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Preface

Adaptive control is an evolving field in both research and applications. In most 
applications, parametric uncertainties are inevitable due to the physics of the problem 
and the wear and tear experienced over time. Techniques like adaptive control help 
to improve performance as well as extend the life of equipment. While most control 
theory is developed for linear time invariant (LTI) systems, with a well-established 
collection of analytical and design tools, adaptive control introduces complexities. The 
inclusion of an online parameter estimator makes the closed-loop system nonlinear, 
making it less understood than traditional control approaches.

Despite advancements in theoretical and design tools that guarantee stability and 
robustness, defining tight bounds for stability, robustness, and performance remains 
challenging. These bounds depend on the parameter estimator’s performance, which 
in turn is influenced by the quality of data it receives. Since this data is generated 
within the feedback loop, its adequacy in accurately estimating parameters may not 
converge to their values. Nevertheless, adaptive control schemes guarantee stability, 
robustness, and good performance, often relying on the selection of filters and design 
parameters, which are often selected through trial and error to improve performance.

These limitations, compared to classical control of LTI systems, are to be expected. 
Adaptive control relies on parameter estimation to achieve its objectives, which often 
involves signals that approach zero or follow specific trajectories–objectives that con-
flict with the parameter estimation process, which requires large, dynamic signals to 
excite the system for accurate parameter identification. This conflict is a well-known 
challenge in adaptive control. For these reasons, adaptive control is particularly 
useful, and sometimes the only viable option, when classical control designs cannot 
handle large parametric uncertainties. For these reasons, research in adaptive control 
continues to focus on understanding the interplay between parameter estimation 
and control, transient behavior, and the design of filters and parameters to improve 
robustness and performance.

This book presents recent results and applications of adaptive control.

The book starts with Chapter 1, “Introductory Chapter: Robust and Adaptive Control”, 
which describes the main features of adaptive control and provides a list of some 
popular books on the subject.

Chapter 2, “On Advances in Noise Modeling in Stochastic Systems, Control and 
Adaptive Control”, discusses advances in noise modeling in stochastic systems, con-
trol, and adaptive control. It includes formulations and solutions as well as presents 
future problems for investigation. Noise is modeled using Brownian motion, frac-
tional Brownian motion, and Rosenblatt processes. The chapter also presents results 
for adaptive control of partially known linear stochastic systems with Brownian 
motion and fractional Brownian motion.



IV

Chapter 3, “Information Recovery in Composite Model Reference Adaptive Control”, 
introduces a new adaptive control approach that incorporates a frequency-limited 
estimation of matched uncertainties. This method incorporates a low-frequency 
uncertainty estimation combined with a time-varying learning rate structure. 
Closed-loop stability is analyzed using Lyapunov stability theory, with numerical 
examples and software-in-the-loop simulations using an X-plane flight simulator.

Chapter 4, “Robust Hybrid Model Reference Adaptive Control and Output-Feedback 
Linearization with Applications to Quadcopter UAVs” describes a robust model 
reference adaptive control (MRAC) system for hybrid, time-varying plants with 
parametric, matched, and unmatched uncertainties, as well as uncertainties in 
the plant’s discrete-time dynamics. The proposed method is applied to control of 
output-feedback linearized dynamical models and addresses the problem of con-
trolling the dynamics of a quadcopter unmanned aerial vehicle (UAV) tasked with 
following both a user-defined trajectory and a user-defined attitude.

Chapter 5, “Decentralized Robust Direct MRAC for the Attitude of a Quadrotor 
UAV”, deals with the design and analysis of a decentralized robust direct model 
reference adaptive controller to prevent parameter drift in adaptive control of the 
attitude of a quadrotor UAV. The quadrotor’s rotational dynamics are parameterized 
in a decentralized manner, with robustness strategies like dead-zone, sigma-, and 
e-modifications implemented.

Chapter 6, “Perspective Chapter: Intelligent Adaptive Flight Control Augmentation of 
a Dynamic Inversion Autopilot”, employs an intelligent flight controller to augment a 
nonlinear dynamic inversion (NDI) autopilot. This approach helps in restoring aircraft 
stability and command-following capabilities when subjected to effector performance 
degradation or failures. The proposed adaptive control approach is compared with 
traditional MRAC and evaluated for its potential in high-Mach UAV applications.

Chapter 7, “Practical Approaches to the Control of Milk Fermentation with Kefir 
Grains”, focuses on controlling milk fermentation for kefir production. It presents 
the design of a closed-loop control system that adjusts bioreactor temperature to 
regulate dissolved CO2 concentration. Both constant-parameter control techniques 
and adaptive control systems are employed to track desired reference trajectories 
during the fermentation process.

Chapter 8, “Enhancing Resilience in Cooperative Systems against Cyber-Attacks: 
A Defense Framework through Adaptive Network Reconfiguration and Digital 
Twin”, presents a solution that enhances the resilience of multi-agent cooperative 
systems against cyberattacks. The framework uses a distributed algorithm to identify 
critical edges in the network via online parameter estimation. An adaptive network 
reconfiguration algorithm removes these edges, ensuring resilience. Numerical 
simulations validate the effectiveness of the approach.

Chapter 9, “Innovative Adaptive Imaged Based Visual Servoing Control of 6 DoFs 
Industrial Robot Manipulators”, proposes a feedforward-feedback adaptive control 
algorithm based on the Youla parameterization method. This approach stabilizes 
nonlinear camera and robot manipulator models across the full range of operations. 

V

The adaptive algorithm linearizes and decouples the model online, ensuring robust 
and effective control across various industrial robotic systems. Simulation scenarios 
illustrate the proposed controller’s robust performance.
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Chapter 1

Introductory Chapter: Robust and
Adaptive Control
Petros Ioannou

1. Introduction

The words “adaptive systems” and “adaptive control” have been used as early as 1950
[1]. Traditionally adaptive control is defined as the combination of a parameter estimator
to estimate unknown parameters in real time to be used by the feedback controller for
linear time invariant (LTI) systems which may change over time or due to the environ-
ment. Over the years, this definition has expanded to include neuroadaptive schemes for
nonlinear systems where the parameters are the weights of the neural network. In
general, any feedback or open-look control system that includes some form of parameter
estimation to deal with large parametric uncertainties and parameter variations over
time is often labeled as adaptive control. Since the early 80s, several books and [2–15]
and many papers have been published covering different techniques and aspects of
adaptive control. An adaptive control scheme consists of two parts: the learning of the
parameters and the control part. The way of designing the learning mechanism and
adjusting the controller characteristics in response to changes in the plant and distur-
bance dynamics distinguishes one scheme from another and there is a wide range of
approaches to achieve that. Some are explained in the following subsection.

2. Learning the parameters

Learning the values of the parameters that are needed to calculate the controller
parameters used to generate the control input in real time can take different forms.
One approach is to do most of the work offline, often referred to as training, which
identifies the best parameter values for the controller at each operating point or region
and creates long tables with these stored values. During online operations, measured
data are used to identify the operating point and get the values of the controller
parameters from the look up table. This method known as gain scheduling has been the
traditional method of adaptation applied in aerospace and other applications and is
still used today in many control applications [5]. One of its drawbacks is that any
unpredictable changes not captured by the gain scheduling tables cannot be
accommodated.

The most popular adaptive control structures are those based on a parameter
estimator which generates online estimates of the unknown parameters that are then
used to calculate the controller parameters. The design of the parameter estimator
relies on being able to express the unknown parameters in the form of a linear-in-
parameters parametric model of the form

1



Chapter 1

Introductory Chapter: Robust and
Adaptive Control
Petros Ioannou

1. Introduction

The words “adaptive systems” and “adaptive control” have been used as early as 1950
[1]. Traditionally adaptive control is defined as the combination of a parameter estimator
to estimate unknown parameters in real time to be used by the feedback controller for
linear time invariant (LTI) systems which may change over time or due to the environ-
ment. Over the years, this definition has expanded to include neuroadaptive schemes for
nonlinear systems where the parameters are the weights of the neural network. In
general, any feedback or open-look control system that includes some form of parameter
estimation to deal with large parametric uncertainties and parameter variations over
time is often labeled as adaptive control. Since the early 80s, several books and [2–15]
and many papers have been published covering different techniques and aspects of
adaptive control. An adaptive control scheme consists of two parts: the learning of the
parameters and the control part. The way of designing the learning mechanism and
adjusting the controller characteristics in response to changes in the plant and distur-
bance dynamics distinguishes one scheme from another and there is a wide range of
approaches to achieve that. Some are explained in the following subsection.

2. Learning the parameters

Learning the values of the parameters that are needed to calculate the controller
parameters used to generate the control input in real time can take different forms.
One approach is to do most of the work offline, often referred to as training, which
identifies the best parameter values for the controller at each operating point or region
and creates long tables with these stored values. During online operations, measured
data are used to identify the operating point and get the values of the controller
parameters from the look up table. This method known as gain scheduling has been the
traditional method of adaptation applied in aerospace and other applications and is
still used today in many control applications [5]. One of its drawbacks is that any
unpredictable changes not captured by the gain scheduling tables cannot be
accommodated.

The most popular adaptive control structures are those based on a parameter
estimator which generates online estimates of the unknown parameters that are then
used to calculate the controller parameters. The design of the parameter estimator
relies on being able to express the unknown parameters in the form of a linear-in-
parameters parametric model of the form

1



z ¼ θ ∗TΦ (1)

where z is a signal available for measurement, such as the filtered value of output
y, Φ is a vector that is known and depends on filtered values of available measurement
signals, and θ ∗ is the unknown parameter vector. Other forms of parametric models
are described in [5]. The parameter estimator based on (1) is usually of the form

_Θ ¼ ΓεΦ, ε ¼ ẑ� z, ẑ ¼ θTΦ (2)

where Γ is a positive definite matrix and could be time-varying and generated by
some other equation, ẑ is the predicted value of the signal z based on the parameter
estimate θ(t) at time t, and ε is the estimation error. The way we design the adaptive gain
Γ andmodify the form of the estimation error can lead to different parameter estimators,
also referred to as adaptive laws. The above parameter estimator or adaptive law guar-
antees in general that the parameter estimate θ is always bounded and its derivative is
square-integrable, provided the so-called regressor vector Φ is bounded but does not
guarantee that θ will converge to the unknown parameter θ ∗ unless Φ satisfies some
signal richness properties. The necessary and sufficient condition for θ to converge to the
unknown parameter θ ∗ exponentially fast is that Φ is persistently exciting (PE) [2–15].
This PE property cannot be guaranteed in a feedback loop where the control objective
may require that Φ is weak or its elements go to zero. The significant result in adaptive
control is that this PE condition is not required to meet the control objective. This leads
to some robustness issues as the lack of exponential convergence of the estimated
parameters to the desired ones cannot guarantee bounded signal estimates in the pres-
ence of modeling errors that change the form of the linear parametric model above into

z ¼ θ ∗TΦþ η (3)

where η is an unknown signal that depends on disturbances and unmodeled
dynamics. In this case, the adaptive law (2) can no longer guarantee bounded esti-
mates. As shown in [2, 5], a small disturbance that goes to zero asymptotically with
time may cause the estimated parameters to drift to infinity. The “pure” integrator
form in (2) and lack of PE property, which is the case in most adaptive control
schemes, cannot guarantee a bounded input bounded state stability. One way to
prevent parameter drift is to modify the pure integral action using a small feedback
term known as σ-modification to obtain

_Θ ¼ �σθ þ ΓεΦ, ε ¼ ẑ� z, ẑ ¼ θTΦ (4)

where σ > 0 is a very small constant. Other modifications include the switching σ,
parameter projection, dead zones, ε-modification analyzed and compared in [5].

Another approach to learning is to do a lot of experiments offline and develop a set
of possible plant models or possible stabilizing controllers leading to similar schemes
as gain scheduling.

3. Adaptive control structures

An adaptive control scheme is often defined as the feedback control system that
incorporates a parameter estimator, which generates parameter estimates at each time
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t to be used by the controller. The form of the controller is the one used when the
unknown parameters were fully known. The way the parameter estimator is com-
bined with the control law leads to different configurations, some of which are briefly
described in the following subsections. The form of the control law is designed so that
if the plant parameters were known, the controller gains can be calculated. Since the
plant parameters are unknown, the controller parameters are calculated at each time t
by following the same approach as in the known parameter case, but instead of using
the unknown plant parameters, we use their estimate generated by an adaptive law.
This structure of adaptive control is known as indirect adaptive control. For the calcu-
lation of the controller parameters to be possible, the plant is often required to be
controllable or stabilizable. However, since the estimated parameters may not corre-
spond to a plant that is stabilizable, the calculation of the controller gains may not be
possible at each time t. This is the well-known sterilizability issue [2–12]. This inter-
mediate step of calculations can be bypassed for certain classes of plants leading to
direct adaptive control [2–15]. Another adaptive control approach is to use offline
experiments and design all possible controllers by assuming a class of different
possible plant models. Then the challenge will be to identify which controller from the
set of predetermined controllers is the one to use as the plant changes by using a
properly designed switching logic. This leads to the class of switching adaptive control
schemes [11, 16].

The design of adaptive control schemes for linear time-varying plants with
unknown parameters is presented in [10]. These results were followed by further
extensions to nonlinear systems [14, 15], where, in all cases, the parametrization of
unknown parameters multiplying known signals is possible.
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Chapter 2

On Advances in Noise Modeling
in Stochastic Systems, Control
and Adaptive Control
Bozenna Pasik-Duncan and Tyrone E. Duncan

Abstract

In these chapter describes various advanced models for noise in systems. Some
results associated with them and the related control and adaptive control problems are
formulated and solved. Some problems are proposed for future investigation. The
processes used for modeling a system noise include Brownian motion, fractional
Brownian motion, and Rosenblatt processes. The Rosenblatt processes are non-
Gaussian processes that have long-range dependence, an important property for cur-
rent applications. They can be considered as a non-Gaussian generalization of frac-
tional Brownian motions that also have a long-range dependence property. Some
results are presented for adaptive control of partially known linear stochastic systems
with Brownian motion and with fractional Brownian motion. Some optimal control
results are given for scalar linear stochastic systems with Rosenblatt noise.

Keywords: stochastic systems, stochastic control, stochastic adaptive control, noise
modeling, non-Gaussian noise

1. Introduction

Many physical systems experience perturbations or have unmodeled dynamics in
the systems. These perturbations can often be modeled by white noise or other noise
processes. Examples show that noise may have a stabilizing or a destabilizing effect.
Some stochastic models are considered here with different types of noise. The noise
processes include Brownian motion, fractional Brownian motion, and Rosenblatt pro-
cesses. These latter two processes often seem more appropriate in a model given the
data than using a Brownian motion. All three noise processes are used to drive linear
and semilinear systems. However, each type of noise process for a control system
needs somewhat distinct methods of analysis for solutions to linear-quadratic control
and adaptive control problems. The general approach to adaptive control that is
described here exhibits a splitting or separation of identification and adaptive control.
Adaptive control results are given for partially known linear and semilinear systems
with Brownian motion [1] and linear and semilinear systems with fractional Brownian
motion [2–5]. The solution of an ergodic control problem for a scalar linear system
with a Rosenblatt noise is also given [6]. Stochastic calculus methods were developed
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for fractional Brownian motion [7–10] and for Rosenblatt processes [11]. Stochastic
calculus provides powerful tools: stochastic integrals, Itô’s differential formula, and
martingales.

2. Noise modeled by Brownian motion

Historically, noise in continuous-time physical systems has been modeled by
Brownian motion. This Gaussian process was a natural choice from the Central Limit
Theorem and was used for the early applications by Kolmogorov and Wiener.
Furthermore, a stochastic calculus had been developed particularly by K. Itô to allow
for the analysis of the continuous-time stochastic systems. The system models were
typically ordinary differential equations driven by a Brownian motion denoted as
stochastic differential equations. Since the stochastic systems for these problems were
typically only partially known, there was a problem to identify the appropriate values
for the unknown parameters in the equations. These problems are typically described
as identification problems for stochastic systems. The linearity of the systems pro-
vided explicit solutions and various testing methods were used, such as least-squares
or weighted least-squares estimation, to obtain the estimates of unknown parameters
in the systems. A general model is given as

dX tð Þ ¼ AX tð Þdtþ BU tð Þ þ CdW tð Þ
X 0ð Þ ¼ x0

(1)

where X tð Þ∈Rn and W tð Þ is a Brownian motion. Assuming that the matrices
A,B,C are unknown or at least only partially known, there is a problem with identifi-
cation of these unknowns. A typical method has been the least-squares method, which
can provide explicit and computationally feasible algorithms for the estimates. In
particular, the estimates are least-squares parameter estimation for the matrices A,B.
An estimate for the matrix C can be obtained from the quadratic variation of the
solution X tð Þ, which means the quadratic variation of the stochastic term CdW tð Þð Þ
that uses the quadratic variation of a Brownian motion.

The cost functional for the adaptive control problem is

J Uð Þ ¼ lim sup
T!∞

1
T

ðT
0

XT tð ÞQ1X tð Þ þ þUT tð ÞQ2U tð Þ� �
dt (2)

where Q1,Q2 and symmetric and positive definite matrices. A weighted least-
squares estimation procedure is done for θT ¼ A B½ � and ϕ is the vector formed from
X tð Þ and U tð Þ.

The equation for X can be rewritten as

dX tð Þ ¼ θTϕ tð Þdtþ CdW tð Þ (3)

where the weighted least-squares estimation scheme is given by the following
equations

dθ tð Þ ¼ a tð ÞP tð Þϕ tð Þ dXT tð Þ � ϕT tð Þθ tð Þdt� �

dP tð Þ ¼ �a tð ÞP tð Þϕ tð ÞϕT tð ÞPT tð ÞP tð Þdt
(4)
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It can be shown that these processes form a family of strongly consistent estima-
tors meaning that the estimators of the unknown terms A,B converge almost surely
[1]. It follows that a family of certainty equivalence controls is self-optimizing, that is,
they provide convergence to the optimal long-run average cost for the true system.
This approach eliminated some other assumptions that have previously been used that
are unnecessary for the control problem for a known system and are often difficult to
verify. For the adaptive control, a diminishing excited certainty equivalence control is
used. To obtain a strong consistency for the family of estimators, a diminishing
excitation is added to the adaptive control. The complete solution to the adaptive
control problem with the most natural assumptions has been obtained for continuous-
time linear and some nonlinear systems [1].

3. Noise modeled by a fractional Brownian motion for a linear system

Since many physical phenomena have a long-range dependence, it is natural to
consider a Gaussian process with a long-range dependence property, that is, a frac-
tional Brownian motion, and then to consider adaptive control for a linear stochastic
equation driven by a fractional Brownian motion. If the equation has unknown
parameters, then one has a problem of adaptive control. This problem is described
here for a scalar linear system driven by a fractional Brownian motion. These pro-
cesses are indexed by the Hurst parameter H∈ 0, 1ð Þ. Initially, a fractional Brownian
motion is defined to fix the notation.

Fractional Brownian motion (FBM) is a collection of Gaussian processes with
continuous sample paths and a stochastic calculus [7, 8, 10, 12] whose definition is
given now. These processes and stochastic calculus tools had been developed for the
purpose of being applied to linear and semilinear control systems with some
unknowns [7, 8].

Definition 3.1. For each H∈ 0, 1ð Þ, a real-valued standard fractional Brownian
motion B tð Þ, t≥0ð Þ is a Gaussian process with continuous sample paths that satisfies
the following conditions:

 B tð Þ½ � ¼ 0 (5)

 B sð ÞB tð Þ½ � ¼ 1=2ð Þ t2H þ s2H � t� sj j2H
� �

(6)

for all s, t∈þ.
This process has been used to model rainfall along the Nile River Valley. The long-

range dependence of the rainfall was determined by Harold Hurst.
As is the case with Brownian motion it is sometimes useful to consider the formal

time derivative of a fractional Brownian motion. Some particularly useful properties
of a FBM are noted now. If a>0, then the processes B atð Þ, t≥0ð Þ and aHB tð Þ, t≥0

� �
have the same probability law. This property is called a sell-similarity property. A
long-range dependence for a FBM occurs if the Hurst parameter H is in the interval
1
2 , 1
� �

.
For the Hurst parameter H∈ 1=2, 1ð Þ, a FBM has a long-range dependence prop-

erty, which means that

Σ
∞

n¼0
r nð Þ ¼ ∞ (7)
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where

r nð Þ ¼  B 1ð Þ B nþ 1ð Þ � B nð Þð Þ½ � (8)

This property provides an indication that the distant past has a nontrivial influence
on the present behavior of the process.

Now the linear-quadratic control problem is reviewed [2–5]. Let X tð Þ, t≥0ð Þ be the
real-valued process that satisfies the stochastic differential equation

dX tð Þ ¼ α0X tð Þdtþ bU tð Þdtþ dB tð Þ
X tð Þ ¼ X0

(9)

where α0, b,X0 are constants, B tð Þ, t≥0ð Þ is a standard fractional Brownian motion
with the Hurst parameter H∈ 1=2, 1ð Þ, α0 ∈ a1, a2½ �, where a2 <0, b∈n 0f g.

Consider the optimal control problem where the state X tð Þ satisfies Eq. (9) and the
ergodic (or average cost per unit time) cost function J is

J Uð Þ ¼ lim sup
T!∞

1
T

ðT
0

qX2 tð Þ þ rU2 tð Þ� �
dt (10)

where q>0 and r>0 are constants. The family U of admissible controls is all F tð Þ-
adapted processes such that Eq. (9) has one and only one solution.

Let H∈ 1=2, 1ð Þ be fixed and B tð Þ be a fractional Brownian motion with Hurst
parameter H. For the applications in this paper, only a few results from a stochastic
calculus are necessary. Let f : 0,T½ � !  be a Borel measurable function. If f satisfies
the condition:

fj j2L2
H
¼ ρ Hð Þ

ðT
0

u1=2�H sð Þ IH�1=2T� uH�1=2f
� �

sð Þ
���

���
� �2

ds<∞ (11)

then f ∈L2
H and

Ð T
0 f dB is a zero mean Gaussian random variable with second

moment


ðT
0
f dB

� �2
" #

¼ fj j2L2
H

(12)

where ua sð Þ ¼ sa for a>0 and s≥0, IH�1=2T� is a fractional integral defined almost
everywhere and given by

IH�1=2T� f
� �

xð Þ ¼ 1
Γ αð Þ

ðT
x

f tð Þ
t� xð Þ3=2�H

dt (13)

for x∈ 0,T½ Þ, f ∈L1 0,T½ �ð Þ and Γ �ð Þ is the gamma function and ρ in Eq. (11) is

ρ Hð Þ ¼ HΓ H þ 1=2ð ÞΓ 3=2�Hð Þ
Γ 2� 2Hð Þ (14)

If α0 is unknown, then it is important to find a family of strongly consistent
estimators of the unknown parameter α0 in Eq. (9). A method is used that is called
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pseudo-least squares because it uses the least-squares estimation for α0 assuming
H ¼ 1

2, that is B, is then a standard Brownian motion. It can be shown that the family
of estimators α̂ tð Þð Þ, t≥0Þ is strongly consistent H∈ 1=2, 1ð Þ for where

α̂ tð Þ ¼ α0 þ

ðt
0
X0 sð ÞdB sð Þ

ðt
0
X0 sð Þ� �2ds

(15)

and

dX0 tð Þ ¼ α0X0 tð Þdtþ dB tð Þ (16)

X0 0ð Þ ¼ X0 (17)

An adaptive control U∧ tð Þ, t≥0ð Þ, is obtained from the certainty equivalence prin-
ciple, that is, at time t, the estimate α̂ tð Þ is assumed to be the correct value for the
parameter. Thus, the stochastic equation for the system (9) with the control U∧ is

dX∧ tð Þ ¼ α0 � α̂ tð Þ � δ tð Þð ÞX∧ tð Þdt
� bρ tð Þ

r
V∧ tð Þdtþ dB tð Þ

¼ �α0 � α̂ tð Þ � δ tð Þð ÞX∧dt
� α tð Þ þ δ tð Þð ÞV∧ tð Þdtþ dB tð Þ

X∧ 0ð Þ ¼ X0

(18)

where

δ tð Þ ¼ α2 tð Þ þ b2

r
q

" #1
=2

U∧ tð Þ ¼ bρ tð Þ
r

X∧ tð Þ þ V∧ tð Þ½ �

ρ tð Þ ¼ r
b2

α tð Þ þ δ tð Þ½ �

V∧ tð Þ ¼
ðt
0
δ sð ÞV∧ sð Þds

þ
ðt
0

~k t, sð Þ � 1
h i

dX∧ sð Þ � α sð ÞX∧ sð Þds� bU∧ sð Þds½ �

¼
ðt
0

~δ sð ÞV∧ sð Þds

¼
ðt
0

~k t, sð Þ � 1
h i

dB sð Þ þ α0 � α tð Þð ÞX∧ sð Þds½ �

and
~δ tð Þ ¼ δ tð Þ þ α tð Þ � α0

(19)

The following result is obtained using the above [2].
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Theorem 3.2. Let the scalar-valued control system satisfy the system equation
given above. Let α∧ tð Þ, t≥0ð Þ be the family of estimators of α0 given above, let U∧ tð Þð
be the associated adaptive control given above and let X∧ tð Þð be the solution of the
system with the control U∧. Then the following limits exist:

lim t!∞
1
t
E
ðt
0
U ∗ sð Þ �U∧ sð Þj j2ds ¼ 0 (20)

lim t!∞
1
t
E
ðt
0
X ∗ sð Þ �X∧ sð Þj j2ds ¼ 0 (21)

so

lim t!∞
1
t
E
ðt
0

q X∧ sð Þð Þ2 þ r U∧ sð Þð Þ2
� �

ds ¼ λ (22)

where λ is the optimal cost for the known system.
A family of estimators can be obtained from Eq. (9) by removing the control term.

The family of estimators α∧ is modified here using the fact that α0 ∈ a1, a2½ � as

α∧ tð Þ ¼ α̂ tð Þ11 a1,a2½ � α̂ tð Þð Þ (23)

þa111 �∞,a1ð Þ α̂ tð Þð Þ þ a211 a2,∞ð Þ α̂ tð Þð Þ (24)

For t≥0. α̂ 0ð Þ is chosen arbitrarily in a1, a2½ �. Then, it can be verified that a family
of weighted least-squares estimates is strongly consistent for the unknown system
parameter and that the family of running costs converges to the optimal cost. Thus,
there is an optimal adaptive control for the system with a fractional Brownian motion.
These results are summarized in the following theorem see T. E. Duncan et al. [2] for
details and references.

Theorem 3.3. The family of estimators α∧ tð Þ, t≥0ð Þ is strongly consistent for the
unknown system parameter and that the family of running costs converge to the
optimal cost. Thus there is an optimal adaptive control for the partially known linear
system with a fractional Brownian motion.

4. Noise modeled by a Rosenblatt process

Since there is significant evidence from physical systems (Domanski [13]) that
Gaussian processes are inadequate for modeling noise in interconnected physical
control systems, the family of Rosenblatt processes is considered. Some of the evi-
dence is industrial processes and actuators are non-linear, they are highly
interconnected and they have real external disturbances.

Initially, some definitions of a Rosenblatt process [14], a related fractional
Brownian motion and some differential operators are given that fix notation and that
are used in a change of variables formula and the solution of questions of absolute
continuity.

Some fractional Brownian motions are naturally associated with a Rosenblatt pro-
cess. Similar to fractional Brownian motion, Rosenblatt processes are indexed by the
Hurst parameter H∈ 0, 1ð Þ. Recall that both of these processes are members of the
Hermite family of processes which are indexed by the number of multiple Wiener-Itô
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stochastic integrals. They are of order one and order two in the Hermite family
reflecting the number of multiple Wiener-Itô integrals that are used to define them.

Let hH1 and hH2 be given as

hH1 u, yð Þ ¼ u� yð ÞH�3
2 (25)

hH2 u, y1, y2
� � ¼ u� y1

� �H
2�1 u� y2
� �H

2�1 (26)

that are two singular kernels defined on the real line. These two kernels are used to
define fractional Brownian motions and Rosenblatt processes. Rosenblatt processes
like fractional Brownian motions are parametrized by the parameter H.

Definition 4.1. Let H∈ 1=2, 1ð Þ be fixed. A real-valued fractional Brownian motion,
BH ¼ BH tð Þ, t∈Rð Þ, is defined as follows

BH tð Þ ¼ CB
H

ð

R

ðt
0
hH1 u, yð Þdu

� �
dW yð Þ (27)

For t≥0 (and similarly for t<0), where CB
H is a constant given below such that

 B2
H 1ð Þ� � ¼ 1 and W is a standard Wiener process (Brownian motion) on a fixed

complete probability space denoted Ω,F ,ð Þ that is used throughout this paper.
Definition 4.2. Let H∈ 1=2, 1ð Þ be fixed. A real-valued (standard) Rosenblatt pro-

cess, RH ¼ RH tð Þ, t∈ð Þ, is defined as follows

RH tð Þ ¼ CR
H

ð

2

ðt
0
hH2 u, y1, y2
� �

du
� �

dW y1
� �

dW y2
� �

(28)

For t≥0 (and similarly for t<0), where CR
H is a constant such that  R2

H 1ð Þ� � ¼ 1,
and the double stochastic integral is a Wiener-Itô multiple integral of order
two with respect to the Wiener process (standard Brownian motion) W. This
double Wiener integral is the definition given by Itô so the integral has expectation
zero.

The normalizing constants CB
H and CR

H in the above two definitions are

CB
H ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H 2H � 1ð Þ

β 2� 2H,H � 1
2

� �
s

, CR
H ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2H 2H � 1ð Þp

2β 1�H, H
2

� � (29)

where β is the Beta function. For the subsequent change of variables (Itô-type)
formula, it is also convenient to define the following constants

cBH ¼ CB
HΓ H � 1

2

� �
, cRH ¼ CR

HΓ
2 H

2

� �
, (30)

and

cB,RH ¼ cHR
cBH
2þ1

2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2H � 1ð Þ
H þ 1ð Þ

Γ 1� H
2

� �
Γ H

2

� �
Γ 1�Hð Þ

s
(31)

where Γ is the Gamma function.
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Some of the stochastic calculus for Rosenblatt processes is given in Refs. [11, 15].
A change of variables (Itô-Doeblin) formula is given in Čoupek et al. [11] that is used
here to determine explicit Radon-Nikodym derivatives analogous to an approach for
Wiener measure. The subsequent application of the change of variables formula for
Rosenblatt processes uses the following two differential operators,

∇
H
2 ¼ I

H
2þD (32)

∇
H
2 ,

H
2 ¼ I

H
2 ,

H
2þ,þD

2: (33)

where D is the Malliavin derivative and the other terms are the following fractional
integrals

Iαþ f xð Þð Þ ¼
ðx
�∞

f uð Þ x� uð Þα�1du (34)

Iα1,α2þ,þ f
� �

x1, x2ð Þ ¼ 1
Γ α1ð ÞΓ α2ð Þ

ðx1
�∞

ðx2
�∞

f u, vð Þ

x1 � uð Þα1�1 x2 � vð Þα2�1 du dv
(35)

These operators reflect the singular integral definition of a Rosenblatt process.
It follows from the direct use of the differential operator (33) that

∇
H
2 ,

H
2RH tð Þ

� �
u, uð Þ ¼ ~CH

ðt
0
u� rj j2H�2dr (36)

where the constant ~CH, is given by

~CH ¼ 2cRH

β2
H
2
, 1�H

� �

Γ2 H
2

� �

¼ 1

Γ
H
2

� �
ðu
0
u� xð ÞH2�1DxW sð Þdx

(37)

and β is the Beta function.
The case where t ¼ u above is particularly useful here, so this case is explicitly

given by

∇
H
2 ,

H
2RH tð Þ

� �
t, tð Þ ¼ ~CH

ðt
0
t� rj j2H�2dr ¼ ~CH

t2H�1

2H � 1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2H

2H � 1

r
β

H
2
, 1�H

� �
t2H�1

(38)

It is also necessary to note another derivative that appears in the change of vari-
ables formula associated with a Rosenblatt process.
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∇
H
2W sð Þ

� �
uð Þ ¼ 1

Γ
H
2

� �
ðu
�∞

u� xð ÞH2�1DxW sð Þdx
(39)

¼ 1

Γ
H
2

� �
ðu
�∞

1 0,s½ � xð Þ u� xð ÞH2�1dx
(40)

¼ 2

HΓ
H
2

� � u� sð ÞH2þ � u
H
2þ

h i
(41)

where W tð Þ is a standard Wiener process.
The change of variables results for stochastic equations driven by Rosenblatt pro-

cesses is described now following [11]. Consider a scalar process y tð Þ, t≥0ð Þ for the
description of the change of variables result. Let H∈ 1

2 , 1
� �

be fixed, y0 ∈ be a
constant, θ∈L1

loc 0,∞;D2,2� �
, where D2,2 is a Sobolev-Watanabe space, and define the

process y tð Þ, t≥0ð Þ by the equation

y tð Þ ¼ y0 þ
ðt
0
θ sð Þdsþ RH tð Þ: (42)

If some natural conditions [6] are satisfied for each t>0, then the (scalar) process
Y tð Þ, t≥0ð Þ defined by Yt ¼ f t, yt

� �
, where f : þ � !  is a smooth function and

satisfies the following equation

Yt ¼ Y0 þ
ðt
0

~θsdsþ 2cB,RH

ðt
0

~ϕsdB
H
2þ1

2
s þ

ðt
0
~ψ sdR

H
s (43)

For each t≥0, (where)

~θs ¼ ∂f
∂s

s, ys
� �þ ∂f

∂x
s, ys
� �

θs

þcRH
∂
2f

∂x2
s, ys
� �

∇
H
2 ,

H
2ys

� �
s, sð Þ

þcRH
∂
3f

∂x3
s, ys
� �

∇
H
2ys

� �
sð Þ

h i2
,

~ϕs ¼
∂
2f

∂x2
s, ys
� �

∇
H
2ys

� �
sð Þ,

~ψ s ¼
∂f
∂x

s, ys
� �

:

(44)

It is useful to note that a third derivative occurs in the drift term and that a
stochastic integral with respect to a fractional Brownian motion occurs.

As is the case for Brownian motion, this change of variables formula plays an
important role in many stochastic calculations for a Rosenblatt process.
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To indicate the ability to obtain explicit solutions for a Rosenblatt process, the
explicit solution of an ergodic control problem for a scalar linear system is given, see
P. Čoupek et al. [6] for details and references.

dX tð Þ ¼ aX tð Þdtþ bU tð Þdtþ dRH tð Þ
X 0ð Þ ¼ x0

(45)

The solution of this scalar stochastic system is

Xt ¼ x0 þ
ðt
0
aXs þ bUsð Þdsþ RH

t (46)

where RH is a Rosenblatt process with H∈ 1
2 , 1
� �

and a, b, x0 ∈, b 6¼ 0, are known
constants.

The family of admissible controls, U, is the collection of constant scalar linear
feedback operators K, that is,

U ¼ Utð Þt≥0 : Ut ¼ KXtwithK ∈
� �

, (47)

The following result is given in P. Čoupek et al. [6]:
Theorem. The optimal gain K̂ in the family of admissible feedbacks is given by

K̂ ¼ � aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 4H 1�Hð Þ b2qr

q

2b 1�Hð Þ , (48)

and the optimal cost J∞ K̂
� �

is given by

J∞ K̂
� � ¼ Γ 2Hð Þ

� aþ bK̂
� �� �2H�1

�rK̂
b

 !
: (49)

The verification of this result for the optimal cost and an optimal control for a
Rosenblatt noise is significantly more difficult than the corresponding results by
replacing the Rosenblatt noise by a Brownian motion or a fractional Brownian motion,
see Čoupek et al. [6] for details and many useful references.

5. Some future work

There are a number of natural directions to proceed for subsequent investigation.
For multidimensional systems with either fractional Brownian motions or Rosenblatt
processes, there is the basic problem of identification of unknown parameters. The
basic parameters for estimation are those from the linear transformations A in the
controlled equations for systems with either fractional Brownian motion or Rosenblatt
noise or a combination of these noise processes. Furthermore, there are questions of
optimal control for linear or nonlinear systems with fractional Brownian motions or
Rosenblatt processes. Even an ergodic control problem for a scalar linear system with
a Rosenblatt process with unknown system parameters needs to be addressed.
Another family of models is those for infinite dimensional systems, especially for
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modeling some types of partial differential equations (PDEs). Many physical models
are described by stochastic partial differential especially parabolic differential equa-
tions of second order. These equations often describe the physical situation of diffu-
sion. Classically, a Brownian motion was developed to describe the diffusion of a
liquid or gas. It seems quite likely that stochastic processes, such as fractional
Brownian motions and Rosenblatt processes, will provide some of the mathematics for
analysis of other physical phenomena.

6. Conclusions

This paper provides a comparison of results for adaptive control for linear systems
driven by a Brownian motion, a fractional Brownian motion, and a Rosenblatt process.
The results for a Brownian motion represent the initial noise process in a linear system
and the results are fairly well developed. While Brownian motion for linear systems
has been well developed over many years, the results for a fractional Brownian motion
are significantly less developed. While these latter processes are Gaussian because
they are Brownian motion processes, the fractional Brownian motion processes are
not martingales and have a long-range dependence. These properties make it more
difficult for analysis as contrasted with Brownian motion and their martingale prop-
erties. The Rosenblatt processes introduce more difficulties for analysis because they
are neither martingales nor Gaussian processes. The development of useful tools for a
Rosenblatt process is still in its infancy. Nevertheless, they are important and provide
insight to the family of Hermite processes of which fractional Brownian motions are
Hermite of order one and Rosenblatt processes are of order two.

Remark. For more background on Rosenblat‘’s processes, see Refs. [14, 15].
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Chapter 3

Information Recovery in
Composite Model Reference
Adaptive Control
Metehan Yayla and Ali Turker Kutay

Abstract

This study introduces a new adaptive control approach incorporating frequency-
limited estimation of matched uncertainty. While many existing adaptive parameter
adjustment laws aim to mitigate uncertainty effects solely through tracking error, it is
well-documented that integrating uncertainty estimation error into the adaptation
process significantly improves transient performance. Our method incorporates low-
frequency uncertainty estimation with a time-varying learning rate structure. Unlike
conventional filter-based approaches, our approach also compensates for information
loss during signal filtering to suppress high-frequency content. Additionally, we
include a regulation term in the standard adaptive weight update law, acting as
stability enhancement in the adaptive system. We demonstrate the closed-loop stabil-
ity of the proposed method using Lyapunov’s stability theorem and highlight its
efficacy through numerical examples and software-in-the-loop simulations with the
X-plane flight simulator.

Keywords: filter, uncertainty, transients, fast adaptation, robustness

1. Introduction

Model Reference Adaptive Control (MRAC) frameworks achieve desired levels of
closed-loop stability and performance for uncertain dynamical systems through online
adaptive weight update laws. In the absence of restrictive persistent excitation (PE) of
system signals, the standard MRAC framework cannot assure closed-loop stability when
facing bounded perturbations using only instantaneous data [1]. To enhance the
robustness of standard MRAC or ensure stability without PE, robust modifications are
introduced in literature [2–7]. While these modifications guarantee the robustness of
the adaptive controller, they generally yield limited enhancements in the transient
response, primarily due to their focus on incorporating only the tracking error in the
adaptation. Nonetheless, there exist a few additional modifications, such as those
detailed in Refs. [8, 9], which notably improve transient performance by extracting
additional information on uncertainty estimation error. Inspired by these studies,
various modifications have been proposed in the literature, including but not limited to
[10–16]. In these studies, information regarding either uncertainty estimation error or
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parameter convergence error is extracted using low-pass filters. However, filtering
system signals may lead to information loss and degradation of adaptation performance.

