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Preface

The study of dynamical systems continues to evolve as new theories, methodologies, 
and applications emerge across science and engineering disciplines. With the growing 
complexity of modern systems—ranging from nonlinear control mechanisms and 
energy dissipation in mechanical systems to agent-based modeling and multifractal 
analysis—there is a clear need to revisit fundamental principles while embracing 
cutting-edge perspectives. This book, Dynamical Systems – Latest Developments and 
Applications, aims to bridge this evolving landscape by presenting a collection of 
chapters that reflect both theoretical advances and practical insights.

Chapter 1, “Perspective Chapter: Optimization of Observations Based on Non-Quadratic 
Criteria and Controlled Error Compensation in Nonlinear Dynamical Systems”, opens 
the volume with a foundational perspective. It explores the limitations of traditional 
quadratic criteria and introduces novel optimization frameworks for enhancing obser-
vation accuracy in nonlinear environments, laying a rigorous groundwork for advanced 
state estimation and control techniques.

Chapter 2, “Parametric Study of the Energy Dissipation by a Suspension System”, 
shifts the focus to mechanical engineering applications. Through a detailed  parametric 
analysis, it investigates how suspension systems can be optimized to maximize 
energy dissipation and stability, which is vital for automotive and structural vibration 
control.

Chapter 3, “Structural Stability of Materials”, addresses the critical issue of material 
behavior under various loading and environmental conditions. This chapter integrates 
concepts from dynamical systems theory with materials science to evaluate and 
predict stability thresholds, which are essential for the design of durable engineering 
structures.

Chapter 4, “Holographic-Type Behaviors in Complex Systems Dynamics from a 
Multifractal Perspective of Motion”, introduces a novel lens for understanding 
complexity. It proposes a multifractal framework to interpret the dynamic evolution 
of complex systems, suggesting holographic-type representations as a means to 
uncover hidden symmetries and emergent behaviors.

Chapter 5, “Agent-Based Models”, delves into the modeling of systems composed of 
interacting autonomous agents. From biological swarms to socio-economic simulations, 
this chapter highlights how decentralized, rule-based interactions can give rise to rich, 
system-level dynamics.

Finally, Chapter 6, “Chaotic Dynamics Derived from the Montgomery Conjecture: 
Application to Electrical Systems”, examines the chaotic dynamics that arise from the 
Montgomery Conjecture, bridging the gap between abstract mathematical theory 
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and practical applications in electrical systems. Through rigorous modeling and 
simulation, the authors uncover intricate patterns and behaviors that deepen our 
understanding of deterministic chaos.

This compilation is intended for researchers, advanced students, and practitioners 
seeking a deeper understanding of the modern landscape of dynamical systems. 
By bringing together diverse yet interconnected topics, this volume aims to inspire 
interdisciplinary collaboration and encourage novel applications in both theory and 
practice.

We hope this book serves as a valuable resource and sparks further innovation in the 
dynamic world of dynamical systems.

Dr. Mohammad Shamsuzzoha
Principle Process Engineer,

Billington Process Technology,
Sandvika, Norway

Dr. G. Lloyds Raja
Assistant Professor,

Department of Electrical Engineering,
National Institute of Technology Patna,

Patna, Bihar

Chapter 1

Perspective Chapter:
Optimization of Observations
Based on Non-Quadratic Criteria
and Controlled Error
Compensation in Nonlinear
Dynamical Systems
Alexander V. Chernodarov

Abstract

This section is devoted to the problem of joint estimation and control of
parameters of nonlinear dynamic systems (NDS) under stochastic conditions.
The errors of the NDS with respect to the reference phase path, which is determined
by external observations, are considered as such parameters. When including the
extended Kalman filter (EKF) in the estimation loop, the control must limit the
change in NDS errors to a linear region relative to the reference phase path. The
implementation of this approach to damping error estimates is associated with the
simultaneous solution of nonlinear differential equations of the NDS and linearized
error equations. It is proposed to determine the damping coefficients of error esti-
mates based on the method of inverse dynamics problems. The chapter also discusses
the problem of increasing the reliability of estimates of NDS errors in conditions of
parametric and statistical uncertainty. An approach to solving the problem based on
NDS optimization using non-square cost functions is proposed. This approach, in
addition to optimizing estimates, allows minimizing possible deviations of the NDS
diagnostic parameters from tolerances. Adaptive procedures for protecting the EKF
from divergence in the formation of estimates based on limiting the ratio of quadratic
forms of output to input residuals of observations are also considered. Such proce-
dures are based on the H-infinity theory. The two-point boundary value problems
formulated for optimization and adaptation in the Euler-Lagrange form are solved by
the invariant embedding method. The possibilities of the presented algorithms are
discussed.

Keywords: nonlinear dynamical system, parameter observers, controlled error
compensation, inverse problem of dynamics, non-quadratic optimization, adaptive
estimation, H-infinity problem

1XIV



Chapter 1

Perspective Chapter:
Optimization of Observations
Based on Non-Quadratic Criteria
and Controlled Error
Compensation in Nonlinear
Dynamical Systems
Alexander V. Chernodarov

Abstract

This section is devoted to the problem of joint estimation and control of
parameters of nonlinear dynamic systems (NDS) under stochastic conditions.
The errors of the NDS with respect to the reference phase path, which is determined
by external observations, are considered as such parameters. When including the
extended Kalman filter (EKF) in the estimation loop, the control must limit the
change in NDS errors to a linear region relative to the reference phase path. The
implementation of this approach to damping error estimates is associated with the
simultaneous solution of nonlinear differential equations of the NDS and linearized
error equations. It is proposed to determine the damping coefficients of error esti-
mates based on the method of inverse dynamics problems. The chapter also discusses
the problem of increasing the reliability of estimates of NDS errors in conditions of
parametric and statistical uncertainty. An approach to solving the problem based on
NDS optimization using non-square cost functions is proposed. This approach, in
addition to optimizing estimates, allows minimizing possible deviations of the NDS
diagnostic parameters from tolerances. Adaptive procedures for protecting the EKF
from divergence in the formation of estimates based on limiting the ratio of quadratic
forms of output to input residuals of observations are also considered. Such proce-
dures are based on the H-infinity theory. The two-point boundary value problems
formulated for optimization and adaptation in the Euler-Lagrange form are solved by
the invariant embedding method. The possibilities of the presented algorithms are
discussed.

Keywords: nonlinear dynamical system, parameter observers, controlled error
compensation, inverse problem of dynamics, non-quadratic optimization, adaptive
estimation, H-infinity problem

1



1. Introduction

A dynamical system (DS) is one whose parameters change in space and time. The
evolution of the state of such a system in time t can be described by a nonlinear
differential equation of the form

dY tð Þ=dt ¼ _Y tð Þ ¼ F Y tð Þ½ �; (1)

where Y(t) is a vector of state parameters of an unperturbed DS; F (… ) is a matrix
of variable coefficients characterizing the dynamics of changes in DS parameters.

In a real environment, the DS is affected by disturbances and noise, taking into
account which the model of changes in the DS parameters will have the form

_Ya tð Þ ¼ F Ya tð Þ½ � þ G tð Þξ tð Þ, (2)

where Ya tð Þ is a vector of actual state parameters; ξ tð Þ is a disturbances vector; G(t)
is a matrix of coefficients characterizing the intensities of disturbances.

In the observable DS, the problem of restoring the state parameters of such a DS
can be solved using external reference measurements,

Z ∗ tð Þ ¼ h Y tð Þ½ � þ ϑ tð Þ, (3)

where ϑ tð Þ is the l-dimensional vector of measurement errors.
However, in practical applications, it is more convenient to restore not the param-

eters of a nonlinear DC, but to determine their deviations from the reference phase
trajectory. Such deviations correspond to errors in stabilization of the DS relative to
the reference trajectory. The differential equation for the DS errors is obtained from
the difference between relations (1) and (2) and has the form

dx tð Þ=dt ¼ _x tð Þ ¼ A tð Þx tð Þ þG tð Þξ tð Þ, (4)

where x tð Þ ¼ ΔY tð Þ ¼ Ya tð Þ � Y tð Þ is the n-dimensional vector of actual DS errors;
A tð Þ ¼ ∂F Y tð Þ½ �=∂YjY tð Þ¼Ya tð Þ is a matrix of variable coefficients characterizing the
dynamics of changes in DS errors.

Eq. (4) can be put into correspondence with the signals of observations of DS
errors

Z tð Þ ¼ Z ∗ tð Þ � Z ∗ ∗ tð Þ, (5)

and their predictive model

Z tð Þ ¼ H tð Þx tð Þ þ ϑ tð Þ, (6)

where H tð Þ ¼ ∂h Y tð Þ½ �=∂YjY tð Þ¼Ya tð Þ is the matrix of the relationship of observations
with the error vector DS; Z ∗ ∗ tð Þ ¼ h Yað �½ is a parameter equivalent to the measure-
ment of h(y) and formed based on information from the actual DS.

Taking into account Eqs. (5) and (6), the problem of obtaining optimal estimates
of the DS error vector using the least squares method can be formulated [1].

x̂ tð Þ ¼ argmin
x

J tð Þ, (7)
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where J tð Þ ¼ νT tð ÞR�1 tð Þν tð Þ; ν tð Þ ¼ Z tð Þ � Ẑ tð Þ is a residual; Ẑ tð Þ ¼ H tð Þx̂ tð Þ is the
predicted value of the observation; ^ is the symbol for estimate; E ϑ tð ÞϑT t� τð Þ� � ¼
R tð Þδ t� τð Þ is a covariance matrix that normalizes the residuals; δ t� τð Þ is the delta
function; E [… ] is the operator of mathematical expectation.

The solution to problem (7) has the form

x̂ tð Þ ¼ HT tð ÞR�1H tð Þ� ��1
HTR�1Z tð Þ: (8)

It should be noted that for l < n, only an approximate estimate x̂ tð Þ of the error
vector can be obtained from Eq. (8). In addition, Eq. (8) does not explicitly take into
account the dynamics of changes in DC parameters, errors, and disturbances. There-
fore, there is a need to combine procedures (2)–(6) and (8) into a single structure
based on the diagram presented in Figure 1, where EMS is an external measuring
system; OPS is an observation processing system; Kx is a matrix of coefficients for
controlled compensation of DS error estimates; LCE is the loop for compensating
estimates of errors; and LUP is the loop for updating parameters.

The following equation of a traditional observer [2] can be taken as a basis for
implementing the scheme in Figure 1

_̂x tð Þ ¼ A tð Þx̂ tð Þ þ K tð Þν tð Þ: (9)

The modifications of the observers are related to the choice of the K gain factor.
The gain factor, formed according to the criterion of minimum variance of errors in
estimating the state vector of a nonlinear DS, corresponds to the extended Kalman
filter (EKF) [3]. For such an estimation filter, the gain factor has the form

K tð Þ ¼ P tð ÞHT tð ÞR�1 tð Þ, (10)

where P tð Þ ¼ E δ tð ÞδT tð Þ� �
is the covariance matrix of estimation errors, which is

determined from the solution of the Riccati equation

_P tð Þ ¼ A tð ÞP tð Þ þ P tð ÞAT tð Þ � K tð ÞR tð ÞKT tð Þ; (11)

δ tð Þ ¼ x tð Þ � x̂ tð Þ is the vector of estimation errors.

Figure 1.
Diagram of the observable dynamical system with estimation and error compensation loops.
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It can be seen that in the traditional estimation algorithm, the gain factor does
not depend on the observations. With parametric and statistical uncertainty, this
leads to divergence of error estimates relative to their actual values. The
correctness of the gain factor formation can be verified by mathematical modeling
when the actual phase trajectory is known. If the DS model is adequate for the real
process, then the actual estimation errors of the vector x should not exceed their
root-mean-square values [4]. For example, for the jth element of the state vector x
this means

δj tð Þ< < σj ¼
ffiffiffiffiffi
Pjj

q
: (12)

It is believed that in stochastic systems, the non-divergent estimation process
corresponds to the 3σ rule [5], that is,

δj tð Þ< 3σj: (13)

The implementation of the scheme in Figure 1 assumes the use of error estimates
in the DS. The following solutions to this problem are possible [3]:

• a scheme with a contour for compensation of estimates (see Figure 1, without a
dashed line):

_Y tð Þ ¼ F Y tð Þ½ �; (14)

_̂x tð Þ ¼ A tð Þx̂ tð Þ þ K tð Þν tð Þ; (15)

Ŷ tð Þ ¼ Y tð Þ � x̂ tð Þ; (16)

• a scheme with a contour for updating parameters (see Figure 1, with a dashed
line):

_̂Y tð Þ ¼ F Ŷ tð Þ� �� _̂x tð Þ (17)

_̂x tð Þ ¼ K tð Þν tð Þ: (18)

In accordance with procedures (14)–(16), error estimates are written off from the
parameters at the DS output without correcting Eq. (14). When implementing such a
mode, the necessary conditions for the absence of divergence of the EKF (13), associ-
ated with the linearity of the change in the residual errors of the DS between observa-
tions, may not be fulfilled. Therefore, it seems appropriate to perform controlled
compensation of DS error estimates between observation sessions. When
implementing procedures (17) and (18), the parameters in DS (17) are corrected using
error estimates with their subsequent zeroing. However, in this case, the error predic-
tion module (4) is excluded from the DS structure. This module supports the smooth-
ing properties of the EKF relative to anomalous observation noises. Therefore, it seems
appropriate to perform controlled compensation of DS error estimates between
observation sessions. Such control can be implemented using the Kx coefficients for
damping the estimates (see Figure 1). The above coefficients should be determined in
such a way as to minimize the errors of the estimates formed by the EKF relative to the
reference observed parameters. It can be noted that the integration cycles of the DS
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equations, their errors, and the formation of observations may differ from each other.
Next, approaches to solving the formulated problems will be considered.

2. Continuous estimation and controlled error compensation in nonlinear
dynamical system

The mathematical description of the DS operation is based on the direct and
inverse problem of dynamics. Stated classically, such problems can be given the
following interpretation [6]:

• the essence of the direct problem: Based on the given initial conditions, input
actions, and a function describing the dynamics of parameter changes, by solving
Eqs. (2) and (4), the path of the DS in phase space is determined;

• the essence of the inverse problem: The control actions are determined that
ensure the motion of the DS along a given path in phase space. For example, the
solution to Eq. (4) is a matrix exponential. In this case, the inverse problem is
reduced to identifying the coefficients A(t) that ensure motion along such an
exponential. However, the matrix A(t) corresponds to the linearized Eq. (4).
Therefore, the prediction errors of nonlinear DS are inaccurate. From here, the
inverse problem is reduced to determining additional coefficients Kx that
minimize the divergence between the reckoned Ŷ tð Þ and reference Y(t) paths
formed from observations (3). The following modification of Eq. (17)
corresponds to such a problem, that is,

_Y tð Þ ¼ F Ŷ tð Þ� �� A tð Þx̂ tð Þ þ u tð Þ, (19)

where u tð Þ ¼ �Kx tð Þx̂ tð Þ is a vector of controls that stabilize the DS on the refer-
ence path.

The matrix of coefficients Kx tð Þ included in Eq. (19) corresponds to the exponen-
tial damping of the system errors between observations. It is assumed that
Kx tð Þ ¼ Λ tð Þ, where Λ tð Þ ¼ diag α1 tð Þ⋯αn tð Þ½ � is the diagonal matrix of error damping
coefficients; αj tð Þ>0.

In the realization of Eq. (19), the problem of determining the estimates Λ̂ tð Þ ¼
α̂1 tð Þ,⋯α̂n tð Þ½ �Т of the vector of coefficients, which are optimal ones according to the
appropriate criterion, still remains topical.

A similar problem in discrete time was considered in the work of Chernodarov [6].
This section presents procedures for identifying damping coefficients for DS error
estimates in continuous and discrete-continuous time.

The problem of optimizing the procedures for damping DS errors can be solved on
the basis of a united cost function, which combines the following parameters into a
single structure:

a. residuals for DS error estimates;

b. residuals for estimates of error damping coefficients.

The next modification of observation (5) and its residual correspond to the scheme
with the correction of the DS parameters based on the error estimates
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Z tð Þ ¼ h Y tð Þ½ , t�jY tð Þ¼Ya tð Þ � h Y tð Þ, t½ �: (20)

Taking into account (17), we have

ν tð Þ ¼ Z tð Þ: (21)

Optimization problem (a) with respect to the estimates of the DS state parameters
can be solved on the basis of the quadratic cost function

J tð Þ ¼ 0:5
ðtf

t0

ν tð Þk k2R�1 tð Þ þ ξ tð Þk k2Q�1 tð Þ
n o

dτ! min
Y tð Þ

(22)

taking into account the constraint on the dynamics of change in the system
parameters

_Y tð Þ ¼ F Y, tð Þ þ G Tð Þξ tð Þ, (23)

where T ¼ t0, tf
� �

is the optimization interval; E ξ tð ÞξT t� τð Þ� � ¼ Q tð Þδ t� τð Þ is a
covariance matrix for the disturbance vector; ξ tð Þk k2Q�1 ¼ ξT tð ÞQ�1ξ tð Þ.

The solution to problem (22) under constraint (23) can be obtained using R.
Sridhar’s technique [7, 8], which is based on the Pontryagin minimum principle [9]
and on the method of invariant imbedding [10]. This technique allows us to move
from conditional (22), (23) to unconditional optimization using the Hamilton function

Н ¼ 0:5 ν tð Þk k2R�1 tð Þ þ ξk k2Q�1 tð Þ
n o

þ λTY tð Þ F Y, tð Þ þG tð Þξ tð Þ½ �, (24)

and on the solution of the canonical equations

_̂Y tð Þ ¼ ∂Н

∂λTY tð Þ ;
_̂λ
T

Y tð Þ ¼ � ∂Н
∂Y tð Þ ;

∂Н
∂ξ tð Þ ¼ 0 (25)

with the boundary conditions

λ̂Y t0ð Þ ¼ var; λ̂Y tf
� � ¼ 0; Ŷ t0ð Þ ¼ 0; Ŷ tf

� � ¼ var, (26)

where λY tð Þ is the vector of Lagrange multipliers. The introduction of the Lagrange
multiplier vector [11] into Eq. (24) allows us to move from the problem of minimizing
the functional (22) with constraints (23) to the problem of an unconditional mini-
mum.

