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Preface

Response Surface Methods – Theory, Applications and Optimization Techniques is a compre-
hensive collection of chapters delving into the multifaceted domain of Response Surface 
Methodology (RSM). This book is a result of the collective expertise and contributions 
of numerous distinguished authors. It is a valuable resource for researchers, engineers, and 
scientists looking to collect RSM’s power, thus enhancing their experimental designs and 
optimization processes.

RSM is a robust tool for designing experiments, analyzing experimental data, and opti-
mizing processes. Though it was initially developed for optimizing industrial processes, 
RSM has expanded its action and utility across multiple disciplines such as engineering, 
chemistry, biology, health care, and environmental sciences. The adaptability of RSM 
lies in its ability to model and analyze complex interactions within experimental data, 
providing insightful solutions for process optimization and quality improvement.

The book is divided into two sections, each focusing on different aspects of RSM, from 
fundamental theories to advanced applications.

Section I introduces RSM with a foundational understanding of the technique, tracing its 
historical development and establishing key concepts and definitions. Section II discusses 
optimization techniques and advanced topics associated with RSM.

This volume has been carefully curated to provide broadness and depth to the subject of 
RSM, reaching a wide audience from beginners to advanced practitioners. The contribut-
ing authors’ collaborative efforts not only cover the theoretical aspects of RSM but also 
provide practical insights and applications, making the book a valuable reference for 
anyone looking to leverage RSM in their work.

The editorial team hopes that Response Surface Methods – Theory, Applications and 
Optimization Techniques will inspire and guide researchers and professionals through  
their endeavors, helping them to achieve greater efficiency, precision, and innovation 
in their experimental designs and optimization projects.

Valter Silva
Centre for Environmental and Marine Studies (CESAM),

University of Aveiro,
Aveiro, Portugal

João Sousa Cardoso
Instituto Superior Técnico,

University of Lisbon,
Lisbon, Portugal
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Chapter 1

Historical Background of RSM
Hembadoon R. Asoo, Joseph S. Alakali, Julius K. Ikya  
and Mohammed I. Yusufu

Abstract

The historical background of response surface methodology (RSM) traces its 
evolution from early experimental design principles to its widespread adoption in 
various industrial applications. This paper examines the development of experimental 
design techniques, initial approaches to optimization, and the statistical foundation 
underlying RSM. It explores the pioneering contributions of G. E. P. Box, who played a 
pivotal role in advancing RSM. The evolution of RSM terminology and its integration 
with computer technology are discussed, along with challenges and criticisms encoun-
tered over time. The cross-disciplinary adoption of RSM is highlighted, emphasizing 
its relevance across diverse fields. Modern developments and innovations in RSM 
are examined, including advancements in modeling techniques and optimization 
algorithms. The limitations of RSM, such as assumptions of polynomial models and 
sensitivity to initial experimental design, are acknowledged, with strategies proposed 
for overcoming these challenges. Overall, this abstract provides a comprehensive over-
view of the historical trajectory, industrial significance, and contemporary advance-
ments of RSM, offering insights into its application and potential for future research.

Keywords: response surface methodology, experimental design, optimization, G. E. P. 
Box, computer technology, cross-disciplinary adoption

1.  Introduction

Response surface methodology (RSM) is a mid-twentieth-century statistical 
tool for optimizing processes and understanding complex relationships between 
variables. It was pioneered by statisticians George E. P. Box and K. B. Wilson and has 
gained prominence in diverse fields. Its roots trace back to the design of experiments 
and statistical modeling, with notable contributions in engineering, chemistry, and 
manufacturing. RSM has evolved over time into a powerful technique for efficiently 
exploring and improving processes by systematically adjusting variables. It has 
become integral in experimental design, offering a structured approach to achieve 
optimal outcomes and enhance productivity in different fields.

1.1  Development of experimental design

The evolution of experimental design principles leading to the formulation 
of response surface methodology (RSM) is a rich history that spans statistical 
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innovations and practical applications. The journey begins with the foundational 
work of Sir Ronald A. Fisher in the early twentieth century.

Fisher’s groundbreaking contributions introduced the concept of randomized 
experiments and factorial designs, emphasizing the importance of randomization to 
reduce bias and the simultaneous study of multiple factors. His work laid the ground-
work for modern experimental design, allowing researchers to explore efficiently the 
effects of various factors on a response variable [1].

The subsequent development of analysis of variance (ANOVA) by Fisher in the 
1920s became a pivotal statistical tool in understanding the sources of variability in 
experimental data. ANOVA allowed researchers to systematically partition total varia-
tion into different components attributable to different factors, providing a rigorous 
approach to statistical analysis [1].

In the mid-twentieth century, George E. P. Box and others extended Fisher’s work 
by introducing central composite designs (CCD). CCD combined the efficiency of 
factorial designs with the exploratory power of response surface designs. This marked 
a significant step toward optimizing processes, allowing researchers to efficiently 
explore the experimental space and identify optimal conditions [2].

Box and Wilson’s contributions paved the way for the development of Box-
Behnken Designs in the 1960s. These designs, named after George E. P. Box and 
Donald Behnken, offered a more resource-efficient approach. Box-Behnken Designs 
required fewer experimental runs while still providing accurate estimates of response 
surfaces, making them particularly valuable in practical applications with limited 
resources [3].

The formalization of response surface methodology (RSM) in the late twentieth 
century represented a culmination of these advancements. RSM integrates statistical 
and mathematical techniques to model and optimize complex processes with multiple 
variables. It employs mathematical models to represent the relationships between 
input variables and the response of interest, allowing for the identification of optimal 
conditions [4].

In conclusion, the evolution of experimental design principles leading to RSM 
reflects a continuous refinement aimed at maximizing the efficiency of experimenta-
tion and optimization processes. From Fisher’s foundational work on randomized 
experiments to the integration of statistical models in RSM, each step has contributed 
to a more systematic and sophisticated approach to experimental design in scientific 
research and industrial applications.

1.2  Early approaches to optimization

Early approaches to optimization laid the foundation for the development of 
response surface methodology (RSM) as a powerful tool in the field. These methods, 
rooted in mathematical and statistical principles, paved the way for more sophis-
ticated optimization techniques. Some key early approaches that influenced the 
evolution of optimization methodologies are presented below.

2.  Classical optimization techniques

Calculus-based methods: The roots of optimization can be traced back to calculus-
based techniques, such as the method of steepest descent and Newton’s method. These 
methods focus on finding extrema by analyzing the slope or curvature of a function.
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Lagrange multipliers: Introduced by Joseph-Louis Lagrange in the 18th century, 
Lagrange multipliers extended optimization to constrained problems, allowing 
researchers to optimize subject to certain conditions.

3.  Experimental design

Factorial designs: Early experimental design techniques, particularly factorial 
designs, played a crucial role. Developed by Sir Ronald A. Fisher in the 1920s, facto-
rial designs enabled researchers to study the effects of multiple factors simultane-
ously, providing a structured approach to experimentation.

Fractional Factorial Designs: Building upon factorial designs, fractional factorial 
designs were developed to efficiently explore factor interactions with fewer experi-
mental runs. This approach proved valuable for optimization in situations where 
resources were limited.

4.  Response surface methodology (RSM)

Introduction of RSM: The formalization of response surface methodology is 
often credited to George E. P. Box and K. B. Wilson [2] in the mid-20th century. RSM 
emphasizes modeling and analyzing the relationship between input variables and the 
output response of a system.

Central Composite Designs (CCD): Within RSM, CCDs, introduced to effi-
ciently explore the response surface with a combination of factorial and axial points 
enhanced the precision of estimating key parameters, making optimization more 
effective.

5.  Evolutionary algorithms

Genetic algorithms: Inspired by the process of natural selection, genetic algo-
rithms emerged in the 1960s and 1970s. Developed by John Holland [5], these algo-
rithms involve the evolution of a population of potential solutions through crossover, 
mutation, and selection. Genetic algorithms demonstrated effectiveness in solving 
complex optimization problems.

6.  Stochastic optimization

Simulated annealing: In the 1980s, simulated annealing, inspired by the annealing 
process in metallurgy, was introduced as a stochastic optimization technique that 
explores the solution space by allowing occasional uphill movements, thus enabling 
escape from local optima.

Early optimization techniques, rooted in calculus, experimental design, and 
statistical methodologies, laid the groundwork for the development of response 
surface methodology. RSM, with its emphasis on modeling and analyzing complex 
systems, became a powerful optimization tool. The evolution from classical methods 
to advanced techniques like genetic algorithms and simulated annealing reflects the 
continuous refinement of optimization methodologies over the years.
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6.1  Statistical foundations

Response surface methodology (RSM) is deeply rooted in statistical principles, 
drawing on key concepts and methods that have significantly influenced its creation. The 
development of RSM was driven by the need to optimize complex processes efficiently. 
Below are statistical foundations that played a pivotal role in shaping the methodology.

6.1.1  Design of experiments (DOE)

Factorial Designs: The foundation of RSM lies in factorial designs, a concept intro-
duced by Sir Ronald A. Fisher in the 1920s. Factorial designs allow researchers to study 
the effects of multiple factors simultaneously. This principle is fundamental to RSM, 
which often employs factorial designs to efficiently explore the experimental space.

Fractional Factorial Designs: Extending factorial designs, fractional factorial 
designs were crucial in the development of RSM. They enable the exploration of 
factor interactions with fewer experimental runs, making it feasible to study a large 
number of factors and their combinations.

6.1.2  Regression analysis

Multiple regression: RSM heavily relies on multiple regression analysis to model 
the relationship between input variables and the response of a system. Multiple 
regression, a statistical technique dating back to the early 20th century, allows for the 
identification of significant factors and their interactions.

6.1.3  Central composite designs (CCD)

Optimal experimental design: The concept of optimal experimental design, 
particularly central composite designs, played a pivotal role in refining RSM. Box and 
Wilson [1], in their influential work, emphasized the importance of optimizing the 
locations of experimental points. CCDs efficiently combine factorial and axial points 
to provide precise estimates of key parameters.

6.1.4  Statistical hypothesis testing

Analysis of variance (ANOVA): The application of analysis of variance, a statistical 
method developed by Fisher [6], is integral to RSM. ANOVA enables the decomposi-
tion of total variance into components attributable to different sources, aiding in the 
assessment of the significance of factors and interactions.

6.1.5  Statistical modeling

Response surface modeling: The central idea behind RSM is the construction of 
response surface models. These models, built through statistical techniques, capture 
the relationship between input variables and the response. They provide a compre-
hensive understanding of the system’s behavior and guide the optimization process.

Optimization Criteria: Statistical criteria for optimization, such as the desirability 
function, are employed within the RSM framework. These criteria help research-
ers define and achieve the optimal conditions for a process by considering multiple 
response variables simultaneously.
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6.1.6  Robust parameter design

Taguchi Methods: While not directly forming the basis of RSM, the Taguchi 
methods, developed by Taguchi [7], contributed to the robust parameter design 
aspect. The methods focus on minimizing variability and optimizing performance in 
the presence of noise factors, aligning with the goals of RSM in practical applications.

The statistical foundations of RSM encompass a rich array of methodologies, 
including factorial and fractional factorial designs, regression analysis, optimal 
experimental design, hypothesis testing, response surface modeling, and robust 
parameter design. The integration of these statistical principles has elevated RSM to a 
powerful and versatile tool for optimization in various fields.

7.  Industrial applications of RSM

The historical context of RSM is deeply intertwined with the need for efficient 
optimization of processes to enhance product quality and operational efficiency.

7.1  Early applications in industry

The initial application of RSM in industrial settings traces back to the pioneering 
work of George E. P. Box and K. B. Wilson [2]. In the early 1950s, these researchers 
introduced the methodology as a systematic approach to optimizing complex pro-
cesses and improving product quality.

7.2  Chemical and manufacturing industries

Chemical engineering: One of the earliest industrial applications of RSM was in 
chemical engineering. Researchers and engineers in this field embraced RSM to optimize 
reaction conditions, maximize yield, and minimize variability in chemical processes.

Manufacturing: RSM found applications in optimizing production processes, 
reducing defects, and improving the overall quality of manufactured goods in the 
manufacturing field. The methodology’s ability to navigate complex parameter spaces 
and identify optimal conditions became instrumental in enhancing efficiency.

7.3  Food and pharmaceutical industries

Food Processing: In the food industry, factors such as temperature, pressure, and 
ingredient proportions significantly affect product quality, and RSM plays a key role 
[8]. Researchers utilized RSM to optimize these factors, leading to improved taste, 
texture, and shelf life of food products.

Pharmaceuticals: In the pharmaceutical industry, RSM found applications in opti-
mizing drug formulations and manufacturing processes. By systematically exploring 
the effects of various factors, researchers could enhance drug quality, improve yields, 
and reduce costs.

7.4  Engineering and technology

Process Engineering: RSM was widely adopted in process engineering to optimize 
parameters in the design and operation of various systems. From optimizing the 
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efficiency of energy production to improving the performance of mechanical sys-
tems, RSM proved invaluable [9].

Product Design: In engineering design, RSM contributed to optimizing product 
performance and reliability. It became a valuable tool in the design of experiments 
to understand how different factors influence the final product and how to achieve 
desired outcomes efficiently.

7.5  Quality improvement initiatives

Six Sigma: RSM became an integral part of Six Sigma methodologies, which focus 
on minimizing variability and defects in processes. By employing RSM, Six Sigma 
practitioners could identify optimal process conditions that led to a reduction in 
defects and an improvement in overall quality.

Lean Manufacturing: RSM complemented lean manufacturing principles by 
providing a structured approach to process optimization. It allowed organizations 
to identify critical process parameters and optimize them to achieve lean objectives, 
such as reducing waste and improving efficiency.

7.6  Continued impact and evolution

Over the years, RSM has evolved with advancements in statistical techniques and 
computational tools. Its impact on industrial settings continues to grow as industries 
increasingly recognize the value of systematic optimization in achieving operational 
excellence.

Today, RSM is applied not only in traditional manufacturing but also in emerging 
fields such as biotechnology, nanotechnology, and information technology, showcas-
ing its adaptability and enduring relevance.

The historical context of RSM’s application in industrial settings reflects a journey 
of continuous improvement and innovation. From its early roots in chemical engi-
neering to its widespread adoption across diverse industries, RSM has had a profound 
impact on optimizing processes and enhancing product quality. As industries 
continue to embrace data-driven decision-making, the legacy of RSM as a valuable 
optimization tool persists.

8.  Contributions of George E. P. Box to response surface methodology

George E. P. Box, a prominent statistician, made significant and lasting contri-
butions to the development and popularization of response surface methodology 
(RSM). His work, both theoretical and applied, has had a profound impact on the 
field of experimental design and optimization. Some of the key contributions to RSM 
are highlighted below.

8.1  Introduction and formalization of RSM

In collaboration with Wilson, Box introduced RSM in the early 1950s as a system-
atic and efficient approach to optimizing complex processes. Their seminal paper, 
“On the Experimental Attainment of Optimum Conditions” [2], laid the foundation 
for RSM, emphasizing the importance of statistical experimental design in the pursuit 
of optimal conditions.
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8.2  Central composite designs (CCD)

Box [10] played a pivotal role in the development of central composite designs 
(CCD), a key aspect of RSM. CCDs are a type of experimental design that combines 
factorial points with axial points to explore the experimental space efficiently. The 
optimal arrangement of experimental points, as advocated by Box, enhances the 
precision of estimating key parameters in the response surface model.

8.3  Emphasis on optimal experimental design

Box, a strong advocate for optimal experimental design, stressed the importance 
of carefully selecting experimental conditions to yield precise and reliable results. 
His work highlighted the significance of efficiently using experimental resources by 
strategically placing experimental points in the design space.

8.4  Robust parameter design

Box’s contributions extended to the concept of robust parameter design, 
emphasizing the need to make processes less sensitive to uncontrollable factors. In 
collaboration with Dr. Norman R. Draper [11], he introduced the concept of robust-
ness in parameter design, providing a statistical framework to achieve products and 
processes that are less sensitive to variations.

8.5  Extension of RSM beyond factorial designs

Box recognized the limitations of traditional factorial designs and extended the 
application of RSM to non-factorial designs. This broader perspective allowed the 
application of RSM to a wide range of experimental scenarios, enabling researchers to 
study and optimize complex systems with multiple variables [12].

8.6  Development of response surface models

Box contributed significantly to the development of response surface models, 
which are mathematical representations of the relationship between input variables 
and the response of a system. His work emphasized the importance of fitting accurate 
models to experimental data to gain insights into the underlying processes.

8.7  Practical applications and collaboration

Box’s contributions to RSM were not confined to theoretical advancements. He 
actively collaborated with researchers from various fields, applying RSM to practi-
cal problems in industries such as chemistry, engineering, and manufacturing. This 
practical application of RSM helped establish its credibility and usefulness in real-
world scenarios.

8.8  Legacy and recognition

Box’s contributions to RSM have left an enduring legacy. His influential book, 
“Statistics for Experimenters” [12], co-authored with Norman R. Draper, remains 
a foundational resource in the field. Box’s work has been widely recognized, and 
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he received numerous awards and honors, including the Shewhart Medal and the 
Deming Medal [13].

George E. P. Box played a pioneering role in the development and popularization 
of response surface methodology. His contributions have shaped the way researchers 
approach experimentation and optimization. His work has had a lasting impact on 
both the theoretical foundations and practical applications of RSM, solidifying his 
legacy as a key figure in the history of statistical experimental design.

9.  Evolution of RSM terminology

The evolution of response surface methodology (RSM) terminology has under-
gone a significant journey, reflecting both the theoretical advancements and practical 
applications of the methodology. From its early conceptualization to its widespread 
adoption in various fields, the standardization of RSM terminology has played a 
crucial role in facilitating communication and understanding among researchers.

9.1  Early terminology and conceptualization*

The early development of RSM terminology can be traced back to the seminal 
work of George E. P. Box and K. B. Wilson in the 1950s. In their foundational paper, 
“On the Experimental Attainment of Optimum Conditions” [2], terminologies such 
as “response surface” and “optimum conditions” were introduced, laying the ground-
work for RSM.

The terminology in these early stages primarily revolved around experimental 
design principles and the fitting of response surface models to data. Concepts such as 
“factorial designs,” “central composite designs,” and “regression modeling” formed 
the basis of RSM terminology [2].

9.2  Standardization and formalization

As RSM gained popularity and acceptance in various fields, efforts were made to 
standardize and formalize its terminology. Textbooks and reference materials began 
to emerge, providing a common language for researchers and practitioners.

The influential book Response Surface Methodology by Raymond H. Myers, Douglas 
C. Montgomery, and Christine M. Anderson-Cook [9] played a significant role in 
standardizing RSM terminology. Terms such as “design matrix,” “response variable,” 
“regression coefficients,” and “optimization criteria” became widely accepted within 
the RSM community.

9.3  Extension and refinement

With advancements in statistical theory and computational tools, the terminology 
of RSM continued to evolve to encompass a broader range of concepts and method-
ologies. Terms related to robust parameter design, sensitivity analysis, and model 
validation were introduced to address emerging challenges and opportunities.

The incorporation of concepts from related disciplines, such as machine learn-
ing and optimization, also influenced the evolution of RSM terminology. Terms like 
“meta-modeling,” “surrogate models,” and “global optimization” became increasingly 
relevant as RSM expanded its scope beyond traditional experimental design.
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9.4  Integration with quality improvement initiatives

The integration of RSM with quality improvement initiatives such as Six Sigma 
and Lean Manufacturing led to the adoption of additional terminology. Terms like 
“defect reduction,” “process capability,” and “continuous improvement” became 
part of the RSM lexicon, reflecting its application in enhancing product quality and 
operational efficiency [8].

9.5  Contemporary trends and future directions

In recent years, contemporary trends such as big data analytics, artificial intel-
ligence, and Bayesian methods have influenced the evolution of RSM terminology. 
Terms like “data-driven modeling,” “machine learning algorithms,” and “Bayesian 
optimization” are increasingly being integrated into the RSM framework.

The evolution of RSM terminology is ongoing and reflects the dynamic nature 
of the field and its adaptation to new challenges and opportunities in research and 
practice. As RSM continues to evolve, the standardization and refinement of its ter-
minology will remain essential for effective communication and collaboration among 
researchers and practitioners.

Response surface methodology terminology has been characterized by a progres-
sion from early conceptualization to standardization, formalization, and integration 
with related disciplines and quality improvement initiatives. The standardization 
of RSM terminology has played a crucial role in facilitating communication and 
understanding and enables researchers and practitioners to effectively apply RSM 
principles to solve complex problems in various fields.

10.  Integration of computer technology in RSM

The integration of computer technology into response surface methodology (RSM) 
has revolutionized the way researchers design experiments, analyze data, and opti-
mize processes. This historical integration has significantly enhanced the efficiency, 
accuracy, and scope of RSM applications. Some of the key advancements that facili-
tated the integration of computer technology into RSM over time are discussed below.