To improve the tracking performance and achieve fast adaptation, it is desired to
set the adaptive gains as high as possible. However, it is also well-practiced that the
high learning rates can excite (possibly unmodeled) high-frequency modes of the
system and result in system instability due to high-frequency oscillations. Numerous
studies in the literature aim to facilitate the utilization of high gains while ensuring
stability, such as the optimal control modification [5] and the low-frequency learning
modification [17]. Yucelen and Haddad [17] introduced a modification term in the
standard adaptive law to constrain the estimated parameters within bounds around
their low-pass filtered signals. In the optimal control modification [5], high adaptive
gains are permitted, albeit at the cost of reduced performance concerning robustness.
Unlike these modifications, where the learning rate remains constant, there are stud-
ies where the adaptation gain varies over time [16, 18]. However, the learning rate
vanishes in these methods if the basis function is not sufficiently and/or persistently
exciting, causing the termination of adaptation.

So, our motivation becomes to combine these approaches in a way that the modi-
fication term allows the use of high adaptation gains without causing any high-
frequency oscillations, and the learning rate of the proposed modification is adjusted
to prevent undesired behavior during the adaptation.

In this study, we propose a new adaptive law that offers a modification term for
information recovery in filter-based adaptive controllers. The proposed modification
achieves fast adaptation by adding a new direction in adaptation using high-frequency
content of the filtered signals. In addition, a time-varying learning rate is introduced
to suppress the undesired effects of high-frequency signals on the system behavior. In
this way, the proposed modification term behaves like a stability augmentation system
to standard adaptive law. It should be noted that the proposed study builds upon the
foundation established in the author’s earlier work [19] by presenting more rigorous
theoretical results and introducing additional simulations that highlight the effective-
ness of the proposed method. Furthermore, the contributions are extended to cover a
wider class of uncertain systems where limited information exists on uncertainty.
These improvements result in a clearer and more precise presentation of the research,
while expanding the domain of applications with new theoretical results through
unstructured uncertainty parameterization.

2. Notation and definitions

The notation used in this study is fairly standard. Specifically,  denotes the set of
real numbers, n denotes the set of n� 1 real column vectors, n�m denotes the set of
n�m real matrices, þ denotes the set of strictly positive real numbers, �ð Þ�1 denotes
inverse, �ð ÞT denotes transpose, ‘≜’ denotes equality by definition, A≻0 denotes that A
is a positive definite matrix, �ð Þ† denotes the Moore–Penrose inverse, ‘vec �ð Þ’ denotes
the column stacking operator, ‘tr �ð Þ’ denotes the trace operator, λmin Að Þ λmax Að Þð Þ
returns the minimum eigenvalue (the maximum eigenvalue) of matrix A, σmax Að Þ
σmin Að Þð Þ returns the maximum (minimum) singular value of matrix A, and ∣a∣
denotes the absolute value of scalar a∈. Furthermore, for the vector x∈n and
matrix A∈m�n, the Euclidean vector norm xk k, induced matrix norm Ak k, and
Frobenius matrix norm Ak kF are defined as:
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xk k≜
ffiffiffiffiffiffiffiffiffiffiffiffiffiXn
i¼1

x2i

s
, Ak k≜

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λmax ATA

� �q
¼ σmax Að Þ, Ak kF≜

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr ATA
� �q

: (1)

Kronecker product is denoted by ‘⊗ ’. For the vector θ∈k and convex function

f : k ! , the gradient operator ∇f θð Þ is ∇f θð Þ ¼ ∂f θð Þ
∂θ1

⋯
∂f θð Þ
∂θk

� �T
. Lastly, ‘■’

indicates the completion of a mathematical proof.
Definition 1.1 (Persistent Excitation (PE)) The signal ω tð Þ∈n is said to be persis-

tently exciting over an excitation period of τ if and only if there exist positive constants
τ, β∈þ such that the following inequality holds:

ðt
t�τ

ω sð ÞωT sð Þds≽βIn�n, ∀t∈þ (2)

for all time ∀t∈þ where In�n is the identity matrix of dimension n.
Definition 1.2 (Interval Excitation (IE)) The signal ω tð Þ∈n is said to be interval

exciting at time t ¼ Te over an excitation period of τ if there exist positive constants
τ, β∈þ such that the following inequality holds:

ðt
t�τ

ω sð ÞωT sð Þds≽βIn�n, t ¼ Te ∈þ (3)

Remark 1.1. One can realize that the interval excitation (IE) is far less demanding
condition than the persistent excitation (PE) as IE condition must be satisfied for all time
∀t∈þ to satisfy the PE condition. That is, persistency of excitation is uniform in time,
whereas the interval excitation just holds for a particular time interval.

3. Problem definition

In this section, the control system description is provided first. Then, standard
MRAC and composite/combined MRAC solutions are briefly reviewed for the com-
pleteness of the chapter.

3.1 System description

Consider the following nonlinear uncertain dynamical system:

_x tð Þ ¼ Ax tð Þ þ B u tð Þ þ Δ xð Þ½ �, x t0ð Þ ¼ x0 (4)

where x∈Dx ⊂n is the state vector with Dx being a sufficiently large compact set,
u∈Du ⊂m is the m-dimensional control input that lies in the admissible control set
Du, Δ : n ! m is the map representing the unknown uncertainty, A∈n�n is
known system matrix. Furthermore, input matrix B∈n�m has full column rank and
is assumed to be known (consistent with the literature; for example [6, 7, 14, 20, 21]),
which is necessary to compute low-frequency content of the uncertainty using its
pseudo-inverse (detailed later in Section 3.3). The fundamental assumptions are: (i)
the pair (A, B) is controllable, (ii) full state measurement is available for feedback.
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Assumption 1.1 (Structured Uncertainty). The uncertainty Δ xð Þ can be expressed as
linear combination of known basis functions ϕ : Dx ! s as follows:

Δ xð Þ ¼WTϕ xð Þ (5)

where W ∈s�m is the unknown constant weight matrix with ∥W∥≤w, w>0, and
known function ϕ xð Þ is Lipschitz continuous over Dx.

Assumption 1.2 (Unstructured Uncertainty). Assumption 1.1 can be relaxed using
universal approximators such as Single Hidden Layer Neural Networks (SHL-NN) [22] or
Radial Basis Functions (RBF) [23] as follows:

Δ xð Þ ¼WTϕ xð Þ þ ε xð Þ (6)

where the residual ε xð Þ with ∥ε xð Þ∥≤ ε0, ∀x∈Dx.
Remark 1.2. The basis function ϕ xð Þ in Assumption 1.2 can be chosen such that the

residual ε xð Þ can be made arbitrarily small on a compact set Dx with a positive scalar
upper bound ε0. Various methods exist for selecting such appropriate basis functions as
universal approximators. One such method is to employ Radial Basis Functions (RBF) as
suggested by the universal approximation theorem [23, 24] while minimizing the approxi-
mation error ε xð Þ. Due to its simplicity and extensive use in the literature (for example [25–
27]), we parameterize the unstructured uncertainty in Eq. (6) using RBFs given by:

ϕi xð Þ ¼
1 , i ¼ 1

exp � x tð Þ � cik k2
2μ2i

 !
, i ¼ 2,⋯, s

8><
>:

(7)

with ci ∈n and μi ∈þ being the center and width of the ith node, respectively
[23]. It should be noted that in the structured uncertainty case, the basis ϕ could be
any known function and does not necessarily consist of Gaussian kernels.

The primary goal in model reference adaptive control (MRAC) is to design a
control input to ensure that the system trajectories track those of the reference model
given by:

_xr tð Þ ¼ Arxr tð Þ þ Brr tð Þ, xr t0ð Þ ¼ xr0 (8)

with Ar ∈n�n being Hurwitz reference system matrix and Br ∈n�k being refer-
ence input matrix. Positive-definite matrix P∈n�n satisfies the following Lyapunov
equation

AT
r Pþ PAr ¼ �Q, P ¼ PT≻0 (9)

for any user-defined positive definite matrix Q ¼ QT≻0. The reference state vec-
tor and reference command are denoted by xr ∈Dx and r∈k, respectively.

Assumption 1.3 (Matching Conditions). As a standard assumption in adaptive con-
trol [28–30], the reference model satisfies the matching conditions. That is, there exist
matrices Kx and Kr such that the following conditions hold:

Ar ¼ A� BKx

Br ¼ BKr

(10)
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The nominal control input un tð Þ, consisting of feedback and feedforward compo-
nents, is designed by setting Δ xð Þ ¼ 0 in the plant dynamics in Eq. (4) as follows:

un tð Þ ¼ �Kxx tð Þ þ Krr tð Þ (11)

The adaptive controller augmented control input is given by:

u tð Þ ¼ un tð Þ þ ua tð Þ ¼ �Kxx tð Þ þ Krr tð Þ � Ŵ
T
tð Þϕ xð Þ (12)

with Ŵ tð Þ being the online estimation of unknown weight W.

3.2 Standard MRAC review

Let the tracking error be defined as e tð Þ≜xr tð Þ � x tð Þ. Combining the control in
Eq. (12), matched uncertainty in Eq. (5), reference model in Eq. (8), and uncertain
system dynamics in Eq. (4) with structured uncertainty parameterization yields the
following tracking error dynamics:

_e tð Þ ¼ Are tð Þ � B ~W
T
tð Þϕ xð Þ (13)

with ~W≜W � Ŵ being the weight estimation error. In the standard adaptive
control formulation, the baseline weight update law is given by:

Standard  MRAC Law :
_̂W ¼ �ΓϕeTPB (14)

with Γ≻0 being positive definite learning rate. The closed-loop stability of the stan-
dard adaptive control system can be shown using radially unbounded Lyapunov function

V e, ~W
� � ¼ eTPeþ tr ~W

TΓ�1 ~W
� �

>0 with _V e, ~W
� � ¼ �eTQe≤0. Note that V 0, 0ð Þ ¼ 0

and V e, ~W
� �

>0, for all e, ~W
� � 6¼ 0, 0ð Þ, ∀t∈þ. Since V e, ~W

� �
is lower-bounded by

zero, and its derivative _V e, ~W
� �

≤0 is less than or equal to zero, Lyapunov function
V e, ~W
� �

approaches to a finite limit as t! ∞. Hence, the boundedness of tracking error e
(t) and weight estimation error ~W tð Þ is guaranteed. Since e(t) and xr tð Þ are bounded,
system states x(t) and basis vector-function ϕ xð Þ immediately become bounded. With
bounded e tð Þ, x tð Þ,ϕ xð Þ, and ~W tð Þ, time derivative of tracking error dynamics _e tð Þ
becomes bounded, which ensures the boundedness of €V e, ~W

� � ¼ �2eTQ _e, ∀t∈þ. It
then follows from Barbalat’s Lemma [31] that lim t!∞ _V e tð Þ, ~W tð Þ� � ¼ 0 which implies
the asymptotic stability of tracking error e(t); that is, lim t!∞e tð Þ ¼ 0. If the basis vector-
function ϕ xð Þ is persistently exciting, then the estimated parameters converge to their
ideal values; that is, Ŵ tð Þ !W as t! ∞. See Ref. [29] for details.

Remark 1.3. If the uncertainty Δ xð Þ is characterized as unstructured uncertainty as in
Assumption 1.2, the tracking error dynamics become:

_e tð Þ ¼ Are tð Þ � B ~W
T
tð Þϕ xð Þ � Bε xð Þ (15)

In this case, the boundedness of the estimated parameters is not guaranteed by the
standard MRAC without persistently exciting ϕ xð Þ. Several robust modifications have been
introduced in the literature to enhance the robustness, including but not limited to σ-mod
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[2], e-mod [3], optimal control-based modification [5], Kalman filter-based modification
[7], and q-modification [9]. Furthermore, it is common practice to include the projection
operator [32] to bound the parameters within the prescribed convex set.

Remark 1.4. Consider the adaptive law with σ-modification as a solution to the stability
issue outlined in Remark 1.3:

_̂W ¼ �Γ ϕeTPBþ σŴ
� �

(16)

where σ ∈þ being constant scalar design parameter. It can be shown using Lyapunov

function V ¼ 1
2 e

TPeþ 1
2 tr ~W

TΓ�1 ~W
� �

that the closed-loop system is stable in the sense

of Lyapunov, even if ε xð Þ 6¼ 0 without requiring persistent excitation of the basis
function ϕ. Specifically, the error signals e and ~W are ensured to be inside the compact set

Dη which is defined asDη≜ η tð Þ : ∥η∥<
ffiffiffiffi
μ2
μ1

q� �
with μ1, μ2, η being as the followings:

μ1 ≜ min
1
2
λmin Qð Þ � c1

� �
, σ 1� c2ð Þ

� �

μ2 ≜
∥PB∥2ε20

4c1
þ σw
4c2

c1 ∈ 0,
1
2
λmin Qð Þ

� �
, c2 ∈ 0, 1ð Þ

η ≜ eT, vec ~W
T

� �h iT

(17)

3.3 Composite/combined MRAC review

Although high gains enable fast adaptation in standard MRAC, it may degrade the
transient performance by inducing high-frequency oscillations in the system and even
cause instabilities in the presence of large uncertainties. Improving the transient perfor-
mance in MRAC has always been an attractive problem [5, 11, 17, 20, 21, 33, 34]. As seen
from these studies and references therein, including the uncertainty estimation error in
the adaptation enhances transient performance significantly. This fact was first utilized
in [8], called ‘Composite Model Reference Adaptive Control’. Nearly at the same time, a
quite similar approach was introduced [35] as ‘Combined Model Reference Adaptive
Control’. Later in [20], these two approaches are generalized to cover the multi-input
multi-output systems. These methods are referred in this study as composite/combined
model reference adaptive control (CMRAC) to acknowledge both studies. Basically,
CMRAC starts with filtering the system dynamics in Eq. (4) as:

_xf ¼ Axf þ B uf þ Δf
� �

(18)

with subscript ‘f’ indicating that the signal is filtered through the following low-
pass filters:

_xf ¼ ωf x� xf
� �

, xf t0ð Þ ¼ x0
_uf ¼ ωf u� uf

� �
, uf t0ð Þ ¼ u0

_ϕf ¼ ωf ϕ� ϕf

� �
, ϕf t0ð Þ ¼ ϕ x0ð Þ

(19)
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where ωf ∈þ is the cut-off frequency that determines the bandwidth of low-pass
filters. Rearranging Eq. (18) yields:

Δf ¼ B† _xf � Axf
� �� uf (20)

Note that the signals xf , uf , ϕf , _xf and _ϕf are all accessible through Eq. (19). It

should also be noted that Δf can be expressed as Δf ¼WTϕf þ εf from Eq. (5). Hence,
we get

WTϕf þ εf ¼ B† _xf � Axf
� �� uf (21)

Once the low-pass filters are applied to the system dynamics, the low-frequency
content of uncertainty, Δf , becomes an available signal for control purposes, as all the
signals on the right-hand side of Eq. (20) are available. Frequency-limited estimation
of the uncertainty is defined as:

Δ̂f ¼ Ŵ
T
ϕf (22)

Next, one can define the low-frequency uncertainty estimation error as:

~Δf≜Δf � Δ̂f (23)

¼ B† _xf � Axf
� �� uf � Ŵ

T
ϕf (24)

Then, the modified update law in CMRAC is given by

CMRAC Law :
_̂W ¼ Γ �ϕeTPBþ γcϕf

~ΔT
f

h i
(25)

where the error signal ~Δf is available for feedback in control through Eq. (24) and
γc ∈þ is a positive scalar learning rate for CMRAC. It should be noted that CMRAC
modification term is gradient descent-based minimizing solution of the following
optimization problem:

min
Ŵ

J

J Ŵ
� � ¼ 1

2
∥Δf � Δ̂f∥2 ¼ 1

2
∥~Δf∥2

(26)

where the gradient of the cost function in Eq. (26) is given by:

∇J Ŵ Ŵ
� � ¼ �ϕf Δf xð Þ � Ŵ

T
tð Þϕf xð Þ

h iT
¼ �ϕf

~ΔT
f (27)

Hence, the CMRAC weight update law can also be written as follows:

CMRAC Law :
_̂W ¼ Γ �ϕeTPB� γc∇J Ŵ Ŵ

� �� �
(28)

In this section, we revisit the CMRAC formulation assuming structured uncer-
tainty definition as this is the case in contributing reference studies [8, 20, 36], which
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implies ε xð Þ ¼ εf x, tð Þ ¼ 0. Then, the asymptotic stability of the closed-loop system
with CMRAC weight update law in Eq. (25) can be shown with radially unbounded

Lyapunov function V e, ~W
� � ¼ 1

2 e
TPeþ 1

2 tr ~W
TΓ�1 ~W

� �
. Its time-derivative along the

system trajectories in Eq. (13) and Eq. (25) is given by _V e, ~W
� � ¼ � 1

2 e
TQe�

γctr ~W
T
ϕfϕ

T
f
~W

� �
which is also equal to _V e, ~W

� � ¼ � 1
2 e

TQe� γc∥~Δf∥2. With this

result, boundedness of the Lyapunov function V is guaranteed, which implies the
boundedness of the state tracking error e(t) and weight estimation error ~W tð Þ. Next,
following the similar discussions made in MRAC, one can show the boundedness of

€V e, ~W
� � ¼ � 1

2 e
TQ _e� γc ~Δ

T
f � _̂W

T
ϕf þ ~W

T _ϕf

� �
using Eqs. (19) and (25). It then

follows from Barbalat’s Lemma [31] that lim t!∞ _V e tð Þ, ~W tð Þ� � ¼ 0 which implies the
asymptotic stability of the state tracking error e(t) and filtered uncertainty estimation
error ~Δf tð Þ; that is, lim t!∞ e tð Þ ¼ 0 and lim t!∞ ~Δf tð Þ ¼ 0. It should be emphasized
that the parameter convergence is still not guaranteed with CMRAC since the
asymptotic stability of ~Δf does not imply the asymptotic stability of weight estimation
error ~W. Furthermore, in case of unstructured uncertainty with nonzero residual
ε xð Þ 6¼ 0, the boundedness of adaptive weights is not guaranteed without persistent
excitation of ϕ xð Þ as in standard MRAC formulation, and the comments in Remark 1.3
apply to the CMRAC, as well.

Remark 1.5. Cut-off frequency, ωf , in Eq. (19) should be chosen carefully to reject the
measurement noise and high-frequency content in the uncertainty. Although too small ωf

successfully filters the high-frequency signals in the adaptation, it may degrade the adapta-
tion performance since Ŵ response becomes significantly sluggish [36].

4. Main result

Although CMRAC and its further modifications (for example [10, 12–14, 21, 37])
contributed a lot to the robustness and performance of the standard MRAC, all
these filtering-based solutions suffer from losing information during filtering. As
emphasized in Remark 1.5, the performance degradation due to lost information may
reach significant levels due to a poor selection of filter bandwidth. If the system
experiences high-frequency variations (for example, payload drop for an aircraft,
actuator failures), sluggish evolution of the adaptive weights may not guarantee the
desired tracking performance. Furthermore, a relatively small cut-off frequency ωf

may delay the adaptation due to time-delay nature of low-pass filters. In this study,
we address these issues and propose a new model reference adaptive control architec-
ture that compensates for the information lost during filtering by including the high-
frequency content of the filtered signals. In addition, a time-varying learning rate is
also proposed to suppress the undesired effects of high-frequency signals in the
adaptation.

Assumption 1.4 (Interval Excitation). Basis ϕ∈s is an interval exciting signal.
Hence, there exist constant scalars τ, α,Te ∈þ such that the following inequality holds:

ðt
t�τ

ϕ sð ÞϕT sð Þds≽αIs�s, t ¼ Te (29)
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Remark 1.6. Assumption 1.4 ensures that the basis function ϕ contains as many spectral
lines as the number of unknown parameters within time interval t∈ Te � τw,Te½ �. Note
that the basis function ϕ is an exogenous signal to the low-pass filter system in Eq. (19).
Then, the filtered basis function ϕf also has the same number of spectral lines with less
energy than that of the original basis ϕ. This implies the following:

ðt
t�τ

ϕf sð ÞϕT
f sð Þds≽βIn�n, t ¼ Te (30)

with 0< β≤ α. Let the transfer function representing the linear filter dynamics be
G sð Þ≜ ωf

sþωf
. Then, the degradation in the richness of the signal (which is equivalent to

how small is β than α) depends on the cut-off frequency ωf and spectrum of the basis
ϕ. Let the spectral measure of ϕ is given by Sϕ ω1ω2½ �ð Þ with ω1 <ω2. Choosing the
filter design parameter ωf to be larger than ω2 leads to relatively small degradation in
the richness of ϕf with β being closer to α.

4.1 Integrated uncertainty estimation error

We further manipulate the low-frequency content of the matched uncertainty Δf

by defining the following integrals over a moving window with a length of τω seconds:

Mω ≜
ðt
t�τω

ϕfΔT
f dξ ¼

ðt
t�τω

ϕfϕ
T
f dξ

� �
W þ

ðt
t�τω

ϕf ε
T
f dξ

M̂ω ≜
ðt
t�τw

ϕfϕ
T
f dξ

� �
Θ̂ ¼ ΦωΘ̂

(31)

where Θ̂∈s�m is an auxiliary weight, which will be discussed in Section 4.2.
Although ideal weight matrix W and filtered residual εf are unknown, the low-

frequency content of the uncertainty, Δf , is accessible from Eq. (22). Hence, the
integrated signal Mω can be computed during online operations. Next, the
corresponding error ~Mω is defined as the following:

~Mω≜Mω � M̂ω ¼
ðt
t�τω

ϕfϕ
T
f dξ

� �
~Θþ

ðt
t�τω

εfϕ
T
f dξ ¼ Φw ~Θþ

ðt
t�τω

εfϕ
T
f dξ (32)

with ~Θ≜W � Θ̂ being an auxiliary weight estimation error. It should also be noted
that the signal ~Mω is also available since both Mω and M̂ω are accessible online. In
order to preserve the information in excited basis functions, temporarily frozen vari-
ables M and M̂ are defined as follows:

~M tð Þ,Φ tð Þ� �
≜

~Mω tð Þ,Φω tð Þ� �
, if κ Φω tð Þð Þ< κ Φ t�ð Þð Þ

~M t�ð Þ,Φ t�ð Þ� �
, otherwise

(
(33)

where ~M t�ð Þ and ϕ t�ð Þ have zero initial conditions of appropriate dimensions.
Additionally, κ �ð Þ returns the condition number of its argument. With the
definition in Eq. (33), it is ensured that the condition number of Φ tð Þ is monotonically
non-increasing.
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4.2 Auxiliary weight update law

In this section, we construct the first layer of dual adaptive law using the inte-
grated signals in Section 4.1. The main purpose of the auxiliary adaptive law is to
increase the stiffness of primary update law (which will be detailed in Section 4.3) and
ensure the boundedness of adaptive weights Ŵ when Δ xð Þ is parameterized as
unstructured uncertainty; i.e., ε xð Þ 6¼ 0. Additionally, the auxiliary adaptation guar-
antees the parameter convergence without PE if the uncertainty is structured and
Assumption 1.4 on interval excitation holds; i.e., ~W ! 0 as t! ∞ when ε xð Þ ¼ 0. In
order to construct the auxiliary weight update law, we begin with the following
optimization problem:

min
Ŵ

C, C Ŵ
� � ¼ 1

2
∥M� M̂∥2 (34)

where the corresponding gradient becomes:

∇CŴ Ŵ
� � ¼ �Φ M� M̂

� �
¼ �Φ Φ~Θþ ϵ

� �
(35)

with ϵ ¼M�ΦW. Then, the adaptive law for the auxiliary weights θ̂ is
constructed using gradient descent-based optimization as:

_̂Θ ¼ ΓΘΦ ~M, Θ̂ t0ð Þ ¼ Θ̂0 (36)

with ΓΘ≻0 being positive definite gain matrix of appropriate dimensions.
Theorem 1.1. Consider the uncertain dynamical system in Eq. (4) with unstructured

uncertainty characterization in Eq. (6), auxiliary weight update law in Eq. (36), and
integrated frozen signals in Eq. (33). Then, auxiliary weight estimation error ~Θ is uniformly
ultimately bounded. Furthermore, if Assumption 1.4 on interval excitation of the basis
function ϕ is satisfied, the estimated auxiliary weights converge to a closer neighborhood of
ideal weight W.

Proof: Consider the following Lyapunov function:

VΘ ¼ 1
2
tr ~ΘTΓ�1Θ

~Θ
� �

(37)

Its time-derivative along the trajectory in Eq. (36) is obtained as:

_VΘ ¼ �tr ~ΘTΦ ~M
� �

¼ �tr ~ΘTΦΦ~Θ
� �

� tr ~ΘTΦϵ
� �

¼ �∥Φ~Θ∥2F � tr ~ΘTΦϵ
� �

(38)

If Assumption 1.4 is not satisfied, Φ tð Þ ¼ 0 holds due to Eq. (33) with zero
initial condition Φ t0ð Þ ¼ 0, which results in _VΘ ¼ 0. Thus, the adaptation for

the auxiliary weights vanishes and Θ̂ stays at its initial condition, i.e. _̂Θ ¼ 0,
Θ̂ tð Þ ¼ Θ̂0. Hence, the boundedness of auxiliary parameters is guaranteed if
Assumption 1.4 does not hold. From this point forward, let us investigate the case
where the interval excitation assumption holds. Note that, at any time t, the
integrated residual error ϵ for the unstructured uncertainty case can be bounded from
above as:
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ðt
t�τw

εfϕ
T
f dξ

����
���� ≤

ðt
t�τw

εfϕ
T
f

���
���dξ≤

ðt
t�τw

εf
�� �� ϕT

f

���
���dξ

≤
ðt
t�τw

ε0
ffiffi
s
p

dξ≤ ε0τw
ffiffi
s
p

, ∀t∈þ

(39)

by utilizing the Gaussian kernels as radial basis functions for ϕ∈s. Then, the
time-derivative of the Lyapunov function can be bounded as

_VΘ ≤ � ∥Φ~Θ∥2F þ c1∥Φ~θ∥2F þ
1
4c1

∥ϵ∥2 ¼ � 1� c1ð Þ∥Φ~Θ∥2F þ c22 (40)

with c2≜ ε0τw
ffiffi
s
p

2
ffiffiffi
c1
p . Then, its is clear that for any c1 ∈ 0, 1ð Þ, the matrix product Φ~Θ is

bounded since _VΘ <0 if ∥Φ~Θ∥F > c2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1= 1� c1ð Þp

. As Assumption 1.4 is satisfied, the
matrix Φ is positive definite with λmin Φð Þ≥ β from Remark 1.6. The boundedness of
Φ~Θ with an invertible Φ guarantees the boundedness of auxiliary parameter estima-
tion error ~Θ, since ~Θ ¼ Φ�1 Φ~Θ

� �
, that is, ∥~Θ∥≤ d1 with d1 >0 being unknown positive

constant that depends on the excitation level β, residual bound ε0, and number of RBF
neurons s. With constant unknown weight matrix W and ~Θ∈L∞, the boundedness of
auxiliary weight estimation Θ̂ is ensured, as well. ■

Corollary 1.1. Consider the control system outlined in Theorem 1.1. With structured
uncertainty parameterization in Eq. (5), auxiliary weights Θ̂ converge exponentially to the
ideal weights W if Assumption 1.4 holds.

Proof: Structured uncertainty parameterization implies ε xð Þ ¼ ϵ ¼ 0. Hence,
Lyapunov derivative becomes:

_VΘ ¼ �∥Φ~Θ∥2F ≤ � λmin Φ2� �
∥~Θ∥2 ≤ � β2∥~Θ∥2 <0 (41)

with β being excitation level in Remark 1.6. Quadratic positive definite Lyapunov
function with quadratic negative definite derivative ensures the exponential conver-
gence of the auxiliary weight convergence error ~Θ at a rate of β2; that is,
∥~Θ tð Þ∥≤∥~Θ t0ð Þ∥e�β2 t�t0ð Þ≜d2 tð Þ≤ d2 with d2 ∈þ being an unknown constant scalar.
Since the Lyapunov function is radially unbounded, this result holds globally.

Remark 1.7. Unlike the minimum singular value maximization algorithm [38], the
condition number minimization is utilized in Eq. (33). The main reason is that the devia-
tion from the ideal solution W in least-squares regression due to perturbation ε is directly
proportional to the condition number of the regressor matrix Φ. Therefore, minimizing the
condition number of Φ improves the robustness against residual error ε xð Þ. Furthermore,
maximizing the minimum singular value is inherently embedded in condition number
minimization due to the definition κ �ð Þ ¼ λmax �ð Þ

λmin �ð Þ. It should be emphasized that the condition
number minimization also introduces additional information of λmax Φð Þ on temporarily
frozen matrices, which results in more frequent update, more robust adaptation, and faster
development of weight estimations. Further discussion on condition number minimizing
algorithm can be found in [39].

4.3 Primary layer of adaptation

In this section, the primary weight update law is introduced for the dual adaptive
controller. We start by decomposing the weight update law as:
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_̂W ¼ _̂Wb þ _̂Wm, with _̂Wb ¼ �ΓϕeTPB (42)

where _̂Wb is the standard MRAC law in Eq. (14) and _̂Wm is the proposed modifi-
cation term given as the following:

_̂Wm ¼ Γ�1 þ γmϕfϕ
T
f

� ��1
γmϕfϕ

T
f Γϕe

TPBþ γm _ϕf
~ΔT
f þ γ1ϕf

~ΔT
f þ γ2 Θ̂� Ŵ

� �h i

(43)

where γ1, γ2, γm ∈þ are user-defined design variables. Then, the proposed weight
update law can be written as

_̂W ¼ �ϕeTPBþ  γ1ϕf
~ΔT
f þ γ2 Θ̂� Ŵ

� �þ γm _ϕf
~ΔT
f

h i
(44)

where the time-varying learning rate  is given by

≜ Γ�1 þ γmϕfϕ
T
f

� ��1
(45)

Lemma 1.1. The Learning rate  is a positive definite matrix.
Proof:

≻0 ) Γ�1 þ γmϕfϕ
T
f

� ��1
≻0

) Γ�1 þ γmϕfϕ
T
f ≻0

since0ϕfϕ
T
f ≽0

0 and γm >0
� �

) Γ�1≻0 ) Γ≻0

(46)

Since Γ≻0 by the design, the claim ≻0 holds, as well.
Remark 1.8. The term γ2 Θ̂� Ŵ

� �
is essentially a σ-modification term introduced to the

adaptive law, causing the estimated weight Ŵ to remain bounded around auxiliary weight
Θ̂. Recall that Θ̂ is bounded from Theorem 1.1. Hence, the stability results from standard
MRAC with σ-modification in Remark 1.4 can directly be applied to ensure the Lyapunov
stability of all the closed-loop signals with the proposed adaptive controller, as will be shown
by Theorem 1.2 and Theorem 1.3.

4.4 Stability results for unstructured uncertainty

Theorem 1.2. Consider the uncertain system dynamics given in Eq. (4), uncertainty
parametrization in Assumption 1.2, reference model in Eq. (8), control input in Eq. (12),
filter states in Eq. (19), and adaptive law in Eq. (44). Then, all the signals in closed-loop
system are uniformly ultimately bounded.

Proof: Consider the following radially unbounded Lyapunov function:

V ¼ 1
2
eTPeþ 1

2
tr ~W

T
�1 ~W

� �
≤

1
2
λmax Pð Þ∥e∥2 þ 1

2
λmax Γ�1

� �þ γms
� �

∥ ~W∥2 (47)

Note that V 0, 0ð Þ ¼ 0 and V e, ~W
� � 6¼ 0 for all e, ~W

� � 6¼ 0, 0ð Þ, ∀t∈þ. Time
derivative of the Lyapunov function along the system trajectories in Eqs. (13) and
(44) is given as follows:
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_V ¼ eTP_eþ tr ~W
T
�1 _~W

� �
þ 1
2
tr ~W

T
�1 ~W

� �

¼ � 1
2
eTQe� tr ~W

T
�1 _̂W

� �
þ γmtr ~W

T _ϕfϕ
T
f
~W

� � (48)

Substituting the weight update law in Eq. (44) into Eq. (48) gives:

_V ¼ � 1
2
eTQe� γ1tr ~W

T
ϕfϕ

T
f
~W

� �
� γ2tr ~W

T ~W
� �

�γ1tr ~W
T
ϕf ε

T
f

� �
� γmtr ~W

T _ϕf ε
T
f

� �
� γ2tr ~W

T Θ̂�W
� �h i

¼ � 1
2
eTQe� γ1∥ ~W

T
ϕf∥

2
F � γ2∥ ~W∥2F

�γ1tr ~W
T
ϕf ε

T
f

� �
� γmtr ~W

T _ϕf ε
T
f

� �
� γ2tr ~W

T Θ̂�W
� �h i

≤ � 1
2
λmin Qð Þ∥e∥2 � γ1∥ ~W

T
ϕf∥

2 � γ2∥ ~W∥2 þ ∥ ~W∥d4

¼ � 1
2
λmin Qð Þ∥e∥2 � γ1∥ ~W

T
ϕf∥

2 � γ2∥ ~W∥ ∥ ~W∥� d4
� �

(49)

where d4≜γ1ε0
ffiffi
s
p þ γmε0d3 þ γ2d1, ∥Θ̂�W∥≤ d1 is guaranteed from Theorem 1.1,

∥ _ϕf∥≤ d3 holds for ϕ xð Þ consisting of smooth Gaussian kernels, with d3 >0 being an
unknown positive constant. It is obvious that the time derivative of Lyapunov func-
tion is negative definite for ∥ ~W∥> d4. Thus, the error signals e and ~W asymptotically
converge to a compact set, ensuring e, ~W ∈L∞. Since the reference model state xr is
bounded and the unknown weight matrix W is constant, boundedness of system state
vector x and adaptive weights Ŵ is guaranteed.

4.5 Stability results for structured uncertainty

Theorem 1.3. Consider the uncertain system dynamics given in Eq. (4), uncertainty
parametrization in Assumption 1.1, reference model in Eq. (8), control input in Eq. (12),
filter states in Eq. (19), and adaptive law in Eq. (44). Then, the state tracking error e tð Þ is
asymptotically stable. Furthermore, all the signals in a closed-loop system are bounded. If
the basis function ϕ is interval exciting, then the zero-solution e, ~W, ~Δf

� � ¼ 0,0,0ð Þ is
asymptotically stable.

Proof: Recall the Lyapunov function in Theorem 1.2:

V ¼ 1
2
eTPeþ 1

2
tr ~W

T
�1 ~W

� �
≤

1
2
λmax Pð Þ∥e∥2 þ 1

2
1

λmin Γð Þ þ γms
� �

∥ ~W∥2 (50)

with its time derivative being

_V ¼ � 1
2
λmin Qð Þ∥e∥2 � γ1∥ ~W

T
ϕf∥

2 � γ2∥ ~W∥ ∥ ~W∥� d4
� �

(51)

where d4 ¼ γ1ε0
ffiffi
s
p þ γmε0d3 þ γ2d1. With structured uncertainty parameteriza-

tion, we have ε ¼ εf ¼ ϵ ¼ 0, yielding d4 ¼ γ2d1 and ~Δf ¼ ~W
T
ϕf . The discussions for

boundedness of all system signals in Theorem 1.2 also hold in structured uncertainty
cases with a smaller bound on ~W. It can also be shown that the error signals e, ~Δf , ~W
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are asymptotically stable by incorporating the results from Corollary 1.1. Specifically,
upper bound d1 can be replaced with d2 tð Þ, i.e., d4 ¼ γ2d2 tð Þ where d2 tð Þ ! 0 as t! ∞
exponentially at a rate of β2. Thus,

_V tð Þ ! � 1
2
λmin Qð Þ∥e∥2 � γ1∥~Δf∥2 � γ2∥ ~W∥2 <0, as t! ∞ (52)

Therefore, the tracking error e low-frequency uncertainty estimation error ~Δf , and
weight estimation error ~W asymptotically converge to zero, ensuring the asymptotic
stability of the zero-solution e, ~W, ~Δf

� � ¼ 0,0,0ð Þ.

4.6 Discussion

The proposed information recovery-based composite model reference adaptive
controller (IR-CMRAC) acquires all the benefits of CMRAC as IR-CMRAC update law
already contains the minimizing solution in Eq. (27). Additionally, the proposed
method exhibits significant improvements as the following:

• As the design parameter γm tends to zero, the learning rate  in Eq. (45) tend to
Γ, furthermore, with γ2 ¼ 0, the entire proposed modification term results in
CMRAC law in Eq. (25). Hence, the proposed law can be considered as a
generalized form of CMRAC.

• Time derivative of gradient of the cost function in Eq. (27) is given by

d
dt

∇J Ŵ

� � ¼ 2 _ϕfϕ
T
f
~W � ϕfϕ

T
f
_̂Wb � ϕfϕ

T
f
_̂Wm (53)

It can be observed that the proposed update law in Eq. (44) contains the deriv-
ative information given in Eq. (53). Incorporating the derivative into traditional
gradient descent-based optimization allows the shape of the transient behavior.
In that respect, it can be considered analogous to the derivative action in tradi-
tional proportional/integral/derivative (PID) controllers.

• Each term in Eq. (53) contributes to the adaptation performance in different
manners. Specifically, the first term, ‘ _ϕf

~Δf ’, compensates for the information lost
while filtering the basis function ϕ by including the high-frequency content of

basis ϕ. Recall that _ϕf is given by _ϕf ¼ ωf ϕ� ϕf

� �
; that is, _ϕf actually contains

only the high-frequency components of basis ϕ. It should also be noted that the
product of _ϕf and ϕf is still a high-frequency signal.

• The second term in Eq. (53), ‘ϕfϕ
T
f
_̂Wb’, regulates the standard MRAC

through gain γm. In this context, this term can be considered analogous to
proportional feedback control for the standard adaptive law, acting akin to a
stability augmentation system. Essentially, it entails readjusting the learning
rate Γ to prevent adverse effects on adaptation from large values in the basis
function ϕ.
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• The last term in Eq. (53), ‘ϕfϕ
T
f
_̂Wm’, regulates the learning rate of the

modification term in a similar way to the standard adaptive law regulation
explained in previous item.

• Last but not the least, term ‘γ2 Θ̂� Ŵ
� �

’ in Eq. (44) plays a vital role in ensuring the
parameter convergence in structured uncertainty parameterization; i.e. Ŵ tð Þ !W
as t! ∞. In that respect, this term acts like an integral action in a traditional PID
controllers as it analogously allows to remove the steady state error in the weight
estimations. Specifically, the auxiliary weight Θ̂ evolves in the direction of
minimizing the steady-state error in the parameter estimation, and the term
‘γ2 Θ̂� Ŵ
� �

’ ensures that the adaptive weights Ŵ stay bounded around Θ̂, which
inherently results in zero steady-state error in ~W. For unstructured uncertainty
parameterization, boundedness of adaptive weights around close neighborhood of
the ideal parameters are achieved (instead of parameter convergence).

4.7 Inverse-free weight update law

One might observe that the updated law proposed in Eq. (44) necessitates com-
puting the inverse of a (potentially large matrix) during online operations. This would
undoubtedly incur additional computational costs and practical challenges. To address
these drawbacks, we proceed to manipulate this term to achieve an inverse-free
learning rate.

Lemma 1.2.Given that Γ ¼ ΓT≻0 is positive definite matrix, γm ∈þ is a positive constant

scalar, and ϕf ∈s, the matrix Γ�1 þ γmϕfϕ
T
f

� �
is invertible and its inverse is given by

Γ�1 þ γmϕfϕ
T
f

� ��1
¼ Γ� 1

1þ tr γmϕfϕ
T
f Γ

� �Γγmϕfϕ
T
f Γ≻0 (54)

Proof: Note that Γ ¼ ΓT≻0 and γmϕfϕ
T
f ≽0. This fact implies Γ�1 þ γmϕfϕ

T
f

� �
is also

a symmetric positive definite matrix, i.e. Γ�1 þ γmϕfϕ
T
f

� �
≻0. Then, Γ�1 þ γmϕfϕ

T
f

� �

is always invertible. Let us define the following for clarity:

E≜γmϕfϕ
T
f ¼ ϕf

ffiffiffiffiffiffi
γm
p� �

ϕf
ffiffiffiffiffiffi
γm
p� �T

G≜Γ�1 ! G�1 ¼ Γ
(55)

Then,

EG�1E ¼ ϕf
ffiffiffiffiffiffi
γm
p� �

ϕf
ffiffiffiffiffiffi
γm
p� �T

Γ ϕf
ffiffiffiffiffiffi
γm
p� �

ϕf
ffiffiffiffiffiffi
γm
p� �T

¼ ϕf
ffiffiffiffiffiffi
γm
p� �T

Γ ϕf
ffiffiffiffiffiffi
γm
p� �� �

ϕf
ffiffiffiffiffiffi
γm
p� �

ϕf
ffiffiffiffiffiffi
γm
p� �T

¼ tr ϕf
ffiffiffiffiffiffi
γm
p� �

ϕf
ffiffiffiffiffiffi
γm
p� �T

Γ
� �

ϕf
ffiffiffiffiffiffi
γm
p� �

ϕf
ffiffiffiffiffiffi
γm
p� �T

¼ tr EG�1
� �

E

(56)
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Le Gþ Eð Þ�1 be in the form of Gþ Eð Þ�1 ¼ G�1 � νG�1EG�1
� �

. Then, their
product

Gþ Eð Þ G�1 � νG�1EG�1
� � ¼ I � νEG�1 þ EG�1 � νEG�1EG�1 (57)

gives identity matrix if the equality νEG�1 � EG�1 þ νEG�1EG�1
� � ¼ 0 is satisfied.