By calculating partial derivatives and performing algebraic transformations, we
obtain an expanded notation of the canonical equations

_Y tð Þ ¼ F Y, tð Þ � G tð ÞQ tð ÞG tð ÞλY tð Þ ¼ γ Y tð Þ, λY tð Þ, t½ �; (27)

_λY tð Þ ¼ �HT tð ÞR�1 tð Þν tð Þ � AT tð ÞλY tð Þ ¼ μ Y tð Þ, λY tð Þ, t½ �; (28)

ξ tð Þ ¼ �Q tð ÞGT tð ÞλY tð Þ: (29)

To find the _̂Y tð Þ estimate of the DS parameter vector from the observations of Z
(t), it is necessary to solve the two-point boundary value problem (TPBP), which is
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determined by Eqs. (27)–(29) and boundary conditions (26). The solution of the
above TPBP can be found by the method of invariant imbedding [10]. According to
this method, TPBP is included in a more general problem with the following boundary
conditions

λ̂Y tf
� � ¼ c; Ŷ tf

� � ¼ r c, tf
� �

, (30)

It can be shown that the dynamics of change in the r c, tf
� �

parameter can be
described by the following Eq. (10)

∂r c, tf
� �

∂tf
þ ∂r c, tf

� �

∂c
μ r c, tf
� �

, c, tf
� � ¼ γ r c, tf

� �
, tf

� �
: (31)

The solution of Eq. (31) can be approximated by a linear function

r c, tf
� � ¼ Ŷ tf

� �� P tf
� �

c, (32)

where P tf
� �

and c are, respectively, the matrix of coefficients and the vector of
uncertain multipliers that determine the deviations of estimates from the true values
of the parameters. Here, the subtraction sign corresponds to the write-off of error
estimates from the parameters.

If we substitute (32) into (31) and consider the time tf as the current t, we obtain

_̂Y tð Þ � _P tð Þc� P tð Þ μ Ŷ tð Þ � P tð Þc, c, t� � ¼ γ Ŷ tð Þ � P tð Þc, c, t� �
: (33)

The solution to Eq. (33) can be obtained by expanding the parameters γ and μ in a
Taylor series with respect to Y and restricting ourselves to linear terms

_̂Y tð Þ � _P tð Þc� P tð Þ μ Ŷ tð Þ, c, t� �þ P tð Þ ∂μ Ŷ tð Þ, c, t� �
∂Y

P tð Þc ¼

¼ γ Ŷ tð Þ, c, t� �� ∂γ Ŷ, c, t
� �
∂Y

P tð Þc:
(34)

Substituting into (34) the parameters γ and μ, as well as the partial derivatives
with respect to Y from Eqs. (27) and (28), we obtain

F Y, tð Þ � G tð ÞQ tð ÞGT tð Þc� A tð Þ P tð Þc ¼ P tð ÞHT tð ÞR�1 tð Þν tð Þþ
þP tð ÞAT tð Þc� P tð ÞHT tð ÞR�1H tð ÞP tð Þcþ _Y tð Þ � _P tð Þc, (35)

where matrices G(t), A(t),H(t), R(t), P(t), and Q(t) have expressions presented in
Eqs. (2), (4), (6), (8), (10), and (23), respectively.

By equating in (35) the terms that include and do not include the parameter c, we
obtain differential Eqs. (17), (18) for the estimates and (11) for the covariance matrix
P(t).

The technique for obtaining expressions (11), (17), (18) taking into account (32)–
(35) can be presented in a more compact form

_̂Y tð Þ ¼ γ Ŷ tð Þ�
, c, t���c¼0 þ P tð Þμ Ŷ tð Þ�

, c, t���c¼0; (36)
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_P tð Þ ¼ �∂γ Ŷ tð Þ, c, t� �
∂c

�����
c¼0
� P tð Þ∂μ Ŷ tð Þ, c, t� �

∂c

�����
c¼0

: (37)

Using the technique (24)–(37), it is possible to solve the problem (19) or (b) of
determining the damping coefficients of the DS error estimates between the moments
of observations. For this purpose, by analogy with (24), the Hamilton function of the
following form can be used

Н ¼ 0:5 ν tð Þk k2R�1 tð Þ þ ξk k2Q�1 tð Þ þ η tð Þk k2P�1Y tð Þ
n o

þ
þλTY tð Þ F Y, tð Þ � Λ tð ÞY tð Þ þ G tð Þξ tð Þ½ � þ λTΛ tð ÞB tð ÞΛ tð Þ

, (38)

where

η tð Þ ¼ Λ tð ÞY tð Þ � K tð Þν tð Þ ¼ ~Y tð ÞΛ tð Þ � K tð Þν tð Þ (39)

is the residuals between the predicted and observed corrections for the estimates of
the vector of parameters of the DS; λΛ tð Þ is the vector of Lagrange multipliers; B(t) is a
matrix of gain factors characterizing the dynamics of changes in the damping coeffi-
cients of estimates between observation sessions;
~Y tð Þ ¼ diag Y1 tð Þ…Yn tð Þ½ �;Λ̂ tð Þ ¼ α̂1 tð Þ,⋯α̂n tð Þ½ �Т; Λ tð Þ ¼ diag α1 tð Þ⋯αn tð Þð �½ .

By analogy with (25) and (26), canonical equations can be formed

_Y tð Þ ¼ ∂Н

∂λTY tð Þ ;
_λTY tð Þ ¼ � ∂Н

∂Y tð Þ ;
∂Н
∂ξ tð Þ ¼ 0; (40)

_Λ tð Þ ¼ ∂Н

∂λTΛ tð Þ ;
_λTΛ tð Þ ¼ � ∂Н

∂Λ tð Þ ; (41)

λY t0ð Þ ¼ var; λY tf
� � ¼ 0; Ŷ t0ð Þ ¼ 0; Ŷ tf

� � ¼ var; (42)

λΛ t0ð Þ ¼ var; λΛ tf
� � ¼ 0; Λ̂ t0ð Þ ¼ 0; Λ̂ tf

� � ¼ var: (43)

By calculating partial derivatives and performing algebraic transformations, we
obtain an expanded notation of the canonical equations

_Y tð Þ ¼ F Y, tð Þ � Λ tð ÞY tð Þ � G tð ÞQ tð ÞG tð ÞλY tð Þ ¼ γY Y tð Þ,Λ tð Þ, λY tð Þ½ � (44)

_Λ tð Þ ¼ B tð ÞΛ tð Þ ¼ γΛ Λ tð Þ, t� �
; (45)

_λY tð Þ ¼ �HT tð ÞR�1 tð Þν tð Þ þHT tð ÞKT tð ÞP�1Y tð Þη tð Þ�
� AT tð Þ � ΛT tð Þ� �

λY tð Þ ¼ μY Y tð Þ,Λ tð Þ, λy tð Þ, t� �
;

(46)

_λΛ tð Þ ¼ ~Y
T
tð ÞλY tð Þ � ~Y

T
tð ÞP�1Y tð Þη tð Þ � BT tð ÞλΛ tð Þ ¼

¼ μΛ Y tð Þ,Λ tð Þ, λY , λΛ, t½ �;
(47)

ξ tð Þ ¼ �Q tð ÞGT tð ÞλY tð Þ: (48)

Let us introduce notation for parameters

λ tð Þ ¼ λY tð Þ
λΛ tð Þ

� �
; y tð Þ ¼ Y tð Þ

Λ tð Þ

� �
(49)
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and solutions

γ Y,Λ, C, tð Þ ¼ γY tð Þ
γΛ tð Þ

� �
; μ Y,Λ, C, tð Þ ¼ μY tð Þ

μΛ tð Þ

� �
: (50)

The TPBP (44)–(48) can be solved by taking into account the expansion of the
boundary conditions (42) and (43) by analogy with (30) and (32)

y tf
� � ¼ r C, tf

� � ¼ rY C, tf
� �

rΛ C, tf
� �

" #
; (51)

λ tf
� � ¼ C ¼ cY

cΛ

� �
: (52)

By analogy with (31) for conditions (51) and (52), the basic equation of invariant
imbedding is valid

∂r
∂tf
þ ∂r
∂C

μ r,C, tf
� � ¼ γ r,C, tf

� �
: (53)

The solution of Eq. (53), by analogy with (32), can be represented in general form
by the following expression

r C, tf
� � ¼ ŷ tf

� �� P tf
� �

C, (54)

where P tf
� � ¼ PY tf

� �
PYΛ tf

� �

PΛYðtf Þ PΛ tf
� �

" #
is a matrix of coefficients that determine the

spread of estimates relative to the true values of the parameters. This may be a
covariance matrix of estimate errors.

Considering (44)–(54) and assuming the time tf to be the current t, the TPBP
solution according to the algorithm (36) and (37) will have the form:

_Y tð Þ
_Λ tð Þ

" #
¼ γY tð Þ

γΛ tð Þ

� �

C¼0
þ PY tð Þ PYΛ tð Þ

PΛY tð Þ PΛ tð Þ

� �
μY tð Þ
μΛ tð Þ

� �

C¼0
; (55)

_PY tð Þ _PYΛ tð Þ
_PΛY tð Þ _PΛ tð Þ

" #
¼ �

∂γY
∂cY

∂γY
∂cΛ

∂γΛ
∂cY

∂γΛ
∂cΛ

2
664

3
775
C¼0

� PY tð Þ PYΛ tð Þ
PΛY tð Þ PΛ tð Þ

� � ∂μY
∂cY

∂μY
∂cΛ

∂μΛ
∂cY

∂μΛ
∂cΛ

2
664

3
775
C¼0

: (56)

The solution of Eqs. (55) and (56) has the form:

_̂Y tð Þ ¼ F Ŷ, t
� �� Λ̂ tð ÞŶ tð Þ � KY tð Þν tð Þ þ KYη tð Þη tð Þ � KYΛ tð Þη tð Þ; (57)

_̂Λ tð Þ ¼ B tð ÞΛ̂ tð Þ � KΛY tð Þν tð Þ þ KΛη tð Þη tð Þ � KΛ tð Þη tð Þ; (58)

_PY tð Þ ¼ A tð ÞPY tð Þ þ PY tð ÞAT tð Þ þ G tð ÞQ tð ÞGT tð Þ � KY tð ÞH tð ÞPY tð Þ�
�KYηH tð ÞPY tð Þ þ KYη tð ÞΛ̂ tð ÞPY � Λ̂ tð ÞPY tð Þ � PY tð ÞΛ̂T

tð Þ � PYΛ tð Þ ~̂Y
T
þ

þPYΛ tð ÞBT tð Þ þ KYΛ tð ÞΛ tð ÞPY tð Þ � KYΛ tð ÞH tð ÞPY tð Þ;
(59)
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_PΛ tð Þ ¼ B tð ÞPΛ tð Þ þ PΛ tð ÞBT tð Þ þ KΛη tð Þ ~̂Y
T
tð ÞPY tð Þ � KΛ tð Þ ~̂Y tð ÞPΛ tð Þ; (60)

_PYΛ tð Þ ¼ ~̂Y tð ÞPΛ þ PYΛ tð ÞBT tð Þ � KYΛ tð Þ ~̂Y tð ÞPΛ tð Þ þ KYη tð Þ ~̂Y tð ÞPΛ tð Þ; (61)

_PΛY tð Þ ¼ PΛY tð ÞAT tð Þ � PΛY tð ÞΛ̂T
tð Þ � PΛ tð Þ ~̂Y

T
tð Þþ

þKΛη tð ÞH tð ÞPY tð Þ � KΛY tð ÞH tð ÞPY tð Þ � KΛ tð ÞH tð ÞPY ;
(62)

where KY tð Þ ¼ PY tð ÞHT tð ÞR�1 tð Þ; KYη tð Þ ¼ PY tð ÞHT tð ÞKT tð ÞP�1Y tð Þ;
KYΛ tð Þ ¼ PYΛ tð Þ ~̂Y

T
tð ÞPY

�1 tð Þ; KΛη tð Þ ¼ PΛY tð ÞHT tð ÞKT tð ÞP�1Y tð Þ;
KΛY tð Þ ¼ PΛY tð ÞHT tð ÞR�1 tð Þ; KΛ tð Þ ¼ PΛ tð Þ ~̂Y

T
tð ÞPY

�1 tð Þ.
Assuming that the parameters Y(t) and Λ tð Þ are independent, Eqs. (57)–(62) take

the form

_̂Y tð Þ ¼ F Ŷ, t
� �� Λ̂ tð ÞŶ tð Þ � KY tð Þν tð Þ þ KYη tð Þη tð Þ; (63)

_̂Λ tð Þ ¼ B tð ÞΛ̂ tð Þ � KΛ tð Þη tð Þ; (64)

_PY tð Þ ¼ A tð ÞPY tð Þ þ PY tð ÞAT tð Þ þ G tð ÞQ tð ÞGT tð Þ � KY tð ÞH tð ÞPY tð Þ�
�KYηH tð ÞPY tð Þ þ KYη tð ÞΛ̂ tð ÞPY � Λ̂ tð ÞPY tð Þ � PY tð ÞΛ̂T

tð Þ;
(65)

_PΛ tð Þ ¼ B tð ÞPΛ tð Þ þ PΛ tð ÞBT tð Þ � KΛ tð Þ ~̂Y tð ÞPΛ tð Þ: (66)

When implementing Eqs. (63)–(66), it is assumed that observations are formed
continuously and synchronously with the integration step. However, observations
may arrive at discrete points in time that do not coincide with the integration step. In
this case, the error equations and the corresponding damping coefficients can be
formed on the basis of a discrete modification of the EKF.

3. Discrete estimation and continuous error compensation in nonlinear
dynamical system

The problem of formation and controlled compensation of estimates x̂i ¼ x̂ tið Þ of
the error vector xi of a nonlinear DS (2) based on observations Zi obtained at discrete
time points ti is considered. A discrete analogue of the error Eq. (4) corresponds to
such observations

xi ¼ Φixi�1 þ Γiξi�1, (67)

where Φi is the transition matrix for the vector of errors, and this matrix is
determined from the solution of the differential equation

dΦ t, ti�1ð Þ=dt ¼ _Φ tð Þ ¼ A tð ÞΦ t, ti�1ð Þ for Φ ti�1, ti�1ð Þ ¼ I; (68)

I is an identity matrix of the appropriate dimension; Γi is the transition matrix for
the disturbance vector ξi. The given matrix is the solution of the inhomogeneous part
of Eq. (4)

dΓ t, tið Þ=dt ¼ _Гi ¼ A tð ÞГ t, ti�1ð Þ þG tð Þ;Γ ti�1, ti�1ð Þ ¼ 0: (69)
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The following options are possible [3] for the relationship between the DS param-
eters and its error estimates in discrete time:

a. diagram with a loop for compensating for estimates (see Figure 1, without a
dashed line):

x̂i=i�1 ¼ Фix̂i�1=i�1; (70)

x̂i=i ¼ x̂i=i�1 þ Ki Zi �Hix̂i=i�1
� �

; Ŷi=i ¼ Ŷi=i�1 � x̂i=i; (71)

b. diagram with a loop for updating parameters (see Figure 1, with a
dashed line):

x̂i=i ¼ KiZi; Ŷi=i ¼ Ŷi=i�1 � x̂i=i; x̂i=i≔0, (72)

where Ŷi=i�1, x̂i=i�1 are the predicted values of estimates both of the vector of
parameters and of the DS errors at the instant t ¼ ti of time after Zi�1 observations
have been processed; Ŷi=i, x̂i=i are the updated values of estimates after Zi observations
have been processed; Ki is the EKF amplification factor.

For Gaussian perturbations, the implementation of scheme b) based on a sequen-
tial modification [12] of the discrete EKF has the following form

Prediction

m0 ¼ x̂i=i�1 ¼ ~Φix̂i�1=i�1; j ¼ 1; (73)

M0 ¼ Pi=i�1 ¼ ΦiPi�1=i�1ΦT
i þ ΓiQi�1Γi (74)

Updating:

νj ¼ zj �Hjmj�1; (75)

α2j ¼ HjMj�1HT
j þ Rj; (76)

Kj ¼Mj�1HT
j =α

2
j ; (77)

mj ¼ mj�1 þ Kjνj; (78)

Mj ¼ KjHj � I
� �

Mj�1 KjHj � I
� �T � KjRjKT

j ; j ¼ 1, l; (79)

x̂i=i ¼ ml;Pi=i ¼Ml, (80)

where Zi ¼ Z tið Þ ¼ z1 ið Þ… zj ið Þ… zl ið Þ
� �T; Hi ¼ HT

1 ið Þ…HT
j ið Þ…HT

l ið Þ
h iT

.

Traditionally [3], the processing of observations in the EKF ends with the
procedure

Ŷi=i ¼ Ŷi=i�1 � x̂i=i, and further x̂i=i≔0: (81)

Following the approach considered in the paper, an incomplete compensation of
DS error estimates after processing observations is proposed
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Ŷi=i ¼ Ŷi=i�1 � Λ̂ix̂i=i, (82)

where Λ̂ii is a matrix for damping coefficients of estimates at the i-point in time.
For a continuous-time DS, the relationship of its parameters with error estimates

generated from discrete observations has the form

_̂Y tð Þ ¼ F Ŷ tð Þ� �� Λ̂ t, ti�1ð Þx̂ t, ti�1ð Þ: (83)

Between observation sessions, Eq. (83) has the following numerical solution

Ŷi ¼ F Ŷi�1,Δti
� �� ~Φix̂i�1, (84)

where

~Φi ¼ ~Φ t, ti�1ð Þ ¼ e�Λ̂iΔti≈I � Λ̂iiΔti; (85)

Φ̂i ¼ ~̂Φ11 ið Þ,⋯ ~̂Φnn ið Þ
h iТ

; ~Φi ¼ diag ~Φ11 ið Þ⋯~Φnn ið Þ
� �

; Δti ¼ ti � ti�1 is the integration

step.
Based on the algorithm (72)–(85), the problem of forming damping coefficients Λi

for error estimates arises. We will assume that the parameters Λi and the DS errors xi
are independent.

The optimality criterion will be formed based on the residuals ηi between the
predicted x̂i=i�1 and updated x̂i=i estimates of the DS errors, that is,

Λ̂i ¼ argmin0:5
Λi

Xif

i¼i0
ηTi P

�1
i=iηi, (86)

provided that Λi ¼ Λi�1, that is, B = I in Eq. (45),where

ηi ¼ ~Φix̂i�1=i�1 � x̂i=i ¼ x̂i=i�1 � x̂i=i; (87)

Pi=i ¼ Px i=ið Þ is the covariance matrix of estimation errors, which is formed by the
EKF at the ith instant of time from i observations; i0, if are the subscripts for initial
and final values, respectively, of an observation on the optimization interval i0; if

� �
.

The solution of the problem (86) was obtained using Pontryagin0s method [8, 10].
The application of this method is based on the formation of the Hamiltonian

Н ¼ 0:5 ηik k2P�1i=i
þ ωik k2N�1i

n o
þ μTi Λi�1 þ ωi

� �
(88)

and the solution of the canonical equations

∂Н
∂μTi
¼ Λ̂i;

∂Н

∂Λi�1
¼ μ̂Ti�1;

∂Н
∂ωi
¼ 0 (89)

with the boundary conditions

Λ̂i0 ¼ 0; Λ̂if ¼ var; μ̂if¼0; μ̂i0 ¼ var, (90)
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where μi is the vector of Lagrange multipliers; ωi is the vector of disturbances that
affect the compensation coefficients, which is characterized by the covariance matrix
E ω tð ÞωT t� τð Þ� � ¼ N tð Þδ t� τð Þ.

