

Perspective Chapter: Optimizing
p-PMU Placement for Estimating
Asymmetrical Distribution
Network States — Introducing a
Novel Stochastic Two-Stage
Approach

Arya Abdolahi, Selma Cheshmeh Khavar,
Morteza Nazari-Heris and Navid Taghizadegan Kalantari

Abstract

Distribution system state estimation plays a crucial role in supplying essential
data for system monitoring and control. However, the presence of uncertain
parameters such as the variable output of distributed generation (DG), random
meter errors, and inaccurate network parameters poses a significant challenge to
achieving situational awareness (SA) in distribution systems. To address these chal-
lenges, this study introduces an innovative two-stage stochastic programming model.
In the first stage, the model focuses on the optimal placement of p-PMUs with the
objective of minimizing installation costs, maximizing measurement redundancy, and
enhancing system observability. This is particularly important in the context of par-
tially zero injection nodes (PZIN). In the second stage, the model performs state
estimation for three-phase asymmetric DG-integrated distribution systems, aiming to
improve SA. The application of the proposed model resulted in the identification of
optimal p-PMU locations in the presence of PZINs and various contingencies. The
distribution system state estimation achieved high accuracy and a low error percent-
age. The feasibility and effectiveness of this methodology were validated using the
modified IEEE 85-bus distribution system. In addition, we incorporated extended
Kalman filter (EKF) state estimation to compare with the weighted least square
method.

Keywords: distribution system state estimation, p-Phasor measurement unit,
distributed generation, observability, asymmetrical structure
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1. Introduction
1.1 Concept and incitement

Monitoring in real-time is crucial for implementing control and protection func-
tions in an electric distribution network. Efficiently leveraging current measurements
is essential for producing the most precise estimation of the system state that corre-
sponds to the available data. Distribution System State Estimation (DSSE) is
acknowledged as a critical component of the distribution management system.
Despite significant progress in TSSE over time, it is essential to recognize the funda-
mental differences between transmission and distribution networks. Consequently,
the functional needs of TSSE cannot be directly translated to DSSE [1]. Distinctive
features of distribution systems encompass load imbalances, elevated R/X ratios, and
reduced observability stemming from inadequate real-time monitoring. On the other
hand, transmission systems possess a surplus of measurements, ensuring ongoing
system observability through redundancy [2]. Observability in distribution systems
faces constraints due to the restricted availability of real-time measurements. The
incorporation of p-PMUs into distribution systems improves the accuracy of DSSE by
furnishing precise details on voltage magnitude and phase angle. In today’s distribu-
tion networks, the performance requirements for DSSE are becoming more rigorous,
primarily driven by challenges stemming from the integration of DG and the adoption
of sophisticated technology. The main impediments and difficulties linked to DSSE
are concisely delineated in [3].

In transmission networks, the inherent assumption is the operation’s
symmetry, necessitating all calculations to be performed on single-phase positive
sequences [4]. Distribution systems possess unique attributes, such as a radial struc-
ture, unbalanced loads, and a deficiency in real-time measurements, distinguishing
them from transmission systems. In situations like these, the application of state
estimation methods originally tailored for transmission systems is impractical for
distribution systems, necessitating the adoption of three-phase state estimation. The
scarcity of real-time measurements is a distinctive characteristic of DSSE. To ensure
system observability, the incorporation of pseudo measures becomes necessary,
representing the active and reactive powers of both loads and distributed generation
(DG) [5].

1.2 Literature review

The authors in Refs. [6-11] propose several approaches to modeling the mathe-
matical problem, application of p-PMUs, and locating the metering instruments uti-
lized in Distribution System State Estimation (DSSE). In [12], a pioneering hybrid
approach was introduced for state estimation in power systems. This method com-
bines weighted least squares with the integration of phasor measurement units and
supervisory control and data acquisition systems. In Ref. [13], a novel algorithm is
presented for intricate linear state estimation. This algorithm considers the noise
parameter and incorporates data from distribution phasor measurement units to
improve the SA of distribution systems. Utilizing high-quality data from these
units, this method facilitates the observability of unbalanced and dynamic
distribution systems. Regularized state estimation technique was developed in Ref.
[14] for robust monitoring of the distribution network. The primary objective was
to achieve precise tracking of the system state on a faster time scale, thereby
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enhancing reliability according to the needs of the new operating environment.

Ref. [15] introduces a method designed to enhance the reliability of the state estima-
tion process and equipment performance within power system substations. This
involves strategically situating channels and sources of phasor measurement units.
The method consists of two stages. In the first stage, the application of a genetic
algorithm optimizes the placement of phasor measurement units. Following this, the
second stage employs an innovative approach to optimize measurements and allocate
channels effectively.

Authors in paper [16] introduce an innovative approach for evaluating the condition
of unbalanced three-phase distribution systems. This methodology utilizes branch cur-
rents as state variables, calculated in rectangular coordinates. Employing Phasor Mea-
surement Units (PMUs) located at monitored busses, the approach provides branch
currents and nodal voltages. Inequality constraints in DSSE involve non-monitored load
busses, constrained by daily load variations from the preceding estimation period. The
approach proposed by the authors in [17] innovatively combines the weighted least
squares (WLS) and Levenberg-Marquardt methods. This fusion relies on incorporating
data sourced from smart meters, significantly contributing to the implementation of
real-time voltage control strategies. A novel state estimation framework has been intro-
duced in [18], incorporating equality constraints related to voltage-dependent loads and
zero injection. This framework aims to improve both the accuracy of state estimation
and the effectiveness of bad data detection. Reference [19] introduces a unique method
for static harmonic state estimation in distribution networks. This approach utilizes
optimization techniques and assumes the strategic positioning of a small number of
phasor measurement devices along the feeders. In [20], the author advocates a data-
driven strategy to correct measurement errors inherent in the traditional weighted least
squares methodology.

Authors in paper [21] present an innovative decentralized state estimation
approach employing a multi-agent system to address the intricacies of
distribution systems. The key idea involves dividing the system into smaller subsys-
tems for more efficient and rapid estimation. Subsequently, a metaheuristic algo-
rithm, specifically the artificial bee colony algorithm, is applied to solve the state
estimation problem in a multi-agent context. Reference [22] introduces an original
framework for the multi-objective optimization of Phasor Measurement Unit (PMU)
placement. The goal is to minimize the total PMU installation cost, optimize the
selection of current channels, and diminish errors in state estimation. To address this
mixed-integer nonlinear programming problem, the non-dominated sorting genetic
algorithm II is employed as the solution approach. Reference [23] introduces a com-
prehensive method for estimating and monitoring the overall state of low-voltage
distribution networks, specifically those with significant integration of photovoltaic
systems. The effectiveness of the proposed technique is showcased in scenarios with
high imbalance. Validation of the efficiency of the suggested low-voltage linear state
estimation method is carried out through testing on a representative imbalanced
residential network. A comprehensive modeling strategy, as suggested in [24], focuses
on integrating the effects of Zero-Injection Nodes (ZIN) to optimize the positioning of
Phasor Measurement Units (PMUs) and guarantee full observability within power
transmission systems. Achieving globally optimal solutions involves the utilization of
an intelligent BTS algorithm in the presentation of optimal PMU placement strategies.
In Ref. [25], an optimal placement model for Phasor Measurement Units (PMUs) in
transmission networks is presented. This model, utilizing multi-objective mixed-
integer linear programming, considers variables including the installation cost of
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PMUs, observability constraints, and the capability to identify gross errors.

A framework for investigating gross errors is introduced in [26], which employs
p-PMUs to separate measurement errors. This approach involves analyzing gross
errors in the measurements acquired from both smart meters and SCADA devices as a
post-processing step within the non-linear DSSE framework.

The measurements of both active and reactive power injection demonstrate non-
linear features, without a readily available direct solution. The determination of the
measurement function requires an iterative approach, as highlighted in Ref. [27].
Asymmetric distribution systems and the inherent non-linear nature of
measurement data prompt the formulation of models in this research field as non-
linear programming problems. Diverse solvers are employed to tackle and resolve
challenges posed by these problems. A variety of potent metaheuristic algorithms
are employed to attain globally optimal solutions, including a combination of
particle swarm optimization and chaotic gravitational search algorithms [5], genetic
algorithm [15], artificial bee colony algorithm [21], non-dominated sorting genetic
algorithm-II [22], and a hybrid multi-objective particle swarm optimization krill herd
algorithm [28]. Established solvers such as Gurobi and CPLEX [29] are applied to
address challenges in DSSE and obtain accurate solutions for the system state. This
study introduces a DSSE model aimed at improving observability and reducing com-
putational complexity and calculation time in DG-based distribution networks.
Employing the Taylor series approach, this model approximates and linearizes the
non-linear functions related to active and reactive power, leading to a more thorough
state estimation compared to existing DSSE techniques. The final step involves com-
puting the estimated state vector using the weighted least square method.

1.3 Novelties and contribution

Despite notable advancements in DSSE, there remain several challenges and defi-
ciencies that require careful consideration. In brief, the inadequacies identified in
previous references can be summarized as follows:

a. In distribution networks, there is a multitude of distributed smart meters;
however, only a limited subset of these devices can simultaneously sample
voltage and power values. Additionally, the data collection process for these
devices, reliant on wireless signals for data transfer to an access point, is
susceptible to data loss. Given these practical challenges, the quantity of
measurements in distribution networks falls significantly short of ensuring
system observability.

b. Distribution networks with asymmetrical structures exhibit distinct
characteristics, including the presence of single-phase and two-phase loads at
specific busses. Current research employs Fully Zero Injection Nodes to
minimize the need for p-PMUs. In the context of FZIN, a bus in an
asymmetrical structure catering exclusively to a single-phase load is
designated as a non-zero injection bus. It’s important to note that two phases of
this bus exhibit zero injection characteristics, potentially enhancing network
observability with a reduced number of p-PMUs. However, relying solely
on FZIN may not fully demonstrate the effectiveness of zero injection
properties.
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To address the shortcomings identified in prior literature, this chapter presents an
innovative two-stage programming model. In the first phase, the emphasis is on
resolving the optimal u-PMU placement problem. The objective is to minimize the
installation cost of u-PMUs while ensuring extensive observability in the presence of
PZIN under various contingencies. The second phase involves conducting a three-
phase asymmetrical DSSE to enhance SA. The principal novel contributions of this
chapter are delineated as follows:

1.To overcome the first limitation (a), this paper presents a DSSE model that
employs the Taylor series approach for approximations. The objective is to
linearize the non-linear functions linked to active and reactive power, ensuring
an exhaustive state estimation of the network that exceeds the capabilities of
existing DSSE methods.

2.To address the second limitation (b), the proposed optimal p-PMU placement
problem incorporates the concept of PZINs. This concept pertains to busses with
solely one or two zero injection phases, and it is employed to improve the overall
observability of three-phase asymmetrical distribution networks.

Besides the key advancements mentioned previously, this paper introduces several
contributions outlined as follows:

i. Utilizing both single-phase and three-phase pPMUs in radial distribution
networks with asymmetrical structures to minimize the required number of
installed p-PMUs. To implement this concept, a conventional model for the
optimal placement of PMUs in symmetrical transmission networks is
adapted, and a distinct model is derived. In this unique model, the objective
function and constraints align with the asymmetrical characteristics of radial
distribution networks.

ii. Considering various contingency situations in distribution networks,
including the failure of a single pPMU and an individual line outage, within
the model designed for the asymmetrical and radial structure of distribution
networks.

iii. The proposed approach is formulated as a MILP problem, and the CPLEX
solver is utilized to minimize and achieve the best global solution.

iv. Incorporating the optimal placement of p-PMUs and DSSE issues into a two-
stage programming problem, where the decision variables determining the
optimal p-PMU placement (first stage) serve as input data for the DSSE
(second stage).

1.4 Chapter organization

A comparative analysis of Kalman filters and WLS for state estimation in
distribution systems is presented in Section 2. In Section 3, we outline the problem
formulation, consisting of two stages. The first stage focuses on the placement of
p-PMUs, while the second stage is dedicated to addressing state estimation. Section 4
provides a summary of the solver utilized in the context of two-stage stochastic
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programming. The outcomes of simulations and associated discussions are detailed in
Section 5. Ultimately, Section 6 encapsulates the concluding remarks.

2. Comparative analysis of EKF and WLS for state estimation

Among the numerous state estimation techniques available, Kalman filters and
WLS are widely used in distribution systems for their robustness and accuracy. This
discussion aims to compare these two techniques, examining their principles, appli-
cations, and evaluating their performance in different scenarios.

2.1 Kalman filter

Kalman filters are recursive algorithms designed for state estimation in dynamic
systems. They operate on a prediction-correction cycle, combining a system model
with measurements to update the state estimate. In distribution systems, Kalman
filters are commonly employed for real-time tracking and estimation of variables such
as voltage, current, and power flow. The applications of Kalman filters in distribution
systems are listed as follow:

1. Power system state estimation: Kalman filters excel in tracking the state of dynamic
power systems, handling uncertainties and noise in measurements effectively.

2.Sensor fusion: Kalman filters are employed for integrating data from
various sensors in distribution systems, enhancing the accuracy of state
estimation.

3.Fault detection: Kalman filters can be used to identify faults in distribution
systems by analyzing deviations between predicted and measured values.

2.2 WLS method

WLS is a statistical method used for estimating unknown parameters by minimiz-
ing the sum of squared weighted residuals. In the context of distribution systems,
WLS is often applied to linear regression problems, making it suitable for static state
estimation. The application of WLS in distribution systems are listed as follow:

1.Load flow analysis: WLS is utilized for estimating the state variables in load flow
studies, providing a reliable representation of the system’s current operating
conditions.

2.Bad data detection: WLS helps identify and mitigate the impact of erroneous
measurements in distribution systems, improving the overall accuracy of state
estimation.

3. Parameter estimation: Weighted Least Squares is used for estimating
parameters in distribution system models, aiding in system planning and
optimization.
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2.3 Comparative analysis

1. Computational complexity: Kalman filters typically involve more
complex computations due to their recursive nature and reliance on dynamic
models. WLS, being a static technique, generally has lower computational
requirements.

2.Robustness to Non-linearity: Kalman filters are well-suited for nonlinear systems,
while WLS is more effective in linear scenarios. The choice between the two
depends on the nature of the distribution system and the extent of non-linearity.

3.Handling of measurement noise: Kalman filters are designed to handle
measurement noise more effectively than WLS, making them preferable in
applications where accurate tracking of dynamic variables is crucial.

3. Problem formulation
3.1 Extended Kalman filter formulation

The EKF consists of two primary stages: the a priori phase, which involves predic-
tion or processing based on the previous state estimate computed in the prior itera-
tion, indicated by superscript “—”, and the a posteriori phase, involving measurement
update or estimation. These estimates are computed before any system measurements
are taken.

The EKF operates under specific assumptions:

* Gaussian and uncorrelated noise characterize both the measurement and process.

* The system is observable, as defined mathematically below:
Xk = (Ui, Xk—1) + &k 1)
Zy = h(Xk) + 61( (2)

Here, € represents the process noise and 8y denotes the measurement noise, both
having a zero mean. The functions g and / necessitate linearization through the
computation of their Jacobian matrices.

In every time step (k), the EKF algorithm defines the estimation x;, through its
mean y and covariance ) _,. EKF follows a recursive process with two sequential
steps, continuing until an accurate estimation is reached. The determination of both
the mean and covariance occurs through separate steps:

1.Prediction

Fie = g(Wio Pie—1) (3)
2 = G(Uk, }"’k—l)ZGT(uIU p’k—l) + Q (4)
k k-1
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2.Correction

B B -1

Ki =Y H'(m) |H(m) Y H'(m) +R (5)
k k

e = Fy + Ki[zie — h(ﬁlj)] (6)

> =[-KHm)] Y 7)

k k

where g(ug, p;,_,) is linearized around the mean y;,_q, G(uy, p_1) = % i
k—1=Hk-1
and Q is the covariance of the noise matrix. The matrices H, & and R are the same as in
the WLS method. The measurement z;, is only incorporated in the algorithm during
the correction step. K, represents the Kalman gain, determining how much the new
state estimate is influenced by measurements. Thus, each iteration integrates a fresh
set of measurements for correction. However, it’s reasonable to assume that the
average remains steady, given the power system’s stability across consecutive time

steps. Therefore, (3) becomes:

Hi = MPr—1 (8)
Thus, it follows that g is independent from u; and G(uy, py_1) = % s
becomes an identity matrix. The updated EKF formulation is:
1. Prediction
Xk = Xk-1 (C)]

i = Zk—l + Q (10)
k

2.Correction
-1

K= > H'(%0) | H(x) 3 H (%) + R (1)
k k
Xx = Xi + Kg [Zk — h(ik)] (12)
> =[-KHE)] D (13)
k k

3.2 p-PMU placement problem

For the purpose of SA and monitoring, PMUs can supply precise, high-resolution,
and directly synchronized phasor measurements [30, 31]. The development of p-
PMUs, utilizing the same synchrophasor technology, is aimed at improving the intel-
ligent operation of power distribution systems, thereby enabling their observability.
When compared to siting PMUs in high-voltage transmission networks, p-PMUs
prove to be significantly more cost-effective for widespread deployment in distribu-
tion systems. This may potentially address the challenge of limited observability. The
subsequent formulation is presented to ascertain the optimal allocation of p-PMUs in
asymmetrical systems.
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3.2.1 Objective function

In the first stage, the objective function pertaining to the allocation of p-PMUs
is defined by Eq. (14). This specified objective consists of two elements, where WX;
and VP, are associated with the three-phase and single-phase aspects, respectively.
The objective is to identify the most favorable network locations for the
installation of p-PMUs, with the overarching aim of minimizing the total
investment cost while maximizing the observability index of the distribution
system. In subsequent sections, various contingencies, including PZIN, are integrated
into this objective function.

Min) Y WX+ VP (14)
jE€Qpne{a,b,c}
3% +2% [P+ P4 P <4 =1, N (15)

Eq. (15) guarantees that each bus is limited to having either a three-phase p-PMU
or, at most, two single-phase p-PMUs installed.

3.2.2 Observability constraints under the normal operating conditions
The constraint on topological observability, influenced by both the

location of p-PMUs and zero injection properties, is formulated as Eqgs. (16)—(18)
[32, 33].

=X S @00 Y S gvigesoe a9

jE€Qpne{a,b,c} j€Qne{a,b,c}
XX! =X;+ P i,j=1,..,N, ne{a,b,c} (17)
Z ay;=27;, i=1,..,N (18)

jEQne{a,b,yc}

The observability function, f, assigned to bus i, serves as an indicator of its
observability, taking into consideration the impact of PZINs. The PZINs must exceed
a3 — off’ to guarantee the observability of bus i. It is noteworthy that if there is no
connection associated with the phase of a bus, observing that specific phase becomes
unnecessary. This principle is articulated in Eq. (19).

offi x P! =0, i=1,..,N, ne{a,b,c} (19)

In addition to constraints (16)—(19), two additional constraints are formulated
regarding the placement of PZINs in the distribution system to optimize the proposed
objective function. This is dictated by the following rule:

1.If a PZIN be connected to a single-end bus, the installation of p-PMUs is
disallowed for all of its zero-injection phases. Conversely, their zero-injection

characteristics remain unconstrained. This specification is formally denoted
as (20).

ZB!XX! =0, j=1,..,N, ne{a,b,c} (20)
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2.1f an end node considered as a PZIN, the placement of u-PMUs is limited for
each of its zero-injection phases. This restriction enhances observability by
leveraging the PZIN characteristic. These conditions are formally expressed in
Egs. (21) and (22).

ZBR!'XX! =0, j =1, ..,N, ne{a,b,c} 1)
if ZBR! =1, Y1 =1 (22)

3.2.3 Observability constraints under single u-PMU outage contingency

In order to depict the occurrence of a single p-PMU outage, constraint (16)
undergoes a modification aimed at improving observability through at least two
distinct approaches, detailed in Eq. (23).

aZXX;‘—F
fi= >2x (3—-off7),i=1,..,N
Tl (s s anz ’
€Qpne{a,b,c}

(23)

The coefficient of 2 in the left part of inequality constraint (23) signifies that if a
bus’s observability is improved by the PZIN, it maintains observability even in the
case of a single p-PMU outage. This resilience is due to each bus in the system being
directly or indirectly observed through a minimum of two distinct pathways. It’s
crucial to recognize that the radial structure of distribution networks results in some
busses being linked to the network via a single line. Although it is theoretically feasible
to independently place a p-PMU at each end bus for multiple observation paths, this is
not deemed a cost-effective solution. Consequently, constraint (23) is substituted with
(24), where end busses, excluding critical ones, are observed from at least one path-
way, while the remaining busses are observed from at least two pathways.

af-]‘XX]T‘-i-
fi= . >[2x (3-of7)] -RLi=1,..,N
j;%ne{%,c} 2x g {Zb }“inZ'Z;”
pn€{a,b,c
(24)
3.3 The DSSE problem

The objective of state estimation is to determine accurate values for state variables
using real-time measurements obtained from p-PMUs within the energy management
system. The Weighted Least Squares State Estimation is framed as the minimization of
the objective function (J(x)), as elaborated in [4].

J(x) = zm:wuei (25)
u=1
Subjected to:
z=h(x)+e (26)
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3.3.1 Measurement function linearization process
With the exception of voltage magnitudes, most h measurements demonstrate
nonlinearity. In this section, Taylor series approximations of sin and cos terms are

employed to linearize these nonlinear functions.

I = ?’”.Avg? (27)

1

Eq. (15) represents the complex power flow S by phase-m.

s;;zvgnx(rg)*:vg"x S YAV (28)
me{a,b,c}

Accordingly, (15) was extended as Eq. (16),
Sy = V748 me{; C}[(@’" +/B").(| vy laor — | V7| aor)] (29)
Let us denote:
ASZ'»’ =" — 6;” for me{a,b,c} (30)
cosf»]'-’ = cos (Aé’;”) and sin;’-’ = sin(Aé’Z’) (31)
3.3.2 Derivation of non-linear active and reactive power flow equations

G Vil ot -G

Vila-g

5y = |Vl )
’ e{z:b}]ze.:o ij’””|V7|4f5y+j§’”"‘vy‘4_5;
The Eq. (32) was simplified as follows:
@WWVﬂAA&T-—EW’VﬂAA@ﬁ
sp=1vel > (33)

nelabyctijees | —B | V7|4 —a0" +j§mn‘V;“AA5;””

Eq. (33) is separated into its components, distinguishing between its real and
imaginary parts, expressed as (34).

Sg’ = }Vf”’ Z Z {|Vf’}ﬁmn.cosg’"+§mn.sin2‘"] — “/Jf“[@mn.cosgn+§mn.sin?"}}
ne{a,bycli,j€EQp

+]’V:”| Z Z {|V§‘|[§mn.sing‘" —Em".cos’-'f”] — ’Vf’

ne{a,b,cli,j €Qp

[@mn. sin;’-“" +B™ . cos :}”"] }

(34)

The actual segment of Eq. (34) outlines the equation for active power flow
concerning phase m and line ij, as follows:

71



Applications and Optimizations of Kalman Filter and Their Variants

| V}[[G™. cosyp" +B"".sin}"]| -
pr=|vyl Y > ‘V;Hémncosmn+3 mn} (35)

ne{a,b,cli,j€EQp l]

The imaginary component of Eq. (34) delineates the equation for reactive power
flow related to phase m and line ij, as follows:

‘ ’rm sm _mn.cosz.“"]
36
Z Z f‘V;‘Hémn.sinZ’”JrB n.cosg?"] (36)

ne{a,b,cli,j€EQp

Egs. (37)-(40) represent the outcomes of the Taylor series approximations for sin
and cos functions

sin/” = sin(A8]" )~ sin(AS™") 4+ cos(AS;™").AS" 37)
cos?" = cos(AF]" )~ cos(ASE™") — sin(ASE™"). A" (38)
somn AP mn,r — "

Sy = sm(A&{Jf’ )~SIH(A517 )—i— cos(Aéij )A@’]" (39)
cos " = cos (Aﬂ”)zcos(AéZ’””) _ sin <A5;V"’V).A5§]f‘" (40)

The operational points for voltage magnitudes were determined regionally for each
line section by utilizing the combined data from p-PMUs, aiming to improve the
accuracy of state estimation. In the context of a specific line section denoted as #j, with
q representing the count of p-PMU voltage measurements, the local operating point of
the voltage magnitude, denoted as |V,|, is calculated using Eq. (41).

1 q
|VV|zéZ\V,-| (41)

i=1
3.3.3 Derivation of linearized active and reactive power flow equations

In Eq. (35), the nonlinear active power Eq. (42) for phase m is depicted. To
linearize the nonlinear sin(.) and cos(.) equations, they have been replaced with
Taylor series approximations (37)-(40), as detailed below:

v G (cos(ASI™) — sin(AF™).A5™) 1
—m i +§’”".(sin(A5,’-?””) + cos(AS;™").AGE")

Pl] _ |Vl(’l’ne{za; y ]zé;] amn.(COS<A5:;m’r) — sin( 5””" r) A(Smn ")

bycli, B n

,’ "

+B"™". (sin (A(SZ’"’) + cos (Aég’””) A5f]”")
(42)
The assumption A" ~Ag;"™" is made that the distance between two adjacent

busses in the distribution network is minimal. Based on this assumption, Eq. (42) is
revised as (43):
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™ (con(o7) — n(y) )

11

+§mn.(sin<A5;'-m’V) + cos( A5E™ V) l")

vz
RIS

ne{ab,cli,j €Qp W".(cos(Aéff"”) — sin (A(SZV””). 5:;‘”)
_. yn

! +§mn.(sin<A5?”’r> + cos(AéZ.m’r).ASZ?")

(43)
Eq. (43) was rearranged as:
o <§mn.cos(A63‘”) +B" sm(Aé’”" r)) (! - ’ D

oI 2 (o sin(ag) 5 con{ o)) (Ve aa — vy
(44)

The simplification of the regional operating points for voltage magnitudes is
expressed by Eq. (44).

. [V (@mn cos (Aélr-]'-m’r) +B™ sin (Aé:;‘”’r)) . (‘ v - ) Vi D
T efabeniehs |+ V2 (—ﬁ”". sin (A(s;'.'"”) +B™ cos (A(s;fl"”)) . (A(s;;m - A(s;]'f")
(45)
As earlier described in (30) and (31), it is clear that AS}" = " — &7 and
Agp" = 57" — 57 Therefore, AG;" — A" = — (5:’ - é}”) The linearized active power

function for phase-m 13:7 was constructed by replacing this for (46), as follows:

. |Vr\(§mn.cos(A5:-]'7"’r) +an.sin<A6;””’V)).<| V| - ’V]"D
a ne{a:?,,c}i,jegg -|v?| (—5”“". sin(Aag‘"”) +B™. cos(AéZ‘"’V)).(Sf _ 5;1)
(46)

Eq. (47) represents the result of linearizing the reactive power function GZL for
phase-m.