Then, combining this inequality with the result in Eq. (56) yields:

νEG�1 � EG�1 þ νtr EG�1
� �

EG�1 ¼ ν� 1þ νtr EG�1
� �� �

EG�1 ¼ 0 (58)

This equality holds for any square matrix E with rank Eð Þ ¼ 1 and invertible matrix
G if the parameter v is chosen as

ν ¼ 1
1þ tr EG�1

� � ¼ 1

1þ tr γmϕfϕ
T
f Γ

� � (59)

Substituting v into Gþ Eð Þ�1 ¼ G�1 � νG�1EG�1
� �

results in

Γ�1 þ γmϕfϕ
T
f

� ��1
¼ Γ� 1

1þ tr γmϕfϕ
T
f Γ

� � γmΓϕfϕ
T
f Γ (60)

That completes the proof. Readers may refer to [40] for details.

5. Illustrative numerical examples

5.1 Systems with integrator dynamics

In this example, the first order roll dynamics of an aircraft is considered:

_p tð Þ ¼ Lpp tð Þ þ Lδ δa tð Þ þ Δ pð Þ½ � (61)

where p tð Þ is roll rate, δa tð Þ is aileron input, dynamic stability derivative Lp

denoting the roll damping is Lp ¼ �1, control derivative is Lδ ¼ 1, and the uncertainty
Δ pð Þ is given by

Δ pð Þ ¼ 0:2þ p∣p∣ (62)

This numerical example can be regarded as an incorrect characterization of the roll
mode time constant and the existence of constant wind disturbance trying to roll the
aircraft. To improve the tracking performance robustness, an integrator state xi is
augmented to the system as follows:

_p tð Þ
_xi tð Þ

" #
¼

Lp 0

�1 0

" #
p tð Þ
xi tð Þ

" #
þ

Lδ

0

" #
δa tð Þ þ Δ pð Þ½ � þ

0

1

" #
pc tð Þ (63)

where pc is the commanded roll rate.
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It is important to note that standard MRAC suffers from degraded performance in
systems with augmented integrator dynamics if the learning rate is relatively high. As
clearly seen in Figure 1, increasing the learning rate induces high-frequency oscilla-
tions in the system. In this example, the efficacy of the proposed method will also be
highlighted for the systems with augmented integrator dynamics.

The reference model is chosen as:

_xr tð Þ ¼
�2:5 3

�1 0

� �
xr tð Þ þ

0

1

� �
pc tð Þ (64)

Thus, the nominal controller becomes:

un tð Þ ¼ �1:5p tð Þ þ 3xi tð Þ (65)

5.1.1 Without integral action in the adaptation (γ2 ¼ 0)

Numerical simulations are carried out with sampling frequency of 100 Hz, positive
definite solution P is determined using Q ¼ I2�2, and low-pass filter bandwidth is
ωf ¼ 4 rad/s. In addition, adaptive gains are γ1 ¼ γc ¼ γm ¼ 1, Γ ¼ I2�2, ΓΘ ¼ 2I2�2,
τw ¼ 20 s, and γ2 ¼ 0. That is, the integral action in adaptation is not activated for
results shown in Figures 2 and 3. It should be noted that the common adaptive gains
are kept the same to make a fair comparison; that is, γ1 ¼ γc and Γ is constant for all
simulations. Lastly, the commanded roll rate pc is a square wave with an amplitude of
1 rad/s and period of 10 s (see Figure 1).

In Figure 2, state tracking performance for different adaptive controllers is illus-
trated. As clearly seen, the nominal controller results in oscillatory roll response due to
insufficient damping. Among all the adaptive controllers, the best tracking perfor-
mance is achieved by the IR-CMRAC with almost zero state tracking error. Addition-
ally, the desired tracking response is realized by the aileron control input with no
oscillations.

Figure 3 indicates the evolution of the weight estimation error ~W. Although the
integral action is disabled with γ2 ¼ 0, the parameter convergence is achieved within
15 seconds. It should be noted that the exciting signal pc tð Þ is persistently exciting;
hence, the parameter convergence is an expected result. However, the important
point is that the fastest convergence is achieved with IR-CMRAC as more information

Figure 1.
Performance comparison for standard MRAC in the presence of high gains.
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is included in the adaptation, which adds new directions to update the adaptive
weights.

Figure 4 illustrates the evolution of time-varying learning rate . One can observe
that the variation of diagonal elements 11 and 22 is more apparent during the
transients. This is because the stability augmentation system becomes active especially
during the high-frequency variations in the signals. In this way, the undesired effects
of high-frequency signals used in the adaptation are suppressed.

5.1.2 With integral action in the adaptation (γ2 ¼ 10)

In this scenario, the integral action in IR-CMRAC is activated by setting the
learning rate γ2 ¼ 10 in Eq. (44). The state tracking performance, evolution of time-

Figure 2.
Tracking performance comparison of adaptive controllers (γ2 ¼ 0 in IR-CMRAC).

Figure 3.
Weight estimation performance comparison of adaptive controllers (γ2 ¼ 0 in IR-CMRAC).
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varying learning rate , and aileron control input are not illustrated for this case since
the differences between simulation results with γ2 ¼ 0 and γ2 ¼ 10 are indistinguish-
able. However, the weight estimation performance is worth mentioning and presented
in Figure 5. Unlike IR-CMRAC with γ2 ¼ 0, the adaptive weights keep evolving with
γ2 ¼ 10 even if the systems states are not excited (for example on the interval of
t∈ 5, 10½ �). This is because, by the time t ¼ 5 seconds, the basis function ϕ has become
sufficiently exciting, thereby fulfilling Assumption 1.4. As a result, faster convergence
of the adaptive weights is achieved, as claimed by Theorem 1.3.

5.2 Presence of measurement noise and external disturbance

In this example, an external disturbance is added to the uncertainty as:

Δ p, tð Þ ¼ 0:2þ 0:23e�0:13t þ 0:1 sin 0:2tð Þ þ 0:13 sin 0:37tð Þ þ p∣p∣ (66)

Figure 4.
Evolution of time-varying learning rates in IR-CMRAC (γ2 ¼ 0 in IR-CMRAC).

Figure 5.
Weight estimation performance comparison of adaptive controllers.
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Newly introduced sinusoidal signals can be considered as the effects of variable
wind speed and direction, whereas the exponential term is used to simulate the wind
shear. With this definition of aggregated uncertainty, the unknown weight matrix
becomes time-varying:

W tð Þ ¼ 0:2� 0:23e�0:13t þ 0:1 sin 0:2tð Þ þ 0:13 sin 0:37tð Þ
1

� �
, ϕ pð Þ ¼ 1

p∣p∣

� �

(67)

Furthermore, the measurement noise is added to the roll rate p as

p tð Þ  p tð Þ þ υ tð Þ (68)

where υ tð Þ is the Gaussian white noise with standard deviation of 2 deg=s, which
practically ensures υ tð Þ∈ �6, 6½ �deg=s, ∀t≥ t0. All the simulation parameters are the
same as in Section 5.1.1, except for the learning rate γ2 ¼ 1.

Figure 6 illustrates the state tracking performance of the proposed adaptive con-
troller for the outlined simulation scenario. Due to the low-pass filter nature of inte-
gration, the integrator state x2 is not affected drastically by the roll rate measurement
noise. Furthermore, IR-CMRAC is mainly driven by the low-pass filtered signals (for
example ϕf , ~Δf , uf in Eq. (44)); the effects of measurement noise are suppressed
successfully, thereby resulting in smooth aileron control input. This result can also be
observed in the time-varying learning rate components ij given in Figure 7.

It is important to remember that the convergence results of Theorem 1.3 are valid
if the unknown weight matrixW is constant. However, it can readily be shown that all
the system signals are uniformly ultimately bounded if the unknown weight matrix is
bounded and time-varying, i.e. ∥W tð Þ∥2 ≤ δw with δw ∈þ being unknown upper
bound. In Figure 8, the evolution of the adaptive weights is illustrated in the presence

Figure 6.
State tracking performance for IR-CMRAC in the presence of noise and disturbance.
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of external disturbance and measurement noise. As seen in the figure, the adaptive
parameters stay bounded around their actual values and are practically noise-free.

5.3 Investigation of information recovery

In this example, we conduct numerical simulations to highlight the main contri-
bution of the proposed method: information recovery. In order to make a fair com-
parison with CMRAC, the integral action in the adaptation is deactivated with γ2 ¼ 0.
All the other simulation parameters are as in Section 5.1.1. Measurement noise and
disturbance are not applied to the system dynamics. Eventually, the following update
laws are compared for the plant dynamics in Eq. (61) with the uncertainty in Eq. (62):

Figure 7.
Variation of components of the learning rate  for IR-CMRAC.

Figure 8.
Evolution of the adaptive weights for IR-CMRAC in the presence of measurement noise and disturbance (dashed
line: Actual weights W(t), solid line: Estimated weights Ŵ tð Þ.)
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CMRAC Law :
_̂W ¼ �ΓϕeTPBþ Γγ1ϕf

~ΔT
f

IR‐CMRAC Law γ2 ¼ 0ð Þ : _̂W ¼ �ϕeTPBþ  γ1ϕf
~ΔT
f þ γm _ϕf

~ΔT
f

� � (69)

Simulation results for several values of γm are shown in Figure 9. The lost infor-
mation in CMRAC (due to low-pass filtering) is included in the adaptation with
nonzero γm. Hence, the weight estimation error becomes smaller with increasing γm up
to 1. However, further increase in γm results in overshoot and oscillatory response,
causing degraded weight estimation performance. This can be considered analogous to
the excessive derivative gain in a traditional PID controller, where the unnecessarily
large derivative gains might cause instability. It is clear from the figure that judicious
tuning of the gain γm results in significantly improved adaptive weight estimation and
hence, the desired state tracking performance.

5.4 Adaptation with non-PE signals

The parameter convergence in both standard MRAC and CMRAC is dependent on
the stringent requirement of persistent excitation of basis function ϕ xð Þ. Note that PE
condition of ϕ xð Þ depends on the persistent excitation of system states x [41]. Further-
more, states x are persistently exciting provided that the exogenous reference input r(t)
meets PE condition [4]. In this section, we provide simulation results with non-PE
reference signal to illustrate the efficacy of the proposed method under interval excita-
tion (IE) condition, which is much weaker than PE as described in Remark 1.1.

Figure 10 compares the state-tracking performances of MRAC, CMRAC, and IR-
CMRAC. In the simulated flight case, the aircraft performs a right bank maneuver and
returns back to wings-level flight condition exponentially.

As seen clearly from Figure 10, the reference signal is not persistently exciting but
satisfies the interval excitation condition. The parameter convergence is achieved with-
out persistent excitation, as suggested by Corollary 1.1 and Theorem 1.3 (see Figure 11).

Figure 9.
The effect of γm on the weight estimation error for IR-CMRAC.
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6. Software-in-the-loop (SITL) simulations for lateral flight control

6.1 X-plane flight simulator and lateral dynamics

X-plane flight simulator operates according to the blade element theory, where the
physics engine calculates velocity components for each blade element. These components
stem from various sources like rotational motion, free-stream velocity, propeller inflow,
and downwash and wake caused by aerodynamic surfaces and fuselage. Thus, the aircraft

Figure 10.
State tracking performance with non-PE reference signal.

Figure 11.
Weight estimation error with non-PE reference signal.
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model realized by the X-plane flight simulator is highly nonlinear and realistic,
which makes X-plane a Federal Aviation Administration (FAA) certified flight
simulator [42].

Linear equations of motion for the lateral dynamics of F-4 Phantom II at steady
wings-level trim conditions with true airspeed of V∞ ¼ 360 knots and altitude of h ¼
24000 ft. are obtained using ‘Athena Vortex Lattice’ [43] as:

_β

_p

_r

_ϕ

2
666664

3
777775
¼

�1:47 0:0 �1:0 0:075
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� �
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β

ϕ

" #
¼

1 0 0 0

0 0 0 1

" #
xp ¼ Epxp

(70)

where β is sideslip angle [rad], p and r are roll and yaw rates rad=s½ � (resp.), and ϕ
is bank angle [rad]. Aileron and rudder inputs are normalized with maximum deflec-
tion of 20 degrees to be δa ∈ �1, 1½ � and δr ∈ �1, 1½ �, respectively.

6.2 Nominal controller design

In order to increase the robustness and improve the tracking performance, inte-
grator states are introduced as follows:

_z tð Þ ¼
βcmd tð Þ
ϕcmd tð Þ

" #
�

β tð Þ
ϕ tð Þ

" #

_z tð Þ ¼ r tð Þ � yp tð Þ ¼ r tð Þ � Epxp tð Þ
(71)

Then, augmented system dynamics can be expressed as follows:

_xp

_z

" #
¼ Ap 0

�Ep 0

� �

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
≜A

xp

z

� �

|ffl{zffl}
≜x

þ Bp

0

� �

|ffl{zffl}
≜B

δa

δr

" #
þ 0

I

� �

|{z}
≜Br

βcmd

ϕcmd

" #

_x ¼ Axþ Buþ Brr

(72)

Reference model satisfying Ar ¼ A� BK is given as

_xr ¼ Arxr þ Brr (73)

The nominal controller un tð Þ ¼ �Kx is designed using feedback gain K:

K ¼ 1:14 1:15 �0:81 4:14 �3:25 �3:02
�0:58 �0:69 0:09 �1:32 4:76 0:97

� �
(74)

The fastest mode is the roll subsidence with frequency of 7.66 rad/s. Hence, the
cut-off frequency of the low-pass filter is chosen to be ωf ¼ 8 rad=s.
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6.3 SITL simulation results

In this section, we demonstrate SITL simulation results of the F-4 Phantom fighter
jet’s lateral dynamics. The objective is to execute consecutive left and right bank
maneuvers (see Figure 12) while ensuring minimal sideslip to uphold coordinated
flight. Initially, adaptation remains inactive for 70 seconds, and then the proposed
adaptive controller is activated. The communication between the controller and the X-
plane flight simulator is established through the user datagram protocol (UDP) port.
Hence, an unknown communication delay is present in the simulations.

In Figure 13, state tracking performance is illustrated. As the proposed adaptation
is activated, the sideslip angle gets smaller, resulting in better-coordinated bank
maneuvers. Furthermore, the oscillations, especially in the roll channel, are signifi-
cantly reduced with the adaptation.

Figures 14 and 15 illustrate the commanded and actuated control surface com-
mands. It is important to highlight that the improvements in state tracking perfor-
mance are not because of the excessive use of the controls but due to the effective

Figure 12.
Left and right Bank Maneuvers as the flight scenario.

Figure 13.
State tracking performance for SITL simulation with Γ ¼ ΓΘ ¼ 2I, γm ¼ 10, τw ¼ 30, γ1 ¼ 1, and γ2 ¼ 10.
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cancelation of the uncertainties. This is clear as the commanded control surface
deflections significantly decrease with the activation of proposed adaptive controller.

Note that the uncertainty in SITL flight simulation is not guaranteed to be
matched. That is, some portion of the uncertainty may not lie in the range space of
input matrix B. Corresponding plant dynamics can be expressed as:

_x ¼ Axþ B uþ Δ xð Þ½ � þDΔu xð Þ (75)

with BTD ¼ 0 and Δu xð Þ being unmatched uncertainty. In this case, the reference
model state tracking cannot be achieved since it is not possible to suppress all the

Figure 14.
Aileron control for SITL simulation with Γ ¼ ΓΘ ¼ 2I, γm ¼ 10, τw ¼ 30, γ1 ¼ 1, and γ2 ¼ 10.

Figure 15.
Rudder control for SITL simulation with Γ ¼ ΓΘ ¼ 2I, γm ¼ 10, τw ¼ 30, γ1 ¼ 1, and γ2 ¼ 10.
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effects of uncertainties with the control input. Instead, controlled output tracking can
be achieved by introducing the command governor controls for the unmatched
uncertainties [27].

7. Conclusions

In this chapter, a new model reference adaptive control architecture is proposed to
recover the lost information in filter-based adaptive controllers such as composite/
combined MRAC. In CMRAC-like formulations, the uncertainty estimation is
achieved by filtering the system dynamics, which significantly improves the transient
performance. However, filtering the high-frequency content in the system signals
may degrade the adaptation due to lost information. This adverse effect can become
even more crucial if the low-pass filter bandwidth is remarkably small. With the
proposed method, the high-frequency content of the uncertainty estimation is inte-
grated in a frequency-selective manner into the adaptive law to recover the informa-
tion lost during filtering. Furthermore, learning rates in the weight update law become
time-varying so that the proposed modification term behaves as a stability augmenta-
tion system. In that regard, the bandwidth of the closed-loop system is adjusted
online. The efficacy of the proposed solution is illustrated through numerical simula-
tions of aircraft roll dynamics and software-in-the-loop simulations for lateral
dynamics of F-4 Phantom II fighter aircraft through the X-plane flight simulator.
Furthermore, rigorous stability proof is provided by Lyapunov’s stability theorem.
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Chapter 4

Robust Hybrid Model Reference
Adaptive Control and
Output-Feedback Linearization with
Applications to Quadcopter UAVs
Giri M. Kumar, Mattia Gramuglia and Andrea L’Afflitto

Abstract

This chapter presents the first robust model reference adaptive control (MRAC)
system for hybrid, time-varying plants affected by parametric, matched, and
unmatched uncertainties as well as uncertainties in the plant’s discrete-time dynamics.
This continuous-time component of this MRAC system comprises both an adaptive
law and a control law that are analogous to the adaptive law and control law of
classical MRAC systems. The discrete-time component of the proposed MRAC system
comprises a resetting mechanism that counters the effect of resetting events in the
plant dynamics. The mechanisms that guarantee robustness to unmatched uncer-
tainties extend the well-known σ-modification and e-modification of MRAC as well as
the use of continuous projection operators to a hybrid systems framework. This
adaptive control framework is applied to the problem of controlling output-feedback
linearized dynamical models while switching among multiple feedback-linearizing
output signals according to any user-defined algorithm that is compatible with the
conditions sufficient for the existence of the linearizing diffeomorphism. As an exam-
ple, we solve the problem of controlling the dynamics of a quadcopter unmanned
aerial vehicle (UAV) tasked with following both a user-defined trajectory and a user-
defined attitude, and not just a user-defined yaw angle as it occurs in the overwhelm-
ing majority of works on this topic.

Keywords: hybrid dynamical systems, robust model reference adaptive control,
output-feedback linearization, uncertain systems, quadcopters

1. Introduction

This chapter presents the first robust model reference adaptive control (MRAC)
system for hybrid plants affected by parametric, matched, and unmatched uncer-
tainties. Hybrid plants comprise dynamical models of processes that can be captured
by means of both differential and difference equations. Differential equations allow
describing continuous-time phenomena, whereas difference equations allow describ-
ing discrete-time phenomena. Examples of such plants include mechanical systems,
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whose continuous-time dynamics experience instantaneous variations due to external
solicitations, elastic effects, or sudden variations in the characterizing parameters such
as friction coefficients [1, 2]. Additional examples of such plants include those sys-
tems, whose dynamics are affected by continuous-time effects, both exogenous, such
as disturbances, and endogenous, such as control inputs, as well as by discrete-time
effects, such as decision variables drawn from a countable set of possible choices [3].
The proposed MRAC system is proven to be robust to uncertainties in both the plant’s
continuous-time dynamics and in its discrete-time dynamics.

The proposed results extend the results presented in [4], which propose the first
MRAC system for nonlinear hybrid plants, whose dynamics are affected by matched
and parametric uncertainties, to the case wherein the plant dynamics are affected by
unmatched uncertainties as well. This extension has been possible by leveraging the
first generalization of the LaSalle-Yoshizawa theorem to prove the pre-attractivity of
compact sets for nonlinear, time-varying, hybrid systems. Furthermore, this chapter
extends for the first time classical results such as the e-modification of MRAC [5], the
σ-modification of MRAC [6], and the use of continuous projection operators [7] to
nonlinear, time-varying, uncertain hybrid plants. Specifically, the proposed MRAC
system robustifies the results in [4] with mechanisms that are analogous to the afore-
mentioned classical robustifications of MRAC, while retaining its peculiar resetting
mechanism of the reference model’s dynamics. Such a mechanism, which is impossi-
ble to deduce applying classical Lyapunov-like sufficient conditions predicated
assuming continuity of the system’s dynamics with respect to time and Lipschitz
continuity with respect to the state, allows the state of the reference model to instan-
taneously reduce the trajectory tracking error and ease its convergence to zero. The
time at which these resetting events in the reference model occur is computed as the
time at which the energy injected into the controlled system by the uncertain discrete-
time dynamics exceeds the energy dissipated by the control system’s continuous-time
dynamics.

The application of the proposed robust hybrid MRAC system is unique and opens
the way to new research ideas in the context of output-feedback linearization [8].
Indeed, the proposed adaptive control system is applied to regulate output-feedback
linearized dynamical systems, whose measured output, which defines the feedback-
linearizing diffeomorphism, is arbitrarily switched by the user over a countable set of
alternative options. To illustrate this idea, we consider the problem of controlling a
quadcopter UAV by means of an output-feedback linearizing system, which serves as
a baseline controller, and a robust MRAC system to improve the tracking performance
despite uncertainties and disturbances. The overwhelming literature on the control of
quadcopter UAVs by means of output-feedback linearization consider only one
measured output, namely, the UAV’s position and yaw angle; see [9–11] for some of
the latest references on this topic of a conspicuous list. To the authors’ knowledge,
alternative output functions, such as the UAV’s position and any of the other two
Euler’s angles, which are commonly available for measurement using any commercial-
off-the-shelf autopilot, such as those based on PX4 [12] or Ardupilot [13] to name two
of the most popular ones, are not considered. The reasons for this choice substantially
stem from the fact that output-feedback linearization with respect to the vehicle’s
position and yaw angle only requires a non-zero total thrust at all times, which is
realistic in most problems of practical interest, where free fall of the UAV is not
required. Output-feedback linearization with respect to the vehicle’s position and
either pitch or roll angle requires additional constraints on the vehicle’s attitude,
which do not allow hovering and pose challenges in near-equilibrium maneuvers.
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Furthermore, most applications considered so far can be performed by simply tasking
the UAV to follow some user-defined trajectory for its center of mass and some yaw
angle. Indeed, onboard vision-based sensors, such as cameras or Lidars, are generally
aligned with the UAV’s roll axis and quadcopter UAVs usually operate in near-hover
conditions. The proposed idea of using a hybrid MRAC system to regulate the
feedback-linearized equations of motion of a quadcopter UAV allows the user to
arbitrarily choose the measured output and control all six of the UAV’s degrees
of freedom by cycling through multiple output functions, and not only four
degrees of freedom, as it occurs in existing control architectures for this class of
aerial robots.

Numerical simulations prove the effectiveness of the proposed robust hybrid
MRAC framework and its applicability to a variable output-feedback linearizing
framework. Numerical evidence also shows how the proposed user-defined reference
trajectory, yaw, pitch, and roll angles are impossible to follow without the proposed
hybrid framework.

This chapter is structured as follows. In Section 2, we present the notation used in
this chapter. In Section 3, we present a sufficient condition on the pre-attractivity of
compact sets for nonlinear, time-varying hybrid plants. Section 4 illustrates the first
key result of this chapter, namely a robust MRAC system for hybrid plants. Succes-
sively, the equations of motion of a quadcopter UAV are recalled in Section 5. Section
6 presents the second key result of this chapter, namely the application of the pro-
posed adaptive hybrid system control framework to the feedback-linearized equations
of motion of a quadcopter UAV. In Section 7, we discuss the applicability and the
features of the proposed results by means of a numerical example. Finally, Section 8
draws conclusions and outlines future work directions.

2. Mathematical notation

Let  denote the set of positive integers,  the set of real numbers, n the set of n� 1
real column vectors, and n�m the set of n�m real matrices. The interior of the set S ⊂n

is denoted by S, the boundary of S ⊂n is denoted by ∂E, and the closure of S is
denoted by S. The open ball of radius ρ>0 centered at x∈n is denoted by ρ xð Þ.

The transpose of B∈n�m is denoted by BT, and the zero vector in n is denoted by
0n or 0, the zero n�m matrix in n�m is denoted by 0n�m or 0, and the identity matrix
in n�n is denoted by 1n. The diagonal matrix whose entries are give by x1, … , xn is
denoted by diag x1, … , xnð Þ. The block-diagonal matrix formed by Mi ∈ni�ni ,
i ¼ 1, … , p, is denoted by M ¼ blockdiag M1, … ,Mp

� �
. The distance between the point

x∈n and the set S is denoted by dist x,Sð Þ ([14], p. 16). We write ∥ � ∥ for the
Euclidean vector norm and the corresponding equi-induced matrix norm ([15],
Def. 9.4.1).

3. A sufficient condition on uniform pre-attractivity of compact sets

In this section, we recall elements of hybrid systems theory, which are essential to
our discussion and recall the first extension of the LaSalle-Yoshizawa theorem to time-
varying, nonlinear, hybrid dynamical system. Time-varying, hybrid dynamical sys-
tems can be captured by
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_x tð Þ ¼ f c t, x tð Þð Þ, t, x tð Þð Þ ∉ D, (1)

x tþð Þ ¼ gd t, x tð Þð Þ, t, x tð Þð Þ∈D, (2)

with x t0ð Þ ¼ x0 and initial time t0 ∈ 0,∞½ Þ. Let Z ⊆n be an open set such
that 0∈Z. The flow map, f c : t0,∞½ Þ � Z ! n is Lebesgue integrable, locally
bounded, and such that f c t, 0nð Þ ¼ 0n for all t∈ t0,∞½ Þ. The jump map gd : t0,∞½ Þ �
Z ! n is continuous and locally bounded. A resetting event occurs
whenever t, x tð Þð Þ∈D for some t≥ t0. The resetting time before t≥ t0 is defined as
tk≜min t≥ tk�1 : t, s t, tk�1, xk�1ð Þð Þ ∉ Df g for all k∈, where s : t0,∞½ Þ � 0,∞½ Þ � Z !
Z denotes the flow of solutions of (1) and (2). The system (1) and (2) is assumed to be
left-continuous ([16], Def. 12.1). We also assume that t0, x0ð Þ ∉ D. The case whereby
t0, x0ð Þ∈D can be addressed applying similar arguments. In this chapter, we consider
Krasovskii solutions of (1) and (2) [17] and make the following assumption to avoid
beating, that is, to prevent solutions of (1) and (2) from incurring into the same
resetting event multiple times in zero time.

Assumption 3.1 Consider the system given by (1) and (2). If t, x tð Þð Þ∈DnD,
then there exists ε>0 such that, for all δ∈ 0, εð Þ, s tþ δ, t, x tð Þð Þ ∉ D Furthermore,
if tk, x tkð Þð Þ∈ ∂D∩D, then there exists ε>0 such that, for all δ∈ 0, εð Þ,
s tk þ δ, tk, x tþk

� �� �
∉ D.

The following result provides a sufficient condition for uniform boundedness and
the convergence of complete solutions of (1) and (2) to a compact set. To state this
result, let x : t0,∞½ Þ ! Z denote a solution of (1) and (2). Furthermore, let V :
t0,∞½ Þ � Z !  be absolutely continuous over compact intervals of t0,∞½ Þ not
containing resetting times in their interior for each x∈Z, and, for each t∈ t0,∞½ Þ,
Lipschitz continuous and regular over Z; for the definition of regular functions and the
notion of derivative of regular functions, see ([18], pp. 63–64; [19], p. 39; and [20]).

Let W : Z !  be absolutely continuous and nonnegative definite. Let tk ∈ t0,∞½ Þ,
k∈, such that t0 ¼ t0, t1 ¼ t1, if

Pk�1
j¼1 Vðtþj , xðtþj ÞÞ � V tj

�
, x tj
� ��h i

>0, k∈n 1f g,
along a solution of (1) and (2), then

tk ¼ inf t∈ t0,∞½ Þ :
ðt
t0
W x τð Þð Þdτ≥

Xk�1
j¼1

Vðtþj , xðtþj ÞÞ � Vðtj, xðtjÞÞ
h i( )

, (3)

and if
Pk�1

j¼1 Vðtþj , xðtþj ÞÞ � V tj
�
, x tj
� ��h i

≤0, then tk ¼ t1. Finally, the critical times

are defined as

t̂k≜max tk, tkf g: (4)

Theorem 1.1 ([4], Th. 2) Consider the hybrid, time-varying, nonlinear dynamical
system given by (1) and (2), and assume that all solutions of (1) and (2) are complete.
Let V : t0,∞½ Þ � Z !  be absolutely continuous in its first argument over compact
intervals of t0,∞½ Þ⊆þ that do not contain resetting times in their interior for each
x∈Z and Lipschitz continuous and regular in the second argument for each t∈ t0,∞½ Þ.
Assume that t̂k ≤ tk for all k∈,

P∞
k¼1 Vðtþk , xðtþk ÞÞ � Vðtk, xðtkÞÞ
� �

exists and is finite,
and

W1 xð Þ≤V t, xð Þ≤W2 xð Þ, t, xð Þ∈ t0,∞½ Þ � Z, (5)
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_V t, xð Þ≤ �W xð Þ, t, xð Þ ∉ t0,∞½ Þ � ZnA� �� �
∩D, (6)

where W1,W2 : Z !  are positive-definite, A⊂Z is compact and such that
0∈ bA, and W : Z !  is continuously differentiable on Zn 0nf g, nonnegative-
definite, and such that W xð Þ>0 for all x∈ZnA. Let r>0 and c>0 be such that
r A
� �

⊂Z and c< min x∈ ∂r Að ÞW1 xð Þ. If x t0ð Þ∈ x∈r A
� �

: W2 xð Þ≤ c
� �

, then every

maximal solution x tð Þ, t≥ t0, of (1) and (2) is bounded uniformly in tkf gk∈ and such
that lim t!∞dist x tð Þ,A� � ¼ 0 uniformly in tkf gk∈. Additionally, if Z ¼ n and both
W1 �ð Þ and W2 �ð Þ are radially unbounded, then every maximal solution x �ð Þ of (1) and
(2) is uniformly bounded in tkf gk∈ and such that lim t!∞dist x tð Þ,A� � ¼ 0 for all
x0 ∈n uniformly in tkf gk∈.Theorem 1.1 provides Lyapunov-like sufficient condi-
tions on the local and global uniform pre-attractivity of the compact set A ([21],
Def. 7.1), that is, on the property whereby complete solutions of (1) and (2) converge
to A. This result extends a notorious theorem for uniform ultimate boundedness
([22], Def. 4.6) of nonlinear time-varying dynamical systems that are continuous in
time and Lipschitz continuous in the state vector, namely Theorem 4.18 of [22].

4. Robust model reference adaptive control for hybrid systems

This section presents the first key contribution of this chapter, namely present the
first MRAC system robust to parametric, matched, and unmatched uncertainties.
Section 4.1 outlines the plant and reference model dynamics. Section 4.2 presents
three robust control systems, which extend the classical e-modification of MRAC [5],
the σ-modification of MRAC [6], and the use of continuous projection operators [7] to
hybrid plants. Finally, Section 4.3 leverages the results of Section 3 and proves the
effectiveness of these control systems.

4.1 Plant and reference model dynamics

In this section, we present multiple robust MRAC schemes for nonlinear, time-
varying, hybrid plants with modeling and parametric uncertainties, and uncertainties
in the resetting events. To this goal, consider the plant model

_x tð Þ
_σ tð Þ

" #
¼ Aσ tð Þx tð Þ þ Bσ tð Þ u tð Þ þ ~ΘT

σ tð Þ ~Φσ tð Þ tð , x tð ÞÞ
h i

0

2
4

3
5

þ
ξσ tð Þ tð Þ

0

" #
,

x t0ð Þ
σ t0ð Þ

" #
¼

x0

σ0

" #
, t, x tð Þð Þ ∉ Dσ tð Þ,

(7)

x tþð Þ
σ tþð Þ

� �
¼ gd,σ tð Þ t, x tð Þð Þ, t, x tð Þð Þ∈Dσ tð Þ, (8)

where xσ : t0,∞½ Þ ! n denotes the plant state, σ : t0,∞½ Þ ! Σ denotes the mode,
Σ⊂ comprises the first σmax positive integers, the piecewise continuous function u :
t0,∞½ Þ ! m denotes the control input, Aσ ∈n�n, σ ∈Σ, is unknown, the mapping

σ↦Aσ is unknown, Bσ ∈n�m is known, the pair Aσ,Bσð Þ is controllable, ~Θσ ∈
~Nσ�m is
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unknown, the mapping σ↦~Θσ is unknown, the regressor vector ~Φσ : t0,∞½ Þ � n ! 
~Nσ

is Lipschitz continuous and known, ξσ : t0,∞½ Þ ! n is unknown, piecewise continu-
ous, and such that ∥ξσ tð Þ∥≤ ξσ,max , ξσ,max ≥0 is known, the mapping σ↦ξσ �ð Þ is
unknown, and the mapping σ↦ξσ,max is known. The i-th resetting time of the reset-
ting event Dσi�1 , i, σð Þ∈� Σ is given by

tplant,i ¼ min t> tplant,i�1 : t, sσi�1 t, tplant,i�1, xi�1
� �� �

∉ Dσi�1
� �

, (9)

where σi�1f gi∈ ⊂Σ, sσi�1 �, tplant,i�1, xi�1
� �

denotes the flow of the plant (7) and (8)
originated by the Dσi�1 resetting event at time tplant,i�1 and from the initial condition
xi�1. In this chapter, the jump map gd,σ �, �ð Þ, σ ∈Σ, is known and uncontrollable, and
the resetting events Dσf gσ ∈Σ ⊂ t0,∞½ Þ � n are unknown. We also assume that, with
any piecewise continuous control input u �ð Þ, (7) and (8) verify Assumption 3.1. In
problems involving mechanical systems subject to elastic collisions, Assumption 3.1 is
verified if collisions do not occur in arbitrarily small time intervals, which is a realistic
modeling assumption.

Next, consider the reference model

_xref tð Þ
_σ tð Þ

" #
¼

Aref,σ tð Þxref tð Þ þ Bref,σ tð Þr tð Þ
0

" #
,

xref t0ð Þ
σ t0ð Þ

" #
¼

xref,0

σ0

" #
,

t, xref tð Þð Þ ∉ Dref,σ tð Þ,

(10)

xref tþð Þ
σ tþð Þ

� �
¼ gd,ref,σ tð Þ t, xref tð Þð Þ, t, xref tð Þð Þ∈Dref,σ tð Þ, (11)

where Aref,σ ∈n�n, σ ∈Σ, is Hurwitz and such that

Aref,σ ¼ Aσ þ BσKT
x,σ (12)

for some Kx,σ ∈n�m, Bref,σ ∈n�m is such that

Bref,σ ¼ BσKT
r,σ (13)

for some Kr,σ ∈m�m, and the reference command input r : t0,∞½ Þ ! m is piece-
wise continuous and bounded. The reference model’s dynamics capture the desired
closed-loop system’s dynamics. The jump map gd,ref,σ �, �ð Þ and the set of resetting
events Dref,σ

� �
σ ∈Σ are presented in the following. The matching conditions (12) and

(13) signify that, for each mode, the reference model dynamics can be mimicked by
the controlled plant dynamics.

4.2 Control system outline

Our goal is to derive adaptive control laws to steer the trajectories of (7) and (8)
toward the trajectories of the reference model (10) and (11), despite uncertainties in
the plant model. To this goal, let

e tð Þ≜x tð Þ � xref tð Þ, t≥ t0, (14)
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denote the trajectory tracking error. Furthermore, define

Φσ t, xð Þ≜ xT, rT tð Þ,�~ΦT
σ tð , xÞ,

h iT
, σ, t, xð Þ∈Σ� t0,∞½ Þ � n, (15)

Θσ≜ KT
x,σ,K

T
r,σ, ~Θ

T
σ

h iT
, (16)

Φσ t, xð Þ≜ χΣ1
σð ÞΦT

1 tð , xÞ, … , χΣp
σð ÞΦT

p tð , xÞ
h iT

, (17)

Θ≜ ΘT
1 , … ,ΘT

p

h iT
, (18)

and N≜2nþmþPp
σ¼1Nσ, and note that

_e tð Þ
_σ tð Þ

" #
¼ Aref,σ tð Þe tð Þ þ Bσ tð Þ u tð Þ � ΘTΦσ tð Þ tð , x tð ÞÞ� �

0

" #

þ
ξσ tð Þ tð Þ

0

" #
,

e t0ð Þ
σ t0ð Þ

" #
¼

x0 � xref,0

σ0

" #
,

tð , x tð ÞÞ ∉ Dσ tð Þ
� �

∧ tð , xref tð ÞÞ ∉ Dref,σ tð Þ
� �

,

(19)

e tþð Þ
σ tþð Þ

" #
¼ gd,σ tð Þ t, x tð Þð Þ � gd,ref,σ tð Þ t, xref tð Þð Þ,

tð , x tð ÞÞ∈Dσ tð Þ
� �

∨ tð , xref tð ÞÞ∈Dref,σ tð Þ
� �

,

(20)

where ∧ represents the operator and, ∨ represents the operator or, Σj ⊆Σ
denotes the j-th of σmax partitions of Σ, and χΣj

: Σj ! 0, 1f g symbolizes the indicator
function.

Remark 4.1 The hybrid dynamical systems given by (7) and (8), (10) and (11),
and (19) and (20) can be reduced to the same form as (1) and (2) by proceeding as in
[17].To pursue our goal, consider also the control law

η Θ̂,Φσ t, xð Þ� � ¼ Θ̂
T
Φσ t, xð Þ, σ, t, x, Θ̂

� �
∈Σ� t0,∞½ Þ � n � N�m, (21)

and the adaptive laws

_̂Θ tð Þ ¼ Θ̂d tð Þ � γσ tð ÞΘ̂ tð Þ σ‐mod:ð Þ, (22)

_̂Θ tð Þ ¼ Θ̂d tð Þ � γσ tð Þ eTPσ tð ÞBσ tð Þ
�� ��Θ̂ tð Þ e‐mod:ð Þ, (23)

_̂Θ tð Þ ¼ Projσ tð Þ Θ̂ tð Þ, Θ̂d tð Þ� �
proj: operatorð Þ, (24)

with

Θ̂d tð Þ≜� Γσ tð ÞΦσ tð Þ t, x tð Þð ÞeT tð ÞPσ tð ÞBσ tð Þ, (25)

Θ̂ t0ð Þ ¼ Θ̂0, and t≥ t0. These adaptive laws are to be considered as alternatives to
one another, and capture extensions to hybrid systems of the the σ-modification of
MRAC [6], the e-modification of MRAC [5], and the projection operator [23],
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respectively. In (22)–(24), the adaptive rate matrix Γσ ∈N�N, σ ∈Σ, is positive-
definite, γσ >0, Pσ ∈n�n is the positive-definite and such that

0n�n ¼ AT
ref,σPσ þ PσAref,σ þQσ, (26)

and Qσ ∈n�n is user-defined and positive-definite. To define the matrix projection
operator in (24), firstly consider the definition of vector projection operator.