By calculating partial derivatives and performing algebraic transformations, we
obtain an expanded notation of the canonical equations

Λ̂i=i�1 ¼ a ¼ Λ̂i�1=i�1 �Ni�1μ̂i�1; (91)

μ̂i ¼ b ¼ μ̂i�1 þ ~̂x
T
i�1P

�1
i=i ηi; (92)

ω̂i ¼ �Ni�1μ̂i�1, (93)

where ~̂xi�1 ¼ diag x̂1 i�1ð Þ, … , x̂n i�1ð Þ
� �

.

The estimates of the Λ̂i=i damping coefficients updated by observations can be
found by solving the two-point boundary value problem (91)–(93) taking into
account the conditions (90). By analogy with the continuous case (27)–(29), the
solution of TPBP can be found by the method of invariant imbedding [10]. Following
this method, TPBP is included in a more general problem with non-zero boundary
conditions

μ̂if ¼ c; x̂if c, if
� �

≔xif � Sif c, (94)

where x̂if is the solution of the TPBP for c = 0, Sif is a matrix of weighting
coefficients; for example, it can be a covariance matrix.

Taking into account the conditions (94), a discrete variant of the general solution
TPBP (36)–(37) will have the following form

Λ̂i=i ¼ a Λ̂i=i�1 � Si=i�1c; c; i� 1
� ���

c¼0 þ Si=ib Λ̂i=i�1 � Si=i�1c; c; i�1Þ
� ��

c¼0; (95)

Si=i ¼ �
∂a Λ̂i=i�1 � Si=i�1; c; i� 1
� �

∂c

" #�����
c¼0

∂b Λ̂i=i�1 � Si=i�1c; c; i� 1
�

∂c

" #�����
�1

c¼0
: (96)

The partial derivatives for parameters (91) and (92) in Eqs. (95) and (96) are
determined taking into account relations (90) and (94) and have the form

∂a
∂c
¼ �Si�1=i�1 �Ni�1; (97)

∂b
∂c
¼ I þ ~xTi�1P

�1
i=i ~xi�1

� �
Si�i=i�1 þNi�1
� �

, (98)

where Si�1=i�1 is a matrix of weight coefficients, which were obtained at the (i-1)th
instant of time, having regard to i � 1 observations.

Upon substitution of relations (97) and (98) into Eqs. (95) and (96) and on
performance of algebraic transformations with the use of a lemma on matrix inversion
[13], we obtain the following algorithm for error estimation.

Prediction:

Λ̂i=i�1 ¼ Λ̂i�1=i�1; (99)

Si=i�1 ¼ Si�1=i�1 þNi: (100)
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Updating:

ηi ¼ ~Φix̂i�1=i�1 � x̂i=i ¼ x̂i=i�1 � x̂i=i; (101)

Vi ¼ ~̂xi=i�1Si=i�1~̂x
Т
i=i�1 þ Pi=i; (102)

Si=i ¼ Si=i�1 � Si=i�1~̂x
Т
i=i�1Vi

�1~̂xi=i�1Si=i�1; (103)

Λ̂i=i ¼ Λ̂i=i�1 þ Si=i~̂x
T
i=i�1P

�1
i=i ηi, (104)

where ~̂xi=i�1 ¼ diag x̂1 i=i�1ð Þ, … , x̂n i=i�1ð Þ
� �

; Λ̂i=i�1; Λ̂i�1=i�1 are, respectively,
the predicted and updated (by the residual ηi) estimates of the vector of
coefficients that characterize the values of compensated errors; Si=i�1; Si=i
are, respectively, the predicted and updated covariance matrices for the errors of
forming the compensation coefficients, which are caused by dynamic noise
environment.

In the implementation of the algorithm (99)–(104), the need arises for inversion of
the matrices Vi and Pi=i in Eqs. (103) and (104). These problems can be solved by
assuming that the elements of vector Λi are mutually independent, and also consider-
ing only the diagonal elements of the matrix Pi=i. Such elements of the Pi=i matrix are
variances of errors in estimating the parameters of vector xi. We will also assume that
the dimensions of the vectors Λi and xi coincide and are equal to n� 1. In this case, by
analogy with algorithm (73)–(80), a sequential implementation of the modules (99)–
(104) is possible, namely:

Prediction:

Λ̂0 ¼ Λ̂i=i�1 ¼ Λ̂i�1=i�1; (105)

S0 ¼ Si=i�1 ¼ Si�1=i�1 þNi: (106)

Updating:

ηj ¼ x̂j i=i�1ð Þ � x̂j i=ið Þ; (107)

Vj ¼ ~̂xj ið ÞSj�1~̂x
Т
j ið Þ þ Pjj i=ið Þ; (108)

~Kj ¼ Sj�1~̂x
Т
j ið Þ=Vj; (109)

Sj ¼ ~Kj~̂xj ið Þ � I
� �

Sj�1 ~Kj~̂xj ið Þ � I
� �T

� ~KjPjj ið Þ ~K
T
j ; (110)

Λ̂j ¼ Λ̂j�1 þ Kjηj; j ¼ 1, n, (111)

where ~̂xi ¼ ~̂x
Т
1 ið Þ⋯~̂x

T
j ið Þ⋯~̂x

T
n ið Þ

h iT
; Pjj i=ið Þ is the jth diagonal element of the Pi=i matrix;

x̂j i=i�1ð Þ and x̂j i=ið Þ are the jth elements of vectors x̂i=i�1 and x̂i=i.
The initial values of the elements of the covariance matrix S0 and the vector of

coefficients Λ̂0 are formed taking into account the dynamic properties of the DS, as
well as the intervals and noise of observations.
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4. Optimization of observations based on non-quadratic criteria

The practical application of EKF (73)–(81) is associated with the problem of
ensuring the reliability of the obtained estimates, that is, with the fulfillment of
conditions (12), (13). If the errors δ tð Þ ¼ x tð Þ � x̂ tð Þ for the estimates x̂ tð Þ were
known, then such a problem would be solved trivially. However, the actual errors of
the estimates in the ratios (12), (13) are known only in mathematical modeling, when
the true values of the DS parameters are known. Therefore, the problem is solved
through parameters and procedures indirectly related to estimation errors. Traditional
procedures for adapting [14] EKF to real operating conditions are usually based on
matching the predicted variances (76) for the residuals (75) with their values calcu-
lated from observations. It should be noted that the application of this approach
involves the formation of decisive rules that determine the need to coordinate the
specified parameters. This section discusses approaches that combine in a single
structure the decisive rules and procedures for updating the covariance matrix of
estimation errors based on observation results. For this purpose, it is proposed to
perform multi-level optimization of estimates using non-quadratic criteria, including
observations and diagnostic parameters for them. At the first level, estimates can be
optimized for accuracy, and at the second level, for their reliability. The problem is to
choose a generalized DS state parameter that satisfies the specified capabilities. Here,
the normalized residual βj ¼ νj=αj is considered as such a parameter, where νj is the
residual (75); αj is the scale parameter. The scale parameter can be the mean square
deviation

ffiffiffiffiffi
Rj

p
for the observation error. A similar approach to the optimization of

estimates is formulated in [15, 16]. This section presents a solution to such a problem
in an expanded form.

To resolve the EKF divergence problem, we will take the algorithm (73)–(81) as a
basis and consider the multi-level optimization criterion, which is as follows:

x̂i ¼ argmin
1
k

xi

Xif

i¼i0
dki , (112)

in view of the constraint equation,

Φixi�1 þ Γiξi�1 � xi ¼ 0, (113)

where di ¼ 0:5 β2i � γ21
� �

is the residual between the generalized state parameter
and its tolerance γ21; k> 1.

It is assumed that functional (112) is used to form estimates when the generalized
parameter exceeds the tolerance, that is, when di >0 and k > 0. Under nominal
conditions, when di ≤0, the traditional EKF (73)–(81) should function.

The solution to the problem (112) is based on the statistical properties of the
correct residuals νj and βj. The relationship between such residuals and the absence of
divergence of the EKF is determined by the following conditions [17, 18]:

νj ∈N 0, α2j
� �

(114)

and

β2j ∈ χ2 1, 2ð Þ: (115)
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The rule of “three sigma” (3σ) [5] and the quantile a (1) = 0.02 [19] enables us to
interpret condition (13) as the confidence interval

β2j ≤ γ21 ¼ E β2j
h i

þ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
V β2j
h ir

¼ 1þ 3
ffiffiffi
2
p

≈5:2 (116)

and to implement a guaranteed-protection loop intended to prevent the EKF from
being diverged. Here, V is the variance operator. The above loop is to be included as a
component of the EKF structure in circumstances where the generalized parameter β2j
falls outside the tolerance limits, namely, if

dj > ¼ 0: (117)

The solution to the problem (112), taking into account constraint (113), can be
obtained using Pontryagin’s method [8, 10] by forming the Hamiltonian

Н ¼ 1
k
dki þ 0:5 ξi�1k k2Q�1i

þ λTi Φixi�1 þ Γiξi�1ð Þ (118)

and on the solution of the canonical equations

∂Н

∂λTi
¼ x̂i;

∂Н
∂xi�1

¼ λ̂
T
i�1;

∂Н
∂ξi
¼ 0 (119)

with the boundary conditions

x̂i0 ¼ 0; x̂if ¼ var; λ̂i0 ¼ var λ̂if ¼ 0, (120)

where λi is the vector of Lagrange multipliers.
By calculating partial derivatives and performing algebraic transformations, we

obtain an expanded notation of the canonical equations

x̂i=i�1 ¼ a ¼ Φix̂i�1=i�1 � ΓiQi�1ΓT
i Φ
�T
i λi�1; (121)

λ̂i ¼ b ¼ Φ�Ti λ̂i�1 þHT
i α
�1
i βid

k�1
i ; (122)

ξ̂i ¼ �Qi�1Γ
T
i Φ
�T
i λ̂i�1, (123)

where Φ�Ti ¼ Φ�1i

� �T.
For finding the estimate x̂i=i of the vector of errors at the ith instant of time from i

observations, we need to solve only a two-point boundary problem, which is deter-
mined by Eqs. (121)–(123) and boundary conditions (120). The solution of the above
TPBP can be found by the invariant embedding method represented by Eqs. (94)–
(96), where the parameters Λ̂i=i and Si=i are replaced by the error vector x̂i=i and its
covariance matrix Pi=i. In problem (112), the partial derivatives that enter into
Eqs. (95) and (96) are determined from relations (121) and (122), taking into account
expression (120) and assumptions (94), that is,

∂a
∂c
¼ �ΦiPi�1=i�1 � ΓiQi�1Γ

T
i Φ
�T
i ; (124)
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∂b
∂c
¼ Φ�Ti þHT

i α
‐2
i μiHi ΦiPi�1=i�1 þ ΓiQi�1Γ

T
i Φ
�T
i

� �
, (125)

where μi ¼ k� 1ð Þdk�2i β2i þ dk�1i ; Pi�1=i�1 is the covariance matrix, which was
obtained at the (i-1)th instant of time, having regard to i � 1 observations.

Upon substitution of relations (124) and (125) into Eqs. (95) and (96) and
performing algebraic transformations with the use of a lemma on matrix inversion
[13], we obtain the adaptive algorithm for error estimation.

Prediction: (73)–(74).
Tuning:

νj ¼ zj �Hjmj�1; (126)

β2j ¼ ν2j =α
2
j ; (127)

dj ¼ 0:5 β2j � γ2
� �

(128)

Integrity monitoring:

if dj ≤0 then μj ¼ 1 and k ¼ 1; (129)

if dj >0 then μj ¼ k� 1ð Þdk�2j β2j þ dk�1j : (130)

Updating:

Kj ¼Mj�1HT
j = HjMj�1HT

j μj þ α2j
� �

; (131)

mj ¼ mj�1 þ Kjd
k�1
j νj; (132)

Mj ¼ KjHjμj � I
� �

Mj�1 KjHjμj � I
� �T

þ Kjα2j μjK
T
j ; (133)

x̂i=i ¼ ml;Pi=i ¼Ml; j ¼ 1, l, (134)

where l is the dimension of the observation vector Z.
The value of the parameter k in Eqs. (130)–(133) determines the rate of conver-

gence of the residuals to the tolerance γ12. The parameter dj ensures that the DS is
tuned to the real observation process, taking into account the parrying of parametric
uncertainty, as well as possible deviations of disturbances from the Gaussian distri-
bution. This possibility is related to the fact that, unlike the traditional EKF, in the
algorithm (126)–(134), the gain factor Kj and the covariance matrix Mj depend on the
residuals νj for the observations.

Non-Quadratic Optimization of Observations Based on An H∞ Criteria.
The reliability of the DS error estimates can be improved by performing the EKF

output checking. Such a problem can be solved by checking the following norm of the
transfer function H(p) from perturbations of the DS ξi and observations ϑi to estima-
tion errors δi

H pð Þk k∞ ¼ sup
ξ, ϑ 6¼0

δk k22
ξk k22 þ ϑk k22

, (135)
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where ξk k2 ¼
P∞
i¼i0

ξTi ξi

 !1=2

is the Euclidian norm for the vector ξi. The Euclidian

norms for the vectors δi and ϑi are determined in a similar way. The specified distur-
bances and errors are presented in (3), (12), (22); sup denotes the upper bound.

For stable estimation, the following test condition can be formed:

H pð Þk k∞ ≤ γ2, (136)

where γ2 ≥0is the parameter that can be considered as a tolerance.
Traditionally, it is believed [20] that in order to implement conditions (135) and

(136), the exact observations associated with the errors must be known. Such obser-
vations are generally unknown. In this regard, it is possible to form an analogue of
expression (135), in which the errors under consideration are related to observations.
Such an analogue can be formed on the basis of the ratio of a priori and a posteriori
residuals of observations. Then, criterion (135) can be associated with its following
modification

γ�2
Pif

i¼i0þ1
ηi=i
���

���
2

2

Pif
i¼i0þ1

ξik k22 þ νi=i�1
�� ��2

2

� � ≤ 1, (137)

where

νi=i�1 ¼ zi �Hix̂i=i�1; (138)

ηi=i ¼ zi �Hix̂i=i: (139)

The mutual correspondence between criteria (135) and (137) can be seen if we
write down the models for observations (138) and (139), namely:

νi=i�1 ¼ Hixi þ ϑi �Hix̂i=i�1 ¼ Hiδi=i�1 þ ϑi; (140)

ηi=i ¼ Hixi þ ϑi �Hix̂i=i ¼ Hiδi=i þ ϑi: (141)

Inequality (137), which is written in the following equivalent form:

Ji ¼ J0 � γ�2
Xif

i¼i0þ1
ηi=i
���

���
2

2
≥0, (142)

where

J0 ¼
Xif

i¼i0þ1
ξi�1k k22 þ νi=i�1

�� ��2
2

� �
, (143)

in view of the constraint equation

Φixi�1 þ Γiξi�1 � xi ¼ 0, (144)
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can be regarded as a quadratic estimation criterion for the vector xi.
Optimization of estimates using criterion (142) should include minimization

of the cost function (143) taking into account a priori observations and con-
straint (144)

x̂i ¼ argmin J0
x

, (145)

as well as ensuring positive definiteness of the quadratic form (142) based on a
posteriori observations and the corresponding formation of the parameter γ.

A similar approach to optimizing estimates is considered in the work of
Chernodarov [21]. This section presents a solution to problem (142) in expanded
form, taking into account, as will be shown below, the adaptation of estimates to
residuals (139).

It should be noted that the cost function (143) has a structure that allows the use of
the mathematical apparatus of weighted least squares for optimization. This method
makes it possible to allow for the “a priori” uncertainty of the residuals νi=i�1 and
disturbances ξi with the help of the matrices Ri and Qi of weight coefficients, which
normalize the relevant quadratic forms in relation (143), that is,

νi=i�1
�� ��2

R�1i
¼ νTi=i�1R

�1
i νi=i�1; ξi�1k k2Q�1i�1

¼ ξTi�1Q
�1
i ξi�1: (146)

We will consider estimates that minimize the penalty function (145) taking into
account (146) and constraint (144) using the example of the traditional EKF [3]
algorithm

x̂i=i ¼ x̂i=i�1 þ Pi=iHT
i R
�1
i νi=i�1, (147)

where

Pi=i ¼ Pi=i�1 � Pi=i�1HT
i HiPi=i�1HT

i þ Ri
� ��1

HiPi=i�1; (148)

Parameters x̂i=i�1 and Pi=i�1 are determined by Eqs. (73) and (74).
For realizing criterion (145), having regard to relations (147) and (148), the syn-

chronization of the residuals νi=i�1 and ηi=i with respect to the appropriate estimate, for
example, the estimate x̂i=i�1 becomes a necessity. This can be performed on the basis
of an identity that follows from relation (141) after estimate (147) has been
substituted in it, namely:

ηi=i ¼ Zi �Hix̂i=i ¼ Zi �Hix̂i=i�1 �HiPi=iHT
i R
�1
i νi=i�1 ¼ ~Zi � ~Hix̂i=i�1, (149)

where ~Zi ¼ Zi �HiKiZi; ~Hi ¼ Hi I � KiHið Þ; Ki ¼ Pi=iHT
i R
�1
i .

Cost function (142) and condition (144), which reflects the dynamics of variation
of the vector xi, can be united into a single Euler-Lagrange structure [9] that is as
follows:

~J ¼ J þ λTi Φixi�1 þ Γiξi�1 � xið Þ, (150)

where λi is the vector of Lagrange multipliers.
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Such a representation of the cost function permits one to solve optimization prob-
lem (145) using Pontryagin0s method [8, 10]. In accordance with this method, we
form the Hamiltonian

Н ¼ 0:5 νik k2R�1i
� ηik k2γ�2 þ ξi�1k k2Q�1i�1

h i
þ λTi Φixi�1 þ Γiξi�1ð Þ (151)

and solve canonical equations of the form (119) with boundary conditions (120),
where.

νi, ηi are residuals that are synchronized with respect to the estimate x̂i=i�1;

ηik k2~γ�2 ¼ η1⋯ηl½ �
γ�2 0 0

0 γ�2 0

0 0 γ�2

2
64

3
75

η1
⋮
ηl

2
64

3
75: (152)

By calculating partial derivatives in accordance with expressions (119) and
performing algebraic transformations, we obtain an expanded notation of the canon-
ical equations

x̂i=i�1 ¼ a ¼ Φix̂i�1=i�1 � ΓiQi�1ΓT
i Φ
�T
i λi�1; (153)

λi ¼ b ¼ Φ�Ti λi�1 þHT
i R
�1
i νi �HT

i γ
�2ηi; (154)

ξ̂i�1 ¼ �Qi�1ΓT
i Φ
�T
i λi�1: (155)

By analogy with the technique of solving TPBP (118)–(125), we define the partial
derivatives included in the generalized Eqs. (95) and (96) for the implementation of
the invariant embedding method

∂a
∂c
¼ �ΦiPi�1=i�1 � ΓiQi�1ΓT

i Φ
�T
i ; (156)

∂b
∂c
¼ Φ�Ti þ HT

i R
�1
i Hi � ~H

T
i ~γ
�2 ~Hi

� �
ΦiPi�1=i�1 þ ΓiQi�1ΓT

i Φ
�T
i

� �
: (157)

After substituting relations (156) and (157) into Eqs. (95) and (96) and performing
algebraic transformations taking into account x̂i=i≔Λ̂i=i; Pi=i≔Si=i and using the lemma
on matrix inversion [13], we obtain the following error estimation algorithm.