L VoA(G™sin(a5p7) ~ B cos(a5p) ). (| vi| - | v;)
Q= ne{;b,c},-,;zs —| V2 (—émn. cos (A(SZ-“"’V) +B™ .sin (Aégm’r)) . (5? - 5?)
(47)

With reference to the voltage magnitude operating points defined in Eq. (41)
and employing Taylor series approximations on (37)-(40), the refined
linearized approximations for the active and reactive power equations were
revealed as,
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Fi= > S A{wden(viI-|v;]) - IV2we.(5r-)} @)

ne{a,b,cli,j€EQp

= > X {video(|vi[-|v|) - [V ¥ (5 -5)} 49

ne{a,b,cli,jEQp

Following the linearization procedure, the measurement function presented in (1)
was reformulated as a linear function (50).

zg=Hx+e (50)

Utilizing the WLS method, the computed estimated state vector was determined
according to Eq. (51).

= |(H'UH) HTU T 2 (51)

Eq. (52) illustrates the diagonal matrix that includes the respective measurement
variances.
U = diag(o7, 063,03, ..., 05,) (52)

Eq. (53) demonstrates the measurement vector, encompassing voltage magnitude,
voltage angle, as well as active and reactive power flows for each phase.

Vel 88, 80,08, P, Q4 P2, QY P, Q) (53)

1271

z=[|vil,|vi

4. Two-stage stochastic programming

Addressing decision-making challenges in an uncertain setting involves the intro-
duction of an innovative stochastic two-stage programming model designed to opti-
mize both p-PMU placement and DSSE problems. This methodology entails the
classification of decision variables into two main categories: “here-and-now” and
“wait-and-see,” as detailed in Refs. [34, 35]. In this methodology, the first phase entails
establishing the real values of bus voltage and branch current phasors while
guaranteeing the observability of the system. The outcomes from the initial stage
subsequently act as input for the succeeding stage. The first stage involves dual vari-
ables identified as ‘d’ (representing voltage phasors) and variables ‘¢’ (representing
current phasors), necessitating immediate decisions in the present, before uncer-
tainties are resolved. Simultaneously, operational variables ‘xt’ function as compo-
nents for a “wait-and-see” approach, and the determination of variable ‘4’ in the
second stage can be made once all uncertain parameters have been observed. The
formulated stochastic two-stage optimization is presented as follows:

(First_stage) : max Fp(c,d) + E[Ff(c,d, &)]

St. gp(e,d) =0
l//f(ci d) < 0
ceR?

(54)
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(Second_stage) : Fs(c,d, &) = rr}Cin Fi(b,c,d,x;, &)
S.it. ¢(b,c,d,x;,E) =0
Ws(bycxdyxt’ é) S 0
be{0,1}",x, €R"

(55)

Where, the objective function is separated into two parts: a deterministic element
denoted as Fy, which reflects decisions, and the expected value of a stochastic element,
F,. The stochastic component is influenced by the actualization of uncertain parame-
ters ‘n’ during the operational stage.

5. Simulation results and discussion

This chapter introduces a two-stage stochastic programming model designed for
asymmetrical network state estimation, aiming to enhance SA through the incorpora-
tion of p-PMU data. Figure 1 visually outlines the proposed model. In the initial stage,
a dynamic and efficient mathematical programming challenge, as outlined in Ref.
[36], harnesses the capabilities of the CPLEX optimizer to address the optimal place-
ment of p-PMUs amidst the presence of PZINs and various contingencies. The use of
this optimizer streamlines decision optimization, leading to enhanced efficiency, cost
reduction, and increased profitability. Its proficiency in handling large-scale, real-
world problems aligns well with the swift processing requirements of contemporary
interactive decision optimization applications. Moreover, in the second phase, the
linear approximation of active and reactive power functions is employed to represent

Input network data,
structure and ZINs

(=== ——

S D)

" Implement the Backward-
First Forward power flow method l
Stage |

Solve the optlmal u-PMU
placement problem in the presence
of ZINs and various contingencies

Redefine the measurement
points

Whether

the cost Accuracy

within
desired
range?

Choose the solution with the
minimum number of p-PMU as
the optimum solution

Network observability
assessment

Estimate the network states (active ]

and reactive power, voltage
magnitude and angle)

|

|

|

[ Evaluate the accurate of ] l
estimated states |

|

|

|

Figure 1.
The flowchart of the proposed two-stage programming problem.
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the linear DSSE. Finally, the Weighted Least Squares algorithm is utilized to address
the DSSE problem integrated with three-phase DG. The resolution of the proposed
two-stage programming problem is conducted within the MATLAB environment, as
elaborated in Ref. [37].

This chapter investigates four scenarios for the operation and analysis of the
distribution system under different operational conditions, allowing for a comparative
assessment of the outcomes.

* Scenario I: Normal operational circumstances
* Scenario II: Normal operational circumstances with consideration of PZINs
* Scenario III: Contingency operational conditions

* Scenario IV: Contingency operational conditions with consideration of PZINs

5.1 Case study

To offer a thorough understanding of asymmetrical distribution networks,
we have opted for the modified IEEE 85-bus test feeder, as presented in
Ref. [38]. The single-line diagram of this system is illustrated in Figure 2,
comprising 85 busses and 84 branches, operating at 11 kV with a 100 MVA base.
The phases are indicated by red, blue, and green lines corresponding to a, b, and ¢
phases, respectively. Furthermore, the system incorporates nine Distributed
Generation sources, including wind turbines, solar panels, and combined heat
and power systems, connected to various busses. Table 1 provides technical
details for these sources. It is important to note that all u-PMUs are expected to be
of the same type, ensuring uniform costs. The cost estimation for each p-PMU
device, including installation, is $1000 across all test systems, as detailed in the
reference [40].

e CHP2

Figure 2.
A modified asymmetric three-phase 85-bus distribution test system.
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DG type Location (bus) Lower bound (kW) Upper bound (kW) Cost coefficient ($/kWh)

WT1 4 200 450 0.02
WT2 31 200 450 0.02
WT3 60 100 360 0.02
PV1 20 150 350 0.05
PV2 45 150 350 0.05
PV3 85 150 350 0.05
CHP1 28 300 700 0.01
CHP2 49 350 750 0.01
CHP3 68 300 700 0.01
Table 1.

Technical data of utilized DG units [39].

5.1.1 Scenario 1

Determine optimal locations and quantities of single-phase and three-phase
u-PMUs, along with their associated redundancy indices and installation costs,
to achieve complete observability in asymmetrical distribution networks during
normal operational conditions. This evaluation, excluding considerations
for partially zero injection nodes, is concisely summarized in the initial row of
Table 2.

5.1.2 Scenario 11

In the prior analysis, the emphasis was on determining the most suitable allocation
of p-PMUs in typical operational scenarios, excluding considerations of PZINs. The
results of investigating the optimal p-PMU allocation under standard operational
conditions, now accounting for PZINSs, are outlined in the second row of Table 2. This
underscores the effectiveness of the proposed methodology. Noteworthy is the obser-
vation that integrating PZINs into the model leads to a reduction in the required
number of p-PMUs and a lowering of the objective function value. The findings
underscore that a decrease in the number of p-PMU s corresponds to a reduction in the
measurement redundancy index, ultimately enhancing measurement efficiency.

5.1.3 Scenario 111

The third row of Table 2 displays the optimal locations and quantities of p-PMUs,
installation costs, and the resulting measurement redundancy index, ensuring full
observability of the system under various contingencies, without considering PZINss.
When a p-PMU is placed at a specific node, it not only enhances visibility at that bus
but also indirectly contributes to the visibility of neighboring busses. Consequently, in
the event of a single line outage or p-PMU failure, certain busses may lose observabil-
ity. To address this issue, an optimal u-PMU allocation approach is employed to
identify the best locations for maintaining complete system observability after any
contingency. It is evident that, with the occurrence of one or more events, the number
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of installed p-PMUs in the system increases, leading to a significant rise in the objec-
tive function value. Consequently, there is no economic justification for scenario III.

5.1.4 Scenario IV

Table 2 provides a detailed breakdown of the optimal setup involving p-PMUs,
installation costs, and the measurement redundancy index for the proposed distribu-
tion network. This comprehensive information is specifically located in the fourth row
of the table and is examined across various contingencies, ensuring the network’s
complete observability following the incorporation of PZINs. As anticipated, addi-
tional p-PMUs are deemed necessary to ensure observability under diverse contin-
gencies. The viability of scenario III hinges on the essential integration of PZINs to
minimize the objective function, leading to a simultaneous reduction in both the
required number of p-PMUs and the overall system objective function value. The
incorporation of PZINs into the allocation problem proves to be a pivotal factor,
resulting in a noteworthy decrease in the essential p-PMUs and the corresponding
system objective function value.

In this segment, we present the outcomes of the three-phase state estimation,
where the estimated values are compared with the actual values derived from the
initial power flow computations for each specific scenario. The data input for the state
estimator comprises a dataset featuring active and reactive power flow, voltage mag-
nitude and angle, in addition to DGs input. This dataset is constructed using a series of
voltage and current phasors generated by p-PMUs. The provided passage delves into
the outcomes of the proposed methodology aimed at estimating active power flow
within a three-phase 85-bus distribution network. In Figure 3, a visual representation
showcases the comparison between estimated and actual values across phases (a, b,
and c). The maximum variances in active power flow estimation stand at 0.0716,
0.0918, and 0.1799 per unit for lines 17, 17, and 7, respectively. Similarly, Figure 4
exhibits the actual and estimated values for three-phase reactive powers at designated
load points. The highest variances in reactive power flow estimation in phases a, b,

I Actuz] values Aotz values

IR || T Faliria. e valurs na - —— - Feitngled vl

Active gower Flow (pu.}

Activa povwer flow {pu}

1R % 13 17 21 0% 2% 33 37 41 AR 49 R3 R7 A1 OAS RO T3 T &1 LI I B Py BFIRUE SIETA LI T UIE S UV I S U E R |
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04
[EX:]
(L
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S

Al Al
————— Estimated values

=
1S

wer flow (pu.)
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{1

Figure 3.
Estimated and actual values of the active power flow.
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Estimated and actual values of voltage magnitudes.

and c are 0.1477, 0.0697, and 0.0387 per unit, associated with lines 5, 7, and 7,
respectively. Figures 2 and 3 underscore the remarkable proximity between estimated
and actual values, providing compelling evidence for the efficacy of the two-stage
programming approach for DSSE.

In Figure 5, the voltage magnitudes for the three phases in the 85-bus model are
presented, comparing the estimated values to the actual measurements. In cases
where phases are not present, a placeholder value of one has been employed. Visual
inspection indicates a substantial agreement between the estimated and actual voltage
magnitudes. Similarly, Figure 6 displays the estimated and actual voltage angles,
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Estimated and actual values of voltage angles.

assuming a value of zero for the phases that are not present. The proposed methodol-
ogy consistently achieves heightened accuracy in estimating these parameters. As
demonstrated in the presentation, the state estimation model outlined in this study
successfully converges and accurately determines the state variables in the adapted
asymmetric three-phase 85-bus distribution test system, which incorporates DGs. The
simulation results affirm the effectiveness of both the suggested state estimation
model and the extended per-unit system. Figure 7 illustrates the estimated and actual
values of DG production for all DG types. The most notable disparity in DG produc-
tion estimation is observed at 0.0265 per unit, specifically associated with PV_3.

In the proposed DSSE approach, the variances for active and reactive power flows
are set at 5 x 10 *and 2 x 10~ %, respectively. Similarly, the variances governing
voltage magnitude and voltage angle are adjusted to 2 x 10 *and 6 x 10~ *, respec-
tively. Over the course of this investigation, the solution variables undergo a total of 17
updates. During each update, the freshly revised solutions are systematically juxta-
posed with their predecessors, and only those demonstrating superior accuracy are
chosen as the definitive solutions. Figures 8 and 9 illustrate the forecasted errors in
estimating active and reactive power flows. Significantly, the proposed method dem-
onstrates improved accuracy, with differences between estimated and actual values
leading to errors in voltage magnitude and phase angle, benchmarked against load
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Estimated and actual values of DG production amount.
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Voltage magnitude error.

flow results. In Figure 10, the errors in voltage magnitude for all nodes are presented,
obtained through the proposed state estimation after addressing the p-PMU place-
ment problem in the initial stage. More precisely, our observations reveal that the
proposed technique achieves markedly heightened accuracy when addressing this
specific challenge. In Figure 11, we depict the expected errors in estimation, concen-
trating specifically on the estimated voltage phase angle at each node within the 85-
bus distribution system. This illustration highlights variations across three separate
phases. Recognizing the crucial significance of phase angle measurement in power
system state estimation—where even slight angle fluctuations can trigger system
instability—the presented results underscore the efficacy of the suggested technique.
Following the strategic placement of optimal p-PMUs at designated busses, the state
estimation reveals minimal deviation in angle errors. In order to highlight the effec-
tiveness and merits of the proposed model in comparison to previous studies, diverse
analyses have been undertaken.
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Voltage angle error.

The proposed method for distribution system state estimation utilizes the EKF
approach in addition to the weighted least square (WLS) method. The results of the
state estimation using the EKF approach are presented in Table 3. The actual values
are obtained from the backward-forward power flow method, while the estimated
values are obtained from the EKF approach. Comparing the actual and estimated

Voltage magnitude Voltage angle Active power

Actual value Estimated value Actual value Estimated value Actual value Estimated value

1.0117 1.0112 0 0 1.4343 1.4328
1.0106 1.0101 0.0394 —0.162 1.3975 1.3909
1.009 1.0085 0.099 0.2828 1.2832 1.2815
1.0071 1.0066 0.1818 0.1882 1.3748 1.3696
1.0059 1.0054 0.2052 0.1993 1.0979 1.1028
1.0023 1.0018 0.3155 0.394 1.0589 1.0599
1.0002 0.9997 0.386 —0.0981 1.0214 0.9834
0.9915 0.991 0.7059 0.6558 0.3817 0.4087
0.9913 0.9908 0.7235 0.9318 0.0051 0.0025
0.9916 0.9911 0.7512 0.9277 0.051 0.0321
0.9922 0.9917 0.7805 0.8379 0.1429 0.2705
0.9913 0.9908 0.7693 0.7934 0.019 0.0583
0.9914 0.9909 0.77 0.798 0.0706 0.0789
0.9912 0.9907 0.7674 0.7984 0.0353 0.4900
0.991 0.9905 0.7658 0.7966 0.0353 0.0819
1.0103 1.0133 0.0333 0.0681 0.1121 0.1070
1.0085 1.0115 0.0869 0.0949 0.2754 0.1960
1.0037 1.0067 0.1512 0.1412 0.2185 0.1650
1.0023 1.0053 0.1178 0.1047 0.1061 0.0763
1.0019 1.0049 0.1062 0.1082 0.0707 0.0401
1.0012 1.0042 0.0922 0.0893 0.0353 0.034
1.0007 1.0037 0.079 0.0817 0.056 0.0432
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Voltage magnitude Voltage angle Active power

Actual value Estimated value Actual value Estimated value Actual value Estimated value

1.0022 1.0052 0.1153 0.1045 0.0353 0.0458
0.9999 0.9997 0.3782 0.3943 0.5958 0.6099
0.9895 0.9893 0.7269 0.7336 0.5592 0.5892
0.9879 0.9877 0.7468 0.7607 0.4464 0.3546
0.9861 0.9859 0.792 0.7752 0.3896 0.3329
0.9855 0.9853 0.8185 0.7587 0.3333 0.2399
0.9844 0.9842 0.8791 0.9708 0.2767 0.191
0.9837 0.9835 0.9476 0.9529 0.241 0.1799
0.9833 0.9853 0.9843 0.9691 0.3055 0.259
0.9828 0.9848 0.9785 0.9542 0.1992 0.1734
0.9826 0.9846 0.9776 0.9731 0.1852 0.0642
0.9813 0.9833 0.9767 0.9769 0.0647 0.0547
0.9811 0.9831 0.9952 0.9612 0.0353 0.0228
0.981 0.983 0.9936 0.9689 0.056 0.597
0.9877 0.9897 0.7418 0.7508 0.056 0.0349
0.9856 0.9876 0.778 0.7337 0.056 0.0441
0.9841 0.9861 0.8715 0.851 0.1061 0.0949
0.9824 0.9844 0.9664 0.9679 0.0707 0.0426
0.9816 0.9836 0.9487 0.9452 0.0353 0.0449
0.9815 0.9835 0.9462 0.9484 0.0353 0.0351
0.9815 0.9835 0.9446 0.9622 0.1202 0.0851
0.9801 0.9821 0.9464 0.9526 0.0847 0.0682
0.9792 0.9812 0.9269 0.9287 0.0493 0.0350
0.9788 0.9808 0.9156 0.9152 0.014 0.0102
0.9787 0.9807 0.9136 0.9145 0.0293 0.0241
0.9811 0.9831 1.0191 1.0171 0.1185 0.0865
0.9814 0.9834 1.0328 1.0218 0.0924 0.1484
0.981 0.983 1.0244 1.0933 0.056 0.0560
0.9807 0.9827 1.018 1.008 0.1478 0.1176
0.979 0.981 0.9684 0.9649 0.0914 0.803
0.9786 0.9806 0.9579 0.9589 0.056 0.0515
0.9782 0.9782 0.9501 0.9458 0.056 0.0573
0.9787 0.9787 0.9606 0.9581 0.014 0.0222
0.9813 0.9813 1.0309 0.998 0.3765 0.0383
0.9906 0.9906 0.744 0.8056 0.3202 0.3461
0.9889 0.9889 0.8173 0.848 0.056 0.0573
0.9888 0.9888 0.8147 0.8397 0.2635 0.2590
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Voltage magnitude Voltage angle Active power

Actual value Estimated value Actual value Estimated value Actual value Estimated value

0.9882 0.9882 0.8737 0.8609 0.1122 0.1160
0.9873 0.9873 0.8534 0.8427 0.056 0.0610
0.9868 0.9868 0.8395 0.8329 0.215 0.2248
0.9878 0.9878 0.8733 0.8455 0.2009 0.2309
0.9866 0.9866 0.8747 0.8649 0.07 0.0710
0.9865 0.9865 0.8715 0.8563 0.056 0.0562
0.9864 0.9864 0.8689 0.8547 0.1307 0.1316
0.9861 0.9861 0.8835 0.8567 0.0393 0.0312
0.9861 0.9861 0.9217 0.8926 0.1477 0.1431
0.9846 0.9846 0.8816 0.8657 0.0914 0.0814
0.9841 0.9841 0.8712 0.8594 0.0353 0.0351
0.9839 0.9839 0.8664 0.8562 0.056 0.036
0.9861 0.9861 0.8809 0.8593 0.0915 0.0851
0.985 0.985 0.8947 0.878 0.056 0.0554
0.985 0.9846 0.8909 0.8755 0.0353 0.0345
0.9847 0.9843 0.8859 0.8735 0.056 0.0555
0.9838 0.9834 0.8635 0.8538 0.014 0.0141
0.9865 0.9861 0.8712 0.8565 0.056 0.0561
0.9912 0.9908 0.7424 0.8023 0.0353 0.0350
0.986 0.9856 0.8786 0.8584 0.1617 0.2101
0.9901 0.9897 0.7403 0.7621 0.1054 0.1317
0.9897 0.9893 0.7308 0.7509 0.056 0.059
0.9896 0.9892 0.7295 0.7494 0.0493 0.0632
0.9892 0.9888 0.7174 0.7341 0.014 0.0150
0.989 0.9886 0.714 0.7286 0.0896 0.0410
0.9921 0.9917 0.787 0.7943
Table 3.

Results of distribution system states obtained from EKF method.

values, it can be observed that the estimated values closely approximate the actual
values. This demonstrates that the proposed state estimation method is highly effi-
cient and robust, with minimal errors. Numerical analysis reveals that the EKF
approach is slightly more accurate than WLS. However, it should be noted that the
EKF utilizes both past and present measurements, whereas WLS only considers mea-
surements from the current time-step. Therefore, intuitively, the EKF should
outperform WLS if its underlying process model hypothesis is correct.

A comprehensive comparative analysis is presented in Table 4. The results from
the table unmistakably indicate that the proposed method substantially improves the
accuracy of DSSE when contrasted with conventional approaches. Particularly
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Ref. Proposed Method to solve Model No. Maxerrorin Max errorin
system of p- busvoltage  bus voltage
PMU magnitude angle (%)
(%)
[1]  Three-phase 13- Modified Krawczyk  Mixed integer 4 2.510 3.281
bus distribution  operator algorithm non-linear
system optimization
model
[2] Three-phase Safety barrier Non-linear 11 2137 3.485
IEEE 33-bus interior point optimization
distribution optimization model
system method
[3] Three-phase Weighted least Linear 12 2.568 —
IEEE 34-bus square method optimization
distribution model
system
[4] Three-phase Hybrid PSO with Non-linear 13 1.508 1.602
IEEE 37-bus chaotic optimization
distribution  gravitational search model
system algorithm
[5] Three-phase Safety barrier Non-linear convex 24 3.381 3.972
IEEE 69-bus interior point optimization
distribution optimization model
system method
This Three-phase 85- Weighted least Nonlinear model 30 1.980 2.750
ref.  bus distribution square method with Taylor series
system approximations
Table 4.

Comparison of optimal solutions in different test systems.

noteworthy is the observation that the proposed method yields significantly lower
maximum errors in bus voltage magnitude and voltage angles compared to alternative
methodologies, emphasizing its superior performance.

6. Conclusion

Conclusion: This chapter presents a unique two-stage programming model. In the
first stage, a strategy is formulated for the optimal placement of p-PMUs, aiming to
minimize installation costs while maximizing measurement redundancy and system
observability, especially in the presence of PZINs. Following this, the second stage
introduces an innovative DSSE model. This model employs the Taylor series approach
for approximation, enabling the linearization of non-linear functions related to active
and reactive power. The innovative nature of this approach ensures a comprehensive
state estimation of the network, setting it apart from existing DSSE techniques. Fol-
lowing that, the linear DSSE problem is tackled using the WLS method to ascertain the
states of the proposed system. Furthermore, the proposed method for distribution
system state estimation, utilizing the EKF approach in addition to the WLS method,
demonstrates high efficiency and robustness with minimal errors, as evidenced by the
closely approximated estimated values to the actual values obtained from the
backward-forward power flow method. Numerical analysis reveals the slight

86



Perspective Chapter: Optimiging p-PMU Placement for Estimating Asymmetrical...
DOI: http://dx.doi.org/10.5772 /intechopen.1004520

superiority of the EKF approach over WLS, attributed to its utilization of both past
and present measurements, thus enhancing performance, particularly in scenarios
where its underlying process model hypothesis holds. In essence, the suggested state
estimation technique is put to the test in a practical case study conducted within the
Matlab simulation environment. The results obtained from simulating an 85-bus dis-
tribution network highlight the approach’s suitability for large-scale systems,
underscoring its effectiveness and precision. Summarily, the conclusions derived from
the simulation findings can be succinctly outlined as follows:

i. The proposed model is designed with the primary objective of minimizing the
required p-PMUs, leading to cost-effective installations, increased
redundancy in measurements, and enhanced observability, particularly in the
presence of PZINs and diverse contingencies.

ii. The results of the investigation demonstrate that the proposed model
provides a dependable, resilient, sufficiently accurate, and stable state
estimation in distribution systems incorporating DGs, all accomplished with a
minimal quantity of p-PMUs.

iii. The applicability of the proposed model extends seamlessly to any
distribution system, regardless of its size, structure, load level, or the nature
of distributed energy resources involved.

iv. This initiative is expected to elevate SA and ensure the dependable operation.

v. The strategic deployment of p-PMUs has been demonstrated to enhance CPU
timings, thereby optimizing the computational efficiency of the system.

vi. The results of the numerical experiments underscore the significant impact of
the asymmetrical structure of distribution networks on real-world operations.

This highlights the importance of taking into account techniques for single-
phase state estimation.
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Nomenclature

i,j Bus index

n Phase index

m Measurement index

w,Vv The price of both three and single-phase u-PMU

X; The amount of binary variable is 1, if a three-phase p-PMU exist at node j

P The amount of binary variable is 1, if a single-phase p-PMU exist at node j
and phase #

a’ The (i,§) member of the incident matrix associated with phase #

)
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Y5 An auxiliary binary variable
Z} The amount of binary parameter is 1, if a ZIN exists at node j and phase 7
off? The amount of binary parameter is 1, if node i of phase # is off
ZB! The amount of binary parameter is 1, if a ZIN exist at the end node j and
phase #
ZBR” Binary parameter, it is 1, for phase n of PZIN j that is also an end bus
j yP p J
R} Binary parameter, it is 1 for phase 7 of non-critical end bus i
wy Weight coefficient
e Vector of measurement errors in m dimensions
z Vector of measurements in m dimensions
x Vector of states in n dimensions
h Function for measurements
Iy Currents in different phases
AV Voltage drop between nodes i and j for phase m
Y Matrix of admittances
S Flow of complex power

o Voltage angle at the ith bus and mth phase
\%4 Voltage magnitude at the ith bus and mth phase
G"

,B" Conductance and susceptance in the admittance matrix
Py Active power flow in phase m
g‘ Reactive power flow in phase m
) Constraints of equality
v Constraints of inequality
Fr Objective function for the first stage
Fs Objective function for the second stage
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Chapter 5

Perspective Chapter: Approximate
Kalman Filter Using M-Robust
Estimate Dynamic Stochastic
Approximation with Parallel
Adaptation of Unknown Noise
Statistics by Huber’s M-Robust
Parameter Estimator

Branko Kovacevic, Zoran Banjac and Tomislav Unkasevic

Abstract

The problem of designing a feasible adaptive M-robustified Kalman filter in a case of a
thick-tailed Gaussian environment, characterized by impulsive noise-inducing observa-
tion and innovation outliers, and/or errors in mathematical model-inducing structural
outliers, has been considered. Firstly, the time-varying criterion is used to generate a
family of dynamic stochastic approximation algorithms. The M-robust estimate stochastic
approximation is derived by minimizing the minimum variance criterion, the estimates of
the latter being combined with the one-step minimum mean square error prediction to
design M-robust estimate Kalman filter. Finally, the latter is combined with the Huber
moving window M-robust parameter estimator of the unknown noises statistics, in par-
allel with the M-robust state estimation to design an adaptive M-robust estimate Kalman
filter. Simulated maneuvering target tracking scenario revealed that the proposed adap-
tive M-robust estimate-based Kalman filter improves significantly the target estimation
and tracking quality, being effective in suppressing multiple outliers with contamination
degrees less than thirty percent. Moreover, the achieved improvement comes with addi-
tional computational efforts. However, these efforts are usually not significant enough to
prevent real-time application.

Keywords: Kalman filter, adaptive filter, non-linear filter, non-Gaussian noise,
impulsive noise, outliers, robust estimation, target tracking

1. Introduction

An optimal estimate of a stochastic variable, or a stochastic process, using noisy
measurements, is the one that maximizes, or minimizes, a suitable performance
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index, the examples of the latter being least squares (LS), maximum a posteriori
probability (MAP), maximum likelihood (ML), minimum variance (MV), minimum
mean-square error (MMSE), least absolute value (LAV), etc. [1-5]. Moreover, the
optimization criteria usually depend on suppositions upon the statistical performance
of the system parameters and/or states that have to be estimated. One of the most
important contributions to the estimation field, significant from both theoretical and
practical perspectives, is the Kalman filter (KF), [1-5]. However, if the system
dynamics, and adjoin measurements, are under the influence of severe nonlinear
effects that may not be linearized adequately, and/or the noises are thick-tailed
Gaussian distributed, KF deteriorates its performance, and even ceases to work [6, 7].
In such situations, it may be obtained bounded estimation error, in the statistical
sense, by utilizing the dynamic stochastic approximation [8]. Therefore, the dynamic
stochastic approximation performs quite well in various practical problems, involving
optimization, state, and parameter estimation, as well as pattern recognition and
classification, [9-12].