Definition 4.1 Let X ⊆n be convex, and let hσ : X ! , σ ∈Σ, denote a continu-
ously differentiable convex function over X such that inf x∈Xhσ xð Þ<0. The vector
projection operator induced by hσ �ð Þ over X is defined as projσ : X � n ! n, σ ∈Σ,
such that if x, xdð Þ∈Sσ, then

projσ x, xdð Þ≜xd � hσ xð Þ
∂hσ xð Þ
∂x

� �T
∂hσ xð Þ
∂x

∂hσ xð Þ
∂x

∂hσ xð Þ
∂x

� �T xd, (27)

and if x, xdð Þ ∉ Sσ, then

projσ x, xdð Þ≜xd, (28)

where Sσ≜ x, xdð Þ∈X � n : hσ xð Þ>0, ∂hσ xð Þ
∂x xd >0

n o
and σ ∈Σ.

Definition 4.2 ([24], Ch. 11) Let X i ⊆N be convex, i ¼ 1, … ,m, and let
hσ,i : X i ! , σ ∈Σ, denote a continuously differentiable convex function over X i
such that inf π ∈X ihσ,i πð Þ<0. The matrix projection operator induced by hσ,i �ð Þ,
σ, ið Þ∈Σ� 1, … ,mf g, overQm

j¼1X i is defined as Projσ :
Qm

i¼1X i
� �� N�m ! N�m

such that

Projσ X,Xdð Þ ¼ projσ x1, xd,1ð Þ, … , projσ xmð , xd,mÞ
� �

,

X,Xdð Þ∈
Ym
i¼1

X i

 !
� N�m,

(29)

where X ¼ x1, … , xm½ � and Xd ¼ xd,1, … , xd,m½ �.The functions hσ,i �ð Þ, σ, ið Þ∈Σ�
1, … ,mf g, employed to define the vector projection operator, and, hence, the matrix

projection operator must be chosen carefully. Indeed, for each σ ∈Σ and for all
i∈ 1, … ,mf g, the solution of

_X tð Þ ¼ Projσ X tð Þ, _X tð Þ� �
, X t0ð Þ ¼ X0, t≥ t0, (30)

is such that xi tð Þ∈Ωσ,i,1 for all t≥ t0, where

Ωσ,i,1≜ xi ∈X i : hσ,i xð Þ≤ 1f g: (31)

Thus, hσ,i �ð Þmust be chosen so that, for each k∈ and for each i∈ 1, … ,mf g,
θ̂i tkð Þ∈Ωσ tþkð Þ,1, where θ̂i �ð Þ denotes the i-th column of Θ̂ �ð Þ.

Next, consider the Lyapunov function candidate

V t, e,ΔΘð Þ≜eTPσ tð Þeþ tr ΔΘTΓ�1ΔΘ
� �

, t, ε,ΔΘð Þ∈ t0,∞½ Þ � n � N�m, (32)
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where ΔΘ tð Þ≜Θ̂ tð Þ � Θ, and we define

W eð Þ≜λmin Qσf gσ∈Σ
� �

∥e∥2, e∈n, (33)

where λmin Qσf gσ ∈Σ
� �

≜min λmin Qσð Þ, σ ∈Σf g. Each of the adaptive laws (22)–(24)
are switched dynamical systems, that is, they experience discontinuities in their
dynamics, but not in their state matrices. Thus, the adaptive gains are computed as
Carathéodory continuous solutions of (22)–(24). Thus, discontinuities of
V t, e tð Þ, Θ̂ tð Þ� �

, t≥ t0, are exclusively due to discontinuities in eT tð ÞPσ tð Þe tð Þ.
The set of resetting events of the reference model are defined as

Dref,σiw≜ tref,iw
� �� n, i,wð Þ∈� , where

tref,iw≜ infft> max tplant,i, tref,iw�1
� �

:

ðt
t0
W e τð Þð Þdτ

≥
Xk�1
j¼1

V tþj
�

, e tþj
� �

, Θ̂ tj
� ��� V tj, e tj

� �
, Θ̂ tj
� ��� �g,

h (34)

and k designates the generic index for resetting times. Thus, we partition the set of
resetting times of (19) and (20) as tkf gk∈ ¼ tplant,i

� �
i∈∪i∈ ttran,iwf gw∈. The jump

maps gd,ref,σ t, xrefð Þ σ, t, xrefð Þ∈Σ� t0,∞½ Þ � n, are such that

xref tþref,iw

� �
¼ x tref,iw

� ��
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

eT tref,iw
� �

Pσ tref,iwð Þe tref,iw
� �� zref,iw

hTref tref,iw , e tref,iw
� �� �

href tref,iw , e tref,iw
� �� �

vuut

�P�1
2

σ tþref,iw

� �href tref,iw , e tref,iw
� �� �

, i,wð Þ∈� ,

(35)

where href : t0,∞½ Þ � n ! M is such that

hTref t, εð Þhref t, εð Þ>0, t, εð Þ∈ t0,∞½ Þ � nn 0f g, (36)

zref,iw ∈ 0, eT tref,iw
� �

Pσ tref,iwð Þe tref,iw
� �� �

and is user-defined, the series
P∞

i¼1
P∞

w¼1zref,iw

is convergent, and P
1
2
σ ∈n�n, σ ∈Σ, is symmetric, positive-definite, and such that

Pσ ¼ P
1
2
σP

1
2
σ . An interpretation of the resetting time (34) is the following. This is the

time at which the energy injected into the controlled system by the uncertain discrete-
time dynamics exceeds the energy dissipated by the control system’s continuous-time
dynamics.

To improve the closed-loop trajectory tracking error dynamics at isolated time
instants, consider the user-defined time instants ∪i,w∈ ~tref,iw

� �
, where

~tref,iw > max tplant,i, tref,iw�1
� �

, i,wð Þ∈� , and set

xref ~tþref,iw
� �

¼ x ~tref,iw
� �

, i,wð Þ∈� : (37)

Rearranging the indexes of the plant’s resetting events, these user-defined resetting
times will be considered resetting times of the plant, that is, we will set
∪i∈∪w∈ ~ttran,iwf g⊂∪i∈ tplant,i

� �
.
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4.3 Main result

The effectiveness of the control law (21) and of the three alternative adaptive laws
(22)–(24) is captured by the following result. For the statement of this result, if we
employ the adaptive laws (22) or (23), then let

A ¼ e,ΔΘð Þ : ∥e∥≤ ce, ∥ΔΘ∥F ≤ cΔΘf g, (38)

where ΔΘ tð Þ≜Θ̂ tð Þ � Θ, t≥ t0. Alternatively, if we employ the adaptive law (24),
then let

A ¼ e, Θ̂
� �

: ∥e∥≤ ce, max
σ ∈Σ

hσ colj Θ̂
� �� �

≤ 1, j ¼ 1, … ,m
� �

: (39)

Expressions for ce and cΔΘ are omitted for brevity, and can be deduced by pro-
ceeding as in ([24], p. 325).

Theorem 1.2 Consider the trajectory tracking error dynamics (19) and (20), the
control law (21), the adaptive laws (22)–(24), and the reference model (10) and (11).
Assume that u tð Þ ¼ η Θ̂ tð Þ,Φσ t, x tð Þð Þ� �

, t≥ t0 and the matching conditions (12) and
(13) are verified. Additionally, if using the adaptive law (24), assume that θi ∈Ωσ,i,1
for all σ, ið Þ∈Σ� 1, … ,mf g, where θi denotes the i-th column of Θ given by (18) and
Ωσ,i,1 is defined in (31). Then, both the trajectory tracking error e �ð Þ and the adaptive
gain matrix Θ̂ �ð Þ are bounded uniformly in tkf gk∈. Furthermore, there exists a
compact setA given by (38) when using (22) or (23) or given by (39) when using (24)
such that lim t!∞dist e tð Þð ,ΔΘ tð ÞÞ,A� � ¼ 0.

Proof: Only the key passages of this proof are presented for brevity. The Lyapunov
function candidate (32) is such that

W1 e, Θ̂
� �

≤V t, e, Θ̂
� �

≤W2 e, Θ̂
� �

, t, e,ΔΘð Þ∈ t0,∞½ Þ � n � N�N, (40)

where

W1 e, Θ̂
� �

≜λmin Pσf gσ ∈Σ
� �

∥e∥2 þ tr ΔΘTΓ�1ΔΘ
� �

,

W2 e, Θ̂
� �

≜λmax Pσf gσ ∈Σ
� �

∥e∥2 þ tr ΔΘTΓ�1ΔΘ
� �

are radially unbounded. Thus, following classical arguments such as those exposed
in ([24], Ch. 11) or ([25], Ch. 8) for each of the adaptive laws (22)-(24), we can prove
that _V t, e tð Þ, Θ̂ tð Þ� �

<0 for all e, Θ̂
� �

∉ A, where A is compact and such that 0∈A.
Next, proceeding as in the proof of Theorem 4 in [4], we can prove that Assump-

tion 3.1 is verified by (19) and (20) and

X∞

k¼1
V tþk , e tþk

� �
, Θ̂ tkð Þ

� �� V tk, e tkð Þ, Θ̂ tkð Þ
� �� �

exists and is finite. Thus, Theorem 1.1 implies that maximal solutions of (19) and
(20) and of (22)-(24) are uniformly bounded in tkf gk∈, and lim t!∞dist x tð Þ,A� � ¼ 0
for all e0, Θ̂0

� �
∈n � N�m uniformly in tkf gk∈. ■
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5. Equations of motion of a quadcopter UAV

In this section, we present the equations of motion of a quadcopter UAV. To this
goal, let UAV’s mass be denoted by m>0, let the UAV’s matrix of inertia be captured
by the diagonal, positive-definite matrix I≜diag I11, I22, I33ð Þ∈3�3, and let the gravi-
tational acceleration be denoted by g>0. Finally, let the UAV’s position be captured by
r : t0,∞½ Þ ! 3, the UAV’s roll angle be denoted by ϕ : t0,∞½ Þ ! � π

2,
π
2

� �
, the UAV’s

pitch angle be denoted by θ : t0,∞½ Þ ! � π
2,

π
2

� �
, the UAV’s yaw angle be denoted by

ψ : t0,∞½ Þ ! 0, 2π½ Þ, the UAV’s velocity with respect to the inertial reference frame 
be denoted by v : t0,∞½ Þ ! 3, the UAV’s angular velocity with respect to  be
denoted by ω : t0,∞½ Þ ! 3, and the the UAV’s state vector be denoted by

x tð Þ≜ rT tð Þ,ϕ tð Þ, θ tð Þ,ψ tð Þ, vT tð Þ,ωT tð Þ� �T. Note that the UAV’s state vector is usually
readily available by employing any commercial-off-the-shelf autopilot system such as
those based on PX4 [12] or Ardupilot [13].

Neglecting the inertial counter-torque and the gyroscopic effect [26], the UAV’s
continuous-time dynamics are given by

_r tð Þ ¼ v tð Þ, r t0ð Þ ¼ r0, t∈ t0,∞½ Þ, (41)

_v tð Þ ¼ 1
m
R ϕ tð Þ, θ tð Þ,ψ tð Þð Þ 0, 0, u1 tð Þ½ �T � 0, 0, g½ �T

� 1
2m

ρSRT ϕ tð Þ, θ tð Þ,ψ tð Þð ÞCD∥v tð Þ∥v tð Þ, v t0ð Þ ¼ v0,
(42)

_ϕ tð Þ
_θ tð Þ
_ψ tð Þ

2
64

3
75 ¼ Γ�1 ϕ tð Þ, θ tð Þð Þω tð Þ,

ϕ t0ð Þ
θ t0ð Þ
ψ t0ð Þ

2
64

3
75 ¼

ϕ0

θ0

ψ0

2
64

3
75, (43)

_ω tð Þ ¼ I�1
u2 tð Þ
u3 tð Þ
u4 tð Þ

2
64

3
75� ω� tð ÞIω tð Þ

0
B@

1
CA, ω t0ð Þ ¼ ω0, (44)

where the rotation matrix

R ϕ, θ,ψð Þ ≜
cos ψ � sinψ 0

sinψ cos ψ 0

0 0 1

2
664

3
775

cos θ 0 sin θ

0 1 0

� sin θ 0 cos θ

2
664

3
775

1 0 0

0 cos ϕ �sin ϕ

0 sin ϕ cos ϕ

2
664

3
775,

ϕ, θ,ψð Þ∈ � π

2
,
π

2

� �
� � π

2
,
π

2

� �
� 0, 2π½ Þ,

(45)

captures the UAV’s attitude relative to the inertial reference frame  ([27], Ch. 1),
ρ>0 captures the air density, which is considered unknown, S>0 captures the UAV’s
cross section area, which is considered unknown, CD ∈3�3 is diagonal, positive-
definite, captures the UAV’s drag coefficients, and is unknown, and

Γ ϕ, θð Þ≜
1 0 � sin θ

0 cosϕ cos θ sinϕ

0 � sinϕ cos θ cosϕ

2
64

3
75: (46)
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We recall that Γ ϕ, θð Þ is invertible for all ϕ, θð Þ∈ � π
2,

π
2

� �� � π
2,

π
2

� �
([27], Ch. 1).

The total thrust force produced by the UAV’s propellers is defined as

u1 tð Þ≜ 1, 0½ �δ tð Þ, t∈ t0,∞½ Þ, (47)

where

_δ tð Þ ¼ 0 τ�1

0 0

� �
δ tð Þ þ 0

J�1

� �
η1 tð Þ, u1 t0ð Þ

_u1 t0ð Þ
� �

¼ u1,0
u1,0,d

� �
, (48)

captures the motors’ dynamics, τ>0 denotes a time constant, J >0 captures the
motors’ inertia, and η1 : 0,∞½ Þ !  denotes the total thrust force’s virtual control input.
The roll moment produced by the UAV’s propellers is denoted by u2 �ð Þ, the pitch
moment produced by the UAV’s propellers is denoted by u3 �ð Þ, and the yaw moment
produced by the UAV’s propellers is denoted by u4 �ð Þ. The UAV’s control input is
defined as u tð Þ≜ u1 tð Þ, u2 tð Þ, u3 tð Þ, u4 tð Þ½ �T, t∈ t0,∞½ Þ, and the vector of thrust forces
produced by each propeller is defined as

T tð Þ≜MT,uu tð Þ, t∈ t0,∞½ Þ, k∈ 0, … , nw � 1f g, (49)

where the ith component of T �ð Þ, i ¼ 1, … , 4, namely Ti : 0,∞½ Þ ! t0,∞½ Þ, denotes

the thrust force produced by the ith propeller, MT,u≜ 1
4

1 0 2l�1 �c�1T

1 �2l�1 0 c�1T

1 0 �2l�1 �c�1T

1 2l�1 0 c�1T

2
6666664

3
7777775
,

l>0 denotes the distance of the propellers from the vehicle’s barycenter, and cT >0
denotes the propellers’ drag coefficient [26].

Quadcopter UAVs are under-actuated and, in particular, only four of their six
degrees of freedom can be controlled directly [26]. In this chapter, we are interested in
steering the UAV’s position and attitude along user-defined reference trajectories by
controlling the UAV’s position and cyclically controlling at high frequency one of the
three Euler angles ϕ �ð Þ, θ �ð Þ, and ψ �ð Þ at the time.

6. Output-feedback linearization of multi-rotor UAVs

In this section, we discuss the output-feedback linearization problem of the plant
model given by (41)–(44) and (48). Specifically, in Sections 6.1, 6.2, and 6.3, we
discuss the output-feedback linearization problem employing the UAV position and
yaw angle, the UAV position and pitch angle, and the UAV position and roll angle as
measured outputs, respectively. In Section 6.4, we unify the framework presented in
Sections 6.1–6.3 and illustrate how the problem of controlling the output-feedback
linearized dynamics can be reduced to the problem of controlling an MRAC system. In
Section 6.5, which presents the key result of this chapter, we apply the MRAC frame-
work for hybrid plants presented in Section 4 to control a multi-rotor UAV, such as a
quadcopter or an X8-copter. As already remarked in Section 1, this result is ground-
breaking because, thus far, the control of multi-rotor UAVs by means of output-
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feedback linearization allows to impose the reference trajectory for the vehicle’s posi-
tion and only one of the three angles that capture its attitude.

6.1 Feedback linearization relative to position and yaw angle

To feedback-linearize (41)–(44) relative to the vehicle’s position vector and yaw

angle, we set z3 tð Þ≜ rT tð Þ,ψ tð Þ� �T, t∈ t0,∞½ Þ, as a linearizing output, and applying
Proposition 5.1.2 of [8], and we verify that the dynamical system given by (41)–(44)
and (48) has vector relative degree 4,4,4,2f g. Thus, if CD ¼ 03�3, then

r 4ð Þ tð Þ
€ψ tð Þ

" #
¼ f 3 r tð Þ,ϕ tð Þ, θ tð Þ,ψ tð Þ,ω tð Þ, u1 tð Þð Þ

þG�13 r tð Þ,ϕ tð Þ, θ tð Þ,ψ tð Þ, u1 tð Þð Þ

η1 tð Þ
u2 tð Þ
u3 tð Þ
u4 tð Þ

2
666664

3
777775
,

r t0ð Þ
_r t0ð Þ

" #
¼

r0

v0

" #
,

€r t0ð Þ
⃛r t0ð Þ

" #
¼

a0

j0

" #
,

ψ t0ð Þ
_ψ t0ð Þ

" #
¼

ψ0

ψd,0

" #
, t∈ t0,∞½ Þ,

(50)

where

G�13 r,ϕ, θ,ψ , u1ð Þ≜m
~R ϕ, θ,ψð Þ 03�1

� I33cψcθsϕ
u1cϕ

� I33cθsψsϕ
u1cϕ

I33sθsϕ
u1cϕ

� �
I33cθ
mcϕ

2
64

3
75, (51)

~R ϕ, θ,ψð Þ≜

Jτ sϕsψ þ cϕcψsθð Þ Jτ cϕsψsθ � cψsϕð Þ Jτcϕcθ
I11 cϕsψ � cψsϕsθð Þ

u1
� I11 cϕcψ þ sψsϕsθð Þ

u1
� I11cθsϕ

u1
I22cψcθ

u1

I22cθsψ
u1

� I22sθ
u1

2
66664

3
77775
, (52)

cα≜ cos α, α∈, sα≜ sin α, and f 3 : 
3 � � π

2,
π
2

� �� � π
2,

π
2

� �� 0, 2π½ Þ � 3 � ! 4;
an expression for f 3 �, � , � , � , � , �ð Þ is omitted for brevity. It holds that

detG3 r,ϕ, θ,ψ , u1ð Þ ¼ u21 cosϕ
Jτm3det Ið Þ cos θ ,

r,ϕ, θ,ψ , u1ð Þ∈3 � � π

2
,
π

2

� �
� � π

2
,
π

2

� �
� 0, 2π½ Þ � 0,∞ð Þ,

(53)

and, hence, G3 �, � , � , � , � , �ð Þ is invertible if and only if u1 6¼ 0 since ϕ∈ � π
2,

π
2

� �
.

Furthermore, G�13 �, � , � , � , � , �ð Þ is well-defined if and only if u1 6¼ 0 since
ϕ∈ � π

2,
π
2

� �
. Remarkably, if I11 ¼ I22 ¼ u1 ¼ τ ¼ J ¼ 1, then ~R �ð Þ is a rotation matrix.

The hypothesis whereby CD ¼ 03�3 will be lifted in Section 6.5 below.
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6.2 Feedback linearization relative to position and pitch angle

By proceeding as in Section 6.1, and setting z2 tð Þ≜ rT tð Þ, θ tð Þ� �T, t∈ t0,∞½ Þ, as a
linearizing output, the dynamical system given by (41)–(44) and (48) has vector
relative degree 4,4,4,2f g, and, if CD ¼ 03�3, then

r 4ð Þ tð Þ
€θ tð Þ

" #
¼ f 2 r tð Þ,ϕ tð Þ, θ tð Þ,ψ tð Þ,ω tð Þ, u1 tð Þð Þ

þG�12 r tð Þ,ϕ tð Þ, θ tð Þ,ψ tð Þ, u1 tð Þð Þ

η1 tð Þ
u2 tð Þ
u3 tð Þ
u4 tð Þ

2
666664

3
777775
,

r t0ð Þ
_r t0ð Þ

" #
¼

r0

v0

" #
,

€r t0ð Þ
⃛r t0ð Þ

" #
¼

a0

j0

" #
,

θ t0ð Þ
_θ t0ð Þ

" #
¼

θ0

θd,0

" #
, t∈ t0,∞½ Þ,

(54)

where

G�12 r,ϕ, θ,ψ , u1ð Þ≜m
~R ϕ, θ,ψð Þ 03�1

I33cϕcψcθ
u1sϕ

I33cϕcθsψ
u1sϕ

�I33cϕsθ
u1sϕ

� � �I33
msϕ

2
64

3
75, (55)

f 2 : 
3 � � π

2,
π
2

� �� � π
2,

π
2

� �� 0, 2π½ Þ � 3 � ! 4; an expression for
f 2 �, � , � , � , � , �ð Þ is omitted for brevity. It holds that

detG2 r,ϕ, θ,ψ , u1ð Þ ¼ �u
2
1 sinϕ

Jτm3detI
,

r,ϕ, θ,ψ , u1ð Þ∈3 � � π

2
,
π

2

� �
� � π

2
,
π

2

� �
� 0, 2π½ Þ � 0,∞ð Þ,

(56)

and, hence, G2 �, � , � , � , � , �ð Þ is invertible if and only if u1 6¼ 0 and ϕ 6¼ 0 since
ϕ∈ � π

2,
π
2

� �
. Furthermore, G�12 �, � , � , � , � , �ð Þ is well-defined if and only if u1 6¼ 0 and

ϕ 6¼ 0.

6.3 Feedback linearization relative to position and roll angle

Setting z1 tð Þ≜ rT tð Þ,ϕ tð Þ� �T, t∈ 0,∞½ Þ, as a linearizing output, the dynamical system
given by (41)–(44) and (48) has vector relative degree 4,4,4,2f g, and, if CD ¼ 03�3,
then
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r 4ð Þ tð Þ
€ϕ tð Þ

" #
¼ f 1 r tð Þ,ϕ tð Þ, θ tð Þ,ψ tð Þ,ω tð Þ, u1 tð Þð Þ

þG�11 r tð Þ,ϕ tð Þ, θ tð Þ,ψ tð Þ, u1 tð Þð Þ

η1 tð Þ
u2 tð Þ
u3 tð Þ
u4 tð Þ

2
666664

3
777775
,

r t0ð Þ
_r t0ð Þ

" #
¼

r0

v0

" #
,

€r t0ð Þ
⃛r t0ð Þ

" #
¼

a0

j0

" #
,

ϕ t0ð Þ
_ϕ t0ð Þ

" #
¼

ϕ0

ϕd,0

" #
, t∈ t0,∞½ Þ,

(57)

where

G�11 r,ϕ, θ,ψ , u1ð Þ≜m
~R ϕ, θ,ψð Þ 03�1

�I33cθsψ
u1sθ

�I33cψcθ
u1sθ

I33sϕ
u1cϕsθ

� �
I33cθ
mcϕsθ

2
64

3
75, (58)

f 1 : 
3 � � π

2,
π
2

� �� � π
2,

π
2

� �� 0, 2π½ Þ � 3 � ! 4; an expression for
f 1 �, � , � , � , � , �ð Þ is omitted for brevity. It holds that

detG1 r,ϕ, θ,ψ , u1ð Þ ¼ u21 cosϕ tan θ
Jτm3detI

,

r,ϕ, θ,ψ , u1ð Þ∈3 � � π

2
,
π

2

� �
� � π

2
,
π

2

� �
� 0, 2π½ Þ � 0,∞ð Þ,

(59)

and hence, G1 �, � , � , � , � , �ð Þ is invertible if and only if u1 6¼ 0 and θ 6¼ 0 since
ϕ∈ � π

2,
π
2

� �
. Furthermore, G�11 �, � , � , � , � , �ð Þ is well-defined if and only if u1 6¼ 0 and

θ 6¼ 0.

6.4 Feedback linearization with MRAC augmentation

In light of the results in Sections 6.1–6.3, let

ζσ r,ϕ, θ,ψ ,ω, u1, λσð Þ≜ Gσ r,ϕ, θ,ψ ,ω, u1ð Þð�f σ r,ϕ, θ,ψ ,ω, u1ð Þ

þ
Ar,0rþ Ar,1 _rþ Ar,2€rþ Ar,3€r

Ay,σ,0yσ þ Ay,σ,1 _yσ

" #
þ

Br

By,σ

" #
λσÞ,

r,ϕ, θ,ψ ,ω, u1, λσð Þ∈3� � π

2
,
π

2

� �
� � π

2
,
π

2

� �
� 0, 2π½ Þ � 3 � � 4,

(60)

denote the baseline feedback-linearizing control input, where σ ∈ 1,2,3f g, y1 ¼ ϕ,
y2 ¼ θ, y3 ¼ ψ ,
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~Ar≜

03�3 13 03�3 03�3
03�3 03�3 13 03�3
03�3 03�3 03�3 13
Ar,0 Ar,1 Ar,2 Ar,3

2
6664

3
7775∈12�12, ~Ay,σ≜

0 1

Ay,σ,0 Ay,σ,1

� �
∈2�2, (61)

are Hurwitz,

~Br≜
09�4
Br

� �
∈12�4, ~By,σ≜

01�4
By,σ

� �
∈2�4, (62)

and the pairs ~Ar, ~Br
� �

and ~Ay,σ, ~By,σ
� �

are controllable. If

η1 tð Þ, u2 tð Þ, u3 tð Þ, u4 tð Þ½ �T ¼ ζσ tð Þ, t∈ t0,∞½ Þ, (63)

for some σ ∈ 1,2,3f g, where ζσ tð Þ denotes ζσ r tð Þ,ϕ tð Þ, θ tð Þ,ψ tð Þ,ω tð Þ, u1 tð Þ, λσ tð Þð Þ
for brevity, then the UAV’s equations of motion (41)–(44) are output-feedback-line-
arized and

_χσ tð Þ ¼ Aσχσ tð Þ þ Bσλσ tð Þ, χσ t0ð Þ ¼ χσ,0, t≥ t0, (64)

where χσ tð Þ≜ rT tð Þ, _rT tð Þ,€rT tð Þ,€rT tð Þ, yσ tð Þ, _yσ tð Þ� �T ∈14, Aσ≜blockdiag ~Ar, ~Ay,σ
� �

∈14�14, Bσ≜ ~B
T
r , ~B

T
y,σ

h iT
∈14�4, and the initial condition χσ,0 ∈14 deduced from

(50), (54), and (57).
Fixed σ ∈ 1,2,3f g, to account for the fact that, in general, CD 6¼ 03�3, we generalize

(64) and consider the plant model

_χσ tð Þ ¼ Aσχσ tð Þ þ BσΛσ λσ tð Þ þ ΘT
σΦσ tð , χσ tð ÞÞ� �þ ξσ tð Þ

02

" #
,

χσ t0ð Þ ¼ χσ,0, t≥ t0,

(65)

where Λσ ∈4�4 is diagonal, positive-definite, and unknown. By setting
Λσ ¼ diag m�1,m�1,m�1, I�1σσ

� �
, σ ∈ 1,2,3f g, this matrix can be employed to account for

uncertainties in the UAV’s mass and moment of inertia corresponding to the selected
linearizing output signal zσ . The unmatched uncertainty

ξσ tð Þ≜ 0T
3 , ξ

T
drag,σ tð , v tð ÞÞ, 0T

6

h iT
∈12, (66)

where

ξdrag,σ t, vð Þ≜� 1
2m

ρSRT ϕ tð Þ, θ tð Þ,ψ tð Þð ÞCD∥v∥v,

t, vð Þ∈ t0,∞½ Þ � 3n 03f g
� �

,
(67)

captures the effect of aerodynamic forces, which are not explicitly accounted for in
the feedback-linearizing control law (60). The regressor vector Φσ : t0,∞½ Þ � 14 !
Nσ includes the baseline controller and matched parametric uncertainties not
accounted for in the feedback-linearization process. To capture uncertainties in the
feedback-linearized plant dynamics, such as uncertainties in the location of the UAV’s
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center of mass, such a regressor vector can be constructed to be an explicit function of
the UAV’s translational and angular position as well as of the UAV’s rotational position
and velocity, thus linking explicitly (65) to (41)–(44). Explicit expressions of Φσ �, �ð Þ,
σ ∈ 1,2,3f g, will be presented in future works.

Having reduced the feedback-linearized equations of motion of the UAV to the
classical form or MRAC, we can compute the virtual control input λσ �ð Þ so that the
feedback-linearized plant trajectory χσ �ð Þ follows the reference trajectory χref,σ :

t0,∞½ Þ ! 14 such that

_χref,σ tð Þ ¼ Aref,σχref,σ þ Bref,σrσ tð Þ, χref,σ t0ð Þ ¼ χref,σ,0, t≥ t0, (68)

where Aref,σ ∈14�14 is Hurwitz, Bref,σ ∈14�4 is such that the pair Aref,σ,Bref,σð Þ is
controllable, and rσ : t0,∞½ Þ ! 4 denotes the user-defined reference command input.
Fixing σ ∈ 1,2,3f g, this task can be attained by employing a robust MRAC system or
any other nonlinear robust control technique, such as sliding mode or any of its
higher-order variations.

Since Aσ is user-defined and Hurwitz, σ ∈ 1,2,3f g, and both Bσ and Bref,σ are user-
defined, it is possible to set Aref,σ ¼ Aσ and Bref,σ ¼ Bσ . Furthermore, r �ð Þ can be
designed so that χref,σ �ð Þ follows the user-defined signal χuser,σ : t0,∞½ Þ ! 14, whose
first 12 components capture the desired position, velocity, acceleration, and jerk, and
whose last 2 components capture the desired trajectory for the UAV’s measured angle
and angular rate.

6.5 Hybrid MRAC and feedback linearization

If σ : t0,∞½ Þ ! 1, 2, 3f g is a function of time, then the control system presented in
Section 4 can be applied to compute the virtual control input λσ �ð Þ �ð Þ. Indeed, (65) is in
the same form as the continuous-time plant dynamics given by (8) with ~Θσ tð Þ ¼ 0 and
Σ ¼ 1, 2, 3f g. Similarly, (68) is in the same form as the continuous-time reference
model dynamics given by (10).

The sets of resetting events Sσf gσ ∈Σ, which characterize the switching among the
lineatizing outputs zσ tð Þ tð Þ, t≥ t0, are provided by Algorithm 1. This algorithm assumes
that the user provides a four time continuously differentiable desired trajectory for the
UAV’s position and a twice continuously differentiable desired trajectory for the yaw,
pitch, and roll angles. The user-defined trajectories for the roll and pitch angles are
such that ∣ϕuser tð Þ∣ ∈ ϕmin,ϕmaxð Þ, t≥ t0, and ∣θuser tð Þ∣ ∈ θmin, θmaxð Þ, where
0<ϕmin <ϕmax and 0< θmin < θmax.

Algorithm 1: Algorithm for multi-output feedback linearization.

1: t ∗  t0 ⊳ Initialize the last switching time variable
2: for t≥ t0 do
3: Ti tð Þ  sat Ti tð Þ,Ti,min ,Ti,maxð Þ, i∈ 1, … , 4f g ⊳ Enforce saturation
constraints on thrust force Ti tð Þ
4: if σ tð Þ ¼ 3t� t ∗ ≥ΔTmin then
5: if ∣ϕ tð Þ∣ ≥ϕmax OR ∣θ tð Þ∣ ≥ θmax then
6: σ tð Þ  arg max jϕ tð Þj�ϕmax, jθ tð Þj�θmaxf g
7: t ∗  t
8: end if
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9: else if σ tð Þ ¼ 2 & ∣ϕ tð Þ∣ ≤ϕminð OR ∣ϕ tð Þ∣ ≥ϕmaxÞ&t� t ∗ ≥ΔTmin then
⊳ Enforce constraints on G2 �ð Þ
10: σ tð Þ  arg max σ∈ 1,3f g ∥ez,σ tð Þ tð Þ∥� εσ

� �
11: t ∗  t
12: else if σ tð Þ ¼ 1 ∣θ tð Þ∣ ≤ θminð OR ∣θ tð Þ∣ ≥ θmaxÞt� t ∗ ≥ΔTmin then
⊳ Enforce the constraints on G1 �ð Þ
13: σ tð Þ  arg max σ ∈ 2,3f g ∥ez,σ tð Þ tð Þ∥� εσ

� �
14: t ∗  t
15: end if
16: if ∥ez,σ tð Þ tð Þ∥> εσt� t ∗ ≥ΔTmin then ⊳ If any of the tracking errors is too large

and enough time has passed since the last switching
17: σ tð Þ  arg max σ ∈ 1,2,3f g ∥ez,σ tð Þ tð Þ∥� εσ

� �
18: t ∗  t
19: end if
20: end for

To present Algorithm 1, let the user-defined variable ΔTmin >0 denote the dwell
time of the plant model, that is, the minimum time between two consecutive switching
of the index σ �ð Þ. Furthermore, for each σ ∈ 1, 2, 3f g, let εσ >0 denote the user-defined
tolerance on the output signal tracking error

ez,σ tð Þ tð Þ≜C χσ tð Þ tð Þ � χref,σ tð Þ tð Þ
� �

, t≥ t0, (69)

where C≜
13 03�3 03�6 03�2

03�3 13 03�6 03�2
02�3 02�3 02�6 12

2
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75∈8�14. Additionally, let Ti,min >0,

i∈ 1,2,3,4f g, and Ti,max >Ti,min denote the minimum and maximum allowed thrust
for the ith motor, respectively. Finally, let

sat α, αmin, αmaxð Þ≜min αmax, max α, αminf gf g,
α, αmin, αmaxð Þ∈� � ,

(70)

denote the saturation function, where αmin < αmax.

7. Numerical simulation results

In this section, we illustrate the applicability of the proposed results by means of a
numerical simulation. In this simulation, the UAV is tasked with ascending and
moving at a constant velocity along the X-axis of the inertial reference frame for
t∈ 0, 5½ � s, hovering for t∈ 5, 10½ � s, following an upward spiral trajectory for
t∈ 10, 30½ � s, descending along the same spiral for t∈ 30, 50½ � s, translating along the
bissetriz of the horizontal plane at a constant velocity for t∈ 50, 60½ � s, and hovering
until the end of the mission. Furthermore, the user requires that the UAV’s yaw, pitch,
and roll angles follow predefined trajectories within a margin of 5 degrees at all times.
The user-defined yaw and roll angles are constant at all times, and the user-defined
pitch angle is linearly increasing in the ascending and descending phases of the spiral
trajectory and constant everywhere else; for details, see Figure 1. It is worthwhile to
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remark that this reference attitude poses a significant challenge. Indeed, as discussed in
Sections 6.2 and 6.3, if σ ¼ 2, that is, if the feedback linearizing output comprises the
UAV’s position and pitch angle, then the roll angle can not be equal to zero, Similarly, if
σ ¼ 1, that is, if the feedback linearizing output comprises the UAV’s position and roll
angle, then the pitch angle can not be set to zero. Furthermore, to follow the reference
spiral trajectory imposed by the user, the roll and pitch angles must vary sinusoidally.

Figure 2 shows the thrust force and the time derivative of the thrust force needed
by the UAV to follow the user-defined trajectory. Both u1 tð Þ, t≥0, and _u1 tð Þ show

Figure 1.
Euler angles capturing the attitude of the UAV. At t ¼ 0 s, the feedback linearizing output is set as σ ¼ 1. At t ¼
16:0953 s, shortly after the UAV is tasked with hovering, applying Algorithm 1, the control system switches
feedback linearizing output to σ ¼ 2. Finally, at t ¼ 50:0362 s, before the UAV is tasked with moving sideways in
the horizontal plane, applying Algorithm 1, the control system sets σ ¼ 3. In this stage, after a brief transient, the
yaw angle closely follows its reference trajectory.

Figure 2.
Total thrust and time derivative of the total thrust. The total thrust and its derivative lie within bounds that are
typical for commercial-off-the-shelf motors of Class 1 quadcopter UAVs.

67

Robust Hybrid Model Reference Adaptive Control and Output-Feedback…
DOI: http://dx.doi.org/10.5772/intechopen.1004814



profiles that are compatible with the performances of commercial-off-the-shelf elec-
tric motors for Class 1 quadcopter UAVs.

In this simulation, the UAV’s mass is m ¼ 2 kg and its central matrix of inertia is
given by I ¼ diag 0:010,0:010,0:015ð Þ kg m2. The matrix of aerodynamic coefficient is
set equal to CD ¼ 0:001 � 13. The estimated mass is 2:2 kg and the estimated matrix of
inertia is given by diag 0:020,0:015,0:025ð Þ kg m2. The adaptive rate matrix is set as
Γσ ¼ 9 � 102 � 122 for all σ ∈ 1,2,3f g. We set

Br ¼
13 03

1 1 1½ � 1

� �
, By,σ ¼ 1 1 1½ �, (71)

and both ~Ar and ~Ay,σ were designed through the pole placement method, imposing
eigenvalues �4:7,�5,�2:5,�2:6,�2:9,�8,�1:21,�2:3,�1:6,�1:8,�1:5,�1:6f g for
the translational dynamics, eigenvalues �4,�7f g for σ ¼ 3 and eigenvalues �4,�8f g
for σ ∈ 1, 2f g. The σ-modification of the MRAC, that is, the adaptive law (22) is
employed with γσ ¼ 0:01 for all σ ∈ 1,2,3f g.

Figure 3 shows the UAV trajectory as a function of time. It is apparent how the
UAV closely follows the reference trajectory at all times. Figure 1 shows the UAV
attitude by means of the yaw, pitch, and roll angles. The reference angle as well as the
user-defined angle are shown only for those stages in which the mode is active. At t ¼
0 s, the feedback linearizing output is set as σ ¼ 1. At t ¼ 16:0953 s, shortly after the
UAV is tasked with hovering, applying Algorithm 1, the control system switches
feedback linearizing output to σ ¼ 2. Finally, at t ¼ 50:0362 s, before the UAV is
tasked with moving sideways in the horizontal plane, applying Algorithm 1, the
control system sets σ ¼ 3. In this stage, after a brief transient, the yaw angle closely
follows its reference trajectory. Numerical evidence show that, without the proposed
hybrid system, this maneuver would not be possible by setting σ tð Þ � 1 or σ tð Þ � 2 for
all t≥0, that is, without the proposed control system.

Figure 3.
Trajectory of the center of mass of the UAV as a function of time. In all modes, the vehicle’s trajectory closely follows
the user-defined trajectory despite uncertainties and the drag force.
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8. Conclusion

This chapter presented the first robust MRAC system applicable to time-varying,
hybrid plant models affected by parametric, matched, and unmatched uncertainties in
the continuous-time dynamics as well as uncertainties in the discrete-time dynamics.
These results have been applied to the problem of controlling the feedback-linearized
dynamics of a quadcopter UAV and tasking the vehicle to follow both a user-defined
trajectory and a user-defined attitude. This result is unprecedented because, due to the
UAV’s underactuation, existing works on the control of quadcopters allow regulating
arbitrarily only four of its six degrees of freedom. The proposed approach, instead,
allows the user to impose reference trajectories for each of the UAV’s six degrees of
freedom. Future work directions concern the extension of the proposed approach
from a specific application, namely quadcopter UAVs, to generic plant models.

Future work directions involve further extensions of the proposed hybrid MRAC
framework for the control of output-feedback linearized systems to cases wherein the
feedback-linearizing output is affected by noise. Additional work directions include
problems wherein the feedback-linearizing output is not readily available for mea-
surement but needs to be deduced from the measured output.
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Chapter 5

Decentralized Robust Direct MRAC
for the Attitude of a Quadrotor
UAV
Francisco Jurado

Abstract

In this chapter, in order to prevent the parameter drift in the adaptive control of
the attitude for a quadrotor unmanned aerial vehicle (UAV), a decentralized robust
direct model reference adaptive controller (MRAC) is proposed. The dynamic model
for the quadrotor UAV referred to as the rotational system is parameterized in a
decentralized way, that is, for each one of the angles of motion, in terms of a matched
uncertainty by the control input and considering the presence of bounded perturba-
tions. A modification on the update law to enforce robustness is implemented in the
design of the proposal. A linear PID controller is considered for the control of the
translational dynamics. The performance of the decentralized robust direct MRACs is
evaluated via numerical simulation results.