10.1  Computational simulation and modeling

Early integration: In the initial stages, the integration of computers into RSM 
enabled researchers to perform computational simulations and develop mathemati-
cal models to describe complex systems. This facilitated the exploration of response 
surfaces and the identification of optimal process conditions [9].

Advanced modeling techniques: With the advancement of computational capa-
bilities, more sophisticated modeling techniques, such as neural networks, support 
vector machines, and ensemble methods, have been integrated into RSM. These 
techniques allow for the development of highly accurate and flexible response surface 
models, particularly in situations with nonlinear and high-dimensional data [14].

10.2  Design and analysis of experiments

Design optimization algorithms: Computer technology has enabled the develop-
ment of efficient algorithms for optimizing experimental designs in RSM. These 



Response Surface Methods – Theory, Applications and Optimization Techniques

12

algorithms can handle complex design spaces, incorporate constraints, and generate 
optimal designs tailored to specific objectives. Examples include genetic algorithms, 
simulated annealing, and response surface methods for design optimization [15].

Statistical software packages: The availability of user-friendly statistical software 
packages, such as JMP, Minitab, and R, has facilitated the design and analysis of RSM 
experiments. These packages offer a wide range of tools for experimental design, 
regression modeling, model diagnostics, and optimization, making RSM more acces-
sible to researchers and practitioners [9].

10.3  Visualization and interpretation of results

Graphical visualization tools: Computer technology has enabled the development 
of graphical visualization tools for exploring response surfaces and analyzing experi-
mental results. Visualization techniques such as contour plots, 3D surface plots, and 
sensitivity analyses help researchers gain insights into the relationships between input 
variables and responses, facilitating interpretation and decision-making [8].

Interactive dashboards: Recent advancements in web-based technologies have led 
to the development of interactive dashboards for RSM analysis. These dashboards 
allow users to dynamically explore response surfaces, adjust input variables, and visu-
alize the impact on responses in real time, enhancing the interactive and exploratory 
nature of RSM analysis [16].

10.4  High-performance computing

Parallel computing: The integration of high-performance computing (HPC) tech-
nologies has accelerated the computational-intensive tasks involved in RSM, such as 
model fitting, parameter estimation, and optimization. Parallel computing platforms, 
including clusters, grids, and cloud computing, enable researchers to leverage massive 
computational resources for large-scale RSM studies [17].

The integration of computer technology into response surface methodology has 
transformed the way researchers approach experimental design, data analysis, and 
process optimization. Key advancements such as computational simulation and 
modeling, design optimization algorithms, statistical software packages, visualization 
tools, and high-performance computing have collectively enhanced the efficiency, 
accuracy, and scope of RSM applications, making it a valuable tool for solving com-
plex problems in various fields.

11.  Challenges and criticisms over time

Over time, response surface methodology (RSM) has faced several challenges and 
criticisms, prompting researchers to adapt and improve the methodology to address 
these concerns. Following are some of the historical challenges and criticisms faced by 
RSM and the methodology’s evolution in response.

11.1  Limited applicability to nonlinear systems

Challenge: One early criticism of RSM was its limited applicability to nonlinear 
systems, as traditional RSM techniques were primarily designed for linear models. 
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Nonlinear relationships between input variables and responses posed challenges in 
accurately modeling and optimizing complex systems [4].

Response: To address this challenge, researchers developed advanced modeling 
techniques, such as neural networks, support vector machines, and response surface 
methods for non-linear models. These techniques expanded the scope of RSM to 
accommodate nonlinear relationships, enabling more accurate modeling and optimi-
zation of complex systems [14].

11.2  Sensitivity to experimental error and noise

Challenge: RSM is sensitive to experimental error and noise, which can affect the 
accuracy and reliability of response surface models. Variability in experimental condi-
tions, measurement errors, and uncontrolled factors can lead to biased estimates and 
poor model predictions [8].

Response: Researchers developed robust parameter design techniques within 
the framework of RSM to address the sensitivity to experimental error and noise. 
Robust parameter design aims to make processes less sensitive to variations by 
identifying optimal operating conditions that minimize the impact of uncontrol-
lable factors [11].

11.3  Inadequate experimental design

Challenge: Inadequate experimental design can undermine the effectiveness of 
RSM by failing to capture important factors and interactions. Poorly designed experi-
ments may result in inefficient use of resources, inaccurate parameter estimates, and 
unreliable model predictions [4].

Response: Improvement efforts were made for experimental design practices 
within RSM through the development of optimal design algorithms and guidelines. 
These advancements helped researchers generate efficient and informative experi-
mental designs tailored to specific objectives, thereby enhancing the reliability and 
robustness of RSM analyses [15].

11.4  Interpretability and transparency of models

Challenge: Complex response models generated by RSM techniques may lack 
interpretability and transparency, making it difficult for researchers and practitioners 
to understand the underlying relationships between input variables and responses. 
This can hinder decision-making and limit the practical utility of RSM [16].

Response: Researchers have focused on improving the interpretability and trans-
parency of response surface models by incorporating model diagnostics, sensitivity 
analyses, and visualization techniques. These approaches help identify influential 
factors, assess model adequacy, and communicate results effectively, enhancing the 
practical utility of RSM in various applications [9].

Response Surface Methodology has faced challenges and criticisms over time. 
However, the methodology has evolved in response to feedback, with advancements 
in modeling techniques, robust parameter design, experimental design optimiza-
tion, and model interpretability. These improvements have enhanced the effective-
ness, accuracy, and practical utility of RSM in addressing complex problems in 
various fields.
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12.  Cross-disciplinary adoption of RSM

Response surface methodology (RSM) has expanded beyond its initial domains 
and has become a valuable tool in a wide range of scientific and engineering disci-
plines. Its versatility, robustness, and effectiveness in modeling complex systems have 
led to its adoption across various fields.

12.1  Chemistry and chemical engineering

RSM has found extensive applications in chemistry and chemical engineering for 
optimizing reaction conditions, improving yields, and enhancing product quality. 
Researchers use RSM to study the effects of multiple factors on chemical processes, 
such as temperature, pressure, and catalyst concentration, and optimize process 
parameters accordingly [2]. The methodology has been instrumental in developing 
efficient and sustainable chemical processes, reducing waste, and improving the effi-
ciency of resource utilization. Its applications range from pharmaceutical synthesis to 
food processing and environmental remediation [14].

12.2  Agriculture and agroecology

In agriculture and agroecology, RSM is employed to optimize agricultural prac-
tices, enhance crop yields, and improve soil and water management. Researchers use 
RSM to study the interactions between agronomic factors, environmental conditions, 
and crop performance, leading to more efficient and sustainable agricultural systems 
[9]. The application of RSM in precision agriculture helps farmers optimize inputs 
such as fertilizers, irrigation, and crop protection products, leading to increased 
productivity and reduced environmental impact. Additionally, the methodology 
contributes to the development of innovative farming techniques, such as controlled-
environment agriculture and hydroponics [8].

12.3  Biotechnology and pharmaceutical sciences

RSM plays a crucial role in biotechnology and pharmaceutical sciences for opti-
mizing bioprocesses, developing drug formulations, and improving the produc-
tion of biopharmaceuticals. Researchers use the methodology to optimize culture 
conditions, fermentation parameters, and downstream processing steps, leading to 
higher yields and improved product quality [9]. It has facilitated the development 
of new drug delivery systems, dosage forms, and therapeutic products by system-
atically exploring the effects of formulation variables on drug release kinetics, 
stability, and bioavailability. The methodology also supports quality-by-design 
(QbD) approaches in pharmaceutical manufacturing, ensuring product quality and 
regulatory compliance [14].

12.4  Environmental engineering and sustainability

RSM contributes to environmental engineering and sustainability efforts by 
optimizing pollution control technologies, waste management strategies, and 
renewable energy systems. Researchers use RSM to design and optimize processes for 
wastewater treatment, air pollution control, and solid waste management, aiming 
to minimize environmental impact and resource consumption [2]. It supports the 
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development of sustainable energy systems, such as biofuels, solar cells, and wind 
turbines, by optimizing materials, process parameters, and system configurations. 
The methodology also aids in life cycle assessment (LCA) studies, helping assess the 
environmental impacts of products and processes and to identify opportunities for 
improvement [8].

Response surface methodology (RSM) has transcended disciplinary boundaries 
and become a valuable tool in various scientific and engineering disciplines. By pro-
viding a systematic framework for experimentation, modeling, and optimization, it 
contributes to innovation, efficiency, and sustainability across diverse fields, address-
ing complex challenges and advancing knowledge and technology.

13.  Modern development and innovations

In recent years, response surface methodology (RSM) has undergone significant 
development and innovation, leveraging advancements in computational techniques, 
data analytics, and interdisciplinary collaboration to address emerging challenges and 
opportunities. Some of the key recent advancements in RSM include:

13.1  Integration with machine learning and artificial intelligence

Recent developments have seen the integration of RSM with machine learning and 
artificial intelligence (AI) techniques, enabling the construction of more accurate and 
robust response surface models. Techniques such as neural networks, support vector 
machines, and deep learning algorithms complement traditional RSM approaches, 
particularly in handling nonlinear and high-dimensional data [18].

13.2  Bayesian optimization and sequential design strategies

Bayesian optimization methods and sequential design strategies have emerged 
as powerful tools for optimizing experimental designs and response surface models. 
These approaches allow for adaptive experimentation, wherein the design is updated 
iteratively based on the information gathered from previous experiments, leading to 
faster convergence to optimal solutions [19].

13.3  High-dimensional optimization and big data analytics

With the proliferation of high-dimensional data in various fields, RSM has evolved 
to handle complex optimization problems involving a large number of input vari-
ables. Advanced algorithms for high-dimensional optimization and big data analytics 
enable the methodology to extract meaningful insights and optimize processes in 
domains such as healthcare, finance, and engineering [20].

13.4  Multi-objective optimization and Pareto front analysis

RSM has expanded its scope to encompass multi-objective optimization prob-
lems, where multiple conflicting objectives need to be optimized simultaneously. 
Techniques such as Pareto front analysis and multi-criteria decision-making enable 
researchers to explore trade-offs and identify optimal solutions that balance compet-
ing objectives effectively [21].
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13.5  Interdisciplinary applications and cross-domain collaboration

RSM continues to find new applications and opportunities for cross-domain col-
laboration, driven by its versatility and adaptability to diverse fields. Interdisciplinary 
research initiatives bring together experts from different domains, such as engineer-
ing, biology, and social sciences, to address complex problems and leverage the 
strengths of RSM in modeling and optimization.

14.  Limitations of RSM and overcoming them

Even though response surface methodology (RSM) is a widely used statistical 
technique for modeling and optimizing processes with multiple variables, it does have 
several limitations that researchers should be aware of.

1. Assumption of polynomial model: RSM relies on the assumption that a polyno-
mial model can adequately represent the true relationship between the response 
variable and the predictor variables. This assumption may not always hold true, 
especially for complex processes where nonlinear relationships exist.

2. Limited to small experimental regions: RSM is most effective when the experi-
mental region is small and well-defined. When dealing with processes that have 
large and complex design spaces, RSM may fail to capture the entire response 
surface, leading to inaccurate predictions and suboptimal solutions.

3. Sensitivity to Initial Experimental Design: The choice of initial experimental 
design in RSM can significantly impact the accuracy of the model and the ef-
fectiveness of optimization. Poorly chosen initial designs may lead to inadequate 
exploration of the response surface or convergence to local optima instead of the 
global optimum.

4. Inability to capture interactions beyond the second order: Traditional RSM tech-
niques are limited to capturing interactions up to the second order. For processes 
with higher-order interactions or non-polynomial relationships, RSM may fail to 
accurately model the response surface.

Overcoming the limitation: To overcome these limitations, researchers have 
developed several strategies and extensions to RSM:

1. Use of advanced experimental designs: Utilizing advanced experimental designs 
such as D-optimal or I-optimal designs can help improve the efficiency and 
robustness of RSM by ensuring better coverage of the design space with fewer 
experimental runs.

2. Incorporation of model validation techniques: Employing techniques such as 
cross-validation or split-sample validation can help assess the predictive accu-
racy of RSM models and detect potential overfitting or model misspecification.

3. Exploration of non-polynomial models: Considering alternative modeling 
techniques such as neural networks, kriging, or Gaussian processes can  
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extend the applicability of RSM to processes with nonlinear or non-polynomial 
response surfaces.

By addressing these limitations and leveraging appropriate techniques, research-
ers can enhance the effectiveness and reliability of response surface methodology in 
process optimization and modeling.

15.  Summary and conclusion

15.1  Summary

The historical evolution of response surface methodology (RSM) marks a journey 
from its roots in the experimental designs of Sir Ronald Fisher to its current status as a 
powerful set of statistical techniques for optimizing processes and analyzing complex 
systems. Over the decades, RSM has witnessed significant advancements in both 
methodology and applications, driven by the contributions of numerous researchers 
across various fields.

From its inception, a methodological framework encompassing experimental 
design, data collection, model fitting, and optimization has characterized RSM. The 
introduction of Central Composite Design (CCD) by Box and Wilson in the mid-
twentieth century represented a pivotal moment, enabling researchers to explore 
response surfaces more comprehensively with fewer experimental runs. This innova-
tion laid the groundwork for the widespread adoption of RSM in diverse industries, 
including chemical engineering, manufacturing, and pharmaceuticals.

The versatility of RSM lies in its ability to handle multiple factors and their 
interactions, allowing researchers to uncover intricate relationships between variables 
and responses. This versatility has led to a myriad of applications, from optimizing 
chemical processes to improving product formulations and enhancing quality control. 
Moreover, the integration of RSM with other statistical and computational techniques 
has further expanded its utility, enabling researchers to tackle increasingly complex 
problems with confidence.

Recent developments in response surface methodology continue to propel the 
field forward, with advancements in experimental design, model fitting algorithms, 
and computational tools. The work of Myers, Montgomery, and Anderson-Cook 
[9] provides a comprehensive overview of RSM, emphasizing its relevance in con-
temporary research and industrial practice. Additionally, the review by Khuri and 
Mukhopadhyay [14] highlights the continued importance of RSM in the context of 
computational statistics, underscoring its enduring relevance in the modern era.

Looking ahead, the future of response surface methodology appears promising, 
with ongoing efforts aimed at refining existing techniques and exploring new avenues 
of application. The integration of RSM with emerging technologies such as machine 
learning and artificial intelligence holds great potential for enhancing predictive 
capabilities and accelerating the pace of discovery. Furthermore, the increasing 
emphasis on data-driven decision-making underscores the importance of robust 
statistical methods like RSM in extracting actionable insights from complex datasets.

15.2  Conclusion

The historical background of response surface methodology reflects a trajectory 
of innovation and discovery driven by the collective efforts of researchers spanning 
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generations. As we continue to navigate the complexities of modern science and 
industry, RSM stands as a testament to the enduring power of statistical methods in 
shaping our understanding of the world around us. With its rich history and promis-
ing future, RSM remains a cornerstone of experimental design and process optimiza-
tion, poised to make significant contributions to research and innovation in the years 
to come.
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the Creative Commons Attribution License (http://creativecommons.org/licenses/by/3.0), 
which permits unrestricted use, distribution, and reproduction in any medium, provided 
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Chapter 2

Response Surface Techniques as 
an Inevitable Tool in Optimization 
Process
Oyebola Odunayo Olabinjo

Abstract

Response Surface Methodology (RSM) involves the construction and analysis 
of mathematical models to depict the relationship between input variables and the 
response of a system or process. This method circumvents the need for exhaustive 
experimentation by strategically designing a limited set of experiments while maxi-
mizing the information gathered. Experimentation and optimization are integral 
processes across various scientific disciplines. The utilization of Response Surface 
Models (RSMs) has emerged as an indispensable tool in achieving optimal experi-
mental outcomes. The foundational understanding of RSM involves its core compo-
nents, emphasizing the relationship between independent variables and their impact 
on a response of interest by employing statistical techniques. RSM enables researchers 
to comprehend the intricate behavior of systems, identify critical factors influencing 
the response, and subsequently optimize the process. Response surface techniques 
facilitates not only the improvement of processes but also the minimization of costs, 
reduction of waste, enhancement of product quality, facilitating efficient exploration 
and analysis of complex systems. Response surface analysis could be explore in all 
fields to generate optimal condition for all the variables in an experiment.

Keywords: optimization, response surface, independent variable, improvement 
process, minimization costs

1. Introduction

Optimization of experiments is of utmost importance in the field of research. 
It involves the identification of the optimal set of experimental conditions, which 
leads to the best possible result. Response Surface Methodology (RSM) is a statisti-
cal approach that is widely used for optimization of experiments in various fields, 
including the food industry, chemical engineering, and material science [1]. RSM is 
based on a mathematical model that describes the relationship between the response 
variable and the independent variables. This model helps to identify the optimal set 
of experimental conditions, which minimizes or maximizes the response variable of 
interest. RSM is a powerful tool for optimization of experiments, as it allows for the 
identification of the optimal set of experimental conditions with a minimal number 
of experiments. Jensen [2] highlighted the importance of RSM in product and process 
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optimization using designed experiments. The study emphasized the efficiency of 
RSM in reducing the number of experiments required for optimization, which results 
in cost savings and faster results. Moreover, Schönbrodt et al. [3] demonstrated the 
use of RSM in testing similarity effects with dyadic response surface analysis. The 
study showed that RSM improved the efficiency of testing similarity effects. RSM has 
been widely used in the food industry to optimize various processes, such as extrac-
tion, drying, and fermentation [1]. For instance, Aydar [4] utilized RSM to optimize 
the extraction of plant materials. The study found that RSM improved the extraction 
efficiency, and the optimal conditions were obtained by adjusting the independent 
variables. Similarly, Mohammed et al. [5] used RSM to optimize the rubbercrete 
mixture. The study found that RSM improved the compressive strength and water 
absorption of the rubbercrete mixture. RSM has also been used in the optimization 
of chemical processes. Asfaram et al. [6] used RSM to optimize the removal of the 
basic dye Auramine-O from aqueous solutions. The study found that RSM improved 
the efficiency of the removal process, and the optimal conditions were obtained by 
adjusting the independent variables. Similarly, Sarabia et al. [7] discussed the use 
of RSM in chemical engineering, and highlighted its role in optimization of various 
processes. Therefore, RSM is an inevitable tool in optimization of experiments in 
research.

2. Principles and concepts of RSM

RSM is a statistical technique used to optimize the response of a process by 
 exploring the relationship between the response and the input variables. The 
technique involves building a mathematical model that represents the relationship 
between the response and the input variables, which is then used to predict the 
response for any combination of input variables. RSM has been applied in various 
fields of engineering and science, including environmental engineering, manufactur-
ing, and reliability analysis [8].

3. Types of RSM models and selection criteria

There are various types of RSM models, including central composite design 
(CCD), Box-Behnken design (BBD), and Taguchi design. The selection of an appro-
priate RSM model depends on the nature of the response variable and the number of 
input variables. CCD is commonly used when the response variable is continuous, 
and there are three or more input variables, while BBD is preferred for a smaller 
number of input variables. Taguchi design is used to optimize the process parameters 
for quality improvement [9].

3.1 Box-Behnken design

The Box-Behnken design is a type of response surface design that uses a set of 
three-level factorial designs with a central point. It was developed as an alternative 
to the more complex and time-consuming full-factorial designs. This design is par-
ticularly useful when the number of factors is high, which makes the full-factorial 
design impractical. The Box-Behnken design uses fewer experimental runs while 
maintaining a high level of accuracy in estimating the response surface. The design 
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involves a series of levels that are evenly spaced between the high and low levels 
of each factor, along with a central point to estimate the curvature of the response 
surface.

The Box-Behnken design has several advantages over other designs. First, it has 
fewer experimental runs, which saves time and resources. Second, it provides a better 
estimation of the response surface curvature compared to other designs. Third, it 
allows for the assessment of the effects of each factor and their interactions, which is 
useful for understanding the behavior of the response variable. Finally, it is easy to 
implement and analyze using standard statistical software.

3.2 Central composite design

Central composite design (CCD) is a popular technique used in Response Surface 
Methodology (RSM) for optimization of experiments. CCD is a method for designing 
experiments in which the response of a system is modeled as a function of several 
independent variables. It is a widely used design method for fitting second-order 
response surface models in RSM experiments. CCD is a powerful statistical tool that is 
suitable for investigating non-linear relationships between experimental factors and 
response variables. The use of CCD in RSM has been shown to be effective in opti-
mizing various processes, such as food processing, drug discovery, and engineering 
design [10, 11].

Olabinjo et al. [12] carried out the effects of oven temperature (46–74°C) and 
number of cycle (bath) (2–4), on the extraction yield (g/10 g) of citrus peels and 
antioxidant of the extract using ABTS (2,2-azinobis-(3-ethylbenzothiazoline-6-sul-
fonic acid)). This was investigated using statistical experimental design based on 22 
Central Composite Design (CCD) with four axial points and five central points. The 
extraction employing pressurized liquid was decided to optimize only two process 
variables, temperature (T) and number of cycles (C). In the study, thirteen experi-
mental treatments were assigned based on CCD with two independent variables at 
five levels of each variable (Table 1).