Additionally, in numerous practical situations, the real noises are thick-tailed
Gaussian distributed, generating rare but high-intensity samples, named observation
and innovation outliers, corrupting the mostly normally distributed measurements.
The third type of outliers, named structural outliers, is caused by errors in a mathe-
matical model, such as unmodeled system dynamics, time-varying bias, computa-
tional errors, etc. However, since KF is a linear signal processor that linearly
transforms observations to calculate the system state updates, it is susceptible to
outlying samples, being not robust. Therefore, it is of interest to design a robustified
modification of the optimal KF, being able to manage a local not Gaussian noise
vicinity, typified by impulsive disturbances inducing unavoidable outliers [13-18]. In
such situations, robust methods of mathematical statistics produce appropriate
tools to cope with outliers for reducing their influence on the estimation quality
[19-26]. Moreover, the Huber’s approximate maximum likelihood, or M-robust,
approach is commonly applied by practitioners [21]. The history of research
activities in the field of robust system parameter and/or state estimation
through the application of different schemes, combining the Huber M-robust
estimator and the LS, or KF, techniques, is pretty long, and many articles are
devoted to these topics [17, 18, 27-37]. Thus, the emphasized solutions can be
divided into two classes. The first one contains the batch processing, off-line, or non-
recursive estimation procedures, in which the KF state estimation formulation is
transformed to an adjoin parameter regression problem, the latter being resolved by
utilizing the Huber M-robust approach [28-32]. The so attained robust procedure
requires an iterated numerical method, such as the classical Newton method or its
appropriate modification, as well as iterated reweighted LS [24, 25, 29-32]. Here, the
robustness feature is obtained using simultaneous processing of predictions and
observations, making the procedure efficient in reducing the effects of outliers, but at
the cost of larger numerical efforts. Another class contains the recursive, sequential, or
online parameter and state estimators, due to practical requirements for the fast
computations in real-time signal processing. These estimators represent a good trade-
off between the computational complexity and estimation quality [13-18, 33-37].
Particularly, it was proposed, in the recent past, an approximate KF, where the
M-robust estimate dynamic stochastic approximation is used for the measurement
update [17, 18]. Unfortunately, the M-robust scheme lacks sufficient adaptability,
having a lower quality upon the pure normally distributed observations, but may also
degrade its performance otherwise [17, 18, 27, 33-37]. Therefore, an adaptation to the
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local stochastic environment is needed. An appropriate approach to solve this prob-
lem, utilizing a combination of both the dynamic stochastic approximation and gen-
eral time-varying M-robust criterion, together with the parallel Huber’s moving
window M-robust parameter estimator of the first and second-order unknown obser-
vation and state noises statistics, has been presented in this manuscript. The organi-
zation of the manuscript is the next. An overview of the KF and brief presentation of
the robustness concepts are given in Chapter 2. Chapter 3 considers a design of the M-
robust estimate KF. Chapter 4 is devoted to designing an adaptive M-robust estimate
KF. The proposed approach combines the M-robust estimate KF and the Huber’s
moving window M-robust parameter estimator of unknown noise statistics. Simula-
tion results that illustrate theoretical derivation, and demonstrate clearly the merits of
emphasized adaptive M-robust estimate KF, using the real-life maneuvering target
tracking example, are given in Chapter 5. Concluding remarks are presented in
Chapter 6.

2. Overview of Kalman filtering technique

The optimal KF performances hold on to the recursive linear structure and the
minimum variance procedure for calculating the gain sequence. Implementation of
the optimal KF assumes both the system dynamics and adjoin measurement processes
to be given by the linear, discrete-time, and state-space representation

X1 = Fexp + Gewps v, = Hixp + g ¢))

where x;, is the n x 1 system state, y, is the » x 1 multidimensional observation, wy,
is the m x 1 state noise, and v}, is the r x 1 observation noise, at the discrete-time, k.
Furthermore, the sequences, {v;} and {w}}, are the zero-mean white stochastic dis-
turbances, being mutually uncorrelated, as well uncorrelated with the random initial
state, xg, with the mean value, m, and the covariance, Py, that is

et )< [ L o[ mr) 0

where E{-} is the mathematical expectation, and 8; is the Kronecker’s delta symbol
(6 = O for k # j and &; = 1 for k = j). Here, F}, is the n x n state transition matrix, Gy
is the # x m state noise transition matrix, and Hj, is the » x n observation matrix.

Let %/; = E{x|Y’}, (j = k — 1, k), with E{-|-} being the conditional mathematical
expectation, represent the optimal LS estimate of the present state, x;, upon the

observation set ¥/ = {y,,i <j}, while P}, ; = E{ (o0 — Zpy) (o0 — &kU)T} designating the

underlying error covariances. Then, the optimal KF relations are given by [1-5].
time update (prediction):

K1k = Fakigis Perae = FePepFf + GeQi G, (3)
measuvement update (estimation, filtering):
X/ = Xjk—1 T Keers & =y, — HeXe /-1 (4)
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Ky, = Pyje1HL S, s Sk = HePyjp—1H, + Ry (5)
Py = (I — KeH)Pyjp-13 Ky, = Py HE R, (6)

Thus, the filter can be initialized with
Xo/0 = E{xo} =mo = 0; Py = E{[xo — mo][xo —mo]T} =Py (7)

Here, the measurement residual, or innovation, ¢, in (4), is a zero-mean white
stochastic sequence, with the variance S, in (5).

However, since the optimal KF linearly transforms observations, the state updates
are not constrained, unless the system states are independent of the observations
when the state updates are identically zero. In this sense, the linear optimal KF is
susceptible to outliers, being not robust.

Thus, in the case of the Gaussian distributed observations contaminated by out-
liers, the two estimators are frequently used by practitioners [14, 29, 30]. In this sense,
if the observation noise pdf is given by the -contaminated Gaussian pdf

CN(-8,03,05) = (1—38)N(-0,062) + 8N (:|0,03); 0<5<1,04>> 0, (8)
then there are two possible procedures to handle outliers:

a. the standard KF treats the zero-mean Gaussian distributed observations with
the increased known variance

R=(1-6)c> +dc> 9

b. the nominal KF ignores abnormality, or outliers, and simply treats the Gaussian

distributed observations with the given nominal variance, R = o2.

In many cases of the non-Gaussian observations, the standard KF works fairly well,
while the nominal one produces bad results, and even diverges [6, 7]. However, for
complicated observation pdfs, and particularly if the non-Gaussian-ness is in a thick-
tailed variety, as in (8), giving rise to observation and innovation outliers, the stan-
dard KF performance may also be quite poor [13-18, 28-33].

Formal mathematical definitions of robustness are given in the mathematical sta-
tistics [19-23], and the four such definitions exist. The two of them are ad hoc and
data-oriented, named resistant and efficiency robustness, being preferable by the
practitioners. Furthermore, an estimate is resistantly robust if it is insensitive both to a
single outlying data point and the patchy, or grouped, ones. Additionally, some esti-
mators are efficiently robust if they produce a high performance upon both the
normally distributed measurements and normal ones under contamination, involving
observation, innovation, and structural outliers [19-21]. Therefore, the practical
robustness involves both the efficiency and resistant properties. The other two defi-
nitions, named min-max and qualitative robustness, have strong theoretical founda-
tions [21, 23]. Thus, the qualitative robustness utilizes the Hampel’s influence
function, measuring a robust estimator’s ability to cope with outliers [23]. On the
other hand, the min-max robustness holds onto minimization of the estimator worst-
case performance within the given distribution family to which the real observation
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noise distribution is confined [21]. Such optimization task is complex, and its exact
solution may be derived only for a time-invariant model when the Fisher information
is minimized [21, 27]. Thus, the robust min-max estimator reduces to the optimal ML
one, whose likelihood function is defined by the worst-case pdf. On contrary, the
Huber M-robust estimator is not quite the optimal ML one, but it approximates the
last one to achieve both the efficiency and resistant robustness performances.

A simple and efficient concept to robustify the optimal KF can be developed using
the Huber M-robust procedure. A version of this approach, based on both the one-step
MMSE prediction and M-robust estimate dynamic stochastic approximation, is
presented in the sequel.

3. M-robust estimate Kalman filtering

Although the dynamic stochastic approximation method is primarily designed to
solve parameter regression problems, it may be extended to robust estimation of the
dynamic system states, represented by (1), assuming the scalar measurements. The
vectorial observations can be handled by considering components of the observation
vector as the scalar observation, being used one at a time. Here is assumed that the
observation vector components, in (1), are mutually uncorrelated scalar random vari-
ables, yielding a diagonal covariance, R in (2), A stable numerical algorithm to diago-
nalize a symmetric covariance matrix is the Choleskey factorization, or the UD
decomposition [2]. In addition, due to simplicity, it uses the shortened notation
Kkje—1 = Xk»> Xkfe = Xk> Prj—1 = My, and Py, = Py. In this sense, one can define the
time-varying functional of the scaled innovations, representing the M-robust optimi-

zation criterion
_ e (Xr) \ |
Ji (%) E{ﬂ(E—k)) ‘xk,Yk} (10)

Here, E{-[xy, Y*} is the conditional mathematical expectation given the current
system state prediction, Xj, and the measurement set, Yk = {yl, s yk}, where p(-)

is Huber’s robust score function

Alz| — A%/2; 2| > A , .
o) = {zz'fl; B =) = min(el d)sge)

that has to cut off the outliers, while y is the influence function, that determines
the estimator’s ability to reduce the effects of different outlier types, including the
observation, innovation, and structural outliers [17-19, 22-26]. Here, the saturation
threshold, A, is a tuning parameter, providing for the required efficiency upon the
pure Gaussian distributed observations, in (8) with § = 0.

Using step-by-step minimization of the M-robust criterion (10), one generates a
family of the recursive gradient-type algorithms

X = Xp + Tig, (Kk)3 2, (Xe) = — Vi (%) (12)

where VzJ,(-) is gradient vector of the optimization criterion in (10), while the
innovation or measurement residual, ¢, is given by
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&, = S(Q_Ck) =Y, — H;x.;S, = E{&’k&{} = HkMkHZ + Ry;s, = Sll/z (13)

with S;, being the residual variance, with the corresponding standard deviation, s;.
Taking into account (10) and (11), one obtains the gradient vector expression

V() — 2R 1E{w(8k>

OX}, Sk Sk

X, Y* }H,Z (14)

However, the expectation, in (14), is undeterminable and may be represented
approximately by the current sample, producing the stochastic gradient relation

1 £
m = —S—kw(—k)H,Z (15)

Thus, by replacing (15) with (12), one gets
N _ _ 1 T €k
X, =xp, —Imy, =X, +—Fkal;/ — (16)
St Sk

with s, being the normalizing, or scaling, factor, in (13).

The gain sequence, I';, in (16), has to supervise the convergence rate. Therefore, to
link the M-robust dynamic stochastic approximation method (16), and the optimal
KF, in (3)-(6), an additional approximate MV optimization criterion is adopted

J1(T) = Trace Py; P, = E{&p (+)X}, (+) }s % (+) = x5, — % (17)
with Py, being the underlying error covariance, while the matrix Trace is the sum of
its diagonal components. The posed optimization problem, in (17), is a complex one
that cannot be solved exactly, and a suboptimal solution has to be derived. Thus, the
relation (16) can be rewritten in a recursive weighted LS form, being equal formally to
the KF time-update (4), that is
%, = Xy, + Kpeps Ki = s, 2o D HY (18)

with the robust weighting, normalizing, or penalty, term

wlen/s) fore, # 0ands, # 0

wjp = Ek/Sk (19)
1 fore, = 0and/ors, =0
The prediction error, X(—), is given by (1) and (3), from which it follows
(=) = % — X = Fr1Xp—1(+) + Gr_qwp—q (20)

where, due to (18), (13), and (1), the estimation error, X;(+), is determined by
92'1@(4—) = Xk —5ck Zfék(—) —I(kaDzk(—) —I(kl}k (21)

with {wy,} and {v,.} being the state and observation noises sequences of the zero-
mean uncorrelated random variables, in (1) and (2). Under the initial guess (7), one
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concludes, by the mathematical induction, that the errors (20) and (21) are unbiased.
Furthermore, under the assumption (2), the estimation errors and the noises are
mutually uncorrelated, yielding

E{%(—)} = 0; E{%(+)} = 0; E{f(+)w] } = 0; E{&x(—)v} } = 0 (22)

Taking into account (20) and (22), one concludes that the covariance, My, is
defined by the KF Eq. (3), yielding

M, = E{xx(—)x{ (=)} = Fr-1Pe—1F}_1 + Ge-1Q;_1Gi_, (23)

Moreover, it follows from (2), (21), and (22) that the error covariance, P, in (17),
is given by

P, = E{&(+)%} (+)} = My — KpHpM;, — MpH{ K] + ReK K (24)
By substituting (18) into (24), the relation (17) reduces to
J1(Tr) = Trace M, — ngza)kTmce I“kaTHkMk + s,;4a),%RkTmce FkH,szFk (25)

After applying the partial derivation, based on the rules to partial derivation of

trace of matrices product, [1, 4].
2 TraceBAC = B'C"; % TraceABA" = 2ABif B = B"
one obtains from (25)

1 (T)
o

= 25 2w M,H Hy, + 25, * o R T HI Hy, = 0 (26)

Additionally, due to (11), the term wy, in (19), can be approximated by only the
zero and unity values, yielding w;,’~wy, from which it follows

d/1(T%)
or,

= =25, 2w (M), — 5, "R )H H), = 0 (27)
Moreover, from (27) and (13), one gets
Ty = spR, "My, = (R,'HpMH] + 1)M~M,; siR, '~1 (28)

The approximation of I', by M, is based on the following reasoning: in saturation
region of the y nonlinearity (11), indicating the outliers presence, the observation
noise variance, Ry, in (9), has a huge value. On contrary, in linear segment of the y
nonlinearity, indicating the outliers’ absence, the M-robust filter (18) reduces to the
optimal KF, (3)-(6), yielding a low prediction error covariance M. Applying (28),
(18), and (24), one gets

Py = My, — 25,2 wp M H] HyM,, + Rys;, * of M HL HM~M;, — 53, >0 M HL H, M, (29)

Taking into account (18), the expression (29) reduces to the optimal KF Eq. (6),
that is

Py = (I — Ky Hp)My; Ty, = My; Ky, = 5, >0 M HY ; Ky = R PLHL R, (30)
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Additionally, derivation of the fourth equation for the gain K, in (30), is based on
the matrix inversion lemma [1, 4]. Thus, by substituting S, from (13) into the third
equation in (30), one obtains

Ky, = axMHT (HeMHT + Ry) (31)

Furthermore, by replacing (31) with the first equation in (30), and taking into
account the approximation w}~w, one obtains

a)kMkHZHka)kMk
kakMkHZ + @Ry,

wpPr = wp M), — (32)

After application of the matrix inversion lemma, stating that the relation.
T T -1
P, = P, — P,HT (HP,H” +R) 'HP,
can be represented in an alternative form
P,'=P'+H'R'H
the relation (32) reduces to
Pt =M, + H{R,*Hy; P, (M}, " + HI R, 'Hy,) =1 (33)
where I is an identity matrix. Using (33), the relation (31) can be rewritten as

P, (M, + HI R, "Hy ) e M H

= wpPLHI R 34
HMHT + R, ki (34)

K, =

being identical to the fourth relation, in (30). In accordance with the optimal KF,
the derived M-robust estimate KF has the next recursive form.
time update (prediction), (3), (23):

X1 = Fp&p + Gyig; M1 = FyPyFy + GuQ,Gi 3wy, = E{wy.} (35)

measurvement update (estimation, filtering), (11), (13), (18), (19), (30):

X = X, + Krep; & =V, — Hpxp, — 030 = E{l}k} (36)
w(er/se)
—=% for Oands 0
Sk = S]% = E{Sk&’g} = HkMkHZ + Rk; ) — ek/sk €k 7& k 7& (37)
1 for e, = 0 and/ors, =0
Ky = 53 *op M H; Py = (I — K Hyp)My; Ky, = o, PLHI R, (38)

where, due to the assumption (2), w, =, = 0.

There is the same ad hoc logic in the M-robustified KF gain calculation, in (34) or
(38), and calculation of the KF gain, in (6). Thus, taking into account that the
weighted factor w, in (19) and (37), approximates the slope, or the first derivative, of
the y nonlinearity (11), one concludes that w(z)~1 if |z| <A, while w(z)~0 if |z| > A. In

100



Perspective Chapter: Approximate Kalman Filter Using M-Robust Estimate Dynamic Stochastic...
DOI: http://dx.doi.org/10.5772/intechopen.1004294

this sense, for those measurements being confined to the linear region of y non-
linearity, indicating the Gaussian distributed observations, value of the factor o is
closed to the unity value, and the expression (34) approximates properly the optimal
KF gain, in (6). Furthermore, upon the saturation region of y non-linearity, indicating
the outliers’ existence, the factor w is zero-valued, resulting in a low robust gain K, in
(34), the value of the latter being produced a low value of the state update, in (18) and
(28). This, in turn, reduces the effects of multiple outliers.

The application of the KF needs the state and observation noise statistics, in (1)
and (2), to be known in advance. However, these requirements may be not fulfilled in
practice, due to modeling errors, inducing structural outliers, as well the presence of
innovation and observation outliers, [17, 18, 28-30]. A suitable approach to designing
an adaptive modification of the emphasized M-robust estimate KF, in (35)-(38),
based on the Huber moving window M-robust parameter estimator of unknown
disturbances statistics, is considered in the next chapter.

4. Adaptive M-Robustifying Kalman filtering with unknown
noise statistics

In various practical examples, components of the vector-valued measurements
may be processed one at a time, so that the observations, in (1), become scalar random
variables. Since the true system state is unknown, the observation noise sample, v,
cannot be estimated by (1). However, an intuitive approximation of the observation
noise sample, v, is given by the scalar random variable

e =9, — HpXp, (39)

where %}, is the M-robust state estimate, in (35)-(38). Taking into account (1), (2),
and (22), one gets further

e = Hp(x, — Xp) +vp = HpXp + 037 = E{rp} = E{vr} =0y, (40)

where %}, is the robust estimation error, in (17). In addition, taking into
account (2), (22), and (40), the variance of the real scalar random variable, 7, is
given by

V,,(k) = E{[Vk — ?k][rk - 7k]T} = HkE{kaDEZ}HZ +E{[vk - 71@}2} = I‘IkPkI‘I]Zw + Ry,
(41)

where P, is the error covariance matrix, in (17). Therefore, if the first and second-

order moments, 7, and V,(k), are somehow estimated, say by #, and Vy(k), one can
estimate further 9}, and Ry, from (40) and (41), respectively. In this sense, one obtains
the following estimates for the observation noise statistics (men value and variance)

ﬁk = f’k;kk = ‘Vr(k) — HkPkH]Z‘ (42)

where Py, is generated by the M-robustified KF, (35)-(38). Here, |-| denotes the
absolute value to prevent the negative variance estimates, due to possible numerical
errors in applications.
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Let us assume further, due to simplicity and clarity, that the state noise sample, w;,
in (1), is a scalar random variable, as it is frequently fulfilled in tracking applications,
[38-40]. In addition, if the system under consideration is a single input - single output
(SISO), and the corresponding state-space model (1) is presented in the controllable
canonical form, G in (1) is the # x 1 column vector, with zero-valued components,
except the last one that is unity valued, [4]. Thus, the random input, or state noise
sample, wy, is a real scalar random variable. Moreover, the state noise sample, wy, can
be estimated from the state Eq. (1), when the unknown random states, xj1 and x,
are replaced by the two successive robust estimates, %, and X, in (35)-(38). A such
obtained state noise sample estimate represents a scalar random variable

G = Te(es1 — Fidn); Te = (GIGr) Gl GIG = 1 (43)
The relation (43) can be rewritten in an alternative form
9, = Te(Xp11 — FrXpe — Xpq1 + Xe1) (44)
which, after replacing (1) with (44) reduces to
G = Te(—Xps1 — FrXp, + Gpwy); X = Xp — Xy, (45)
Taking into account (1), (2), and (22), further follows that the unknown mean
value, Wy, of the state noise, wy, is equal to the mean value, 7, of the random variable,
q, that is
g, = E{qk} = TGrE{w;} = wp; TeGr = 1 (46)

Moreover, variance of the random variable, g, in (43), is defined by

Vy(k) = E{ [ _%]2} = E{ (9 — 7] [, —%]T} (47)

Bearing in mind (1), (2), and (22), and by substituting (45) and (46) into (47),
one gets

Vq (k) =T} [Pk+1 - FkE{fckfckTH} - GkE{[wk - wk]gzlz+l} - E{fckﬂfckT}FZ

~ _ _ (48)
FFWPAE] — E{gialwr — 0]} G] + GE{ wy — i) }GF | T

Furthermore, by substituting the prediction error, in (20), for the estimation error,
in (21), one obtains the estimation error recursion

X1 = ([ — KpyrHp1)FrXp + (I — Ky Hp 1) Gr[w — W] — Kpqa [V — Dr41]  (49)

from which it follows
FLE{%x] 1} = FaPeFL (I — Kiy1iHpsr) s E{Rpga[wi — i)} = (I — Kier1Hi1)GrQ,
(50)

Furthermore, by substituting (50) into (48), together with using the expressions
for the error covariances, M}, in (23), and, P, in (30), one gets

102



Perspective Chapter: Approximate Kalman Filter Using M-Robust Estimate Dynamic Stochastic...
DOI: http://dx.doi.org/10.5772/intechopen.1004294

V,(k) = T (=Pps1 + FLPeFL) Ty + Q (51)

Therefore, if §, and V, (k) denote some estimates of the unknown mean value, g,
in (46), and the variance, V, (k) in (51), respectively, one can estimate the unknown
first and second-order state noise statistics, ), and Q,, by the following equations

Wy = 433 Qp = |Vi(k) — Th(—Pysq + FrPuFL)TT | (52)

Relations (42) and (52) are still valid for the KF, in (3)-(6), since the expressions
for the state prediction, X, prediction error covariance, M}, state estimation update,
X1, and estimation error covariance, Py, are given by the identical equations to the M-
robust estimate KF, in (35)—(38). Thus, the derived relations, (42) and (52), can be
applied to designing not only an adaptive M-robustified KF but also to designing an
adaptive linear optimal KF.

Next, to calculate the unknown observation noise statistics, in (42), as well as the
unknown state noise statistics, in (52), a scalar constant parameter estimation problem
has to be considered. Thus, let us consider a real scalar random variable, R, generating
the independent and identically distributed (iid) samples, 7;,i =k — L +1, ..., k, in
(39), being stored in a one-step moving window of the size L at the present stage, k.
Using the empirical samples, the mean value, or the location parameter, 7, = msx, and
the variance, V,(k) = Vg, related to the random variable, R, has to be calculated at
each stage, k. Unfortunately, analogously to the linear optimal KF, the commonly used
sample mean and sample variance are not robust, [19-22]. Therefore, the Huber
moving window M-robust parameter estimator is proposed as a robust alternative to
the sample-mean and variance estimates. The Huber M-robust estimate, 7, of the
unknown mean value, 7, minimizes the robust index of goodness, being given by the
experimental sum

k 2
Jug () Z% > P(Vlgl Vk) (53)
k

i=k—L+1

where {r;} is the given sequence of observations, in (39), covering the last L
samples related to the current stage, k, and p(-) is the Huber’s loss function, in (11),
[21]. Thus, the M-robust estimate, 7, in (53), represents a solution of the nonlinear
algebraic equation, obtained from the optimality condition

k s
> w(” : k) — 0sy(x) = ) (54)

r=f  i=k—L+1 k

Ay (r)
dr

where y is the saturation nonlinearity, in (11). The scaling factor, oAik, provides for
the scale-invariant characteristic of the M-robust location parameter estimator, in (53)

and (54). Although ad hoc, a popular robust estimate, o?k, is the median of the absolute
median deviation (MAD)

Elk = median{r; — median(r;)}/0.6745;i =k — 1+ 1, ...,k (55)

being defined on a one-step moving window of the size / [19, 21-25]. The divisor
0.6745 is taken since upon large enough sample size, /, and if the samples belong to the
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Gaussian pdf, then d, is equal approximately to the true variance, o, = Vg, [21].
Furthermore, the proposed procedure of choosing d;, indicates a suitable choice of the

saturation threshold, A, in (11). Since, Zlkzcm, the free parameter, A, is commonly
chosen to be some number about 1.5. Such estimate is named the Huber 1.5-M-robust
parameter estimator [21]. The Eq. (54) is non-linear, and an iterated numerical
algorithm is requested [21, 24, 25]. However, an approximate weighted LS approach
results in a one-step suboptimal solution

L ri — 7o
w| ==
k Y. wior dy, ZZ;AO dr 47
SN kL1 i ——’:d, and r; # 7o
D wiolri — )O3 = 71, = ——=———;wi0 = ri—to '
i=k—L+1 Z 7 Zik
i=k—L+1 . R
1; dr, = 0and/or7r; =7

(56)

with 7y being an arbitrary initial guess [25, 29, 30]. Particularly, when cAik =V,
the asymptotic variance of M-robust location parameter estimator (53), (54) is
given by [21].

VREy? | 5Lt
V. =Llij§°E{L(17L —?)2} EM;VVVZ%W =Vx (57)

A natural estimate of V,, in (57), is obtained when the undeterminable expectation
is approximated by the average sum, together with the MAD estimator (55) for the
scaling factor calculation at each stage, k. Thus, the unknown variance, V, (k) in (42),
may be estimated by the Huber’s moving window M-robust parameter estimator

~2 R
1\k 2 | ri=
dy {Z Dick-LW { ;ikk} }
i\L 7| ri=Te 2
T2 ich—L 1V 7
Moreover, if () is the linear function, the variance estimate (58) reduces to the

sample variance.
The M-robust parameter estimator, in (55), (56), and (58), is used to calculate the

nuisance estimates, 7, and V, (k), the estimates of the latter are used to calculate the

V,(k) = (58)

requested observation noise mean value, 9y, and the variance, R, from (42). The

state noise sample estimates, ¢, in (43), has to be managed simultaneously with the
observation noise samples, 7, in (39). Thus, an additional one-step sliding frame of

the size L has to be used, covering the last L samples, q,,i =k —L + 1, ..., k, at each
stage, k. Again, the Huber moving window M-robust parameter estimator, in (55), (56),
and (58), is used to estimate the nuisance parameters, 4, and Vq (k), the estimates of the
latter are applied to calculating the required state disturbances statistics, 0}, and Q,,,
from (52). The proposed adaptive estimation scheme needs an additional memory and
shifting operations upon the sample estimates, 7; and g;, within the given sliding data
frames of the length L. Thus, the samples 7,_; and g, _, are dropped when the current
samples, 7, and g, are stored in the current sliding data frame.
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It should be noted that the robust MAD estimator, in (55), may be also used to
estimate the variances, Vr(k) and Vq (k), but the robust estimator (58) represents a
better solution at the expense of increased computational requirements. Another
alternative estimator to calculate robustly the variance may be found in the statistical
literature [19-26]. These solutions use primarily some influence function, being non-
decreasing near the origin, but decreasing toward zero from the origin, named
redescending influence function. However, the underlying M-robust estimators may
not have a unique solution, requiring a brief choice of the initial conditions, being
generated, for example, by the Huber’s robust estimator. Furthermore, during the
filter initial steps, the disturbance sample estimates, (39) and (43), may represent bad
indicators of the stochastic surroundings. Therefore, a fading memory method,
weighting the successive disturbance sample estimates, 7, or g,, by the growing factor

g =(k—L)(k =L -1)..(k =L —y)/ksk=L,L+1,..; limg, =1 (59

can be applied to delay the individual noise sample estimates, 7;, and g,,, over the
first y steps [15, 30]. Moreover, during the filter initialization, the first L noise sam-
ples, 7, and q,, may be generated by using the Gaussian random number generator,

with zero-mean and the corresponding variances, Ry and QO, the values of the latter
being used to define the fixed scaling factors at the initial data frames. It should be
noted that in most applications, the mean values of observation and state noises are
zero-valued, and there is no need to estimate these noise statistics. In such a case, the
mean value estimates 7} and g, in (55) and (56), are used only to calculate the

variance estimates, V), and Vq, by (58), the estimates of the latter are used to calculate
the required observation and state noise variances, using (42) and (52), respectively.