Prediction: (73) and (74).
Updating:

νi=i�1 ¼ Zi �Hix̂i=i�1; (158)

~Pi=i ¼ P�1i=i�1 þHT
i R
�1
i Hi

� ��1
¼ Pi=i�1 � Pi=i�1HT

i HiPi=i�1HT
i þ Ri

� ��1
HiPi=i�1;

(159)

Ki ¼ ~Pi=iHT
i R
�1
i ; (160)

~̂xi=i ¼ x̂i=i�1 þ Kiνi=i�1; (161)

Pi=i ¼ ~P
�1
i=i � ~H

T
i ~γ
�2 ~Hi

� ��1
¼ ~Pi=i þ ~Pi=i

~H
T
i ~γ2 � ~Hi~Pi=i

~H
T
i

� ��1
~Hi~Pi=i; (162)

~Ki ¼ Pi=i ~H
T
i ~γ2 � ~HiPi=i ~H

T
i

� ��1
; (163)
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ηi=i ¼ Zi �Hi~̂xi=i; (164)

x̂i=i ¼ ~̂xi=i � ~Kiηi: (165)

One can see that Eqs. (158)–(162) and (164) are equivalent to an EKF. Eqs. (162)–
(165) to describe the functioning of a module intended for the protection of the
integrity of the filter.

The proposed procedure for forming the γ2 parameter, which guarantees a reliable
estimation of the DS state, is based on the technology of iterative solution of Eq. (162),
taking into account the necessary conditions for stable filtering (115), (116). As a
generalized parameter that characterizes the adequacy of actual estimation errors
and estimation errors predicted by H∞ module (162)–(165), we can take the

square of the normalized residual β2j ¼ η2j =α2j , where α2j ¼ E η2j
h i

¼ HjPi=i jð ÞHT
j þ Rj;

ηi ¼ η1⋯ηj⋯ηl
h iT

; Hi ¼ HT
1 …HT

j …HT
l

h iT
; Pj i=ið Þ is the value of the covariance matrix

Pi=i in relation (162) obtained after processing the jth component ηj of the vector ηi of
residuals.

In practice, the divergence (13) of estimates and also the violation of condition (116)
are connected with a decrease in the filter gain factor due to the degeneracy of the
matrix Pj i=ið Þ. Because of this, it is advisable to increase the checked element of the
specified matrix by such a valueΔQj that condition (116) turns into an identity, namely:

η2j
HjPi=i jð ÞHT

j þ Rj
¼ η2j

Hj Pi=i j�1ð Þ þ ΔQj

� �
HT

j þ Rj

¼ γ21: (166)

It can be shown that the matrix elements ΔQj, which stabilize the solution of
Eq. (166) with respect to the tolerance γ21 when processing the jth observation, have
the form:

ΔQj ¼ Pi=i j�1ð Þ ~H
T
j qj ~HjPi=i j�1ð Þ, (167)

where qj ¼ djα2j = γ21~α
2
j

� �
; ~α2j ¼ HjPi=i j�1ð Þ ~H

T
j ; dj ¼ β̂

2
j � γ21.

It can be shown that the tunable parameter γ2j in the n � n matrix Pi=i jð Þ,
corresponding to the jth iteration of the solution of Eq. (162), has the form

γ2j ¼ ~α2j
� �2

γ21 þ djα2j α
2
j

� �
= djα2j
� �

; j ¼ 1, n: (168)

Parameter (168) ensures the positive definiteness of the Pi=i jð Þ matrix and the
fulfillment of the control condition (116). If condition (116) is fulfilled, then ΔQj = 0
and the value Pi=i jð Þ of the covariance matrix remains unchanged.

5. Conclusions

In this chapter, the problem of joint estimation and control of parameters in
observable dynamical systems (DS) is considered. Such problems arise in DS, the
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functioning of which is based on solving nonlinear differential equations for parame-
ters and linearized equations for their errors. The presence of linearization errors and
random disturbances in the DS and observations of parameters necessitates the use of
an extended Kalman filter (EKF) in the estimation loop. The problem of using the EKF
is related to ensuring the reliability of the estimation. To solve this problem,
approaches based on non-quadratic criteria for optimizing observations are proposed.
In contrast to traditional EKF, the use of such criteria allows one to form gain factors
that depend on the residual of observations. The adaptive properties of the filters
formed in this way ensure the parrying of parametric and stochastic uncertainties of
the DS models.
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Chapter 2

Parametric Study of the Energy
Dissipation by a Suspension System
Uchenna Diala and Godwin Sani

Abstract

This study examines the energy dissipation characteristics of a nonlinear vehicle
suspension system. The suspension system is described as a nonlinear mass-spring-
damper system, which is developed using the output frequency response function
(OFRF) technique. This approach allows for the establishment of a direct relationship
between the output spectrum of the system (or performance metric) and the
nonlinear parameters of interest. The OFRF polynomial, related to the level of energy
dissipation, was formulated in terms of the relevant nonlinear parameters. The find-
ings indicate that the OFRF model for energy dissipation can be utilised to estimate
the heat generated for specific design parameters. This could offer valuable insights
for designing vibration-based energy harvesters, as some of the energy lost as heat
could potentially be converted into electrical energy.

Keywords: vibration isolation system, nonlinear suspension system, OFRF, nonlinear
systems, energy dissipation, nonlinear damping

1. Introduction

In response to the increasing demands of contemporary society, new trans-
portation methods are being created to enhance ride quality, safety, and comfort.
These advancements are also anticipated to improve efficiency and guarantee
cost-effectiveness across all transportation modes. Various ground vehicles encounter
different degrees of vibration due to the unevenness of the road surface. These vibra-
tions travel to the vehicle’s body (including the occupants) through its tyres and
suspension systems (shock absorbers). Such vibrations can greatly diminish ride
comfort and quality, and even affect ride stability [1–4]. The research in [2] examined
the regulation of roll and vertical vibrations in a seat suspension system (a two-layer
multi-DOF active seat suspension) caused by uneven road surfaces beneath both
tyres. Two types of controllers, a non-singular terminal sliding mode controller and an
H∞ controller, were implemented. Simulation and experimental studies validated the
effectiveness of both the seat suspension system and the employed control methods.
In [3], the authors explored how asymmetrical damping and geometric nonlinearities
in a vehicle model’s suspension system influence ride comfort. They demonstrated,
through both numerical and experimental means, that combining asymmetric and
geometric nonlinearities enhanced passengers’ ride comfort and the performance of
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the suspension system. In [4], a vibration absorber integrated into the wheel,
consisting of a spring, an annular rubber bushing, and an adjustable damper, was
proposed to mitigate vibrations produced by the motor, using an improved particle
swarm optimisation (IPSO) algorithm to determine its parameters. Two control strat-
egies, a linear quadratic regulator (LQR) and a fuzzy proportional-integral-derivative
(PID) approach, were utilised to manage the suspension damper and the in-wheel
damper, respectively, both showing excellent performance. Vehicle suspension sys-
tems are designed to curb the effect of adverse ground vibrations and typically com-
prise a spring, damper and set of linkages [5]. However, the mass is made up of the
vehicle body and passengers [5]. A key property of an isolation spring lies in its
capacity to absorb the vibration energy generated from ground surface irregularities,
and store the energy as potential energy. Nonetheless, springs made from rubber, coil,
and leaf springs are not very effective at dissipating the energy absorbed. This limita-
tion can lead to undesirable performance of the spring before it eventually gets to its
breaking point, which highlights the necessity for a well-designed damping structure
[6]. A damping structure is crucial in isolating vibrations from the vehicle’s mass, as it
attenuates vertical motions by converting the transmitted vibration energy into heat
energy [6, 7]. This action ensures that the lifespan of the stiffness element is
prolonged and the structural integrity of the system of interest is preserved. Designing
an effective isolation system is vital in suspension systems, to provide a satisfactory
ride comfort [7–9]. Lu and his colleagues, in [10], categorised nonlinear dampers into
three types: nonlinear stiffness dampers, nonlinear-stiffness nonlinear-damping
dampers, and nonlinear damping dampers. Drawing upon this classification, the
authors examined three dampers frequently utilised in practical engineering -
nonlinear energy sink (NES), particle impact damper (PID), and nonlinear viscous
damper (NVD), respectively [10]. Figure 1 shows the application of the suspension
system.

Due to the intrinsic nonlinearity inherent in structural-based isolation systems,
there has been an increased focus on nonlinear vibration isolation systems. As a result,

Figure 1.
Applications of the suspension system.
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various designs of nonlinear isolators of engine mounts have been extensively
documented in the literature [11–15].

The authors in [11] analysed two models of ride comfort for a multibody dynamic
system, differentiated by their damping properties – one with nonlinear damping and
the other with its corresponding linear damping. The responses measured from the
driver’s seat were juxtaposed using these models, revealing that the nonlinear
damping model yielded more precise results compared to the equivalent damping
model. Conversely, in [12], the authors introduced an innovative nonlinear quasi-
zero-stiffness (QZS) vibration isolator, wherein the suspension system exhibited
nonlinearity due to the arrangement of inclined springs. The QZS isolator is defined
by its high-static and low-dynamic stiffness. Findings indicated that the QZS vibration
isolator, when equipped with an active controller, provided excellent isolation perfor-
mance in response to large amplitude excitations. In [13], a computational analysis
was performed on a QZS isolator model akin to that in [12]. Their research examined
various road profiles as referenced in ISO 8608. The results demonstrated that the
proposed system successfully diminished external excitations by approximately 92%
and 88% on average for road classes B-D and E-H, respectively. The effect of vehicle
velocity, along with a nonlinear suspension system, on the dynamic behaviour of a
Bernoulli-Euler bridge, was explored in [14]. It was determined that the speed of the
vehicle, as well as the stiffness and damping behaviour of its suspension, are the
primary factors that significantly affect the dynamic behaviour of a bridge, under
force excitations. In [15], the effects of asymmetrical damping and geometric non-
linearities on a vehicle’s suspension system performance were investigated. Both
numerical and experimental findings confirmed that geometric nonlinearity has a
considerable influence on the behaviour of damping and stiffness characteristics in a
suspension system, thereby enhancing its capacity to reduce vibrations.

There are various analytical techniques available for examining nonlinear sus-
pension systems, including averaging method [16, 17], describing function method
[18, 19], and harmonic balance method [20, 21]. Nonetheless, the above-mentioned
techniques fail to clearly illustrate the connection between performance metrics of the
suspension system and the nonlinear parameters of the system. The frequency-based
approach known as the Output Frequency Response Function (OFRF) [22–25] is a
frequency-based technique, which allows for the formulation of the output spectrum
of the system of interest, as a function of the system’s nonlinear parameters of interest.
This approach is utilised in this research, since it supports a frequency-based analysis
and design of nonlinear dynamical systems.

A passive vibration isolation model, described as a single degree of system (SDOF),
and featuring both cubic stiffness and damping properties was examined in [26]. The
averaging perturbation technique was utilised to investigate how nonlinearities affect
the dynamic behaviour of the system. Similarly, Peng and Lang analysed the same
nonlinear passive mount in [25], employing the OFRF approach for a theoretical
assessment of the output frequency response behaviour concerning the system’s non-
linearities, which was subsequently confirmed through numerical analysis. A related
system was considered in [27], wherein the impact of the nonlinear parameters of the
system on the displacement transmissibilities (absolute and relative) were examined.

In this research, the vehicle suspension system depicted in Figure 2, which closely
resembles those discussed in articles [25–27], was examined. Nonetheless, analytical
study and design of the suspension system were performed using the OFRF approach.
Ideal design parameter values were derived to meet the specified design criteria, and
these designed parameters are corroborated through numerical simulations.
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Additionally, in this study, the energy dissipation performance of a vehicle suspension
system was assessed using the OFRF technique, for the first time. The influence of the
nonlinear behaviour of the suspension system, on the energy dissipated by the isola-
tion system, was investigated. Following this, the investigation uses the OFRF
method, where the nonlinear system parameters are identified to achieve a specified
energy dissipation level within the suspension system.

The rest of the chapter is organised as follows: Section 2 provides the model
formulation of the suspension system to be investigated, while the OFRF method is
introduced in Section 3. Section 4 explains the deduction of the OFRF depiction for
the output response of the system, whereas Section 5 illustrates the design of the
system of interest and the system optimisation process, based on the requirement. The
effects of the system parameters are demonstrated in Section 6, using numerical
simulation, while the analytical study of the energy dissipation level, for the devel-
oped suspension system, as well as the effects of system nonlinearities on the dissipa-
tion level, are considered in Section 7. Finally, conclusions are reached in Section 8.

2. System design

Figure 2 illustrates a schematic of the nonlinear Single Degree of Freedom (SDOF)
suspension system examined in this study. This system features a suspended oscillat-
ing sprung mass, denoted as m, which represents the quarter mass of a vehicle body,
with an absolute displacement of x tð Þ resulting from a base motion of y tð Þ. The
suspension system consists of a nonlinear damping system with damping coefficients,
c1, and c2 and nonlinear stiffness, with coefficients k1 and k2.

Eq. (1) provides the equation of motion for the suspension system as

m€zþ c _zþ kz ¼ �m€y (1)

where z ¼ x� y is the relative displacement between the base and the sprung mass,
while c and k are the damping and stiffness functions, respectively. The damping and
stiffness functions are described as

k ¼ k1 þ k2z2

c ¼ c1 þ c2z2

�
(2)

Figure 2.
A base-excited nonlinear suspension system.
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Given that the base excitation is harmonic, that is

y ¼ Y sin ωtð Þ (3)

then Eq. (1) becomes

m€zþ c1 þ c2z2ð Þ _zþ k1 þ k2z2ð Þz ¼ mω2Y sin ωtð Þ
f trans ¼ c1 þ c2z2ð Þ _zþ k1 þ k2z2ð Þz

(
(4)

where ω and Y are the excitation frequency and amplitude of the base displace-
ment, respectively, while f trans is the force transmitted through the vibration isolation
system (a parallel combination of the spring and damper elements).

To enhance ride comfort, it is essential to minimise the transmitted force. The
output spectrum of the transmitted force reaches its peak at the resonant frequency
ωr, which is the critical frequency of interest. The objective will be to minimise the
transmitted force f trans, at this resonant frequency. We will employ the procedure
outlined by Zhu and Lang in [28] for the analysis and design of a Single Input Multiple
Output (SIMO) system using the OFRF method.

In the following section, we will introduce the OFRF method while considering a
general Volterra system, which is described by a nonlinear differential equation.

3. The output frequency response function (OFRF)

The system in Eq. (5) is used to describe a class of Volterra systems

XQ

q¼1

Xq

v¼0

XR
r1, … rq¼0

cv,q�v r1,⋯rq
� �Yv

i¼1

driy tð Þ
dtri

Yq

i¼vþ1

driu tð Þ
dtri

¼ 0 (5)

where, Q is the maximum degree of nonlinearity, with respect to the input u tð Þ and
output y tð Þ parameters of the system, and R is the order of the derivative. In accor-
dance with the OFRF methodology cited in Refs. [22–25], the output frequency
response of the system delineated in Eq. (5) can be characterised by a polynomial
function. This function is expressed in relation to the nonlinear parameters inherent to
the system, described as

Y jωð Þ ¼
Xz1
γ1¼0

⋯
XzSN
γSN¼0

ϒ γ1,… ,γSNð Þ jωð Þη
γ1
1 … η

γSN
SN (6)

where, zi are the maximum order of ηi, for i ¼ 1, … , SN, in the output spectrum
Y jωð Þ, and ϒ γ1,… ,γSNð Þ jωð Þ are frequency functions, which are also referred to as the

OFRF coefficients. These functions are complex values are dependent on the system’s
input and linear characteristic parameters, where γi ¼ 0, … , zi and i ¼ 1, … , SN . Fur-
thermore, ηγ11 … η

γSN
SN is a set of monomials also known as the OFRF structure. They are

derived in terms of the nonlinear characteristic parameters of the system. It should be
noted that ϒ γ1,… ,γSNð Þ jωð Þ also has the coefficients ηγ11 … η

γSN
SN with the same dimension,

and needs to be evaluated in order to obtain the OFRF representation of system (5).
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To begin with, the monomials must be identified by employing a recursive algorithm
presented by Peng et al. [25]. For a Single-Input-Multiple-Output (SIMO) system,
Zhu and Lang have outlined a detailed process in [28]. Let the collection of monomials
in the OFRF representation of the nth-order output spectrum be represented asM and
let the frequency function vector be represented as Φ jωð Þ, then the OFRF can be
defined as

Y jωð Þ ¼M �Φ jωð ÞT (7)

where

M ¼ ∪
N

n¼1
Mn (8)

Here, the monomials, Mn can be determined using [25].

Mn ¼ ∪
R

r1, … , rn¼0
c0,n r1, … , rnð Þ½ �

� �

∪ ∪
n�1

q�v¼1
∪

n� q�vð Þ
v¼1

∪
R

r1, … , rn¼0
cv, q�vð Þ r1, … , rq

� �� �
⊗Mn� q�vð Þ,v

� �� �

∪ ∪
n

v¼2
∪
R

r1, … , rn¼0
cv,0 r1, … , rq
� �� �

⊗Mn,v
� �� �

(9)

where

Mn,v ¼ ∪
n�vþ1
i¼1

Mi ⊗Mn�i,v�1ð Þ,Mn,1 ¼ Mn,M1 ¼ 1 (10)

The symbol ‘⊗ ’ is the Kronecker product. Therefore, the class of coefficients of

the OFRF model can be determined as M ¼ ∪
N

n¼1
Mn.

In Section 4, the OFRF approach is applied to establish a relationship between the
nonlinear system parameters and the output performance metrics of system (4).
Following this, an analysis and design of the system is conducted to determine the best
system parameters that provide the best performance, according to the design
requirements. Additionally, the impact of the nonlinear parameters, c2 and k2, on the
performance metrics of the system will be examined through numerical simulations.

4. Formulation of the OFRF polynomial

The OFRF output response of system (4) is derived in relation to the key nonlinear
parameters, c2 and k2. As shown in Eq. (6), the OFRF of the nonlinear system (5) is
expressed as a polynomial function of the nonlinear characteristic parameters of the
system. The coefficients of the OFRF are dependent on the output frequency of the
system, which is determined by the specific form of Eq. (5), the input spectrum of the
system, and the linear characteristic parameters. To utilise the OFRF representation of
system (4) for both analysis and design, it is essential to establish its coefficients and
monomials initially. The analyses below have been conducted using the system
parameters detailed in Table 1.
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It can be inferred that the system in Eq. (4), is the instance of system (5), with
c0,1 0ð Þ ¼ �mω2Y, c1,0 2ð Þ ¼ m, c1,0 0ð Þ ¼ k1, c1,0 1ð Þ ¼ c1, c3,0 0, 0, 1ð Þ ¼ c2,
c3,0 0, 0, 0ð Þ ¼ k2, else cp,q �ð Þ ¼ 0.