One of the primary advantages of CCD is its ability to model both linear and 
non-linear relationships between experimental parameters and response variables. 
CCD is also able to capture the interactions between the experimental factors, which 
is essential in determining the optimal conditions for a process. Ferreira et al. [13] 
demonstrated the efficacy of CCD in optimizing the design of frequency selective 
surfaces for electromagnetic applications. The authors employed CCD to model the 
interactions between the geometry and dimensions of the surfaces and their electro-
magnetic response. The results showed that CCD was able to optimize the frequency 
selective surfaces more effectively than other design methods.

Levels

Independent variables Axiaal (−α) Low (−1) Center (0) High (1) Axial (+α)

Temperature (°C) 46 50 60 70 74

Number of cycles (C) 1.6(2*) 2 3 4 4.4(4*)

α = ± 1.41 * real time in the equipment. Olabinjo et al. [12].

Table 1. 
Levels of independent variables (T and C) for the central composite design.
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3.3 Taguchi design

The Taguchi design is a systematic approach to design experiments that ensure 
efficiency and effectiveness. It was developed by Dr. Genichi Taguchi, a Japanese 
engineer, in the late 1940s and early 1950s to improve the quality and reliability of 
products. The Taguchi design approach emphasizes the importance of choosing 
appropriate factors and levels to ensure that the optimization process is successful. 
The design approach involves conducting a series of experiments using a set of factors 
and levels, and then analyzing the results to determine the optimal settings for the 
factors. The Taguchi design approach has been used in many fields, including manu-
facturing, medicine, and engineering [14, 15].

The response surface model (RSM) is an effective tool for optimization of experi-
ments using the Taguchi design approach. RSM is a mathematical model that can 
be used to predict the response of a system to certain inputs. The RSM can be used 
to optimize a system by identifying the input variables that affect the response and 
determining the optimal settings for these variables. The RSM can be used to develop 
a mathematical relationship between the input variables and the response variables. 
This relationship can then be used to optimize the system by predicting the optimum 
values for the input variables [16, 17].

The Taguchi design approach, when combined with the RSM, can lead to signifi-
cant improvements in the optimization process. The Taguchi design approach can 
be used to identify the input variables that are most important in the optimization 
process, while the RSM can be used to develop a mathematical model that can predict 
the response of the system to these variables. The RSM can also be used to identify 
any interactions between the input variables. Interaction effects can significantly 
affect the optimization process, and it is essential to take them into account when 
optimizing a system [18, 19].

4. Applications of response surface methodology

Response surface methodology (RSM) has been widely used in different fields to 
optimize experiments. In the field of engineering, RSM has been used to optimize 
the design of products and processes. For instance, Panwar et al. [20] used RSM to 
optimize surface roughness in turning of EN 36 alloy steel. The researchers used a 
combination of RSM and genetic algorithm to optimize the turning process. The 
results showed that the combination of RSM and genetic algorithm was an effective 
tool for optimizing the turning process and reducing surface roughness.

In analytical chemistry, Bezerra et al. [21] used RSM to optimize the analytical 
parameters for the determination of metals in soil samples. The researchers used 
a central composite design to determine the optimum conditions for the analysis. 
The results showed that RSM was an effective tool for the optimization of analytical 
methods and could be used to reduce the number of experimental runs required for 
optimization.

In information systems research, Sedera and Atapattu [22] used RSM to model 
and optimize the relationship between the performance of information systems and 
the factors that influence it. The researchers used RSM to develop a response surface 
model that characterized the relationship between system performance and the 
input variables. The results showed that RSM was an effective tool for modeling and 
optimizing complex systems.
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4.1 Advantages and limitations of response surface model

One of the most significant advantages of response surface model is that it 
reduces the number of experiments needed to optimize a system. RSM can identify 
the optimal combination of input variables using only a fraction of the experiments 
that would be required using the traditional one-factor-at-a-time (OFAT) method 
[23]. This reduction in the number of experiments not only saves time and resources 
but also allows researchers to explore the system more efficiently. In addition, RSM 
can obtain a more comprehensive understanding of the relationship between input 
variables and the output response, which enhances the accuracy of the optimization.

Another advantage of RSM is that it can handle multiple input variables simul-
taneously. Unlike OFAT, which examines one input variable at a time while holding 
all other variables constant, RSM can analyze the effect of multiple input variables 
on the output response at the same time. This feature allows researchers to identify 
complex interactions between input variables that would be missed by OFAT. As a 
result, RSM provides a more realistic optimization model that considers all the input 
variables in a system [24].

Furthermore, response surface model can be used to model and predict the 
behavior of a system. Researchers can use RSM to develop a mathematical model 
that describes the relationship between input variables and output response. This 
model can be used to predict the behavior of the system under different input variable 
combinations. Thus, RSM can help researchers optimize a system without conducting 
numerous experiments, saving time and resources while ensuring accuracy [25].

Despite the numerous advantages of response surface model, there are some limi-
tations to its use. One limitation is that RSM assumes that the relationship between 
input variables and output response is continuous and smooth. If the relationship is 
discontinuous or has non-smooth regions, RSM may not be suitable for optimizing 
the system. Additionally, RSM may not be appropriate for optimizing a system that 
has a large number of input variables. In such cases, RSM may require a large number 
of experiments to optimize the system adequately, making it less practical [26].

Another limitation of response surface model is that it assumes that the input 
variables are independent of each other. In reality, some input variables may be 
correlated, so an optimization model that assumes independence may not be accurate 
[27]. There is also a possibility of model overfitting when there is limited data avail-
able for modeling. In such cases, the model may be overly complex, leading to poor 
predictions on new datasets.

5. Data analysis

The data collected determines the accuracy of the response surface model and 
can be carried out using various methods, such as manual collection, automated 
data collection, and simulation-based data collection. The data collection process 
should be well-designed to obtain the best results from the experimental design. In 
many cases, a limited number of experiments is conducted to reduce the cost and 
time required to obtain the data [28]. The data collected should be representative of 
the entire process, and the input variables should be significant factors that affect 
the output response. Manual collection is usually used for simple experiments that 
require few observations, while automated data collection is used for complex 
experiments that require a significant amount of data [29]. Simulation-based data 
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collection is used to generate data by simulating the system under different parame-
ter combinations. This method is suitable for experiments that are dangerous, costly, 
or time-consuming to conduct.

6. Data analysis

RSM also enables the analysis of the effects of various factors on the response 
variable, which can help in identifying the critical factors that affect the response 
variable and in improving the understanding of the system under investigation 
[30]. One of the main advantages of RSM is its ability to find the optimal values of 
the independent variables that can maximize the response variable. Li et al. [31] 
applied RSM to a least squares support vector machine model for annual power load 
forecasting, and the results showed that RSM can improve the accuracy of the model 
by identifying the optimal values of the input variables. Similarly, Lyu et al. [32] 
used RSM to optimize the aerodynamic shape of the Common Research Model wing 
benchmark, and the results showed that RSM can reduce the number of experi-
mental runs required to obtain accurate results while improving the accuracy of the 
optimization process.

Another advantage of RSM is its ability to analyze the effects of multiple factors on 
the response variable. Li et al. [33] applied the d-Level Nested Logit Model to assort-
ment and price optimization problems, and the results showed that RSM can identify 
the effects of different factors on the response variable, such as the price of the prod-
ucts and the preferences of the consumers. This information can be used to optimize 
the experimental design by adjusting the factors that have the most significant effects 
on the response variable.

7. Graphical representation of RSM result

RSM is used to establish a relationship between the response variable and the 
input variables. The response variable is the output of the experiment, and the input 
variables are the factors that influence the response variable. The response surface 
is a graphical representation of the relationship between the input variables and the 
response variable as shown in Figure 1. The surface plot provides a visual representa-
tion of the relationship between the input variables and the response variable. The 
contour plot represents the same information as the surface plot but in a two-dimen-
sional form. The contour plot is used to determine the optimum levels of the input 
variables that result in the highest response variable [34, 35].

The pressurized liquid extractor was used to extract the essential oil of dried 
sweet orange peels of moisture content 6.5% (dry basis) using the central composite 
design (CCD) model of experiment. It has thirteen experiments of factorial, axial and 
central point as reported by Olabinjo et al. [12]; Olabinjo and Oliveira [36] as shown 
in Table 1. The PLE extractor yield result ranged from 21.1 to 49.3% with the mean of 
27.7%. The positive axial temperature and negative axial static cycles had the highest 
yield of 49.3%. The lowest yield of 21.1% was recorded by the negative axial tempera-
ture and positive axial static cycles. Trolox was used as a reference standard for the 
antioxidant using ABTS, and the results were expressed as mg of trolox equivalent 
(mg TE) by grams of extract. In the analysis of the yield as function of process 
variables using response surface analysis (RSA), two optimized regions were achieved 



27

Response Surface Techniques as an Inevitable Tool in Optimization Process
DOI: http://dx.doi.org/10.5772/intechopen.1004575

(  Figure 1  ) as reported by Olabinjo et al. [ 12 ]. The result from response surface 
analysis gave 70°C and 60 min static extraction cycle time as the optimal condition for 
the maximum yield, while moderate yield was reported at 46°C and 45 min of static 
extraction cycles. The extraction yield and antioxidant property using ABTS radical 
scavenging ability under the above conditions were 49.3% and 22.1%; and 11.56 and 
11.53 mg trolox g −1  [ 36 ]. Best yield occurred when high temperature and number 
of cycles (C) was used and region with low temperature for a moderate number 
of circles, high yield was also obtained. Similar observation also occurred with the 
extracted antioxidant. The fact of using low temperature (T) and fewer batches or 
cycles (C) and thus achieve good yields and good antioxidant extracts (  Figure 1  ), is 
characterized as an economic condition in the extraction process, with lower energy 
consumption and solvent. Thus, the extraction with PLE can present a great advan-
tage over conventional methods, in which sometimes must be used at high tempera-
tures, more solvent and take more extraction time. The low temperature of moderate 
yield was preferred which may prevent loss of some thermo sensitive compounds in 
the essential oil less solvent and reduce extraction time, power consumption is less 
which is economical. 

 Several biochemical reactions in our body generate reactive oxygen species 
(ROS) which are capable of damaging crucial bio-materials, if they are not effec-
tively scavenged by cellular constituents and can lead to disease conditions. The 
harmful action of free radicals can be blocked by antioxidant substances, which 
can scavenge the free radicals and detoxify the organism. Oboh [ 37 ] reported that 
food materials that exhibited high antioxidant properties have the highest radical 
scavenging ability.  

  8. Conclusion 

 The response surface model has been shown to be an inevitable tool in the 
 optimization of experiments. The model allows researchers to identify the optimal 

  Figure 1.
  Response surface of essential oil extract yield (A) and antioxidants using ABTS (B) as a function of T and SC 
generated by quadratic mode. Source: Olabinjo et al. [ 12 ].          



Response Surface Methods – Theory, Applications and Optimization Techniques

28

Author details

Oyebola Odunayo Olabinjo
Department of Agricultural and Environmental Engineering, School of Engineering 
and Engineering Technology, Federal University of Technology, Akure, Nigeria

*Address all correspondence to: ooolabinjo@futa.edu.ng; binjo_joko@yahoo.co.uk

conditions for the variables of interest, which helps to reduce the number of experi-
ments conducted and saves time and resources. The model can be used in various 
fields, including biochemical networks, aircraft design, and control systems. 
Response surface analysis could be explore in all fields to generate optimal condition 
for all the variables in an experiment.
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Chapter 3

Enhancing Adsorption and
Desorption of Arsenic on Carbon
Xerogel Nanocomposites in
Aqueous Solution: Process
Optimization
Sasirot Khamkure, Audberto Reyes-Rosas,
Victoria Bustos-Terrones, Sofía-Esperanza Garrido-Hoyos,
Prócoro Gamero-Melo and Daniella-Esperanza Pacheco-Catalán

Abstract

Arsenic, a widespread contaminant, has become a major public health concern,
threatening millions globally. This study aims to develop magnetic adsorbents for easy
recovery from aqueous media to remove arsenic, mitigating its environmental and
health impacts. Response surface methodology (RSM) is proposed to optimize the
adsorption-desorption process of As(III) and As(V) on carbon xerogel
nanocomposites from aqueous solutions. A second-order polynomial model under a
central composite design with a central face was employed to optimize arsenic
desorption. The model parameters were estimated using least squares. Additionally, a
novel linear model approach was employed to develop a second-degree polynomial
model for optimizing arsenic adsorption-desorption by analyzing the effects of vari-
ous factor combinations. RSM’s ability to analyze the response variable over a wide
range of independent variable values allows it to identify the region where the
response variable reaches its optimum value.

Keywords: adsorption-desorption capacity, central composite design, magnetite
nanoparticle, regeneration, response surface methodology

1. Introduction

1.1 Arsenic contamination and its health limitations

Trivalent arsenic (As(III), arsenites) and pentavalent arsenic (As(V), arsenates),
are well-established carcinogens and significant environmental and public health haz-
ards. Notably, arsenic has emerged as a leading global chemical contaminant due to its
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natural presence at elevated levels in groundwater, particularly in arid northern and
central Mexico, where weathering of silica volcanic rock results in its migration into
the water [1]. The presence of arsenic in the environment has significantly emerged as
a major public health problem in surpassing the World Health Organization’s maxi-
mum permissible limit of 10.0 μg/L, it poses a potential risk of adverse health effects,
including cancer, peripheral neuropathy, arsenicosis, and cardiovascular diseases.
This threat is further amplified by the element’s high solubility in water [2, 3]. In
Mexico, the maximum permissible limit for arsenic in drinking water is also set at
10.0 μg/L, as outlined in NOM-127-SSA1-2021.

1.2 Addressing arsenic with adsorption

Adsorption using porous materials is a widely employed technique for treating
drinking water and wastewater [4]. This method allows for the selective removal of
specific contaminants by choosing an appropriate adsorbent. To enhance the eco-
nomic and environmental sustainability of this process, studying the desorption and
reuse of adsorbents is crucial [5, 6]. In this case, composite gels with magnetite
nanoparticles were prepared to have electrostatic attraction of nanoparticles of iron
oxide, high surface area, easy to recover from the aqueous medium, and reusable of
magnetic polymers [7, 8]. One of the most important factors in designing an adsorp-
tion process is the quantity and types of pollutants (adsorbents) present in the water
source. These pollutants can interact competitively with each other, or simply reduce
the adsorbent’s functionality through early saturation or synergies within the aquatic
system. This decreased functionality further complicates the availability of clean
drinking water, especially when dealing with contaminants like inorganic arsenic
compounds present in water bodies.

1.3 Application of response surface methodology

Knowledge and understanding of adsorption process design and optimization are
essential. Several factors must be considered for effective adsorption, such as pH,
synthesis method, initial concentration, particle size, competing ions, and contact
medium [9, 10]. Experimental design is a valuable tool for optimizing and predicting
the interactive effects of adsorption processes [10, 11]. Response surface methodology
(RSM) is a mathematical and statistical method widely used to evaluate multiple factors
and their interactions with various response variables [12]. RSM has been effectively
applied in various studies to optimize the adsorption process. RSM has been used to
examine the interactive effects and predict the model building and optimization of
arsenic adsorption by activated carbon derived from food industry waste [9], biode-
gradable biopolymer chitosan [13], and natural zeolite with magnesium oxide [14].
RSM was used to optimize the adsorption of heavy metals, nickel, and cadmium,
respectively [15, 16], from aqueous solutions. RSM was also utilized to optimize the
ultrasound-assisted adsorption of anionic and cationic dyes, demonstrating the versatil-
ity of RSM in different adsorption processes [17]. These studies collectively highlight
the effectiveness of RSM in optimizing the adsorption process for various contaminants.

1.4 Experimental design with RSM

In this study, the adsorption and desorption of arsenic on carbon xerogel
nanocomposites propose establishing and carrying out RSM. RSM employs a series of
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mathematical and statistical techniques to model and analyze problems where the goal
is to obtain the best-fitting mathematical model that relates a dependent response
variable (often denoted as “y”) to various independent variables (“xi”).

1.5 Advantages of RSM over ordinary factorial designs

Unlike traditional factorial designs (e.g., 2k), RSM allows us to identify the optimal
operating conditions for a process. This refers to the specific combination of “xi”
values that maximize or minimize the response variable. This achievement is possible
through the utilization of more advanced mathematical techniques. While a factorial
design can identify a “winning” combination or treatment within the tested values, it
cannot necessarily be extrapolated to untested values.

RSM offers several advantages over ordinary factorial designs. It minimizes the
number of experiments required for a specific number of factors and levels, making it
more efficient [18]. Additionally, RSM can be used to construct cost-efficient response
surface designs for experiments with both qualitative and quantitative factors [19].
These advantages collectively make RSM a powerful tool for experimental design and
optimization.

1.6 Strength of RSM

The key strength of RSM lies in its ability to interpolate between different values of
the independent variables. This means we can not only identify the optimal combina-
tion from the tested data but also predict the optimal values for untested combina-
tions. This prediction is done by constructing 3D surface graphics or 2D contour plots
of the response variable.

2. The experiment design for As(III) and As(V) adsorption on carbon
xerogel nanocomposites

This study aims to develop magnetic adsorbents that remove both As(III) and As
(V) efficiently from groundwater. Carbon xerogel nanocomposites were synthesized
via sol-gel polymerization of a resorcinol-formaldehyde composite incorporating
magnetite nanoparticles [7]. The process utilized sonication-assisted direct methods,
followed by carbonization and H2O2-induced surface modification. This study evalu-
ated the effects of dosage, solution pH, and initial concentration of arsenic on the
removal process using an experimental design. RSM was used to optimize the adsorp-
tion process of arsenic on magnetic carbon xerogel nanocomposites from aqueous
solutions using a central composite design (CCD) 23 with a central face.

2.1 Experimental design and optimization method

The magnetic carbon xerogel nanocomposite was selected for study using a CCD
and evaluated for arsenic removal using RSM. RSM allows the interpolation of various
independent variable values and identifies optimal combinations for the response
variable by constructing 3D surface graphs and projecting their contours onto a 2D
surface.

The RSM application is proposed through a second-order polynomial model under
a CCD scheme with a central face. The least squares method estimates parameters in
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this model. For each independent variable combination (“xi”), 3D graphs and 2D
contour plots will be obtained, along with various statistical parameters evaluating
their fitting and reliability, such as: R-squared (R2), adjusted R2, F test statistic, lack of
fit test, and locating the stationary point (maximum response point).

This method can be implemented using statistical software R v4.2. Table 1
summarizes the evaluation method, which consists of one response variable
(As removal efficiency) and three independent variables (adsorbent dose, initial
As concentration, and solution pH) at three levels (low, medium, and high).

2.2 Arsenic batch adsorption experiment

For the batch adsorption experiment, sodium arsenite (NaAsO2, Sigma-Aldrich)
and sodium arsenate dibasic heptahydrate (HAsNa2O4�7H2O, Sigma-Aldrich) were
used to prepare As(III) and As(V) stock solutions at various desired concentrations.
These solutions were prepared by diluting with ultrapure (type 1) water. The pH of
the solution was adjusted using 0.1 M HCl and 0.1 M NaOH solutions and then
measured with a pH meter (Orion Star A211, Thermo Scientific, USA).

Following the conditions outlined in Table 1, all experiments were conducted in
50 mL centrifuge tubes at 150 rpm with a room temperature range of 25°C to 28°C. All
the results obtained from the experiment were evaluated for removal efficiency and
adsorption capacity.

Equations:
The removal efficiency was evaluated using the following equation (Eq. (1)):

%removal ¼ C0–Ceð Þ=C0 � 100 (1)

where:

• C0: initial concentration of arsenic (mg/L)

• Ce: final concentration of arsenic (mg/L)

The adsorption capacity (qe) was calculated using formula (Eq. (2)):

qe ¼ C0–Ceð Þ=m� V (2)

where:

• m: Mass of adsorbent (g)

• V: Solution volume (L)

Factors Coding factors Low (�1) Center (0) High (1) Units

Solution pH x1 3.0 5.0 7.0 pH value

Adsorbent dose x2 0.5 2.5 4.5 g/L

As concentration x3 0.05 0.15 0.25 mg/L

Table 1.
Coded factors and levels for As(V) and As(III) adsorption experiment.
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2.3 Determination of As(V) and As(III) concentrations in water samples

After the adsorption experiment, each solution was filtered using a vacuum pump
and 0.45 μm cellulose nitrate membrane filters (Whatman) to separate the solid from
the supernatant. The concentrations of As(V) and As(III) were determined using a
fast sequential flame atomic absorption spectrometer (SpectrAA-220, Varian, Austra-
lia) at a wavelength of 193.7 nm [20].