Keywords: adaptive control, decentralized control, parametric drift, model reference
control, parametric identification, robust control, unmanned aerial vehicles

1. Introduction

In some applications, the output is influenced not only by the input, usually
referred to as the controlled input, but also by other uncontrolled inputs. Such inputs
create perturbations that may influence the system in unpredictable ways. In general,
external perturbations are time-varying functions that may influence the output per-
sistently and may be present for a limited time. In some cases, perturbations may
exhibit known time-varying characteristics; namely, these can be of unknown ampli-
tude but with known frequency.

In this work, modification to the standard (parameter estimator) learning algo-
rithm is considered in order to improve performance and ensure stability in the
presence of modeling errors and external perturbations into the control of the attitude
for a quadrotor UAV. This modification leads to what is known as robust learning
algorithms. A learning algorithm that preserves stability properties under modeling
errors and external perturbations, within some specifications of design, is then
referred to as a robust learning algorithm [1–3]. From the linear systems adaptive
control literature, it is well known that in the presence of measurement noise,
unmodeled dynamics, time variations, and external perturbations, the conventional
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update (adaptive) laws show parameter drift, this latter a phenomenon in which the
parameter estimates drift, possibly to infinity, from their ideal values. Parameter drift
occurs as a result of the online parameter estimator when a matching condition does
not exist any value for the parameters when attempting an exact match for a function.
There are two alternatives to anticipate parameter drift. The first one consists of
indirectly not performing parameter adaptation when the training error is too small.
The dead-zone modification [4] technique falls in this category. In the last one, the
online parameter estimator is modified in such a way that the parameter estimates are
directly restricted from the drift to infinity. The σ-modification [5], also known as
leakage factor [1, 6], e-modification [7, 8], and projection algorithms [1, 6, 9–11]
pertain to this last category.

The design of stable adaptive controllers is the essential objective when trying with
asymptotic model following for systems free of perturbations. Perturbations such as
unmodeled dynamics and time-varying parameters could result in unbounded solu-
tions. The exact model following is no longer possible for systems under the effects of
the presence of perturbations [12]. To this last eventuality, the boundedness of all the
signals from the closed-loop system is the main goal where the controller design task
must satisfy certain performance conditions. So, robust adaptive control approaches
are required to assure the boundedness of the signals in the system. In this context,
robustness implies that the adaptive system performs basically in the same manner
even when external perturbations are present. In order to reach the desired goal two
approaches can be adopted. In the first approach, the updated law is modified prop-
erly. In the second approach, the conventional adaptive law does not suffer from any
modification. Instead, to ensure the boundedness of the signals in the adaptive system,
a reference input that satisfies the well-known persistence of excitation property, that is,
a sufficiently rich input signal, is invoked.

In the presence of measurement noise, if the input signal is not sufficiently rich,
the parameters just not only do not converge to their nominal values, these may also
drift. Parameter drift can be avoided by using sufficiently rich inputs. When such an
option is not possible, update law modifications, namely dead-zone modification, σ-
modification, and e-modification, can be considered.

An adaptive controller is defined to be robust if it guarantees signal boundedness
in the presence of reasonable classes of unmodeled dynamics and bounded perturba-
tions as well as performance error bounds that are of the order of the modeling error
[1, 2, 4, 5, 13].

In this chapter, a decentralized robust direct MRAC for the attitude of a quadrotor
UAV is proposed. The model for the quadrotor UAV is given in terms of a
decentralized uncertain model where the uncertainties enter into the subsystem
dynamics via control channels; that is, the uncertainties are matched into the
subsystem. This latter in order to add an extra realism to the ideal system. Also, an
adaptive control law is designed for each one of the subsystems that constitute the
entire system. Moreover, in order to face the presence of modeling uncertainties and
external perturbations, a modification to the updated law is implemented to
preventing parameter drift. The proposal is validated via numerical simulation results.

2. Dynamic model of a quadrotor

In this work a miniature four-rotor helicopter is considered, having two of these
rotors rotating clockwise, and two rotating counterclockwise. Each rotor consists of an
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electric DC motor, a drive gear, and a rotor blade. Forward motion is accomplished by
increasing the speed of the rear rotor while simultaneously reducing the forward rotor
by the same amount. Backward, leftward, and rightward motion can be accomplished
in the same way. Yaw motion can be performed by accelerating the two clockwise
turning rotors while decelerating the counterclockwise ones.

The governing equations of motion that describe the attitude and position of a
quadrotor are those from a rigid body with six degrees of freedom [14]. These latter
can be decoupled into kinematic and dynamic equations [15]. The dynamic equations

Fext ¼ mq _Vb þ ω�mqVb, (1)

Text ¼ J _ωþ ω� Jω, (2)

can be obtained around the center of mass where mq denotes the quadrotor mass,

Vb is the velocity in the body frame, ω is the angular rate of the quadrotor, J ¼
diag Jx, Jy, Jz

n o
is the inertia matrix, the external force Fext ∈ℝ3 takes into account the

quadrotor weight, the total thrust, and the aerodynamic force, whereas the external
torque Text ∈ℝ3 considers the difference of thrust and torque exerted by the two pairs
of rotors as well as the aerodynamic moment vector. From a Z-Y-X sequence, consider
the rotation matrix

ℛ ψ , θ,ϕð Þ ¼
cθcψ cψsθsϕ� cϕsψ cϕcψsθ þ sϕsψ

cθsψ sθsϕsψ þ cϕcψ cϕsθsψ � cψsϕ

�sθ cθsϕ cθcϕ

0
B@

1
CA (3)

where θ, ϕ, and ψ are Euler angles representing pitch, roll, and yaw, respectively,
and s �ð Þ, c �ð Þ denote the sin �ð Þ and cos �ð Þ functions. The relation between the angular
velocity vector and the vector of Euler angles is given by

_ψ
_θ
_ϕ

0
B@

1
CA ¼ℳ ψ , θ,ϕð Þω (4)

where ψ ∈ �π, π½ Þ, θ∈ �π=2, π=2ð Þ,ϕ∈ �π=2, π=2ð Þ, and

ℳ ψ , θ,ϕð Þ ¼
0 sϕ sec θ cϕ sec θ

0 cϕ �sϕ
1 sϕ tan θ cϕ tan θ

0
B@

1
CA (5)

is invertible in the region where ψ , θ,ϕð Þ are allowed to take values.
The propeller dynamics is reduced to linear relationships between the squared

rotor angular rate and the force and moment of the propellers which are given by

Fzi ¼ �bϖ2
i , (6)

τzi ¼ κϖ2
i , (7)

respectively, where i is the motor index, b and κ are thrust and drag coefficients,
and ϖi is the rotor angular velocity. All the motors are aligned with the vertical axis of
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the body frame. Indeed, force and moments occur in the z-direction of the body
frame, where Fz is negative to be consistent with the downward z-axis convention.
The mapping that links the motor torque inputs to the rigid body forces and moments
is given by

F
τx

τy

τz

0
BBB@

1
CCCA ¼

�b �b �b �b
0 bl 0 �bl
bl 0 �bl 0

κ �κ κ �κ

0
BBB@

1
CCCA

ϖ2
1

ϖ2
2

ϖ2
3

ϖ2
4

0
BBB@

1
CCCA (8)

where l represents the distance between the rotors with respect to the center of
mass (center of gravity) of the quadrotor. The rotational velocity of the quadrotor,
namely, ω and the sum of angular velocity of the rotors, namely, ϖr ¼ �ϖ1 þϖ2 �
ϖ3 þϖ4 determine the resultant gyroscopic moment, that is, Mg ¼ ω� Jrϖr. Jr rep-
resents the inertia of the rotating rotors, which is considered the same parameter for
all four motors.

Considering that Euler angles are needed to attitude control, and also that from the
translational coordinates only that for altitude is required, asumming low speeds, the
equations of motion for a quadrotor are then given by Ref. [16]

€z ¼ �g þ cθcϕð Þ F
mq

, (9)

€θ ¼ Jz � Jx
Jy

 !
_ϕ _ψ þ Jr

Jy
ϖr _ϕþ l

Jy
τy, (10)

€ϕ ¼ Jy � Jz
Jx

� �
_θ _ψ � Jr

Jx
ϖr _θ þ l

Jx
τx, (11)

€ψ ¼ Jx � Jy
Jz

� �
_θ _ϕþ 1

Jz
τz, (12)

where z is for the vertical dynamics. Jx, Jy, and Jz are moments of inertia in the
direction of the three-dimensional Cartesian coordinates.

3. Quadrotor’s decentralized parametric model

In this work, the proposal is centered in the design of a decentralized robust direct
MRAC for the attitude of a quadrotor UAV. So, the mathematical model of the
quadrotor (Eqs. (9)–(12)) should be expressed in a convenient form for its analysis in
the searching of the main goal.

The first step toward that goal is the selection of a set of state variables as follows:

x1 ¼ ϕ, x3 ¼ θ, x5 ¼ ψ , x7 ¼ z,
x2 ¼ _x1 ¼ _ϕ, x4 ¼ _x3 ¼ _θ, x6 ¼ _x5 ¼ _ψ , x8 ¼ _x7 ¼ _z:

(13)

Thus, the description of the model for the quadrotor (Eqs. (9)-(12)) in state-
variable equations takes the form
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_x ¼

x2
Jy � Jz
Jx

� �
x4x6 � Jr

Jx
ϖrx4 þ l

Jx
τx

x4
Jz � Jx

Jy

 !
x2x6 þ Jr

Jy
ϖrx2 þ l

Jy
τy

x6
Jx � Jy
Jz

� �
x2x4 þ 1

Jz
τz

x8

�g þ cx1cx3ð Þ F
mq

0
BBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCA

: (14)

Moreover, neglecting the gyroscopic torques due to Euler angles change slightly
during flying, the rotational subsystem can be subdivided as follows:

_x1 ¼
x2

Jy � Jz
Jx

� �
x4x6 þ l

Jx
τx

0
@

1
A, (15)

_x2 ¼
x4

Jz � Jx
Jy

 !
x2x6 þ l

Jy
τy

0
B@

1
CA, (16)

_x3 ¼
x6

Jx � Jy
Jz

� �
x2x4 þ 1

Jz
τz

0
@

1
A, (17)

with _x1 ¼ _x1 _x2ð ÞT, _x2 ¼ _x3 _x4ð ÞT, and _x3 ¼ _x5 _x6ð ÞT.
In order to achieve the goal of attitude control task for the quadrotor UAV via

MRAC design approach in a decentralized way, Eq. (15) is parameterized in the form

_x1 ¼ A1x1 þ B1Λ1 u1 þ Θ1Φ1 xð Þ� �þ ζ1 (18)

with

A1 ¼
0 1

0 0

� �
, B1 ¼

0

1

� �
, (19)

x1 ¼ x1 x2ð ÞT, a1 ¼ Jy � Jz
� �

=Jx, b1 ¼ l=Jx, Λ1 ¼ b1, Θ1 ¼ a1=b1, Φ1 xð Þ ¼ x4x6,

and u1 ¼ τx. In a similar way, the parameterization for Eq. (16) is also given in the
form

_x2 ¼ A2x2 þ B2Λ2 u2 þ Θ2Φ2 xð Þ� �þ ζ2 (20)

where A2 ¼ A1, B2 ¼ B1, x2 ¼ x3 x4ð ÞT, a2 ¼ Jz � Jxð Þ=Jy, b2 ¼ l=Jy, Λ2 ¼ b2,
Θ2 ¼ a2=b2, Φ2 xð Þ ¼ x2x6, and u2 ¼ τy. Thus, for Eq. (17)
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_x3 ¼ A3x3 þ B3Λ3 u3 þ Θ3Φ3 xð Þ� �þ ζ3 (21)

with A3 ¼ A1, B3 ¼ B1, x3 ¼ x5 x6ð ÞT, a3 ¼ Jx � Jy
� �

=Jz, b3 ¼ 1=Jz, Λ3 ¼ b3, Θ3 ¼
a3=b3, Φ3 xð Þ ¼ x2x4, and u3 ¼ τz.

In the state space representation, the reference roll (model) dynamics is given by

_x1m
_x2m

� �
¼ 0 1

�ω2
n �2ξωn

� �
x1m
x2m

� �
þ 0

ω2
n

� �
x1r, (22)

which comes from the transfer function formulation for a second-order system
model, with x1m the reference angle, x1r the command signal, ωn the desired natural
frequency, and ξ the damping ratio.

In general, given A,B,Λ,Am,Bmð Þ, there is no guarantee that ideal gains Kx and Kr
satisfy the matching conditions

Aþ BΛKT
x ¼ Am, (23)

BΛKT
r ¼ Bm: (24)

From the experience, the structure of A is known so the pair (Am,BmÞ may be
chosen such that (Eqs. (23) and (24)) have at least one solution pair Kx,Krð Þ.

3.1 Direct MRAC under unmatched external perturbations

It is desirable that for every subsystem (Eqs. (18)-(21)) the closed-loop dynamics
have the form

_x ¼ Amxþ BΛ uþ ΘTΦ xð Þ� �þ Bmrþ ζ tð Þ: (25)

So, choosing the control input

u ¼ �Θ̂T
Φ xð Þ (26)

and substituting Eq. (26) in Eq. (25) it yields

_x ¼ Amx� BΛ~ΘTΦ xð Þ þ Bmrþ ζ tð Þ (27)

with

~ΘT ¼ Θ̂
T � ΘT (28)

the parameter estimation error.
Let us consider the tracking error equation

e ¼ x� xm: (29)

Subtracting the reference model dynamics, that is,

_xm ¼ Amxm þ Bm r, (30)

78

Adaptive Control Theory and Applications



from Eq. (25), it yields the error dynamics

_e ¼ Ame� BΛ~ΘTΦ xð Þ þ ζ tð Þ: (31)

In order to guarantee uniform ultimate boundedness (UUB) of all signals in the
closed-loop dynamics, considering the Lyapunov function candidate

V e, ~Θ
� � ¼ eTPeþ tr ~ΘTΓ�1Θ

~ΘΛ
� �

, (32)

where ΓΘ ¼ ΓT
Θ >0 denotes the adaptation rate and P ¼ PT >0 is the unique

symmetric positive-definite solution of the Lyapunov equation, computing
its time derivative along the trajectories of the tracking error dynamics (Eq. (31))
yields

_V e, ~Θ
� � ¼ �eTQe� 2eTPBΛ~ΘTΦ xð Þ þ 2eTPζ xð Þ þ 2tr ~ΘTΓ�1Θ

_̂ΘΛ
� �

, (33)

which can be rewritten as

_V e, ~Θ
� � ¼ �eTQeþ 2tr ~ΘT Γ�1Θ

_̂Θ�ΦeTPB
n o

Λ
� �

þ 2eTPζ tð Þ: (34)

Thus, considering the update law

_̂Θ ¼ ΓΘΦ xð ÞeTPB (35)

the time derivative _V of V then results

_V e, ~Θ
� � ¼ �eTQeþ 2eTPζ tð Þ≤ � λmin Qð Þ∥e∥2 þ 2∥e∥λmax Pð Þζmax (36)

and, consequently, _V <0 outside of the set

E0 ¼ e, ~Θ
� �

: ∥e∥≥ 2
λmax Pð Þ
λmin Qð Þ ζmax ¼ e0

� �
: (37)

The trajectories e tð Þ of the error dynamics (Eq. (31)) enter a compact set
Ω0⊃E0ð Þ⊂Rn in finite time and will remain there for all future times. However, Ω0 is
not compact in the e, ~Θ

� �
space. Indeed, Ω0 is unbounded since the parameter esti-

mation error ~Θ are not restricted at all. Thus, inside Ω0, _V can become positive and the
parameter error ~Θmay diverge, even though the tracking error norm remains finite at
all times. This phenomenon is known as parameter drift, and it is caused by the
perturbation term ζ tð Þ. This argument claims that the updated law (Eq. (35)) is not
robust to bounded perturbations.

3.2 Robust direct MRAC under unmatched external perturbations

From Eq. (35), in order to gain robustness the updated law

_̂Θ ¼ ΓΘ Φ xð ÞeTPB� σΘ̂
� �

(38)
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is chosen, with an extra term in order to add damping and σ a strictly positive
constant.

Substituting Eq. (38) in Eq. (34), after some operations results

_V e, ~Θ
� � ¼ �eTQe� 2σtr ~ΘTΘ̂Λ

� �
þ 2eTPζ tð Þ: (39)

From Eq. (28), Eq.(39) can be written as

_V e, ~Θ
� � ¼ �eTQe� 2σtr ~ΘT ~ΘΛ

� �
� 2σtr ~ΘTΘΛ

� �
þ 2eTPζ tð Þ: (40)

By definition,

tr ~ΘT ~ΘΛ
� �

¼
XN
i¼1

Xm
j¼1

~Θ2
ijΛii ≥∥~Θ∥2FΛmin (41)

with ∥~Θ∥2F ¼
PN

i¼1
Pm

j¼1 ~Θ
2
ij the Frobenius norm and Λmin the minimum diagonal

element of Λ. Also, from the Schwarz inequality,

∣tr ~ΘTΘΛ
� �

∣ ≤ ∥~ΘTΘ∥F∥Λ∥F ≤∥~Θ∥F∥Θ∥F∥Λ∥F (42)

Substituting Eqs. (41) and (42) into Eq. (40) yields

_V e, ~Θ
� �

≤ � λmin Qð Þ∥e∥2 þ 2∥e∥λmax Pð Þζmax � 2σ∥~Θ∥2FΛmin

þ2σ∥~Θ∥F∥Θ∥F∥Λ∥F:
(43)

The first and second terms, by completion of squares, can be rewritten as

�λmin Qð Þ∥e∥2 þ 2∥e∥λmax Pð Þζmax ¼ �λmin Qð Þ ∥e∥� λmax Pð Þ
λmin Qð Þ ζmax

� �2

þ λ2max Pð Þ
λmin Qð Þ ζ

2
max

(44)

In a similar way, the remaining terms can be rewritten as

�2σ∥~Θ∥2FΛmin þ 2σ∥~Θ∥F∥Θ∥F∥Λ∥F ¼ �2σΛmin ∥~Θ∥F �
1
2
∥Θ∥F

∥Λ∥F
Λmin

� �2

þ σ
∥Θ∥2F∥Λ∥

2
F

2Λmin

(45)

Then, (Eqs. (43)) can be written as

_V e, ~Θ
� �

≤ � λmin Qð Þ ∥e∥� λmax Pð Þ
λmin Qð Þ ζmax

� �2

þ λ2max Pð Þ
λmin Qð Þ ζ

2
max (46)

�2σΛmin ∥~Θ∥F �
1
2
∥Θ∥F

∥Λ∥F
Λmin

� �2

þ σ
∥Θ∥2F∥Λ∥

2
F

2Λmin
(47)

Consequently, _V e, ~Θ
� �

<0 if
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∥e∥>

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

λmin Qð Þ
λ2max Pð Þ
λmin Qð Þ ζ

2
max þ σ

∥Θ∥2F∥Λ∥
2
F

2Λmin

� �s
þ λmax Pð Þ
λmin Qð Þ ζmax ¼ c1 (48)

or

∥~Θ∥F >

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2σΛmin

λ2max Pð Þ
λmin Qð Þ ζ

2
max þ σ

∥Θ∥2F∥Λ∥
2
F

2Λmin

� �s
þ 1
2
∥Θ∥F

∥Λ∥F
Λmin

¼ c2 (49)

Strictly speaking, _V e, ~Θ
� �

<0 outside of the compact set, closed and bounded,

Ω ¼ e, ~Θ
� �

: ∥e∥≤ c1ð Þ∧ ∥~Θ∥F ≤ c2
� �� �

⊂Rn � RN�m: (50)

So, Eq. (50) proves UUB tracking of the external command r by the system output
y tð Þ. Thus, command tracking is achieved in the presence of parametric uncertainties
Λ,Θð Þ and nonparametric bounded time-varying perturbations ζ tð Þ. Then, the com-
mand tracking problem for the MIMO system dynamics (Eq. (25)) is solved, and it is
formulated as follows.

Theorem 1. Given MIMO dynamics (Eq. (18)) with a control uncertainty Λ1 and a
matched unknown function f 1 xð Þ ¼ ΘT

1Φ1 xð Þ, the MRAC subsystem (Eqs. (26), (28),
(29), (38)) enforces uniform ultimate bounded tracking performance of the reference
model dynamics (Eq.(30)), driven by any bounded time-varying command r tð Þ.
Moreover, all signals in the corresponding closed-loop subsystem remain UUB in time.

4. Simulation results

In what follows, simulation results about the performance of the decentralized
robust direct MRAC for the attitude of a quadrotor UAV are discussed. The proposal is
evaluated when considering both the absence and the presence of perturbations. The
perturbations come from a Gaussian noise source. In this work, the trajectory to be
followed is demanding and the simulation time is long in order to evaluate the drift of
the parametric estimates. From Refs. [17, 18], with Jx ¼ Jy ¼ 0:03 kg m2,
Jz ¼ 0:04 kg m2, l ¼ 0:2m, m ¼ 1:79 kg, and selecting ω2

n ¼ 32:653 rad=s and ξ ¼ 0:7,
the matching conditions (Eqs. (23) and (24)) are then satisfied to ideal gains Kx1 ¼
�4:89795 � 1:2ð ÞT and Kr1 ¼ 4:89795.

By selecting

Q ¼ 1 0

0 10

� �
(51)

and solving the algebraic Lyapunov equation

PAm þ AT
mP ¼ �Q (52)

it yields

P ¼ 20:5931 0:0153

0:0153 0:6269

� �
: (53)
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After several iterations, the adaptation rate for the update law (Eq. (38)) is given
by ΓΘ1 ¼ 9500. Since the same MRAC design approach is also carried out in the
achievement of the stabilization for pitch and yaw angles, only the design procedure
for roll angle stabilization is shown. So, the same P matrix is obtained when consider-
ing the same values for ωn, ξ, and Q matrix. Nevertheless, the remaining adaptation
rates are given by ΓΘ2 ¼ 9430 and ΓΘ3 ¼ 9500.

It must be noticed that a PID controller is implemented for altitude control
[19, 20].

From Figures 1–5, numerical simulation results from evaluating the viability of the
proposal to the case where the quadrotor UAV is performing the model-following task
to the attitude in an environment free of external perturbations are shown. From
Figures 6–13, simulation results are shown but to the case for which the model-
following task to the quadrotor’s attitude is carried out when considering the presence
of perturbations.

Figure 1.
Parameter estimates Θ̂1, Θ̂2 and Θ̂3 in the absence of perturbations.

Figure 2.
Model following by the roll angle in the absence of perturbations.
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Figure 3.
Model following by the pitch angle in the absence of perturbations.

Figure 4.
Dynamics of the yaw angle in the absence of perturbations.

Figure 5.
Dynamics from the adaptive control signals u1, u2 and u3 in the absence of perturbations.
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Figure 7.
Model following of the roll angle under the presence of perturbations.

Figure 8.
Dynamics of the pitch angle in the presence of perturbations.

Figure 6.
Parameter estimates Θ̂1, Θ̂2 and Θ̂3 in the presence of perturbations.
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Figure 9.
Dynamics of the yaw angle when facing the presence of perturbations.

Figure 10.
Tracking error signal from the roll motion.

Figure 11.
Tracking error signal from the pitch motion.
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The bounds and norms of the error signal from each decentralized subsystem are
shown in Table 1 for σ ¼ 0:0001. So, from Table 1, it can be seen that the inequality
(Eq. (48)) is satisfied. Thus, from Theorem 1, the command tracking problem for the
MIMO system dynamics is solved. In contrast with other robust learning algorithms,
where prior knowledge of an upper bound ζmax for the system perturbation ζ tð Þ is
assumed, in our proposal any prior information on the system perturbation upper
bounds is not required.

Figure 12.
Tracking error signal from the yaw angle.

Figure 13.
Dynamics from the adaptive control signals u1, u2 and u3 when confronting the perturbations.

Subsystem c1 ∥e∥

Roll motion 10.29 26.02

Pitch motion 10.29 24.11

Yaw motion 10.29 12.65

Table 1.
Bounds and norms of the error signal from each decentralized subsystem.
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5. Conclusions

From simulation results, it can be seen that the parameter estimates do not drift to
infinity when the decentralized direct MRAC has to deal with the perturbations. So, it
can be concluded that the decentralized direct MRAC for the attitude of the quadrotor
UAV is robust. Also, it must be highlighted that in the absence of external perturba-
tions, the parametric estimates converge to the origin. Moreover, it should be noticed
that for both cases, the quadrotor UAV reaches the desired height. Besides, it should
be noticed that when the tracking error becomes small, the update law dynamics
(Eq. (38)) can be approximated by �ΓΘσΘ̂. So, for small tracking errors, the adaptive
parameters have a tendency to return to the origin; that is, they disregard the gain
values that caused the tracking error to become small. Also, even if the perturbation
ζ tð Þ is removed from the system dynamics (Eq. (25)), and if the reference command r
is persistently exciting, the parameter estimation errors (Eq. (28)) do not converge to
the origin.
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Chapter 6

Perspective Chapter: Intelligent
Adaptive Flight Control
Augmentation of a Dynamic
Inversion Autopilot
Quang M. Lam, Anthony J. Calise and Nhan T. Nguyen

Abstract

High-speed UAV flight control is challenged by unknown external aerodynamic
disturbances and internal system variations due to complex aerodynamic configura-
tion, propellant consumption, the center of gravity movement, and possible actuator
failures. Redundant aerodynamic control effectors and engine inlet control mecha-
nisms are exploited/blended to maintain adequate force/moment control to satisfy
flight control reliability requirements. A control allocation (CA) mixing matrix is an
essential element of the redundancy design in addressing fault tolerance capabilities.
This paper employs an Intelligent Flight Controller (IFC) implemented in an adaptive
control augmentation fashion to assist the UAV’s primary Nonlinear Dynamic Inver-
sion (NDI) controller in restoring aircraft stability and command following objective
when subjected to effector performance degradation, including failures. Through a
blended design between optimal control modification (OCM) and derivative-free
model reference adaptive control (DF-MRAC), the IFC offers performance consis-
tency in comparison to traditional MRAC. The proposed IFC framework has demon-
strated its effectiveness in assisting the baseline NDI flight control system to maintain
its mission subjected to actuator’s failures (via an implicit automatic CA ‘re-
distributing’ action). Furthermore, the IFC also works well with any existing onboard
CA algorithm in dealing with effector failures without requiring restructuring of the
CA blending matrix. It therefore deserves consideration for application to future high
Mach UAVs.

Keywords: nonlinear dynamic inversion (NDI), control allocation (CA), optimal
control modification (OCM), derivative-free model reference adaptive control (DF-
MRAC), direct adaptive control (DAC), passive CA, fault tolerant control (FTC)

1. Introduction

Flight control systems (FCSs) are one of the most important safety-critical systems
in modern aircraft and high-speed UAVs. Redundancy of both FCS software (FSW)
and its associated actuators/effectors (aerodynamic control surfaces and engine inlet
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control mechanisms) are exploited to achieve robust performance and high reliability
against component failures (hardware and/or software redundancy, e.g., see [1, 2]). For
hardware redundancy, multiple control effectors are designed and sized to adequately
produce 6 degree-of-freedom (DOF) force/moment (F/M) responses in order to
closely follow the commanded F/M profiles generated by the control law (CLAW) so
that the aircraft can maintain its maneuvering ability subject to one or more effector
failures. For example, with loss of one elevon and one canard out of a total of seven
aerodynamic control surfaces, the aircraft may still be able to maintain its 6DOF
controllability.

This paper investigates the employment of the intelligent flight control (IFC)
architecture developed in [3, 4] for a generic transport model (GTM) aircraft, and
further adopts, modifies, and implements the IFC in a control augmentation fashion
to assist the Aerodynamic Model in Research Environment (ADMIRE) fighter aircraft
FCS [5] in effectively maintaining its 6DOF FCS performance when subjected to two
stuck inner elevons. It is shown that with the baseline dual loop NDI-FCS alone, the
aircraft fails to maintain its desired flight mission, and consequently, its flight profile
is prematurely terminated. The investigation studies herein also uncover several key
connections or findings between adaptive control (CLAW side of FSW) and adaptive
control allocation. One key connection between CLAW and CA is that the adaptive
signal generated by the IFC is effective on the CLAW side in improving command
tracking while improving CA actions in assigning which effectors should be utilized to
achieve the required NDI F/M commands. Sections 2 and 5 of this paper will present
these interesting details, while Sections 3 and 4 describe the problem statement of the
baseline NDI controller subject to two stuck elevons and present the IFC formulation,
respectively.

2. ADMIRE baseline controller description

The ADMIRE fighter jet and its development of a generic flight controller are
presented in detail in [6, 7]. However, for completeness, it is briefly described here so
its baseline FCS interface with the IFC block added in an adaptive control configura-
tion can be accurately described and presented. The ADMIRE’s generic dual loop
design flight controller is employed in this study wherein the outer loop (i.e., slow
dynamic loop) is designed to be command following. This amounts to achieving the
angle of attack (AoA) command following for the longitudinal channel and for the
angle of sideslip (AoS) and stability axis roll rate command following for the lateral
and directional channels. The pitch/roll stick and rudder pedal commands are appro-
priately shaped and scaled to result in the AoA, stability axis roll rate, and AoS
commands. A block schematic of the generic flight controller is shown in Figure 1.
The inner loop (or fast dynamic loop) is designed using the Nonlinear Dynamic
Inversion (NDI) adopted from [6] and detailed in the Appendix Section of the book
for ADMIRE integration. The controller structure has the outer loop regulation of the
slow dynamics consisting of the AoA, AoS, and flight path angle (FPA) by command-
ing the inner loop angular rates.

ADMIRE has seven aerodynamic control surfaces (CSs): left and right canards, left
and right inboard elevons, left and right outboard elevons, and one rudder (see
Figure 2). The canards and elevons can be operated together or in symmetric or
differential deflections or individually. The roll, pitch, and yaw channels are con-
trolled using these control surfaces. Hence, the transformation matrix has dimension
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seven by three (three desired control moments transformed to seven CS deflections).
The dual loop PID/NDI autopilot is detailed in [8] for readers who are interested in
seeing how the commanded state vectors of both the outer loop and inner loops are
being formulated. This paper is intended to focus on the IFC algorithm description
and how it differs from [4] in the implementation. Note that the current ADMIRE
simulation has a single engine; however, the engine throttle controller has not been
jointly integrated with the seven CSs main PID/NDI controller. Nonetheless, it is
being accounted for in the existing seven CA algorithms block (see Figure 3 and [6]
for algorithm details) to jointly map ‘virtual’ Force/Moment (F/M) command to ‘real’
effectors. For future UAV missions, especially for high-performance UAVs with flight
speeds beyond Mach 5, a high-dimension effectors vector including advanced engine
control effectors can be defined to address a more effective mixing scheme.

For the purposes of the roll axis control (the first column of Bv2r matrix, virtual to
real (v2r)), the differential canards (KR2), and differential elevons (KR4) are used.
For the pitch axis control (second column of Bv2r matrix, the symmetric canards (KP1)
and symmetric elevons (KP3) are used (see [6, 7] for background). Finally, for the

Figure 1.
ADMIRE dual loop autopilot with IFC implementation in an augmentation fashion – Baseline PID/NDI not using
full state feedback.

Figure 2.
ADMIRE’s seven aerodynamic control surfaces (ui, i = 1,2,… 7).
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yaw axis control (third column of B matrix), the differential canards (KY2), differen-
tial elevons (KY4), and rudder (KY5) are used. The control allocation matrix is given
by:

Bv2r ¼

�KR2 KP1 �KY2

KR2 KP1 KY2

�KR4 KP3 �KY4

�KR4 KP3 �KY4

KR4 KP3 KY4

KR4 KP3 KY4

KR5 KP5 KY5

2
666664

3
777775

(1)

• KR5 is the aileron to rudder interconnect gain. In case the optimizer finds a
solution greater in magnitude than 1.2, it is reset to 1.2. The maximum
differential deflection of the elevons is 25 degrees, whereas that of the rudders is
30 degrees. Therefore, limiting the KR5 gain to 1.2 prevents a control surface
saturation of the rudder due to a roll command at the expense of some sideslip
buildup during roll maneuver about the stability axis.

• The maximum roll rate in the stability axis (velocity vector direction) is
computed using the control allocation matrix determined above and used for the
forward path (body x-axis direction) command scaling throughout the airspeed
range.

3. Impact of two stuck inboard Elevons on the baseline NDI-FCS

In addition to the phase and gain margins, the following should be taken into
consideration to ensure HQ criteria are met: (1) Effector performance degradation due

Figure 3.
Current ADMIRE CA block with existing seven CA algorithms and IFC works quite well with any of those seven
without imposing any restructuring CA action.
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to wear/tear or unexpected damage due to adversarial actions; (2) effector deflection
and rate limits which could destabilize UAV FCS performance (see [9, 10]); (3) the
AoA rate _α which should be safeguarded and not exceed an upper bound (e.g., <
25 deg./s) throughout the flight envelope (with an AoA bound not to exceed 40 deg);
(4) full stick maximum roll acceleration ‘Limit Bounds’ violation; (5) AoS limit during
roll maneuvers; (6) model following errors bound violation (e.g., see [10]). One of the
key concepts going forward to satisfy high-speed UAV mission requirements is to
jointly optimize F/M at the full 6DOF CLAW level as full 6DOF (currently ADMIRE
has not met this design goal) to compute the desired F/M demand (whether a
completely healthy set of effectors or a reduced set of degraded capacity effectors
exists) and to produce a realistic, attainable F/M response.

Figures 4 and 5 present the ADMIRE Baseline FCS CS and trajectory performance
under nominal operating conditions with seven healthy CSs (RC: Right Canard, LC:
Left Canard, ROE: Right Outboard Elevon, RIE: Right Inboard Elevon, LIE: Left
Inboard Elevon, LOE: Left Outboard Elevon, and RUD: Rudder).

The ADMIRE FCS performance when two inner elevons are stuck at and beyond
200 seconds is shown in Figures 6 and 7. Under this failure, the ADMIRE flight
trajectory is prematurely terminated at 433 seconds, as shown in Figure 8. The
angular acceleration, angular rate, and attitude commands following comparisons are
presented in Figures 9–11.

These figures demonstrate that with two stuck IB elevons, the ADMIRE fighter
aircraft FCS is not able to complete its mission. As a result, modern adaptive control
augmentation of some fashion is needed to augment/assist the primary baseline FCS to

Figure 4.
7 CSs deflections under nominal FCs.
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cope with degraded flight conditions. In Section 4, we describe such an adaptive
control augmentation concept using a hybrid adaptive control framework to best
assist the primary FCS in completing its missions when subjected to unknown uncer-
tainties and control effector failures.

Figure 5.
ADMIRE nominal flight trajectory performance with seven healthy control surfaces.

Figure 6.
Left inboard (IB) Elevon (stuck at 200 seconds).
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4. IFC algorithm description

IFC algorithms have become popular in improving FCS performance, especially
when employing the Optimal Control Modification (OCM) [11] as an adaptive law
design modification, to further enhance the controller’s ability to cope with unknown

Figure 7.
Right inboard (IB) Elevon (stuck at 200 seconds).

Figure 8.
ADMIRE flight trajectory performance degradation with two stuck IB Elevons (Mission ended prematurely with
attitude pointing accuracy severely degraded).
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uncertainties, aircraft damage, and disturbance attenuation since the early 2000s. We
have teamed with NASA Ames Research Center to leverage their work on the IFC
development for the NASA GTM piloted simulation [12], and the actual piloted F-15
and F-18 [13] flight tests of the OCM adaptive control law at NASA Armstrong Flight
Research Center [4]. Toward this end, we have adopted their GTM-IFC design for
robustness enhancement of the ADMIRE FCS when subjected to degraded control
surfaces. The IFC block that we adopted from [4, 14] can be considered a hybrid
design, as shown in Figure 12. The baseline adaptive control block (shown in yellow)
is architected using the direct Model Reference Adaptive Control (MRAC), while the
Neural Network Controller (NNC) block offers an adaptive learning process that
allows the NNC-MRAC combination to achieve its adaptation in a more consistent and
robust manner.

The IFC architecture developed for GTM [4] that is adopted here is shown in
Figure 13. For the ADMIRE FCS performance enhancement subject to imperfect
cancelation of the NDI CLAW due to off-nominal flight conditions (i.e., stuck control
surfaces and/or complete loss of some control surfaces). For the sake of describing
how the IFC design developed in [4] for aircraft flight control is applied to the
ADMIRE’s robustness enhancement study, we re-use Section B of [4] (i.e., neural
network (NN) direct adaptive control) and define its input/output (I/O) for the
neural network adaptive control signal, uad, and how that signal is computed using the
ADMIRE aircraft states vector.

Figure 9.
FCS angular acceleration command following via NDI – Nominal vs. 2 stuck IB Elevons.
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4.1 NN-based adaptive control using conventional MRAC

The adaptive control augmentation vector uad is based on the adaptation law by
Rysdyk and Calise [15] with a modification to include additional product terms that
appear in the nonlinear plant dynamics described by Eqs. (31)–(33) of [4]:

uad ¼WTβnn C1,C2,C3,C4,C5,C6ð Þ (2)

where βnn is a vector of basis functions computed using Kronecker products with
Ci, i = 1;… ; 6, as inputs into the neural network consisting of control commands,
sensor feedback, and bias terms. More specifically, the product terms are

C1 ¼ V2 ωT αωT βωT� �
(3)

C2 ¼ V2 1 α β α2 β2 α αβ2
� �

(4)

C4 ¼ pωT qωT rωT� �
(5)

C5 ¼ uωT vωT wωT� �
(6)

C6 ¼ 1 θ ϕ CT½ � (7)

The NN basis function, βnn, then expressed as

βnn ¼ C1 C2 C3 C4 C5 C6½ �T (8)

Figure 10.
FCS angular rate command following via NDI – Nominal vs. 2 stuck IB Elevons.
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Figure 11.
FCS Bank angle, flight path angle (FPA), and AoS command following via NDI – Nominal vs. 2 stuck IB Elevons
(causing instability occurred at 433 secs).

Figure 12.
Adaptive control motivation for why a hybrid design should be exploited to achieve verification and validation
[14].
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The network weights W are computed by a direct adaptive law, which incorpo-
rates a learning rate G > 0 and an e-modification term [14] μ >0 according to the
following weight update law

_W ¼ �Γ βnne
TPBþ μ eTPB

�� ���� ��W� �
(9)

where Γ is an adaptation gain matrix, the matrix P solves the Lyapunov equation
ATPþ PTA ¼ �Q for some positive-definite matrix Q, e is the model following error,
and ||.|| is a Frobenius norm. Table 1 shows how P is computed for use in the ADMIRE
IFC application. The βnn implementation (of Eq. (8)) is shown in Figure 14.

The e-modification term in Eq. (9) provides robustness in the adaptive law
[16, 17]. The weight update law in Eq. (9) guarantees the stability of the neural
network weights and the tracking error. The proof of this updated law using the
Lyapunov method is provided by Rysdyk and Calise [18].

In the above expressions, [α, β, ϕ] are the AoA, AoS, and bank angle, [u v w] are
the velocity vector components in the body frame, and ω is the vehicle body frame
angular velocity vector.

5. Derivative-free model reference adaptive control (DF-MRAC)

The DF-MRAC design framework is fully described in the recently published book
written by Yucelen and Calise [19]. Here, we just want to describe how it is being used

Figure 13.
NNC architecture (yellow block) and their I/O Interface with ADMIRE Aircraft’s state vector.