A theoretical convergence analysis of the emphasized M-robustified KF algorithm,
either adaptive or not, is complex in the technical sense, owing to both a nonlinear scaled
innovation processing and a time-varying multivariable dynamic system model. More-
over, drawing appropriate conclusions to sensitivity on multiple outliers, involving the
observation, innovation, and structural ones, as well as choice of the initial conditions and
the form of nonlinear influence function, is exceedingly challenging. Therefore, compre-
hensive Monte Carlo simulations are needed to refine the characteristics of the proposed
adaptive M-robust estimate based KF and to bring appropriate conclusions.

5. Simulation results

A requirement for simple filters in real-time applications implies the desirability of
uncoupled filtering, where independent tracking is performed in each coordinate
(x,y,2) of the Cartesian Coordinates System (CCS). Particularly, three independent
KF in the CCS coordinates are utilized, each of them being based on the three-
dimensional state (position, velocity, and acceleration) representation, in (1). The
first step in simulations is to generate the nominal target trajectory. The kinematic
equations of motion, with respect to an inertial reference system, produce the true
state variables, in (1), when a desirable acceleration profile, being a piece-wise con-
stant over the sampling intervals, is adopted [40]. The so-obtained target trajectory is
used in the presented simulations, and Figure 1 depicts the actual target trajectory
projections in each of the CCS planes xOy, yOz and xOz, respectively.
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Because of a similar behavior of the actual components of three-dimensional
state vector in each of the CCS coordinates, only the z-coordinate is represented in
Figure 2, where 2y, 2, and £, are the position, velocity, and acceleration of a target, at
the k-th scan. Proceeding from a thick-tailed Gaussian behavior of the position mea-
surement probability distribution function, associated with the target glint noise
spikes, inducing innovation and observation outliers, the observation noise sequence,
{vr}, is generated as the samples from the §-contaminated normal pdf, in (8). The
random noise sample, vy, is produced by taking firstly a uniformly distributed sample,
u, in the [0,1] interval. Thus, u <6, the sample, v, is produced by the contaminating
normal pdf, N(:|0,63), in other ways, the sample, v, belongs to the nominal normal
pdf, N(:|0,62). A typical heavy-tailed glint noise record is given in Figure 3.

The position measurements, in (1), are generated at each scan, k, by adding the
previously generated observation noise sample, vy, to the true target projection on the
CCS coordinate of interest. For example, the noise sample, vy, has to be added to the
true 2;, position, in Figure 2, assuming that the 2-CCS coordinate is concerned.

The filter-world equations of motion include only the linear discrete-time state-
space representation with only the position measurement, in (1). Thus, the
corresponding system matrices take the form

1 T T*)2 0
F=FT)=|{0 1 T |[;G=|0|;H=[0 0 0] (60)
0 0 1 1

Here, T represents the constant period of sampling, and T' = 4s is used.

Radar observations commonly involve the range, 7, elevation, f, and azimuth, a,
angles, because the measurement errors are not coupled in the Spherical Coordinate
System (SCS). Moreover, these measurements, when transformed to CCS, are no
longer uncoupled, so the use of the three independent and uncoupled three-
dimensional state KF, based on the model (1) and (60), in each of the CCS coordi-
nates, may lead to less accurate filtering than it would occur if the coupled nine-

Y z
4800 3200
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2800 —
2800
1800 ! " 2400 ! ! "
900 1400 1900 x 900 1400 1900
a Z
3200
2800 +
2400 -
1500 2500 3500 4500y
Figure 1.

The actual target trajectory in the CCS planes (%, 0, y), (%, 0, z), (¥, 0, z).
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Figure 2.
The actual components of the three-dimensional state (position, velocity, and acceleration) in the z-CCS
coordinate.
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Figure 3.
Typical thick-tailed Gaussian glint noise record (6 = 0.05,0, = 1,06, = 90).

dimensional state KF is used. Thus, the emphasized procedure is a good balance
between tracking ability and computational requirements, providing also a meaning-
ful test to tracking quality in the impulsive noise vicinity inducing innovation and
observation outliers, as well significant errors of dynamic system model, due to a
target maneuver, inducing structural outliers. The state-space model, (1) and (60), is
named the constant acceleration (CA) one [40].

The implementation of the KF, robustified or not, requires the filter initialization, and
a priori knowledge of the state and observation noises statistics. The optimal KF initiali-
zation, in (7), is based on the optimal estimates of zero-mean states, in (1), when the
observations are not available. Thus, the adopted initial guesses, m¢ = 0 and Py in (7), are
the steady-state values. However, such initialization approach cannot be used for a
tracking problem, because the state vector does not reach a steady state covariance
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matrix, Po. Namely, the cumulative effects of many acceleration perturbations affect the
state vector component variances to grow with the time index, k, about their nominal
values [39, 40]. Thus, a suboptimal and reasonable ad-hoc initialization can be developed
using the two available position sensor measurements, in (1), yielding

3!
5C0|0 :.92'0 = )% 5 P0|0 = Po = diag{a%,a%,o%} (61)

0

Here, uncertainty in the initial three-dimensional state vector, in (1), is reflected in
initial values of the covariance matrix, Py in (61), where 61, 6,, and 3 denote the
standard deviations of position, velocity, and acceleration in the three-dimensional
state space model, (1) and (60). A reasonable choice is 61 = 100m, ¢, = 50m /s, and
o3 = 10m/s%, [40].

The first-order statistics of state and observation noises are commonly zero-valued
that is, ? = w = 0 in (35) and (36). The state noise variance, Q, represents a
random motion, maneuver, or acceleration entering a system between the sampling
intervals. Starting from the state space model, in (1) and (60), the variance Q can be
calculated by adopting the first-order Gauss-Markov state noise process, with the
exponential correlation coefficient, assuming that T <« 7,, where 7,, is the target
maneuver time constant. Applying further the Singer’s approach, the random
target acceleration can be generated from the mixed pdf, representing a
combination of the uniform pdf, f(#), on the interval [-A4,, A,,], with A,, being the
maximal target acceleration in both directions, and the three Dirac impulses
Pné(u+ A,), Pod(u). Here, P, is the probability of maximal accelerations, +4,,, while
Py is the probability of zero-valued acceleration. Starting from such mixed pdf, one
can calculate the random maneuver variance, afn, from which it follows the state noise
variance [40].

Q = E{w}} = 2T6%, /tm; 02, = A% (1+ 4P,, — Po)/3 (62)

Particularly, by assuming P,, = 0.1, P = 0.3; 4,, = 2¢/3; T = 15;7,, = 10s one gets
om~g, and Q~ = 0.45¢g, where the gravity constant g = 9.81m/s°.

For the limiting case, T' < 7,,, a suitable simplification to the two-dimensional-state
KF becomes valid, since the KF gains adjoin to the acceleration estimates take low
values, [29, 40]. However, the state noise must be taken to replace the omitted
acceleration term, and such model is called the constant velocity (CV) one. Addition-
ally, the limiting case, T < 7,,, is not the nominal one, and usually T >7,,, [40]. Thus,
the variance, Q, may be chosen in an ad-hoc manner, as an average Monte-Carlo value
on the tracking interval of interest, [40]. In these simulations the value Q = 0.8 is
used, being obtained as the Monte-Carlo averaging over 100 runs on the tracking
interval of 100 s.

If a radar system measures in the SCS coordinates (7, @, ), and tracks in the CCS
coordinates, a reasonable choice for the range sensor noise standard deviation, o, is
the one percentage of its output at the nominal range, R. Moreover, commonly used
standard deviations, 6, and oy, of the angular noises in the azimuth and elevation
sensors, respectively, are of the order 1 deg., or 0.017 rad, [40]. By using the trans-
formation from SCS to CCS, one obtains the following observation noise covariance in
CCS, [40]
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R, = diag [ag, o2, aﬂ ;R = TR,TT;
cosacosff  —rsinacosff —rcosasinf (63)
T = sinacosff —rcosacosff —rsinasinf
sin 0 rcosf

Thus, the position measurement noise variance, in (2), in each of the CCS coordi-
nates is given by the corresponding diagonal component of covariance matrix, R, in
(63). However, in these simulations, an alternative ad-hoc approach, based on the
measurement disturbance representation, in (8) and (9), is used. Assuming the stan-
dard deviations, 6, = 1 and 6¢ <1000, as well that the observations contain from one
to twenty-five outlier percentages, corresponding to the contamination degree from
6 = 0.01to 6 = 0.25, one obtains the observation noise variance value R, = 400, as an
average of the different values of the free parameters § and 63, in (9).

Performances of the next algorithms are compared: optimal KF (3)-(6), desig-
nated as Al; adaptive KF, combining the Al filter with the Huber’s moving window
M-robust algorithm to estimate noises moments, in (39), (42), (43), (52), (55), (56),
(58) and (59), denoted as A2; M-robust estimate KF, in (35)—-(38), denoted as A3; and
adaptive M-robust estimate KF, combining the filter A3 and the Huber M-robust
parameter estimator of unknown noises statistics in A2, denoted as A4. A filter
adaptation to the unknown noise statistics requires to adopt the lengths of the
corresponding sliding frames. A reasonable ad-hoc choices are L € [50,500], [ € [3,10]
and the forgetting factor, in (59), y <10. Particularly, the presented simulation results
are generated by using L = 250,/ =5, and y = 9. The initial guesses of the noise
statistics are chosen as #; = 0, R; = 400, 4o = 0and QO = 0.8. These constant values
of the noise statistics are also used in the non-adaptive filters Al and A3.

Simulation results, for each of the CCS coordinates, are analyzed using the cumu-
lative estimation error (CEE) factor of goodness, together with the estimated obser-
vation disturbance moments (mean value and variance), where the criterion

13 [ — xi
CEE(k):EZ;W;k:L,L+1 (64)

with ||-|| being the Euclidian norm. Since the obtained results are similar to each of
the CCS coordinates, only the results for the z-coordinate are presented in Figures 4
and 5, while the estimated observation noise mean value and variance are plotted in
Figure 6. The commonly used sample variance and mean estimates, generated at
moving frame of the length L = 250 upon the Gaussian observation noise, are com-
pared with the robustly estimated observation disturbance moments by the algorithm
A4 upon the normally distributed observations corrupted by different types of out-
liers, involving the innovation, observation and structural ones, (Figure 6). It should
be noted that the adaptive algorithms A2 and A4 provide slightly better results than
the algorithm A1, and obviously better results than the algorithm A3 under the pure
normally distributed observations in the presence of the target maneuver (Figure 4).
Moreover, the robust algorithms, A3 and A4, provide better results than the linear
non-robust ones, Al and A2, upon the presence of multiple outliers (Figure 5).

Finally, the adaptive robustified algorithm A4 provides the best results,
representing an appropriate trade-off between tracking ability and robustness
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Figure 4.
CEE criterion comparison of different estimators in the Gaussian observation noise (6 = 0), in the presence of a
targeting maneuver.
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Figure 5.
CEE criterion comparison of different estimators in the contaminated Gaussian noise (8 = 0.1), involving
innovation, observation, and structural outliers.

performance, suppressing efficiently outliers with a contamination degree less than
thirty percent, (Figures 4 and 5). Also, the estimated noise statistics by the algorithm
A4 upon the presence of outliers compare equally with the sample mean and variance
estimates upon the absence of outliers, (Figure 6).

6. Conclusion

Since the Kalman filter has a computationally attractive recursive structure for
real-time applications, it is widely used to solve the practical problems, involving
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Figure 6.

Estimated measurement noise statistics comparison of sample mean and variance estimates upon Gaussian noise,
and the algorithm A4 estimates upon thick-tailed Gaussian noise (8 = 0.1): (a) mean value; (b) standard
deviation.

system parameter identification, dynamic system state estimation, optimal and adap-
tive control, statistical signal processing, etc. In addition, numerous scientific and
industrial measurements are analyzed, in the statistical sense, and the obtained results
have indicated that the observations contain from five to ten percent of outliers, on
average, due to incomplete measurements, meter and communication errors, errors in
mathematical model, etc. In this sense, a thick-tailed Gaussian noise distribution is
followed by the two types of impulsive noises, inducing innovation and observation
outliers. The third type of outliers, named structural outliers, appears due to modeling
errors, such as unmodeled system dynamics, time-varying model bias, computational
errors, etc. Particularly, the thick-tailed normally distributed observations noise is
presented in a maneuvering target tracking, due to the target glint inducing the
innovation and observations outliers. Two characteristics of such data can be stressed.
Firstly, there exists a high-intensity spiky character of the observations and, secondly,
there is a clear low frequency, named the bright spot wonder, being produced by a
slow drift in a target gravity center, due to changes in the target aspect. The low
frequency can be efficiently suppressed in the tracking loop, but the glint spikes,
representing the observation and innovation outliers, are stuck to the tracking loop.
Moreover, a linear dynamic state space model is not adequate during a target maneu-
ver, and such modeling errors induce structural outliers. However, since the Kalman
filter is a linear signal processor, its performance can be very poor upon the outliers’
existence.

The basic objective of this manuscript is to design an appropriate Kalman filter
modification that performs fairly well upon multiple outliers. It has been demon-
strated, by a real-life maneuvering target tracking example, that the proposed adap-
tive M-robust estimate-based Kalman filter improves significantly the target
estimation and tracking quality, being effective in suppressing multiple outliers with
contamination degree less than thirty percent. Furthermore, the achieved improve-
ment is at expense of the additional computational efforts, but usually not so
demanded to preclude a real-time application. On contrary, the emphasized approxi-
mate Kalman filter may be more efficient than the least squares, or the optimal
Kalman filter. Therefore, it may be used to solve the numerous engineering problems
in which the Kalman filter, or least squares, is required. Furthermore, it may be also
used as an alternative to the other adaptive techniques, involving discrete noise levels,
variable state dimension, and interacting multiple model approaches, as well the
observation distribution estimation. Further investigations may be directed to
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propagation of the error covariances upon a non-linear form of the state updates, as
well as to the convergence, observability, and consistency analysis of the proposed
approximate filter.
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Chapter 6

Kalman Filtering Applied to
Investment Portfolio Management

Alwyn J. Hoffman

Abstract

Arbitrage is an approach to portfolio composition that times the selection of
investment instruments based on deviations between price and true value, exploiting
the expected movement of price toward true value. Pairs trading is an early form of
statistical arbitrage, exploiting temporary deviations from equilibrium for instru-
ments that tend to move together. To extend the potential investment, universe
statistical arbitrage was extended to include several co-integrated instruments that
display mean reverting model errors. A weakness of these methods is the possible
breakdown of the observed relationships when the model error becomes a random
walk, resulting in trading losses. Partial co-integration addresses this limitation by
allowing for model errors that include both random walk and mean-reverting compo-
nents. As both the mean-reverting and random walk components are non-observable,
a Kalman filter approach is employed to estimate these system states. Partial co-
integration is shown to outperform market returns and normal co-integration. Higher
returns are observed during bear cycles, making it an attractive strategy to combine
with bull market strategies. It is furthermore illustrated how partial co-integration can
be further improved using convolutional neural networks to predict breakdowns in
mean reversion and reinforcement learning to optimize the levels for entering and
exiting trades.

Keywords: portfolio management, statistical arbitrage, pairs trading, partial
co-integration, convolutional neural network, reinforcement learning

1. Introduction

Kalman filtering is a method that enhances the estimation accuracy of uncertain
observations by optimally combining the last available measurement with the best
prior estimate [1]. The best new estimate is effectively calculated as a weighted
average of the previous estimate, considering expected system behavior, and the last
measurement. The weighting factors are moderated by the estimated uncertainty of
the respective contributions, aiming to minimize the error between the estimate and
the true value of the uncertain variable [1].

In the case of portfolio management investment, instruments must be selected to
achieve an acceptable balance between risk and return. A key principle of portfolio
management is diversification, exploiting the fact that the returns of different
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instruments are not perfectly correlated [2]. If only long positions are considered, an
optimal portfolio will reside at the efficient frontier, which represents the highest
return for a given risk, or the lowest risk for a given return [2].

A further improvement can be obtained by also considering short positions,
allowing the hedging of risk by assuming a market neutral approach where the port-
folio eliminates systematic risk, which is movement synchronous with changes in the
overall market of available instruments [2]. In an ideal case, the portfolio will consist
of a combination of long and short positions that are based on temporary mispricing
observed in the market, with long positions taken in instruments that are underpriced
and short positions taken in instruments that are overpriced. During the early stages
of trading in financial instruments, it was possible to profit from such trades due to
the lack of immediate information from all markets where the same instruments were
traded, exploiting temporary differences in prices available in different exchanges.
This was called arbitrage, which can be viewed as an approach to portfolio composi-
tion that takes long and short positions in the same instrument that is priced differ-
ently in different markets, guaranteeing a profit at zero risk [3].

As high-speed communication and information systems eliminated opportunities for
this type of arbitrage, investment managers started to search for opportunities where
the selection of investment instruments is based on deviations between current price
and true value, aiming to exploit the expected movement of price toward true value.
True value may be estimated based on observed statistical relationships between
investment instruments over time; thus, the term statistical arbitrage was coined for a
strategy that exploits deviations between current price and true value derived from
long-term statistical relationships [4]. Pairs trading is a form of statistical arbitrage that
involves the selection of two financial instruments that tend to move together [5]. For
such instruments, when one is regressed in terms of the other, the model error tends to
be mean reverting. An instrument that is known to be mean reverting can be exploited
for profit: when the model error deviates beyond a set limit, a long position is taken in
the instrument that is currently priced too low, given the price of the other, and a short
position is taken in the instrument that is currently priced too high, based on the
expectation that the model error will revert to its mean zero value [5].

Statistical arbitrage can be extended to include several co-integrated instruments.
Rather than selecting only two co-integrated instruments, a group of co-integrated
instruments is identified [6]. If the group is co-integrated and one of the instruments
is regressed in terms of the others, the model error will be stationary and thus mean-
reverting. If this model errors moves below a specified negative threshold, it is
expected to return to its mean value of zero within a limited period, vice versa when
the model error exceeds a positive threshold. Depending on the sizes and signs of the
regression model coefficients, positions can be taken in each of the instruments so that
the portfolio value will equal the model error [6]. Movement of the model error from a
negative value back to zero will result in an overall profit for the portfolio. If opposite
positions are taken for a movement of the model error from a positive value back to
zero, a profit will once again be generated by the portfolio. Higher returns are
observed during bear cycles, making statistical arbitrage an attractive strategy to
combine with bull market strategies [7].

A weakness of this technique is the fact that the observed relationships may break
down, causing the model error to behave like a random walk [7]. This may lead to
large losses if the model error, after exceeding the predefined threshold, does not
revert to the mean but continues a random walk away from zero until a stop loss
threshold is exceeded. To counter this phenomenon, the concept of partial co-
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integration was introduced [7]. Partial co-integration allows for model errors that
include both random walk and mean-reverting components. A Kalman filter approach
is used to extract the mean-reverting and random walk components that cannot be
observed directly. Trading signals are based on the mean-reverting component only,
resulting in more frequent trades and thus more profit opportunities. Improvement of
risk-adjusted returns generated by the partial co-integration strategy is enabled by the
optimal selection of the Kalman filter gain [8]. Such a strategy can be shown to
outperform market returns and normal co-integration.

The random walk component, which represents part of the returns that are gener-
ated when trades are executed, may however cause losses that will reduce overall
portfolio profitability. A further improvement on the above approach is to predict the
probability of a breakdown of the co-integrated relationship [9]. To generate
information-rich features based on which changes in co-integrated behavior may be
detected at an early stage, it is necessary to consider both time and frequency behavior
of the price time series. Continuous wavelet transforms may be used for this purpose,
transforming one-dimensional time data into a two-dimensional time-frequency space
[9]. Convolutional neural networks are then applied to detect changes in the 2D
behavior of the price series.

The portfolio optimization process can be based on reinforcement learning, which
regards the portfolio as a Markov decision process [9]. Each possible portfolio com-
position is regarded as a system state. For each state, any of several actions can be
taken to change the system to a different state; this represents new positions taken in
the underlying instruments. For each state and action combination, a consequence is
registered, this is, the profit or loss that results over the next period. By learning from
past behavior through reinforcement learning, a model can be developed that makes
an optimal decision for each possible system state. The objective function of the
optimization process takes into account the probability that the co-integrated rela-
tionship may break down [9].

In this chapter, we review and compare the above approaches toward statistical
arbitrage. It is shown that Kalman filters and partial co-integration can be successfully
combined with deep learning and reinforcement learning to address the weakness
observed in more traditional approaches to statistical arbitrage.

2. Statistical arbitrage and pairs trading

Arbitrage pricing theory (APT) was first suggested by Ross [3] to determine asset
prices. Statistical arbitrage encompasses quantitative trading strategies with the fol-
lowing features: “(i) trading signals are systematic, or rules-based, as opposed to
driven by fundamentals, (ii) the trading book is market-neutral, in the sense that it
has zero beta with the market, and (iii) the mechanism for generating excess returns is
statistical” [10]. Using market neutral strategies or long/short strategies to produce
low-volatility investment strategies that take advantage of diversification across assets
is very popular in the hedge fund industry [11].

Many statistical arbitrage strategies are focused on the concept of mean-reversion
of security prices. The concept of mean-reversion trading is built on the assumption
that a security’s high and low prices are only temporary and that the series will revert
to a certain mean value over time [12]. While mean-reversion strategies are effective
when price series are stationary, the price series of most securities are not stationary
due to drifts caused by trends and momentum.
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Nonstationary time series can be converted to stationary time series by differenc-
ing. To obtain a covariance stationary series, the series must be differenced by a
minimum order of integration d, denoted I(d). While single price series are seldom
stationary, it is possible to obtain a stationary price series by creating a linear
(weighted) combination of securities that exhibit a co-integrated relation. If the
returns of two or more series are individually integrated of the same order and a linear
combination of the series is integrated of lower order, the series are said to be co-
integrated [13]. Some co-integration testing techniques include the Engle-Granger
two-step method [14], the Johansen test [6], and the Phillips-Ouliaris test [15]. In
contrast to the Engle-Granger method and Phillips-Ouliaris test, the Johansen test can
be used to test multiple time series for co-integration.

Some forms of statistical arbitrage are pairs trading [16] and long/short strategies
[17]. Pairs trading has been known in the quantitative finance community since the
Mid-1980s [5]. It involves identifying two securities whose prices tend to travel
together. The difference in prices is called the spread. Upon divergence of the spread
beyond a defined threshold, the cheaper security is bought long and the more expen-
sive one is sold short. When the prices converge back to their historical equilibrium,
the trade is closed, and a profit is collected. The formalization of these concepts results
in a quantitative trading strategy that exploits relative mispricing between two secu-
rities. Pairs trading can thus be regarded as a relative-value arbitrage strategy.

Zou et al. [18] pioneered pairs trading as a popular market-neutral trading strategy
to exploit co-integrated relations that exist in the market between pairs of instru-
ments. Vidyamurthy [19] suggested that APT can be used to detect tradeable pairs.
Gatev et al. identified pairs to which statistical arbitrage could be applied using a
minimum distance method to [16]. After obtaining securities that have a co-integrated
relation, a certain hedge ratio must be determined for the pair; different approaches to
calculate this hedge ratio have been investigated. Previous studies [20, 21] provide
promising results employing the Kalman filter to determine the hedge ratio
dynamically.

Gatev et al. [16] applied pairs trading to US CRSP securities for the period 1962 to
2002. They used sum of squared distances in normalized price space to rank all pairs in
a 12-month formation period. They transferred the top 20 pairs with minimum distance
metric to a subsequent 6-month trading period, entered a trade when the spread
diverges at least two historical standard deviations from equilibrium, and closed it with
the next zero-crossing, at the end of the trading period, or upon delisting. Using this
approach, they achieved statistically and economically significant excess returns of 11%
p-a., exhibiting low exposure to common sources of systematic risk.

3. Co-integration trading strategy

Pairs trading is profitable only if the spread between the securities is mean
reverting, ensuring that it will return to zero within a reasonable period after diverg-
ing beyond the trading threshold. This requirement can be described in terms of the
concept of co-integration. Two variables (in our case the prices of two instruments)
are co-integrated if the error term resulting from regressing one in terms of the other
is stationary [13]. Johansen extended this to an arbitrary number of variables involved
in the regression [6]. A time series can be tested for stationarity using the Augmented
Dickey-Fuller (ADF) [22] test. If a time series passes the test and is indeed stationary,
a dependency is expected to exist between historic and future values: if previous
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values were above the mean, it is expected that upcoming values will move down
toward the mean and vice versa.

The error term for a co-integrated set of variables can be described using an error-
correction model or ECM [23]. The dynamics of one time series at a certain time point
can then be described as a correction of the last period’s deviation from the equilib-
rium with the addition of possible lag dynamics. The advantage of using an ECM is
that active predictions can be simply done by using past information.

To test for co-integration, the two-step procedure proposed by Engle and Granger
[13] must be applied. First, a linear regression is run of the one series on the other. If
the input and output variables x; and y, are co-integrated of order one, the error term
& of the regression will be weakly stationary (i.e., integrated of order zero). This is
described by the following equation:

Yy, =Co +bx; + & (1)

Based on the work of Johansen [6], x; can be extended to a vector containing an
arbitrary number of variables. The composition of the co-integration portfolio is
dictated by the regression coefficients of the model. A portfolio can be obtained for
which the combined value at any point in time corresponds to the model error or
residual signal by investing into each instrument in proportion to the size of the
regression coefficient.

A trading strategy must then be defined for opening and closing positions. The
residual signal of each co-integrated set must be checked dynamically against a z-score
that is calculated using the moving average y, and standard deviation o, of the errors
that were determined during the formation period:

7 = He )
O¢

Trading signals are generated when z; exceeds predetermined thresholds; for
instance, when z; = —2, a long position is taken in the portfolio, while a short position
is taken when z; = 2. The trade is closed when the spread has closed to a value of zero;
alternative closing objectives may also be used.