2.4 Models fitted and their corresponding optimal parameters

The evaluation of the removal of arsenic using magnetic carbon xerogel
nanocomposite was carried out by executing an RSM. The response variable was
arsenic removal efficiency, and the independent variables were adsorbent dose, initial
arsenic concentration, and solution pH. Each variable had three levels: Low, medium,
and high. The experimental method and data analysis were implemented using statis-
tical software R v4.2

Eqs. (3) and (4) present the most significant parameters identified using RSM for
As(V) and As(III) removal efficiency, respectively. Categorical variables were coded
according to Table 1.

As Vð Þ removal %½ � ¼ 28:6177‒23:4317x1 þ 10:8115x2‒11:9858x1x2 þ 26:0798x12–9:5217x32 (3)

As IIIð Þ removal %½ � ¼ 51:96523–7:42122x1 þ 13:36756x2x3–18:22614x12 þ 15:53519x32 (4)

Figures 1 and 2 show the contour plots of the removal efficiency of As(V) and As
(III) with two different factors, respectively. The x and y axes show the two variable
input parameters (pH, dose, or initial concentration) that maximize arsenic removal.
The most efficient As(V) removal was achieved for the significant quantitative factors

Figure 1.
The 2D representation visualizes the optimized results obtained by applying the RSM to optimize pH, initial
concentration, and dose for the removal efficiency of As(V).
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pH and adsorbent dose (Figure 1). Figure 2 shows the contour plot of the As(III)
removal efficiency. The highest As(III) removal efficiency was obtained for the sig-
nificant quantitative factors of adsorbent dose and initial concentration.

Figure 3 presents the adjusted model based on significant parameters, resulting from
the RSM. It visualizes the removal efficiency of As(V) as a function of pH vs dose.

Figure 2.
The 2D representation visualizes the optimized results obtained by applying the RSM to optimize pH, initial
concentration, and dose for the removal efficiency of As(III).

Figure 3.
The 3D surface estimation plots of As(V) removal efficiency as a function of pH vs. dose.
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Figure 4 presents the adjusted model resulting from the RSM, visualizing the removal
efficiency of As(V) as a function of pH and initial concentration. The maximum As(V)
removal efficiency was obtained at a low pH and a high adsorbent dose. Studies on the
adsorption of various compounds by carbon xerogel have found similar results,
suggesting that both pH and the dose of the xerogel play a significant role [21, 22].

The optimal values were determined by calculating the estimated marginal means
for factor combinations in a linear model using the “emmeans” package in R [23]. The
optimum values for pH, adsorbent dose, and initial concentration for the removal of
As(V) were 3.0, 4.5 g/L, and 0.15 mg/L, respectively, with a removal efficiency of
95.03 � 5.98%, which was achieved within 3 h in aqueous solutions. The optimum
values for pH, adsorbent dose, and initial concentration for the removal of As(III)
were 4.0, 4.5 g/L, and 0.18 mg/L, respectively, with a removal efficiency of 65.04
�10.32% (Table 1).

3. The experiment design for arsenic desorption on carbon xerogel
nanocomposites

In this study, the desorption capacity, and the possibility of regeneration of the
carbon xerogel nanocomposites were evaluated in the arsenate adsorption process
from an aqueous solution. The optimal condition for the arsenate desorption process
was studied using a RSM, varying the concentration of desorbing agents, adsorbent
doses, and the agitation at which the magnetic gels were prepared.

The use of RSM is proposed by using a 16-run CCD with a central point and fitting
a second-order polynomial model. The parameters of the model are estimated using
the least squares method.

The 3D graphs and 2D contour plots are obtained for combinations of the inde-
pendent variables “xi”. Statistical parameters like R-squared, adjusted R-squared,

Figure 4.
The 3D surface estimation plots of As(V) removal efficiency as a pH and initial concentration.
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F-statistic, lack of fit test, and the location of the stationary point (the point on the
response surface where the percentage removal of arsenic is maximized) are used to
evaluate the fit and reliability of the model.

This method can be implemented using the statistical software R (version 4.2). The
setup is consisted of:

One response variable: Percentage removal of arsenic.
Three independent variables at three levels (low, medium, and high values): The

concentration of desorbing agents, adsorbent doses, and the agitation.
A central face: Treatment with mean values of the three independent variables.
The experimental data are composed of 14 different combinations of the indepen-

dent variables plus two additional “central face” treatments in two replicates for a
total of 32 measurements.

3.1 The optimal condition for the arsenic desorption process using RSM

The optimization study of the desorption of arsenic was carried out by using a
RSM. The experimental method and data analysis were implemented using the soft-
ware R. The experimental design of CCD with three factors and two center points was
applied in this study with the varying concentration of desorbing agent (M), spent
adsorbent dose (g/L), and orbital shaker speed (rpm) as shown in Table 2.

3.2 Analysis of results implementing the RSM for arsenic desorption

For the experimental design of the RSM configuration for optimizing arsenic
desorption using KOH on carbon xerogel nanocomposites [24], results of a second-
degree polynomial model are shown in Tables 3 and 4. The variables encoded were x1
(KOH concentration), x2 (Agitation speed), and x3 (Adsorbent dose).

The variable x3 (dose) has a significantly stronger effect (indicated by more aster-
isks) on the response variable As desorption.

The resulting second-degree model is:

As desorption¼ 49:07 þ 2:4x1 þ 3:78x2 þ 29:37x3–2:54x1x2 þ 3:84x1x3
þ4:98x2x3 –8:9x21 þ 11:04x22–3:17x

2
3

(5)

With the coded variables x1(Conc), x2(Speed), and x3(Dose).
R-squared: 0.9237, Adjusted R-squared: 0.8092
F-statistic: 8.067, 9 DF, 6 DF, p-value: 0.009712
The p-value of the model is significant (p-value < 0.05).
The coefficient of lack of fit is not significant (Lack of fit > 0.05), which means the

fitting level for the model is acceptable.

Factors of arsenic desorption Coding factors Low (�1) Center (0) High (1)

Concentration of KOH solution (M) x1 0.5 1 1.5

Orbital shaker speed (rpm) x2 80 120 160

Spent adsorbent dose (g/L) x3 0.4 1.2 2

Table 2.
Configuration of variables for implementation of the RSM method to optimize arsenic desorption on carbon
xerogel nanocomposites.
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Figure 5 demonstrates the behavior of arsenic desorption with respect to the vari-
ables considered, using the stationary points in their original units, namely, concen-
tration (conc) of 1.64, speed of 77.6, and dose of 4.85. It can be observed that the
agitation speed and the concentration of the desorbing agent increase, and the arsenic
desorption of the material improves.

Figure 6 depicts a 3D surface plot of arsenic desorption percentage as a function of
both desorbing agent concentration (KOH) and adsorbent dose. The plot is generated
using the RSM method and utilizes an agitation speed of 77.6 rpm, determined as the
stationary point through analysis. As visually indicated by the increased number of
asterisks, the adsorbent dose (variable x3) exerts a significant influence on the
response variable, arsenic desorption. Furthermore, the model demonstrates statistical
significance with a p-value less than 0.05.

Table 5 presents combinations of values that maximize the As desorption
parameters within specified ranges: KOH solution concentration (conc) = 0.5–3.0 M,
orbital shaker speed (speed) = 120–180 rpm, and dose of spent adsorbent (dose) = 0.4–
5.0 g/L. The highest As desorption values are based on the best parameter combinations.

Desorption of arsenic from spent carbon xerogel nanocomposites predicted by
the second-degree model estimated with RSM, visualized as a 3D plot as shown in
Figure 7. Dose and concentration are the model variables, while speed is fixed at

Variable Estimate Std. error t value Pr(>|t|)

(Intercept) 49.0661 5.4488 9.0050 0.0001049***

x1 2.3998 3.6395 0.6594 0.5341302

x2 3.7816 3.6395 1.0391 0.3388262

x3 29.3671 3.6395 8.0690 0.0001940***

x1:x2 �2.5448 4.0691 �0.6254 0.5547302

x1:x3 3.8370 4.0691 0.9430 0.3820983

x2:x3 4.9842 4.0691 1.2249 0.2665189

x1
2 �8.8971 7.0882 �1.2552 0.2560800

x2
2 11.0396 7.0882 1.5574 0.1703725

x3
2 �3.1746 7.0882 �0.4479 0.6699693

Significant Codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Table 3.
Statistical analysis of the second-degree polynomial model generated using the RSM method.

Df Sum Sq mean Sq F value Pr(>F)

rsm:FO (x1, x2, x3) 3 8824.9 2941.62 22.2077 0.001195

TWI (x1, x2, x3) 3 368.3 122.78 0.9269 0.483106

PQ (x1, x2, x3) 3 424.1 141.36 1.0672 0.430404

Residuals 6 794.8 132.46

Lack of fit 5 677.0 135.39 1.1495 0.606208

Table 4.
RSM analysis of the second-degree polynomial model’s statistics.
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Figure 5.
The 2D representation (contour lines) of As desorption behavior as a function of concentration, speed, and dose,
using the stationary points: Concentration = 1.64, speed = 77.6, and dose = 4.85, found by the RSM method.

Figure 6.
The 3D representation of As desorption behavior as a function of concentration (conc) versus dose, with
speed = 77.6 fixed as the stationary point estimated by the RSM method.
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160 rpm (as specified in Table 2) and was used to maximize As desorption. Similar
findings show that the removal efficiency of arsenic increased with higher adsorbent
dosages, indicating a potential for strong adsorption [25, 26].

Limitations of the implemented methodology are related to the probable need to
perform different modeling when using the RSM method to find the best combina-
tions of predictor variables that optimize the response variable. Otherwise, the model
and the obtained response will only be valid for the range of values considered in the
modeling with the risk of obtaining a local maximum instead of a global maximum
value that considers a wider range of values of the predictor variables.

Future research could focus on comparing the results of the RSM method with
models created from machine learning techniques. These techniques generally require
a larger amount of data for their construction but could have better adaptation to
nonlinear behaviors and compensate for those situations in which the RSM method
shows difficulty in fitting.

conc speed dose As_des_avg SE df lower.CL upper.CL

1.05 160 2 95.3442 9.7559 6 71.4725 119.216

1.25 160 2 94.6857 9.4133 6 71.6521 117.7193

0.85 160 2 93.1557 9.6096 6 69.6417 116.6696

1.05 160 1.9 91.7464 8.9601 6 69.8219 113.6709

1.05 150 2.1 91.7295 9.8582 6 67.6073 115.8516

1.25 150 2.1 91.5173 9.5527 6 68.1427 114.8918

1.45 160 2 91.1801 9.7877 6 67.2306 115.1297

1.25 160 1.9 90.896 8.6362 6 69.7641 112.028

0.85 160 1.9 89.7497 8.817 6 68.1752 111.3242

0.85 150 2.1 89.0946 9.7244 6 65.2998 112.8893

1.05 150 2 88.3866 8.4758 6 67.647 109.1262

0.65 160 2 88.12 9.3719 6 65.1878 111.0522

1.05 160 1.8 88.0494 8.4758 6 67.3098 108.7889

1.25 150 2 87.9826 8.1787 6 67.9699 107.9952

1.45 160 1.9 87.1986 9.1539 6 64.7997 109.5974

1.25 160 1.8 87.0072 8.1787 6 66.9945 107.0198

0.85 160 1.8 86.2445 8.3395 6 65.8385 106.6505

1.25 140 2.1 86.0383 9.4231 6 62.9808 109.0959

1.05 140 2.1 85.996 9.6731 6 62.3267 109.6653

0.85 150 2 85.9435 8.3395 6 65.5376 106.3495

Conc = Concentration of initial; speed = Speed of agitation; dose = Dose of adsorbent; As_des_avg = Average of arsenic
desorption; SE = Standard error; df = degrees of freedom; lower.CL = lower confidence level; upper.CL = upper confidence
level.

Table 5.
Combinations of values maximizing the As desorption parameters subject to the restriction that the variables range
between concentration, speed, and dose.
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4. Conclusions

This study presents a significant advancement in arsenic removal technology.
Carbon xerogel nanocomposites loaded with magnetite nanoparticles were synthe-
sized using a streamlined process involving direct sonication during sol-gel polycon-
densation. Subsequent carbonization and hydrogen peroxide surface modification
further enhanced the material’s adsorption capacity.

Employing RSM proved to be a powerful tool. It revealed not only the critical
factors influencing arsenic adsorption (solution pH and nanocomposite dose for both
As(III) and As(V)) but also established a predictive model for optimizing arsenic
capture under various conditions. This paves the way for efficient and targeted arsenic
removal strategies.

The impact of RSM extended beyond adsorption. It facilitated the optimization of
the desorption process, identifying the adsorbent dose as the key factor governing
arsenic release. Moreover, a novel RSM-based model was developed to predict the
effects of combined factors on desorption. This innovative approach offers valuable
insights for future research and practical applications.

The next phase of this research will prioritize evaluating the efficacy of these
nanocomposites under environmentally relevant conditions to assess their arsenic
removal efficiency in a more complex matrix. The reusability of the As-loaded
nanocomposite will be investigated through multiple adsorption-desorption cycles.
Potential changes in performance will be analyzed, and regeneration methods explored
to maintain long-term efficiency. This comprehensive investigation will ensure the
technology’s effectiveness and sustainability for practical arsenic remediation.
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Chapter 4

Formulae for Slopes and
Curvatures of Two Curves in
Quadratic Polynomial Regression
Equations with Response Surface
Analysis
Shaoping Qiu and Kaizhe (Kaiser) Qiu

Abstract

Response Surface Methodology (RSM) constitutes a suite of statistical and
mathematical techniques employed for the development, enhancement, and optimi-
zation of processes with the aim of achieving the maximum (or minimum) value of a
response variable. In the realm of organizational research, scholars have embraced
RSM, utilizing quadratic regression equations illustrated on a three-dimensional sur-
face to investigate congruence phenomena such as fit, match, similarity, or agree-
ment. To date, RSM has found extensive application in exploring nuanced
relationships among combinations of two predictor variables and an outcome variable
within organizational studies. This paper takes a novel approach by incorporating
directional derivatives and the rotation of axes from multivariable calculus.
It formulates a set of equations to calculate the slopes and curvatures of two curves
in quadratic polynomial regression equations through response surface analysis.

Keywords: response surface methodology, quadratic polynomial regression,
formula, curve, slope

1. Introduction

Response surface methodology (RSM) serves as an expansive toolkit,
encompassing statistical and mathematical techniques with the overarching goal of
developing, improving, and optimizing processes to achieve the maximum or mini-
mum value of a response [1]. This empirical model employs mathematical and statis-
tical approaches to establish relationships between a response and various input
variables that may influence it. In the field of statistics, RSM has proven invaluable for
scrutinizing the intricate relationships between predictor and response variables.

Originally conceptualized by Box and Wilson [2], RSM was initially applied to
explore the correlations between the yield of a chemical process and a set of input
variables presumed to impact the yield [3]. The fundamental principle of RSM
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involves utilizing a second-degree polynomial model to achieve an optimal outcome
through a series of experiments. Its simplicity in estimation and application makes this
statistical technique particularly valuable for maximizing the results of a specific
substance through the optimization of operational factors via well-designed and ana-
lyzed experiments [3].

In the context of organizational research, significant credit is attributed to
Edwards and Parry [4], Edwards [5], and other researchers who integrated RSM into
their methodologies. They employed quadratic regression equations depicted on a
three-dimensional surface to investigate congruence phenomena within organiza-
tional research, encompassing concepts such as fit, match, similarity, or agreement.
Edwards and Parry [4], for instance, contributed formulae for testing and interpreting
quadratic regression equations in the study of congruence within organizational
research. These equations enable researchers to assess conceptual models that differ-
ence scores aim to represent. Due to the substantial contributions and expansions of
this technique by these scholars, RSM has become widely employed in studying
intricate relationships between pairs of predictor variables and an outcome variable in
organizational studies [6–9] and beyond.

Barranti et al. [10] argue for several conceptual advantages offered by RSM.
Firstly, it examines (mis)matches by modeling the association of input factors with a
response using three-dimensional space. Secondly, RSM can address more nuanced
questions than traditional approaches. Thirdly, it can be utilized to test whether one
type of mismatch (e.g., an overestimate) is worse than another (e.g., an underesti-
mate). Recognizing these strengths [4, 10, 11], RSM has been recommended for
examining two-way interactions in moderated regression [12, 13]. This chapter aims
to present a diverse array of alternative formulae for the slopes and curvatures of two
curves in quadratic polynomial regression equations using response surface analysis,
further advancing the applicability and understanding of this powerful methodology.

2. Existing formulas

The fundamental quadratic regression equation utilized in response surface meth-
odology (RSM) is expressed as follows:

Z ¼ b0 þ b1Xþ b2Yþ b3X2 þ b4XYþ b5Y2 þ e, (1)

where Z denotes the outcome variable (response), while X and Y are two pre-
dictors. Also, in this equation, b0 is a constant, while b1, b2, b3, b4, and b5 are linear,
quadratic, and interaction terms. The outcome variable Z is regressed on two pre-
dictors X and Y, their respective square terms X2 and Y2, and their interaction XY.

Figure 1 visually represents a hypothetical response surface Z (depicted in blue)
based on the quadratic regression equation mentioned above. The curve M (in red) is
the intersected curve of the surface Z and plane ACC0A0 (Y = X). Plane BDD0B0

(Y = �X) intersects the surface Z at the curve M0 (dotted yellow curve). Line L (in
black) is the tangent line to the intersected curve M at point P (0, 0, b0) (in yellow).
The origin point is O (0,0,0) and is marked in red.

According to Edwards and Parry [4] and Edwards (2002), the slopes and curva-
tures of the intersected curves M and M0 of the surface Z and two planes are important
in exploring the nuanced relationships between two predictors and the outcome. One
plane is the plane ACC0A0 (Y = X) (see Figure 1), while another is the plane BDD0B0
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(Y = �X), which is perpendicular to the plane ACC0A0 at Z-axis. To estimate the slope
and curvature of intersection curve M, X is substituted for Y in the quadratic regres-
sion Eq. (1), which yields Eq. (2):

Z ¼ b0 þ b1 þ b2ð Þ Xþ b3 þ b4 þ b5ð Þ X2 þ e, (2)

Likewise, they derive quadratic regression Eq. (3) to estimate the slope and curva-
ture of the curve M0,

Z ¼ b0 þ b1–b2ð Þ Xþ b3–b4 þ b5ð Þ X2 þ e, (3)

Then, they have

a1 ¼ b1 þ b2 (4)

a2 ¼ b3 þ b4 þ b5 (5)

a3 ¼ b1–b2 (6)

a4 ¼ b3–b4 þ b5 (7)

Figure 1.
A hypothetical response surface. The two predictor variables X and Y are located on the two axes at the bottom
plane ABCD. The vertical axis is the Z-axis. Plane ACC0A0 (Y = X) intersects the surface Z at the curve M. Plane
BDD0B0 (Y = �X) intersects the surface Z at the curve M0. The origin point is O (0,0,0).
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Where the term (b3 + b4 + b5) is the curvature of the curve M and (b1 + b2)
represents its slope at the point P (0, 0, b0). Likewise, the term (b3 – b4 + b5) repre-
sents the curvature of the curve M0, and (b1 – b2) is its slope at the point P (0, 0, b0).

The formulas for calculating the significance tests of the curve values (a1 through
a4) are also given as follows [13]:

For variable a1 t ¼ b1þ b2ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SEb12 þ SEb22
� �þ 2COV b1b2

q (8)

For variable a2 t ¼ b3þ b4þ b5ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SEb32 þ SEb42 þ SEb52
� �þ 2COVb3b4þ 2COVb3b5þ 2COVb4b5

q

(9)

For variable a3 t ¼ b1� b2ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SEb12 þ SEb22
� �� 2COV b1b2

q (10)

For variable a4 t ¼ b3� b4þ b5ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SEb32 þ SEb42 þ SEb52
� �� 2COVb3b4þ 2COVb3b5� 2COVb4b5

q

(11)

Where SE = standard error, COV = covariance.

3. Alternative formulas

Presently, the formulas derived from Eqs. (2) and (3) play a pivotal role in various
studies that leverage the response surface methodology (RSM) across a diverse array
of fields. However, it is crucial to highlight a limitation in their applicability when
transitioning to the context of three-dimensional geometry. Specifically, when
substituting X (or �X) for Y in these equations, which are designed to represent
curves M and M0 formed by the intersection of surface Z with planes ACC0A0 (Y = X)
and BDD0B0 (Y = �X) a discrepancy arises.

Contrary to expectations, Eqs. (2) and (3) do not precisely depict curves M and M0

but rather represent two-dimensional projections onto the XOZ plane by the intersection
curves M and M0. This distinction is particularly relevant when interpreting the slopes
and curvatures of these projected curves in relation to the intersected curves within the
three-dimensional space. Caution is warranted in utilizing these formulae as it may not
always be appropriate or accurate to extrapolate the slopes and curvatures of projections
to represent those of intersected curves, especially under specific circumstances.