4.1 Ascertaining the OFRF structure

In [25, 28], the algorithm presented for finding the OFRF representation, for
single-input-multiple-output systems, is used. The set of monomials,M, up to N = 7th
order, obtained using the recursive algorithm therein, is applied to system (4). This
yields

M ¼ ∪
7

n¼1
Mn ¼ 1 c2 k2 c22 c2k2 k22 c32 c22k2 c2k

2
2 k32

� �
(11)

It is important to highlight that both outputs of system (4) yield the same set of
monomials. This suggests that the OFRF representations for the output responses of
system (4) can be represented as

Z jωð Þ ¼M �Φ jωð Þ
Ftrans jωð Þ ¼M �Φ� jωð Þ

(
(12)

where Φ jωð Þ and Φ� jωð Þ represent the OFRF coefficients of the output responses of

system (4), Z jωð Þand Ftrans jωð Þ, respectively. The next task is to determine the coeffi-
cients of the OFRF polynomial.

4.2 Deduction of the coefficients of the OFRF polynomial

To deduce the OFRF coefficients for the system responses, Z jωð Þ and Ftrans jωð Þ, the
procedure provided in the Refs. [22–25, 28] are followed. The least-square method is
used to extract the coefficients Φ jωð Þ and Φ� jωð Þ as

Φ jωð ÞT ¼ ψTψ
� ��1

ψT � ~Z jωð Þ
Φ� jωð ÞT ¼ ψTψ

� ��1
ψT � ~Ftrans jωð Þ

8<
: (13)

where,

Parameter Value Unit

m 0.2 kg

c1 1.5 N s m�1

Y 0.05 m

Table 1.
System parameters.
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Φ jωð ÞT ¼

ϕ
0,0

jωð Þ
ϕ
1,0

jωð Þ
⋮

ϕ
0,3

jωð Þ

2
666664

3
777775
, Φ� jωð ÞT ¼

ϕ
�0,0

jωð Þ

ϕ
�1,0

jωð Þ

⋮

ϕ
�0,3

jωð Þ

2
666666664

3
777777775
,

~Z jωð Þ ¼

Z jωð Þ 1ð Þ
Z jωð Þ 2ð Þ

⋮

Z jωð Þ Qð Þ

2
666664

3
777775
, ~Ftrans jωð Þ ¼

Ftrans jωð Þ 1ð Þ
Ftrans jωð Þ 2ð Þ

⋮

Ftrans jωð Þ Qð Þ

2
666664

3
777775

(14)

and

ψ ¼
1 c2 1ð Þ k2 1ð Þ c22 1ð Þ c2 1ð Þk2 1ð Þ k22 1ð Þ c32 1ð Þ c22 1ð Þk2 1ð Þ c2 1ð Þk

2
2 1ð Þ k32 1ð Þ

⋮
1 c2 Qð Þ k2 Qð Þ c22 Qð Þ c2 Qð Þk2 Qð Þ k22 Qð Þ k22 Qð Þ c22 Qð Þk2 Qð Þ c2 Qð Þk

2
2 Qð Þ k32 Qð Þ

2
64

3
75

Z jωð Þ and Ftrans jωð Þ denote the output spectra of system (4), when c2 ið Þ ¼ c2 ið Þ and
k2 ið Þ ¼ k2 ið Þ, for i ¼ 1, 2,⋯,Q, where Q = 25 for a varied set of c2 ∈ 0, 28½ � N s m�3 and
k2 ∈ 0, 2½ � � 102 N m�3. Therefore, for N = 7, the output responses of system (4), in
the OFRF form, is given as

Z jωð Þ ¼ P
3

n¼0

Pn
m¼0

ϕ
m,n�m jωð Þcm2 kn�m2

¼ ϕ
0,0

jωð Þ þ ϕ
1,0

jωð Þc2 þ ϕ
0,1

jωð Þk2
þϕ

2,0
jωð Þc22 þ ϕ

1,1
jωð Þc2k2 þ ϕ

0,2
jωð Þk22

þϕ
3,0

jωð Þc32 þ ϕ
2,1

jωð Þc22k2 þ ϕ
1,2

jωð Þc2k22
þϕ

0,3
jωð Þk32

and

Ftrans jωð Þ ¼ P
3

n¼0

Pn
m¼0

ϕ
�m,n�m

jωð Þcm2 kn�m2

¼ ϕ
�0,0

jωð Þ þ ϕ
�1,0

jωð Þc2 þ ϕ
�0,1

jωð Þk2

þϕ
�2,0

jωð Þc22 þ ϕ
�1,1

jωð Þc2k2 þ ϕ
�0,2

jωð Þk22
þϕ
�3,0

jωð Þc32 þ ϕ
�2,1

jωð Þc22k2 þ ϕ
�1,2

jωð Þc2k22
þϕ
�0,3

jωð Þk32

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

(15)

Considering the output spectra related to the design parameters, as defined in
Eq. (15), a parameter optimisation method can be performed efficiently. For instance,
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regarding the resonant frequency, given as ωr ¼ 50rad:s‐1, the OFRF model of the
system’s output spectra at this frequency are established as

Z jωrð Þ ¼ �0:1585� 0:2344ið Þ þ 0:0022þ 0:0040ið Þc2
þ 2:6195� 10�4 � 1:6383� 10�4i
� �

k2 þ �3:7058� 10�5 � 1:2109� 10�4i
� �

c22
þ �1:2745� 10�5 þ 5:3623� 10�6i
� �

c2k2 þ 7:1624� 10�8 þ 2:6437 � 10�7i
� �

k22
þ 1:1426� 10�7 þ 1:6910� 10�6i
� �

c32 þ 2:3307 � 10�7 � 4:9742� 10�8i
� �

c22k2

þ 3:8650� 10�10 � 9:5687 � 10�9i
� �

c2k
2
2 þ �1:9915� 10�10 þ 1:2264� 10�11i

� �
k32

(16)

and

Ftrans jωrð Þ ¼ �6:1703� 101 � 1:2908� 102i
� �

þ 1:1198þ 2:0110ið Þc2 þ 0:1309� 0:0820ið Þk2
þ �0:0186� 0:0606ið Þc22 þ �0:0064þ 0:0027ið Þc2k2
þ 3:5977 � 10�5 þ 1:3211� 10�4i
� �

k22 þ 5:7607 � 10�5 þ 8:4602� 10�4i
� �

c32
þ 1:1653� 10�4 � 2:4955� 10�5i
� �

c22k2 þ 1:9106� 10�7 � 4:7826� 10�6i
� �

c2k
2
2

þ �9:9691� 10�8 þ 6:3415� 10�9i
� �

k32
(17)

respectively.
In this case, the magnitude of the output responses, Z jωrð Þj jand Ftrans jωrð Þj j, of

system (4), are plotted for a set of c2 ∈ 0, 28½ �N.s.m-3 while k2 ¼ 240N:m‐3is fixed.
This is demonstrated in Figure 3.

In Figure 3, the results shown were determined by employing the OFRF models
for the output responses, given in Eqs. (16) and (17), and are matched with those
derived using simulation studies. It is important to note that some of these results
were achieved with parameter values that exceeds those initially used to establish the
OFRF representations. The findings demonstrate a strong correlation between the
OFRF-based results and those from simulations.

This demonstrates the effectiveness of the OFRF approach, which provides a
reliable representation of the actual system output response. Consequently, the
derived OFRF models for the output responses of system (4), could be leveraged for
both analytical and design purposes. By utilising the OFRF method, a clear association
between the output responses of interest and the design parameters, can be demon-
strated.

It is crucial to note that an incorrect OFRF model of the definite system
output responses will yield an unsatisfactory analytical performance. This poor
performance could arise from significant numerical errors in the deductions of
the OFRF coefficients. This typically happens when very large parameters are
selected, the parameters exhibit considerable numerical differences, or when the
selected parameters span a broad range. Consequently, the matrix M has very large
elements. In addition, computational errors may be significant when the matrix
inverse ofM is calculated. The steps described in [23, 28] can be followed to solve this
problem.
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5. System optimisation

The goal at this point is to reduce the undesired force that is transmitted through the
isolation components (spring-damper system) at the resonant frequency, Ftrans jωrð Þj j, to
an acceptable level. Let the acceptable limit of the force propagated along the isolation
system be defined as trans jωrð Þj j; thus, the optimisation problem can be framed as

min
c2, k2½ �

Ftrans jωrð Þ � trans jωrð Þj j

subject to
c2 � 35≤0

k2 � 2:4� 102 ≤0

(
(18)

Figure 3.
Comparison between the OFRF and numerical simulation results, for (a) Z jωrð Þ and (b) Ftrans jωrð Þ, output
responses of system (4), respectively.
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By employing the derived OFRF of Eq. (17), the association between the system
parameters of interest, c2 and k2, and the output response, Ftrans jωrð Þ, is demonstrated
and presented in Figures 4 and 5. Observing Figure 5 shows that a contour map could
facilitate the provision of a design methodology. The outcomes of two selected design
specifications are shown in Table 2. To deduce the actual output response, Ftrans jωrð Þ,
the parameters of interest are substituted into the system model (4) and, using
MATLAB, is numerically simulated.

Figure 4.
Output response curve of the propagated force, Ftrans jωrð Þj j.

Figure 5.
A Contour map of the output response of the propagated force, Ftrans jωrð Þj j.
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The second design specification was realised for a set of parameters outside the set
used to determine the OFRF, i.e., c2 ∈ 0, 28½ �N s m�3 and k2 ∈ 0, 2½ � � 102 N m�3. It is
observed in Table 2, that the actual output responses, determined by utilising the
designed parameters, c2 and k2, obviously agrees with the specified output responses,
with insignificant percentage errors. This confirms the capability of the OFRF-based
optimisation method.

From Figure 6, the time history graph of the propagated force, at the resonant
frequency, shows that the nonlinear vibration isolation system outperforms the linear
equivalent, i.e., where the nonlinear parameters, c2 ¼ k2 ¼ 0. Furthermore, observing
the time history closely, it is seen that the desired force, propagated at the resonant
frequency, is realised. The suppression of the force propagated through the isolation
system, to a suitable level, Ftrans jωrð Þj j, will also result in the reduction of the system
output response, Z jωrð Þj j.

Additionally, while the system design has been executed at the resonant frequency,
it is essential to confirm that the established nonlinear optimal parameters sustain
similar performance on the system output spectrum throughout the entire frequency
range. This is demonstrated in Figure 7, which compares the performance of the
nonlinear design to its linear equivalent (i.e., when the conditions are linear) on the

Desired output
response,
trans jωr

� ��� �� Nð Þ

Selected
k2 N:m‐3� � Corresponding

c2 N:s:m‐3� � Actual output
response

Ftrans jωr
� ��� �� Nð Þ

Percentage error (%)
trans jωrð Þj j� Ftrans jωrð Þj j

Ftrans jωrð Þj j
� �

� 100

135 150 23.9 134.8924 7.9767 � 10�2

130 220 31 130.1583 �1.2162 � 10�1

Table 2.
Results from the optimisation problem.

Figure 6.
System output responses, at resonance, under linear and nonlinear situations.
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system output spectrum. It is clear that the optimal parameters not only achieve the
desired output spectrum at the resonant frequency but also effectively reduce vibra-
tion levels across other frequencies.

The OFRF method was used for the analysis and design of the system outlined
above. This approach clearly enables a structured analysis and design of nonlinear
Volterra systems compared to alternative methods. The following section presents the
specific impact of each system parameter on the output spectra, as examined in this
study. Each parameter is adjusted while keeping the others constant. These assess-
ments were carried out through numerical simulations.

6. Simulation studies

To illustrate the impacts of c1, c2, and k2 on the output response of system (4),
numerical analyses were conducted, with the resulting findings displayed in
Figures 8–10, respectively. Figure 8 reveals the well-documented effect of the linear
damping characteristic parameter on the output spectra of system (4), where effective
isolation performance is observed within the resonant region. However, its negative
impact in the area requiring isolation (Ω≫ 1) at high damping levels indicates the
necessity for incorporating a nonlinear damping component. In Figure 9, the influ-
ence of k2 is noticeable in the resonant region. It is clear that an increase in k2 results in
shifting the resonant frequency, ωr, beyond the natural frequency; nonetheless, its
adverse effect (instability) is mitigated by a higher damping characteristic. Further-
more, the impact of raising the nonlinear viscous damping characteristic parameter,
c2, is demonstrated in Figure 10, which effectively dampens vibrations in the resonant
region. At the same time, the vibration response in non-resonant regions (i.e., at low
and high frequency ranges) remains unchanged.

Figure 7.
System output response, under linear and nonlinear conditions.
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Figure 8.
Influence of linear damping on the system output responses, with c2 ¼ 10 N s m�3 and k2 ¼ 100 N m�3.

Figure 10.
Influence of nonlinear damping on the system output responses with c1 ¼ 0:5 N s m�1 and k2 ¼ 100 N m�3.

Figure 9.
Influence of nonlinear stiffness on the system output responses with c1 ¼ 0:5 N s m�1 and c2 ¼ 10 N s m�3.
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7. Energy dissipation capability of the suspension system

In Figure 2, the SDOF isolation system (spring and damper) loses energy as a
result of its absorption and dissipative capabilities. The dissipated power at a time
instance is given as f trans _z, while the energy loss over a complete cycle, Ed, is given as

Ed ¼
ð2π

ω

0
f trans _zdt

¼
ð2π

ω

0
c1 _zþ c2z2 _zþ k1zþ k2z3
� � � _z� �

dt

(19)

If the relative displacement z ¼ Z sin ωtð Þ, then _z ¼ ωZ cos ωtð Þ. Eq. (19), therefore,
becomes

Ed ¼
ð2π

ω

0

c1ωZ cos ωtð Þ þ c2ωZ3 sin2 ωtð Þ cos ωtð Þ
þk1Z sin ωtð Þ þ k2Z3 sin3 ωtð Þ

 !
� ωZ cos ωtð Þ

" #
dt (20)

which yields

Ed ¼ πc1ωZ2 þ 1
4
πc2ωZ4

¼ πωZ2 c1 þ 1
4
c2Z2

� �

¼ πωZ2 c1 þ ceð Þ
¼ πceqωZ2

(21)

where ceq ¼ c1 þ ce and ce ¼ 1
4 c2Z

2.
It has been noted from Eq. (21) that the primary reason for energy dissipation in

the suspension system is its damping properties. However, it is important to remem-
ber, as indicated in Eq. (16), that Z is influenced by both nonlinear damping c2 and
nonlinear stiffness, k2. The overall frequency response function (OFRF) of the energy
lost by the suspension system during one complete cycle can be obtained by replacing
Eq. (15) in Eq. (21), resulting in

Ed ω, c2, k2ð Þ ¼ πc1ω Z jωð Þj j2 þ 1
4
πc2ω Z jωð Þj j4 (22)

Eq. (22) indicates that Ed is associated with c1, ω, Z, as well as the design parame-
ters, c2 and k2. This shows that the OFRF model of the energy dissipated can be
formulated in terms of the design parameters.

Similar to the OFRF model of the output response, Z jωð Þ, of system (4), as
deduced and demonstrated in Eq. (15), the OFRF models of the squared and quartic
magnitudes of Z jωð Þ, are also derived as

(23)
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where N = 7, while Αm,n�m and Bm,n�m are frequency functions and denote the
coefficients of the OFRF models, Z jωð Þj j2 and Z jωð Þj j4, respectively. Substituting
Eq. (23) into Eq. (22) yields

Ed ω, c2, k2ð Þ ¼ πc1ωð Þ �
X⌊ N�1ð Þ=2⌋

n¼0

Xn

m¼0
Αm,n�m ωð Þcm2 kn�m2

þ 1
4
πω

� �
�
X⌊ N�1ð Þ=2⌋

n¼0

Xn

m¼0
Bm,n�m ωð Þcmþ12 kn�m2

(24)

Eq. (24) demonstrates that an estimate of the energy dissipated per cycle by the
suspension system can be determined based on a specific set of design parameters.
The relationship between energy dissipation and these design parameters, particularly
at the resonant frequency, Ω ¼ 1 is illustrated in Figure 11. As shown in Figure 12, a
substantial amount of energy is dissipated when a linear vibration isolator is employed
(c2 ¼ 0, k2 ¼ 0). However, the energy dissipation decreases with the incorporation of
nonlinear damping and stiffness characteristics. This trend can be attributed to the
influence of nonlinear components on the relative displacement of the suspension
system. With an increase in nonlinearities, the relative displacement diminishes,
which in turn reduces both the force transmitted and the energy dissipated by the
suspension system. It is also noteworthy that energy dissipation is highly sensitive to
the nonlinear damping characteristics, while it is less responsive to the characteristics
of nonlinear hardening stiffness. Surface plots illustrating the energy dissipated by the
suspension system in relation to the design parameters beyond the resonant region, at
Ω ¼ 0:4 and Ω ¼ 2, are presented in Figures 13 and 14, respectively.

Additionally, Eq. (24), representing the OFRF of energy dissipation in the suspen-
sion system, can be utilised to estimate energy dissipation for a specific set of optimal
design parameters for c2 and k2. An estimation guide can be developed using an OFRF-

Figure 11.
Relationship between the energy dissipation and design parameters, at Ω ¼ 1.
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generated contour map, which would assist in selecting design parameters aimed at
achieving a specified energy dissipation level, as illustrated in Figure 15.

Choosing k2 ¼ 200 N m�3, along the contour line of 20 J, gives a corresponding
nonlinear damping value of c2 ¼ 27:5 N s m�3. Substituting c2 and k2 into system (4)
and numerically solving for the energy dissipation level, gives 21.08 J, which agrees
with the design requirement having a percentage error of �5.1%.

Figure 12.
Energy dissipation plot for sets of design parameters, at Ω ¼ 1.

Figure 13.
Energy dissipation levels for different combinations of design parameters, at Ω ¼ 0:4.
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The results from numerical studies to show the individual effects of the system
parameters, c1, c2 and k2, on the energy dissipation level of the suspension system,
over the entire spectrum, are presented in Figures 16–18. This was done by varying

Figure 14.
Energy dissipation levels for different combinations of design parameters, at Ω ¼ 2.

Figure 15.
Contours of energy dissipation levels, for sets of design parameters, at Ω ¼ 1.
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either one of the parameters, c1, c2 or k2, while keeping the other two fixed. In
Figure 16, the negative effect of linear damping in the high-frequency range,
observed in the output spectra of system (4), is also evident in the energy dissipation
spectra. It is observed that while higher linear damping decreases energy dissipation in
the resonant region, it considerably increases energy dissipation in the non-resonant

Figure 16.
Energy dissipation against frequency for different linear damping, with c2 ¼ 10 N s m�3 and k2 ¼ 100 N m�3.

Figure 17.
Energy dissipation against frequency for different nonlinear damping, with c1 ¼ 0:5 N s m�1 and k2 ¼ 100 N m�3.
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regions. Similarly, an increase in nonlinear damping reduces energy dissipation in the
resonant region. However, in contrast to linear damping, the corresponding rise in
energy dissipation in the non-resonant regions is much less pronounced, as shown in
Figure 17.