%% See the IFC/NN Based Controller Block
ifc.Kp_p = 3; ifc.Kp_q = 16; ifc.Kp_r = 5;
Ap = �ifc.Kp_p; Bp = ifc.Kp_p; Cp = 1; Dp = 0;
Aq = �ifc.Kp_q; Bq = ifc.Kp_q; Cq = 1; Dq = 0;
Ar = �ifc.Kp_r; Br = ifc.Kp_r; Cr = 1; Dr. = 0;
Kp = diag([ifc.Kp_p,ifc.Kp_q,ifc.Kp_r]);
Pmat = lyap(-Kp’,eye(3));
Pmat = [0.1667 0 0
0 0.0312 0
0 0 0.1000];
Bmat = eye(3);

Table 1.
Lyapunov function block used in ADMIRE IFC block.
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to solve the problem of two stuck inboard elevons by mixing its solution with the IFC
architecture described in the previous section. The adaptive law in DF-MRAC has the
form

Ŵ tð Þ ¼ Ω1Ŵ t� τð Þ þ Ω̂2 tð Þ, t> τ (10)

where τ>0, Ω1 and Ω̂2 tð Þ satisfy:
0≤ΩT

1Ω1 < Is (11)

Ω̂2 tð Þ ¼ κ2β x tð Þð ÞeT tð ÞPB, κ2 >0 (12)

There is no need for e-modification as in (9) with this adaptive law, and the time
delay τ can be freely chosen. DF-MRAC has many other advantages not present in
MRAC that are illustrated in [19], including a natural robustness to unmodeled
dynamics, greatly improved performance when augmenting a baseline controller that
employs proportional + integral control, and the ability to treat uncertainties charac-
terized by time-varying ideal weights. Conventional MRAC employs the assumption
that the uncertainty must be characterized by a set of constant ideal weights, whereas
with DF-MRAC, the ideal weights can be time-varying. This greatly reduces the
burden on the designer to carefully select the correct set of basis functions in the
design process. Another added advantage is that the time delay parameter employed
in DF-MRAC adds an additional degree of freedom that has the added advantage of
introducing greater memory into the learning process.

Figures 15 and 16 illustrate how DF-MRAC has added an option to the ADMIRE
simulation. To date, it has been found that this option greatly improves the ability to
handle failure in actuation (Figure 17). The ADMIRE aircraft is now able to restore its
stabilization and maintain its desired mission performance for all the alternative CA
methods that are currently implemented. This improved performance is illustrated in
Figures 18, 19–22 for the same case of stuck inboard elevons, previously shown in
Figures 6, 7 and 8–11without adaptation. Figures 18 and 19 present the IFC’s ability to

Figure 14.
βnn implementation in ADMIRE FCS IFC block (not full state FB).
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maintain the aircraft controllability and restore stability when subjected to two stuck IB
elevons and maintain a good command following this degraded flight condition
(Figure 19).

6. IFC extension with direct adaptive control (DAC) algorithm to CA
interaction

This section is a preliminary effort addressing F/M closed-loop regulation (i.e.,
enhancing F/M response to F/M commands generated by the inner loop NDI control-
ler), which is the immediate layer tightly connected and interacting with the CA
functional block presented in Figure 23. This is still being viewed as an adaptation
protection layer which is implemented on the CLAW side (and not the CA side). This
is a part of the hybrid direct and indirect adaptive control design framework
presented earlier in Figure 12.

The closest connection to CA in an adaptive sense (without explicitly solving the
dynamic CA problem as described in [20–22]) is to actively regulate the angular
acceleration error with some quadratic minimization adaptive regulator. We chose the

Figure 15.
DF-MRAC implementation in parallel with derivative-based MRAC.

Figure 16.
DF-MRAC implementation within the IFC architecture.

101

Perspective Chapter: Intelligent Adaptive Flight Control Augmentation of a Dynamic…
DOI: http://dx.doi.org/10.5772/intechopen.1004113



Figure 17.
IFC/NDI restoring stabilization and control subject to stuck inboard Elevons sufficient to complete the Mission by
employing DF-MRAC.

Figure 18.
Restored stabilization by IFC with improved angular acceleration command following subject to 2 stuck inboard
Elevons (see zoom-in region in Figure 19 for command following accuracy).
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direct adaptive control algorithm presented in [10] (and recently demonstrated in
[9]) to actively enforce angular acceleration commands in the presence of degraded
effectors. Surprisingly, the use of such a direct adaptive control scheme as an adaptive
acceleration error regulator works quite well for both stuck control surfaces and
degraded effector’s deflection angle and deflection rate limits (see Figure 22 for its
adaptive gain real-time adjusting as a function of model following errors of angular
acceleration vector).

The CA design framework has been employed by the aircraft, UAVs, and space-
craft industries for more than five decades. However, various design algorithms and
their design evolution are only captured by technical publications and internal tech-
nical memorandum until 2017 with a formal textbook by Durham et al. [6]. This
textbook is viewed as a compilation of multi-decade research and development
(R&D) in CA algorithms for aircraft FCS, especially with the mixing of NDI-based
design and the Cascaded Generalized Inverse (CGI) for X-35 and F-35 applications
[8]. Readers are referred to Chapters 7 and 8 of the textbook [6] for the formal CA
design framework captured therein and CA applications to the X-35 in Chapter 9. The
concepts of Desired Commands (for Commanded Moments Generation by the inner
loop NDI CLAW) vs. Attenable Moments Set (AMS) via Admissible Control Effectors
captured in Appendix A of [6] and how they are being connected to the aircraft FCS
design is captured in Appendix B. Note that the CA framework should be generalized
for 6DOF control with full 6DOF F/M command following as described in Figure 22
rather than solely moment or torque regulation.

Figure 19.
Restored stabilization by IFC with a zoom-in snapshot for command following restoration illustration (presented
in Figure 18).
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The CA design framework interconnected to the CLAW side has been an active
research topic during the last 10 years (e.g., innovative control effectors (ICE) [23]
and balancing/resolving actuators redundancy via control vs. control allocation [24]).
It has become an important topic for maintaining high-speed UAV missions, espe-
cially under stressful operating conditions that include degraded effectors due to
thermal impact or damages resulting from adversarial actions (see [25, 26]).

The primary goal of adaptive CA dealing with control effector failures is to
dynamically reshape the CA multiple effectors blending matrix B (in Figure 22) to
explicitly zero out the corresponding column of such a failed effector so that the inner
loop NDI CLAW does not rely on the same original number of healthy effectors for F/
M contribution. In this example case, the control effector will be the second column,
as illustrated in Figure 23. Therefore, the new B matrix used by the CLAW will now
have a new dimension of [3x6] matrix (restructuring the B matrix by removing the
second column of its original [3x7] matrix) if the second effector has been detected
and declared as a complete loss of its operational capacity. Of course, other CA
algorithms could offer effectors fault tolerant CA capabilities without explicitly
restructuring the mixing matrix B such as in [27].

7. Concluding remarks and future directions

The study presented herein, adaptive control augmentation via IFC to assist the
primary baseline FCS subject to off-nominal FCs, is not new (e.g., see [4] and its cited

Figure 20.
Restored stabilization by IFC with improved angular rate command following subject to 2 stuck inboard Elevons.
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Figure 21.
Restored stabilization by IFC with improved angle command following and tracking subject to 2 stuck inboard
Elevons.

Figure 22.
DAC gain adaptation coping with two stuck IB Elevons.
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references therein or [14] for a formality of adaptive control verification and valida-
tion). We re-use such an attractive IFC solution for high-speed UAV applications as an
added extra layer of flight control protection, exploiting its self-learning and adapta-
tion consistency. One important finding is that the IFC DF-MRAC works very well
with all existing seven CA algorithms to maintain FCS performance, while the DAC
algorithms are only operational to three of them using the same set of adaptation
parameters selection. This means the DAC algorithm requires retuning of its adapta-
tion parameters ([ΓI, Γp, σ], see [10]) for different CA algorithms, while the IFC
algorithms do not require retuning. The current IFC design will be continuously
evaluated, revised, and upgraded to address more formal failure cases and to mature
its design to serve more realistic high-speed UAV missions.

Future directions will extend the IFC design to address the functional CA
performance aspects (augmentation of the CA functional blocks subject to effectors
performance degradation, e.g., see [20–22, 25, 26] or [27]) rather than just adaptation
augmentation added on in the control law side of the FCS. As mentioned earlier in
Section 5, there are two main paths (e.g., see [24]) to dynamically size/shape and
determine the commanded effectors: (1) directly determine the real deflection of
effectors from the applied optimal control and (2) use optimal control or NDI to
compute the total F/M, and then use the actual CA function (via the multiple effectors
mixing matrix B in Figure 23) to compute individual effectors’ deflection in real-time.
Aircraft CA algorithms have been extensively studied during the past two decades
(e.g., see [6] and references cited therein) and are still considered an active research
area in addressing CA mixing to achieve (i) optimal performance when all effectors
are healthy and (ii) suboptimal performance when effectors are in degraded operating
conditions (e.g., see [28] for actively reshaping the effector’s blender solution B matrix
in real-time (see Figures 4 and 5 of [28])) while still able to maintain the designated
mission.

Future improvements are contemplated for IFC in general and DF-MRAC in par-
ticular. These include:

Figure 23.
Full F/M regulation with CA framework design coupled with CLAW where 3DOF force has been added to the
baseline moments.

106

Adaptive Control Theory and Applications



a. Adaptive hedging to improve response when actuator position and rate limits
are active and to account for the fact that actuators are bandwidth limited (see
[29]).

b. Adaptive loop transfer recovery to guarantee the gain, phase, and time delay
margins of the baseline design are preserved under IFC (see [30]).

c. A direct method for adaptation to actuator failures that do not require
augmentation of the CA function blocs. This involves a modification to Eq. (11)
as described in Section 3.4 of [19].

d. Application of a neural network-based control to attenuate external
disturbances developed by Levin and Ioannu in [31].

e. Possibility of employing the multiple model adaptive mixing schemes developed
in [32, 33] to ensure a wider region of adaptation without model switching.
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Chapter 7

Practical Approaches to the Control
of Milk Fermentation with Kefir
Grains
Jožef Ritonja, Andreja Goršek, Darja Pečar,
Darius Andriukaitis and Boštjan Polajžer

Abstract

In the chapter, milk fermentation for kefir production is studied. The traditional
kefir production process based on inoculating kefir grains into milk is considered. The
quality and quantity of the produced kefir also depend on the dynamics of the fer-
mentation process. The chapter presents the design and synthesis of the closed-loop
control system in which changing the bioreactor’s temperature is used to control the
time course of the concentration of dissolved CO2. In the chapter: (1) a nonlinear
dynamic mathematical model of the fermentation process, which allows evaluating
the influence of the bioreactor’s temperature on the dynamics of the fermentation
process, is presented; (2) the design and synthesis of a conventional linear control
system with constant parameters are carried out; (3) an adaptive control system that
enables the tracking of the courses of the quantities of the fermentation process to the
desired reference trajectories without the time-consuming preliminary identification
of the parameters of the fermentation process model is developed. The numerical,
experimental, and analytic outcomes of the study are presented.

Keywords: milk fermentation, batch bioreactor, mathematical modeling, control
system design and synthesis, linear control, model reference adaptive control

1. Introduction

In the chapter, milk fermentation for kefir production is studied. The traditional
kefir production process based on inoculating kefir grains into milk is considered.
Characteristics, quality, and quantity of the produced kefir depend on the used
microorganisms and substrate, but they also depend on the time course of the fer-
mentation product concentration [1]. Although different types of bioreactors can be
used for kefir production, batch bioreactors are highly practiced [2]. The specific
operation of batch bioreactors allows their simple construction, which is returned
with easy maintenance and low production costs of bioreactors [3]. Therefore, batch
bioreactors are the most widely used bioreactors. Unfortunately, in batch bioreactors,
it is not possible to add or remove individual substances during operation and thus
influence the course of the fermentation process [4]. This represents a major
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limitation in the use of existing batch bioreactors. Fermentation processes in the
existing industrial and laboratory batch bioreactors run independently (autono-
mously). The courses depend only on the initial concentrations of substances, and
once the fermentation processes have been started, it is no longer possible to influence
the execution of the fermentation processes. This problem is well-known in the
industrial and academic environment. There are many publications showing this
problem [2–4] and possible solutions [5–7].

This chapter presents another option to control the time course of the fermentation
process. The possibility of controlling the time course of the fermentation process by
changing the bioreactor’s temperature instead of adding individual substances during
the operation is investigated in the chapter thoroughly.

In the study’s initial phase, we also reviewed relevant journal publications consid-
ering fermentation process control published in the period 2000–2020. The purpose
of the review was to determine the direction of research in this area and to analyze the
existing solutions to this problem. We used established research databases in both
related fields, that is, Electrical Engineering/Control and Bioprocess Engineering/Bio-
reactors. As expected, we found a lot of recent interesting work in the field of Con-
tinuous Bioreactor Control and in the field of fed-batch bioreactor control. Some
interesting articles concerning the use of advanced control techniques in continuous
bioreactors are presented in Refs. [5–11]. The implementation of advanced control
methods for fed-batch bioreactors can be found in many articles; some of them are
[12–15]. Unexpected and very interesting, however, was the disclosure that there are
very few publications dealing with the control of batch bioreactors. We found only a
few papers where the control of the batch bioreactors was realized. In both cases, the
manipulation of airflow of oxygen concentration was used for control. In Ref. [16],
gain scheduling control was used, and a conventional PI control strategy was proposed
in Ref. [17]. This was our additional motivation to work more in-depth and intensively
in the field of control of fermentation processes in batch bioreactors.

The problem of control of fermentation processes in batch bioreactors is frequent
and up-to-date. Based on the increasing interest in a suitable solution and on the basis
of already existing knowledge presented in publications, we started with the
multidisciplinary multiannual cooperation of three faculties. Our work was divided
into three stages: (1) design of the control system, which will enable assure the
prescribed operation in batch bioreactors; (2) derivation of the mathematical model of
the fermentation process in batch bioreactors which also describes the impact of
operating conditions on the execution of the fermentation process and will be suitable
for the analysis and simulation of the fermentation process and for the development of
the control system; (3) synthesis of the advanced control system, which will approve a
noncomplicated and practical implementation. The work done has been addressed in
some publications. The use of the heating system for control of the fermentation
process in batch bioreactors was presented in Refs. [18–22], and use of the stirrer
system in Refs. [18, 23]. In this chapter, the continuation of work in the field of kefir
production control is presented and the findings are summarized and collected.

The basic hypothesis of our work was that the fermentation process in batch bio-
reactors can be controlled by changing the temperature in the bioreactor. In this way,
it is possible to achieve the desired time courses of concentrations of substances in the
fermentation process and thus influence the quality and quantity of the fermentation
product. To achieve this goal, we need a control system, which must be simple enough
to be implemented in a batch bioreactor. It is also necessary that the tuning of the
controller parameters is automatic and that the users of the bioreactors will not need
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additional knowledge and time-consuming setting of the parameters of the control
system. The second hypothesis was that a control system that will meet the set
requirements can be realized based on the theory of adaptive systems.

For this purpose, the chapter presents a nonlinear dynamic mathematical model of
the fermentation process, which allows evaluation of the influence of operating param-
eters (stirrer speed, temperature) on the dynamics of the fermentation process. Based
on this model, the design and synthesis of a conventional linear control system with
constant parameters can be carried out. Accurate knowledge of the fermentation pro-
cess model parameters is required for tuning the parameters of a conventional linear
controller, which significantly reduces the usability of such a control system. The chap-
ter’s emphasis is on the development of an adaptive control system that enables the
following of the responses of the quantities of the fermentation process to the desired
reference trajectories without the time-consuming preliminary identification of the
parameters of the fermentation process model. The main contribution of the chapter is
the presentation of the development of a control system that will enable the control of
the fermentation process for kefir production even in uncomplicated batch bioreactors.
The developed control system confirmed both hypotheses.

The chapter is organized into nine Sections. In Section 2, a considered milk fer-
mentation process with kefir grains is described. In Section 3, the available laboratory
system consisting of a batch bioreactor with a controlled heating/cooling system,
measurement equipment, and equipment for data acquisition and control is
presented. In Section 4, a mathematical model of the fermentation process in the
batch bioreactor is described. Results obtained with the derived mathematical model
are shown in Section 5. A batch bioreactor’s closed-loop control system is developed
based on the knowledge gained from the mathematical model analysis. The design and
synthesis of the control system are carried out in two ways: By using the conventional
linear control theory and on the basis of the advanced adaptive control theory, both
concepts are shown in Section 6. The results of both control approaches are presented
in Section 7. Discussion, comments, and concluding remarks are offered in Sections 8
and 9.

2. Controlled fermentation process

The given study deals with milk fermentation. The release of CO2 is studied, and
the focus is on fermentation with kefir grains. Inoculum-initiated milk fermentation
lasts approximately one day. During this time, homofermentative lactic acid strepto-
cocci grow fast, at the beginning producing a decrease in pH. Reduced pH causes a
decrease in the number of streptococcus and at the same time accelerates the growth
of lactobacilli. Yeasts and increased temperature have a positive effect on the growth
of heterofermentative streptococci. These have a significant influence on the aroma of
the product.

Before the considered fermentation process, kefir grains were activated for five
consecutive days (daily washing with cold water and after that putting in milk at room
temperature). For starting of the fermentation process the pasteurized fat milk was
preheated and inoculated with activated grains. By using different kefir grains, the
fermentation processes with different dynamic and static characteristics were
performed. The considered fermentation processes are nonlinear dynamic processes
that require sophisticated control algorithms to achieve desired behavior and conse-
quently quality fermentation products.
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3. Used lab apparatus

A laboratory batch bioreactor with additional equipment was applied to show the
applicability of the proposed practical approach for the control of the kefir fermenta-
tion process. This laboratory system was also used for the thorough analysis and
modeling of the fermentation process. Before the implementation of the control sys-
tem, a systematic analysis through the set of experiments was carried out. First, a set
of experiments with constant operating conditions was performed. Then, a multitude
of tests with the changeable temperature in the bioreactor was done. The goal of these
experiments was to discover the impact of the temperature of the fermentation sub-
stances on the dynamics of the fermentation process. During these experiments, the
input quantity of the analyzed fermentation process was the temperature in the
bioreactor, and the output quantity was the dissolved CO2, which represents the
controlled fermentation product.

3.1 Batch bioreactor

Fermentation processes were performed in the reaction calorimeter Mettler Toledo
RC1e, which was applied as a batch bioreactor. A comprehensive explanation of RC1e
is presented in Ref. [22].

3.2 Integrated system for heating and cooling of fermentation mixture

The tested bioreactor was originally provided with the system for heating and
cooling (heating/cooling system). The silicone oil was implemented as a transfer
liquid, which is injected into a closed circulation system through the double jacket of
the reactor. The heating/cooling system is completed with the closed-loop tempera-
ture control system. A proportional-integral controller was used. The heating/cooling
system enables the adjustment of the bioreactor’s temperature in the area from 5 to 50°
C. Due to the controller’s integral characteristic, the control system operates without
steady-state error for a constant reference temperature. The lag in the control system
is substantial in comparison to the lag of the fermentation process. The heating/
cooling system was modeled with the 1st order lag term with unit gain and time
constant Tϑcs = 0.1 h.

3.3 Dissolved CO2 measurement

The choice of the controlled plant output quantity is decisive for the selection of
the control approach and for the practical realization. The selected quantity must
comprehend the essential information about the fermentation process. It is also
required the unproblematic, accurate, and fast realization of its measurement.

For the control and monitoring of the fermentation processes, the
measurements of dissolved oxygen and cell culture are fundamental. Oxygen concen-
tration is very important because it correlates with growth and metabolite. Another
quantity important in the execution of the fermentation process is the concentration
of the biomass.

During laboratory experiments or operating in an industrial environment, it is very
difficult to measure dissolved oxygen and/or cell culture concentrations. Therefore, in
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the presented contribution, we have shown how we can use the measurement of
dissolved CO2 concentration instead of measuring these two quantities [24]. CO2 is
the outcome of microorganism metabolism and represents a good indicator of the
course of fermentation. A good feature of using CO2 measurement as an indicator of
the fermentation process is the ease of CO2 measurement. CO2 is homogeneously
distributed in the reactor mixture, the sensors are accurate, reliable, have a long
lifespan, their measurement curve is known [25]. The CO2 measurement is fast and
suitable for real-time control systems.

3.4 Equipment for data acquisition and control

The ISE51B ion-selective electrode was used for the measurement of the CO2

concentration [23]. Electrode potential response to CO2 concentration is in a semilog-
arithmic scale, a straight line over two decades of the concentration (5�10–4 g/L to
2�10–2 g/L). For the acquisition of the measured signal of the dissolved CO2 concen-
tration, the hardware SevenMulti from Mettler Toledo together with LabX direct
software was implemented. The control system was realized by means of dSpace 1103
device [22]. Block diagrams of the laboratory measurement and control system are
shown in Figures 1 and 2.

Figure 1.
Laboratory batch bioreactor system for milk fermentation process analysis and modeling [22].

Figure 2.
Laboratory batch bioreactor system for the control of the milk fermentation process [22].
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4. Mathematical model of the fermentation process dynamics in a batch
bioreactor

The fermentation process is a biological process where the microorganisms
cause the source substrate to break down into the final product, that is, the
microorganisms consume substrate and, during the growth, produce the product.
Microorganisms, substrates, and products are basic substances in all fermentation
processes. In the presented study, the fermentation processes in batch bioreactors will
be considered.

The fermentation process is a complex process. It can be described by a nonlinear
and time-dependent mathematical model with a partially known structure and
unknown and time-varying parameters. In the references, we can find different
mathematical models of different grades of complexity, which can be used for the
description of the fermentation processes in batch bioreactors. Most models are
based on the mass balances of the microorganisms, substrate, and fermentation
product. A fundamental and most frequently applied mathematical model describes
the dynamics of the fermentation process in a batch bioreactor with a system of
three nonlinear differential equations. The differential equations are used to calculate
the concentration of the substances in the batch bioreactor: microorganisms, sub-
strate, and fermentation product. The differential equations are represented by the
Eqs. (1)–(3):

_x1 tð Þ ¼
μm 1� 1

Pi
x3 tð Þ

h i
x2 tð Þ

Sm þ x2 tð Þ þ 1
Si
x2 tð Þ½ �2 x1 tð Þ (1)

_x2 tð Þ ¼ �
μm 1� 1

Pi
x3 tð Þ

h i
x2 tð Þ

Sm þ x2 tð Þ þ 1
Si
x2 tð Þ½ �2 x2 tð Þ (2)

_x3 tð Þ ¼ α
μm 1� 1

Pi
x3 tð Þ

h i
x2 tð Þ

Sm þ x2 tð Þ þ 1
Si
x2 tð Þ½ �2 þ β

2
4

3
5x3 tð Þ (3)

where the following symbols for the concentration of the fermentation process
substances are used:

x1(t): microorganisms’ concentration (g/L),
x2(t): substrate’s concentration (g/L),
x3(t): fermentation product’s concentration (g/L),
and the following symbols for the parameters of the mathematical model are

introduced:
μm: maximum growth rate of the microorganisms (h�1),
Pi: inhibition constant of the fermentation product (g/L),
Sm: saturation constant of the fermentation substrate (g/L),
Si: inhibition constant of the fermentation substrate (g/L),
Α: correlation parameter among yield of fermentation product and growth of

microorganisms and.
β: correlation parameter that denotes the yield of fermentation product indepen-

dent of the growth of microorganisms (h�1).
The presented mathematical model can be used for the simulations of the fermen-

tation processes in the batch bioreactors in a case when the temperature stays constant
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during the execution of the fermentation processes. In the case of the changeable
temperature, the presented mathematical model does not allow the simulations of the
fermentation processes. In this case, the enhanced mathematical model must be used.
The enhanced mathematical model, which considers the influence of the bioreactor’s
temperature changes on the dynamics of the fermentation process, is described by a
system of four differential Eqs. (4)–(7) [20]:

_x1 tð Þ ¼
μmϑ tð Þ 1� 1

Piϑ tð Þ x3 tð Þ
h i

x2 tð Þ
Sm þ x2 tð Þ þ 1

Si
x2 tð Þ½ �2 x1 tð Þ (4)

_x2 tð Þ ¼ �
μmϑ tð Þ 1� 1

Piϑ tð Þ x3 tð Þ
h i

x2 tð Þ
Sm þ x2 tð Þ þ 1

Si
x2 tð Þ½ �2 x2 tð Þ (5)

_x3 tð Þ ¼ α
μmϑ tð Þ 1� 1

Piϑ tð Þ x3 tð Þ
h i

x2 tð Þ
Sm þ x2 tð Þ þ 1

Si
x2 tð Þ½ �2 þ β

2
4

3
5x3 tð Þ (6)

_x4 tð Þ ¼ 1
Tϑcs

x4 tð Þ þ u tð Þ½ � (7)

where added to the symbols in Eqs. (1)–(3):
x4(t) stands for the temperature of the contents of the bioreactor (°K),
u(t) denotes the reference temperature of the bioreactor’s temperature control

system (°K),
Tϑcs marks the time constant of the 1st order lag term, which represents the

mathematical model of the controlled heating system (h) and.
μmϑ(t), Piϑ(t) denote functions that represent the impact of the temperature of the

contents of the bioreactor on the parameters of the mathematical model of the fer-
mentation process.

Contrary to the constant parameters μm and Pi in Eqs. (1)–(3) are μmϑ(t), Piϑ(t)
functions, which depend on the bioreactor’s temperature. Function μmϑ(t) denotes
the impact of temperature on the maximum microorganisms’ growth rate (h�1),
and function Piϑ(t) denotes the impact of temperature on the product inhibition
constant (g/L). Both functions are identified in such a way that they enable
good fitting of the mathematical model’s responses to the measured trajectories [20].
Different analytical expressions were tested. After their comparison, the following
simple functions were chosen, which can assure proper fitting:

μmϑ tð Þ ¼ μm 1þ kμm x4 tð Þ � ϑ0½ �� �
(8)

Piϑ tð Þ ¼ Pi 1þ kPi x4 tð Þ � ϑ0½ �½ � (9)

where.
ϑ0 is the bioreactor’s initial temperature (°K),
kμm is the parameter that describes the correlation between the temperature

variation and the maximum microorganisms’ growth μm (oK�1), and.
kPi is the parameter that describes the correlation between the temperature

variation and the product inhibition constant Pi (
oK�1).
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5. Results of the mathematical model

The parameters μm, Pi, Sm, Si, and α of the mathematical model of the fermentation
process depending on the used substances and the principle of the operation mode of
the batch bioreactor. For the considered laboratory experimental system, the param-
eters of the mathematical model were obtained from the measured trajectories of the
microorganisms, substrate, and product by the particle swarm optimization. The
integral absolute error between measured and simulated trajectories represented the
applied performance index [20]. The mathematical model parameters, which were
obtained from the experiments of the laboratory kefir production and the subsequent
optimization, are shown in Table 1.

The Eqs. (1)–(3) represent an autonomous mathematical model, that is, the
model without input. This is anticipated because the original industrial versions
of batch bioreactors do not allow to be influenced during the execution of the
fermentation process. Microorganisms and fermentation substrate are inserted
into the bioreactor at the beginning of the fermentation process. The time courses
of the concentrations of the fermentation process quantities rest only on the
used substances. The initial conditions determine the fermentation process dynamics.

The simulation results of the identified mathematical model of the kefir
fermentation process in the laboratory batch bioreactor are shown in Figure 3.
The trajectories show the response of the concentrations of the microorganisms,
fermentation substrate, and fermentation product during the fermentation
process, which follows the initial states x1(0) = 2.6 g/L, x2(0) = 9.0 g/L and
x3(0) = 0.1 g/L. As expected during the fermentation process, the variables that
denote microorganisms and product concentration increased, and the substrate con-
centration variable decreased. The duration of the modeled fermentation process is
approx. 10 hours.

For the simulation of the impact of the changing temperature on the trajectories of
the quantities of the fermentation process, the model with the Eqs. 4–9 was used. For
the studied fermentation process with data in Table 1, the following values of the
additional coefficients kμm and kPi were estimated to obtain a good fitting of the
measured and simulated trajectories:

kμm ¼ 0:1°K�1 kPi ¼ 0:04°K�1 (10)

Parameter Value

Maximum growth rate of the microorganisms μm = 0.5 h�1

Inhibition constant of the fermentation product Pi = 7.0 g/L

Saturation constant of the fermentation substrate Sm = 0.42 g/L

Inhibition constant of the fermentation substrate Si = 62.15 g/L

Correlation parameter among yield of Fermentation product and growth of
microorganisms

α = 0.9 g=L
g=L

Correlation parameter that denotes the yield of Fermentation product independent of the
growth of microorganisms

β = 0.001 h�1

Table 1.
Identified parameters of the mathematical model of the kefir fermentation process in the laboratory bioreactor.

118

Adaptive Control Theory and Applications



The time constant of the controlled heating system was Tϑcs = 0.1 h, and the initial
bioreactor’s temperature was ϑ0 = 20°C. The time responses of the reference temper-
ature of the heating control system and the actual temperature of the contents of the
bioreactor are seen in Figure 4. The step change of the reference temperature at time
t = 2 h was generated to produce changes in the time response of the mathematical

Figure 4.
Simulation results of the milk fermentation process with kefir grains where the step change of the reference
temperature at time t = 2 h is carried out, the parameters of the mathematical model are shown in Table 1 and
Eq. 10, presented are time responses of the reference temperature of the heating control system, and the actual
temperature of the contents of the bioreactor.

Figure 3.
Simulation results of the milk fermentation process with kefir grains for constant reference temperature. The
parameters of the mathematical model are shown in Table 1, presented are concentrations of microorganisms,
substrate, and product.
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model of the fermentation process (4)-(9). The time responses that show the growth
of the microorganisms, the consumption of the substrate, and the rising of the fer-
mentation product are shown in Figure 5. It is evident that temperature changes
generate substantial variations in the dynamics and also in the steady state of the
fermentation process. The dotted lines in Figure 5 represent the time responses of the
microorganisms, substrate, and product when no temperature change is made (the
same trajectories as in Figure 1).

Based on simulations and laboratory tests [18], it was confirmed that changing the
reference temperature of the media in the bioreactors significantly impacts the tran-
sients and steady state of the fermentation process. This finding confirmed the idea
that the bioreactor’s heating system could be used to control the fermentation process.

6. Control systems for fermentation process in batch bioreactors

6.1 Conventional control system with a linear controller

The batch bioreactor, which is equipped with a heating system with the possibility
of changing the temperature of the medium and with a measuring system for mea-
suring the concentration of the dissolved CO2, enables the implementation of a con-
ventional feedback control structure. Although the controlled plant is nonlinear and
the analysis of its linearized model shows that the variations of parameters of the
linearized model are considerable, it was founded that it is possible to use a linear
controller with fixed parameters. In this case, the controller must be selected to ensure
the stability of the control system in the entire range. The controller chosen in this
way will ensure the stability of the control system in the whole operation range. By

Figure 5.
Simulation results of the milk fermentation process with kefir grains where the step change of the reference
temperature at time t = 2 h is carried out, the parameters of the mathematical model are shown in Table 1 and
Eq. 10, presented are time responses of concentrations of microorganisms, substrate, and product, dotted/dashed
lines show the responses without temperature change.
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selecting the performance index and using the optimization method, we can ensure
that the controller will provide optimum performance in the broadest possible oper-
ating range.

The main disadvantage of this approach is the need for knowledge of the most
accurate mathematical model of the fermentation process of the batch bioreactor.
Development of an accurate enhanced mathematical model is very complex and
requires a lot of time. First of all, the fermentation process at a fixed (unchangeable)
temperature must be carried out. The trajectories of the concentrations of microor-
ganisms, substrate, and the product must be measured and nonlinear model parame-
ters (μm, Pi, Sm, Si, α, β) must be calculated. Then, the fermentation with the same
initial concentrations must be rerun, this time with the difference that the tempera-
ture of the bioreactor mixture is not constant all the time, but that a step change of
temperature occurs during fermentation.

6.2 Adaptive control system

6.2.1 Survey of adaptive control systems

The main difficulties in the use of conventional control systems are incomprehen-
sion and uncertainty of the mathematical model of the batch bioreactor and, in the
case when using a linear controller, changing the parameters of the linearized model
of the fermentation process during the operation. The theory of adaptive systems
serves as an ideal foundation for developing a control system for batch bioreactors.
Adaptive control systems are applicable in case of unknown and changing structures
and parameters of the controlled plants and consequently their mathematical models.
Adaptive controllers are capable to adapt parameters to the controlled plant varia-
tions.

In publications in the field of Systems Theory, it is possible to trace an enormous
number of different adaptive and semi-adaptive theories useful for the development
of adaptive control systems. Different adaptive approaches are suitable for different
controlled plants and require more or fewer controlled plants’ quantities to be mea-
sured. Controlled plants may be linear or nonlinear, may have a known or unknown
structure, may have unknown constant parameters, or their parameters may change
during operation. Some adaptive approaches require measurements of all state vari-
ables; others require measurements of only one or a few output quantities.

Very many (almost all) adaptive control approaches are derived from the under-
lying assumption that a controlled plant is linear and has unknown and constant
parameters. For such a (simple) case, theoretical proof could be given of the global
stability of the entire adaptive system. In practice, however, many adaptive control
approaches have shown to be useful, even in cases where the controlled plants are
nonlinear, and their parameters are changeable. In this case, the adaptation mecha-
nism adjusts the parameters of the adaptive controller or explicitly generates a control
input according to the linearized model of the controlled plant at the current operating
point.

Two fundamental concepts are applied to the design of adaptive control systems.
The first approach is based on the separate utilization of three modules: An identi-

fication module that identifies the mathematical model of the controlled plant; a
setting module that calculates the parameters of the controller on the basis of the
identified mathematical model, and a controller module that calculates the
corresponding control signal by means of the calculated parameters. This approach is
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called indirect adaptive control, sometimes also self-tuning control (STC), because
initially, it was used primarily for self-tuning of the controller for unknown controlled
plants. The benefit of the indirect adaptive control is its modular concept, which
enables a connection of various identification techniques (Maximum Likelihood,
Least Squares, … ), and different techniques for synthesis of the controller (stochastic,
deterministic). The combination of the recursive Least Squares identification method
and the pole-shifting controller proved to be one of the most successful. Due to such
implementation, the indirect control system is very transparent. During its operation,
it is possible to monitor the intermediate results of the adaptive process. The main
disadvantage of the indirect adaptive control system, however, is that it is challenging
to prove (and ensure) the global stability of the entire adaptive control system. The
global stability of the self-tuning adaptive control systems is proven only in the case of
more straightforward, less applicable controller synthesis methods [26].

The second approach is based on the use of two components: A reference model
and an adaptation mechanism. The reference model prescribes the desired static and
dynamic behavior of the controlled plant, and the adaptation mechanism generates
control input to ensure that the control plant’s output (or/and state variables) follow
the output (or/and state variables) of the reference model. This adaptive concept is
called direct adaptive control because the input of the controlled plant is determined
directly. The other name for these control is also Model Reference Adaptive Control
(MRAC). The development of the MRAC approaches is based on assuring the stability
of a complete adaptive system. This is the reason that MRAC systems have proven
global stability. The majority of direct adaptive control systems can be ranged in one
of the following adaptive concepts [27]:

• Model reference adaptive control systems where all controlled plant state space
variables must be measured (MRAC with full state access, abbreviated MRAC-
FSA) [28],

• Model reference adaptive control systems where only the controlled plant output
is measured, and an additional observer is used to observe state space variables
(MRAC with an adaptive observer, abbreviated MRAC-AO) [29], and

• Model reference adaptive control systems where only the controlled plant output
is measured but no additional observer is needed. In this case, to enable proof of
global stability, it is necessary that the controlled plant is “almost” strictly
positive real. Therefore, the abbreviation MRAC-ASPR is used [30].

For the needs of the implementation of the batch bioreactor control system, the
MRAC-FSA algorithms have proved to be less adequate. Difficulties in applying the
MRAC-FSA algorithms are found primarily in the unmeasurability of the necessary
state-space variables, which results in the unfulfillment of Erzberger’s perfect model
following conditions that are required for the implementation of MRAC-FSA control
[28].

MRAC-AO algorithms do not require access to all state variables of the controlled
plant; the measurement of the output quantity is sufficient. However, when using
MRAC-AO systems, accurate knowledge is required of the structure of the mathe-
matical model of the controlled plant. It is necessary to know exactly the maximum
order of the mathematical model of the controlled plant (together with the unmodeled
dynamics); it is also essential to know the exact relative order of the controlled plant’s
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mathematical model. A limitation is also the requirement that the controlled plant
must be a non-minimum phase. All these requirements restrain the use of MRAC-AO
algorithms for the control of batch bioreactors.

MRAC-ASPR is the newest of these adaptive concepts. It does not require the usage
of an adaptive observer or measurement of all controlled plant variables. MRAC-ASPR
is simple for implementation and realization due to time undemanding algorithms.
Because of many benefits, the MRAC-ASPR concept was applied to batch bioreactor
control.

6.2.2 Theory of MRAC-ASPR system

The presented nonlinear model of the fermentation process can be linearized
around the trajectory. This makes it possible to implement the MRAC-ASPR theory,
which was originally used for the linear systems described by Eqs. (11) and (12):

_x tð Þ ¼ A tð Þx tð Þ þ b tð Þu tð Þ (11)

y tð Þ ¼ cT tð Þx tð Þ (12)

where the symbols are:
x(t), u(t), y(t): controlled plant state-space vector, input, output, and.
A(t), b(t), cT(t): controlled plant system matrix, input vector, and output vector.
The elements of the system matrix A(t), the input vector b(t), and the output

vector cT(t) are unknown and changeable. It is assumed that:

• The range of the elements of the controlled plant matrices A(t) and vectors b(t)
and cT(t) is bounded,

• All possible pairs A(t) and b(t) are controllable and output stabilizable,

• All possible pairs A(t) and cT(t) are observable.

The desired dynamics of the batch bioreactor can be described by Eqs. (13)
and (14):

_xm tð Þ ¼ Amxm tð Þ þ bmum tð Þ (13)

ym tð Þ ¼ cTmxm tð Þ (14)

where the symbols are:
xm(t), um(t), ym(t): reference model state-space vector, input, output, and.
Am(t), bm(t), cmT(t): reference model system matrix, input vector, and output

vector.
The reference model determines the desired input-output relation. Therefore, it is

not necessary for the reference model order to be the same that the controlled plant
order—it could be smaller as written in Eq. (15):

dim xm tð Þ½ �≪dim x tð Þ½ � (15)

The deviation between the reference model and controlled plant dynamics is
described by the error between both outputs:
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ey tð Þ ¼ ym tð Þ � y tð Þ (16)

The Lyapunov stability theory is used for the derivation of the adaptive
control algorithm (17) [31, 32]. This algorithm calculates such input of the controlled
plant u(t) that assures that the output of the controlled plant y(t) will follow the
reference model output ym(t) in case of unknown controlled plant model A(t), b(t),
and cT(t).

up tð Þ ¼ Ke tð Þey tð Þ þ Kx tð Þxm tð Þ þ Ku tð Þum tð Þ (17)

where the additional symbols are:
Kx(t), Ku(t): control gains, and.
Ke(t): output feedback parameter.
Variables ey(t), xm(t), and um(t) and parameters Ke(t), Kx(t), and Ku(t) can be

rewritten with control variables vector r(t) and adaptive gains vector K(t):

K tð Þ ¼ Ke tð Þ Kx tð Þ Ku tð Þ½ � (18)

rT tð Þ ¼ ey tð Þ xm tð Þ um tð Þ� �
(19)

The adaptive gains vector K(t) can be calculated with the proportional-integral
algorithm:

K tð Þ ¼ Kp tð Þ þ Ki tð Þ (20)

where symbols denote:
Kp(t): proportional term Kp(t), and.
Ki(t): integral term.
The integral term Ki(t) guarantees convergence and the proportional term Kp(t)

generates a fast response. The MRAC-ASPR algorithm increases the values of the
adaptive gains vector K(t) if the error increase and decreases if the error decrease
[28]. Both terms of the adaptive gains vector K(t) can be calculated by Eqs. (21) and
(22) [28]:

Kp tð Þ ¼ ey tð ÞrT tð Þ T0 (21)

_Ki tð Þ ¼ ey tð ÞrT tð Þ T (22)

where symbols denote:
T’: positive semi-definite matrix, and T: positive definite matrix.
Considering (22) for the calculation of Ki(t), it is obvious that the proposed inte-

gral term in the presence of disturbances, whenever perfect following is not possible,
may reach unnecessarily large values, or may even diverge. In order to improve the
convergence of the adaptive system, the following modification of the integral term
was proposed [30]:

_Ki tð Þ ¼ ey tð ÞrT tð Þ T � σKi tð Þ (23)
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where the σ-term is used to evade integral gains divergence in the presence of a
disturbance.