This cautionary note emphasizes the need for a nuanced and context-specific
approach when applying these formulas in three-dimensional geometric scenarios.
Researchers and practitioners should be aware of the limitations associated with the
projection of curves onto two-dimensional planes and exercise discretion in
interpreting and applying the derived slopes and curvatures, ensuring that the chosen
methodology aligns with the geometric intricacies of the study at hand. By acknowl-
edging and addressing this caveat, the broader scientific community can enhance the
precision and reliability of results when utilizing these formulas within the context of
three-dimensional geometry.
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The highlighted distinction holds paramount importance for researchers engaged
in the intricate exploration of lines and curves within the realm of three-dimensional
geometry. To achieve an accurate determination of slopes and curvatures concerning
the intersected curves between surface Z and the two planes (Y = X and Y = �X), a
more optimal approach is recommended. This involves leveraging the principles of
directional derivatives and the rotation of axes, as commonly employed in multivari-
able calculus.

The application of directional derivatives facilitates a more nuanced examination
of how the surface Z intersects with the planes, allowing researchers to discern the
changes in the surface’s behavior along specific directions. Additionally, the rotation
of axes provides a transformative framework that aligns with the geometric intricacies
of the study. By appropriately rotating the coordinate system, researchers can simplify
the analysis and enhance the precision of calculations related to slopes and curvatures.

This advanced method not only ensures a more robust analysis but also aligns with
the inherent complexities of three-dimensional geometry. It enables researchers to
overcome the limitations associated with the two-dimensional projections mentioned
earlier, providing a more accurate representation of the relationships between the
curves and the intersecting planes. Embracing such sophisticated mathematical tools
from multivariable calculus contributes to a higher level of precision and reliability in
the study of intersected curves within three-dimensional spaces, ultimately enhancing
the quality of research outcomes in this domain.

For Z ¼ b0 þ b1Xþ b2Yþ b3X2 þ b4XYþ b5Y2 þ e, (12)

The directional derivative DL f (X0, Y0) equals the slope of the tangent line (L) to
the intersected curve M of surface Z and the plane ACC0A0 (Y = X) at the point (X0,
Y0, f (X0, Y0)). The formula to calculate the directional derivative of a curve at this
point is:

DL ¼ ∂Z
∂l

¼ ∂Z
∂x

cos θ þ ∂Z
∂y

sin θ (13)

Since angle θ = 45°,

DL ¼ ∂Z
∂l

¼ ∂Z
∂x

cos 45° þ ∂Z
∂y

sin 45°

¼ b1 þ 2b3Xþ b4Yð Þ cos 45° þ b2 þ b4Xþ 2b5Yð Þ sin 45°

¼
ffiffiffi
2

p

2
b1 þ b2ð Þ þ 2b3 þ b4ð Þ Xþ b4 þ 2b5ð Þ Y½ �

(14)

When X = 0 and Y = 0, the directional derivative DL f (0,0) equals
ffiffi
2

p
2 (b1 + b2) at

the point P (0, 0, b0). Obviously, the slope of the intersected curve M of surface Z and
plane ACC0A0 (Y = X) is not (b1 + b2) at the point P (0, 0, b0) as calculated by Edwards
and Parry [4] and Edwards [5]. Similarly, the slope of the intersected curve M0 is

ffiffi
2

p
2

(b1 – b2) at the point P (0, 0, b0), not (b1 – b2).
To capture both slope and curvature of the intersected curves, the rotation of axis

is used to derive new rotated equations of intersected curves M and M0. The formula is
provided as follows:
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Z ¼ Z´

X ¼ X´ cos θ � Y´ sin θ

Y ¼ X´ sin θ þ Y’ cos θ

8><
>:

(15)

For the intersected curve M, it is obtained by rotating 45° counterclockwise from
the plane XOZ (X = 0); therefore, the new equation of curve M is

Z ¼ Z´

X ¼ X´ cos 45° � Y´ sin45°

Y ¼ X´ sin45° þ Y´ cos 45°

8><
>:

(16)

Since sin 45° ¼ cos 45° =
ffiffi
2

p
2 , we have

Z ¼ Z´

X ¼
ffiffiffi
2

p

2
X´ � Y´� �

Y ¼
ffiffiffi
2

p

2
X´ þ Y´� �

8>>>><
>>>>:

(17)

Thus,

Z0 ¼ b0 þ b1 ∗
ffiffiffi
2

p

2
X´ � Y´� �þ b2 ∗

ffiffiffi
2

p

2
X´ � Y´� �þ b3

ffiffiffi
2

p

2
X´ � Y´� �� �2

þb4

ffiffiffi
2

p

2
∗

ffiffiffi
2

p

2
X0 � Y 0ð Þ X0 þ Y 0ð Þ

� �
þ b5

ffiffi
2

p
2 X0 þ Y 0ð Þ

h i2 (18)

Since in the intersected curve M, Y0 = 0

Z0 ¼ b0 þ
ffiffiffi
2

p

2
b1 þ b2ð Þ X0 þ 1

2
b3 þ b4 þ b5ð Þ X´2 þ e (19)

Similarly, the new equation of intersected curve M0 is

Z0 ¼ b0 þ
ffiffiffi
2

p

2
b1–b2ð Þ X0 þ 1

2
b3–b4 þ b5ð Þ X02 þ e (20)

Therefore,

a1 ¼
ffiffiffi
2

p

2
b1 þ b2Þ
�

(21)

a2 ¼ 1
2

b3 þ b4 þ b5Þ
�

(22)

a3 ¼
ffiffiffi
2

p

2
b1–b2Þ
�

(23)

a4 ¼ 1
2

b3–b4 þ b5Þ
�

(24)
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The significance test t is calculated by using the following formula: t =
X
_
�μ

SE .
In the case of the significance test of coefficient of X´, a1

t ¼ a1
SEa1

¼
ffiffiffi
2

p

2
b1 þ b2ð Þ=

ffiffiffi
2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SEb12 þ SEb22
� �þ 2COV b1b2

q

¼ b1 þ b2ð Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SEb12 þ SEb22
� �þ 2COV b1b2

q (25)

Similarly,

for variable a2 t ¼ b3þ b4þ b5ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SEb32 þ SEb42 þ SEb52
� �þ 2COVb3b4þ 2COVb3b5þ 2COVb4b5

q

(26)

for variable a3 t ¼ b1� b2ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SEb12 þ SEb22
� �� 2COV b1b2

q (27)

for variable a4 t ¼ b3� b4þ b5ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SEb32 þ SEb42 þ SEb52
� �� 2COVb3b4þ 2COVb3b5� 2COVb4b5

q

(28)

Upon close examination of the aforementioned analysis, it becomes apparent that
the values of coefficients (a1, a2, a3, and a4) and their corresponding standard errors
exhibit notable discrepancies compared to the values reported by Edwards and Parry
[4] and Edwards [5]. Interestingly, the t values, however, remain consistent, retaining
their original significance due to a canceling-out effect.

The observed differences in coefficient values and standard errors suggest a
departure from the previously established models proposed by Edwards and Parry [4]
and Edwards [5]. It is essential to scrutinize these distinctions meticulously to
discern the potential implications for the interpretation and generalization of the
quadratic polynomial regression equations under consideration. Despite the
dissimilarities in coefficient values and standard errors, the unchanged t values
indicate that the significance levels associated with the coefficients remain
unaltered. This underscores the robustness of the statistical significance of the
individual coefficients, emphasizing their reliability even in the face of differing
parameter estimates.

4. An empirical example

In order to elucidate the differentiation between the two previously mentioned
formulae, we conducted an empirical analysis using the initial dataset derived from
polynomial regression studies carried out by Qiu, Dooley, and Xie [12]. The
referenced paper encompasses a comprehensive exploration involving two distinct
studies, each contributing valuable insights to the field.

The dataset for the first study was meticulously gathered from front-line
employees within a prominent restaurant chain. The primary aim of this study was to
delve into the intricate dynamics of the interaction between servant leadership and
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self-efficacy, examining its profound impact on service quality within the context of
the hospitality industry. This research undertaking reflects a targeted effort to under-
stand the nuanced relationships and interplay between leadership styles and individ-
ual efficacy in a service-oriented setting, specifically within the dynamic environment
of a restaurant chain.

By selecting this particular dataset, we sought to ground our exploration in a real-
world scenario, one that encapsulates the complexities and intricacies of human
interactions within the hospitality sector. The utilization of data from front-line
employees adds a practical dimension to our analysis, enabling us to draw meaningful
conclusions about the potential variations in slopes and curvatures of the two curves
within quadratic polynomial regression equations. Through this empirical approach,
we aim to not only highlight the distinctions between the formulae but also to provide
valuable insights that contribute to the broader understanding of how these mathe-
matical models can be applied and interpreted in the realm of organizational research,
particularly within the hospitality industry.

The polynomial regression equation they derived from the response surface analy-
sis was expressed as Z = 3.481 + 0.551X + 0.227Y – 0.234XY + 0.119Y2 + e. Based on
Eq. (1) described above, it can be easily seen that b0 = 3.481, b1 = 0.551, b2 = 0.227,
b3 = 0, b4 = �0.234, b5 = 0.119. They then calculated the values of a1, a2, a3, and a4 as
follows: a1 = 0.778**, a2 = 0.051, a3 = 0.324**, and a4 = 0.417** (**p < 0.01) following the
formulae provided by Edwards and Parry [4]. However, if readers use the correct
formulas presented previously, it can be derived that a1 = 0.550**, a2 = 0.026,
a3 = 0.229**, and a4 = 0.209** (**p < 0.01). Here, t scores were not calculated because
the significance levels of the coefficients remain unchanged.

For a more detailed examination of the statistical results, including t scores and
additional relevant information, we recommend referring to Table 2 in the paper
authored by Qiu, Dooley, and Xie [12]. This table likely provides a comprehensive
summary of the regression analysis, offering insights into the specific values of coef-
ficients, standard errors, t scores, and corresponding significance levels. By consulting
this table, readers can gain a more nuanced understanding of the statistical nuances
and intricacies involved in the analysis, thereby enhancing the overall comprehension
of the research findings presented in the paper.

5. Conclusions

This paper utilized directional derivatives and rotations of axes, concepts from
multivariable calculus, to derive an alternative set of formulae for calculating the
slopes and curvatures of two curves within quadratic polynomial regression equations
through response surface analysis. To emphasize, the accurate formulas for a1, a2, a3,
and a4 are as follows:

a1 ¼
ffiffiffi
2

p

2
b1 þ b2Þ
�

(29)

a2 ¼ 1
2

b3 þ b4 þ b5Þ
�

(30)

a3 ¼
ffiffiffi
2

p

2
b1–b2Þ
�

(31)
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a4 ¼ 1
2

b3–b4 þ b5Þ:
�

(32)

The formulas for the significance of a1, a2, a3, and a4 are as follows:

For variable a1 ta1 ¼ b1þ b2ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SEb12 þ SEb22
� �þ 2COV b1b2

q (33)

For variable a2 ta2 ¼ b3þ b4þ b5ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SEb32 þ SEb42 þ SEb52
� �þ 2COVb3b4þ 2COVb3b5þ 2COVb4b5

q

(34)

For variable a3 ta3 ¼ b1� b2ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SEb12 þ SEb22
� �� 2COV b1b2

q (35)

For variable a4 ta4 ¼ b3� b4þ b5ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SEb32 þ SEb42 þ SEb52
� �� 2COVb3b4þ 2COVb3b5� 2COVb4b5

q

(36)

Our primary goal is to systematically present a comprehensive assortment of
mathematically rigorous formulae, poised to significantly enhance our comprehension
of the slopes and curvatures inherent in quadratic polynomial regression equations
through the prism of response surface analysis. The pursuit of this objective becomes
imperative in light of the intricate mathematical intricacies entwined with such
investigative endeavors. Our intent is not only to unveil theoretical frameworks but
also to ground them in practicality, as evidenced by the empirical example we present.
Through this illustration, we seek to shed light on the nuanced distinctions in slopes
between the two previously outlined formulae, offering researchers a tangible and
applicable perspective.

In elaborating on our empirical example, we emphasize its role as a pragmatic
demonstration, providing a clear and tangible portrayal of how the theoretical con-
structs can be translated into real-world scenarios. By elucidating the disparities in
slopes between the two curves within quadratic polynomial regression equations, we
aim to demystify complex mathematical concepts and encourage a deeper under-
standing of the underlying principles.

Furthermore, we extend an invitation to the broader research community, urging
scholars across diverse fields to adopt and integrate this newly proposed analytical tool
into their investigations. The application of response surface analysis to explore the
slopes and curvatures of two curves within quadratic polynomial regression equations
holds promising potential for unlocking insights across various disciplines. By advo-
cating for the widespread use of this innovative approach, we aspire to catalyze
advancements in knowledge and contribute to the refinement of methodologies
employed in quantitative analyses within respective research domains.
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Chapter 5

Constant Block-Size with Constant
Sum-Block Partially Balanced
Incomplete Block Designs
Babatunde L. Adeleke, Gabriel O. Adebayo and
Kazeem A. Osuolale

Abstract

This chapter delves into the introduction, methodology, and application of
Constant Block-Size with Constant Sum-Block Partially Balanced Incomplete Block
Designs (CBS-CSB PBIBDs) as an innovative class of experimental designs. The study
defines key concepts, including constant block-size, constant block-sum, and constant
sum-block, and outlines conditions for implementing CBS-CSB PBIBDs. The research
presents experimental designs for various scenarios, such as t = 21, k = 3; t = 15, k = 3;
t = 27, k = 3, and illustrates their respective cases through line charts. Notably, the
study demonstrates that as the number of replicates (r) increases, the efficiency
factors also increase, and when r = 1, efficiency (E) equals 0. In conclusion, CBS-CSB
PBIBDs emerge as a valuable tool for experimental prioritization, offering a new
perspective on partially balanced incomplete block designs. The research highlights
the significance of CBS-CSB PBIBDs across diverse fields of experimentation. The
findings equip readers with the ability to define, design, and analyze experiments
using CBS-CSB PBIBDs, while acknowledging challenges and limitations associated
with this approach. This study contributes to the broader understanding of
experimental design and provides a foundation for future research directions in
this innovative field.

Keywords: experimental design, partially balanced incomplete block designs,
constant block-size, constant sum-block, prioritization of treatments

1. Introduction

Constant Block-Size with Constant Sum-Block Partially Balanced Incomplete Block
Designs, CBS-CSB PBIBDs is a new class of partially balanced incomplete block
designs that is use when it requires prioritizing the treatments combination. This new
class of the design is significant in every aspect of experiment in physical, life, clinical,
engineering, education, social science, psychology, pharmaceutical etc. once there is
need to prioritize the treatment combination then CBS-CSB PBIBDs will be used.

The goal of this chapter is to define constant block-size partially balanced incom-
plete block designs and constant sum-block partially balanced incomplete block
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designs, design experiments using constant block-size with constant sum-block par-
tially balanced incomplete block designs, CBS-CSB PBIBDs, state the Conditions for
Constant Block-Size with Constant Sum-Block Partially Balanced Incomplete Block
Designs, CBS-CSB PBIBDs, perform simple analysis on CBS-CSB PBIBDs and state
some challenges and limitation on CBS-CSB PBIBDs.

In the remaining part of this chapter, we will discuss the background and theory,
design principles and methodology, data analysis, discussion of results and conclusion
of study’s findings.

1.1 Background and theory

The optimum design is balanced incomplete block designs (BIBDs) which gives
100% efficiency factor, e = 1. But the shortcoming of BIBDs leads to the introduction
of partially balanced incomplete block designs (PBIBDs) introduced by the authors in
[1]. This chapter introduces partially balanced incomplete block designs and its Effi-
ciency Factors but its limitation was that it took into consideration the intra-block
information only. The important properties of partially balanced incomplete block
designs with two associate classes with both the intra-block and inter-block analysis in
a comprehensive was introduced by the author [2]. Analysis of partially balanced
incomplete block designs using simple square and rectangular lattices [3], construc-
tion of partially balanced incomplete block designs with two treatments per block and
less or equal to ten (10) replications of each treatment [4], the class of partially
balanced incomplete block designs with more than two associate classes comprehen-
sively [5], m-classes partially balanced incomplete block designs and association
scheme [6] and the table of 2-associate classes of partially balanced incomplete block
designs were constructed [7].

There are several patterns and strategies in the construction of PBIBDs for the
purpose of estimating higher efficiency factors. Some of the strategies are complicated
and complex in designs and the efficiency factors is not satisfactory and comprehen-
sive. The PBIBDs with higher associate classes were constructed by authors in [8–10].
Triangular and four associate classes PBIBDs with two replicates using dualization
method were constructed by other scholars that contributed to the construction of
PBIBDs with their different and respective pattern and strategies [11–14]. In the
physical and life experiment, there may be need to prioritize some treatment combi-
nations. It was observed that development of PBIBDs through the incorporation of a
constant block-sum strategy [15, 16] and later, in a subsequent work [17] delved
deeper into and expanded upon this strategy in the construction of PBIBDs. This
design changed the new pattern and strategy towards the construction of PBIBDs by
authors cited in [18–22]. The limitations of the design was that r = 1, λ1 = 1, λ2 = 0. If
r = 1, then E = 0 where ‘E’ is the efficiency factor, ‘r’ is the number of replicate and ‘λ’
is the number of treatment pair; this does not fit for analysis. To design an experi-
ment, r ≥ 2, for r is positive integer. Instead, the design may be categorized into two
or more to fit for analysis [23]. The key concepts for this work are Partially Balanced
Incomplete Block Design; Constant Block-Size; Constant Sum-Block; Constant Block-
Sum; Efficiency Factors.

2. Design principles and methodology

In this section, the paper defines, give conditions and design CBS-CSB PBIBDs.
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2.1 Definition of terms

This sub-section defines Constant Block-Size, Constant Block-Sum and Constant
Sum-Block of partially balanced incomplete block designs;

Definition 1: A design is said to have a constant block-size if the number of exper-
imental unit, k, are the same irrespective of the number of blocks, b. For example;

• t = 21, k = 3, r = 1, b = 7

• t = 21, k = 3, r = 2, b = 14

• t = 21, k = 3, r = 3, b = 21

Definition 2: A design is said to be constant block-sum if the number of blocks, b,
are the same, b ¼ t

k, and the sum of each corresponding number of experimental units
are the same, irrespective of the number of treatments and replicates [24]. It is

determined by the sum of all the treatments divided by number of blocks, CBS ¼
P

t
b .

Furthermore, Khattree model the design as:
t = pq, k = min (p,q), b = max (p,q), r = 1, λ1 = 1, λ2 = 0 where p and q must be odd

numbers.
For example;

t ¼ 21, k ¼ 3, r ¼ 1, b ¼ 7, λ1 ¼ 1, λ2 ¼ 0, n1 ¼ 2, n2 ¼ 18 (1)

CSB ¼ 1þ 2þ … þ 21
7

¼ 231
7

¼ 33: (2)

Table 1 shows a Constant Block-Sum table, where each row (b1, b2, b3, etc.) repre-
sents a block, and the numbers within each block represent the treatments. The key
feature of this table is that the sum of values in each block is constant and equal to 33.

Definition 3: A design is said to be a constant sum-block, if the following condi-
tions exist;

• There is constant block size.

• Each corresponding blocks has constant sum.

• The number of blocks are not the same, b ¼ tr
k

Sum

b1 1 11 21 33

b2 2 15 16 33

b3 3 10 20 33

b4 4 12 17 33

b5 5 9 19 33

b6 6 13 14 33

b7 7 8 18 33

Table 1.
Constant block-sum table.
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• The number of treatments, t, are constant.

• The number of replicates, r, are at least one, r≥ 1ð Þ

For example;

t ¼ 21, k ¼ 3, r ¼ 2, b ¼ 14, λ1 ¼ 1, λ2 ¼ 0, n1 ¼ 4, n2 ¼ 16:

In Table 2, each row represents a block labeled as b1, b2, b3, and so on. The
numbers within each block represent different treatments. For example, in block
b1, the treatments are 1, 11, 21, and the sum of these treatments is 33. The same
pattern follows for the other blocks. The sum of treatments in each block is the
same and equal to 33. This is evident by the “Sum” column at the end of each row,
indicating that the values in each row (treatments within a block) add up to 33.
This design, with a constant sum within each block is used in experimental design
to ensure balance and control for variability. It allows for a systematic distribution
of treatments across different blocks while maintaining a consistent sum within
each block.

2.2 Conditions for constant block-size with constant sum-block partially
balanced incomplete block designs, CBS-CSB PBIBDs

There are conditions for CBS-CSB PBIBDs;

• The treatments combinations must be prioritized, that is, there must be number
of zero associates, λ2 = 0.

Sum

b1 1 11 21 33

b2 2 15 16 33

b3 3 10 20 33

b4 4 12 17 33

b5 5 9 19 33

b6 6 13 14 33

b7 7 8 18 33

b8 1 12 20 33

b9 2 14 17 33

b10 3 9 21 33

b11 4 11 18 33

b12 5 13 15 33

b13 6 8 19 33

b14 7 10 16 33

Table 2.
Constant sum-block table.
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• The maximum number of replicates must be necessarily determine from
treatment one.

• The number of treatments and block sizes remain fixed.