The influence of hardening stiffness, as shown in Figure 18, resembles the effect it
has on the output spectra of system (4). In this case, as nonlinear stiffness is increased,
the resonant peak of the energy dissipation is reduced at Ω ¼ 1. This is due to the
resonant-shift effect of k2, on the resonant energy, beyond the natural frequency.

By utilising the deduced OFRF models, Figure 19 shows the disparities of both the
energy dissipated and force transmitted by the suspension system as a function of the
nonlinear stiffness parameter, k2. One can see that the force transmitted by the
suspension system is less sensitive to k2, while the sensitivity of the energy dissipated
to k2, is negligible. This confirms the deduction made from Figure 12. This assertion
primarily arises from the fact that the spring component retains potential energy
when it is compressed or stretched, and loses negligible amounts of energy. It is also
seen that for a fixed c2, increasing k2, causes an insignificant decrease in the energy
dissipated per cycle. However, the vibration force transmitted is increased. In the
same way, the findings represented in Figure 20 show the changes in both energy
dissipation and force transmission by the suspension system as they relate to the
nonlinear damping parameter, c2. It is clear in this instance that both performance
metrics are highly sensitive to the parameter, c2. Additionally, both metrics tend to
decline progressively as the nonlinear damping parameter increases. This decline
occurs because the relative displacement of the vehicle’s suspension system decreases
as the parameter, c2 increases, leading to a reduction in both the force transmitted and
the energy dissipated by the suspension system.

Figure 21 shows that the damping force Fd Nð Þ, peaks at the same frequency
Ω ¼ 1ð Þ where the energy dissipated,Ed Jð Þ, is maximum. This confirms that at the

Figure 18.
Energy dissipation against frequency for different nonlinear stiffness, with c1 ¼ 0:5 N s m�1 and c2 ¼ 10 N s m�3.

44

Dynamical Systems – Latest Developments and Applications



maximum damping force, the maximum energy is dissipated by the suspension
system.

This is expected, as a high damping force is necessary at resonance (where the
displacement is at its maximum), which corresponds to a significant level of energy

Figure 19.
Transmitted force and dissipated energy against nonlinear stiffness k2 at c1 ¼ 1:5N s m�1 and c2 ¼ 23:9 N s m�3.

Figure 20.
Transmitted force and dissipated energy against nonlinear damping, c2 at c1 ¼ 1:5N s m�1 and k2 ¼ 164:2Nm�3.
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dissipation by the suspension system. However, beyond the resonant frequency, the
energy dissipation is considerably low in comparison to the level of damping force
within other frequency range. This can be attributed to the minimal relative displace-
ment experienced at high frequencies. In Figure 22, four hysteretic curves (A, B, C,
and D) are presented, derived from different combinations of the designed nonlinear
parameters of the system. For a vibration isolation system, the area under the force-
displacement curve (Ftrans � Z), indicates the energy dissipated per cycle by the
isolation system at any frequency of interest, typically at the resonant frequency. It is
noted that hysteretic curves C and D exhibit a smaller displacement span compared to
curves A and B. This difference is clearly due to the effect of the nonlinear damping
characteristics integrated into the suspension systems of C and D, whereas A and B
only possess linear damping characteristics. Nonlinear dampers demonstrate superior
vibration isolation performance compared to their linear counterparts (when c2 ¼ 0).
The nonlinear damping, results in the decrease in the magnitude of the relative
displacement, Z.

It is important to note that, in comparison to linear dampers, nonlinear dampers
dissipate significantly more heat energy for an equal amount of excitation [29]. How-
ever, this comparison is not analysed in the current context. Additionally, while the
hysteretic curve for a linear suspension system typically assumes an elliptical shape,
this is not the case for a nonlinear system.

As observed in Figure 23, the effect of c2, on curves C and D, with intercept
c1ZC,Dωr ¼ 18:75N, on the vertical axis, is apparent, compared to the curves A and B
(with intercept, c1ZA,Bωr ¼ 24:96N), without the effect of c2. This is as a result of the
influence of c2, on the system output response, Z, which is a function of the nonlinear
damping, c2.

Figure 21.
Nonlinear damping and dissipated energy versus normalised frequency at c1 ¼ 0:5 N s m�1 and c2 ¼ 10 N s m�3.
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Figure 22.
Comparative analysis of the Hysteretic curves of the suspension system with different combinations of nonlinear
parameters, at resonance. (b) is shown in Figure 23.

Figure 23.
Enlarged origin of the hysteresis curves in Figure 22.
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8. Conclusions

In this study, we explored the vibration isolation performance of a nonlinear
vehicle suspension system, modelled as a single-degree-of-freedom (SDOF) vibration
isolation system. The Output Frequency Response Function (OFRF) method was
employed as the primary analytical tool for system analysis and design, chosen for its
ability to clearly express performance metrics in relation to key design parameters.

Both analytical and simulation results confirmed the effectiveness of this method
in evaluating and designing vibration isolation systems. To emphasise the influence of
nonlinear system parameters, we conducted a comparative study between the
nonlinear model and its linear counterpart (where nonlinear components were set to
zero). The findings showed that system nonlinearities significantly impact perfor-
mance, particularly in the resonant region, where the peak resonance is notably
reduced without compromising performance at higher frequencies. This highlights
the superior vibration isolation capability of nonlinear suspension systems over linear
ones.

Additionally, we analysed the energy dissipation per cycle of the designed suspen-
sion system using the OFRF technique. Through this approach, we established a
polynomial relationship between the energy dissipation level and the system’s
nonlinear design parameters, enabling estimation for specific parameter sets. The
results further reinforced the advantages of nonlinear suspension systems.

Moreover, numerical studies were conducted to examine the influence of the
nonlinear parameters on the amount of energy dissipated. Lastly, the hysteretic curves
were analysed to investigate how nonlinear system parameters influence the hystere-
sis loop shape. The findings revealed that energy dissipation is more sensitive to the
system’s nonlinear damping than to its stiffness. Overall, this study reiterates the
vibration attenuation benefits of nonlinear suspension systems compared to the linear
ones.
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Chapter 3

Structural Stability of Materials
Amir Aliakbari and Peiman Amiri

Abstract

While experimental synthesis is essential for confirming the stability of materials,
it’s equally important to examine their structural stability from a theoretical stand-
point. This theoretical analysis can reinforce practical synthesis efforts, whether we
are dealing with bulk materials or two-dimensional substances. In this chapter, we’ll
look at different aspects of material stability, including dynamical, mechanical, and
thermodynamical stability. We’ll start by discussing phonon dispersion, which gives
us insight into dynamical stability. For mechanical stability, we’ll focus on elastic
constants under ambient pressure conditions. Finally, in the context of thermody-
namical stability, we’ll explain cohesive energy, which represents the energy needed
to break atomic bonds in a solid and turn them into isolated atoms.

Keywords: stability of materials, theoretical analysis, dynamical stability, mechanical
stability, thermodynamical stability

1. Introduction

Understanding how materials hold up under different conditions is a key concept
in materials science and engineering. The ability of a material to maintain its structure
and integrity when faced with external factors is crucial for determining its suitability
for various applications [1]. Structural stability goes beyond being physically strong; it
involves a complex interplay of dynamic, mechanical, and thermodynamic factors.
Recently, the significance of grasping structural stability has grown tremendously,
especially with the rise of innovative materials like 2D structures, metamaterials, and
complex composites. These newer materials often showcase distinct stability charac-
teristics that differ greatly from traditional bulk materials. For instance, graphene,
which is incredibly thin at just one atom thick, demonstrates outstanding structural
stability due to its unique bonds and lattice structure [2]. Analyzing structural stability
involves examining different levels of detail. At the atomic level, we need to consider
the type and strength of chemical bonds, which directly impact a material’s ability to
hold together. Moving to a smaller scale, crystal structure and defects become critical.
At the macroscopic level, properties like elastic constants and how materials expand
with temperature changes come into play [3]. A significant challenge in modern
materials science is predicting a material’s stability before it is made. This predictive
capability has become increasingly important as material design shifts toward com-
putational methods and AI-driven discovery. Theoretical frameworks for analyzing
stability have evolved from simple rules to advanced quantum calculations and
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simulations using molecular dynamics [4]. Modern theoretical approaches to struc-
tural stability typically involve three main aspects:

1.Dynamical stability: Analysis of phonon spectra and vibrational modes

2.Mechanical stability: Evaluation of elastic constants and their relationships

3.Thermodynamical stability: Assessment of energy landscapes and phase
transitions

Each of these factors offers distinct perspectives on a material’s overall stability
characteristics, aiding in forecasting how it will perform in different situations. For
example, conducting dynamical stability assessments using phonon calculations can
highlight potential instabilities that may not be evident solely through examining the
material’s structure [5, 6]. The implications of structural stability reach far beyond
academic curiosity. In engineering applications, a deep comprehension of stability is
vital for:

• Predicting material failure modes

• Designing more durable structures

• Optimizing processing conditions

• Developing new materials with enhanced properties

• Ensuring long-term reliability in service conditions

2. Theoretical foundations

The theoretical understanding of structural stability begins with fundamental
principles of solid-state physics and materials science. This section establishes the
mathematical and physical frameworks necessary for analyzing material stability
across different scales and conditions.

2.1 Energy considerations in crystal structures

The complete energy of a crystalline system can be represented as a function of
both atomic positions and lattice parameters. In order for a crystal structure to be
considered stable, it should correspond to a local minimum on the potential energy
surface. This condition can be mathematically articulated as [7]:

E ¼ E R1:R2:⋯:Rn:Vð Þ (1)

where E is the total energy, Ri represents atomic positions, and V is the volume. For
stability, the following conditions must be satisfied:

∂E=∂Ri ¼ 0 equilibrium conditionð Þ (2)
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∂2E=∂R 2
i >0 stability condition

� �
(3)

The Born-Huang criteria for stability provide a set of conditions that elastic con-
stants in a crystal structure must meet to ensure the stability of the material. These
criteria outline mathematical relationships that the elastic constants need to satisfy,
and these relationships differ depending on the specific crystal system under consid-
eration [8].

2.2 Quantum mechanical foundations

Density functional theory (DFT) calculations are a prevalent method in modern
stability analysis, offering a practical approach to solving the complex many-body
Schrödinger equation. This technique provides a computationally feasible means of
expressing the total energy of a system, aiding in the assessment of material stability
and properties. The total energy in DFT is expressed as [9]:

E ρ½ � ¼ T ρ½ � þVext ρ½ � þVH ρ½ � þ Exc ρ½ � (4)

where T ρ½ � is the kinetic energy functional, Vext ρ½ � represents external
potential energy, VH ρ½ � is the Hartree potential, and Exc ρ½ � is the exchange-correlation
functional.

2.3 Statistical mechanical approach

Temperature effects on material stability are studied using statistical mechanics,
with the Gibbs free energy serving as a pivotal quantity for understanding the stability
of systems at different temperatures. This parameter accounts for the balance
between the enthalpy and entropy of a system, providing valuable insights into the
thermodynamic stability of materials. The Gibbs free energy, crucial for stability
analysis, is given by Refs. [10–12]:

G ¼ H� TS ¼ Uþ PV� TS (5)

Where H is enthalpy, T is temperature, S is entropy, U is internal energy, P is
pressure, and V is volume.

2.4 Continuum mechanics framework

In continuum mechanics, stability analysis investigates material behavior on a
large scale. The generalized Hooke’s law describes how stress (σij) and strain (εkl) are
related through the elastic stiffness tensor (Cijkl), offering a framework for under-
standing the mechanical response of materials under various loading conditions [13]:

σij ¼ Cijklεkl (6)

For stability, the strain energy density must be positive definite:

U ¼ 1
2
Cijklεijεkl (7)
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2.5 Computational methods

Theoretical studies on structural stability heavily rely on cutting-edge computational
tools, enabling a deeper understanding of material behaviors. These modern computa-
tional approaches, such as DFT, DFPT, MD, and Monte Carlo simulations, offer valu-
able insights into the stability and properties of materials under various conditions:

1.Density Functional Theory (DFT): Used for electronic structure and cohesive
energy calculations.

2.Density Functional Perturbation Theory (DFPT): An extension of DFT, utilized
for phonon dispersion and vibrational mode analyses.

3.Molecular Dynamics (MD): Simulates atomic-scale dynamics to study
temperature effects on structural integrity.

4.Monte Carlo Simulations: Effective for evaluating phase stability and critical
temperature of phase transitions.

Key software packages include:

• VASP (Vienna Ab Initio Simulation Package): Widely used for DFT and MD
simulations.

• Quantum ESPRESSO: Known for DFPT calculations.

• LAMMPS (Large-scale Atomic/Molecular Massively Parallel Simulator): Focuses
on MD simulations.

For example, Quantum ESPRESSO studies have unveiled phonon dispersion trends
in perovskites and layered materials, aiding in precise dynamical stability evaluations
[14, 15]. Likewise, LAMMPS simulations have forecasted the temperature-dependent
mechanical stability of metallic alloys [16]. The selection of the computational method
is guided by the scale of the analysis and the level of accuracy needed for the investi-
gation [17].

3. Dynamical stability

Exploring dynamical stability is crucial in understanding how materials withstand
small disruptions, particularly by studying vibrational properties like phonons that
reveal atomic responses [6, 18]. This section intricately examines the computational
and theoretical systems that characterize phonon dispersion, lattice dynamics, and
temperature impacts, emphasizing their importance in evaluating material stability.
By delving into these realms, researchers can gain profound insights into how mate-
rials react at the atomic scale in diverse scenarios, enriching our comprehension of
structural integrity and stability forecasts.

3.1 Phonon dispersion

Understanding phonon dispersion is crucial for assessing a material’s propensity
for dynamic stability and predicting potential structural transformations. Phonon
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dispersion elucidates the connection between phonon frequencies and wave vectors in
a crystalline lattice [5]. A material’s dynamical stability is dictated by its phonon
spectrum; the detection of imaginary phonon frequencies at certain wave vectors
indicates dynamic instability, often signaling a predisposition toward structural
rearrangements or phase transitions [19].

Key insights from phonon dispersion analysis:

1.Structural stability checks: Phonon dispersion curves offer valuable insights into
structural viability. Notably, cubic perovskites like BaTiO3 showcase imaginary
phonon modes at reduced temperatures, indicating a predisposition toward
transitioning to phases with lower symmetry [20].

2.Phase transition prediction: For example, the YC in both the NaCl (B1) phase and
the CsCl (B2) phase was extensively studied using density functional theory
(DFT). In the Figure 1 below (left), it can be seen that for the compound YC in
the B1 phase at ambient pressure, there is no imaginary phonon frequency in the
entire Brillouin zone, so this compound is dynamically stable in this phase, and it
is possible to synthesize this compound. However, the figure on the right side
confirms the instability of the B2 phase at ambient pressure. Therefore, the
synthesis of the compound YC in the B2 phase is impossible [6].

3.Defect effects: Phonon dispersion analyses extend to evaluating the impact of
lattice defects, which can either stabilize or destabilize the structure. In
graphene, the introduction of vacancies alters phonon modes, consequently
impacting thermal conductivity and mechanical robustness [21].

Sophisticated computational tools such as Quantum ESPRESSO, PHONOPY, and
VASP have revolutionized phonon calculations, aiding in the design of thermally
robust 2D structures like MXenes and bulk materials [5, 14]. These tools are instru-
mental in predicting and optimizing the stability and properties of materials, offering
valuable insights for material engineers and researchers.

Figure 1.
Phonon dispersion spectrum of YC structure within the B1 phase (left side), and for the B2 phase (right side) at
ambient pressure [6].
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3.2 Lattice dynamics

Lattice dynamics concentrates on atomic vibrations (phonons) and their influence
on a material’s structural and thermal characteristics.

1.Harmonic approximation: This method simplifies vibrational analysis by
presuming atomic displacements are small and controlled by quadratic potential
energy terms. Although effective at low temperatures, it overlooks temperature-
related effects such as thermal expansion. Nanostructured materials like zeolites
and metal-organic compounds reveal remarkable consistency between harmonic
model forecasts and experimental vibrational spectra under cryogenic
conditions [22].

2.Anharmonic effects: Anharmonicity becomes notable at higher temperatures,
impacting characteristics such as thermal expansion and phonon durations. The
softening of optical phonon modes in lead halide perovskites is attributed to
anharmonic lattice interactions, which drive phase transitions. For instance, the
diminution of optical phonon modes in lead halide perovskites is linked to
anharmonic lattice interactions, instigating phase transitions [23]. Anharmonic
interactions in silicon nanowires significantly lower thermal conductivity
compared to bulk silicon, making them suitable for thermoelectric applications
[24, 25].

3.Coupling between phonons and electrons: Lattice vibrations impact electronic
characteristics as well. In superconductors such as MgB2, robust electron-phonon
coupling bolsters superconducting phenomena, a phenomenon scrutinized
through sophisticated lattice dynamics frameworks [26].

3.3 Temperature effects on dynamical stability

Temperature significantly impacts the vibrational stability of materials, influencing
their structural integrity and behavior. Temperature variations can induce changes in
phonon frequencies and lattice dynamics, leading to alterations in material properties.

1.Quasi-Harmonic Approximation (QHA): This computational approach accounts
for thermal expansion and pressure influences, allowing for accurate forecasts of
how a material’s stability changes with temperature variations [6, 14, 15]. This
computational tool is instrumental in understanding how materials behave under
different thermal and pressure conditions, aiding in the prediction of their
stability over a range of temperatures. Studies on boron arsenide (BAs) have
demonstrated its high thermal conductivity and stability at extreme
temperatures, making it ideal for heat dissipation in electronics [27].

2.Thermal Phase Transitions: In materials such as VO2, shifts from an insulating
monoclinic phase to a metallic rutile phase are triggered by temperature-induced
lattice distortions. These phase transitions play a crucial role in applications like
thermochromics and electronics [28, 29].

3.Debye Temperature and Stability (ΘD): The Debye temperature is fundamental
in understanding how materials transfer heat and respond to temperature
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variations, providing insights into their thermal behavior and stability. This
parameter plays a significant role in characterizing a material’s ability to
withstand thermal stresses and efficiently conduct heat. The following equation
shows the Debye temperature, which describes the maximum phonon frequency
(ωD) of scattering curvs ΘD ¼ ℏωD

kB
is a key parameter linking lattice vibrations to

thermal properties [6, 30]. Materials with high Debye temperatures, like
diamond, signify robust structural integrity and excellent thermal conductivity,
especially at elevated temperatures [31].

4. Mechanical stability

Mechanical stability is essential for ensuring the structural integrity of a material,
enabling it to retain its shape and structure when subjected to external forces. There-
fore, the evaluation of elastic parameters stands out as a crucial criterion in assessing
the mechanical stability of materials [32, 33]. This section delves into both the theo-
retical underpinnings and practical considerations involved in the analysis of
mechanical stability, shedding light on the intricate aspects of this critical assessment
process.

4.1 Elastic constants and compliance

Elastic constants play a pivotal role in defining a material’s mechanical response to
external forces, governing its deformation behavior. Understanding these elastic con-
stants is crucial for predicting a material’s response to mechanical stress and deter-
mining its overall mechanical stability. Hooke’s law, expressed in tensor notation,
establishes the linear relationship between stress and strain in anisotropic materials,
encapsulating their mechanical properties comprehensively [13].