The origin theory for the development of the MRAC-ASPR control systems is
described in detail in [30].

7. Results of the control systems

Both considered control strategies were tested for the control of the
fermentation process in the batch bioreactor with the data in Table 1. The treated
batch bioreactor was equipped with a final control system for heating/cooling the
bioreactor’s contents and with a measurement system that measures the
concentration of the dissolved CO2 in the bioreactor’s vessel. The input of the
thus-formed controlled plant represents the reference signal for the heating/cooling
system, and the output of the controlled plant is the signal that corresponds to the
dissolved CO2 concentration.

7.1 Reference trajectory of the dissolved CO2

The quantity and quality of the product in the batch bioreactor are decisively
dependent on the trajectories of the biological quantities in the fermentation process,
affecting the kinetics of the bioprocess [1, 3, 12, 22]. In today’s used industrial batch
bioreactors without a closed-loop control system, the course of the fermentation
process depends only on the substances that were placed in the bioreactor before the
beginning of the fermentation process and cannot be influenced during the fermen-
tation process. The developed and presented control system makes the changing of the
time responses of the biological quantities possible.

With this new possibility, the presented control system will enable the fermenta-
tion process to be carried out, where the time courses of concentrations of biomass,
substrate and fermentation result will be the same as the prescribed reference trajec-
tories. It makes sense that the reference trajectories are chosen in such a way that the
fermentation process gives as much as possible and as much quality product as possi-
ble in the shortest possible time. There are many publications that describe in more
detail how to select reference trajectories [12]. In the presented contribution, we did
not theoretically deal with the problem of choosing reference trajectories but limited
ourselves only to choosing the reference trajectory of the concentration of dissolved
CO2. The reference trajectory was chosen based on the experience of operators oper-
ating batch bioreactors.

The basis for the selection of the reference signal is the time course of the
corresponding quantity of the unregulated fermentation process. When choosing a
reference trajectory, we must take into account the biological limitations of the fer-
mentation process. The dynamics of the reference signal must be such that the regu-
lation system of the bioreactor can realize it. For the tested fermentation process in the
available bioreactor, the following reference trajectory r(t) for the dissolved CO2 was
chosen:

r tð Þ ¼ 0:8 1� e�t=1:5
� �

(24)
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The time response of the CO2 concentration of the unregulated bioreactor
and the chosen suitable reference trajectory for the control system is shown in
Figure 6.

7.2 Conventional control system with a linear controller

The use of linear controllers makes sense in the case of a batch bioreactor since the
analysis of a linearized mathematical model in the vicinity of the trajectory showed a
relatively small range of variations in the model’s parameters. In such cases, the
controller must be set to ensure stability and good transients of the control system in
the most problematic operating range. Of course, the main limitation in the use of
such controllers is the requirement to identify the mathematical models of the con-
trolled plants.

A simple PI controller with transfer function GPI(s) [33] is used to demonstrate the
usefulness and efficiency of the conventional control system with a linear controller
for the batch bioreactor control.

GPI sð Þ ¼ kp
sTi þ 1
sTi

(25)

where kp is the gain and Ti is the time constant of the PI controller described with
the transfer function GPI(s).

The controller design is based on the known nonlinear and linearized mathematical
models. The design procedure was divided into two phases:

• First, the time constant Ti of an integral part of the PI controller was determined
regarding the unstable region of the operating range. The selected time constant
was determined on the basis of the linearized mathematical model, and assures a
stable operation for small deviations around the entire trajectory.

Figure 6.
Actual and the reference trajectory of the CO2 concentration; data of the bioreactor are in Table 1.
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• Second, the gain kp of the proportional part of the PI controller was calculated
using the differential evolution. Integral time square cost function J of the output
error variable and input variable (26) was used to determine the optimal value of
the controller’s gain [21].

J ¼
ðtf

0

Q y ∗ tð Þ � y tð Þ½ �2 þ R u ∗ tð Þ � u tð Þ½ �2
n o

dt (26)

where.
u(t) is the input variable of the controlled plant (i.e., the reference temperature of

the bioreactor’s temperature control system (°K)),
y(t) is the output variable of the controlled plant (i.e., the output of the measure-

ment system for the dissolved CO2 concentration (mmol/L)) mathematical model,
u*(t), y*(t) are the nominal input and output variables of the controlled plant,
Q , R are the weighting parameters of the quadratic cost function, and.
tf - final time.
In the optimization calculations, it is assumed that the nominal input variable is

constant during the entire fermentation process and is equal to the temperature of the
bioreactor’s filling at the beginning of the fermentation process ϑ0 (°K). For the
chosen cost function’s parameters Q , R, tf, and the constant temperature of the bio-
reactor’s filling ϑ0:

Q ¼ 1 R ¼ 0:1 tf ¼ 10 h ϑ0 ¼ 292°K (27)

the following parameters of the PI controller were calculated:

kp ¼ 22:0 TPI ¼ 1:5 h (28)

The corresponding block diagram of the control system is shown in Figure 7. The
obtained results are presented in Figures 8 and 9. The time response of the actual

Figure 7.
Block diagram of the conventional control system with linear controller.
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dissolved CO2 concentration of a batch bioreactor controlled with a conventional PI
controller, together with the reference trajectory, is shown in Figure 8. The bioreac-
tor’s inner temperature x4(t), as a consequence of the control of the heating/cooling
system and the outside temperature ϑ0 are presented in Figure 9.

Figure 8.
Time response of the actual and reference-dissolved CO2 concentration of a batch bioreactor with the conventional
control system with a linear controller with calculated parameters; data of the bioreactor are in Table 1, controller
parameters in ref. (28).

Figure 9.
Time response of the batch bioreactor’s inner temperature and the constant outside temperature when the
conventional control system with a linear controller with calculated parameters was used; data of the bioreactor
are in Table 1, controller parameters in ref. (28).
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7.3 Adaptive control system

A simple adaptive control system based on the MRAC-ASPR control
theory was used for the batch bioreactor’s control implementation. The block
diagram of the adaptive control system for the batch bioreactor’s control is shown in
Figure 10.

The proposed adaptive control system represents a kind of model reference
adaptive control system—the adaptation mechanism and control law will ensure
that even in the case of unknown and changeable parameters of the controlled
plant, the course of the fermentation process will be as close as possible with
the dynamics of the selected reference model. The reference model was determined
based on the selected reference signal. For the selected reference signal (24), we
chose 1st order lag with gain krm = 0.8 and the time constant Trm = 1.5 h as the
reference model.

The speed of the adaptation mechanism depends on the matrix parameters T’ and
T. To ensure the stability of the adaptive system, it is required that the matrix T’ is

Figure 10.
Block diagram of the adaptive control system.
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positive semi-definite and the matrix T is a positive definite matrix. Numerical simu-
lations were used to choose the parameters:

T ¼ 4 � 103

1 0 0

0 1 0

0 0 1

2
64

3
75T0 ¼ 4 � 103

1 0 0

0 1 0

0 0 1

2
64

3
75 (29)

To avoid divergence of an integral part in the presence of disturbance the follow-
ing σ-term was used:

σ ¼ 0:95 (30)

The results of the simple adaptive control technique for the fermentation
process in the batch bioreactor are shown in Figures 11 and 12. Figure 11 shows
the reference and the actual time response of the dissolved CO2 concentration
when a simple adaptive controller was used. The obtained results show that with
the proposed adaptive regulation system, we can achieve the time course of the
dissolved CO2 concentration will be very similar (almost the same) as the
prescribed reference time course. The regulation system ensures the same course of
the fermentation process even in the case of small variations in the initial values of the
quantity and quality of the fermentation components (different charges).

The control system ensures the same dynamics of the fermentation process by
changing the temperature in the bioreactor. Figure 12 shows the required temperature
in the bioreactor. It can be seen from Figure 12 that the temperature required for the
control remains within an acceptable temperature range.

Figure 11.
Time response of the actual and reference dissolved CO2 concentration of a batch bioreactor with the simple
adaptive control system; the data of the bioreactor are shown in Table 1, and adaptation mechanism parameters
in [29, 30].
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8. Discussion

At first sight, the results obtained with both presented control systems are excel-
lent and very similar. Almost identical dynamics of the fermentation process were
obtained, as defined by the reference trajectory. To achieve these responses, accept-
able changes were requested in the bioreactor’s inner temperature.

To obtain better insight into the performances of the control systems, the evalua-
tion based on the performance index is meaningful. The integral quadratic perfor-
mance index, the same as the cost function shown in Ref. (26), was used for the
comparison. The same parameters of the performance index as for the PI-controller
optimization were used to estimate control quality. The calculated performance
indexes for the conventional control system with PI controller and the simple adaptive
control system are presented in Table 2.

It is surprising that the performance indexes of conventional PI control system and
advanced adaptive control system are very similar. From the point of view of the
quality of the control systems, there is no significant difference between the PI control
system and the adaptive control system. However, there is a significant difference in

Control Concept Value

Conventional control system with PI controller J = 4.2496

Simple adaptive control system J = 4.2864

Table 2.
Performance indexes for the studied Bioreactor’s control systems.

Figure 12.
Time response of the batch bioreactor’s inner temperature and the constant outside temperature when the simple
adaptive control was used; the data of bioreactor are shown in Table 1, and adaptation mechanism parameters in
[29, 30].
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the use of both control systems. Using the PI control system is very time-consuming
for bioreactor operators. To determine the optimal parameters of the PI controller, a
precise determination of the mathematical model of the fermentation process is nec-
essary. This is very demanding and time-consuming. The adaptive controller has a
great advantage, as it automatically adapts to the controlled system. Operators do not
need to set the parameters of the controller, which significantly simplifies and speeds
up their work.

Despite the slightly worse performance index, the proposed adaptive control
approach presents a much better choice for the development of the practical control
system for the batch bioreactor.

9. Conclusion

There are two important contributions to the presented work:

• It has been shown that batch bioreactors, which represent the simplest and
cheapest type of bioreactors and which basically allow only autonomous
(uncontrolled) operation, can be turned into a closed-loop control system with a
little additional equipment. The basic condition is that the bioreactors have a
heating/cooling system, through which the controller can influence the course of
the fermentation process, and

• It has been shown that the developed adaptive control system represents a very
effective control for batch bioreactor operation, even in the case of an unknown,
nonlinear, and time-variable mathematical model of the fermentation process.

The chapter shows the possibility of using two different control concepts: conven-
tional PI control system and advanced adaptive control system. The adaptive control
gives almost the same results as the PI control system, whose parameters were offline
tuned with the optimization, on the basis of the identified mathematical model of the
fermentation process.

Adaptive control system proved to be significantly more suitable for the control of
batch bioreactors. Its main advantage is very simple to use, which does not require a
prior setting of parameters, but the regulator itself adapts to the characteristics of the
controlled fermentation process. In such a way, the batch bioreactors, which are easy
to fabricate and maintain (and are, therefore, consequently less flexible to control),
thanks to the advanced control theory, easily and cheaply acquire the possibility to
improve their performance significantly. The shorter fermentation time and higher
quality of the obtained products are guaranteed, which is reflected in their greater
efficiency of operation.

In the future, we plan to continue the work we have started. The goal is to simplify
the realization of the control system and to carry out testing on as many different
batch bioreactors as possible.
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Chapter 8

Enhancing Resilience in
Cooperative Systems against
Cyber-Attacks: A Defense
Framework through Adaptive
Network Reconfiguration
and Digital Twin
Azwirman Gusrialdi, Deepalakshmi Babu Venkateswaran
and Zhihua Qu

Abstract

The book chapter presents a solution to enhance the resilience of multi-agent
cooperative systems against cyber-attacks. Specifically, the threat involves adversaries
aiming to prevent the cooperative systems from achieving consensus by launching
false data injection (FDI) or denial-of-service (DoS) attacks on the communication
network. First, a distributed algorithm is proposed to identify critical edges, via online
estimation/learning of the network’s parameters, whose removals disconnect the net-
work. An adaptive network reconfiguration algorithm is then presented to remove
those critical edges, thus ensuring the resilient operation of the cooperative systems
against arbitrary DoS attacks. Additionally, a digital twin, interconnected with the
cooperative systems, is introduced to simultaneously ensure the resiliency of the
cooperative systems against FDI attacks and increase the redundancy of the network.
Finally, it is illustrated how the proposed defense framework also allows for detecting
and identifying in real-time both attack vectors in the network. The efficacy of the
proposed solution is demonstrated through numerical simulations, showcasing their
effectiveness in protecting the cooperative systems against cyber threats.

Keywords: multi-agent cooperative systems, consensus algorithm, cyber-attacks,
network reconfiguration, attack detection and identification

1. Introduction

Cooperative systems are a collection of autonomous agents that interact/cooperate
with each other to make their own decision (actions) so that the overall system
achieves a common goal and/or the overall system’s performance is optimized without
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the need for a central entity. In practice, the individual agent can be distributed
generator in a power system, an autonomous robot in a robotic swarm, or an autono-
mous vehicle in an intelligent transportation system, while the interaction can take
place via wireless communication. The local interaction rule makes the cooperative
systems appealing for real-time decision-making in large-scale and critical systems
due to their scalability and low latency.

The consensus problem is a canonical issue in cooperative systems in which the
agents aim to achieve agreement, via a consensus algorithm, on specific quantities of
interest, such as voltage, distance, or velocity [1]. Various coordination problems in
diverse domains, including power systems, transportation systems, robotic swarms,
and federated learning, can be framed as consensus problems [2–5]. Furthermore, the
consensus algorithm also serves as a fundamental component in numerous distributed
optimization algorithms [6, 7].

While the introduction of a communication network plays a crucial role in realiz-
ing cooperation among the agents, its use comes at the price of making the cooperative
system vulnerable to cyber-attacks, which may prevent the systems from achieving
consensus and, in the worst case, destabilize the overall systems [8, 9]. Recent history
has witnessed catastrophic cyber-attacks, such as the 2015 Ukraine power grid inci-
dent, causing a 6-hour blackout [10]. Specifically, the attacker may modify the infor-
mation being exchanged between the agents. Thus destroying data integrity, e.g., by
launching false data injection (FDI attacks), or block the communication channels
causing data unavailability, e.g., by launching denial-of-service (DoS) attacks. In
addition, the attacker can also passively eavesdrop on the communication channel to
acquire confidential information about the agents [11].

In order to unlock the potential economic impact of cooperative systems, it is thus
imperative to ensure the resilient operation of the cooperative systems against
unknown cyber-attacks. This book chapter focuses on cooperative systems under DoS
or FDI attacks. The existing strategies for resilient consensus against DoS attacks
impose restrictive assumptions on the frequency and duration of attacks [12, 13],
which are hard to guarantee in practice. A strategy to ensure resilient consensus
against FDI attacks is by removing a fixed number of extreme local values that an
agent received from the other agents [14]. However, this strategy requires high net-
work connectivity and cannot guarantee the agents to converge to the attack-free
consensus value even in the absence of attacks. Another potential strategy is by
identifying the compromised communication links and subsequently removing them
[15]. However, this approach also requires high network connectivity, which depends
on the number of compromised links, and more importantly, the system’s stability
may have been destroyed during the identification process.

This book chapter presents a novel defense framework that eliminates restrictions
imposed in the existing strategies discussed previously. First, to defend against DoS
attacks, a distributed algorithm is presented to determine the critical edge in the
network, which is an edge whose removal disconnects the network. A novel network
reconfiguration algorithm is then proposed to remove the existence of the critical edge
and thus ensure that the network remains connected under arbitrary DoS attacks.
Furthermore, a digital twin is designed and interconnected with the cooperative
systems. The digital twin not only makes the cooperative system resilient against FDI
attacks but also helps to remove the critical edges in the network. The proposed
defense framework also facilitates real-time and distributed detection and identifica-
tion of DoS or FDI attacks in the network. Finally, a numerical example is provided to
illustrate the proposed defense framework.
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2. Preliminaries

Let  be the set of real numbers; vector 1n ∈n denotes the vector of all ones,
0n ∈n represents the vector of all zeros, and In ∈n�n denotes an n� n identity
matrix. The cardinality of a set N is denoted by ∣N ∣. Superscript ″T″ represents the
transpose of a matrix or a vector.

Let G ¼ V, Eð Þ be an undirected graph with a set of nodes V ¼ 1,⋯, nf g and a set of
edges E ⊂V � V. An edge i, jð Þ∈ E denotes that node j can receive information from
node i. Since the graph is undirected, we have i, jð Þ∈ E⇔ j, ið Þ∈ E. A path from node i
to node j is a sequence of consecutive edges i,mð Þ, m, qð Þ,⋯, l, jð Þf g with distinct
vertices. A path that starts from a given node and ends at the same node is called a
cycle. An undirected graph G is connected if a path exists between every pair of nodes.
The distance between two nodes in a graph is the length/number of consecutive edges
connecting them. The neighbor set of node i is defined as N i ¼ j, j, ið Þ∈ E, j 6¼ if g.

3. Multi-agent cooperative system

Consider a multi-agent cooperative system (MACS) Σs consisting of n agents
whose individual dynamics are given by

_xi ¼ ui, i ¼ 1,⋯, nf g (1)

where xi ∈ is the state of physical variables to be controlled and ui is the control
input. The agents can exchange information with each other via a communication
network whose network topology is modeled by a graph G whose nodes represent the
agents. It is assumed that the communication between a pair of agents is bidirectional,
that is graph G is undirected and an edge i, jð Þ∈ E denotes that agents i and j can
exchange information with each other.

In this book chapter, we focus on a consensus problem where the goal is to design a
local interaction rule ui for an individual agent, which depends on its own and its
neighboring agents’ states, such that the state of all the agents in the network reach a
consensus, i.e.,

xi ! c,∀i and c 6¼ 0: (2)

To this end, each agent executes the following consensus law [1].

ui ¼
X
j∈N i

xj � xi
� �

: (3)

Defining a vector x ¼ x1,⋯, xn½ �T, the dynamics (1) under consensus law (3) can
be written in a compact form as

_x ¼ Ax ¼ �Lx, (4)

where L is called a Laplacian matrix associated with the graph G. If the communi-
cation network topology G is connected, then all the agents’ states reach a consensus
whose value is equal to the average of the initial conditions xi 0ð Þ of all the agents [1],
as depicted in Figure 1b. In other words, we have
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x! xave1n ¼ 1
n

Xn
i¼1

xi 0ð Þ
 !

|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
xave

1n: (5)

Remark 1. The work [16] presents a systematic design for general classes of
nonlinear heterogeneous cooperative systems. Specifically, if the individual dynamics
can become input passivity-short by a local feedback controller, the dynamic behav-
iors of the agents at the network level as well as their network control design can then
be transformed to (3). Hence, the design presented in the book chapter has broad
implications for general cooperative systems.

3.1 System identification toward defending against cyber-attacks on MACS

In practice, the communication network is vulnerable to cyber-attacks. Specifically,
this book chapter considers the following attacks: (i) false data injection (FDI) attacks
which destroy data integrity of the cooperative system by injecting malicious signals
into the communication channels to alter exchanged data; and (ii) denial-of-service
(DoS) attacks which block the communication channels causing unavailability of data.

Under DoS attacks, the system matrix A ¼ aij
� �

(i.e., Laplacian matrix �L) in (4)
changes, and the cooperative system may lose its consensus. While agent i can locally
estimate the i-th row of the matrix A (which corresponds to the information it
receives from its direct neighbors) using the approach presented in Section 6, coop-
erative stability and performance of MACS are determined by connectivity, collective
property of system parameters rather than any specific parameter. There are two ways
to identify and thwart DoS attacks. One way is to identify all the system parameter
changes in aij and then attempt to maintain or recover all the original values of aij. The
challenge lies in developing a distributed algorithm so that the individual agent can
estimate all the parameters of the matrix A. To this end, each agent can perform the
following consensus algorithm

_̂Ai ¼
X
j∈N i

Âj � Âi

� �
: (6)

Figure 1.
(a) Network topology ofMACS consisting of six agents; (b) under dynamics (8) and in the absence of attacks (d = 0),
the states xi reach average consensus given in (5); (c) The attacker is able to prevent the agents from reaching
consensus by launching FDI attacks given in (9) and modifying information sent from agents 1, 2, 3, and 6.
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Here, matrix Âi denotes the agent i‘s a local estimate of the matrix A with

Âi 0ð Þ ¼ n

0T
n

⋮
0T
n

aTi ∗
� �

0T
n

⋮

2
6666666664

3
7777777775

! i‐th row

where ai ∗½ �∈n denotes the i-th row of the matrix A. The agents local estimate
will then converge to the matrix A given that the communication network’s topology
is connected. However, this approach has several limitations. First, it is expensive as
each agent has to n2 exchange number of information with its neighbors. Further-
more, the network’s connectivity may have already been destroyed before each agent
can estimate the overall system parameters of A. To overcome the limitation of the
approach described previously and to quantify the connectivity property of a net-
work, let us define the path pij between node i and node j as

pij ¼
Y

k1, k2,⋯, kl
aik1ak1k2⋯aklj, (7)

where the sequence k1, k2,⋯, kl of represents the set of nodes corresponding to the
sequence of edges i, k1ð Þ, k1, k2ð Þ,⋯, kl, jð Þ which connect the two nodes. Since the
original graph is connected, the node i knows that pij ¼ 1 for any choice of j. Hence,
the second way of distributively detecting DoS attacks and making the system resilient
to such attacks is to distributively monitoring/estimating pij in real-time and ensuring
that, at any time, there are at least two distinct paths (or existence of a loop/cycle)
between nodes i and j (such that any DoS attack will not destroy the connectivity).
Accordingly, one focus of this book chapter is to develop such a distributed algorithm
for node i to identify/monitor pij and maintain the existence of two distinct pij ¼ 1 for
any of the node i‘s neighboring node j∈N i. As will be discussed in more detail later,
this approach only requires each agent to exchange n number of information with its
neighbors.

In the following subsections, the vulnerability of the MACS under the consensus
algorithm (4) against both attack vectors will be analyzed in more detail.

3.2 Vulnerability of MACS under FDI attacks

The consensus dynamics (4) under unknown FDI attacks can be written as

_x ¼ �L x� dð Þ, (8)

where d tð Þ∈n is an unknown injection launched by the attacker. Specifically,
di tð Þ 6¼ 0 means that the attacker modifies the information sent by the agent to its
neighbors by injecting a malicious signal di tð Þ and also corrupts the local state feed-
back of the agent i. It is assumed that the attacker has knowledge of the network
topology of the MACS, that is the Laplacian matrix L, and also have access to the
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physical state x which can used to launch the exogenous injections d. In addition, it is
also assumed that the unknown injection d is bounded. This assumption is a reason-
able precaution for intelligent attackers to avoid detection. Furthermore, it also aligns
with practical considerations, as physical signals, such as those in power systems,
typically have a known range. Note that unbounded injections can then be readily
rejected using a threshold check [17].

There are many possible choices of d which can prevent the MACS from reaching
an average consensus. For example, the attacker can generate the injection d according
to the following dynamics, unknown to the defender:

_d ¼ Fadþ Bax, (9)

where matrix Fa is Hurwitz, and together with matrix Ba are designed by the

attacker to ensure that one of the eigenvalues of the matrix
�L L
Ba Fa

� �
has a positive

real part as illustrated in Figure 1c.

3.3 Vulnerability of MACS under DoS attacks

Unlike FDI attacks that compromise data integrity, DoS attacks disrupt the avail-
ability of communication channels, effectively isolating agents and impeding their
ability to reach consensus. During a DoS attack, malicious actors flood the network’s
communication channels with overwhelming traffic, rendering them inoperable. This
disruption in communication can be modeled by intermittently adjusting the
Laplacian matrix L tð Þ of the consensus algorithm to reflect the compromised links.
Consequently, the consensus dynamics under DoS attacks can be expressed as:

_x ¼ A tð Þ ¼ �L tð Þx, (10)

where L tð Þ dynamically changes based on the network’s connectivity at the time t,
showcasing the impact of DoS attacks.

The resilience of MACS against DoS attacks is significantly influenced by the
network’s structural properties. The initial impact of a DoS attack on a well-connected
MACS might not immediately lead to a disconnection of the network. However,
persistent or intense DoS attacks can gradually affect the network’s connectivity,
leading to the progressive disconnection of G. This disconnection causes the standard
consensus algorithm (4) to fail in achieving a unified state among agents.

Critical edges within the communication graph G play a pivotal role in this context.
These edges, if severed, can dramatically impact the network’s functionality by
partitioning the system into disjoint segments. A critical edge, or bridge, in an undi-
rected network, is defined as an edge whose removal leads to the disconnection of the
network, thereby identifying it as a singular point of vulnerability within the net-
work’s topology [18]. Borrowing the notation in (7), an edge i, jð Þ is critical means that
there is only one distinct path with pij ¼ 1.

Edge connectivity, on the other hand, is a fundamental metric of network robust-
ness, quantifying the minimum number of edges that must be removed to render the
network disconnected. The presence of critical edges directly impacts a network’s
edge connectivity; specifically, a network with even a single critical edge has an edge
connectivity of 1. A network with high-edge connectivity is more robust and capable
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of withstanding multiple edge failures without losing overall connectivity. In contrast,
networks with critical edges are vulnerable, as the failure of just one such edge can
compromise network integrity [19].

For example, in Figure 1a, the edges between agent pairs (3,4), (4,5), and (5,6) are
critical, and it causes the edge connectivity of the network connecting MACS to be
one. It follows that identifying and eliminating the criticality of these edges enhances
the robustness of MACS and ensures its resilience to disruptions such as failures or
targeted DoS attacks.

4. Resilient multi-agent cooperative system against DoS attacks

In what follows, two methods are introduced to robustify MACS against DoS
attacks. The first is to make MACS robust by applying the algorithm in Ref. [20] of
identifying critical edges within the network’s communication graph G as a result of
DoS attacks so that a network reconfiguration could be done to ensure reliable con-
sensus among agents. The second is to introduce a digital twin of the MACS to achieve
robustness.

4.1 Distributed algorithms for network reconfiguration

The reconfiguration process is aided by two distributed algorithms, each fulfilling
a specific role. The first algorithm is used by the individual agent i to determine its
neighbors, and the second is to determine if any of the edges i, jð Þ, j∈N i, is critical.
Upon identifying the critical edge(s), additional edge(s) could be added to ensure
resilience against DoS attacks.

Consider two key state vectors for each agent i∈N : ξi kð Þ ¼ ξi,1 kð Þ ⋯ ξi,n kð Þ� �T
∈n denoting the agent i‘s estimate of its neighbors, and ωi kð Þ ¼ ωi,1 kð Þ ⋯ ωi,n kð Þ½ �T
∈n denoting agent i‘s estimate of its neighbor structure. First, each agent i executes
the following distributed maximum and minimum protocols for n consecutive itera-
tions, that is k ¼ 0,⋯, n� 1ð Þ:

ξi,j kþ 1ð Þ ¼ max
l∈N i∪i

ξl,j kð Þ, j∈N , (11)

ωi,j kþ 1ð Þ ¼
ωi,j kð Þ if ξi,j kþ 1ð Þ ¼ ξi,j kð Þ,
min
l∈N i

ωl,j kð Þ þ 1
� �

if ξi,j kþ 1ð Þ> ξi,j kð Þ

8<
: (12)

where the initial values are set to

ξi,j 0ð Þ ¼
1, if j ¼ i
0, otherwise

�
; ωi,j 0ð Þ ¼

0, if j ¼ i
∞, otherwise

�
(13)

That is, at the initialization step k ¼ 0, agent i is aware only of itself, setting
ξi,i 0ð Þ ¼ 1 and all other ξi,j 0ð Þ ¼ 0, and similarly, ωi,i 0ð Þ ¼ 0 with all other ωi,j 0ð Þ set
to infinity. In subsequent iterations, the agent i updates its state based on the
reachability of other agents. The state ξi,j kþ 1ð Þ turns to 1 when agent j becomes
reachable within kþ 1 steps from agent i through any neighbor l. Concurrently, the
algorithm computes the shortest path ωi,j kþ 1ð Þ, that is the minimum of ωl,j kð Þ þ 1
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across all neighbors l∈N i that can reach jwhenever a new path is found. These values
are non-decreasing and only change when new paths are discovered.

Example 1. Consider the MACS in Figure 1a, specifically agent 4. The neighbor set of
agent 4 is given by N 4 ¼ 3, 5f g. Initially at k ¼ 0,

ξ4 0ð Þ ¼ 0,0,0,1,0,0½ �T; ω4 0ð Þ ¼ ∞,∞,∞, 0,∞,∞½ �T:

Then, at k ¼ 1

ξ4 1ð Þ ¼ 0,0,1,1,1,0½ �T; ω4 1ð Þ ¼ ∞,∞, 1,0,1,∞½ �T:

Again at k ¼ 2,

ξ4 2ð Þ ¼ 1,1,1,1,1,1½ �T; ω4 2ð Þ ¼ 2,2,1,0,1,2½ �T:

For the next 4 steps, until k ¼ 6, ξ4 and ω4 remain the same since there are no new
neighbors.

Within the next two steps, that is k ¼ n⋯ nþ 2ð Þ, agent i aims to identify whether
any of the edges i, jð Þ, j∈N i, is critical to estimate if there are at least two distinct
paths pij ¼ 1 between nodes i and j. The identification process leverages a specific

measure, Δ ilð Þ
i and j, to discern the necessity of each edge for maintaining connectivity.

Measure Definition: The criticality of an edge i, lð Þ between agents i and l is assessed
through:

Δ ilð Þ
i ¼ Δ ilð Þ

i,1 ⋯ Δ ilð Þ
i,n

h iT
, Δ ilð Þ

i,j ¼ ωi,j nð Þ � ωl,j nð Þ, (14)

where Δ ilð Þ
i,j captures the shortest path discrepancy from any agent j to i and l,

highlighting paths bypassing i, lð Þ.
Specifically, in a connected network, the value of Δ ilð Þ

i,j for each pair of neighboring
agents i and l, with respect to any other agent j, can only be �1, 0, or 1. A value of �1
indicates that agent j is relatively closer to the agent i than to agent l, and conversely, a
value of 1 suggests j agent is nearer to the agent l. A zero value implies that the agent j
is equidistant from both agents i and l.

For every agent j∈N and for all adjacent agents i0 ∈N i and l0 ∈N l, an edge i, lð Þ is
not a critical edge, i.e., there are at least two distinct paths pil ¼ 1 (existence of cycle/
loop), under these two scenarios:

• If an agent j is equidistant to agents i and l, it indicates the presence of a cycle that

does not rely on i, lð Þ. Such an agent’s distance measure, Δ ilð Þ
i,j , would be zero,

demonstrating that i, lð Þ is part of a cycle and thus non-critical.

• If, for any agent j, there exist neighboring agents i0 of i and l0 of l such that agent j
is closer to both i0 and l0 than to i and l, it suggests that j is on a path forming a

cycle with i, lð Þ. The distance measures, Δ ii0ð Þ
i,j and Δ

ll0ð Þ
l,j , would both be positive,

confirming the existence of a cycle.
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An edge is determined to be critical when no such equidistant agent or cycle
patterns are found, indicating the absence of an alternative path. This means that
removing this edge would result in a disconnection of the network.

Example 2. Consider the MACS in Figure 1a, specifically the edge between agents 4
and 5. The neighbor sets are N 4 ¼ 3, 5f g, N 5 ¼ 4, 6f g. Then we have,

Δ4,5
4 ¼ �1,�1,�1,�1,1,1½ �T,

Δ4,3
4 ¼ 1,1,1,�1,�1,�1½ �T,

Δ5,6
5 ¼ �1,�1,�1,�1,�1, 1½ �T:

Since neither of the scenarios for non-critical edges matches, it can be concluded that the
edge 4, 5ð Þ is a critical edge and the only path between nodes 4 and 5 is the edge (4,5).

The next step is executed only by individually each pair of agents associated with a
critical edge, say i, lf g with i∈N c

l and l∈N c
i . The goal of this step is to identify the

most remote pairs of agents adjacent to each critical edge, called augmentation nodes,
i0, l0
� �

∈N r
i . These augmentation nodes are strategically chosen as the ones farthest

from the critical edge i, lð Þ. If there exist multiple agents at the same distance, the ones
with the smallest index are chosen, and it reduces the number of edges added.

i0, l0
� �

∈N r
i if 16ð Þ or 17ð Þ or 18ð Þ is true, (15)

where

μi ¼ ∣N i∣> 1

μl ¼ ∣N l∣> 1

�
and

i∈N c
l , l∈N c

i ,

Δ ilð Þ
i,i0 ¼ Δ lið Þ

l,l0 ¼ �1
ωi,i0 ¼ max

k
ωi,k,

ωl,l0 ¼ max
k

ωl,k,

8>>>>><
>>>>>:

, (16)

μi ¼ ∣N i∣ ¼ 1

μl ¼ ∣N l∣> 1

�
and

i∈N c
l , l∈N c

i ,

Δ lið Þ
l,l0 ¼ �1

i0 ¼ i,
ωl,l0 ¼ max

k
ωl,k,

8>>>>><
>>>>>:

, (17)

μi ¼ ∣N i∣> 1

μl ¼ ∣N l∣ ¼ 1

�
and

i∈N c
l , l∈N c

i ,

Δ ilð Þ
i,i0 ¼ �1

ωi,i0 ¼ max
k

ωi,k,

l0 ¼ l,

8>>>>><
>>>>>:

, (18)

and N r ¼ ∪i∈NN r
i is the augmentation action set to be found distributively. Note that

μi ¼ ∣N i∣ ¼ μl ¼ ∣N l∣ ¼ 1 this is the trivial case of a two-agent network and hence is
excluded from consideration.

The next n� 1ð Þ steps is to propagate N r
i to all the agents so they all have access to

N r as follows:

N r
i kþ 1ð Þ ¼ ∪l∈N i∪ if gN

r
l kð Þ, (19)

145

Enhancing Resilience in Cooperative Systems against Cyber-Attacks: A Defense Framework…
DOI: http://dx.doi.org/10.5772/intechopen.1005636



where k ¼ 2nþ 2ð Þ,⋯, 3nþ 1ð Þ, ∪, is the union operation of sets containing non-
ordering pairs (that is, if i, jf g⊂N r

l kð Þ, then j, if g⊂N r
l kð Þ), and N r

i 3nþ 2ð Þ ¼ N r
i is

given by (15).
And, as the final step, edge addition is accomplished by the pairs of agents identi-

fied inN r to complete their connection, thereby eliminating critical edges by ensuring
there are at least two distinct paths pij ¼ 1 for any pair of nodes i, jð Þ∈ E. As a result,
the network’s edge connectivity is increased to 2 which enhances the MACS’s resil-
ience against DoS attacks. This approach connects distant edges within acyclic parts of
the network, specifically, those separated by critical edges, to both preserve network
connectivity under attack and minimize the additional connections required. Further
details can be found in Ref. [20].

4.2 Resilient multi-agent cooperative system against DoS attacks: a digital twin
approach

An alternative approach to removing the critical edges is achieved by
interconnecting the MACS with its digital twin Σdt as illustrated in Figure 2. Specifi-
cally, the digital twin consists of virtual agents with a similar number to the MACS
and each virtual agent maintains a state zi. The dynamics of the MACS interconnected
with its digital twin are designed as

_x ¼ �L tð Þxþ Lz,
_z ¼ �Lz� Lx,

(20)

where z ¼ z1,⋯zn½ �T. In contrast to the physical state xi, the state of the virtual agent
zi does not have any physical meaning, hence it is also called a virtual state, which
makes it less interesting to the attacker. Furthermore, its initial condition zi 0ð Þ can be
set to any value. The digital twin can be implemented using cloud computing in
combination with software-defined networking [21] to direct traffic in the network.
The network of the digital twin, denoted by Gv ¼ V, Evð Þ, has the same structure as the
MACS and we also call it a virtual network. In addition to the physical state xj, agent j
also sends the virtual state zj and the masked physical state xj þ zj to its neighbors via
the virtual network.

The interconnection of the physical network and its digital twin is a competitive
interaction from a game-theoretical point of view. More on this can be found in the

Figure 2.
Interconnection of MACS Σs with its digital twin Σdt. The digital twin consists of the same number of (virtual)
agents and network topology as the MACS. Furthermore, each virtual agent maintains a virtual state zi.
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next section. It is worth noting that the interconnection with the digital twin does not
interfere with the operation of the MACS. In other words, under this interconnection,
the physical states of the MACS can still be ensured to reach average consensus in (5)
as shown in Figure 3, refer [22].

If a connected digital twin is introduced, the critical edges are automatically elim-
inated since the existence of a connected digital twin effectively introduces redun-
dancy in the network’s connectivity. This redundancy ensures that even if critical
edges in the physical network are severed due to attacks, the interconnected system
can maintain operational integrity through the virtual network. This setup leverages
the parallelism between the physical and virtual states, allowing the system to sidestep
vulnerabilities exposed by the critical edges in the physical network.

Example 3. Consider a connected MACS with a digital twin where the adversary
launches DoS attacks on the network Σs. Consequently, we denote the Laplacian matrix of
the physical network post-attacks as La. Then, for following Lyapunov functions V x, zð Þ,

V ¼ xTxþ zTz, (21)

it follows that under DoS attacks,

_V ≤ � xTLaxþ xTLdtz� zTLdtz� zTLdtx
¼ �xTLax� zTLdtz,

(22)

where Ldt ¼ L. Furthermore, by analyzing the invariant set of _V and since the graph Gv
is connected, it can be concluded that the average consensus (5) is ensured under any
number of DoS attacks on the physical network Σs, as illustrated in Figure 4.

5. Resilient multi-agent cooperative system against FDI attacks: a
competitive interaction design via digital twin

The interconnection of the MACS with its digital twin can also be extended to
ensure the resilient operation of MACS under FDI attacks. To this end, we introduce a

Figure 3.
Physical states of all the agents converge to the average consensus under interconnected dynamics (20) and with
network topology given in Figure 1a.
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scalar gain β>0 which represents the strength of the interconnection, resulting in a
competitive interaction between the MACS and its digital twin. Hence, the dynamics
(20) with the gain β and under unknown FDI attacks can then be written as:

_x ¼ �Lxþ βLzþ Ld,
_z ¼ �Lz� βLxþ Ld0,

(23)

where it is assumed that the attacker can also modify the information being
exchanged via the digital twin’s network by inserting a bounded injection d0. Here,
agent j sends the information of βzj and the masked physical state βxj þ zj via the
virtual network.

The following results, illustrated in Figure 5, can then be obtained [23]:

1. In the absence of FDI attacks, i.e., d ¼ d0 ¼ 0, the physical states of all the agents
reach an average consensus (5).

Figure 4.
Physical states of all the agents correspond to the interconnected dynamics (20) and converge to the average
consensus under DoS attacks on the physical network Σs. Specifically, the adversary disrupts the links (3,4) and
(5,6) in Figure 1a, resulting in a disconnected network G.

Figure 5.
Physical states of all the agents converge close to the nominal average consensus under interconnected dynamics (23)
with β ¼ 150 and injections d, d0 are given in (9). The network topology of MACS is given in Figure 1a.
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2.Under unknown but bounded injections d, d0, the physical states of all the agents
will converge close to is nominal average consensus value for a sufficiently large
value of β, that is

lim
t!∞

xi tð Þ � xave

����
����≤ ε, i ¼ 1,⋯, n, (24)

where ε is a small non-negative constant.
Intuitively, the digital twin acts as an anchor that ensures the resilient operation of

the cooperative systems Σs for a sufficiently large β. From another perspective, it can
be observed that the interactions between the cooperative systems and their digital
twin are competitive whose interconnected dynamics (23) correspond to the saddle-
point dynamics of a zero-sum game between the two networks [24]. Specifically, the
cooperative systems wish to minimize the convex-concave payoff U ¼ 1

2 x
TLx�

1
2 z

TLz� βxTLz function by choosing x while its digital twin aims to maximize U by
choosing z [24]. Note that the saddle points of U for a sufficiently large β is given by
S ¼ span 1n, 0nð Þ, 0n, 1nð Þf g.