For example;
The designs;

t ¼ 21, k ¼ 3, λ2 ¼ 0,

The three numerical values in each row in Table 3 represent different treatments
or conditions. For example, in the first row (SN = 1), the values are 1, 21, and 11 and
their sum is 33. Similarly, the sum of values in each subsequent row is consistently 33.
The key feature here, as in the previous tables, is that the sum of the numerical values
in each row is constant and equal to 33. This ensures a balanced distribution of the
treatments or conditions. In this context, the table structure represents a specific
design where the sum of values in each row is held constant. The associate for
treatment 1 is given in Table 4.

Table 4 associates different sets of values with two conditions, denoted as λ1 and
λ2, for a specific treatment labeled as T. The row labeled as T corresponds to a specific
treatment condition while λ1 and λ2 are conditions or parameters associated with the
treatment. For treatment 1, the associated values are presented under λ1 = 1 and λ2 = 0.
Under each condition (λ1 and λ2), there are sets of values associated with the treat-
ment. For example, under λ1 = 1, the associated values are 11, 21, 12, 20, 13, 19, 14, 18,
15, 17. Under λ2 = 0, the associated values are 2, 3, 4, 5, 6, 7, 8, 9, 10, 16. Table 4 shows
that 1 < r ≤ 5 and λ2 = 0. This met the conditions for CBS-CSB PBIBDs.

2.3 Case studies on the design constant block-size with constant sum-block
partially balanced incomplete block designs, CBS-CSB PBIBDs

This section shows the construction of CBS-CSB PBIBDs. The researcher and the
user will determine the number of replicates based on the priority of the treatment
combination and the cost of the experiment (Table 5). This means 1< r≤ max rð Þ.

SN Sum

1 1 21 11 33

2 1 20 12 33

3 1 19 13 33

4 1 18 14 33

5 1 17 15 33

Table 3.
Maximum number of replicates table.

T λ1 = 1 λ2 = 0

1 11, 21,12,20,13,19,14,18,15,17 2,3,4,5,6,7,8,9,10,16

Table 4.
Associate table for treatment 1.
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2.3.1 Construction of design 1

The design t = 21, k = 3, λ2 = 0 will be constructed in five cases since r = 5.
Case 1: t = 21, k = 3, r = 1, b = 7, λ1 = 1, λ2 = 0, n1 = 2, n2 = 18.
The table represents the design with 7 blocks (b1 to b7), and each block contains 3

treatments (k = 3). The values in each block are arranged in a way that the sum of
treatments within each block is constant and equal to 33. This design follows a
structure for the Constant Block-Sum table provided earlier, with the same sum of
treatments in each block.

P1 ¼ 1 0
0 18

h i
, P2 ¼ 0 2

2 15:

h i

E1 ¼ 0, E2 ¼ 0, E ¼ 0

The efficiency factor (E) is calculated using R software based on a method pro-
posed by authors in [25]. Table 6 associates each treatment (T) with sets of values for
the 1st and 2nd conditions. For example, treatment 1 (T = 1) is associated with values
11 and 21 under the 1st condition, and with values 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 14, 15,
16, 17, 18, 19, 20 under the 2nd condition. The structure of the table indicates how
each treatment is linked to specific sets of values under different conditions. This
indicates that the efficiency is not directly given but needs to be calculated using
specific software and methodology. Case 2 designs are shown in Tables 7 and 8,
respectively.

Case 2: t = 21, k = 3, r = 2, b = 14, λ1 = 1, λ2 = 0, n1 = 4, n2 = 16

P1 ¼ 1 2
2 14

h i
, P2 ¼ 0 4

4 11

h i

E1 ¼ 0:6667, E2 ¼ 0:4444, E ¼ 0:4762

Each row in Table 7 represents a block, and there are 14 blocks in total. The
numbers within each block represent different treatments. The sum of treatments in
each block is constant and equal to 33, maintaining a similar structure to the design in
Case 1. Table 8 associates each treatment (T) with sets of values for the 1st and 2nd
conditions. For instance, treatment 1 (T = 1) is associated with values 11, 21, 12, and 20

Sum

b1 1 11 21 33

b2 2 15 16 33

b3 3 10 20 33

b4 4 12 17 33

b5 5 9 19 33

b6 6 13 14 33

b7 7 8 18 33

Table 5.
Case 1 design.
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under the 1st condition, and with values 2, 3, 4, 5, 6, 7, 8, 9, 10, 13, 14, 15, 16, 17, 18, 19
under the 2nd condition.

Case 3: t = 21, k = 3, r = 3, b = 21, λ1 = 1, λ2 = 0, n1 = 6, n2 = 14

P1 ¼ 2 3
3 11

h i
, P2 ¼ 2 4

4 9

h i

E1 ¼ 0:7111, E2 ¼ 0:5926, E ¼ 0:6238

The table represents the design with 21 blocks (b1 to b21), and each block contains
3 treatments (k = 3). The values in each block are arranged in a way that the sum of
treatments within each block is constant and equal to 33. This design follows a
structure similar to the Constant Block-Sum tables provided earlier, with the same
sum of treatments in each block (Table 9). Table 10 is similar to the previous
associates tables. It associates each treatment (T) with sets of values for the 1st and
2nd conditions. For example, treatment 1 (T = 1) is associated with values 11, 21, 12,
20, 13, and 19 under the 1st condition, and with values 2, 3, 4, 5, 6, 7, 8, 9, 10, 14, 15,
16, 17, 18 under the 2nd condition.

T 1st 2nd

1 11, 21 2,3,4,5,6,7,8,9,10,12,13,14,15,16,17,18,19,20

2 15,16 1,3,4,5,6,7,8,9,10,11,12,13,14,17,18,19,20,21

3 10, 20 1,2,4,5,6,7,8,9,11,12,13,14,15,16,17,18,19,21

4 12, 17 1,2,3,5,6,7,8,9,10,11,13,14,15,16,18,19,20,21

5 9, 19 1,2,3,4,6,7,8,10,11,12,13,14,15,16,17,18,20,21

6 13, 14 1,2,3,4,5,7,8,9,10,11,12,15,16,17,18,19,20,21

7 8, 18 1,2,3,4,5,6,9,10,11,12,13,14,15,16,17,19,20,21

8 7, 18 1,2,3,4,5,6,9,10,11,12,13,14,15,16,17,19,20,21

9 5, 19 1,2,3,4,6,7,8,10,11,12,13,14,15,16,17,18,20,21

10 3, 20 1,2,4,5,6,7,8,9,11,12,13,14,15,16,17,18,19,21

11 1, 21 2,3,4,5,6,7,8,9,10,12,13,14,15,16,17,18,19,20

12 4,17 1,2,3,5,6,7,8,9,10,11,13,14,15,16,18,19,20,21

13 6,14 1,2,3,4,5,7,8,9,10,11,12,15,16,17,18,19,20,21

14 6,13 1,2,3,4,5,7,8,9,10,11,12,15,16,17,18,19,20,21

15 2,16 1,3,4,5,6,7,8,9,10,11,12,13,14,17,18,19,20,21

16 2,15 1,3,4,5,6,7,8,9,10,11,12,13,14,17,18,19,20,21

17 4,12 1,2,3,5,6,7,8,9,10,11,13,14,15,16,18,19,20,21

18 7,8 1,2,3,4,5,6,9,10,11,12,13,14,15,16,17,19,20,21

19 5,9 1,2,3,4,6,7,8,10,11,12,13,14,15,16,17,18,20,21

20 3,10 1,2,4,5,6,7,8,9,11,12,13,14,15,16,17,18,19,21

21 1,11 2,3,4,5,6,7,8,9,10,12,13,14,15,16,17,18,19,20

Table 6.
Case 1 associates.
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Case 4: t = 21, k = 3, r = 4, b = 21, λ1 = 1, λ2 = 0, n1 = 8, n2 = 12

P1 ¼ 3 4
4 8

h i
, P2 ¼ 5 3

3 8

h i

E1 ¼ 0:713, E2 ¼ 0:6417, E ¼ 0:6684

Table 11 represents the design for Case 4, with specific values assigned to each
block. Each row corresponds to a block (b1 to b28), and within each block, there are
different treatments arranged in a way that the sum of treatments is constant and
equal to 33. Table 12 is similar to the previous associate tables. It associates each
treatment (T) with sets of values for the 1st and 2nd conditions. For example, treat-
ment 1 (T = 1) is associated with values 11, 21, 12, 20, 13, 19, 14, and 18 under the 1st
condition, and with values 2, 3, 4, 5, 6, 7, 8, 9, 10, 15, 16, 17 under the 2nd condition.
The notations P1 and P2 are partitions with specific characteristics. The E1 = 0.713,
E2 = 0.6417, E = 0.6684 values represent efficiency factors. In experimental design,
efficiency is a measure of how well an experimental design utilizes the available
resources. Here, E1 and E2 are specific efficiency values for P1 and P2, and E is an
overall efficiency factor.

Case 5: t = 21, k = 3, r = 5, b = 21, λ1 = 1, λ2 = 0, n1 = 10, n2 = 10

P1 ¼ 4 5
5 5

h i
, P2 ¼ 8 2

2 7

h i

E1 ¼ 0:7077, E2 ¼ 0:6571, E ¼ 0:6815

Table 13 presents a Case 5 design. It represents the design for Case 5, with specific
values assigned to each block. Each row corresponds to a block (b1 to b35), and within
each block, there are different treatments arranged in a way that the sum of

Sum

b1 1 11 21 33

b2 2 15 16 33

b3 3 10 20 33

b4 4 12 17 33

b5 5 9 19 33

b6 6 13 14 33

b7 7 8 18 33

b8 1 12 20 33

b9 2 14 17 33

b10 3 9 21 33

b11 4 11 18 33

b12 5 13 15 33

b13 6 8 19 33

b14 7 10 16 33

Table 7.
Case 2 designs.
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treatments is constant and equal to 33. Table 14 contained Case 5 associates. This table
shows the associations between the treatments in Case 5. Each row represents a
treatment (T1 to T21), and the “1st” and “2nd” columns indicate which other treat-
ments are associated with the corresponding treatment. For example, the first row
indicates that for Treatment 1 (T1), the associated treatments in the 1st group are 11,
21, 12, 20, 13, 19, 14, 18, 15, 17, and in the 2nd group are 2, 3, 4, 5, 6, 7, 8, 9, 10, 16.
Similarly, each subsequent row provides information about the associations for the
corresponding treatment. The efficiency values (E1, E2, and E) are also provided as
0.7077, 0.6571, and 0.6815, respectively (Figure 1).

2.3.2 Construction of design 2

The design t = 15, k = 3, λ2 = 0 will be constructed in five cases since r = 4.
Case 1: t = 15, k = 3, r = 1, b = 10, λ1 = 1, λ2 = 0, n1 = 2, n2 = 12

P1 ¼ 1 0
0 12

h i
, P2 ¼ 0 2

2 9

h i

T 1st 2nd

1 11, 21,12,20 2,3,4,5,6,7,8,9,10,13,14,15,16,17,18,19

2 15,16,14,17 1,3,4,5,6,7,8,9,10,11,12,13,18,19,20,21

3 10, 20,9,21 1,2,4,5,6,7,8,11,12,13,14,15,16,17,18,19

4 12, 17,11,18 1,2,3,5,6,7,8,9,10,13,14,15,16,19,20,21

5 9, 19,13,15 1,2,3,4,6,7,8,10,11,12,14,16,17,18,20,21

6 13, 14,8,19 1,2,3,4,5,7,9,10,11,12,15,16,17,18,20,21

7 8, 18,10,16 1,2,3,4,5,6,9,11,12,13,14,15,17,19,20,21

8 7, 18,6,19 1,2,3,4,5,9,10,11,12,13,14,15,16,17,20,21

9 5, 19,3,21 1,2,4,6,7,8,10,11,12,13,14,15,16,17,18,20

10 3, 20,7,16 1,2,4,5,6,8,9,11,12,13,14,15,17,18,19,21

11 1, 21,4,18 2,3,5,6,7,8,9,10,12,13,14,15,16,17,19,20

12 4,17,1,20 2,3,5,6,7,8,9,10,11,13,14,15,16,18,19,21

13 6,14,5,15 1,2,3,4,7,8,9,10,11,12,16,17,18,19,20,21

14 6,13,2,17 1,3,4,5,7,8,9,10,11,12,15,16,18,19,20,21

15 2,16,5,13 1,3,4,6,7,8,9,10,11,12,14,17,18,19,20,21

16 2,15,7,10 1,3,4,5,6,8,9,11,12,13,14,17,18,19,20,21

17 4,12,2,14 1,3,5,6,7,8,9,10,11,13,15,16,18,19,20,21

18 7,8,4,11 1,2,3,5,6,9,10,12,13,14,15,16,17,19,20,21

19 5,9,6,8 1,2,3,4,7,10,11,12,13,14,15,16,17,18,20,21

20 3,10,1,12 2,4,5,6,7,8,9,11,13,14,15,16,17,18,19,21

21 1,11,3,9 2,4,5,6,7,8,10,12,13,14,15,16,17,18,19,20

Table 8.
Case 2 associates.
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E1 ¼ 0, E2 ¼ 0, E ¼ 0

Case 2

t ¼ 15, k ¼ 3, r ¼ 2, b ¼ 10, λ1 ¼ 1, λ2 ¼ 0, n1 ¼ 4, n2 ¼ 10

P1 ¼ 1 2
2 8

h i
, P2 ¼ 2 2

2 7

h i

E1 ¼ 0:75, E2 ¼ 0:6, E ¼ 0:6364

Case 3

t ¼ 15, k ¼ 3, r ¼ 3, b ¼ 15, λ1 ¼ 1, λ2 ¼ 0, n1 ¼ 6, n2 ¼ 8

P1 ¼ 2 3
3 5

h i
, P2 ¼ 4 2

2 5

h i

E1 ¼ 0:7302, E2 ¼ 0:6389, E ¼ 0:6751

Sum

b1 1 11 21 33

b2 2 15 16 33

b3 3 10 20 33

b4 4 12 17 33

b5 5 9 19 33

b6 6 13 14 33

b7 7 8 18 33

b8 1 12 20 33

b9 2 14 17 33

b10 3 9 21 33

b11 4 11 18 33

b12 5 13 15 33

b13 6 8 19 33

b14 7 10 16 33

b15 1 13 19 33

b16 2 11 20 33

b17 3 14 16 33

b18 4 8 21 33

b19 5 10 18 33

b20 6 12 15 33

b21 7 9 17 33

Table 9.
Case 3 design.
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Case 4

t ¼ 15, k ¼ 3, r ¼ 4, b ¼ 20, λ1 ¼ 1, λ2 ¼ 0, n1 ¼ 8, n2 ¼ 6

P1 ¼ 4 3
3 3

h i
, P2 ¼ 7 1

1 4

h i

E1 ¼ 0:725, E2 ¼ 0:6591, E ¼ 0:6952

For Case 1 an efficiency of E = 0 implies a 100% efficient design. By achieving
E1 = E2 = E = 0, the allocations defined in the P1 and P2 matrices result in a maximally
efficient balanced incomplete block design for estimating the main effects of the 3
factors over the 15 runs. Case 2 defines a constant block-size with constant sum-block
partially balanced incomplete block (PBIB) design. This achieves variances and overall
design efficiency: E1 = 0.75 E2 = 0.6 E = 0.6364. An efficiency of 0.6364 implies the
partial blocking and subsampling still allows reasonably efficient estimation of the
main effects for the 3 factors at strength 2. The allocations balance runs across subsets
to optimize estimation of 2-factor interactions at the cost of some design efficiency
compared to a fully balanced design (E = 0).

T 1st 2nd

1 11, 21,12,20,13,19 2,3,4,5,6,7,8,9,10,14,15,16,17,18

2 15,16,14,17,11,20 1,3,4,5,6,7,8,9,10,12,13,18,19,21

3 10, 20,9,21,14,16 1,2,4,5,6,7,8,11,12,13,15,17,18,19

4 12, 17,11,18,8,21 1,2,3,5,6,7,9,10,13,14,15,16,19,20

5 9, 19,13,15,10,18 1,2,3,4,6,7,8,11,12,14,16,17,20,21

6 13, 14,8,19,12,15 1,2,3,4,5,7,9,10,11,16,17,18,20,21

7 8, 18,10,16,9,17 1,2,3,4,5,6,11,12,13,14,15,19,20,21

8 7, 18,6,19,4,21 1,2,3,5,9,10,11,12,13,14,15,16,17,20

9 5, 19,3,21,7,17 1,2,4,6,8,10,11,12,13,14,15,16,18,20

10 3, 20,7,16,5,18 1,2,4,6,8,9,11,12,13,14,15,17,19,21

11 1, 21,4,18,2,20 3,5,6,7,8,9,10,12,13,14,15,16,17,19

12 4,17,1,20,6,15 2,3,5,7,8,9,10,11,13,14,16,18,19,21

13 6,14,5,15,1,19 2,3,4,7,8,9,10,11,12,16,17,18,20,21

14 6,13,2,17,3,16 1,4,5,7,8,9,10,11,12,15,18,19,20,21

15 2,16,5,13,6,12 1,3,4,7,8,9,10,11,14,17,18,19,20,21

16 2,15,7,10,3,14 1,4,5,6,8,9,11,12,13,17,18,19,20,21

17 4,12,2,14,7,9 1,3,5,6,8,10,11,13,15,16,18,19,20,21

18 7,8,4,11,5,10 1,2,3,6,9,12,13,14,15,16,17,19,20,21

19 5,9,6,8,1,13 2,3,4,7,10,11,12,14,15,16,17,18,20,21

20 3,10,1,12,2,11 4,5,6,7,8,9,13,14,15,16,17,18,19,21

21 1,11,3,9,4,8 2,5,6,7,10,12,13,14,15,16,17,18,19,20

Table 10.
Case 3 associates.
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Case 3 also defines a constant block-size with constant sum-block partially bal-
anced incomplete block (PBIB) design. This allocation achieves variances and effi-
ciency: E1 = 0.7302, E2 = 0.6389 and E = 0.6751. The partial blocking balances runs
across subsets to allow estimation of 3-factor interactions. An efficiency of 0.6751
indicates the subsample allocations still allow moderately efficient estimation of main
effects, although less precisely than Case 1 or 2 constructions. The matrices P1 and P2
systematically distribute runs to balance representation across subsets at the cost of
some variance inflation. In Case 4, the allocation of runs to the two subsamples allows

Sum

b1 1 11 21 33

b2 2 15 16 33

b3 3 10 20 33

b4 4 12 17 33

b5 5 9 19 33

b6 6 13 14 33

b7 7 8 18 33

b8 1 12 20 33

b9 2 14 17 33

b10 3 9 21 33

b11 4 11 18 33

b12 5 13 15 33

b13 6 8 19 33

b14 7 10 16 33

b15 1 13 19 33

b16 2 11 20 33

b17 3 14 16 33

b18 4 8 21 33

b19 5 10 18 33

b20 6 12 15 33

b21 7 9 17 33

b22 1 14 18 33

b23 2 12 19 33

b24 3 13 17 33

b25 4 9 20 33

b26 5 7 21 33

b27 6 11 16 33

b28 8 10 15 33

Table 11.
Case 4 design.
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estimation of 3-factor interactions between the variables. The partial blocking distrib-
utes runs systematically though unequally across subsets. This achieves reasonable
variance for assessing main effects, traded off against balance. Appropriate analysis
can still estimate factor impacts. The matrices P1 and P2 define the subdivision
rules that split the 15 runs to optimize estimation of 3-way interactions between
the 3 factors. The efficiency factor, E, increases as the number of case increases
(Figures 2 and 3).