Shares must be available for significant periods to extract reliable relationships
based on which they can be tested for co-integration. A share must be available for the
complete co-integration period to be considered for inclusion in a co-integrated set.
For each group of instruments, a new model is extracted and tested for a sufficient
level of co-integration on a periodic basis, using the h-values of the Engle-Granger or
Johansen test. The resulting model error is tested for stationarity by applying the
Dickey-Fuller test. A model is only accepted to compile a co-integrated portfolio if
both tests are passed. In such a case, the same model is used until the conditions are
satisfied for exiting the trade, that is, once the model error reaches a zero value. The
periodic compilation of new models is then resumed until a new co-integrated rela-
tionship is found. The entry condition based on the z-value of Eq. (2) may be varied as
part of the optimization process.

In the case of short positions, the negative values of the model coefficients are used
to determine the effective positions in the shares. As model coefficients can have any
sign, in most cases, portfolios consist of both short and long positions in the various
instruments. As a result, the effective net investment position is mostly close to zero,
given that long positions are partly offset by short positions in other shares.
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A typical trade that is entered and exited is illustrated in Figure 1 below. The closing
prices of the shares forming part of the co-integrated set are displayed in the first graph.
The second graph displays the error signal and the high and low thresholds that must be
exceeded to trigger a trade. These thresholds vary over time as the level of volatility of
the error signal changes over time. This is of specific relevance as the size of the error at
the point of entering a position depends on the standard deviation of the error at that
stage. The volatility of the underlying shares and thus of the model error is changing all
the time, thus leading to widely varying standard deviations. This phenomenon is called
heteroscedasticity and is often observed among financial instruments.

The position where a long trade is entered, once the error signal breaks through the
upper threshold, is indicated by a blue star, and the red star indicates the point where
the trade exits once the error signal breaks downwards through zero. The closing price
graph displays the points where the trades occurred, as well as the returns produced
by each share. The net return of the trade, the stop loss, and profit target levels as
functions of time are displayed in the bottom graph—in this case, a loss was registered
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Figure 1.

Hllustration of a typical co-integration strategy trade. Graph 1: Closing prices of a group of co-integrated shares.
Graph 2: Ervor signal and trading thresholds, with entry and exit point indicated by *. Graph 3: Net return, stop
loss, and profit target.
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after entering the trade, as the error signal moved further above the threshold, but this
turned into a profit by the time that the trade exits.

If the entire model error is used to trigger trades, entering at the threshold and
exiting at zero, a guaranteed profit is made (excluding trading costs) each time that a
position is taken and exited. An additional condition is however that the model error
must indeed reverts to zero within an acceptable period. The model error could move
away from zero indefinitely, should the co-integrated relationship between the
instruments break down after a position was taken, as is typical for random walks. An
unlimited loss can then be incurred on the position that was assumed, unless stop
losses are implemented.

Another possibility is that a profit is shown before the zero-error level is reached,
but that this turns into a loss before satisfying the zero-crossing condition for exiting
the trade. A profit target may be set to exploit such profits by providing an alternative
condition to exit the strategy on a profitable basis.

Clegg [24] found that for all shares forming part of the S&P 500 on the NYSE, the
average proportion of variance attributable to mean reversion was 37%; thus, about
19% of price fluctuations in a given day would be attributable to the mean-reverting
component. The average mean reversion component p was only 0.06, with p defined
as the AR(1) coefficient of the mean-reverting price signal p,,, at time ¢ and &,,s; the
model] error:

pmr,t = ppmr,tfl + Emrsit (3)

Both the proportion of variance attributable to mean reversion and the probability
of persistence of mean reversion increase with p.

The model error (or spread) for a set of shares that satisfied the conditions for co-
integration at the time of model extraction often tends to display behavior that is a
combination of a random walk and mean reversion [8]. The random walk component
of the error signal reduces the frequency of mean reversion, as it prevents the spread
from reverting back to zero and may in some cases prevent the error signal from
returning to zero at all, causing stop loss exits that erode profitability. These limita-
tions suggested the need for a method that can differentiate between the mean-
reverting and random walk components of the spread and thus the extension of the
concept of co-integration to include partial co-integration.

4. Partial co-integration and the application of Kalman filtering

The weakness of trading strategies based on normal co-integration is the fact that
the spread (or model error) is most often not mean reverting, but rather a combina-
tion of a random walk and mean-reverting behavior. The spread can be directly
observed, using the respective share prices and the values of the extracted regression
coefficients. The different error signal components contributing to the spread are
however not directly observable.

Clegg and Krauss [7] proposed a solution that extends the model in Eq. (1) above
as used by Engle and Granger. They did this by providing for an error that consists of a
random walk element, a mean-reverting autoregressive element, as well as a stochas-
tic component. As the different error signal components are not directly observable,
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Clegg and Krauss restated the model in state space to allow the unknown variables to
be estimated using a Kalman filter approach.

A Kalman filter estimates a value for a stochastic variable that cannot be measured
directly by using known relationships between observable variables and so-called
system states that cannot be observed directly. In this case, the different states to be
estimated from observations are the mean-reverting error component &, and the
random walk error component &, ;. Eq. (1) is thus restated as follows:

Y, =¢o +bx; + & = co + bx; + Ept Emry + Erwy (4)
The spread can therefore be written as:
& =Y, —Co— bx; = Er Tt Emry + Erwy (5)

where the mean-reverting and random walk components of the spread can be
written as:

Emrt = PEmri—1 T Emrsit (6)

Erwt = Erwi—1 T Erwsy (7)

where it is assumed that the noise components of the system states are indepen-
dent stochastic processes with zero means:

emrss ~ N(0,02,) (8)
Erwst ~ N(O, afw) 9

For stochastic variables that cannot be measured accurately, a Kalman filter effec-
tively estimates an accurate value by calculating a weighted average between the value
estimated from previous observations and the value of the current observation, which
is assumed to be uncertain [1]. The relative weights for the two contributions to the
current estimation are based on the levels of uncertainty that exists about true values
of the two contributions, derived from historic noise figures.

In general, the state space representation consists of two equations, a state equa-
tion and an observation equation, which may respectively be written as follows [24]:

Zy=Fi 12y 1+ GqUp1 + Wi (10)
Xl’ - HtZt + Vt (11)

where Z, is the state of the system that is not be directly observable (in this case the
mean reverting and random walk contributions to the spread), while X, represents the
observable parameters, in this case the share prices and resulting total spread. U, is a
possible control input, which in our case is assumed to be zero. F;_; describes how the
system changes from one sample period to the next in case of no external inputs U;_1,
while W; and V; are noise terms with covariance matrices Q, and R;.

The Kalman filter algorithm makes it possible to determine the optimal estimate of
the hidden states Z; based on previous observations and the assumed values of the
system parameters. The Kalman filter equations are given as follows [24]:

P; = Ft_1Pttle;1 + Qt—l (12)
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P* = (I - K.H,)P; (I — K,H,)" + KRKT (13)

K, = P, HT (H,P; HT +R,) " (14)

Z; =F,1Z  + Gy 1Us4 (15)

Zf =77 +Ki(X, — HiZy ) = Z; (1— KH,) + KX, (16)

A crucial component of these equations is the Kalman gain matrix K¢, as it deter-
mines the influence that a new observation has upon the new estimate of the hidden
states Z,. This is clearly displayed in Eq. (15) above: the new system state Z," after a new
observation X, is a linear combination of the state before a new observation Z, and the
new observation X;. For a very small Kalman gain (which represents the case where
new observations are regarded as very uncertain), X; has a small weight, and thus, the
new state estimation is almost the same as the previous state estimation, while for a high
Kalman gain (which represents the case where there is a lot of confidence in new
observations), the new state estimate is mainly determined by the new observation.

In the case of partial co-integration, the observable variables are the prices of the
shares, while the different states to be estimated from observations are the mean-
reverting error component &,,; and the random walk error component ¢, ;. We write
the observation equation and state equation, respectively, as follows, similar to the
equations used by Clegg and Krauss [7]:

Xt
Y, b 1 1
X, = = Emr 17
! Lct] ‘1 o of ™ (7)
Erw it
Xt 1 0 Of x-1 Exst—1
Z; = Emry | = 0 14 0 Emrg—1 | T | Emrs—1 (18)
Erw it 0 0 1 Erwt—1 Erws,t—1

where &t 1, Emps—1, and €541 are the innovations of the state variables x;, &y
and &, ;1. The unknown parameters are the mean reversion parameter -1 < p < 1
and the variances of the mean-reverting and random walk processes O and 6,2, In
the case of a steady state system, the unknown parameters are constants. These
equations can be solved to estimate the values of the mean-reverting error and ran-
dom walk error. Assuming that the mean reversion and random walk processes are
independent, we can also define the proportion of variance attributable to mean
reversion as [24]:

2
R, = 2O (19)
" 200, + (L4 p)og,

It is then possible to solve for the unknowns as follows [24]:

V1 — 2‘[12 +v3

S e 20
p T (20)
1 +1
Oy = 3 (ZTJ (v2 —2v1) (21)
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oy == (12— 20%,) (22)

N =

where

-1+ (1)

s oy + kol (23)

V) =

The condition 2v; — v, = 0 is satisfied when p = 1, and as p < 1, the equations are
well-defined. Each partial autoregressive series therefore has a unique parameteriza-
tion. The above results can be used to obtain the following steady state solution for the
Kalman gain matrix [24]:

202

mr

e (\/(p+1)zc§w+4c§m+pcm+cm)+2c§m (24)

26,
\/(p+1)26§W+46§“—p6m+6m

From the above equations, the unknown state variables can be determined as
explained in the next section.

5. Partial co-integration trading strategy

After extracting the regression coefficients between the respective instruments and
verifying for cointegration, the Kalman filter parameters are estimated using the equa-
tions provided in the previous section. This also allows the mean-reverting and random
walk components of the spread to be estimated, as follows: the algorithm calculates the
Kalman gain using p, 6,y and 6y, Initially, it is assumed that €,,,; = 0 and €., = €,
that is, the spread, is regarded as a random walk. The algorithm then iterates through
the remaining observations X;. For each observation, the Kalman algorithm equations
are used to produce the hidden state Z;, that is, &,,; and &, at that time.

Only the mean-reverting error component is used to trigger trades, rather than
trading on the total error; not only will this increase the trading frequency—it will also
prevent situations where indefinite losses are incurred due to long-term drift in the
random walk component.

Hoffman [8] investigated the relationship between the values of p and K; and the
profitability of the partial co-integration strategy. He extracted the value of the regres-
sion coefficients § by using the techniques of Engle-Granger or Johansen and then
optimized the profitability of the trading strategy profit in terms of the values of
p and K. This enabled significantly improved net trading returns, as it allows the
fraction of the error signal residing in the mean-reverting components to be controlled.
He found that the value of the mean-reverting coefficient p determines the fraction of
the total co-integration error that resides in the random walk and the mean-reverting
components, respectively; this is in line with the results of Clegg and Krauss [7].

As the underlying behavior of the instruments and the nature of their relationships
tend to change over time, the following set of parameters should be optimized from
time to time [8]:
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1.The threshold for entering trades, defined as a multiple of error standard
deviations.

2.The level of the stop loss, also defined as a multiple of error standard deviations.
3.The period over which the standard deviation of the error is measured.

4.Time window used to extract the co-integration relationships.

5.The level a of statistical significance for performing co-integration tests.

6.The profit target level.

7.Mean reversion coefficient p.

8.Kalman filter gain.
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Tllustration of a typical partial co-integration strategy trade. Graph 1: Closing prices of a group of co-integrated
shares. Graph 2: Mean reverting and vandom walk ervor signals and the trading thresholds, with entry and exit
point indicated by X. Graph 3: Net veturn, stop loss, and profit target.
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9.The minimum allowed value for the ratio between the standard deviation of the
mean-reverting error signal and the standard deviation of the random walk error
signal.

Figure 2 illustrates a typical trade that is based on partial co-integration. In the
second graph, the error signal now consists of a mean-reverting and a random walk
component; this is the main difference with the co-integration case in Figure 1. The
trade is entered as the mean-reverting component breaks downward through the
lower trading threshold and exits when this component returns to zero. The net return
is the sum of the movements of both the mean-reverting and the random walk
components. In this case, the trading profit was reduced as the random walk compo-
nent performed a movement contrary to the movement of the mean-reverting com-
ponent.

Hoffman [8] implemented a partial co-integration trading strategy on JSE shares
by repeatedly extracting co-integrating share sets from 18 industry sectors for con-
secutive time periods. The available funds were divided equally between available
trades from each of the 18 sector strategies to allow maximum diversification between
all the available shares. This was repeated after each period where trading positions
were assumed. Some sectors produced very few trades, while other sectors provided
almost continuous trading opportunities.

In line with Mashele et al. [25], he assumed a trading cost equal to 0.2% of the size
of the trade upon entry and exit, resulting in a 0.4% total trading cost per trade. As
statistical arbitrage is a high trading strategy, he also investigated the relationship
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Figure 3.
Average annual profits of the partial co-integration trading strategy on the JSE over the period 19962020 for
different values of transaction cost.
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Kalman Gain vs Market and Partial Cointegration Returns
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Figure 4.
Average annual profits of the partial co-integration trading strategy over the period 1996—2020 for different
values of Kalman filter gain.

between transaction cost and trading profits. The results are displayed in Figure 3.
The expected reduction in profits can be observed as trading cost is varied from 0% to
1% per complete trade. A profit is still realized when transaction cost assumes its
expected value.

Figure 4 shows that the Kalman filter gain significantly influences trading profit-
ability, with an optimal value of 0.7. Hoffman [8] also investigated the impact of
trading threshold on performance, as the co-integration error signal levels where
trades are initiated dictate the trading strategy. The trading parameter in this case is
the value of z as reflected in Eq. (2) above, that is, the multiplier used to determine the
error threshold in terms of the mean-reverting error signal standard deviation. As is
clear from Figure 5, a value of 1.25 was close to optimal. A smaller number of trading
opportunities exists for larger values, while the full profit potential of mean-reverting
swings of the error signal is not exploited for smaller values. Repeating the calcula-
tions for the first and second halves of the available data set, respectively, indicated
that the optimal values for the trading threshold are very similar for both data sets.

The trading strategy was implemented for the entire available date range. Subse-
quently, the annual profits (or losses) generated by the strategy as well as the average
annual returns over the entire period were calculated. Figure 6 compares the accu-
mulated returns generated over the period under investigation by the partial co-
integration strategy against the market index and the co-integration trading strategy.
The partial co-integration strategy far outperformed the market returns and normal
co-integration returns. In addition, the returns generated by partial co-integration
were more stable over time compared to market returns.

To confirm this finding, Hoffman [8] also calculated the risk adjusted profits,
using the Sharpe ratio [26]. The results are displayed in Table 1 [8].
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Error Threshold vs Market and Partial Cointegration Returns
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Figure 5.
Average annual profits of the partial co-integration trading strategy over the period 1996—2020 for different
values of trading threshold multiplier.
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Market Co-integration Partial co-integration
All 4.96% 3.81% 22.32%
Low market return —10.85% 5.78% 27.87%
High market return 19.71% 1.84% 17.15%
Bear cycles —13.26% 12.54% 29.79%
Bull cycles 17.82% —1.84% 17.05%
Sharpe ratio 0.15 0.09 0.87

Table 1.
Average annual veturns during different parts of the market cycle [8].

The partial co-integration strategy achieved an overall annualized returns of 22.3%
compared to market returns of 4.96%. The Sharpe ratio, which is a generally accepted
measure of risk-adjusted returns, was 0.87 for partial co-integration compared to 0.15
for market returns. Over the evaluation period of more than 25 years, partial co-
integration therefore significantly improved average returns, and reduced the volatil-
ity of returns. The normal co-integration strategy could not outperform the market in
terms of either average returns or risk-adjusted returns, confirming that partial co-
integration produces superior results compared to normal co-integration and outper-
forms market returns on a risk-adjusted basis.

It has been reported before [7] that statistical arbitrage tends to perform better
during bear compared to bull markets. The performance of the co-integration and
partial co-integration strategies were therefore separately evaluated for bear and bull
markets on the JSE for the available period [8]. Bear and bull cycles were defined as
years where market returns were, respectively, below or above a risk-free rate of
return set at 2%. The average annual results are separately displayed in Table 1 for all
market cycles, for the lower and upper halves of trading years sorted based on annual
returns and for bear and bull cycles [8].

While the partial co-integration strategy performs similar to the market during
bull and above average years, it outperforms the market by approximately 40% in
terms of annualized returns during bear cycles and below average years. In
contrast, the normal co-integration strategy outperforms the market during bear
cycles and below average years but performs poorly during bull cycles and above
average years [8].

The reasons for exiting co-integration and partial co-integration trading positions
are displayed in Table 2. The partial co-integration strategy mostly exits positions
because the mean-reversion error exceeded its threshold value, indicating that the
trading strategy behaves as intended. Positions are exited because the profit target has
been reached in about 25% of the cases, while very few positions exit because the stop
loss was reached. In contrast, the co-integration strategy hits stop losses more often.

Number of exits/ No Reached Reached Same shares Error signal
reason co-integration profit target stop loss  notavailable exceeds threshold
Co-integration 0 395 34 13 17
Partial co-integration 0 527 10 7 1636

Table 2.

Reason for exiting trading positions [8].
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The total number of trades is also much higher for partial co-integration compared to
that for normal co-integration.

Clegg and Krauss [7] provide results obtained for S&P 500 shares (representing
about 80% of NYSE market capitalization) over the period 1990 to 2015, which is
representative of mature markets that are expected to be more efficient than devel-
oping markets like the JSE. They found that compared to average annualized market
returns of 9.6%, co-integration produced only 1.09% after transaction costs, while
partial co-integration managed to beat the market with 12.34%. Partial co-integration
also displayed a lower standard deviation than the market (8.24% compared to
14.99%). Due to its low average returns, co-integration achieved a Sharpe ratio of
—0.37, while partial co-integration achieved 1.11 compared to a market value of 0.43.
It would therefore appear that partial co-integration offers a viable statistical arbitrage
trading strategy.

Clegg and Krauss [7] also compared partial co-integration with standard co-
integration and with the market for different periods:

* Jan 1990-Mar 2001 (before the dotcom bubble);

* Apr 2001-Aug 2008 (after the dotcom bubble and before the global financial
crisis);

* Sep 2008-Dec 2009 (during the global financial crisis);
* Jan 2010-Oct 2015 (after the global financial crisis).

They found that the excess returns achieved by partial co-integration were
severely eroded since the global financial crisis. While the market achieved annualized
returns of about 13% for both the first and last periods above, the returns on partial
co-integration deteriorated from 22.3% to —2.76%. This is an indication that on
mature markets, in contrast with developing markets, the use of sophisticated tech-
niques has increased market efficiencies to a level where partial co-integration on its
own can no longer offer practical benefits to large players who need to invest in large
companies like those forming part of the S&P 500.

6. Prediction of structural breaks

The previous section described the influence of the presence of random walk
components in the spread that is used as basis for statistical arbitrage. Structural
breaks occur when the co-integration relationship breaks down, causing the model
error to be dominated by the random walk component and thus to fade away from the
historical means. The likely result of a structural break is that a stop loss is reached,
reducing the profitability of the strategy. It is therefore beneficial to be able to predict
the probability of a structural break before a trade is entered. Lu et al. [9] developed a
structural break-aware pairs trading strategy (SAPT) that includes two phases: phase 1
predicts the probability of structural breaks, while phase 2 optimize the strategy,
taking the probability of structural breaks into consideration.

Estimating the probability of structural breaks is modeled as a binary classification
problem. The objective function tries to minimize the cross-entropy of all co-
integrated pairs over the trading period. To increase the amount of useful information
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based on which the probability of future structural breaks can be estimated, both time
and frequency content of the spread is used. The Fourier transform is the most
common method to extract frequency content from time information. As it is however
based on the assumption of an infinitely long time window, it is not suited to extract
frequency information that can be dynamically updated as the nature of the spread
changes. Instead, a continuous wavelet transform is applied to the model error (or
spread) to obtain both time and frequency information about historical spreads that
continuously updates as the underlying price signals change. Lu et al. [9] used the
Ricker wavelet to extract such 2D wavelet features that are then fed into a CNN.
CNNs have been proven to be very efficient at extracting features from images. The
CNN applies a set of convolution filters to the input data, followed by ReLU activation
functions and by maximum pooling to prevent overfitting and limit computational
effort.

In addition, Lu et al. [9] used an LSTM model that is applied directly to the spread
and the price signals. LSTM is one of the most successful recurrent neural network
structures to model time sequences, as it can model both short- and long-term mem-
ory. The LSTM produces time domain features that are then combined with the time-
frequency features of the wavelet CNN. The concatenated time and frequency domain
features are fed into a stack of fully connected layers; this allows possible nonlinear
interactions between the features to be learned. The output of the last layer is a scalar
that models the probability of a structural break. The model is trained by minimizing
cross-entropy, using dropout to prevent overfitting.

Lu et al. [9] performed experiments, using stock tick data for the top 150 compa-
nies on the Taiwan Stock Exchange Capitalization Weighted Stock Index (TAIEX) to
ensure liquidity. They trained the system on a daily basis, using the first 150 minutes
of each day to extract co-integrated pairs and trading for the rest of the day till
5 minutes before closing time. 75% and 25% of the data are, respectively, used for
training and testing, and the last 20% of the training data are for validation. Their
evaluation metrics are the True, Missed, and False detection rates for breakpoints, as
well as the average delay between the actual and detected breakpoints.

They compared the following alternative approaches to detect structural breaks:

* a statistical 3-std threshold,
* the ADF test for stationarity,

* Bayesian change-point detection,

Using LSTM to predict the spread,

Performance measure SWANet Alternative methods

Missed detections 21% 27.4%

False detections 5.1% 34.6%

True detection rate 47.3% 24.4%

Average delay 17.3 min 22.3 min
Table 3.

Performance of SWANet compared to that of other structural breakdown detection methods.
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* combining the use of the wavelet CNN in parallel with an LSTM network
(SWANet).

They found that SWANet outperformed the alternative methods for structural
breakdown detection. In Table 3, we provide the performance achieve by SWANet
and the best of the alternative methods. The true detection rate can be further
increased by increasing the tolerance for the accuracy by which a breakpoint must be
detected—if the tolerance is increased from 20 to 70 minutes, the true detection rate
increases from 47% to about 75%.

7. Reinforcement learning for strategy optimization

In the section on partial co-integration, we have shown that trading profits are
sensitive to the trading strategy that is employed. This suggests the use of a formal
optimization approach to maximize profits. Lu et al. [9] developed a strategy to
optimize the levels of the spread to open and close trades and the trading volume for
trades. They modeled the strategy as a Markov Decision Process (MDP) and proposed
a deep reinforcement learning model to optimize the strategy by deciding the optimal
boundaries. Their deep Q-network builds a Q-function based on historical events and
estimates the Q-values by incorporating risks (e.g., the probability of structural
breaks) as well as transaction costs.

The inputs fed into the Q-network include the following:

* The current spread;
* Current positions in the respective instruments;

* The last actions, where the set of possible actions is defined as all possible sets of
trading boundaries that may be used;

* The probability of a structural break;

* The risk that the market will close (e.g., at end of day), forcing the trade to be
closed prematurely;

* The reward associated with each possible action, taking into consideration
change in normalized prices, volume, and transaction cost.

The outputs generated by the Q-network include the entry level, stop-loss closing
level, and normal exit level. The Q-network has the objective of maximizing the
Q-value, defined as the sum of expected rewards:

Q* (Sta ﬂt) =K, R(Sta as,541) +7 rglzix Q(5t+1, ﬂt+1) ‘St, az (25)

where R is the reward, Q * is the maximum value of Q, and y €[0, 1] is a factor
discounting the maximum possible Q-values in future. The Q-network uses a stack of
several fully connected layers to learn behavior. To achieve the objective of approxi-
mating the target Q-value, the following loss function is defined:
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where 6 represents all the trainable parameters in the Q-network. These parame-
ters are updated after each training iteration using the gradient of the loss function:

0 —0—nL(0) (27)

thus updating the Q-values as follows:

Q(st>a:) «— Qsesar) +n|R(s¢, ary5041) + 71}}53( Q (Se415 A1) 56> 4 — Qs ar) (28)

where 7 is the learning rate. The training is terminated when the loss function has
reached a predetermined minimum value or when a predetermined maximum num-
ber of iterations is reached. The output is the action a; € A that maximizes the
Q-value, with A the set of all possible actions. Comparing Eq. (26) with Eq. (15), a
similarity is observed between the operation of the Q-network and the way in which
the Kalman filter is used to update the system states, with the Q-values playing the
same role as system states and the difference between the current and maximum
Q-value playing a similar role as new observations.

The performance of this strategy was measured on the same set of Taiwanese
stocks as for the breakpoint detection discussed in the previous section. The evalua-
tion metrics included cumulative net profit, maximum drawdown, and Sharpe ratio.
They compared a Q-network that uses only trading and stop-loss boundaries with a
network that also factors in the probability of structural breaks, market closing risk,
and transaction costs. The latter approach outperformed the former approach by
about 15% over a trading period of 2.5 years, displaying the benefit of anticipating the
occurrence of a structural break that will cause the spread to revert from mean
reversion to a random walk. Predicting structural breaks had an even bigger impact on
the reduction of risk, lowering maximum drawdown from 16.9% to 2%, and increas-
ing the Sharpe ratio from 1.01 to 4.30 and the Sortino ratio from 1.41 to 13.18.

8. Conclusions

This chapter illustrated the applicability of the Kalman filter approach to the
optimization of financial investment decisions. Financial markets represent a relevant
example of a complex system of which the states can only be partly observed. As the
quoted prices of instruments on an exchange are influenced by many factors, and as
not all market players have access to the same information or may be restricted in
terms of their speed of their reactions to new information, the true value of such
instruments will not always correspond to the spot price. Statistical arbitrage intends
to exploit temporary mispricings observed in the market by anticipating how the
market will react to restore prices toward true values. The concept of co-integration
was developed to provide a formal basis for pairs trading, which may be regarded as
the initial form of statistical arbitrage. As the spreads that are created from sets of co-
integrated instruments cannot be guaranteed to be mean reverting, co-integration had
to be extended to provide for both mean-reverting and random walk system states,
resulting in the concept of partial co-integration. This left the challenge to determine
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how the spread is divided between the mean-reverting and random walk components.
The Kalman filter algorithm proved to be suitable to solve for these unknown system
states, allowing the accuracy and profitability of trading strategies based on statistical
arbitrage to be improved. Recent research has provided evidence that the Kalman
filter method applied to partial co-integration can be complemented by using state-
of-the-art AI methods, including convolutional neural networks and reinforcement
learning. CNN classifiers help to address the weaknesses of partial co-integration by
predicting when the random walk system state is likely to start dominating, thus
avoiding possible loss-making trades. Reinforcement learning provides a systematic
approach to make optimal selections for trading parameters, including the levels at
which trades should be entered and exited. This provides a good example of how long-
established methods can be combined with more recent innovations to meet the
challenges of an ever-increasing complex world.
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Perspective Chapter: Insights from
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Algorithm for State and Parameter
Estimation
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Abstract

This article explores the estimation of parameters and states for linear stochastic
systems with deterministic control inputs. It introduces a novel Kalman filtering
approach called Kalman Filtering with Correlated Noises Recursive Generalized Extended
Least Squares (KE-CN-RGELS) algorithm, which leverages the cross-correlation
between process noise and measurement noise in Kalman filtering cycles to jointly
estimate both parameters and system states. The study also investigates the theoretical
implications of the correlation coefficient on estimation accuracy through performance
analysis involving various correlation coefficients between process and measurement
noises. The research establishes a clear relationship: the accuracy of identified param-
eters and states is directly proportional to positive correlation coefficients. To validate
the efficacy of this algorithm, a comprehensive comparison is conducted among
different algorithms, including the standard Kalman filter algorithm and the
augmented-state Kalman filter with correlated noises algorithm. Theoretical findings
are not only presented but also exemplified through a numerical case study to provide
valuable insights into practical implications. This work contributes to enhancing
estimation accuracy in linear stochastic systems with deterministic control inputs,
offering valuable insights for control system design and state-space modeling.