σij ¼ Cijklεkl (8)

By employing matrix notation, as detailed in Ref. [13], the four-suffix stiffness
tensor (Cijkl) can be condensed into a two-suffix stiffness tensor. This transformation
involves merging the initial two suffixes into a unified suffix spanning from 1 to 6, a
change also applied to the final two suffixes [13]. This method leverages the symmetry
inherent in the second-rank stress and strain tensors, facilitating their representation
as six-dimensional vectors within a coordinate system characterized by orthogonal
axes. Voigt notation condenses σij into a six-dimensional vector for easier represen-
tation and manipulation in mechanical analysis.

σij ¼
σxx σxy σxz

σyx σyy σyz

σzx σzy σzz

2
64

3
75 (9)

σxx:σyy:σzz:σyz:σxz:σxy
� � � σ1:σ2:σ3:σ4:σ5:σ6ð Þ (10)

Similarly, εij can be simplified to: εxx:εyy:εzz:εyz:εxz:εxy
� � � ε1:ε2:ε3:ε4:ε5:ε6ð Þ:

Therefore, in Voigt notation, the relationship between stress and strain can be
expressed concisely:
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σ1

σ2

σ3

σ4

σ5
σ6

2
666666664

3
777777775
¼

C11 C12 C13 C14 C15 C16

C21 C22 C23 C24 C25 C26

C31 C32 C33 C34 C35 C36

C41 C42 C43 C44 C45 C46

C51 C52 C53 C54 C55 C56

C61 C62 C63 C64 C65 C66

2
66666666664

3
77777777775

ε1
ε2
ε3
ε4
ε5
ε6

2
666666664

3
777777775

(11)

4.2 Bulk mechanical stability criteria

Understanding the Cij matrix is crucial for assessing the mechanical stability
of an unstrained crystal through the well-known Born-Huangmechanical stability criteria
[8, 34, 35]. A crystal is considered mechanically stable only if theCij matrix is positive
definite. While this criterion is necessary, it may not always be sufficient for various
crystal systems. Reference [8] outlines the necessary and sufficient conditions for evalu-
ating mechanical stability across all crystal classes. Additionally, the Space Group (SPG)
identifiers corresponding to each crystal class are enumerated [8, 13, 34, 36].

4.2.1 Cubic structures: SPG#195–230

For cubic crystal structures, we find that only three independent Cij coefficients,
which are C11, C12, and C44 govern their mechanical stability. These structures adhere
to specific mechanical stability criteria:

C11 � C12 >0: C44 >0: C11 þ 2C12 >0 (12)

4.2.2 Hexagonal structures: SPG#168–194

Hexagonal crystal structures exhibit five independent Cij coefficients C11, C12,
C13, C33, and C44 that dictate their mechanical behavior. To ensure stability
in such structures, C11, C12, C13, and C33 must be all positive, along with the
conditions:

C11 >0: C11 � C12 >0: C44 >0: and C11 þ C12ð ÞC33 � 2 c13ð Þ2 >0 (13)

4.2.3 Rhombohedral structures: SPG#143–167

Rhombohedral structures characterized by seven independent Cij coefficients C11,
C12, C13, C14, C15, C33, and C44 pose unique challenges for mechanical stability
assessment. The specific mechanical stability conditions for these structures are:

C11 � C12 >0: C44 >0:C13
2 <

1
2

C11 þ C12ð ÞC33 : and C14
2 þ C15

2 <
1
2

C11 � C12ð ÞC44 � C44C66

(14)

4.2.4 Tetragonal structures: SPG#75–142

Tetragonal crystal structures present two distinct classes: Class I (Laue class 4/
mmm) with six independent coefficients and class II (Laue class 4/m) with seven.

60

Dynamical Systems – Latest Developments and Applications



Class I has six independent Cij coefficients (C11, C12, C13, C33, C44, and C66), whereas
class II has seven independent Cij coefficients with C16 6¼ 0. The mechanical stability
requirements for each class of tetragonal structures are as below:

C11 � C12 >0: C44 >0: C11 þ C12ð ÞC33 > 2 C13ð Þ2 : and 2C16
2 < C11 � C12ð ÞC66 (15)

4.2.5 Orthorhombic structures: SPG#16–74

Orthorhombic crystal structures feature nine independent Cij coefficients that
influence their mechanical stability. The exact mechanical stability criteria for the
orthorhombic class can be expressed as follows:

C11 >0: C44 >0:C55 >0: C66 >0:C11C22 >C12
2 (16)

C11C22C33 þ 2C12C13C23 � C11C23
2 � C22C13

2 � C33C12
2 >0 (17)

4.2.6 Monoclinic structures: SPG#3–15

Monoclinic crystal structures possess 13 independent Cij coefficients crucial for
evaluating their mechanical stability. The general mechanical stability conditions for
monoclinic structures include:

C11 þ C22 þ C33 þ 2 C12 þ C13 þ C23ð Þ>0:C33C55 � C35
2 >0:C44C66 � C46

2 >0 (18)

C22 þ C33 � 2C23 >0:C22 :C33C55 � C35
2� �þ 2C23C25C35 � C55C23

2 � C33C25
2 >0 (19)

2 C15C25 C33C12 � C13C23ð Þ þ C15C35 C22C13 � C12C23ð Þ þ C25C35 C11C23 � C12C13ð Þ½ ��
½C15

2 C33C22 � C23
2� �þ C25

2 C33C11 � C13
2� �þ C35

2 C11C22 � C12
2� �þ

C55 C33C22C11 � C11C23
2 � C22C13

2 � C33C12
2 þ 2C12C13C23

� �
>0

(20)

4.2.7 Triclinic structures: SPG#1–2

Triclinic crystal structures, characterized by a comprehensive set of 21 nonzero
independent Cij coefficients, require intricate evaluations for mechanical stability.
One can check the positive definiteness in the Cij matrix serves as a fundamental
check for ensuring the stability of triclinic structures, as expounded in scholarly
works [8].

C11 >0:C12 >0:C13 >0:C14 >0: C15 >0:C16 >0:C22 >0:C23 >0:C24 >0: C25 >0:C26

>0:C33 >0:C34 >0:C35 >0:C36 >0:C44 >0:C45 >0:C46 >0:C55 >0:C56 >0:C66 >0:
(21)

4.3 2D mechanical stability criteria

Using the Cij matrix, the mechanical stability of a two-dimensional (2D) stress-
free lattice can be assessed according to the criteria outlined in Ref. [37]. Like the
three-dimensional (3D) case, the mechanical stability in two dimensions cannot be
determined solely by verifying the positive definiteness of the Cij matrix.
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• Square lattice conditions:

C11 � C12 >0: C66 >0: C11 þ C12 >0 (22)

• Rectangular class lattice conditions:

1
2

C11 þ C12 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4C12

2 � C11 � C22ð Þ2
q� �

>0: (23)

1
2

C11 þ C12 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4C12

2 � C11 � C22ð Þ2
q� �

>0: C66 >0 (24)

• Hexagonal lattice conditions:

C11 � C12 >0: C11 þ C12 >0 (25)

5. Thermodynamical stability

Thermodynamic stability refers to a material’s energy configuration to possible
transformations, including phase transitions, decomposition, or defect formation. It
offers valuable insights into the probability of a material retaining its structural integ-
rity when exposed to different environmental conditions. This section highlights
cohesive energy, formation energy, and phase stability as essential parameters for
assessing thermodynamic stability.

5.1 Cohesive energy

Cohesive energy (Ecoh) is defined as the energy needed to break apart a solid into
its individual free atoms, each in its ground state. This quantity serves as an indicator
of the strength of atomic interactions within the crystal lattice. The cohesive energy
per atom can be expressed mathematically as follows [38–40]:

Ecoh ¼ �Etot �
P

EatomicP
N

(26)

In the equation above, Etot represents the total energy of the structure, Eatomic
denotes the energy of a free atom, and N is the number of atoms within a unit cell. A
high cohesive energy indicates strong atomic bonds and greater material stability. The
calculated cohesive energies for various materials, including Sc2C MXene, graphene,
germanene, and silicene, are 6.48, 7.85, 3.26, and 3.98 eV/atom, respectively [41].
Among these, graphene stands out due to its exceptional hardness and high thermal
stability. Furthermore, the differences in cohesive energy help explain why graphite is
thermodynamically favored over diamond under standard conditions [42].

5.2 Formation energy

Formation energy (Ef) measures the energy change associated with the formation
of a compound from its constituent elements in their standard states [43]. It serves as
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a crucial parameter for assessing the stability of a compound and its tendency to
undergo defect formation [44]. The formation energy is determined by the difference
between the total energy of the compound and the energy required for its equilibrium
decomposition into the constituent elements in their ground-state structural phases.
For a given compound:

Ef ¼ Etot �
X

Edecomposition (27)

A negative formation energy indicates that the synthesis of a compound is ther-
modynamically favorable. For instance, the low formation energy of TiO2 (�9.7 eV)
contributes to its stability, making it a suitable material for applications such as
photocatalysis and coatings [45]. Additionally, the formation energies of defects,
including vacancies, interstitials, and substitutions, play a critical role in determining
defect concentrations and their influence on the material’s properties [46].

5.3 Phase stability

Phase stability refers to a material’s capacity to maintain a specific phase under
varying conditions of temperature, pressure, or composition [47]. The stability of a
phase is typically assessed using Gibbs free energy (G), which is minimized for the
thermodynamically stable phase [10–12]. Gibbs free energy is expressed as:

G ¼ H� TS (28)

where H is enthalpy, T is temperature, and S is entropy.

5.3.1 Key techniques

1.Phase diagrams: Computational phase diagram methods, such as CALPHAD
(Calculation of Phase Diagrams), are commonly employed to predict the stability
of phases under various conditions [48].

2.Ab initio methods: Approaches like Density Functional Theory (DFT) are used to
determine the pressures and temperatures at which phase transitions occur.
These methods achieve this by assessing the differences in enthalpy between
competing phases [49].

As an illustration, the phase stability of Ni-Ti alloys has been analyzed to elucidate
their shape-memory characteristics and their ability to maintain stability at elevated
temperatures [50].

6. Conclusion

This chapter provided an in-depth examination of the structural stability of mate-
rials, emphasizing the theoretical foundations and various stability aspects, including
dynamical, mechanical, and thermodynamical stability. We highlighted the signifi-
cance of several critical parameters—such as phonon dispersion, elastic constants,
cohesive energy, and formation energy—as essential tools for assessing and predicting
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the stability of materials. Understanding how these parameters interact is fundamen-
tal to developing reliable materials for different applications.

6.1 Key takeaways

1.Theoretical insights: The combination of experimental data and first-principles
computational techniques, such as Density Functional Theory (DFT), has greatly
advanced our understanding of material stability. DFT, in particular, allows us to
calculate key properties like energy differences between phases and transition
states, providing crucial insights into how materials behave under different
conditions. This synergy between theory and experiment has led to a deeper and
more accurate understanding of the underlying principles of material stability.

2.Design for stability: Advances in materials design have been propelled by
powerful computational tools, such as CALPHAD (Calculation of Phase
Diagrams) and high-throughput screening methods. These tools enable the
systematic design of materials with tailored stability properties. By simulating
various environmental conditions and assessing stability across different
compositions, researchers can predict and create materials that are specifically
engineered to withstand certain conditions, such as high temperatures, extreme
pressures, or corrosion. This approach is critical for developing materials for
specialized applications, such as aerospace or energy technologies.

3.Challenges ahead: Despite the significant progress in understanding and
designing stable materials, challenges remain. One of the major difficulties is
predicting metastable materials, which may exist in non-equilibrium states but
still exhibit useful properties. Additionally, ensuring material stability in extreme
environments—such as in high-radiation or high-temperature conditions—poses
a considerable challenge. Addressing these issues requires more sophisticated
experimental methods and computational techniques that can model the
complexities of real-world conditions.

Future Directions: Future research should focus on the integration of multiscale
simulations, machine learning algorithms, and advanced experimental techniques to
enhance the accuracy and efficiency of material stability predictions. Multiscale sim-
ulations, for example, can bridge different levels of analysis, from atomic-level inter-
actions to bulk material properties, offering a more comprehensive understanding of
stability. Machine learning can accelerate this process by identifying patterns and
predicting material behaviors faster and with greater precision. These future efforts
will be crucial for overcoming current limitations and addressing the growing need for
advanced materials in fields like sustainable energy, high-performance electronics,
and applications requiring resilience under extreme conditions. By improving our
understanding of material stability, we can design better, more reliable materials that
meet the demands of next-generation technologies and contribute to global chal-
lenges, such as energy sustainability and environmental resilience.
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Chapter 4

Holographic-Type Behaviors in
Complex Systems Dynamics from a
Multifractal Perspective of Motion
Catalin Gabriel Dumitras, Vlad Ghizdovat,
Cristina Maricela Rusu, Emanuel Nazaretian, Florin Nedeff,
Valentin Nedeff, Iosif Ioja and Maricel Agop

Abstract

A unitary model of complex systems dynamics is proposed, assuming that these
systems can be assimilated to a multifractal mathematical object. Then, if we describe
these dynamics in the framework of The Scale Relativity Theory, through continuous
and non-differentiable curves (fractal or multifractal curves), possible holographic-
type behaviors can be obtained. In this context, the Schrödinger and Madelung
multifractal scenarios align through the generation of patterns, symmetries of the
normalized velocity relative to the symmetry axis of the spatial-temporal Gaussian,
and vertices at the periphery of the pattern for the normalized velocity field (Taylor-
type effect). In conclusion, we propose a unitary model for describing complex sys-
tems dynamics, on both monofractal and multifractal manifolds.

Keywords: multifractal, complex system, dynamics, shape memory alloy,
holographic-type behavior

1. Introduction

Complex systems are extensive multidisciplinary fields of study investigated by a
mixture of basic theories, particularly from physics and computational simulations.
This system has several interacting elemental components referred to as “agents.”
Complex systems encompass ecosystems, characterized by organism-environment
interactions; the human brain, featuring intricate neural networks; the Internet,
linking millions of devices and users; financial markets, marked by dynamic economic
interactions; and weather systems, comprising numerous variables that affect climate
patterns and forecasting [1–4].

The manifestation of such a system cannot be anticipated only by the behavior of
individual components or by aggregating their behaviors. Rather, it is dictated by the
way in which components interact to affect global behavior. Key characteristics of
complex systems include emergence, self-organization, and adaptability, among
others [5, 6].
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Polymers are a prime example of a complex system. Their structures exhibit a
range of organizations, from basic, linear sequences of identical structural units to
intricate chains composed of amino acid sequences that constitute the fundamental
components of living organisms. One of the most fascinating complex systems in
nature is DNA, which encodes the information that governs all biological activities. It
is accountable for the extraordinary manner in which individual cells arrange into
intricate systems like organs, which subsequently constitute even more complicated
systems like organisms. The examination of complex systems can provide insight into
the realistic dynamics of polymers, addressing challenging issues such as protein
folding [1–4].

Consequently, the theoretical models that elucidate complex systems dynamics
grow increasingly sophisticated [1–4]. Nonetheless, the situation can be standardized,
considering that the intricacy of the interaction process necessitates multiple
temporal resolution scales, and the evolution of patterns imposes differing degrees
of freedom [7].

To formulate new theoretical models, we must take into account that complex
systems demonstrate chaotic behavior via self-similarity, characterized by the repeti-
tion of patterns at various space-time scales. In systems such as meteorology or
financial markets, little alterations can result in significant, unforeseen consequences.
This fractal repeating at several layers gives a sense of order among perceived chaos,
enhancing the system’s complexity [1–5]. For extensive temporal scales relative to the
inverse of the largest Lyapunov exponent, deterministic trajectories are supplanted by
a set of possible trajectories, and the notion of precise positions is substituted with that
of probability density. In complex systems, collision processes may be analyzed using
particle dynamics on non-differentiable curves, indicating that particle trajectories are
irregular and have fractal characteristics. The non-smooth trajectories indicate that
little alterations in initial conditions result in markedly different results, increasing
system sensitivity. Particle collisions frequently lead to abrupt, nonlinear alterations in
their states, generating feedback loops. The presence of these non-differentiable
curves indicates that minor disturbances may escalate, leading to chaotic behavior
inside the system. The irregular dynamics hinder prediction due to the system’s
development being extremely sensitive to beginning circumstances and microscopic
interactions.

Given that non-differentiability is a universal characteristic of complex systems, it
is essential to develop a non-differentiable physics. In this hypothesis, by positing that
the complexity of interaction processes is supplanted by non-differentiability, it
becomes unnecessary to employ the entire classical repertoire of quantities from
conventional physics (differentiable physics).

2. Hallmarks of fractality

Let us quickly remember what fractality means [8]:

• Utilizing nonlinear dynamics and chaos theory to analyze phenomena
inadequately addressed by classical mechanics, for a description grounded in
mathematical modeling, employing formulas tailored to the continuous
fluctuations arising from intricate physical phenomena; we will delineate and
accept a tangible component and a “virtual” one (which can be activated
contingent upon specific conditions at any given moment);
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• A nonlinear object appears distinct based on the resolution scale of observation;
hence, the complexity profile is correlated with the resolution scale employed
during observation.

• Sensitivity to initial conditions: In predictable systems, a minor alteration in the
initial state results in a correspondingly minor change in the final state; however,
in chaotic systems, especially biological ones, small perturbations can result in
divergent and unpredictable outcomes, with the “butterfly effect” serving as a
prominent illustration of this phenomenon. In 1963, Edward Lorentz became the
inaugural meteorologist to provide a rational elucidation for the inherent
probabilistic nature of meteorological forecasts: He posited, a notion
subsequently corroborated by other scholars, that the flapping of a butterfly’s
wings in Europe could precipitate a tornado in America under specific, largely
unpredictable conditions, which defy the precision of meteorological models;

• The applicability of the superposition principle differs: In a linear system, the
resultant effect of two distinct causes is the aggregate of the individual effects of
each cause; conversely, in a nonlinear system, the combination of two elementary
actions may yield novel effects due to interactions among constituent elements,
resulting in the emergence of structures and events that are unpredictable in both
space and time—deterministic chaos.

Benoît B. Mandelbrot, the mathematician who popularized the notion of fractals,
delineated six essential characteristics that constitute a fractal as a geometric entity.
Mandelbrot posits that fractals possess the following attributes [8]:

• Self-similarity: Fractals frequently display self-similarity, indicating that they
reveal analogous patterns or forms at different sizes. This self-similarity may be
precise (same structure across varying scales) or statistical (similar patterns with
minor differences across different sizes). The Mandelbrot set, a renowned fractal,
demonstrates self-similarity in its complex boundary structures upon
magnification.