6. Cyber-attack detection and identification

The digital twin not only enhances the resilient of the MACS but also facilitates the
detection and identification of cyber-attacks in a distributed manner. Let us denote
the possibly corrupted information sent by agent i under dynamics (23) as xj, zj,mj

and given by

xj ¼ xj þ dj,
zj ¼ βzj þ d0j,

mj ¼ zj þ βxj þ d0j:
(25)

where xj is transmitted via the network of the MACS while zj and mj are sent
through the virtual network of the digital twin. Using this information, the agent i can
detect whether the information that it receives from its neighboring agent is
corrupted.

First, let us focus on the detection of DoS attacks. The DoS attack on the link
i, jð Þ∈ E (resp. i, jð Þ∈ Ev) at a certain time results in that agent i does not receive any
information from the agent j via the network G (resp. Gv) and vice versa. Based on this
fact, the agent i can detect the DoS attack on a link i, jð Þ∈ E or i, jð Þ∈ Ev according to
the following simple rules:

1.Link is i, jð Þ∈ E under DoS attack if and only if xj ¼ 0

2.Link i, jð Þ∈ Ev is under DoS attack if and only if zj ¼ 0 and mj ¼ 0

Note that the above condition can be distributively checked by the individual
agent. Next, we describe how the individual agent can detect the FDI attack on the
communication link. The idea is for agent i to estimate the physical state of its
neighboring agent xj using the information that it receives via the virtual network
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and then to compare the estimated physical state x̂ij with the one received via the

network of the MACS [25, 26]. To this end, the estimated physical state x̂ij by the
agent i can be computed from the possibly corrupted information zj and mj in (25) as
follow:

x̂ij ¼
1
β

mj �
zj
β

� �
: (26)

Finally, agent i can then detect whether the link i, jð Þ∈ E or i, jð Þ∈ Ev is under FDI
attacks according to the following rule

1.If the value ∣x̂ij � xj∣>0, then agent i can conclude that the communication link
i, jð Þ∈ E and/or i, jð Þ∈ Ev is under FDI attacks. Note that, however, agent i will
not be able to distinguish between the following two cases without any additional
information, e.g., if the virtual network is totally secured: the case where one of
the links i, jð Þ∈ E and i, jð Þ∈ Ev is being attacked and the case where both links in
physical and virtual networks are being attacked.

2.If the value ∣x̂ij � xj∣ ¼ 0, then agent i can conclude that there are no FDI attacks
on links i, jð Þ∈ E and/or i, jð Þ∈ Ev or the attacker successfully launches a stealthy
attack. In order to launch stealthy attacks, the attacker must know the structure
of virtual states in zj,mj (25) and how they are related to the physical state xj.
However, it is challenging for the attacker to learn these correlations as the gain β
is a local information and the virtual state zi is dynamic (changes over time) and
its initial value can be arbitrarily set by the agents.

Figure 6 illustrates how agent 4 detects the FDI attacks on the link (4,3) for the
network and attack shown in Figure 1. Once the agents identify the compromised
communication links, they can then cooperatively remove those links [27] and create
new links to the network [28] to ensure its connectivity so that the MACS can recover
its nominal average consensus value.

Figure 6.
Attack identification by agent 4 for FDI attacks is shown in Figure 1. By computing the value of ∣x̂ij � xj∣, agent 4
can detect that the communication link (4, 3) is being compromised while the link (4, 5) is not compromised.
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7. Conclusions

The book chapter presents a distributed strategy to enhance the resilience of multi-
agent cooperative systems against FDI and DoS attacks. First, a distributed algorithm
is proposed to identify critical edges, followed by introducing an adaptive network
reconfiguration algorithm to remove those critical edges, thus ensuring resilient oper-
ation against arbitrary DoS attacks. A digital twin, interconnected with the coopera-
tive systems, is further designed to increase redundancy of the network and protect
the cooperative system from FDI attacks. While this book chapter considers attacks on
data integrity and availability, the proposed digital twin is also promising to encounter
attacks on data confidentiality [29]. Future work includes the extension of the pro-
posed defense framework to address simultaneous FDI and DoS attacks on both the
cooperative systems and its digital twin.
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Chapter 9

Innovative Adaptive Imaged Based
Visual Servoing Control of 6 DoFs
Industrial Robot Manipulators
Rongfei Li and Francis F. Assadian

Abstract

Image-based visual servoing (IBVS) methods have been well developed and used
in many applications, especially in pose (position and orientation) alignment. How-
ever, most research papers focused on developing control solutions when 3D point
features can be detected inside the field of view. This work proposes an innovative
feedforward-feedback adaptive control algorithm structure with the Youla parame-
terization method. A designed feature estimation loop ensures stable and fast motion
control when point features are outside the field of view. As 3D point features move
inside the field of view, the IBVS feedback loop preserves the precision of the pose at
the end of the control period. Also, an adaptive controller is developed in the feedback
loop to stabilize the system in the entire range of operations. The nonlinear camera
and robot manipulator model is linearized and decoupled online by an adaptive
algorithm. The adaptive controller is then computed based on the linearized model
evaluated at current linearized point. The proposed solution is robust and easy to
implement in different industrial robotic systems. Various scenarios are used in
simulations to validate the effectiveness and robust performance of the proposed
controller.

Keywords: image-based visual servoing, adaptive control, robust control, feature
estimation, feedforward control

1. Introduction

Automatic alignment plays a crucial role in industrial assignments, such as micro-
manipulation, autonomous welding, and industrial assembly [1–3]. Visual servoing is
a powerful tool that is commonly used in this application and guides the robotic
systems to their desired poses [4–6]. The task to be solved by a visual servoing
system is to provide velocities of the end-effector that stabilizes and minimizes the
difference between image features extracted by a vision device and the desired
configurations [7].

The most known visual servoing techniques can be divided into two main catego-
ries: Image-based visual servoing (IBVS) and Position-based visual servoing (PBVS)
[7]. IBVS is designed to drive the robot manipulators via feedback loops that matches
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2D image features, such as points [7], lines [8], and entire images [9] while PBVS
architecture extracts features in an image and estimates the pose, (including position
and orientation) with respect to a 3D coordinate of frame in workspace and the
difference between current pose and desired pose is defined as the control error [10].
In either case, an interaction matrix that relates the derivative of an image or pose
features to the spatial velocities of the end-effector must be computed [7, 11].

In this research paper, the IBVS structure is explored and applied to a fastening
and unfastening manufacturing scenario. Compared to PBVS, IBVS has the advantage
of being more robust against camera parametric variations and noise but is more
vulnerable to local minima and image singularities [7]. In general, the interaction
matrix can be computed by using direct depth information [12, 13] or by approxima-
tion of the depth [14, 15] or by depth-independent interaction matrix [16]. However,
these methods use redundant features to invert a non-square interaction matrix, as
required in controller design, this in turn causes problems of local minima and image
singularities. To address these issues, [17] uses the stereo visual system and provides a
square interaction matrix. We have seen more trends in using stereo visual configu-
ration in recent visual servoing works [18, 19].

In most related works, a simple kinematic model of the camera is solely used in
generating an interaction matrix [7, 20, 21]. Dynamic visual servoing studied by
[17, 22, 23] includes the dynamic of robot arms in their models and they argue to have
higher performance and enhanced stability in their response. However, controllers
built in these papers are usually achieved with the PID control technique or its
simplified variations. One improvement in this work is to use Youla robust control
design technique [24] that includes both kinematics and dynamics in the model
development stage. This advanced control technique can increase the robustness and
stability of the system for high-speed tasks.

The eye-in-hand (EIH) vision system and the eye-to-hand (ETH) vision system
are two kinds of camera configurations that have been widely used in visual servoing
[18, 19]. EIH has the freedom to obtain adequate environmental information, but the
camera attached to the robot arms occupies more space and reduces flexibility of robot
movement. On the other hand, in ETH systems, robot movements are not affected by
the image extraction process. However, it usually suffers information loss and control
loss of the robot when the point features are outside the view of the camera. One
possible way to tackle this problem is to install several cameras to cover the whole
workspace [19, 25]. In this paper, we address this problem by introducing an innova-
tive method of designing a feedforward-feedback control architecture. A designed
feature estimation loop ensures stable and fast motion control when point features are
outside the field of view. As 3D point features move inside the field of view, IBVS
feedback loop preserves the precision of the pose at the end of the control period.

Adaptive control methods have been widely used in recent research on visual
servoing fields. Liu andWang [26] presented a new simplified adaptive controller for
visual servoing of robot manipulators, which is based on the Slotine-Li algorithm [27].
They developed an adaptive algorithm to estimate unknown geometric parameters,
such as the depths of the image features in the interactionmatrix. In addition, in another
paper [28], researchers explored a new resilient adaptive dynamic tracking control
scheme for a fully uncalibrated IBVS system with unknown actuator faults. An effective
adaptive algorithm was developed to estimate uncalibrated parameters in the camera,
robot, and end-effector, which appear with a highly coupled and nonlinear form in the
composite Jacobian matrix. Moreover, we have seen applications of adaptive controls
with neural networks in visual servoings. For example, Qiu andWu [29] have
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developed an adaptive neural network-based IBVS dynamic method for both eye-in-
hand and eye-to-hand camera configurations with unknown dynamics and external
disturbances. In most applications, adaptive algorithms are used to estimate unknown
parameters in models. However, adaptive controller can also be used in dealing with
coupled and nonlinear dynamic models in the IBVS structures, and this application is
less addressed in literature. In this paper, one innovative contribution is to develop an
adaptive feedback loop controller based on linear Youla parametrization to stabilize the
nonlinear IBVS system in the whole range of operations. Simulation results for the
various scenarios are presented and the robustness to noise and model uncertainties in
the manufacturing process of fastening and unfastening are examined.

2. System configuration

2.1 System topology for fastening and unfastening scenarios

In this paper, an automatic alignment system is used to align a screwdriver, which
is attached to the gripper of the robot arm and guide it to move above a screw at a
prescribed location. The system is composed of a 6-DoF robot manipulator, a stereo
camera, and the tools as shown in Figure 1. In this Figure, a camera is placed on the
front of the workspace. The base frame {O} and the end-effector frame {E} are
attached to the robot. A cartesian frame {C} is attached to the optical center of the
camera. The body of the screwdriver is modeled as a cylinder and its central axis is
approximately parallel to the Z-axis of the end-effector frame {E}.

2.2 Point feature extraction

To capture the pose (position and orientation) of the screwdriver, two circular
fiducial markers are placed on it. The Hough transformation [30] in computer vision

Figure 1.
Configuration of the alignment system.
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can isolate circular markers in the image and localize the center of them. A general
Hough transformation process is discussed below.

A circle with a radius R and center a, bð Þ can be defined in the following equation:

x� að Þ2 þ y� bð Þ2 ¼ R2 (1)

Where x, yð Þ are points on the perimeter of the circle. The three-element tuple
a, b,Rð Þ uniquely parameterizes a circle in an image.

To provide an example for this mapping, we only consider one of the circles on our
tool and explain the process as follows: the locus of a, bð Þ points in the parameters
space falls on a circle of radius R centered at x, yð Þ, which are mapped to the parame-
ters space and only three points are shown for this example. Each point in a geometric
space generates a circle in the parameters space as shown in Figure 2. In case the
geometric space points belong to the same circle as shown, the center of this circle will
be represented by the intersection of circles in the parameters space. During the
calculation of the Hough transformation, each image point with the coordinates x, yð Þ
generates tuples a, b,Rð Þ with the unknown R.

By creating different circles in geometric space, we can then generate different
tuples. The tuple with the most intersections of the circles, in parameters space, pro-
vides the center and the radius of the center in the geometric space.

Then the stereo camera provides the image coordinates of the center of the two
fiducial markers as:

cpTI1 ¼ culI1 durI1 cvI1
h iT

(2)

cpTI2 ¼ culI2 durI2 cvI2
h iT

(3)

Where cpTI1 and cpTI2 are image coordinates of circular centers of the first and the

second fiducial markers. bul and bur are u axis coordinates measured on the left and
right lens’s plane of the stereo camera, and bv is the v axis coordinates.

2.3 Control system block diagram

The feedback-feedforward pose alignment control block diagram with feature
estimation feedback is given in Figure 3. The point features of fiducial markers
extracted from images captured by the stereo camera. The current point features are

Figure 2.
Feature extraction by Hough transformation. (note: The red point in parameters space represents a possible tuple
a, b,Rð Þ.
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denoted as bpI ¼ cpTI1 , cpTI2 ,
h i

, and the target point features are denoted as pI ¼ pTI1 , p
T
I2 ,

h i
.

During the alignment, the coordinates of the target point features are fixed in the image
frames, while the coordinates of the current point features vary with the movement of
the end-effector.

The inner-loop joint control is an inner feedback loop (which is not shown in this
Figure, and the detail of it will be discussed in the later section) that moves the robot
arms to the target rotational angle qTref , which is commanded by the outer feedback
controller and feedforward controller. Dynamic model of the robot manipulator is
included in the inner-loop controlled system. Sensor noise may originate in the inner
joint control loop from the low fidelity cheap encoder joint sensors and the dynamic
errors from the joint, e.g., compliances. All sources of noise from the joint control loop
are combined and modeled as an input disturbance, dqT , to the outer control loop.

The feedforward control loop is an open loop that brings the tool as close to the
target position as possible in the presence of the input disturbance, dqT . The outputs
of the feedforward are the reference joint angles of rotations, qT_feedforward, which are
added to the outer feedback controller outputs, qT_feedback, and set as the targets for
the joint control inner loop. The function of the Tool-on-Robot kinematics model is to
transform a set of current joint angles of the tool manipulator to the current pose of
the tool on the end-effector using a kinematic model of the robot arm.

The movement of the tool can be adjusted by the adaptive feedback control
loop. The adaptive controller is computed online according to the current image
coordinate bpI: The feedback control loop rejects the input disturbance, dqT , by mini-
mizing the error between the target coordinates of two makers, pI, and the image
estimation, bpI in the image frame.

The feedforward and feedback controllers work simultaneously to move the tool to
the target pose location in the tool manipulation system. The combined target qTref

are

the inputs to the joint control loop so that both controllers manipulate the tool pose.
The benefit of designing both feedback and feedforward controls for the manipulation
system is to reduce the time duration. If only feedback control is utilized, the pose

Figure 3.
Block diagram of feedforward-feedback control loop with feature estimation (note: Blocks in red lines are referred
to HIL models).
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estimation generated from the visual system requires image processing and makes the
tool movement very slow. We can divide the task of the tool movement control into
two stages. In the first stage, under the action of the feedforward control, the tool
moves to an approximate location that is close to the desired destination. In the
second stage, the feedback controller moves the tool to the precise target location
using the tool pose estimation from the camera. In addition, the camera has a range of
view and can only detect the tool and measure its 2D feature as bpI when it is not far
away from the target. When the tool is moving from a location that is not in the
camera range of view, we must estimate the feature as ~pI until the tool moves into the
range of view.

We developed another feedback loop so that we can estimate the 2D coordinates
of the tool from the same mathematical model similar to the Hardware-In-Loop
(HIL) models when the real measurements are unavailable. In Figure 3, the
normal feedback loop (blue lines) is preserved when the tool is inside the camera
range of view and hence, the camera can measure the tool’s 2D feature bpI. However,
when the tool is outside the range of view, the 2D feature can only be estimated as ~pI
(green dashed lines). We can implement a bump-less switch to smoothly switch
between these modes of operation. The switching signal is activated when the tool
moves in or out of the camera range of view (or when the camera detects fiducial
point features).

3. Model development

3.1 Tool-on-robot kinematics

The robotic model we use in this article is a specific manipulator ABB IRB 4600
[31], which is an elbow manipulator with spherical wrist as shown in Figure 4. The
physical dimension parameters of this robot manipulator (a1, L1,L2,L3,L4,LtÞ are
summarized in the Appendix section. This model of robot has a total of 6 links with
three composed of the robot arms and other three composed of wrists. A joint is
connected between each of the two adjacent links and there is a total of 5
convolutional joints. In addition to the base of the robot arm, we have attached to each
joint a cartesian coordinate, as shown in Figure 4. Joint axes Z0, …Z5 are the rota-
tional direction of each joint. Their rotational angles are defined as θ1, … θ6. The
benefit of spherical wrist is that the wrist joint center (where Z3, Z4 and Z5 intersect)
is kept stationary whichever the wrist orients. Therefore, the task of orientation will
not affect the position of the wrist center. Each coordinate attached to the frame is
generated based on the procedures that derive the forward kinematics by Denavit-
Hartenberg convention (or D-H convention) [32]. In the coordinate frame O6X6Y6Z6

attached to the end-effector, set the unit vector bk6 ¼ ba along the direction of z6. Set
bj6 ¼bs in the direction of gripper closure and set bi6 ¼ bn asbs� ba. The values of
ba, bs and bn in the base frame O0X0Y0Z0 define the orientation of the object (tool)
mounted at the end-effector.

In D-H convention, each homogeneous transformation matrix Ai�1
i (from frame

i to frame i� 1) can be represented as a product of four basic transformations:

Ai�1
i ¼ Rotz,θiTransz,diTransx,aiRotx,αi (4)
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¼

cθi �sθi 0 0

sθi cθi 0 0

0 0 1 0

0 0 0 1

2
666664

3
777775
∗

1 0 0 0

0 1 0 0

0 0 1 di

0 0 0 1

2
666664

3
777775
∗

1 0 0 ai

0 1 0 0

0 0 1 0

0 0 0 1

2
666664

3
777775
∗

1 0 0 0

0 cαi �sαi 0

0 sαi cαi 0

0 0 0 1

2
666664

3
777775

¼

cθi �sθi cαi sθi sαi aicθi

sθi cθi cαi �cθi sαi aisθi

0 sαi cαi di

0 0 0 1

2
666664

3
777775

(5)

Note:

cθi � cos θið Þ, cαi � cos αið Þ, sθi � sin θið Þ, sαi � sin αið Þ (6)

Where θi, ai, αi and di are parameters of link i and joint i, ai is the link length, θ is
the rotational angle, αi is the twist angle and di is the offset length between the
previous i� 1ð Þthand the current ithrobot links. The quantities of each parameter qi, ai,
αi and di in Eq. (5) are calculated in Table 1 based on the steps in [32].

Figure 4.
IRB ABB 4600 model with attached frames.
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We can generate the transformation matrix TO
E from the base inertial frame

O0X0Y0Z0 Poð Þ to the end-effector frame O6X6Y6Z6 PE� �
:

TO
E ¼ A0

1A
1
2A

2
3A

3
4A

4
5A

5
6 (7)

Assume a screwdriver with a length of Ltool is grasped by the gripper at the
end effector, and the body of screwdriver is parallel to the Z6 axis. Two fiducial
feature points attached to it are placed on the screwdriver where their coordinates are

measured in the end-effector frame as PI1

^

Ef g ¼ 0, 0, 0½ �T, and
PI2

^

Ef g ¼ 0, 0,Ltool=2½ �T . Then those coordinates of points in the frame PE can be
transformed to the frame Po (as)

PI1

^

Of g ¼ TO
E PI1

^

Ef g (8)

PI2

^

Of g ¼ TO
E PI2

^

Ef g (9)

To be consistent with notations in the control block diagram (Figure 3), the
disturbed angles of rotation in transformation matrix TO

E should be written as qT
^¼

θ ∗
1 , θ

∗
2 , θ

∗
3 , θ

∗
4 , θ

∗
5 , θ

∗
6

� �T
:

Take PI
^

Ef g ¼ PI1

^

Ef g,PI2

^

Ef g
h i

, PI
^

Of g ¼ PI1

^

Of g,PI2

^

Of g
h i

, the kinematics

model can be written as a nonlinear function as follows,

PI
^

Of g ¼ TO
E qT

^
� �

� PI
^

Ef g (10)

3.2 Dynamic models of 6 DoFs robot manipulator

Dynamic models are included in the inner control loop in Figure 3. The dynamic
model of a serial of 6-link rigid, non-redundant, fully actuated robot manipulator can
be written as:

D qð Þ þ Jð Þ€qþ C q, _qð Þ þ B
r

� �
_qþ g qð Þ ¼ u (11)

Link ai αi(rad) di θi(rad)

1 a1 �π=2 L1 θ ∗
1

2 L2 0 0 θ ∗
2 � π=2

3 L3 �π=2 0 θ ∗
3

4 0 π=2 L4 θ ∗
4

5 0 �π=2 0 θ ∗
5

6 0 0 Lt θ ∗
6 þ π

Only the angle are variables and shown with*.

Table 1.
DH-parameter for elbow manipulator with spherical wrist.
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Where q ϵ 6X1 is the vector of joint positions, and u ϵ 6X1 is the vector of electri-
cal power input from DC motors inside joints, D qð Þ ϵ 6X6 is the symmetric positive
defined matrix, C q, _q

� �
ϵ 6X6 is the vector of centripetal and Coriolis effects,

g q
� �

ϵ 6X1 is the vector of gravitational torques, Jϵ 6X6 is a diagonal matrix
expressing the sum of actuator and gear inertias, B ϵ 6X1 is the damping factor,
r ϵ 6X1 is the gear ratio.

3.3 Stereo camera model

Assume the camera’s position and orientation is fixed and pre-known in the inertial
frame. The transformation matrix TO

C from the camera attached cartesian frame {C} to
the inertial base frame {O} is:

TO
C ¼

nx sx ax dx

ny sy ay dy

nz sz az dz

0 0 0 1

2
6666664

3
7777775

(12)

Where nx, ny, nz
� �T, sx, sy, sz

� �Tand ax, ay, az
� �Tare the camera’s directional vector of

yaw, pitch, and roll in the base frame O0X0Y0Z0: And dx, dy, dz
� �T are the vector of

absolute position of the center of the camera in the base frame O0X0Y0Z0.
The transformation matrix TC

O from the inertial base frame {O} to the camera
frame {C} can be derived as:

TC
O ¼ TO

C
�1

(13)

Then the coordinates of fiducial points in frame Of g as expressed in Eqs. (8) and
(9) can be transformed to the frame {C} as:

PI1

^

Cf g ¼ TC
O PI1

^

Of g (14)

PI2

^

Cf g ¼ TC
O PI2

^

Of g (15)

In order to detect depth of an object, a stereo camera is required for implementa-
tion. As shown in Figure 5, two identical cameras are separated by a baseline distance
b. In this paper, the pinhole camera model is used to represent each camera. A 3D

point PI
^

Cf g ¼ XC
I ,Y

C
I ,Z

C
I

� �T
, measured in the camera cartesian frame {C}, is

projected to two parallel virtual image planes, and each plane is located between each

optical center (Cl or CR) and the object point PI
^

. Denote the coordinates of the point
projected on the left image plane as ul v½ �Tand the coordinates of the point projected
on the right image plane as ur v½ �T:

The relationship between the image coordinates (ul v), (ur v), and the coordinates
XC

I ,Y
C
I ,Z

C
I

�
) on the normalized imaging plane is given by:
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ul
vl
1

2
64

3
75 ¼ 1

ZC

f u sc u0
0 f v v0
0 0 1

2
64

3
75

XC
I

YC
I

ZC
I

2
64

3
75� b

2ZC

f u
0

0

2
64

3
75 (16)

ur
vr
1

2
64

3
75 ¼ 1

ZC

f u sc u0
0 f v v0
0 0 1

2
64

3
75

XC
I

YC
I

ZC
I

2
64

3
75þ b

2ZC

f u
0

0

2
64

3
75 (17)

Where fu and fv are the horizontal and the vertical focal lengths, and sc is a skew
coefficient. In most cases, fu and f v are different if the image horizontal and vertical
axes are not perpendicular. In order not to have negative pixel coordinates, the origin
of the image plane will be usually chosen at the upper left corner instead of the center.
u0 and v0 describe the coordinate offsets.

When there are no coordinate offsets and skews between u-v image plane, that is
sc = u0 ¼ v0 ¼ 0, the above relationships between 3D domain to 2D image domains of
a point P in the workspace can be simplified as:

From 3D to 2D:

v ¼ vl ¼ vr ¼ YC
I

ZC
I

f v (18)

ul ¼ 2XC
I � b
2ZC

I
f u (19)

ur ¼ 2XC
I þ b
2ZC

I
f u (20)

Figure 5.
The projection of a scene object on the stereo camera’s image planes. Note: v coordinate on each image plane is not
shown in the plot but is measured along the axis that is perpendicular to and point out of the plot.
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Note vl and vr have the same value and they are denoted as the same parameter v.
Finally, from stereo camera model equations above, the coordinates of two fiducial

points in the image frame can be expressed as:

cpI1 ¼
2XC

I1 � b

2ZC
I1

f u,
2XC

I1 þ b

2ZC
I1

f u,
YC
I1

ZC
I1

f v

" #T
¼ ulI1 urI1 vI1½ �T (21)

cpI2 ¼
2XC

I2 � b

2ZC
I2

f u,
2XC

I2 þ b

2ZC
I2

f u,
YC
I2

ZC
I2

f v

" #T
¼ ulI2 urI2 vI2½ �T (22)

Where PI1

^

Cf g ¼ XC
I1 ,Y

C
I1 ,Z

C
I1

h i
, and PI2

^

Cf g ¼ XC
I2 ,Y

C
I2 ,Z

C
I2

h i
are coordinates of two

fiducial points measured in the camera’s frame {C}.
A specific stereo camera model: Zed 2 [33] is used in the model development and

simulations. The parameters of this type are summarized in the Appendix.

4. Control strategy

4.1 Inner-loop joint control

Our previous paper [34] has provided details of developing the inner-loop joint
controller with Youla feedback linearization. Here in this section, we only discuss a
summary of the design.

Eq. (11) expresses the dynamic model of a 6 DoFs robot manipulator. We simplify
this equation as follows:

qð Þ€qþ h q, _qð Þ ¼ u (23)

with M qð Þ ¼ D qð Þ þ J (24)

h q, _qð Þ ¼ C q, _qð Þ þ B
r

� �
_qþ g qð Þ (25)

Then, transform the control input as following:

u ¼M qð Þvþ h q, _qð Þ (26)

where v is a virtual input. Then, substitute for u in Eq. (23) using Eq. (26), and
since M qð Þ is invertible, we will have a reduced system equation as follows:

€q ¼ v (27)

By using feedback linearization with Youla parameterization, we can design the
controller system as shown in Figure 6.

The Joint controller is designed as:

Gcsys_inner ¼
3τin2sþ 1

τin3sþ 3τin2
� I6�6 (28)

And the closed-loop transfer function can be expressed as:

165

Innovative Adaptive Imaged Based Visual Servoing Control of 6 DoFs Industrial Robot…
DOI: http://dx.doi.org/10.5772/intechopen.1004857



Tsys_inner ¼ 3τinsþ 1ð Þ
τinsþ 1ð Þ3 � I6�6 (29)

Where I6�6 is a 6x6 identity matrix, and τin specifies the pole and zero locations
and represents the bandwidth of the control system. τin can be tuned so that the
response can be fast with less-overshoot.

4.2 Adaptive controller design

In control system block diagram (Figure 3), the linear closed-loop transfer func-
tion of inner-loop joint control is derived in Eq. (29). The tool-on-robot kinematics
model and stereo camera model, which can be combined as a new model: camera-and-
robot model, compose of the nonlinear part of the plant in outer feedback
loop. Combining the equations in Section 3, we can derive a nonlinear function
denoted as F that relates the disturbed robot joint angles qT

^
and 2D image coordinates

of two fiducial points bpI :

bpI ¼ F qT
^
� �

(30)

We can use model linearization method by linearizing the nonlinear function in
Eq. (30) at different linearized points and design linear controllers utilizing these
linearized models. Choosing a linearized point qT

^
0, the nonlinear function in

Eq. (30) can be linearized using the Jacobian matrix form as:

bpI ¼ J qT
^

0
� �

qT
^ þF qT

^
0

� �
(31)

Where J qT
^

0
� �

ϵ 6X6 is the Jacobian matrix of F qT
^
� �

evaluated as qT
^¼ qT

^
0:

Assuming C1 ¼ J qT
^

0
� �

, C2 ¼ F qT
^

0
� �

, therefore, Eq. (31) can be rewritten as:

Figure 6.
Block diagram of inner joint control loop with feedback linearization.
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bpI ¼ C1 qT
^ þC2 (32)

Let us define bpI 0 ¼ bpI � C2 , then, the overall block diagram of the linearized
system is shown in Figure 7.

The linearized plant transfer function is derived as:

Gp
linear
sys_outer ¼

bpI 0
qVref1

¼ C1
3τinsþ 1ð Þ
τinsþ 1ð Þ3 � I6�6 (33)

As C1 is coupled, the first step to derive a controller for the multivariable system
using model linearization is to find the Smith-McMillan form of the plant [35].

To obtain the Smith-McMillan form, we can decompose Gp using singular value
decomposition (SVD) as:

Gp
linear
sys_outer ¼ ULMpUr (34)

where ULϵ 6X6 and Ur ϵ 6X6are the left and right unimodular matrices, and Mp

ϵ 6X6 is the Smith-McMillan form of Gp
linear
sys_outer. The SVD in this case only works for

the replacement of Smith-McMillan form computation because we are dealing with a
constant matrix and a dialogized transfer function matrix.

Mp is a diagonalized transfer function matrix with each nonzero entry equal to a

gain multiple the transfer function 3τinsþ1ð Þ
τinsþ1ð Þ3; For the i

th row of Mp the entry on the

diagonal is:

Mp i, ið Þ ¼ gain ið Þ � 3τinsþ 1ð Þ
τinsþ 1ð Þ3 , iϵ 1, 2, 3, 4, 5, 6ð Þ (35)

Where gain ϵ 6X1 is a numerical vector.
The design of a Youla controller for each nonzero entry in Mp is trivial in this case

as all poles/zeros of the plant transfer function matrix are in the left half-plane, and
therefore, they are stable. In this case, the selected decoupled Youla transfer function
matrix, MY , can be selected to shape the decoupled closed-loop transfer function
matrix, MT. All poles and zeros in the original plant can be canceled out and new poles
and zeros can be added to shape the closed-loop system. Let us select a Youla transfer
function matrix so that the decoupled closed-loop SISO system behaves like a second-
order Butterworth filter, such that:

Figure 7.
Block diagram of feedback loop with linearized camera-and-robot combined model.
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MT ¼ ωn
2

s2 þ 2ζωnsþ ωn
2ð Þ � I6�6 (36)

where ωn is called natural frequency and approximately sets the bandwidth of the
closed-loop system. It must be ensured that the bandwidth of the outer-loop is smaller
than the inner-loop, i.e., 1=ωn > τin. Parameter, ζ, is called the damping ratio, which is
another tuning parameter.

We can then compute the decoupled diagonalized Youla transfer function matrix
MY :The diagonal entry of ith row is denoted as MY i, ið Þ:

MY i, ið Þ ¼MT i, ið Þ
Mp i, ið Þ ¼

1
gain ið Þ

ωn
2

s2 þ 2ζωnsþ ωn
2ð Þ

τinsþ 1ð Þ3
3τinsþ 1ð Þ , , iϵ 1, 2, 3, 4, 5, 6ð Þ (37)

The final coupled Youla, closed loop, sensitivity, and controller transfer function
matrices are computed as:

Ylinear
sys_outer ¼ URMYUL (38)

Ty
linear
sys_outer ¼ Gp

linear
sys_outer � Ylinear

sys_outer (39)

Sylinearsys_outer ¼ 1� Ty
linear
sys_outer (40)

GC
linear
sys_outer ¼ Ylinear

sys_outer � Sylinearsys_outer

� ��1
(41)

The controller developed in the above section is based on the linearization of the
combined model at a particular linearized point qT

^
0: This controller can only stabilize

at a certain range of joint angles around qT
^

0: As current joint angles qT
^

deviates from

qT
^

0, the error between the estimated linearized system in Eq. (33) and the true
nonlinear system in Eq. (30) increases.

To tackle this problem, we develop an adaptive controller that is computed online
based on linearization of the model at current joint angles. This control process is
depicted in Figure 8.

Figure 8.
Block diagram of adaptive control design.
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The first step is to estimate current joint angles ~qT from current measured images
coordinates bpI: The mathematic models of stereo camera and robot kinematics have
been given in the above sections, and a combined model expression is defined in
Eq. (30). Therefore, the mathematical function of the inverse model can be derived
and expressed as:

~qT ¼ F�1 bpI
� �

(42)

Where F�1 is the inverse function of Eq. (30). Given the estimated current angle
~qT, we can calculate the Jacobian matrix of the nonlinear model at current time. By
obtaining left and right unimodular matrices and Smith-McMillan form from singular
value decomposition, the current linear controller GC

linear
sys_outer can be built by steps

Eqs. (30)–(41).
In this way, the adaptive outer-loop controller is computed online based on current

linearized plane model, which is evaluated at current estimated robot’s joint angles.
The mapping between nonlinear plant model and linearized model is complete in all
joint angles’ configurations, thus the adaptive feedback controller is robust in the
entire range of operations.

4.3 Feedforward control

Feedforward controller generates a target rotational angle qT_feedforward based on the
tool’s coordinates at the target location. As shown in the Figure below, Feedforward
controller contains two inverse processes of the original plant in the development. The
first diagram illustrates the inverse process of the tool-on-robot kinematics model and
the second diagram Tforward shows the inverse process of inner-loop closed transfer
function Tinner�loop.

Eq. (10) provides the mathematical expression of the tool-on-robot kinematics

model. The inverse of Eq. (10) gives an expression of qT
^

from PI
^

Of g and PI
^

Ef g:We
can define the inverse of tool-on-robot kinematics as follows:

qT
^¼ H PI

^

Of g,PI
^

Ef g
� �

(43)

This process is so-called inverse kinematics of the robot manipulator, which finds
the joint configurations given the coordinates of points in both the bottom frames and
the end-effector frame.

The Tforward can be designed as,

Tforward ¼ 1
Tinner�closed

1

τforwardsþ 1
� �2 ¼

τinsþ 1ð Þ3
3τinsþ 1ð Þ

1

τforwardsþ 1
� �2 � I6�6 (44)

The double poles s =�1/τforward are added to make Tforward proper. Choose τforward so
that the added double poles are 10 times larger than the bandwidth of the original
improper Tforward: In other words, τforward is chosen as (Figure 9),

τforward ¼ 0:1τin (45)
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4.4 Feature estimation

As the camera is static (not moving with the robot arm), the tool pose cannot be
recognized and measured visually if it is outside the camera range of view. To tackle this
problem, the 2D feature (image coordinates of the tool points) can be estimated from the
same combined model in Eq. (10) with the joint angles qT as input is shown in Figure 3:

~pI ¼ F qT
� �

(46)

5. Simulation results

5.1 Response of tool’s pose in the control system

In this section, we will simulate the closed adaptive control loop with different
scenarios to check the performance and stability of the proposed controller. For all
scenarios, the tool is guided to a particular target position measured in the base inertial
frame {O}: PI ¼ �1m, 0:2m, 0:3m½ �T, where m represents meters and the tool should

be aligned vertically so that its rotational matrix equals to n, s, a½ � ¼
0 �1 0

�1 0 0

0 0 �1

2
64

3
75,

where n, s, a represent respectively the end-effector’s directional unit vector of the
yaw, pitch, and roll in the inertial frame {O}. All scenarios are simulated with
bandwidth of the inner-loop as 100 rad/s and the bandwidth of the outer-loop as
10 rad/s.

In the following three plots, the blue lines represent the responses of the
end-effector position, and the red lines are the targets. In the trajectory plots, the
circles represent the starting position of the end-effector, and the stars represent
the target position of the end-effector. Black arrows are orientation direction of
trajectory points that change over time, and red arrows are the target direction of the
end-effector.

Three simulation scenarios are illustrated in Figures 10–12, respectively. In the
first, the tool (end-effector) starts at the pose: Po

I ¼ 1:404,0:228m, 1:171m½ �T, and

n0, s0, a0½ � ¼
�0:4893 �0:0262 0:8717

0:2427 0:9560 0:1650

�0:8377 0:2932 �0:4614

2
64

3
75, where two fiducial points are in side

Figure 9.
Block diagram of feedforward control design.
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Figure 10.
Response of the tool’s (end-effector’s) pose in scenario 1: Start in the field view of camera with disturbances.
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Figure 11.
Response of the tool’s (end-effector’s) pose in scenario 2: Start outside field view of camera with no disturbances.
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Figure 12.
Response of the tool’s (end-effector’s) pose in scenario 3: Start outside field view of camera with disturbances.
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view of the camera. Therefore, their coordinates can be detected and measured during
the entire control period. In the second and third scenario, the tool (end-effector)

starts at the pose: Po
I ¼ 1:285m, 0m, 1:57m½ �T, and n0, s0, a0½ � ¼

0 0 1

0 1 0

�1 0 0

2
64

3
75, where

two fiducial points are not inside view of the camera at beginning. Therefore, their
coordinates must be estimated at the initial stage of the control loop. Disturbances of
joint angles are added to the first and the third scenarios, as dq ¼
0:1°, 0:5°, 0:2°, 0:3°,�0:1°, 0:3°� �

to test the controller robustness against these input
disturbances.

The response in Figures 10 and 12 illustrate that the designed feedforward-
feedback adaptive controller can reach the target in a stable manner even in
the presence of input disturbances. Comparing orientation trajectories between
Figures 11 and 12, disturbances add instability in the transient response, but the
control system is able to stabilize it in the steady state response. When the tool’s
coordinates are measurable by the camera (as shown in Figure 10), the feedforward
and feedback controller work together to guide the tool to its target pose fast and
precisely, which is indicated as a response within 0.3 seconds and small overshoots in
transient response. However, when the tool is outside the view of the camera (as
shown in Figures 11 and 12), the controlled system still converges fast (less than a
second) but generates large overshoots in some of the position responses. The large
overshoots may come from the accumulated disturbances that cannot be eliminated
by the feedforward control without the intervention of the feedback control. The issue
of the overshoots will be investigated in future research and can be dealt with either
by upgrading the camera with a wider range of view or by using a switching algo-
rithm, such as switching from a feedforward to a feedback controller, rather than the
use of a continuous feedforward-feedback controller.

5.2 Robustness analysis of model uncertainties

In this section, we study the impact of varying some parameters on the steady-
state error of the end-effector X-coordinate position. The length of link 2 and link 4 of
the robot manipulator L2 and L4 are chosen to vary as uncertainties because they have
the two largest numerical dimensions among all geometric parameters of the robot
manipulator.

Figure 13 shows the robustness test taken in simulation scenario 1. All points in the
variation range have a steady state error which is less than 1%. We can use this as a
standard to show the robust performance of the controller against model variation.
From the plot, we can summarize that the designed control system is robust to model
variation of the two parameters varying individually between 50 and 110%.

6. Conclusion

This paper proposes a new feedforward-feedback adaptive control algorithm based
on image-based visual servoing technique. The core of this method is to design a
feedforward controller and feature estimation loop so that the tool’s pose can be
stabilized when it is outside the view of the camera. Furthermore, an adaptive Youla
parameterization-based controller is developed in the feedback loop to ensure stability
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and performance for the entire range of operations of the robot manipulator in the
workspace. Various scenarios of the fastening and unfastening alignment problem
have been simulated and robustness against input disturbances and model uncer-
tainties have been examined. In summary, our control design has shown fast and
robust performance in different scenarios so it has a great potential for implementa-
tion in real-world applications in automated manufacturing fields.

A. Appendix

See Table 2.

Parameters (Robot manipulator) Value

Length of Link 1: L1 0.495 m

Length of Link 2: L2 0.9 m

Length of Link 3: L3 0.175 m

Length of Link 4: L4 0.96 m

Length of Link 1 offset: a1 0.175 m

Figure 13.
Robustness analysis of model uncertainties.
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Parameters (Robot manipulator) Value

Spherical wrist: Lt 0.135 m

Tool length of screwdriver: 0.127 m

Parameters (Zed 2 Stereo Camera) Value

Focus length: f 2.8 mm

Baseline: b 120 mm

Angle of view in width: α 86.09°

Angle of view in height: β 55.35°

Table 2.
Parameter values of ABB IRB 4600 robot manipulator [31] and Zed 2 Stereo camera [33].
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