Keywords: correlated noises, least squares, linear stochastic system, parameter
estimation, estimation accuracy

1. Introduction

Finding a state-space model is crucial for designing control systems. A big part of
this process involves changing the unknown parameters in a controller’s transfer func-
tion or state-space representation to get the desired stability, performance, and robust-
ness [1]. In the field of control, system identification has been done using many
different estimation methods, such as least-squares methods [2], iterative identification
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methods [3], Bayesian methods [4, 5], separated least-squares methods [6, 7], and
maximum likelihood methods [8]. However, identifying the parameters of state-space
models is more difficult. For instance, a state-space model has unknown states as well as
unknown parameter matrices or vectors [9, 10]. In this area, some studies focus on
identifying nonlinear state-space models [11]. Meanwhile, other studies look at how to
identify linear state-space models. For example, Safarinejadian et al. [12] introduced a
new way to identify a state-space model for a single input single-output fractional-order
system based on a new fractional-order Kalman filter with correlated noises. To find the
parameters of linear state-space models, Yu et al. [13] used the least-squares estimation
framework and made the Hankel matrix factorization less affected by Markov-
parameter estimation error by using a single optimization framework instead of the
two-step method used by Yu et al. [14] to identify the structured system matrices. A
study [8] introduced two hidden variables and used the expectation-maximization
algorithm to estimate time delays and parameters in a state-space model with unknown
time delay. To identify slowly changing linear time-varying systems, Razmjooei et al.
[15] used a two-step method: first, they estimated parameters using Legendre basis
functions, then used the Kalman filter with those estimated parameters to compute the
system’s states. Industrial processes often suffer from noise in both measurements and
the processes themselves, making accurate state and parameter estimation challenging.
To address this, Li et al. [16] applied data filtering to mitigate the impact of colored
noise in the measurement equation for bilinear state-space models. Recognizing the
influence of both process and measurement noise, Cui et al. [17] leverages data filtering
to mitigate the effects of colored noise, specifically within the state equations. Aiming to
reduce the impact of colored noise and achieve better estimation accuracy, Wang et al.
[18] proposed a novel algorithm. This approach combines filtering techniques with a
recursive generalized least-squares method, utilizing filtered measurement data for
continuous updates [19]. Ma et al. [20] focused on identifying state-space models in a
specific form (observer canonical) while dealing with white noise affecting the output
measurements. Building upon existing methods, Cui et al. [21] presented a novel algo-
rithm for jointly estimating parameters and states in a specific class of state-space
models (observer canonical) that are exposed to colored noise. This approach leverages
both Kalman filtering and gradient search techniques for improved accuracy. In Cui
et al. [22], researchers tackle a specific noise situation (white noise in state equations,
moving average noise in measurements) by developing two algorithms for jointly
estimating states and parameters in state-space systems. These algorithms rely on the
“auxiliary model” concept. Motivated by the limitations of existing methods, this study
investigates state-space models experiencing specific noise characteristics (white noise,
moving average noise) and correlated noise behaviors, aiming to develop robust esti-
mation algorithms for such systems. In the field of parameter and state estimation,
researchers are striving to achieve both more accurate results and faster calculations.
Multi-innovation identification theory tackles this challenge by utilizing more system
and data information to improve parameter estimation accuracy, as shown in previous
studies [23-28]. Building upon past studies of correlated noise, this work takes a deeper
dive into the specific effects of varying correlation coefficients on estimation accuracy.
This knowledge will inform the development of improved estimation algorithms for
state-space systems under realistic noise conditions.

This paper makes four main contributions:

1. The paper challenges the conventional assumption of the Kalman filter, which
relies on known system parameters. It uses past estimates of the system’s
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parameters to predict its current state and then uses those predictions to improve
the estimates of those parameters.

2.In the context of correlated process noise and measurement noise, the paper
introduces a new formulation of the Kalman filter algorithm that preserves the
fundamental assumption of Kalman filtering, which operates with uncorrelated
noise.

3.Emphasizing the significant role of the correlation coefficient between process
noise and measurement noise, the paper demonstrates that higher correlation
coefficients lead to more accurate estimates.

4.The negative correlation coefficient reduces the estimation and identification
accuracy, considering accuracy from two different perspectives: observation and
model. It leads to an increase in measurement covariance and cross-covariance
between state and process noise. This increase in covariance and cross-
covariance affects the filtering results, leading to less accurate state estimates and
parameter estimation.

This article is structured as follows. Section 2 describes the system model of a linear
stochastic state-space system. Section 3 contains the formulation of the Kalman filter
for handling cross-correlated noise. Section 4 presents the algorithm used for the
comparative evaluation. Section 5 demonstrates the formulation of the identification
model for linear stochastic state-space models. Section 6 contains the derivation of the
proposed algorithm (KF-CN-RGELS). Section 7 explains the impact of negative cor-
relation coefficients. Section 8 provides an example to verify the effectiveness of the
proposed algorithm. Concluding observations can be found in Section 9.

2. The system model for linear stochastic system

Let us introduce some notation. The expressions “F=:X” or “X:=F  indicate
that “F” is defined as “X.” The symbol “4” represents a unit back-shift operator,
where ¢~ x(t) denotes x(¢ — 1). The superscript “T"” denotes the transpose of
vectors/matrices [29].

Consider the following linear-stochastic system:

x(t +1) = Fx(t) + Gu(t) + w(t), 1)
y(&) = Hx(t) +du(t) + 0" (), )
0  (@)=(14 g g+ g )ole), 3)

Here, u(t) €R and y(¢) €R are the input and output of the system, respectively.
The state vector of the system is denoted as x(t):=[x1(£), ..., X, (¢)]” € R". The white
noise process v(t) € R has zero mean and variance 62, and w(¢):=
[W1(t), ..., w,(t)]" €R represents the white noise vector with zero mean. J(¢) in the
unit back-shift operator ¢ " is defined as J(q) = 1+ J1¢ ' + ]9 >+ =+ ], " €R.
The matrices F, G, and H representing system parameters are defined as follows:
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~f, 01 0 £
F=| P ER™,G:=| i |€R",H:=[1, 0, - 0]eR™ (4)
_fnfl 0 1 8

3. Formulation of Kalman filter with noises cross-correlation

In this section, we delve into the formulation of a Kalman filter designed to address
the presence of noise cross-correlation in linear stochastic state-space models. We
make several key assumptions and present the mathematical derivations essential for a
clear understanding of this formulation.

Assumptions: Consider a linear stochastic state-space model described by Egs. (1)
and (2). In this framework:

* The sequences w(t) and v(t) are zero-mean Gaussian white noise processes.

* The variance of w(z) at time ¢ is represented by Q (¢), which is a positive definite
matrix.

* The variance of v(¢) at time ¢ is denoted as R(t), also a positive definite matrix.

* These noise sequences, w(t) and v(¢), exhibit statistical correlation. Specifically,
the correlation is defined by equation [30, 31]:

E[w(k)v(Z)T} = S(k)Su, ke, [ = 0,1, ... (5)

where &y represents the Kronecker delta function, and each S(k) is a non-negative
definite matrix.

Formulation: To effectively deal with correlated noise sequences, a gain matrix T'
is introduced and incorporated into the system equations. This process involves
adding the gain matrix T to the measurement Eq. (2). The modified system Eq. (1)
now reads:

x(t+1) =Fx(t)+ Gu(t) +w(t) + Ty(t) — Hx(t) — du(t) — J(q)v(t)]

(6)
To simplify the representation, a noise term v * (¢) is defined as follows:
0" (= (1417 +Jog 4 4Ty g J0l0) @)
As a result, the modified system equation becomes:
xt+1) =F—-TH)x(t)+ (G—Tdut) + Ty) + [w() — Tv" (2)]. (8)

In Eq. (8), the term Ty(t) represents a determined control input. To further
simplify, we introduce the following notations:
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F=(F — TH), 9)
G=(G — Td), (10)
W(t)=w(t) — Tv* () (11)

With these notations, the modified system dynamics equation can be succinctly
rewritten as:

x(t +1) = Fx(t) + Gu(t) + Ty(t) + w(t). (12)

3.1 Derivation of the gain matrix T

From Eq. (11), the mean and covariance of w(¢) can be described as follows:
Efi(0)] = Elw(®)] — TER* (5] = 0, (13)
Ewtw’ ()] = Q. (14)

Notably, we have assumed that the noises are correlated at the same time. By
employing Eq. (7), we can demonstrate the relationship:

E[w(t)w™(t)] = E[w(t*T(t)] =S. (15)
Substituting Eq. (11) into (14), we obtain the following expression for Q:
Q=Q+(TR-S)TT - TS". (16)
Taking the transpose of Eq. (11), we define:
w () =w () —o*T@)TT (17)
When we multiply Eq. (11) by @’ (¢) and take the expectation, we get:
Ew(tyw" (t)] = Ew@®)w" ()] — E[w(t)*" )] T" (18)
In line with the standard Kalman filter assumptions, we assume that the new

process noise, w(t), is independent of the measurement noise v * (¢), meaning
E[w(t)v*T(¢)] = 0. With this assumption, we arrive at the relationship:

Ewtw’(t)] = Ew(t)w’ ()] =Q (19)

By right-multiplying Eq. (11) by w7 () and taking the expected value, we can
establish:

Ew@®w"(t)] = E[w(t)w” (t) — TE[w" (t)o* (t)] (20)
This relationship leads to the equation:

Q=Q-TS" 1)
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By subtracting Eq. (21) from (16), we can derive the following relationship:
TR—-S=0, sinceT #0 (22)

Hence, the gain matrix T needed to handle the uncorrelated process noise w(t) and
the measurement noise v * (¢) can be calculated as:

T =SR! (23)

Remark 1: It is crucial to consider the new variance Q = Q — TST of the noise
sequence w(t). This is a critical adjustment to the model, as it departs from the
variance Q of the noise sequence w(z).

3.2 Kalman filter prediction and correction cycles

At this point, we focus on the system dynamics equation and the measurement
equation, which are given in Eqgs. (24)-(25):

x(t+1) =Fx(t) + Gu(t) + Ty(t) + w(t) (24)

y(t) = Hx(t) +du(t) +v* (¢) (25)

The prediction and correction cycles of the modified Kalman filter for this pro-
posed system are as follows:

Prediction cycle

For x,(t) representing the prediction state, the prediction cycle equations are:

xp(t +1) = Fx,(t) + Gu(t) + Ty(t) (26)
P, = FP,F +Q 7)
K = P,H" (HP,H” + R) (28)

Here, K and P, represent the Kalman gain and the estimation error covariance,
respectively.

Correction cycle

For x.(t) be the corrected state or the estimated state, the correction cycle equa-
tions will be as follows.

xX(t+1) =x,(t+1) + Ko™ (¢) (29)

(where) v* (t) = y(t) —c*x(t) —d*u(t)
The estimated error covariance is calculated as:

P, = (I, — KH)P,, (30)

Egs. (26)-(30) describe the prediction and correction cycles of the Kalman
filtering process when dealing with correlated noise sequences.
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4. Introduction and formulation of Kalman filtering algorithms for
comparative assessment

In this section, we introduce and formulate two Kalman filtering algorithms for the
purpose of conducting a comprehensive comparative analysis with the proposed
algorithm. The algorithms to be compared are the standard Kalman filter (SKF) and
the State Augmented Kalman Filter with Correlated Noises (AUG-KF). Each of these
algorithms is presented with its assumptions and key equations for prediction and
correction cycles [32-34].

4.1 Standard Kalman filter (SKF)

Consider the system model described by Egs. (1)-(2)

Assumptions: The process noise (w(t)) and measurement noise (v(t)) are inde-
pendent.

Formulation: Prediction and Correction Cycles

Prediction cycle

Predicted state: x, (t + 1) = Fx, (t) + G u(t)

Prediction error covariance: P, = FP,F T+Q

Kalman gain: K = (P,H") (HP,H” +R) ™"

Correction cycle

Corrected state: x.(t + 1) = x,(t + 1) + Kv* (¢), Where

0" (€)= y(0) — cx(t) — dwult).
Correction error covariance: P, = P, — K(P,H T)T

4.2 Augmented-State Kalman filter (AUG-KF)

State augmentation is a technique to extend the state vector of a system by adding
some auxiliary variables that are related to the original state or the noise. In [35], the
authors augment the state vector by appending the process noise vector, so that the
cross-correlated noises can be treated as independent noises in the augmented system.
This technique can simplify the filter design and improve the estimation accuracy, but
it also increases the dimension of the state vector and the computational cost of the
filter. With reference to method used in [35] we can derive the AUG-KF algorithm for
the system (1)-(2) as

Assumptions: The process noise (w(t)) and measurement noise (v(¢)) are corre-

lated with E {w(t)v * (t)T] = S represents the cross-covariance between process noise

w(¢) and measurement noise v * (¢).

Formulation: Initialization, Prediction and Update Cycles:

Initialization:

ne=yt) —Hx({t) —du®)—J vt —1) —J, v(t — 2), where #n, is the actual

observation.

Augmented Kalman Gains:

ky = [kex, ki), where ky = P HT (HP,H" +R) ", k, =S (HP,H” +R) .

Update process noise and state estimate:

w(t) =ky n,x,(t+1) = Fx,(t) + Gu(t) +w(t).
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P,(t+1) = F P,()F" + Py + F Py + Py F©

Update covariance matrix of augmented state and process noise:

Pc t wa -
Pag = [ Pix) " ] , where P.(t) = Py(t + 1) — ky (HP,(t + DHT + R)

Py =Q —ky (HP.()H" +R) " ky”, Pu = —kyy (HP.(t)H” +R) " kT
And Py, = —ke (HP.(t)H" +R) " k,,".

Update for the next time step:

Corrected state:

1,1
kx>

X (t4+1) =x,(t +1) + kx 1y,
Correction error covariance:
Pt +1) = Po(t) —ky (HP.()HT +R) " ky'.
These algorithms will form the foundation for a comparative analysis in the fol-
lowing sections. We will assess their performance and effectiveness in managing noise

correlations, comparing them to the proposed algorithm. This evaluation aims to
identify the most effective approach in various scenarios.

5. The identification model for linear stochastic system

Let us define some essential notation:
* “I,” denotes an identity matrix of appropriate size, typically n x 7.
* “1, represents an 7-dimensional column vector with all elements equal to unity.

* “O(t) “represents the estimate of 6 at time ¢, and “%(t)" denotes the estimate

of x(¢).

Now, based on Section 3, we modify the system equations:

x(t+1) = Fx(t) + Gu(t) + Ty(t) + w(t) (31)
) (32)

With

v O=(14 g +Tg 2+ e+ g Jole)
F:=(F — TH), w(t)=w(t) — Tv*(t).
The system’s input and output are represented by #(¢) €R and y(t) €R, respec-
tively, with x(¢):=[x1(t), ..., %, (t)]T €R” represents the system state vector. v(t) ER isa
white noise process with zero mean and variance ag, and w(t):= [w1(z), ..., wy (t)]T eR”
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denotes the white noise vector with zero mean. The polynomial /(¢) in the unit back-
shift operator g ! is expressed as J(q) =1+ /19 1 +J,g % + o+ Jn,q " €R. We also

have system parameters: FER"",GeR",H e R andd € (R)
The matrices F, G and H are defined as follows:

[ f, 10 0]
f, 0 1 0
Fo cR™ ",
Fo1 00 w1
L, 0 0 - 0]
2] (33)
&
G:= eR",H:=[1, 0, -- 0]eRY”
Zn1
L gﬂ d

Assuming that y(¢), u(t),w(t), and v(t) are strictly proper, meaning their values are
zero for O for £ <0, and that the orders # and #; are known, we can derive the
following state equations from (1)-(3):

x1(6) = —fpea(t — 1) +2x2(t — 1) +gyult — 1)
twi(t — 1) + Tyt — 1)

x3(t —1) = —fpxa(t —2) +x3(t = 2) + gu(t - 2)
+w3(t — 2) + Toy(t — 2)

x3(t —2) = —fye1(t — 3) +x4(t — 3) +Zyu(t — 3)

_ (34)
+ws(t—3)+ T3yt —3)

Xy 1t—n+2)= —fnflxl(t —n+1)4+x,t—n+1)
+g, ut—n+1)+w, 1(t-—n+1)+ Tyt —n+1)
Xp(t +1—n) = —f x1(t —n) +gult —n) +w,({t —n) + Tyt —n).

From these n equations, we can express x1(t) as:

xit) ==Y fxlt—i)+ > gult—i)+ > wit—i)+ > Tylt—1i) (35)
i=1 i=1 i=1 i=1

Substituting H = [1, 0, ..., 0] in (2), we obtain:

YO =x1(6) +du(e) + [1+]2g7 + 41,07 |o(0) (36)
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Now, let us define the parameter vector 6 and the information vector ¢(t):

0:= [FT,aT,d,]T]TER”’,ns =2n+1+n, (37)
Fi=[fy,fo ofo] Ter, (38)
T
J= []1)]2» ""]n1:| €RY, (39)
olty=]e ) 2y (0)T u(e), 2,(0)"] R (40)

Where:
@7 (t)=—x1(t = 1), oy —22(2 — n)" eR”
@y (t):=[u(t — 1), u(t —2), .., u(t — n)]T eR"
@(0):=[v(t — 1),0(t —2), ..,0(t — )] €RY

Now, we introduce the variables y(t), and §(¢) defined as:

n

y(£)=> wilt —i) = w1t — 1) +wy(t = 2) + ... +wu(t—n) (41)
i=1
Bt)= Z Tyt —i) =Tyt —1) + Tyt —2) + ... + Tyt —n) (42)

Using (35) and (41), Eq. (36) can be rewritten as:

() = @:0)"F + @(t) G + 7(t) + p(0) +u(t) + () T + 0(2)
= p(®)70+7(0) + B(t) +o(t)

(43)

Eq. (43) represents the identification model for a linear stochastic state-space
system as defined in (1)-(2). The main objective of this paper is to present an
algorithm that jointly estimates the system states and unknown parameters using
recursive generalized extended least squares. Additionally, we aim to investigate
the impact of correlations between process and measurement noises on estimation
accuracy.

Remark 2: To simplify the identification process, the observable general state-
space system described in (1)-(2) is transformed into the observer canonical form.
This transformation serves to reduce the number of parameters that need to be
identified, making the estimation process more efficient and accurate.

6. The KF-CN-RGELS algorithm

This section introduces the KF-CN-RGELS algorithm for the joint estimation of
system parameters and states in a canonical observer state-space system (Egs. 1and 2).
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The algorithm comprises two key components: the parameter estimation algorithm
and the state estimation algorithm. These algorithms are developed to address the
challenge of estimating parameters and states in the proposed system, and when
combined, they provide a comprehensive solution.

6.1 The parameter estimation algorithm

The parameter estimation algorithm is centered around minimizing the quadratic
criterion function defined as:

CO=3_7 ) - 0)"0 ~ () - BG)I, (44)

This minimization process helps estimate the system parameters based on the
identification model (Eq. 43) using the least-squares principle [22]. The parameter
estimation is performed recursively, and it can be expressed as follows:

6(t) = 0(t — 1) + L(2) [y(2) — y(t) — () — ()"0t — 1)] (45)
__ PE-1)e@)

C1+90) Pt - 1)e) o

P(t) = P(t — 1) — L(t)[P(t = 1)oo(2)]", P(0) = pi L, (47)

However, in implementing these algorithms, certain challenges arise due to
unknown process and measurement noise sequences, as well as unmeasurable states.
To address these challenges, the concept of auxiliary models is introduced to replace
unknown parameters and states with their estimates. In this modified parameter
estimation algorithm, ¢(¢) and 7(¢) are used instead of ¢(t) and y(t), resulting in the
following algorithm [22]:

0e) = 0t — 1)+ L0 (6) — 7(0) ~ B(O) — 00l — 1) (48)
P10

T4 0P - i) “9)

P) = Pt — 1) — LEP(t — Do)+ P(0) = pols (50)

The vectors ¢, (t), 7(¢) and f§(t) are formed using the output, the process noise, and
measurement noise sequences, which are calculated using the equations provided.

To form ¢, (t) in ¢(t) and 7(t),(t — i) and, (¢ — i) can be calculated using (1) and
(2) as

W(t) = %(t +1) = FO() - Ge)u(e) — T(ex(t) + d u(v)) (51)
0¥ (1) = y(t) — HX(t) - d(0)u(), (52)
o(r) =v*(£) ~ 1 (t — 1) — b (¢ — 2) (53)
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6.2 The state estimation algorithm

This section deals with the problem of estimating non-measurable states of the
information vector ¢(t). To overcome this challenge, a modified Kalman filter
prediction and update cycle, described in Section 4, is used to estimate the system
state. The state estimation depends on the degree of correlation between process noise
and measurement noise in the proposed system. The state estimation algorithm is as
follows:

Prediction cycle:

xp(t +1) = Fxp(t) + Gu(t) + Ty(t); (54)
P—FPF +qQ-T§" (55)

Calculation of Kalman gain:

K = (Pc)/cPc" + R (56)

Correction cycle:
x(t+1) =xp(t +1) + +Kv* (t) (57)
P = (eye(n) — Kc)P (58)

In these equations, F = (F — TH),Q = Q — TS” and S = p,, ,vR\/Q, as stated in
Section 4. Therefore,

x(t) = x.(t) (59)

where x,(¢) and x,(¢) are predicted and corrected states at time t, (respectively)

Remark 3: A Kalman filter estimates the state of a system, assuming that its
parameters are known. To overcome this issue, the concept of an auxiliary model that
replaces all system parameters with estimates in the prediction and correction cycles
of the modified Kalman filter recursion equations, as illustrated in (55)-(60), is
applied.

6.3 The joint parameter and state estimation algorithm

The joint parameter and state estimation algorithm combines the parameter esti-
mation and state estimation algorithms to recursively estimate both the system’s
parameter vector and state vector. The algorithm is described by the following
equations:

6(t) = 0t — 1) + L(2) [y(t) — 7(t) — () — ()"0t — 1)] (60)

1+ p(t)"P(t = Di(2)

L) =

(t)]T’P(O) :poln (62)

e}
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#(0) = (270" 0,0 u(0), 0,)" | €R,
& (t):=—51(t — 1), —%1(t — 2), ..., —H1(t —7n)]" ER”
@y (t)=u(t —1),u(t —2), ..., u(t —n)]" €R"
Go(t):=[0(t — 1),0(t — 2), ..., 0(¢ — n])]T eRrRY
p(t) =w(t —1) +w(Et —2) + - +w(t —n),
p)=Tyt—1)+ Tyt —2)+ -+ Tyt —n)

Belfo ] B

T

~ 2T ~T . .T
9:=[F ,G ,d,] eR*n,=2n+1+wn

xp(t +1) = Fxp(t) + Gu(t) + Ty(t)
P—FsP+F +Q—Tx§"
K= (Pxc)/exPxcT + R
x(t+1) =xp(t +1) + +Ko* (t)
P = (eye(n) — Kc) % P
v () = y(t) — HE(t) — d(t)u(t),

Now, our target system is the system described by Eq. (1)-(2)

x(t+1) = Fx(t) + Gu(t) + w(?)
y(t) = Hx(t) +du(t) +v* (t)

v (t)= (1 +11g g+ +]n]q*”f)v(t)
We substitute
F=F+TH
G:(@+ﬁ0
S = puaVRVQ,
Q=Q-Ts"
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J1 0 0 gl

| A0 S R
F=1 s i, G=

_fnfl 0 1 gn*1

|, 0 0| 2,

Finally, we extract the system parameter estimates as:
AT AT ~ -T1T
ee:timated:=|:F ,G ;d>] :| eR N :2ﬂ+1+n],

Remark 4: The KF-CN-RGELS algorithm demonstrates the utility of using
correlation coefficients to obtain state estimates and improve the accuracy of
parameter estimation. This innovative approach is pivotal in achieving accurate
system estimation in cases where parameters and states are not entirely known.

7. The impact of negative correlation coefficients p,,, on state estimation
accuracy

In this section, we address the impact of negative correlation coefficients on
estimation accuracy. We have studied this effect by examining its influence on two
fundamental factors: observation accuracy and process model accuracy.

7.1 Observation accuracy

To commence our exploration of observation accuracy, let us examine the model
and measurement equations under the assumptions F = I,H =1, and 4(¢) = 0 in
Egs. (31) and (32). This examination leads us to the following relationship:

y(t) =yt -1 +v" ) +wE—-1)+ov*(t-1) (81)
Considering the variance of y(t), we can express it as:

var[y(t)] = var[y(t — 1)] + varfp™ (¢)]
+2covy(t —1),v™ (t)] + var[w(t — 1)]
tvarp” (£ - 1)]

—2cov[w(t —1),v" (t — 1)],

(82)

From (82), The measurement covariance P(y(t)) in term of the noise covariances

Q(¢), R(t), and S(¢) can be equivalently written as
Piy@)) =Pyt —-1)+Qt—1) +R(t—1)—2S(t—1) (83)
For uncorrelated noises, i.e., S(t) = 0, the equation becomes:

Po(y(t)) = P(y(t — 1)) + Q(t — 1) + R(t — 1) (84)
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Cross-Covariance between process and measurement noises S,

Figure 1.
Noise cross-covariance, S versus measurement covariance P(y(t)) for diffevent values of correlation coefficient p,, .

According to (83) and (84), if S(¢) > 0, then P(y(t)) < Po(y(¢)) indicates that the
observation at time ¢ becomes more accurate when a positive correlation coefficient
exists at time ¢ — 1. Conversely, if S(t) < 0 the observation at time ¢ becomes less

accurate. It is worth noting that p,, , = S/ v QVR. Figure 1 below shows the measure-
ment covariance P(y(t)) versus positive and negative values of the cross-covariance
between process and measurement noises, S(¢). The data obtained correspond to
illustrative example 1.

7.2 Process model accuracy

Turning to process model accuracy, we aim to derive the cross-covariance between
the state and the process noise, defined as:

Pl (klk), % (klk)) = E| (w(k) — (ki) (x(k) — (k)" (85)

Before we delve into the derivation, we rely on a lemma known as the Conditional
Gaussian Distribution Lemma presented in Ref. [36], which proves to be invaluable.

Lemma 1: Suppose a pair of vectors Y and X are jointly Gaussian with a mean
vector mr and a covariance matrix Prr, then X is conditionally Gaussian on Y with a
conditional mean vector mxy and a conditional covariance matrix Pxy.

With this lemma, we can set:

SME [M] - {Hx(k) *”("”q,these yields

X w(k) w(k)
_ [?(klk —1)} _ {ch(klk - 1)} And Po. — | D00 Pyt
P okl - 1) 0 T Pyt Puuie)

. o . . . . T
Where P, (x) is the measurement prediction covariance, HP;,, 5, ,H , and

Py k) 18 the cross-covariance between process and measurement noise, S.
Hence, we can express:
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HP;
Prr =

k\k—lfck\k—lHT ST
N Q

Leveraging Lemma 1, we derive the conditional mean and covariance of the pro-
cess noise.