2.3.3 Construction of design 3

The design t = 27, k = 3, λ2 = 0 will be constructed in five cases since r = 7.
Case 1

t ¼ 27, k ¼ 3, r ¼ 1, b ¼ 9, λ1 ¼ 1, λ2 ¼ 0, n1 ¼ 2, n2 ¼ 24

P1 ¼ 1 0
0 24

h i
, P2 ¼ 0 2

2 21

h i

E1 ¼ 0, E2 ¼ 0, E3 ¼ 0

T 1st 2nd

1 11, 21,12,20,13,19,14,18 2,3,4,5,6,7,8,9,10,15,16,17

2 15,16,14,17,11,20,12,19 1,3,4,5,6,7,8,9,10,13,18,21

3 10, 20,9,21,14,16,13,17 1,2,4,5,6,7,8,11,13,15,18,19

4 12, 17,11,18,8,21,9,20 1,2,3,5,6,7,10,13,14,15,16,19

5 9, 19,13,15,10,18,7,21 1,2,3,4,6,8,11,12,14,16,17,20

6 13, 14,8,19,12,15,11,16 1,2,3,4,5,7,9,10,17,18,20,21

7 8, 18,10,16,9,17,5,21 1,2,3,4,6,11,12,13,14,15,19,20

8 7, 18,6,19,4,21,10,15 1,2,3,5,9,11,12,13,14,16,17,20

9 5, 19,3,21,7,17,4,20 1,2,6,8,10,11,12,13,14,15,16,18

10 3, 20,7,16,5,18,8,15 1,2,4,6,9,11,12,13,14,17,19,21

11 1, 21,4,18,2,20,6,16 3,5,7,8,9,10,12,13,14,15,17,19

12 4,17,1,20,6,15,2,19 3,5,7,8,9,10,11,13,14,16,18,21

13 6,14,5,15,1,19,3,17 2,4,7,8,9,10,11,12,16,18,20,21

14 6,13,2,17,3,16,1,18 4,5,7,8,9,10,11,12,15,19,20,21

15 2,16,5,13,6,12,8,10 1,3,4,7,9,11,14,17,18,19,20,21

16 2,15,7,10,3,14,6,11 1,4,5,8,9,12,13,17,18,19,20,21

17 4,12,2,14,7,9,3,13 1,5,6,8,10,11,15,16,18,19,20,21

18 7,8,4,11,5,10,1,14 2,3,6,9,12,13,15,16,17,19,20,21

19 5,9,6,8,1,13,2,12 3,4,7,10,11,14,15,16,17,18,20,21

20 3,10,1,12,2,11,4,9 5,6,7,8,13,14,15,16,17,18,19,21

21 1,11,3,9,4,8,5,7 2,6,10,12,13,14,15,16,17,18,19,20

Table 12.
Case 4 associates.
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Sum

b1 1 11 21 33

b2 2 15 16 33

b3 3 10 20 33

b4 4 12 17 33

b5 5 9 19 33

b6 6 13 14 33

b7 7 8 18 33

b8 1 12 20 33

b9 2 14 17 33

b10 3 9 21 33

b11 4 11 18 33

b12 5 13 15 33

b13 6 8 19 33

b14 7 10 16 33

b15 1 13 19 33

b16 2 11 20 33

b17 3 14 16 33

b18 4 8 21 33

b19 5 10 18 33

b20 6 12 15 33

b21 7 9 17 33

b22 1 14 18 33

b23 2 12 19 33

b24 3 13 17 33

b25 4 9 20 33

b26 5 7 21 33

b27 6 11 16 33

b28 8 10 15 33

b29 1 15 17 33

b30 2 10 21 33

b31 3 11 19 33

b32 4 13 16 33

b33 5 8 20 33

b34 6 9 18 33

b35 7 12 14 33

Table 13.
Case 5 design.
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Case 2

t ¼ 27, k ¼ 3, r ¼ 2, b ¼ 18, λ1 ¼ 1, λ2 ¼ 0, n1 ¼ 4, n2 ¼ 22

P1 ¼ 1 2
2 20

h i
, P2 ¼ 3 1

1 20

h i

E1 ¼ 0:7667, E2 ¼ 0:6389, E3 ¼ 0:6557

Case 3

t ¼ 27, k ¼ 3, r ¼ 3, b ¼ 27, λ1 ¼ 1, λ2 ¼ 0, n1 ¼ 6, n2 ¼ 20

P1 ¼ 1 4
4 16

h i
, P2 ¼ 5 1

1 18

h i

E1 ¼ 0:7284, E2 ¼ 0:6556, E3 ¼ 0:671

T 1st 2nd

1 11, 21,12,20,13,19,14,18,15,17 2,3,4,5,6,7,8,9,10,16

2 15,16,14,17,11,20,12,19,10,21 1,3,4,5,6,7,8,9,13,18

3 10, 20,9,21,14,16,13,17,11,19 1,2,4,5,6,7,8,13,15,18

4 12, 17,11,18,8,21,9,20,13,16 1,2,3,5,6,7,10,14,15,19

5 9, 19,13,15,10,18,7,21,8,20 1,2,3,4,6,11,12,14,16,17

6 13, 14,8,19,12,15,11,16,9,18 1,2,3,4,5,7,10,17,20,21

7 8, 18,10,16,9,17,5,21,12,14 1,2,3,4,6,11,13,15,19,20

8 7, 18,6,19,4,21,10,15,5,20 1,2,3,9,11,12,13,14,16,17

9 5, 19,3,21,7,17,4,20,6,18 1,2,8,10,11,12,13,14,15,16

10 3, 20,7,16,5,18,8,15,2,21 1,4,6,9,11,12,13,14,17,19

11 1, 21,4,18,2,20,6,16,3,19 5,7,8,9,10,12,13,14,15,17

12 4,17,1,20,6,15,2,19,7,14 3,5,8,9,10,11,13,16,18,21

13 6,14,5,15,1,19,3,17,4,16 2,7,8,9,10,11,12,18,20,21

14 6,13,2,17,3,16,1,18,7,12 4,5,8,9,10,11,15,19,20,21

15 2,16,5,13,6,12,8,10,1,17 3,4,7,9,11,14,18,19,20,21

16 2,15,7,10,3,14,6,11,4,13 1,5,8,9,12,17,18,19,20,21

17 4,12,2,14,7,9,3,13,1,15 5,6,8,10,11,16,18,19,20,21

18 7,8,4,11,5,10,1,14,6,9 2,3,12,13,15,16,17,19,20,21

19 5,9,6,8,1,13,2,12,3,11 4,7,10,14,15,16,17,18,20,21

20 3,10,1,12,2,11,4,9,5,8 6,7,13,14,15,16,17,18,19,21

21 1,11,3,9,4,8,5,7,2,10 6,12,13,14,15,16,17,18,19,20

Table 14.
Case 5 associates.
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Case 4

t ¼ 27, k ¼ 3, r ¼ 4, b ¼ 36, λ1 ¼ 1, λ2 ¼ 0, n1 ¼ 8, n2 ¼ 18

P1 ¼ 1 6
6 12

h i
, P2 ¼ 7 1

1 16

h i

E1 ¼ 0:7115, E2 ¼ 0:6607, E3 ¼ 0:6756

Figure 1.
Design parameters (t = 21, k = 3).

Figure 2.
Design parameters (t = 15, k = 3).
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Case 5

t ¼ 27, k ¼ 3, r ¼ 5, b ¼ 45, λ1 ¼ 1, λ2 ¼ 0, n1 ¼ 10, n2 ¼ 16

P1 ¼ 1 8
8 8

h i
, P2 ¼ 9 1

1 14

h i

E1 ¼ 0:702, E2 ¼ 0:663, E3 ¼ 0:6774

Case 6

t ¼ 27, k ¼ 3, r ¼ 6, b ¼ 54, λ1 ¼ 1, λ2 ¼ 0, n1 ¼ 12, n2 ¼ 14

P1 ¼ 1 10
10 4

h i
, P2 ¼ 11 1

1 12

h i

E1 ¼ 0:6958, E2 ¼ 0:6641, E3 ¼ 0:6784

Case 7

t ¼ 27, k ¼ 3, r ¼ 7, b ¼ 63, λ1 ¼ 1, λ2 ¼ 0, n1 ¼ 14, n2 ¼ 12

P1 ¼ 1 11
11 2

h i
, P2 ¼ 13 1

1 10

h i

E1 ¼ 0:6914, E2 ¼ 0:6648, E3 ¼ 0:6789

3. Data analysis

3.1 Dataset description

This dataset was collected on the impact of Body Mass Index (BMI) on impact
oscillometry (IOS) measures on children with sickle cell diseases. The source of the
dataset [26].

Figure 3.
Design parameters (t = 27, k = 3).
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For the purpose of this chapter, 45 observations were extracted which has the
following factors; asthma, hydroxyurea, ICS and LABA. Furthermore, each treatment
was replicated 3 times alongside with the gender. The BMI results were recorded.

Table 15 dataset will be addressed in two cases (2 and 3) based on the priorities.
The priority is based on the fixed sum of 24 (Tables 16–21).

SN Subject ID Hydroxyurea Asthma ICS LABA REP Gender BMI

1 1 Yes Yes Yes Yes 1 Male 23.6

2 1 Yes Yes Yes Yes 1 Male 23.74

3 8 Yes Yes Yes Yes 1 Male 18.39

4 1 Yes Yes Yes No 2 Male 22.84

5 1 Yes Yes Yes No 2 Male 23.53

6 3 Yes Yes Yes No 2 Male 20.95

7 3 Yes Yes No No 3 Male 20.79

8 21 Yes Yes No No 3 Male 15.87

9 30 Yes Yes No No 3 Male 13.98

10 13 Yes No No No 4 Male 16.36

11 13 Yes No No No 4 Male 17.52

12 13 Yes No No No 4 Male 19.07

13 25 No Yes Yes Yes 5 Male 17.68

14 59 No Yes Yes Yes 5 male 16.71

15 64 No Yes Yes Yes 5 male 16.01

16 24 No Yes Yes No 6 Male 15.36

17 25 No Yes Yes No 6 Male 16.03

18 25 No Yes Yes No 6 Male 16.26

19 24 No Yes No No 7 Male 15.25

20 37 No Yes No No 7 Male 15.09

21 37 No Yes No No 7 Male 15.83

22 15 No No No No 8 Male 22.03

23 36 No No No No 8 Male 14.81

24 36 No No No No 8 Male 14.83

25 10 Yes Yes Yes Yes 9 Female 20.19

26 10 Yes Yes Yes Yes 9 Female 20.49

27 10 Yes Yes Yes Yes 9 Female 21.66

28 14 Yes Yes No No 10 Female 16.02

29 14 Yes Yes No No 10 Female 16.79

30 14 Yes Yes No No 10 Female 17.8

31 57 No Yes Yes Yes 11 Female 17.68

32 57 No Yes Yes Yes 11 Female 16.82

33 57 No Yes Yes Yes 11 Female 16.75
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Case 1
When r = 2

t ¼ 15, k ¼ 3, r ¼ 2, b ¼ 10

Let p ¼ rG
N

¼ 2 x 564:28
30

¼ 37:6187

Then q1 = 45.283–37.62 = 7.66

Q1 ¼ 47:34–45:283 ¼ 2:06

SSB ¼ 3ð Þ– 1ð Þ

SN Subject ID Hydroxyurea Asthma ICS LABA REP Gender BMI

34 2 No No No No 12 Female 27.82

35 4 No No No No 12 Female 22.29

36 4 No No No No 12 Female 22.35

37 12 Yes Yes Yes No 13 Female 16.41

38 12 Yes Yes Yes No 13 Female 17.39

39 12 Yes Yes Yes No 13 Female 18.16

40 11 Yes No No No 14 Female 16.13

41 11 Yes No No No 14 Female 17.26

42 11 Yes No No No 14 Female 21

43 7 No Yes Yes No 15 Female 20.98

44 16 No Yes Yes No 15 Female 20.8

45 44 No Yes Yes No 15 Female 14.93

Table 15.
Table showing the impact of BMI on IOS.

Sum

b1 1(23.6) 8(22.03) 15(20.98) 24

b2 1(23.74) 11(17.68) 12(27.82) 24

b3 2(22.84) 10(16.02) 12(22.29) 24

b4 2(23.53) 7(15.25) 15(20.8) 24

b5 3(20.79) 7(15.09) 14(16.13) 24

b6 315.87) 8(14.81) 13(16.41) 24

b7 4(16.36) 9(20.19) 11(16.82) 24

b8 4(17.52) 6(15.36) 14(17.26) 24

b9 5(17.68) 6(16.03) 13(17.39) 24

b10 5(16.71) 9(20.49) 10(16.79) 24

Table 16.
The dataset arranged in blocks when r = 2.

81

Constant Block-Size with Constant Sum-Block Partially Balanced Incomplete Block Designs
DOI: http://dx.doi.org/10.5772/intechopen.1004363



SSTotal ¼ 2ð Þ– 1ð Þ

The model assumption

Yij ¼ μþ αi þ βj þ eij

Where α is the treatment, β is the block, eij is the error term and μ is the mean.
The Anova Table 22 shows that both the blocks and the treatments adjustment are

significant (p-value ˂0.05). Therefore, we can identify the treatments responsible for
the significance (Figure 4).

The Table 23 shows that treatments 1,2,12 and 15 contributed to the significant of
the results (Table 24)

Case 2
When r = 3, then

t ¼ 15, k ¼ 3, r ¼ 3 and b ¼ 15

Block B B
k

B2

k
B2

b1 1 8 15

23.6 22.03 20.98 66.61 22.2 1479 4436.89

b2 1 11 12

23.74 17.68 27.82 69.24 23.08 1598.1 4794.18

b3 2 10 12

22.84 16.02 22.29 61.15 20.38 1246.4 3739.32

b4 2 7 15

23.53 15.25 20.8 59.58 19.86 1183.3 3549.78

b5 3 7 14

20.79 15.09 16.13 52.01 17.34 901.68 2705.04

b6 3 8 13

15.87 14.81 16.41 47.09 15.7 739.16 2217.47

b7 4 9 11

16.36 20.19 16.82 53.37 17.79 949.45 2848.36

b8 4 6 14

17.52 15.36 17.26 50.14 16.71 838.01 2514.02

b9 5 6 13

17.68 16.03 17.39 51.1 17.03 870.4 2611.21

b10 5 9 10

16.71 20.49 16.79 53.99 18 971.64 2914.92

Total 564.3 10,777 32331.2

Table 17.
Block estimation.
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Following the similar calculation, the Anova table was estimate in Table 25
Table 25 showed that both the blocks and the treatments are not significant since

the p-value is greater than 0.05

T b1 b2 b3 b4 b5 b6 b7 b8 b9 b10 T Q q

1 23.6 23.74 47.34

22.2 23.08 45.283 2.06 7.66

2 22.84 23.53 46.37

20.38 19.86 40.243 6.13 2.62

3 20.79 15.87 36.66

17.34 15.7 33.033 3.63 �4.6

4 16.36 17.52 33.88

17.79 16.71 34.503 �0.62 �3.1

5 17.68 16.71 34.39

17.03 18 35.03 �0.64 �2.6

6 15.36 16.03 31.39

16.71 17.03 33.747 �2.36 �3.9

7 15.25 15.09 30.34

19.86 17.34 37.197 �6.86 �0.4

8 22.03 14.81 36.84

22.2 15.7 37.9 �1.06 0.28

9 20.19 20.49 40.68

17.79 18 35.787 4.89 �1.8

10 16.02 16.79 32.81

20.38 18 38.38 �5.57 0.76

11 17.68 16.82 34.5

23.08 17.79 40.87 �6.37 3.25

12 27.82 22.29 50.11

23.08 20.38 43.463 6.65 5.84

13 16.41 17.39 33.8

15.7 17.03 32.73 1.07 �4.9

14 16.13 17.26 33.39

17.34 16.71 34.05 �0.66 �3.6

15 20.98 20.8 41.78

22.2 19.86 42.063 �0.28 4.44

Table 18.
Treatments estimation.
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4. Discussion

This study has introduced Constant Block-Size with Constant Sum-Block Partially
Balanced Incomplete Block Designs (CBS-CSB PBIBDs) as a new class of partially
balanced incomplete block designs that will be used when there is need to prioritize
the treatments combination. This study defined constant block-size; a design is said to

G 1 2 3 Gi

1 1 6 11

2.06 �2.36 �6.37 �6.67

2 2 7 12

6.13 �6.86 6.65 5.92

3 3 8 13

3.63 �1.06 1.07 3.64

4 4 9 14

�0.62 4.89 �0.66 3.61

5 5 10 15

�0.64 �5.57 �0.28 �6.49

Table 19.
Group for treatment adjustment.

T Qi Gi W = k
r k�1ð ÞQi Z = 1

r k�1ð ÞGi T = W-Z TQi

1 2.06 �6.67 1.545 �1.6675 3.2125 6.61775

2 6.13 5.92 4.5975 1.48 3.1175 19.11028

3 3.63 3.64 2.7225 0.91 1.8125 6.579375

4 �0.62 3.61 �0.465 0.9025 �1.3675 0.84785

5 �0.64 �6.49 �0.48 �1.6225 1.1425 �0.7312

6 �2.36 �6.67 �1.77 �1.6675 �0.1025 0.2419

7 �6.86 5.92 �5.145 1.48 �6.625 45.4475

8 �1.06 3.64 �0.795 0.91 �1.705 1.8073

9 4.89 3.61 3.6675 0.9025 2.765 13.52085

10 �5.57 �6.49 �4.1775 �1.6225 �2.555 14.23135

11 �6.37 �6.67 �4.7775 �1.6675 �3.11 19.8107

12 6.65 5.92 4.9875 1.48 3.5075 23.32488

13 1.07 3.64 0.8025 0.91 �0.1075 �0.11503

14 �0.66 3.61 �0.495 0.9025 �1.3975 0.92235

15 �0.28 �6.49 �0.21 �1.6225 1.4125 �0.3955

Total 151.2204

Table 20.
Treatment adjustment estimates.
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have a constant block-size if the number of experimental unit, k, are the same
irrespective of the number of blocks, b. Also the study defined constant block-sum; a
design is said to be constant block-sum if the number of blocks, b, are the same, b ¼ t

k,
and the sum of each corresponding number of experimental units are the same,
irrespective of the number of treatments and replicates [24]. It is determined by the

sum of all the treatments divided by number of blocks, CBS ¼
P

t
b . Furthermore, this

study gave conditions on constant sum-block; there is constant block size, each
corresponding blocks has constant sum, the number of blocks are not the same, b ¼ tr

k,

(1) G2

N = 564:3 x 564:3
30

10614.483

(2)
P

x2 10939.08

(3)
P

B2

k
10,777

Table 21.
Sum of square table.

SV SS df MS F P-value

blocks 162.517 9 18.0574 9.977 0.00557***

Treatments adj 151.2204 14 10.8015 5.968 0.0186***

Error 10.8596 6 1.8099

Total 324.597 29

Note: Estimates with “***” means they are significant since the p < 0.05 is considered significant in the study.

Table 22.
ANOVA for the Design when r = 2.

Figure 4.
Chart showing the treatment and block means.
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T Ti Bi Mean

1 47.34 45.283 23.67

2 46.37 40.243 23.185

3 36.66 33.033 18.33

4 33.88 34.503 16.94

5 34.39 35.03 17.195

6 31.39 33.747 15.695

7 30.34 37.197 15.17

8 36.84 37.9 18.42

9 40.68 35.787 20.34

10 32.81 38.38 16.405

11 34.5 40.87 17.25

12 50.11 43.463 25.055

13 33.8 32.73 16.9

14 33.39 34.05 16.695

15 41.78 42.063 20.89

Table 23.
Treatment, block and mean.

Sum

b1 1(23.6) 8(22.03) 15(20.98) 24

b2 1(23.74) 11(17.68) 12(27.82) 24

b3 1(18.39) 10(16.02) 13(16.41) 24

b4 2(22.84) 10(16.79) 12(22.29) 24

b5 2(23.53) 7(15.25) 15(20.8) 24

b6 2(20.95) 8(14.81) 14(16.13) 24

b7 3(20.79) 7(15.09) 14(17.26) 24

b8 3(15.87) 8(14.83 13(17.39) 24

b9 3(13.98) 9(20.19) 12(22.35) 24

b10 4(16.36) 9(20.49) 11(16.82) 24

b11 4(17.52) 6(15.36) 14(21) 24

b12 4(19.07) 5(16.01) 15(14.93) 24

b13 5(17.68) 6(16.03) 13(18.16) 24

b14 5(16.71) 9(21.66) 10(17.8) 24

b15 6(16.26) 7(15.83) 11(16.82) 24

Table 24.
Table showing r = 3.
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the number of treatments, t, are constant and the number of replicates, r, are at least
one, r≥ 1. This study also gave conditions for Constant Block-Size with Constant Sum-
Block Partially Balanced Incomplete Block Designs, CBS-CSB PBIBDs; the treatments
combinations must be prioritized, that is, there must be number of zero associates,
λ2 = 0, the maximum number of replicates must be necessarily determine from
treatment one and the number of treatments and block sizes remain fixed. The study
designed t = 21, k = 3; t = 15, k = 3; t = 27, k = 3. And their respective cases were
designed and presented with line charts. It was observed when the number of repli-
cate, r, increases the efficiency factors increases. It was also observed that when r = 1,
then E = 0.

After the design of the experiments, the study analyzes the experiments using real-
life application dataset. The dataset was collected on the impact of Body Mass Index
(BMI) on impact oscillometry (IOS) measures on children with sickle cell diseases.
[26]. Forty-five (45) observations were extracted which has the following factors;
asthma, hydroxyurea, ICS and LABA. Furthermore, each treatment was replicated 3
times alongside with gender. The BMI results were recorded. The dataset was
addressed in two cases (2 and 3) based on the priorities. The priority is based on the
fixed sum of 24. For the case one, r = 2, the study shows that both the blocks and the
treatments adjustment are significant since the p-value is less than 0.05. But the case
two, r = 3, the study shows that both the blocks and the treatments are not significant
since the p-value is greater than 0.05.

Consequently, the study is not applicable on the even number of treatments, i.e.,
when t ¼ 2, 4, 6 … Even number of treatments will never give a constant block size
[15]. In that case, there is need to research on constant sum-block with even number
of treatments.