(k) = (ke — 1) + 5 (e HT) 00 3 —1)  (86)
And
P(W(klk) = Q — S(Payy sz JHT) ST (87)

By using Egs. (5) and (86) with (85), we can prove:

1

P(i(klk), % (klk)) = —S(H P H") "HP; (88)

lk—15k[k—1 lk—1%kjk—1

The results presented in Eq. (88) highlight the role of the cross-covariance
between the state and process noise in the context of the correlation coefficient.
The correlation coefficient can be both positive or negative values and significantly
impacts this cross-covariance. When the correlation coefficient is positive,
increasing its value reduces the cross-covariance between the state and process
noise. Conversely, when the correlation coefficient is negative, increasing its value
elevates the cross-covariance between the state and process noise. Table 1 and
Figure 2 further illustrate this outcome. The data obtained corresponds to illustrative
example 1.

Pwp -0.7 -0.5 -0.3 0 0.3 0.5 0.7

Tr [P(i(k)[k),%(klk)]  0.0166 0.0097 0.0052 —0.0001 —0.0038 —0.0059 —0.0076

Table 1.
Correlation coefficient p,,, versus trace of cross-covariance P(i(k|k), % (k|k)) between state and process noise.
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Figure 2.

Correlation coefficient p,, , versus trace of cross-covariance P(ib(k|k), % (kl|k)) between state and process noise.
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8. Illustrative examples

Example 1. Consider the observer canonical state-space description.
x(t+1) = Fx(t) + Gu(t) + w(t),
y(t) = Hx(t) +du(t) +J(q)v(t).

Fo [—fl 1} _ [0.05 1}(;: [gl] _ [2'0},1{: (1 0d=130,0() {wl(t)}
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—, 0 035 0 2 3.0 w(t)

J(@) =1+J1q 1 +Jog =1+ 0.05057 " + 0.0139g 2.

The parameter vector to be identified is given by:

T
0= lfl’fZ’gl’gz’d’]l’]z] >
= [-0.05, —0.35,2.0,3.0,1.30,0.0505,0.0139]T.

* For reliable models, choosing system parameters must guarantee stability (avoiding

unbounded oscillations), controllability (being able to reach any desired state), and
observability (knowing the internal state from measurable outputs).

* In the simulation, the input {u(t)} is a pseudo-random binary sequence generated

by the MATLAB function # = idinput ([65535, 1, 1], prbs’ /, [0, 1], [-0.8,1]), w1(¢)
and w;(¢) are random noise sequences with zero mean and variance o;, = 0.07%,
and 62, = 0.01” respectively. v(t) is a random noise sequence with zero mean and
variance 62 = 0.8%. Set the data length L = 5000 and choose different values of

the correlation coefficient p,, , in the range [0-1]. Generate system parameter and

state estimates by applying the KF-CNRGELS algorithm with different values of
correlation coefficient, p,, , and examine the correlation coefficient effect.

* To facilitate simulation, the generation of correlated process and measurement

noises involves creating a correlation matrix. This matrix is then applied to eigen
decomposition, giving rise to a correlating filter that captures the
interdependencies within the noise components.

The parameters estimates and errors §y = o — oll/l éll at p,,, = 0.5,0.6, and 0.9
are summarized in Table 2.

* In Figure 3, we vary the correlation coefficient p,, , and plot the resulting

parameter estimation errors. The plot shows three curves corresponding to
correlation coefficients of 0, 0.5, and 0.9.

* The root-mean-squared error of the state estimate x1 for p,, , in the range — 1.0 to

+1.0 is shown in Figure 4. Figure 5 shows the relationship between the
parameter estimation error and various values of the correlation coefficient p,, ,
positive and negative values. Figure 6 shows the parameter estimation error of
the proposed algorithm compared to the standard Kalman filter SKF and
Augmented-State Kalman filter algorithms for p,,, = 0.6. Tables 3 and 4
illustrate the results of the comparison between the KF-CN-GELS and
AUG-KF for p,,, = 0.0, the KF-CN-GELS and AUG-KF for p,,, = 0.4 and the
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KF-CN-GELS and AUG-KF for p,,, = 0.8. The noise estimates 0(¢),1(t) and
w,(t) for KF-CN-GELS with p,, , = 0.7 is shown in Figure 7. The state estimates
of x1(t)and x,(t) and errors for p,,, = 0.7 are depicted in Figure 8. The collected
input and output data are shown in Figure 9.

Pup v f1 fa £ £ d J1 J2 G9%

0.5 5000  —0.0402 —0.3557 2.0117 3.0165 1.3191 0.0580 0.0398  1.0491

0.6 5000 —0.0396 —0.3557 2.0110 3.0173 1.3185 0.0587  0.0345  0.9696

0.9 5000 0.0416 —0.3545 2.0098 3.0148 1.3120 0.0470 0.0201 0.6354
True values 0.0500 —0.3500 2.0000 3.0000 1.3000 0.0505 0.0139
Table 2.

The KF-CN-RGELS estimates and errors (p,,, = 0.5,0.6, and 0.9 for (R, = 0.8,Q,, = [0.07,0.01],).

0.14

o o o
o o o a
& @ - X}

Parameter estimation error, &
o
[=]
&

002t

0 1000 2000 3000 4000 5000

Figure 3.
The KF-CN-RGELS parameter estimation error 6y. Against t(pw,u = 0,0.3,0.5, and 0.9, and
R, =0.8,Q,, = [0.07,0.01][,).

o © o ©o ©o o
w B ®m N

Root Mean Square error for x(r)

e
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o
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Figure 4.
Root mean square error (RMSE) for x,(t) versus different values of correlation coefficient p,, .
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Figure 5.
The parameter estimation error &y against p,,, = —1to + 1, (R, = 0.15,Q,, = [0.07,0.01],).
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Figure 6.

The KF-CN-RGELS estimation ervor 8y against t compared to SKF and augmented KF algorithms (p,,,, = 0.60
for R, =0.8,Q,, = [0.07,0.01]L,).

Pwp = 0 t fl f2 81 8> da ]1 ]Z 9%
SKF 5000 —0.0521 —0.3461 2.0186 3.0047 13108 0.0967 0.0732 2.0386
AUG-KF 5000 —0.0522 —-0.3461 2.0186 3.0047 13108 0.0967 0.0732 2.0389

KF-CN-RGELS 5000 —0.0524 —0.3464 2.0190 3.0052 13108 0.0958 0.0727 2.0177

True values 0.0500 —0.3500 2.0000 3.0000 1.3000 0.0505 0.0139

Table 3.
The parameter estimates and errors (KF-CN-RGELS, SKF, and AUG-KF) for p,,, = 0.0
(Ry =0.8,Q,, = [0.07,0.01],).
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Algorithms KF-CN-RGELS AUG-KF KF-CN-RGELS AUG-KF KF-CN-RGELS AUG-KF
(P =04) (P, =04)  (py, =06) (p,, =06) (p,, =038) (p,, =0.8)

f1=—0.0500 —0.0388 —0.0413 —0.0396 —0.0446 —0.0408 —0.0515
f,=—0.3500 —0.3553 —0.3537 —0.3557 —0.3511 —0.3549 —0.3456
2,=2.0000 2.0098 2.0103 2.0110 2.0091 2.0101 2.0090
2,=3.0000 3.0164 3.0132 3.0173 3.0080 3.0158 2.9971
d=1.3000 1.3221 1.3218 1.3185 1.3193 1.3146 1.3170
J1=0.0505 0.0698 0.0740 0.0587 0.0570 0.0500 0.2615
J>=0.0139 0.0452 0.0580 0.0345 0.0537 0.0256 0.1422
S0(%) 1.2622 1.5008 0.9696 1.2109 0.7413 6.4351
Table 4.

The parameter estimates and errors (KF-CN-RGELS and AUG-KF) for (R, = 0.8,Q,, = [0.07,0.01],).

oy KF-CN-GELS 4 & AUG-KF

200 210 220 230 240 250 260 270 280 290 300
t

| ———1 KF-CN-GELS 4 @y AUG-KF

Figure 7.
The estimates of w, (t),w, (¢), and v(t) for KF-CN-GELS and AUG-KF (p,,, = 0.7 for
R, =0.8,Q,, = [0.07,0.01],).

Looking at Tables 2-4 and Figures 3-9, we can draw some conclusions from these
tables and figures.

* Atp,, = 0, there is no correlation between process noise and measurement
noise. The filtering result of the standard Kalman filter is the same as the filtering

result of the KF-CN-RGELS and the AUG-KF algorithms, as illustrated in
Table 3.
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Figure 9.

The input u(t) and output y(t) collected data used in example 1 p,, , = 0.70.
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* The best estimate of the state is obtained when the correlation coefficient p,, ,
between the process noise and the measurement noise increases. This is reflected
in the improved accuracy of the parameter estimates presented by the KF-CN-
RGELS algorithm. See Figure 4 and Table 2.

* Clearly, the KF-CN-RGELS algorithm yields more accurate parameter estimates,
since the correlation coefficient p,, , increases in the positive direction, and the

mean-square error of the estimated states decreases. See Figures 4 and 5 and
Table 2.

» We find that the KF-CN-RGELS algorithm provides better parameter estimation
accuracy than the SKF and AUG-KF algorithms under the same conditions,
which makes this algorithm efficient and robust. See Figure 6 and Table 4.

* The KF-CN-GELS algorithm provides better estimates of the process and
measurement noises. w1(t), w(t), and v(¢) than the AUG-KF algorithms under
the same conditions. Figure 7 shows these results.

Example 2. Consider the state-space model for a simple two-tank system, where

u(t) is the inlet water flow, x1(¢) and x(t) are the water levels of two tank, y(t) is

measurement of water level of tank 1 as shown in Figure 10. The state-space model of
this system includes process and measurement noises:

iy P i K e CCR )

Yy =[1 0] [’“(t)

] +1.9u(t) + [14 0.1069¢ " — 0.01437 2]o(z)
X2(Z’)

The parameter vector to be identified is given by:

T
0 = [fpfz’gpgzada]l’]Z]
— [-0.11,-0.15,1.90,1.60,1.90,0.1069, —0.0143]"

The Q and R matrices are assumed to be.
ﬁ

Tank 2 Ix,(n

T'ank 1 I 200

Basin
Pump g Rl |

Figure 10.
The two-tank schematic diagram used in example 2.
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[0.60 0.00

,R = [1.60], respectively.
0.00 0.40] [ ) resp y

In the case of correlated noises, we define the system noise matrix as

Q S
sT R\’

0.5874 0.4813 0.9798
From the code for p,,,, = 0.95,U = | 0.4813 0.3947 0.7999

0.9798 0.7999 1.7013
The theoretical value of S is:

0.9308
S = puy/QVR =0.95 x 1/[0.6;0.4] x /1.6 = [0 7600] , which is approximately
[Ua, 3)}
U@2,3) |

During simulation, the input and output data that are collected from a pseudo-
random binary sequence denoted by «(¢) and the water level measurement of
tankl y(t) = x1(¢) are shown in Figure 10, w,(¢) and w; () are white noise sequences
with zero mean and variances ¢, = 0.60” and ol = 0.407 respectively. v(z) is a white

noise sequence with zero mean and variance 62 = 1.60°.Set the data length L = 5000.
Apply the KF-CN-RGELS algorithm to identify this two-tank model. To test the
performance of the algorithm, different values of correlation coefficient (positive and
negative values) are used for the system, and the simulation results are displayed in
Tables 5-8 and Figure 11.

When choosing the correlation coefficient for the simulation, it is important to
make sure that the noise matrix U above is positive semidefinite, which means that all
its eigenvalues are positive and the eigenvectors are orthogonal.

Puwp t fi fa 81 &2 d J1 J2 G9%
0.53 5000 —0.1293 —0.1322 1.8892 1.5373 1.9070 0.1536 —0.0914 3.6241

0.75 5000 —0.0960 —0.1591 1.8915 1.6051 1.9030 0.1263  —0.0990  2.8425

True values —0.1100 —-0.1500 19000 1.6000 1.9000 0.1069 —0.0143

Table 5.
The KF-CN-RGELS estimates and ervors (p,,, = 0.53 and 0.75 for (R, = 1.6,Q,, = [0.6,0.4]1,).

Puwp =0 t f1 fz £ S d i J2 Go%
SKF 5000 —0.1213 —0.1418 1.8904 15702 1.9004 0.3480 0.0832  8.3683
AUG-KF 5000 -0.1216 —0.1418 1.8903 15693 1.9003 0.3360 0.0721 7.8924

KF-CN-RGELS 5000 —0.1221 -0.1413 1.8901 1.5676 19003 0.3301 0.0607 7.6053

True values —0.1100 —0.1500 19000 1.6000 1.9000 0.1069 —0.0143

Table 6.
The parameter estimates and errors (KF-CN-RGELS, SKF, and AUG-KF) for p,,, = 0.0
(Ry =1.6,Q,, = [0.6,0.4],).
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Algorithms KF-CN-RGELS AUG-KF KF-CN-RGELS AUG-KF KF-CN-RGELS AUG-KF
Py =03) (P =03) (P =0.5)  (puy =0.5) (P, =07)  (py, =0.7)

f1=-0.1100 —0.1487 —0.1242 —0.1336 —0.0997 —0.1019 —0.0932
f,=-0.1500 —0.1181 —0.1424 —0.1286 —0.1588 —0.1546 —0.1600
2, =1.9000 1.8897 1.9012 1.8888 1.8969 1.8914 1.8957
2,=1.6000 1.5047 1.5695 1.5286 1.6083 1.5934 1.6161
d =1.9000 1.9103 1.9097 1.9076 1.9062 1.9037 1.9057
J1 = 0.1069 0.2016 0.3822 0.1586 0.2400 0.1316 0.2045
J, =—0.0143 —0.0409 0.1490 —0.0871 0.0201 —0.1004 —0.0001
S0(%) 4.6767 10.2745 3.8111 4.4205 2.8971 3.2575
Table 7.

The parameter estimates and errors (KF-CN-RGELS and AUG-KF) for (R, = 1.6,Q,, = [0.6,0.4]1,).

Algorithms t f1 £, & 2 d A Ja 9%
KF — CN — RGELS,, — 05 5000 —0.0241 —0.1249 1.9996 1.8662 1.9901 0.4607 0.3575 19.1496

AUGfKF,,W:,o_5 5000 —0.1245 —0.1432 1.8957 1.5831 1.8937 0.3581 0.0998 8.8369
True values —0.1100 —0.1500 1.9000 1.6000 1.9000 0.1069 —0.0143
Table 8.

The parameter estimates and errors (KF-CN-RGELS and AUG-KF) for negative values of correlation coefficient
Puwy = —0.5 (R, = 1.6,Q,, = [0.6,0.4]],).

Parameter estimation error, &

0 1000 2000 3000 4000 5000
t

Figure 11.
The KF-CN-RGELS parameter estimation error Sg.
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Figure 12.
The KF-CN-RGELS estimation error 59 against t compared to SKF.

=
w
]

Py
o

n

RMSE for x) — p,., = 0.75

0 100 200 300 400 500 700 800 900 1000
Time step

ﬁ
= 10 B
I
]
i
& 9
&
m |
w
=
(-4 0 . L J ' 1 1 LS '}
0 100 200 300 400 500 600 700 800 900 1000
Time step
Figure 13.

The root mean square error of the state x1 versus time.
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Concentrating on Tables 5-8 and Figures 11-14, we can draw some conclusions

from the table and figures.

* The parameter estimation errors produced by the KF-CN-RGELS algorithm
decrease as the correlation coefficient increases in the positive direction. See
Figure 11 and Table 5.

* Under the same data length and the same correlation coefficient p,,, the KF-CN-
RGELS algorithm has a faster convergence rate than the SKF and AUG-KF
algorithms - see Figure 12 and Tables 6 and 7.

* When the correlation coefficient is negative, the model and observations are less
accurate. This affects the accuracy of the state estimation, which in turn affects
the accuracy of the parameter estimation — see Table 8 and Figure 11 refer to
Section 7 for details).

* The type of correlation between the process and measurement noises (increasing

positively or negatively) affects the root mean-quare error of the system state. A
highly positive correlation reduces the root mean square error, whereas a highly
negative correlation increases the root mean square error of system states; see
Figure 13.

Against t(p,,, = 0,0.3,0.5, 0.9, and — 0.7, for R, = 1.6,Q,, = [0.6,0.4],) and

Augmented KF algorithms (p,,, = 0.65 for R, = 1.6,Q,, = [0.6,0.4]],)

State estimates

State estimates

2000 2020 2040 2060 2080 2100

Figure 14.

The

true state, estimated state and state estimation error used in example 1, for KF — CN —

RGELS (p,,, = (0.75,—0.75) for R, = 1.6,Q,, = [0.6,0.4]L,) p,,,, = 0.75.
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9. Conclusion

The papers in this issue propose the KF-CN-RGELS algorithm to solve the combined
state and parameter estimation problem in stochastic linear state-space systems
perturbed by correlated processes and measurement noise. In this study, a known
degree of correlation between measurement noise and process noise was theoretically
predefined. To estimate the state of the system, the values of the correlation coefficients
were chosen based on the considered real-time application situation. We developed a
variant of the Kalman filter that considers noise correlations by adjusting the process
noise matrix. Simulations show this new approach is successful, improving parameter
estimation accuracy as noise correlation becomes more positive. The effectiveness of the
proposed algorithm was tested theoretically by selecting several values for the positive
and negative correlation coefficient. A negative correlation coefficient can have negative
effects on the accuracy of both observations and models. It causes the measurements to
be less reliable and introduces more uncertainty in determining the relationship
between the observed data and the underlying process. This uncertainty, in turn, affects
the filtering process that is used to estimate the true state and parameters from the
observed data. As a result, the state and parameter estimates become less accurate.
Many researchers in literature provide efficient ways to estimate the covariance matri-
ces Q, R, and S that will be used in future work to guarantee best practice results. By
estimating these matrices, the optimal correlation coefficient can be practically chosen,
and according to Eq. (42), the algorithm gives satisfactory results from a practical point
of view. Beyond its application to linear stochastic systems with KF-CN-RGELS, this
approach opens doors to developing novel algorithms and tackling the identification of
more complex systems like bilinear ones. Furthermore, the proposed KFCN-RGELS can
be used to study real-time applications such as aircraft radar guidance systems, which is
the case for cross-correlated noise systems.
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Chapter 8

Application of the Kalman Filter in
Monitoring, Diagnosis, and Fault
Parrying Problems for Observable
Dynamical Systems

Alexander Chernodarov

Abstract

This section is devoted to approaches for the formation, estimation and application of
diagnostic parameters, as well as stochastic models in monitoring problems. The pro-
cedures for increasing the reliability and depth of dynamic systems monitoring are sub-
stantiated based on the decomposition of diagnostic models, the use of combined
statistical criteria and the processing of observations in “forward” and “backward” time
using the extended Kalman filter. The possibility of detecting and parrying anomalous
observations using robust filtering procedures is shown. Such procedures are based on the
use of an influence function that establishes the level of confidence for formed observa-
tions. U-D modification of the Kalman filter with an influence function in the observation
selection loop is presented. Here U is an upper triangular matrix with unit diagonal
elements and D is a diagonal matrix. Results of the mathematical simulation are given.

Keywords: dynamic system, monitoring, diagnosis, Kalman filter, consent criteria,
decisive rules

1. Introduction

At present, the problem of increasing the reliability of dynamical systems (DSs),
which are part of objects of various physical natures, still remains topical. The solution
to the above problem can be based on the application of analytical approaches to fault
detection and isolation (FDI). In observable dynamic systems, the FDI problem is
solved using external information, diagnostic models, and decision rules. When
constructing diagnostic models, a mathematical description of the reference
(unperturbed) DS and the actual (perturbed) DS is used. The reference vector Y(z)
and the actual vector Y, () of state parameters correspond to such DSs. The dynamics
of changes in these vectors are described by the following differential equations:

AY(¢)/dt = ¥ () = F[Y (1)), (1)

Ya(t) = F[Y,(0)] + G(0)&(), @
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where F(...) is a matrix of variable coefficients characterizing the dynamics of
changes in DS parameters; &(t) is a vector of random deviations of DS parameters from
the required values; E [ﬁ(t)ﬁT(t —1)] = Q(¢)8(t — 7) is the covariance matrix; Q(¢) is a
matrix of weighting coefficients; §(¢t — 7) is the delta-function; E [ ... ] is the operator
of mathematical expectation; G(¢) is a matrix of variable coefficients characterizing
the dynamics of changes in random deviations.

Taking into account relations (1) and (2), the equation for DS errors will have the form

dx(t)/dt = x(t) = A(t)x(t) + G(2)E(¢), 3)

where x(¢t) = AY (t) = Y,(t) — Y(¢) is the vector of DS errors; A(t) =
OF[Y(£)]/0Y |y)_y, () is 2 matrix of variable coefficients characterizing the dynamics of

changes in DS errors.
The estimates %(t) of DS errors can be obtained by processing observations z(t)
using the extended Kalman filter (EKF) [1]:

z(t) = h[Ya(0)] = R[Y(0)lsg1> (4)

where SEI is the sensor of external information; 4[Y (¢)|gg; is the observable para-
meters formed by SEI and having a model [Y (¢)|gg; = 2[Y ()] + 9(2); and 9(¢) is a
vector of random deviations of SEI parameters from the reference with covariance
matrix E[8(£)8"(t — 1)] = R(£)3(¢ — 7).

The mathematical model of observation (4) has the form:

z(t) = H(t)x(t) + 3(t), ©)

where H(t) = oh[Y(t)]/9Y |y _y,( is the matrix for the relation of observed

parameters and the vector of DS errors.

The extension of the traditional linear Kalman filter is associated with its applica-
tion in optimization problems of nonlinear dynamic systems of the form (2)-(5). The
observable DS with EKF in the errors estimation loop is shown in Figure 1. Z is the
predicted estimate of observations; * is the symbol for estimate; and v is the vector of
residuals. Such a vector can be used to form diagnostic parameters for monitoring
observed dynamical systems with EKF in the fault detection loop.

Discrete observations Z; = Z(t;) are related with the following DS error equation:

x; = B + &4, (6)

¥ Tos
DS

h 4

SF1

h 4

Figure 1.
An observable dynamical system with the EKF in an ervor estimation loop.
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where x; = x(;); ®; matrix is the solution of the homogeneous part of Eq. (3).
dq)(t, t,;l)/dt = (i)i = A(t)q)(t, t,',1); ¢(ti,1,ti,1) =1

I is an identity matrix; I'; matrix is the solution of the inhomogeneous part of

Eq. (3):
dr(t,t;)/dt = T; = A(t)T(t,t;1) + G(t); T(ti_1,ti-1) = O.

The use of EKF for FDI problem can be based on the estimation of DS errors.
However, in this case, it is necessary to associate each DS state with its own equation
of the form (3) and its own filter. There is a need to create a bank of filters [2], which
is difficult to implement in practice. Therefore, it is advisable to form FDI algorithms
based on the serviceable states of the DS. Then, the diagnostic parameters will reflect
the deviation of the actual state of the DS from the serviceable one.

2. Fault detection by the y? Chi-Square criterion

The functioning of the EKF is based on the use of a vector of residuals (see
Figure 1)

T
Vi = Z,‘ — Zi = [V1<i)l/2(i) Vj(i) Vl(i)] 5 (7)

where Z; = H;x; Ji-1and X;/;_1 = ®;X;_1/;_1 is the predicted values of estimates of
the DS errors at the instant ¢ = ¢; of time after Z;_; observations have been processed.

The statistical properties of the residuals make it possible to form diagnostic
parameters based on them. It is known [2] that the serviceable state of the DS and
acceptable error values correspond to a vector of residuals that has a Gaussian distri-
bution with zero mathematical expectation and a covariance matrix a;, that is,

v, €N(0,07). (8)

Taking into account the principle of orthogonality of optimal estimates [1]
E [eiﬂﬂ = 0, it can be shown that
T T
ociz = E[Vil/i ] = HiPi/ilez‘ + R;, 9)
where P;;_; = E[e,-/,‘,le;iil} = (DiP,-,l/,',lfbl-T +T;Q;_1I'T is the predicted
covariance matrix; €;/;_1 = X; — X;/i_1.

In traditional EKF, all elements of the v; vector are processed simultaneously.
Taking into account such processing, to monitor the state of the DS, it is necessary to
check the [-dimensional vector of residuals for Gaussianity. In practice, the solution of
this problem is a matter of some difficulty. Therefore, using the residual vector, more
compact diagnostic parameters are formed. One of these parameters is formed by
convolving the vector (7) and the covariance matrix (9)

Ji= vT(xi_zvi. (10)

i
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In the quadratic form (10), the elements of the o; matrix are the normalizing
coefficients that take into account the required statistical characteristics of the resid-
uals. It can be shown [2] that if the v; vector has a Gaussian distribution, then the
quadratic form (10) is distributed according to the y* law with / degrees of freedom,
namely,

Jiex’(l, 20), (11)

that is, the [ dimension of the v; vector is equal to the mathematical expectation of
the J; parameter and to one-half of its variance.

Relation (11) reflects the necessary condition for the absence of violations in the
DS. Quadratic form (10) includes all / components of the v; vector, so it can be
considered as a DS generalized state parameter. It is believed that if the J; parameter is
within acceptable limits, then there are no violations in the DS. The tolerances for the
J; parameter are formed taking into account the numerical characteristics of the y?
distribution and a given level of significance for the goodness-of-fit criterion. Such
conditions can be performed taking into account the properties of the 4(I) quantile for
the y? distribution, namely,

P{]i >]r, a(l)}) (12)

where P{ ... } is a probability measure; /7, ,) is a tabular value of the J; parameter
for the quantile 4 (/) with the number / of degrees of freedom; a (/) is the quantile of a
order, 2 €(0,1).

An analysis of the tabular data shows that quantile (12) with highly accuracy
reflects the three mean square deviations rule (the 3o rule). This rule finds application
in the processing of scalar parameters & distributed according to the Gauss law and
boils down to the following. The probabilities of deviations of such parameters from
the mathematical expectation are characterized by the following values [3]:

03173.., k=1
P{|&-E[E]| >kc} = { 0.0455..., k=2 (13)
0.0027..., k=3.

For k = 3, relation (13) reflects the 3o rule for the Gaussian distribution law. Taking
into account the probabilistic characteristics (13) and the 0.02(/) quantile of [4], it can
be argued that, with a confidence probability of 0.98, the necessary condition for the
J; parameter to belong to the y* distribution is associated with the fulfillment of the
following inequality:

Ji<y? =ElJ;]| +3V],] =1+3V2, (14)

where V' [...] is an operator for variance.
Taking into account the y; tolerance, the monitoring of DS using the diagnostic
parameter J; for the y? criterion is reduced to checking the following conditions:

if J; Sylz, there are no faults in the DS; } 1)

if J;>y7, there are faults in the DS.
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Monitoring using parameter (10) allows you to determine the state of the DS as a
whole without diagnosing which element of the observation vector the violation is
associated with. This approach is traditional [5, 6] for DS monitoring. In practice,
there is a need to diagnose DS with a depth up to the element of the observation
vector.

3. Fault diagnosis by the x? Chi-Square criterion

The problem of DS diagnosis with a depth of up to elements of the vector Z;_; can
be solved if the observation errors 9; are statistically independent (uncorrelated), that
is, if the matrix R; in relation (9) is diagonal. If the observation errors are mutually
correlated, their preliminary decomposition can be performed. Such a decomposition
can be performed taking into account the structure of the covariance R;. As the
specified matrix is square, positive definite and symmetric, it can be represented in
the following form [7]:

R; = S;D;S], (16)

where S; is an upper triangular matrix with unit diagonal elements and D; is a
diagonal matrix.

Then, the vector of observations S;'Z; will have elements with mutually
uncorrelated noise. Indeed, the following model corresponds to such observations:

S7Z; = S; Hux; + S;719; (17)
or
Z; = Hix; + 9, (18)
where
Z;=8'Z;  Hy=S'Hj; 8 =879
The covariance matrix has the form:

R = E[8:8,] = S 'E[9:97)S,T = SRS T = 5,'SiDiS!'S; T = D, (19)

where D; = di&tg{Dl(,'), ---Dj(i)’ Dm(t)}: S;T = (S:1>T

Expression (19) shows that Z; observations have uncorrelated errors. Next, we will
assume that the matrix R; is diagonal. Then, such observations can be processed using
a sequential modification of the EKF [8].

Prediction:

mo =Xjji1 = PiXi 115 (20)
Mo =Py 1 = q)ipi—l/i—lq)iT + Q4 I7 . (21)
Updating:
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v = 2 — Hjmj—1; (22)

o = HiM;1H] + Rj; (23)

K; = Mj71HjT /092; (24)

M; = (KiHj — )M (KH; — 1) + KRiK] 3 = 1,1 (25)
Xifi =my; Py =M, (26)

where X;/;_1 and %;/;, respectively, are the predicted and updated estimates of the
DS error vector at the ith time point, obtained after processing observations Z;_; and
Zi;

P;ji_1 and P;;; covariance matrices of these estimates; #; and M;, respectively,
estimates of the DS error vector and their covariance matrix obtained after processing

T
the jth observation; H; = [H I. HjT ..H]'| is the matrix for the relation of observed

parameters with the DS error vector; H; is the row vector for the relation of the z;
observation with the DS errors vector; R; is the variance of the zj observation error; Q;
is a matrix of weighting coefficients characterizing the noise intensities.

Unlike the traditional EKF, in algorithm (22)-(26), when calculating the amplifi-
cation coefficient (24), it is not necessary to invert the covariance matrix (9) for the
residual vector (7). Such inversion is replaced by / division operations in Eq. (24). In
addition, based on the presented algorithm, it seems possible to form statistical
criteria of agreement for scalar diagnostic parameters.

When processing the residual vector (7) element-by-element, algorithm (22)—(26)
can be supplemented with procedures for analyzing the DS state for each of the [
observations. For example, the checking of DS on the jth observation can be
performed using a normalized residual f; = v;/a;. The statistical properties of such
residuals make it possible to form scalar goodness-of-fit criteria. By analogy with the
diagnostic parameter (10), for [ = 1, the necessary condition for the absence of
violations in the DS for each of the observations will have the form:

B ex’(1, 2) (27)

or by the rule of 3o, for the quantile (1) = 0.02,

B <yl = E[[ﬂ +3 /V[ﬁﬂ =1+ 3V2~52. (28)

Based on reference data [4], quantiles a(1) = 0.01 and @(1) = 0.001 can be
matched to the extended 73~7.6 and 72~11.8 tolerance values. However, when the
tolerances are expanded, the probability of fault detection errors associated with a
“false alarm” increases.

Taking into account the y3 tolerance, the monitoring of DS using the diagnostic
parameter |3j2 for the y? criterion is reduced to checking the following conditions:

if [3]2 <3, there are no faults in the jth channel of the DS; } (29)
29

if ]3]2 >7y2, there are faults in the jth channel of the DS.
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Thus, the decomposition of the residual vector allows the formation of scalar
goodness-of-fit criteria. The use of such criteria makes it possible to increase the depth
of diagnosis.

4. Fault diagnosis by the 9 fisher criterion

The use of the y? criterion makes it possible to detect current DS faults in real time.
In practice, there is also a need to analyze the DS operation over a certain period of
time.

Appropriate diagnostic parameters can be formed based on retrospective data.
Technology (22)-(26) for sequential processing of observations allows the formation
of scalar diagnostic parameters based on a sample of residuals on a sliding time
interval. To do this, you can use the ergodic properties of the estimates obtained by
the Kalman filter, the parameters of which are a priori adjusted for the proper opera-
tion of the DS. These parameters are the variances of the innovation sequences (22) in
each of the / observation channels. The predicted value of the variance of the residual
(22) at the ith moment of time is determined by the ratio (23), and its estimate & is
based on a sample of N values, that is,

) TN -1 Z v —%]2; j=11 (30)
k=i—N+1

where U =& Y4_i_n41Vj(k) is an estimate of the mathematical expectation of
the jth residual at the ith instant of time. Taking into account condition (8), the
absence of faults can be associated with the desired value of the mathematical
expectation of the residuals, namely, ¥j; = 0. As a parameter that characterizes the

DS state on the time interval T = [t; 541, ;], the ratio of the actual variance 69-2 to its
predicted value oc]-2 can be accepted, that is,
_ 2272
It is known [4] that when the condition (32) presented below is satisfied, param-
eter (31) has 92 or Fisher distribution, namely,

F,e%(b,c), (32)
where b = N/(N-2) and ¢ = 4N(N — 1)/ |(N = 2)*(N — 4) (33)
are tabular values, respectively, of the mathematical expectation and variance for
the F; parameter.

Taking into account the 3c rule and a = 0.02 quantile, condition (32) can be
represented as

<02 =E[F,] +3,/V[F] =b + 3. (34)
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When the tolerance n? is taken into account, the DS diagnosis according to the 9
criterion using the F; parameter is reduced to checking the following conditions:

if F;<ni, (35

there were no faults in the DS for the jth channel of observations on the time
interval T = [ti,NJrl,ti];

if Fj>ni, (36)

there were faults in the DS for the jth channel of observations on the time interval T.
The procedures (35) and (36) complements the test (29) in order to increase the
reliability of the diagnosis.

5. Fault diagnosis by the x? and the 9> combined criterion

When diagnosing DS, the problem of detecting short-term outliers against a back-
ground of failures arises. If short-term outliers are recognized, then they can be parried
without affecting the operation of the DS. The problem of recognizing the type of
violations can be solved by combining the x? and the 9% goodness-of-fit tests. Indeed,
DS diagnosis based on the AA criterion makes it possible to immediately detect all
violations, both random short-term outliers and failures. Indeed, DS diagnosis based on
the y? criterion makes it possible to immediately detect all violations, both random
short-term outliers and failures. At the same time, DS diagnosis based on the 92 crite-
rion is implemented using a set of residuals on a sliding time interval. Random short-
term outliers that may appear on a sliding time interval when calculating the F; param-

eter are averaged and, as a rule, do not affect to the diagnosis results of the §? test. On
the other hand, the appearance of gradual and sudden failures, which are characterized
by constant deviations of residuals from their nominal values, lead to the F; parameter
going beyond the tolerance limits. Thus, if a violation in the jth observation was
detected according to both criteria, then most likely a permanent failure occurred in the
DS, and if only according to the x? criterion, then it was a random short-term outlier.
From the considered properties of the combined criterion of consent, the following
algorithm for detecting and parrying violations in the observed DS is as follows:

e If there is no discrepancy between the diagnostic parameters relative to the
tolerances, the residuals are processed using EKF.

* Anomalous observation signals detected by the y? criterion are excluded from
processing or processed with certain robust confidence coefficients.

e Violations detected by both criteria y? and §* are countered by connecting a
redundant channel.

The procedures presented above allow for the diagnosis of DS with a depth of up to
the element of the observations vector. At the same time, in practice, it becomes
necessary to perform diagnosis with a depth up to the element of the DS errors vector.
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6. Fault diagnosis based on joint filtering and smoothing procedures

The diagnosis of DS with a depth up to the elements of the errors vector can be
implemented on the basis of joint procedures for filtering observations in “forward”
time and smoothing estimates in “backward” time. By analogy with expression (10),
the diagnostic parameter, which reflects the deviations of error vector estimates from
their predicted root-mean-square values, can be represented by a quadratic form:

]i = viT/NAPflv,-/N, (37)

where vy = 8;) — 854 = O %N — Xijis

Bf(i) = %i — i3 Oy(i) = Py (¥i1 — Kivayn)s

AP; = Py + @;'Piyyn®; "5

%;/i and X;/y are estimates of the DS error vector at the ith moment of time,
obtained, respectively, at the filtering and smoothing stage; P;/;, P;/y are the covari-

. . _ T, . s
ance matrices of the above estimates; ® 7 = (®™) . ®; ! is the inverse transition
matrix, which is determined from the solution of the differential equation:

Ao Yt t; 1) /dt = —D e, t; 1)A(t); Dt 1.t 1) =L (38)

Stable smoothing (|| < 3c), which reflects the absence of anomalous observations
signals, is characterized by the following distribution of the residual v;/y and the
quadratic form J;:

VN EN(0; AP)); [y € x*(n;2n), (39)

where 7 is the dimension of the DS error vector.

Taking into account the properties of the y* distribution and the 3o rule, it is
possible to formulate the necessary conditions for the absence of violations for the DS
in general and for the jth element of the error vector in particular

Joi) <n+3V2n; (40)
Tsisp) = Jsisi-1 + Vowg)/ADig) <¥; =j +3v/2) (41)

where v;/y = AU;lvi/N;j =1,n AU;I; AD;1 are an upper triangular matrix with
identity diagonal and a diagonal matrix, respectively. These matrices are obtained by
the following orthogonal transformation:

APt = AU;TAD AU Y (42)

AD;O% is the jth element of the diagonal matrix AD; .

Taking into account decomposition (42) and the statistical properties of the Fisher
distribution [4]:

FS(]') = &(z/])/AD(z/]) (S 82(17,(,‘), (43)

it is possible to formulate the necessary condition for the operable DS state
(“absence” of failures) for the jth element of the error vector, that is,
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Fy<nf =b+3V0, (44)

where &(; ;) is an estimate of the variance of the residual vy ;) on a sliding time

interval; b and ¢ are tabulated values (33) of the mathematical expectation and vari-
ance for the parameter F;.

Diagnosis based on joint procedures for optimal filtering and smoothing assumes
the relationship between prediction and interpolation models of the DS error vector:

Xiv1 = @1 + [14€; prediction one step ahead at i = io, if; (45)

x; = DO g (i1 — Tiga&)) interpolation one step back ati = if, io. (46)

It should be noted, however, that the traditional RTS (Rauch-Tung-Striebel) algo-
rithm [9] smooths out the predicted estimates X;;_;, the reliability of which is signif-
icantly lower than the updated estimates %;/;.

The value %; /i)y for the smoothed estimate of the x; error vector can be found by
solving the following optimization problem using the least squares method

X(i/iN = argxr_nin Jijs> (47)

T _ "
p (i/1i+1)N [x,- - x(i/i+1)N]+

]i/s = 05{ [xi —5€(i/i+1)N]
a

where T R ; (48)
+[xi — %] P [xi — %]}

b

X(i/i+1)ns P(ijiv1)n i an estimate of the error vector interpolated at the ith moment
of time and its covariance matrix.

The quadratic form (48) combines components “a” and “b”, which characterize
interpolation and filtering errors at the ith moment of time. It should be noted that
component “b” can also be formed for predicted estimates. However, in this case,
smoothing errors will significantly depend on the frequency of registration these
estimates.

Applying the rule of differentiation with respect to the parameter for the quadratic
form (48), we can obtain the following solution to problem (47)

JJ; _ . N ira .
T = Py R ain = %aivon] + Piji [Ramn — %iji] = 0. (49)

i X=X/

From (Eq. (49)), an expression can be obtained for a smoothed estimate of the
error vector

XN = %aivon — PPy [Rajisan — Xijl (50)
-1
where P(i/i)N = |:P(_i/1i+1)N + Pz_/11:| ) (51)
Kiny =P /,->NP;/3 is the optimal amplification coefficient. (52)
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Applying the matrix inversion lemma [10] to expression (51), it can be represented
in expanded form:

1
PN = Piijisn — Pijisow [Pajicon + Pisi] Plijisan- (53)

Substituting expression (53) into relation (52), we obtain the following procedure
for calculating the optimal amplification coefficient

1
Kin = Piijison [Pijison + Pisi] (54)

The expression for the interpolated estimate follows from the ratio (46)
X(ifiryn = @ K1/t N (55)

The difference between relations (46) and (55) determines the equation for inter-
polation errors

eifivon = ®; ey — Lig) (56)

where €(i/i+1)N = Xi — X(i/i+1)N> €(i+1/i+1)N = Xi+1 — X(i+1/i+1)N-
The following covariance matrix corresponds to the interpolation error vector

Pijiygn =E [e(i/iJrl)Ne(T;/iJrl)N} =®; ' [Piryjipyn + T QI |®; T (57)

Combining (Egs. (50), (53)-(55), (57)) into a single structure, we obtain an algo-
rithm for optimal smoothing of error vector estimates

Interpolation:
% firN = PR i1/t 1)N (58)
Pjivn = Prajivn + Tt Qi (59)
Updating:
ViN = X(i/i+1)N — Xijis (60)
. -1 _
p (i/li)N =@ ,P i/irynPiv1 + P i/z1 ; (61)
Ki/n = PijinPijis (62)
XN = Xi/ivyn — Ki/nvijns (63)

To implement the algorithm (58)—(63), it is necessary to register estimates x;;0f
the DS error vector and their covariance matrices Pl_/l1 obtained by the EKF in the
process of functional monitoring of the DS. The matrix P, ; is determined from the
solution in “forward” time according to the following equations:

P.i =P}, +H R 'H; (64)
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_ -1
P,’/},l = (®;P;_1)i1®] +TiQ; T} . (65)

The implementation of (Egs. (58)—(65)) is associated with computational difficul-
ties due to the need to determine the inverse covariance matrices Pz711 and P&}i) n- These
difficulties can be significantly reduced with the sequential implementation of
smoothing algorithms. With this implementation, the inversion of covariance matri-
ces of nxn dimension is replaced by a sequence of division operations. Such a
replacement is based on the transformation of (Eq. (61), (64), (65)) according to the
matrix inversion lemma [10]. For (Eq. (65)) it will have the form:

-1
_ <1 <1 <1 _ -1 o1 N -
Pi/gfl = Pi/i—l - Pi/i—lri (F;‘Tpi/i—lri + Qi}1/i71) FiTPi/i—l = (Pi/il + ZDFJT(ZJ7> >
j=i
(66)

where T} is the jth column of matrix I';, which has 7 xr dimension; Q;; is the jth
element of the diagonal matrix Q;, which has »x7 dimension.

Hence, the following procedure for the sequential implementation of Eq. (66)
is valid

My' = Q;Tpgl/i71¢;1; (67)
K = MG/ (DML + Q) (68)
T
1 _ (7T _ 1 (1T _ A -17T.
M= (KT = 1)M (KT 1)+ KQ; KT (69)
Pi?zl—l = M;l; ] =1,r. (70)

Transformations similar to (66)—(70) will also be valid for Eq. (61), if the covari-
ance matrix of filtering errors is presented in the following form

Pyl = U,/ DyiU L, (71)

where Uj/; is an upper triangular matrix with unit diagonal elements; D;/; is a
diagonal matrix. These matrices form the basis of the U-D filter [11].

Taking into account decomposition (71) and preliminary decomposition of resid-
uals vy = U Ly, /N>  sequential modification of the smoothing and diagnostic algo-
rithm can be formed.

Interpolation:
mo = X/iN = Pri%1/ivN (72)
Vi/N = X(i/it1)N — Xijis (73)
Wo = [®; U /ni @A U
MWGS O_ [ l+.1 +1/N ¥ z+l] N 0 : (74)
Do = diag(D;11/n,Q;) Dy
Smoothing:
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£,=0," Uz V; =Dif; (75)

o« =f;V; + Dj; (76)

Ry = 01 v/ %

wwasd 7= (K5 - Ga)) |0 ; (78)
D, = diag (B, 1) ,

=000 70" 7

Vi/NG) = Uf Vi/N’ (80)

m; =mj_1— K; Uj; j = 1,m; (81)

Xin = mus UGy = f]n§D(i/i)N =D,, (82)

where Uj_l is the jth row of the matrix Uf/} ; D]-’1 is the jth element of the diagonal
matrix Di’/}; MWGS is the modified weighted Gram-Schmidt procedure [11], intended
to transform the aggregate of matrices W; and Dj, which are # x (n + r) matrix and
(n +7) x (n + r) matrix, respectively, into the aggregate of the # x # an upper trian-
gular matrix U; with identity diagonal and a diagonal matrix D;. The algorithm for
implementing the MWGS procedure has the form

ntr
dy = WiiDiWoj, m =mn,2; (83)
j=1
5. WD W /d
Wiom = S W DiW,: /s o
=N k=1m-1; (84)
ij —Wk] ukamj, ] = L,n+r
n+r o
d1 = Z leD]Wy, (85)
j=1

Uy, and d; are the elements of the required matrix U and D.
To implement the U-D smoothing algorithm, it is necessary to determine the U{/},
D1711 components of the a posteriori covariance matrix of estimation errors Pf/zl The

traditional U-D algorithm [11] for observation filtering, which includes additional
procedures necessary to smoothing estimates of the DS error vector, is presented
below.

Prediction for filtering:

mo = Xi/i1 = PiXi_1/i1; (86)
Wi = [®; Ui_y/i1:T]

MWGS { _ — UosDo. )
{Di — dmg (Di_1/1‘_1, Qi—l) }
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Prediction for smoothing:
Ug" =@ "U; 743D =Dy a3
f;=T U2k V;=D\f;
K= U5 v/ (F,vi+ Q)3

W; = [Kf, - U Tk |

MWGSL { N U 5Dt =1,
D; = diag (Dj’ »Qj )
Ug"=Uy; 4 = U, "3 Dy 's=Dyji g = D
Filtering:
T
fi =HjUj—1; Vj=DjAf;;
(sz ZfJV] +Rj;
2.
K = Uj 1V;/ofs
m; = mj_1 + Kjy;
W; = [Kif; ~ Uy1:K] .
MWGS o J —U; Dy j=1,1
D; = diag (D1, R))
Updating for smoothing:
W; = [U;§iH] |
_T I T3
MWGSL — U505 j=11

D; = diag (D, R;")

-T —T. -1 -1
Ui =U ;Di/i =D,

(88)
(89)

(90)

(91)

(92)

(93)
(94)
(95)
(96)

(97)

(98)

(99)

where MWGSL is a similar procedure to MWGS for forming matrices: the lower
triangular with unit diagonal elements Uj’T and diagonal D]»’l. Eq. (88)-(92), (98),

(99) are redundant with respect to the basic U-D filtering algorithm [11].

Diagnosis in “backward time” is performed when violations detected in “forward

time”.

7. Analysis of the results of mathematical modeling of diagnosis
procedures based on filtering and smoothing of observations

The Schuler pendulum [12], which includes a gyro-accelerometer (G-A) system
moving in a gravitational field along a sphere of R radius, is considered as an object of
mathematical modeling. The invariance of the modeled vertical (radius vector) to the
movement of the base of the G-A system along the sphere when changing the velocity
V and angular position ¢ is ensured by precession of the gyros. For this purpose, a ¢ =
V /R signal that is proportional to angular velocity of G-A system motion relative to

the sphere is fed to the gyros moment sensor. When the vector x(¢) = [AV 8 Aa Aw)]”
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of errors of such a system is observed from the velocity signals Zy (t) = Vg.a(t) —

Vsei(t) the parameters of Egs. (3) and (5) will have the following form

Figure 2.

0 —¢ 1 0

Ap - |VR 00 1
0o 0 -1/7, 0
0 0 0 -1/t
00 0 0
00 0 0

CO=10 0 6y2z/m 0
00 0 60\/2/T0

Accelerometer ay, m/sq.sec

o,

i \ / / .
ewvir =" 4 f “\ | error estimation
| o (filtering)
[ |
error estimation
(smoothing)
450 500 550 600

[, sec

Estimates of the accelerometer ervor.
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H(t)=[1000]", (102)

where g is the acceleration of gravity; 8 is an angular error of determining the
vertical; AV is an error of velocity reckoning; Az is an accelerometer error; Aw is the
gyro drift; t,, T, are the correlation time for the accelerometer error and gyro drift,
respectively; 6,, 6, are mean-square values of errors of the accelerometer and gyro,
respectively; A(...) stands for an error.

In Figures 2 and 3, characteristic results of the studies of an algorithm for G-A
system diagnosis from the recorded data are presented. At the 500th second, the
accelerometer failure corresponding to the imitation bias was simulated. Such a failure
indirectly makes itself evident during filtering for the velocity observation channel
when the diagnostic parameter f2 is above upper tolerance.

In post processing the recorded estimates and during the diagnosis by rules (41)
and (44), it is possible to determine which of the sensors — an accelerometer or a
gyro — has most probably caused a fault.

Figures 2 and 3 show the dynamics of variation of the estimates of both the bias
of the a, accelerometer output signal and the o, gyro drift when velocity observations
are processed in “forward time” and when the estimates mentioned are refined
in “backward time”. During the diagnosis from the recorded data, a failed
accelerometer is isolated if the generalized parameters Jg, (the x? test) and Fsy

(the 92 test) are above upper tolerances (see Figure 2). It can also be seen (see
Figure 3) that the accelerometer failure has had an insignificant influence on the

Gyro oy, arc deg'h

%001

& error N

4 2

5 =

o

-2 -

4 N, _ ervor estimation
54 __ (smoothing)

e error esiimation . .
40 A (filtering) : ' [
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tolerunce

ot - a2 s St A .\‘M
400 450 Stlﬂ 550 800
'c)2 lest
0s -
: i
03- - - . tolerance
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02 \/\\ ﬂl
WO AR s
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Figure 3.
Estimates of the gyro drift.
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variation of the generalized parameters Js,, and Fs,,, which characterize the status
of the w, gyro.

Thus, combined processing of observations in “forward” and “backward” time
enables us to solve diagnosis problems with a depth of the component of the state
vector of a dynamical system.

8. Analysis and parrying of violations by robust filtering

The analysis and parrying of anomalous observations can be performed based on a
robust modification of the U-D filter. This modification relies on the application of the
influence function y, which defines the level of confidence in incoming observations.
Such a function can be formed for the normalized residual B =y /o, where o is a

scaling parameter which may be the mean square deviation /R;. For the residual p;,

one can not only form the robust-likelihood function p(p) but also perform the
optimization of the estimates

i
%; = argmin Z p(B:)s (103)

i i=ig+l

where p(B) = —Inf(B); f(P) is a probability density function (PDF) [3].

The solution of the problem (116), in view of the constraintx; — ®;x;_; — [;€;_; = 0,
is an algorithm for robust estimation.

Prediction: Eq. (97), (98)

Tuning:

Bi=vi/o; w; = w(ﬁj); v =y (Bj); (104)

Updating:
f;=HUi1; Vj=Djof]; (105)
& =fiVi v + o (106)
Kj = Uj1V;/&; (107)
m; = mj_1 + Kjogyjs (108)
mwas | 35, - U5 — Uj; Djs (109)

D; = diag (D; 1, o2y

Uiji = Ui Dyji = D3 %y = mysj = 1,1, (110)

_ _ % (P r _Pp (B
where vy = w(y) =" pop, W=V (B) =" | =8
The influence function [13, 14] ;i and its derivative qjj’ can be formed taking into

account “a priori” assumptions about the laws of distribution of the useful signal and
noise. The choice of the values of above functions is based on the necessary conditions
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[15] for the filter to be divergence-free, namely, the diagnostic parameter must have a
Gaussian distribution, that is, € N(0, 1); in addition, the rule of 3o is fulfilled [3] for
the probability P that a random variable having the Gaussian distribution will be on
the interval [—30, 30], that is,

P{|p — E[p]| > 30} = 0.0027. (111)

For the random variable f, the rule (111) can be written as P{|f| <3} = 0.9973.
Thus, the correct functioning of the DS can be matched by the condition || <3 and
also the following values of the functions:

Fo(B) = (2m) Fexp(—0.58%); p,(A) = 0.5In(2x) + 0.56% wy(8;) = B wy(B) =1
(112)

The following functions can be made to correspond to such a distribution and to
off-design conditions of the filter operation.

F1(B) = 0.5exp(—[B])s pi(B) = 2+ 1pls wi(B) =115 wi(B) =0 (113

The vagueness of boundaries between anomalous and conditioned signals can be
taken into account based on the convolution of the Gauss and Laplace PDF. Such a
convolution can be performed using the following moment generating functions
(MGFs) [16]:

My,(T) = My(T)M,(T) = (1 - T%) " exp(T?/2), (114)

where M(T) is an MGF; T is generally a complex number; and K(T) = InM(T) isa
cumulant generating function.

Relying on the results of [14], the following relations can be shown to hold for the
normalized residual p;:

w(ﬁj) =To+K(T) /2|, 5 (115)

W (Bj) - {1 + oK®)(T) /aT} of

P (116)

5
T=Ty

where T is the value of the argument at a saddle point for which the following
equality is valid:

Ky (T) - B, = 0. (117)

In view of the approximation In(1 — T?)~ — T? and relations (112)-(117), the

parameters y;and \|1]’ take the form y, (Bj) =p/3; \pfg (Bj) =1/3.

The influence function which reflect the considered assumptions is shown in
Figure 4.

In this figure, a typical influence function is denoted by a dotted line, too. How-
ever, the interrelation between such a function and the parameter y; is not obvious.

The need to parry anomalous observations can be illustrated by the results of
mathematical modeling of a G-A system, which is described by Eq. (100)-(102). Such
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Diagram for the control of an estimating filter with an influence function.
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Figure 5.
Estimates obtained by the EKF.
results are presented in Figures 5 and 6, where the true A8 = x5 — X5 and root mean
square (RMS) error o5 = /P of vertical determination are shown. An anomalous
observation signal Zy () was simulated. In the case of a sequential EKF (20)-(26),
estimation errors are shown in Figure 5, and for a robust filter (97)-(98) and
(100)—(117), such errors are presented in Figure 6.

It can be seen that in the absence of protection from anomalous observations, the
divergence of the EKF is possible when the actual estimation errors Ad considerably
differ from their predicted mean square values oc5.

9. Conclusions

In this chapter, some approaches to monitoring and diagnosis of dynamic systems
using the extended Kalman filter were presented. The considered approaches are
based on the application of the DS error model, the formation and processing of
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Figure 6.
Estimates obtained by the robust filter.

residuals between the observed parameters and their predicted values. The statistical
properties of residuals make it possible to form diagnostic parameters and the
corresponding criteria of agreement. For the considered criteria, formalized tolerances
can be generated that make it possible to detect failures and failures in the DS.

The conducted studies have confirmed the following possibilities of the proposed
approaches.

* Detection and exclusion or processing with certain confidence coefficients of
anomalous observations.

* Selection of outliers against the background of gradual biases of observations.
* Improving the reliability of monitoring based on combined goodness-of-fit tests.
* Detection of faults in observable dynamical systems with a depth of the

component of the state vector on a basis of the joint procedures of optimal
filtering and smoothing of experimental data.
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