5. Conclusion

In conclusion, Constant Block-Size with Constant Sum-Block Partially Balanced
Incomplete Block Designs (CBS-CSB PBIBDs) has been constructed in this study as a
new class of partially balanced incomplete block designs that should be used when it
requires prioritizing the treatments combination. The CBS-CSB PBIBDs are designed
to provide efficient and precise estimates of treatment effects and they are useful in
obtaining maximum information from the available resources, leading to increased
experimental efficiency. The CBS-CSB PBIBDs constructed are applicable for testing
the impact of various factors on product quality, manufacturing processes, or other
parameters of interest. Constant sum-block with even number of treatments will be
considered for future research.

SV SS df MS F P-value

Blocks 186.569 14 13.326 2.1896 0.0674

Treatments adj 150.09 14 10.721 1.7616 0.1385

Error 97.373 16 6.086

Total 434.032 44

Table 25.
ANOVA for the design when r = 3.
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Chapter 6

Perspective Chapter: Experimental
Analysis of Black Hole Algorithm
with Heuristic Algorithms in
Traveling Salesman Problem
Mehmet Fatih Demiral

Abstract

Black hole algorithm (BHA) is a popular metaheuristic algorithm proposed and
applied for data clustering in 2013. BHA was applied to continuous and discrete
problems; it is also hybridized with some algorithms in the literature. The pure BHA
shows better performance than others in discrete optimization, such as traveling
salesman problems. However, it requires improving the algorithm with competitive
heuristics. Many heuristics have often been used to construct the initial tour of a
salesman, such as the nearest neighbor algorithm (NN), nearest insertion algorithm
(NI), cheapest insertion algorithm (CI), random insertion algorithm (RI), furthest
insertion algorithm (FI), and minimal spanning tree algorithm (MST). In addition, the
black hole algorithm is combined with popular heuristics, such as swap/or insert,
reverse/or 2-opt swap, and swap-reverse/or 3-opt swap, and tested with proper
parameters in this study. In the experimentation, classical datasets are used via TSP-
library. The experimental results are given as best, average solutions/or deviations,
and CPU time for all datasets. Besides, the hybrid algorithms demonstrate a better
performance rate to get optimality. Finally, hybrid algorithms solve the discrete
optimization problem in a short computing time for all datasets.

Keywords: black hole algorithm, combinatorial optimization, heuristics,
metaheuristics, traveling salesman problem

1. Introduction

Meta-heuristic algorithms are nature-inspired heuristics that are the subject of oper-
ations research, computer science, industrial engineering, transportation science, and
other research fields [1–3]. The algorithms are generally applied to continuous and global
optimization problems. Most algorithms are successful at continuous space, but others
give average performance on continuous problems. On the other hand, it is needed to
improve and develop variations of metaheuristics to handle with discrete problems in
discrete space [4, 5]. Many heuristics have often been used to construct a traveling tour
of a salesman, such as initial algorithms; nearest neighbor algorithm (NN), nearest
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insertion algorithm (NI), cheapest insertion algorithm (CI), random insertion algorithm
(RI), furthest insertion algorithm (FI), minimal spanning tree algorithm (MST), and
Christofides’ heuristic algorithm (CH) [6]. Other heuristics are used to obtain improved
new solutions, such as tour improvement algorithms; 2-opt, 3-opt, and k-opt algorithms
proposed by Lin and Kernighan [7–9]. Mixed methods are the alternative to implement
on constructed tours by 2-opt and 3-opt algorithms. Some tours may be raised from the
optimal solution of a traveling salesman, so it is needed to eliminate them from the
solution to obtain a complete tour. There should be added some constraints to the
available linear programming model for traveling salesman in the cutting plane algo-
rithm (CP). In the branch and bound method (BB), the problem is separated into
different sub-problems. Then, this process continues to examine all sub-problems. The
branch and cut algorithm (BC) is similar to the branch and bound algorithm. However,
the local bounds are calculated via the cutting plane algorithm [10–13].

Modern heuristic methods have been investigated to find optimal, near-optimal,
and acceptable solutions to combinatorial problems in recent decades. Classical
metaheuristics have often been used to solve continuous and engineering problems,
such as simulated annealing (SA), tabu search (TS), ant colony optimization (ACO),
particle swarm optimization (PSO), and genetic algorithm (GA) [14, 15]. Modern
metaheuristics have also been used to solve those problems, such as artificial bee
colony algorithm (ABC), harmony search algorithm (HS), artificial atom algorithm
(A3), black hole algorithm (BH), worm optimization (WO), water-wave optimization
(WWO), camel algorithm (CA), whale optimization algorithm (WOA), socio evolu-
tion and learning optimization (SELO), physarum-energy optimization (PEO), color
harmony algorithm (CHA), stochastic paint optimizer (SPO), and fire hawk optimizer
(FHO) [16–20].

Population-based meta-heuristics generally search for optimal solutions better
than single or multisolution-based algorithms. The reason for that is that they search
for a wide area of solution space and focus on optimal areas by escaping local solu-
tions. However, single or multisolution-based algorithms run quite better at long
iterations and CPU time, such as hill climbing (HC), simulated annealing, and tabu
search [15]. While population-based algorithms find near-optimal or acceptable solu-
tions to optimization problems in short iterations and CPU time, they often solve
problems optimally in long iterations and CPU time [16, 17]. Although the optimiza-
tion process has frequently been done by iteration, most of the comparisons are done
by population size, CPU time, the percentage of best and average deviations, and the
number of objective function evaluations [21, 22].

The rest of the paper is organized as follows: In Section 2, the traveling salesman
problem is clearly explained. The black hole algorithm, its variations, and the
pseudocode are given in Section 3. In Section 4, the experimental analysis of the
application of the proposed algorithms is described, and finally, Section 5 includes a
conclusion and future works.

2. Traveling salesman problem

The traveling salesman problem is a wide research area that has been worked on by
many scientists. TSP is a combinatorial problem, yet its optimal solution has not been
found in polynomial time. Many heuristic algorithms have been proposed for combi-
natorial problems, but none of them guarantees the optimal solution in a reasonable
time [23]. There exist many variants of TSP, such as symmetric (s-TSP) and
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asymmetric traveling salesman problem (a-TSP), traveling purchaser problem (TPP),
Hamiltonian cycle problem (HCP), sequential ordering problem (SOP), multiple
traveling salesman problem (m-TSP), orienteering problem (OP), vehicle routing
problem (VRP), and its variants [24]. Vehicle routing problem has also important
variants that are most applicable in transportation, industry, engineering, and science
such as vehicle routing problem with profits (VRPP), team orienteering problem
(TOP), capacitated team orienteering problem (CTOP), the top with time windows
(TOPTW), vehicle routing problem with pick-up and delivery (VRPPD), vehicle
routing problem with LIFO, vehicle routing problem with time windows (VRPTW),
capacitated vehicle routing problem (CVRP or CVRPTW), open vehicle routing
problem (OVRP), inventory routing problem (IRP), and vehicle routing problem with
transfers (VRPWT) [25–27]. Its variants can be reduced to a traveling salesman
problem if certain assumptions are accepted or any alternative algorithm is found. The
problem gets hard when the number of data increases, the distance matrix changes,
some constraints are added, the objective function changes, and so on.

The popular variants of TSP are traveling purchaser problems, multiple traveling
salesman problems, and vehicle routing problems. The traveling purchaser problem is a
problem that purchaser travels and purchases a set of items from different places if a
budget, fuel, time, and other constraints are satisfied. In addition, different objectives
can be set under the constraints [28, 29]. The multiple traveling salesman problem is a
problem in whichmore than one salesman travels and turns to the home under different
objectives [30]. The vehicle routing problem (VRP) is a combinatorial problem to find
the optimal set of routes for a fleet of vehicles to traverse to deliver to a given set of
customers. The fleet of vehicles can be set as homogeneous or heterogeneous [27].

The formulation of TSP is briefly given in Eq. (1). The nodes, edges, sets, and
vertices are given as follows: N is the set of n nodes, E is the set of the edges, and
Distij = (dij) is the symmetric distances (dij = dji) that are equal between nodes and the
asymmetric distances (dij 6¼ dji) that are not equal between nodes.

Tourk = {v1,v2,… … ..,vn,v1} is a candidate tour for all the solution space, and
k = 1,2,3,… ..,m. v1 indicates the first vertex, and vn indicates the nth vertex of all the
candidate tours.

Min:
Xn�1

i¼1

dvi,viþ1

� �þ dvn,v1 (1)

Different TSP distances can be used in the solution of the discrete problem. There-
fore, the optimal solution, deviation of solution, and CPU time change when different
types of distances are used. The Euclidean distance is generally applied to calculate the
distance between nodes using Eq. (2). In Eq. (2), xi and xj indicate the x-axis coordinates
of Euclidean cities, and yi and yj indicate the y-axis coordinates of the Euclidean cities.

di,j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xi � xj
� �2 þ yi � yj

� �2
r

(2)

3. Black hole algorithm and its hybrids

The black hole algorithm is a metaheuristic algorithm proposed for data clustering
in 2013. The algorithm principle is based on the black hole phenomenon and the stars
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that move toward the black hole. There is a possibility that a star reaches a better
location in continuous space or a better objective in discrete space [31, 32]. Thus, the
new star replaces the black hole. If a candidate star (solution) enters the radius of the
event horizon in the algorithm, the candidate star will be sucked by the black hole.
When a candidate star dies, another candidate star (solution) is randomly generated
in the search space. Then, the old stars (solutions) and new stars create a new
population [33–35].

The new candidates are generated in the continuous search space via Eq. (3).

xi tþ 1ð Þ ¼ xi tð Þ þ rand ∗ xBH � xi tð Þð Þ (3)

In this discrete application, update star locations via the selection of minimum
multiple neighborhood operators in Eq. (4).

MMOp ¼ min swap, insertion, reversing, swap� reversingð Þ (4)

The new candidates are updated by the objectives found in Eq. (5).

NewObji,tnow <Obji,tnow
Obji,tnow ¼ NewObji,tnow

(5)

The black hole algorithm event-horizon condition in continuous search space is
formulated in Eq. (6).

f BH � f i
�� ��< f BHPN

i¼1f i
(6)

The event-horizon condition is applied, and the specific parameter QData is
selected for discrete problems especially in each TSP dataset via Eqs. (6) and (7) [36].

QData

ObjBH � Obji
�� �� <

f BHPN
i¼1f i

(7)

When the star enters the event-horizon radius of the black hole, the old star
(solution) is updated by the new solution. The final population is generated by the
current and the updated solutions. The black hole algorithm and its hybrids have a
pure algorithm structure and less number of parameters; so, their use is effective and
advantageous for scientific areas, technology, and research.

The pseudo-code of the improved and/or hybrid black hole algorithm is shown in
Figure 1 [36].

The black hole algorithm can be hybridized with a constructive heuristic (Clarke
and Wright, NN, k-NN, NI, CI, RI, FI, MST, or CH), with improving a local search
(swap/or insert, reverse/or 2-opt swap, and swap-reverse/or 3-opt swap heuristic).

As noted above, even though those hybrid algorithms do not guarantee optimal
solutions, they could solve the combinatorial problems in competitive CPU times.
Most of the hybrid algorithms run in polynomial computational times, and they
produce near-optimal or acceptable solutions, which are useful for science, engineer-
ing, and technology due to some criteria, such as security, design, flexibility,
assembly, and production.
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4. Experimental results

The 10 small and medium-scale datasets (52–195) are used from the TSPLIB library
in the experimental study. In the study, all the computations were run 10 times inde-
pendently on Intel® Core™ i7 12,650-H CPU 2.3–4.7 GHz speed with 64 GB RAM using
MATLAB. In Table 1, the performance of hybrid metaheuristic algorithms BH + swap,
BH + insertion, BH + reverse, and BH + swap-reverse are evaluated by algorithm results
and percentage deviation. In this work, a type of 2-opt swap heuristic named reverse
and one type of 3-opt swap heuristic named swap-reverse heuristics are used. In
Table 1, BH + NN + reverse and other BH hybrid algorithms are also compared with
each other. The standard appropriate) parameters are used for all the datasets using
1000–3000 iteration numbers and an increasing number of data (52–195).

The population size of algorithms BH + Heuristics is increased two times and taken
as 100 for (berlin52-rat99), and 200 for (kroa100-rat195) in Table 1. The maximum
iteration number is increased three times and taken as 1000 for (berlin52-st70), 2000
for (eil76-rat99), and 3000 for (kroa100-rat195) in Table 1.

In Table 1, for berlin52-bier127, the hybrid metaheuristics without an initial algorithm
would give challenging near-optimal solutions. Particularly, in kroa150 and rat195, the
deviations from best-known solutions can be simply observed. On the other hand, the
swap-reverse heuristic gives worse solutions than the 3-opt swap heuristic algorithm.
Because, if a 3-opt heuristic was applied, the best among the eight alternatives was taken.
As concluded from Table 2, though the BH + NN + reverse heuristic CPU times are
slightly different than the BH + insertion heuristic times, the obvious differences can be
observed in the Best and Average deviations. This is valid for other BH hybrid algorithms
(BH + swap, BH + reverse, and BH + swap-reverse). The conclusion drawn fromTables 1
and 2 is that the near-optimal and acceptable solutions are preferred by the decision-
makers and managers who work with science, engineering, and technology due to some
criteria mentioned, such as security, design, and flexibility.

Figure 1.
Pseudo-code of the improved and/or hybrid black hole algorithm.
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Problem Algorithm Best Ave. BDev. AvDev. Time

berlin52 BH + swap 7769.84 7910.85 3.02 4.89 3.43

(7542) BH + insertion 7635.3 7901.93 1.24 4.77 3.15

BH + reverse 7583.71 7842.05 0.55 3.98 3.31

BH + s-reverse 7899.49 8074.09 4.74 7.06 4.16

BH + NN + reverse 7760.63 7785.24 2.9 3.23 3.71

st70 BH + swap 742.02 765.37 9.93 13.39 4.32

(675) BH + insertion 709.7 756.13 5.14 12.02 4.1

BH + reverse 708.84 743.11 5.01 10.09 3.67

BH + s-reverse 772.66 794.77 14.47 17.74 4.88

BH + NN + reverse 695.39 713.96 3.02 5.77 4.6

eil76 BH + swap 580.71 588.76 7.94 9.43 10.51

(538) BH + insertion 578.7 585.95 7.56 8.91 10.45

BH + reverse 575.46 583.98 6.96 8.55 9.4

BH + s-reverse 566.9 583.39 5.37 8.44 13.09

BH + NN + reverse 559.37 570.9 3.97 6.12 10.45

pr76 BH + swap 115,104 118,241 6.42 9.32 6.18

(108159) BH + insertion 113,677 116,393 5.1 7.61 8.7

BH + reverse 110,053 114,910 1.75 6.24 9.22

BH + s-reverse 113,407 116,373 4.85 7.59 14.82

BH + NN + reverse 110,919 112,468 2.55 3.98 9.89

rat99 BH + swap 1437.76 1474.48 18.72 21.76 9.3

(1211) BH + insertion 1341.74 1453.95 10.8 20.06 9.87

BH + reverse 1339.32 1399.75 10.6 15.59 12.16

BH + s-reverse 1424.29 1479.18 17.61 22.15 12.6

BH + NN + reverse 1278.04 1300.53 5.54 7.39 9.55

kroa100 BH + swap 22665.8 23788.2 6.5 11.78 26.1

(21282) BH + insertion 22385.2 23697.5 5.18 11.35 24.06

BH + reverse 22,550 23988.5 5.96 12.72 32.29

BH + s-reverse 22465.1 23591.1 5.56 10.85 43.48

BH + NN + reverse 21311.7 21920.1 0.14 3 28.93

eil101 BH + swap 677.92 702.8 7.78 11.73 30.72

(629) BH + insertion 670.43 696.2 6.59 10.68 27.6

BH + reverse 671.46 691.66 6.75 9.96 53.65

BH + s-reverse 684.11 708.91 8.76 12.7 32.5

BH + NN + reverse 655.14 662.11 4.16 5.26 32.12

bier127 BH + swap 131,090 137,349 10.83 16.12 42.1

(118282) BH + insertion 127,183 134,630 7.53 13.82 35.9

BH + reverse 127,443 135,921 7.74 14.91 39.69
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Figure 2 presents a set of obtained solutions by the hybrid black hole algorithm
with a reverse operator on the benchmark test data sets.

Figure 3 shows the performance of algorithms on a sample of TSP datasets (ber-
lin52-bier127). All algorithms, except BH + NN + reverse, are competitive results and
get fairly higher performance when Table 2 and Figure 3 are compared. Although the
BH + swap-reverse hybrid metaheuristic shows slightly worse performance, it is quite
better at three datasets: eil76, pr76, and kroa100. On the other hand, the proposed
approach gets slightly better performance in the mean of average deviations when
Table 2 and Figure 3 are compared.

5. Conclusions and future work

In recent literature and engineering research of the field, solving discrete and
engineering problems using hybrid heuristics and metaheuristics is an area of increas-
ing interest. In this paper, the hybrid metaheuristics are experimented with the sym-
metric TSP instances. To evaluate the performance of hybrid metaheuristics, it has

Problem Algorithm Best Ave. BDev. AvDev. Time

BH + s-reverse 131,046 136,960 10.79 15.79 31.93

BH + NN + reverse 123,558 125,358 4.46 5.98 29.11

kroa150 BH + swap 33735.6 36374.7 27.19 37.14 48.3

(26524) BH + insertion 33340.2 35639.8 25.7 34.37 40.51

BH + reverse 33319.1 35,195 25.62 32.69 30.89

BH + s-reverse 34169.1 36700.8 28.82 38.37 45.34

BH + NN + reverse 28533.9 28859.6 7.58 8.81 31.68

rat195 BH + swap 3605.09 3767.97 55.19 62.2 56.5

(2323) BH + insertion 3468.81 3749.51 49.32 61.41 42.68

BH + reverse 3402.19 3591.48 46.46 54.61 55.54

BH + s-reverse 3636.24 3833.81 56.53 65.04 61.11

BH + NN + reverse 2582.33 2599.01 11.16 11.88 46.23

Table 1.
Experimental results of BH and its hybrids on the TSP datasets.

Best
deviation

Average deviation CPU
time

BH + swap 15.35 19.78 23.75

BH + insertion 12.42 18.5 20.70

BH + reverse 11.74 16.93 24.98

BH + swap-reverse 15.75 20.57 26.39

BH + NN + reverse 4.55 6.14 20.63

Table 2.
Mean of best, average deviations, and CPU time on the TSP datasets.
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Figure 2.
A set of solutions found by the hybrid BH algorithm on the TSP datasets (black hole algorithm + nearest neighbor +
reverse metaheuristic).
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been tested on ten medium-scale datasets. The experimental results show that the
proposed hybrid algorithm BH + NN + reverse finds better solutions compared to the
BH + swap, BH + insertion, BH + reverse, and BH + swap-reverse for all of the datasets
and all of the optimal solutions. As CPU time is considered, the hybrid algorithm is
considerably fast (20.63 secs.) to find near-optimal solutions. BH + reverse is the
second algorithm when compared to the BH + swap, BH + insertion, and BH + swap-
reverse. However, it needs a longer computational time (24.98) compared to
BH + swap (23.75 sec.) and BH + insertion (20.70 secs.). It is a remarkable result that
BH + insertion is the third algorithm to find near-optimal solutions. It is slightly
slower than the proposed hybrid algorithm.

When detailed investigation is made on sample datasets (berlin52-bier127), the
hybrid algorithms without the initial algorithm are quite challenging algorithms with
each other. However, the proposed algorithm BH + NN + reverse is the best among the
five alternatives. When the CPU time is calculated, the BH + insertion is the fastest
algorithm (15.48 secs.), the proposed one is the second alternative (16.05 secs.), and
BH + swap is the third alternative (16.58 secs). Nevertheless, the BH + reverse
metaheuristic is the last alternative among hybrid algorithms (20.42 secs.).

In previous studies, the effect of heuristic algorithms on the performance of meta-
heuristics has been strongly underlined. The exploration and exploitation phase of the
algorithm directly depends on the type of heuristic being used. Those heuristics
respond to different optimal solutions with different metaheuristics in longer iteration
and computation time. In general, different heuristic algorithms contribute differently
to the combinatorial and engineering problems. Conversely, the experimental results
are valid for medium-sized TSP problems and a few number of iterations (1000–
3000) in the application.

In future works, the hybrid metaheuristics can be further analyzed and combined
with other heuristics and metaheuristics. Many applications could be done using those

Figure 3.
Average deviations of hybrid algorithms on the TSP datasets.
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hybrid algorithms to evaluate performance analysis and solve engineering problems in
applied mathematics, chemistry, biology, genetics, and nanotechnology. In another
aspect, there could be application areas in industrial engineering, computer
engineering, operations research, and combinatorial optimization, such as scheduling,
assignment, timetabling, routing, location selection, inventory allocation, and
logistics. To sum up, there are interdisciplinary working fields between science,
technology, combinatorial optimization, and hybrid metaheuristic algorithms.
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