• Fractional (non-integer) dimension: In contrast to conventional geometric forms
such as lines, planes, or cubes, which possess integer dimensions (1D, 2D, or 3D),
fractals frequently exhibit a fractal dimension that is non-integer. This indicates
that they exist in a continuum between integer dimensions. Mandelbrot
established the notion of fractal dimension to measure the complexity of these
entities. A fractal dimension often resides between the dimensions of a curve
(1D) and a surface (2D), signifying the complexity of the structure;

• Fractals exhibit complexity at all scales. Regardless of the degree of
magnification, the fractal maintains its elaborate, complicated design. The
recursive complexity is a fundamental characteristic that differentiates fractals
from conventional geometric entities, which often exhibit smoothness upon
magnification;

• Fractals exhibit limitless detail with sufficient magnification. As one examines
ever smaller sizes, further features arise, uncovering an infinite complexity of
structure. In the Mandelbrot set, magnifying its boundaries uncovers increasing
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complexity, and regardless of the extent of magnification, a point of simple
resolution is never attained;

• Fractals are often formed using an iterative or recursive process. The Mandelbrot
set is generated by the repetitive iteration of a mathematical algorithm. The
process produces progressively intricate structures with each iteration, and the
set’s boundary reflects this recursive characteristic;

• Fractals frequently display irregularity or roughness. In contrast to smooth
curves or surfaces, fractals lack basic, regular geometric forms such as circles or
squares. The irregularity of fractals contributes to their “wild” esthetic;

• Scale invariance: Numerous fractals demonstrate scale invariance, indicating that
their structure seems consistent irrespective of the magnification level. This
characteristic renders fractals more intriguing in disciplines such as physics,
where scale invariance is evident in natural occurrences like coastlines or
mountain ranges.

The fundamental concepts of fractal geometry include:

• Initiator: The geometric figure from which the fractal originates, typically a basic
geometric shape such as a line, square, circle, or rhombus;

• Construction law: The procedure employed to generate the fractal;

• Generating process: The mechanism that systematically creates iterations of the
fractal object, commencing from the current iteration and applying the construction
law, whereby the repetition of this step produces new generations of fractal sets.

Fractals may be employed to construct models of uncertain and chaotic processes.
Let us now assume that the motion of the entities inside complex systems occurs

along fractal curves, which are continuous but non-differentiable. A manifold that
facilitates such movement defines a fractal space-time. The fractal characteristics of
space-time suggest that non-differentiability leads to the breaking of differential time
reflection invariance. In this context, the standard definitions of the derivative of a
certain function with respect to time [9–14]:

df
dt
¼ lim

Δt!0

f tþ Δtð Þ � f tð Þ
Δt

¼ lim
Δt!0

f tð Þ � f t� Δtð Þ
Δt

(1)

are, in the differentiable case, equivalent. Transition occurs through transforma-
tion Δt! �Δ (time reflection invariance at the infinitesimal level). In the non-
differentiable case, two functions dfþ=dt

� �
and df�=dt

� �
are defined as explicit func-

tions of t and dt:

dfþ
dt
¼ lim

Δt!0

f tþ Δt,Δtð Þ � f t,Δtð Þ
Δt

df�
dt
¼ lim

Δt!0

f t,Δtð Þ � f t� Δt,Δtð Þ
Δt

(2)
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where “+” corresponds to forward processes and “�” to the backward ones.
Then, in spatial coordinates dX, we can write [9–11]:

dX� ¼ dx� þ dζ� ¼ v�dtþ dζ� (3)

with v� the forward and backward mean velocities:

vþ ¼ dxþ
dt
¼ lim

Δt!0þ

X tþ Δtð Þ � X tð Þ
Δt

� �

v� ¼ dx�
dt
¼ lim

Δt!0�

X tð Þ � X t� Δtð Þð
Δt

(4)

and dξ� a measure of non-differentiability (a variation caused by the fractal char-
acteristics of the trajectory) with the mean:

⟨dξ�⟩ ¼ 0 (5)

Although the concept of velocity is traditionally singular, if space-time is fractal, it
necessitates the introduction of two velocities (vþ and v�). The “two-values” of the
velocity vector is a novel, unique outcome of non-differentiability that lacks a con-
ventional counterpart in differential physics.

However, we cannot prefer vþ over v�. The only solution is to consider both the
forward (dt>0) and backward (dt<0) processes together. In this context, it is man-
datory to introduce the complex velocity [9–11]:

V ¼ vþ þ v�
2

� i
vþ � v�

2
¼ dxþ þ dx�

2dt
� i

dxþ � dx�
2dt

, i ¼
ffiffiffiffiffiffi
�1
p

(6)

If vþ þ v�ð Þ=2 may be considered as differentiable (classical) velocity, then the
difference vþ � v�ð Þ=2 is the non-differentiable (fractal) velocity.

Implementing the notations dx� ¼ d�x, Eq. (6) becomes:

V ¼ dþ þ d�
2dt

� i
dþ � d�

2dt

� �
x (7)

Thus, we can define the operator:

d̂
dt
¼ dþ þ d�

2dt
� i

dþ � d�
2dt

(8)

In this conjecture, let us assume that the fractal curve is situated within a three-
dimensional space and that X of components Xi (i = �1, 3) is the position vector of a
point on the curve. Let us also consider a function f X, tð Þ and the following Taylor
series expansion up to the second order:

df ¼ f Xi þ dXi, tþ dt
� �� f Xi, dt

� � ¼ ∂

∂Xi dX
i þ ∂

∂t
dt

� �
f Xi, t
� �þ 1

2
∂

∂Xi dX
i þ ∂

∂t
dt

� �2

f Xi, t
� �

(9)

From here, using the notations, dX�i ¼ d�Xi, the forward and backward average
values of this relation take the form:
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⟨d�f ⟩ ¼ ⟨
∂f
∂t

dt⟩þ ⟨∇f � d�X⟩þ 1
2
⟨
∂
2f
∂t2

dtð Þ2⟩þ ⟨
∂
2f

∂Xi
∂t
d�Xidt⟩þ 1

2
⟨

∂
2f

∂Xi
∂Xl d�X

id�Xl⟩

(10)

We establish the following conditions: the mean values of the function f and its
derivatives coincide with each other, and the differentials d�Xi and dt are indepen-
dent; therefore, the averages of their products coincide with the product of average.
Thus, Eq. (10) becomes:

d�f ¼ ∂f
∂t

dtþ ∇f ⟨d�X⟩þ 1
2
∂
2f
∂t2

⟨ dtð Þ2⟩þ ∂
2f

∂Xi
∂t
⟨d�Xidt⟩þ 1

2
∂
2f

∂Xi
∂Xl ⟨d�X

id�Xl⟩

or more, by using Eq. (3):

d�f ¼ ∂f
∂t

dtþ ∇f d�xþ 1
2
∂
2f
∂t2

dtð Þ2 þ ∂
2f

∂Xi
∂t
d�xidtþ 1

2
∂
2f

∂Xi
∂Xl d�xid�xl þ ⟨dξi�dξ

l
�⟩

� �

(11)

Since dξi� describes the fractal properties of the trajectory with the fractal dimen-

sion DF [8], it is natural to impose dξi�
� �DF to be proportional with dt, that is, [9–11]:

dξi�
� �DF ¼

ffiffiffiffiffiffi
2D
p

dt (12)

where D is a coefficient of proportionality (the fractal non-fractal transition coef-
ficient).

Let us now focus on the mean ⟨dξi�dξ
l
�⟩. If i 6¼ l, this average is zero due to the

independence of dξi and dξl. So, using Eq. (13), we can write:

⟨dξi�dξ
l
�⟩ ¼ �δil2D dtð Þ 2

DFð Þ�1 (13)

with:

δil ¼ 1, ifi ¼ l
0, ifi 6¼ l

�

and we had considered that:

⟨dξiþdξ
l
þ⟩>0 and dt>0

⟨dξi�dξ
l
�⟩>0 and dt<0

(
(14)

Then, Eq. (12) may be written under the form:

d�f ¼ ∂f
∂t

dtþ ∇f d�xþ 1
2
∂
2f
∂t2

dtð Þ2 þ ∂
2f

∂Xi
∂t
d�xidtþ ∂

2f
∂Xi

∂Xl d�x
id�xl � ∂

2f
∂Xi

∂Xl δ
ilD dtð Þ 2=DFð Þ�1

(15)

If we divide by dt and neglect the terms that contain differential factors, Eq. (15) is
reduced to:
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d�f
dt
¼ ∂f

∂t
þ v�∇f� �D dtð Þ

2
DF

� �
�1
Δf (16)

In this context, we will calculate d̂f
dt. According to Eq. (8) and considering Eq. (16),

we have:

d̂f
dt
¼ 1

2
dþf
dt
þ d�f

dt
� i

dþf
dt
� d�f

dt

� �� �
¼ 1

2
∂f
∂t
þ vþ∇f þD dtð Þ 2=DFð Þ�1Δf

� �
þ ∂f

∂t
þ v�∇f �D dtð Þ 2=DFð Þ�1Δf

� �� �

� i
2

∂f
∂t
þ vþ∇f þD dtð Þ 2=DFð Þ�1Δf

� �
� ∂f

∂t
þ v�∇f �D dtð Þ 2=DFð Þ�1Δf

� �� �

¼ ∂f
∂t
þ vþ þ v�

2
� i

vþ � v�
2

� �
∇f � iD dtð Þ

2
DF

� �
�1
Δf

(17)

or, by using Eq. (6):

d̂f
dt
¼ ∂f

∂t
þV � ∇f � iD dtð Þ

2
DF

� �
�1
Δf (18)

This relation also allows us to give the definition of the fractal operator:

d̂
dt
¼ ∂

∂t
þV � ∇� iD dtð Þ 2=DFð Þ�1Δ (19)

By applying the fractal operator (Eq. (19)) to the complex velocity (Eq. (6)) and
by accepting the principle of scale covariance [9, 11] in the form:

d̂V
dt
¼ �∇U (20)

we can obtain the motion equation:

d̂V
dt
¼ ∂V

∂t
þ V � ∇ð ÞV � iDdt

2
DF

� �
�1
ΔV ¼ �∇U (21)

where U is an external scalar potential. Eq. (21) is a Navier-Stokes type equation. It
signifies that at every juncture of a fractal trajectory, the local acceleration, ∂tV, the

non-linearly (convective) term, V � ∇ð ÞV, the dissipative term, Ddt
2
DF

� �
�1
ΔV, and the

external free term ∇U make their balance. In this context, the complex fluid can be
assimilated to a “rheological” fluid, whose dynamics are described by the complex

velocities field, V, and by the imaginary viscosity type coefficient, iDdt
2
DF

� �
�1
. The

fluid’s rheology can confer hysteretic characteristics to the complex fluid, which
exhibits a hysteresis cycle and memory [15–19].

3. Chaoticity through turbulence and stochasticization via fractality

For irrotational motions of the complex systems’ entities:

∇�V ¼ 0, ∇�VD ¼ 0, ∇�VF ¼ 0 (22)
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V can be chosen as:

V̂ ¼ �2iDdt
2
DF

� �
�1
∇ lnψ (23)

where ϕ � lnψ is the velocity scalar potential. By substituting Eq. (23) in Eq. (21)
and using the method described in Refs. [15–19], it results:

dV̂
dt
¼ �iDdt

2
DF

� �
�1
∇

∂ lnψ
∂t
� iDdt

2
DF

� �
�1 ∇ψ

ψ
þU

" #
¼ 0 (24)

This equation can be integrated in a universal way and yields:

D2dt
4
DF

� �
�2
Δψ þ iDdt

2
DF

� �
�1 ∂ψ

∂t
�U

2
ψ ¼ 0 (25)

up to an arbitrary phase factor that can be nullified by an appropriate selection of
the phase of ψ . Eq. (25) is a Schrödinger-type equation—we will call it the Schrödinger
scenario. For motions on Peano curves, DF = 2 [8] at Compton scale D ¼ ℏ=2m0 [9, 11],
with ℏ0 the reduced Planck constant and m0 the rest mass of the complex system’s
entities, Eq. (25) becomes the standard Schrödinger equation [20]:

ℏ2

2m0
Δψ þ iℏ

∂ψ

∂t
� U
2m0

ψ ¼ 0 (26)

If ψ ¼ ffiffiffi
ρ
p

eiS, with
ffiffiffi
ρ
p

the amplitude and S the phase of ψ , the complex velocity
field (Eq. (6)) takes the explicit form:

V ¼ 2Ddt
2
DF

� �
�1
∇S� iDdt

2
DF

� �
�1
∇ ln ρ (27)

VD ¼ 2Ddt
2
DF

� �
�1
∇S (28)

VF ¼ Ddt
2
DF

� �
�1
∇ ln ρ (29)

By substituting Eq. (27)–(29) in Eq. (21) and separating the real and imaginary
components, subject to an arbitrary phase factor that can be nullified by an appropri-
ate selection of the phase of ψ , we obtain:

∂VD

∂t
þ VD � ∇ð ÞVD ¼ �∇ Q þ Uð Þ (30)

∂ρ

∂t
þ ∇ � ρVDð Þ ¼ 0 (31)

with Q the specific fractal potential:

Q ¼ �2Ddt
4
DF

� �
�2 Δ

ffiffiffi
ρ
p
ffiffiffi
ρ
p ¼ �V2

F

2
�Ddt

2
DF

� �
�1
∇ �VF (32)
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Eq. (30) represents the specific momentum conservation law, while Eq. (31) rep-
resents the states density conservation law. Through the fractal velocity, VF, the
specific fractal potential Q quantifies the non-differentiability of the complex system’s
entities trajectories, reflecting their chaotic nature. Eqs. (30)–(32) define the fractal
hydrodynamics model—we will call it the Madelung scenario. In such a context, the
complex system is assimilated to a fractal fluid.

Now, certain conclusions are apparent:

i. Any particle is in a permanent interaction with the “sub-fractal level” through
the specific fractal potential, Q;

ii. The “sub-fractal level” (fractal medium) is identified with a
non-relativistic fractal fluid described by the states density and the
momentum conservation laws—see Eqs. (30) and (31). These equations
correspond to the quantum hydrodynamics model. Indeed, for motions
on fractal curves in the fractal dimension DF = 2 at Compton scale,
D ¼ ℏ=2m0 with ℏ the radius Planck constant, the fractal hydrodynamics
model reduces to the quantum hydrodynamics model. Moreover, at
Compton scale, the “sub-fractal level” can be identified with a “sub-
quantum level” [21];

iii. The fractal potential arises from non-differentiability and should be seen as a
kinetic term rather than a potential one. The fractal potential (32) can
generate a type of viscosity stress tensor [18]:

σ̂il ¼ m0D2 dtð Þ
4
DF

� �
�2

∇iρ∇lρ� ∇iρ∇lρ

ρ

� �� �
¼¼ η

∂ui
∂xl
þ ∂ul

∂xi

� �
, η ¼ 1

2
m0ρD dtð Þ

2
DF

� �
�1

(33)

of which divergence is equal to the usual force density associated with Q:

∇iσ̂il ¼ �ρ∇lQ (34)

i. For motions on Peano curves at Compton scale [8–11], the fractal
hydrodynamics model reduces to a quantum hydrodynamic model. The fractal
velocity VF does not denote actual mechanical motion; nonetheless, it does
facilitate the transfer of specific momentum and the concentration of energy.
The lack ofVF in the state’s density conservation law and its function in the
variational principle clearly illustrate this point. Any interpretation of Qmust
acknowledge the “self” or intrinsic quality of the specific momentum transfer,
although energy is conserved in total, being stored as massmotion and potential
energy in a classical sense, with some energy being accessible elsewhere. The
conservation of energy and particular momentum guarantees reversibility and
the presence of eigenstates while precluding a Brownian-motion kind of
interaction with an external medium;

ii. For movements along Peano curves, at spatial scales higher than the boundary
layer dimension and at temporal scales surpassing the oscillation periods of
the pulsating velocities that coincide with the average velocity of the complex
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fluid motions (for details see Refs. [22, 23]) the fractal hydrodynamics model
reduces to the standard hydrodynamical model [24]. We must highlight the
fact that, in this approximation of motion and for a certain type of complex
fluid [2, 5], ∇�σ ¼ �∇p=ρ, with p the pressure;

iii. Since the position vector of the complex fluid entity can be associated with a
Wiener-type stochastic process of [8–11], ψ is not only the scalar potential of
a complex velocity (through ϕ � lnψ) in the frame of the fractal
hydrodynamics model, but it also represents states density (through ψj j2) in
the frame of a Schrödinger-type model. It results in the equivalence between
the two formalisms (FHM and the Schrödinger-type one). Furthermore,
chaotic behavior, whether arising from turbulence in the fractal
hydrodynamics framework or from stochastic processes in the Schrödinger-
type framework, is only produced by the non-differentiability of movement
trajectories inside a fractal space;

iv. In the standard model (Landau’s scenario [24, 25]), the Fourier spectrum
is invariably discrete and cannot approximate a continuous spectrum
except in instances involving a substantial number of frequencies,
which produce an infinite number of spectral components due to the
beats arising from nonlinearities within the complex system. However,
according to the conventional model, the flow can never be genuinely
chaotic because, in the presence of many periodic functions, correlations are
not null but have an oscillatory nature. Consequently, Landau’s scenario may
elucidate the transition to chaotic behavior alone in a complex fluid possessing
an unlimited number of degrees of freedom. In our case, when δt=τ! 0 for
DF 6¼ 2 the physical parameters that characterize the behavior of the complex
system are no longer delineated. In this approximation, a simulation of a
system possessing an unlimited number of degrees of freedom is employed.
Furthermore, dynamic states may emerge, defined by intervals of regular
oscillations disrupted by chaotic surges, with the transition between these
states occurring spontaneously, unpredictably, and independently of any
variations in control settings (turbulence by intermittency);

v. The function ψ r, tð Þ is invariant with respect to a change of its phase S r, tð Þ by
an integer multiple of 2π. Hence, Eq. (34) gives the circulation [20]:

ГD ¼ ф m0VDdr ¼ 2DфdS ¼ 4πm0 Dm,m ¼ 0, 1, � 2 (35)

where D is scale dependent. In particular, for movements on Peano-type fractal
curves with DF ¼ 2 (congruent with Brownian motion), at Compton scale, D ¼ ℏ

2m0
,

Eq. (35) takes the standard form:

ГD ¼ ф m0VDdr ¼ mh (36)

The path of integration of Eq. (35) may not pass through regions where ρ ¼ 0, that
is, where VD is potentially singular but is otherwise arbitrary.

Eqs. (30) and (31) represent a complete system of differential equations for the
field ρ r, tð Þ and VD r, tð Þ. Eq. (36) relates each non-differentiable hydrodynamic solu-
tion ρ,VD,mð Þ to a solution ψ in a unique way.
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The field ρ r, tð Þ has the meaning of a probability distribution; that is, the probabil-
ity of finding the particle in the vicinity dr of the point r, is, at the time t:

dP ¼ ρdr,∭ ρdr ¼ 1 (37)

Spatial integrations extend over the entire region of the complex system. Any
variation of the probability density ρ r, tð Þ with t is accompanied by a probability
density flow ρVD into or away from the respective field r—Eq. (30).

The velocity field VD r, tð Þ—Eq. (30), of the position probability changes with r
and t like that of a non-differentiable hydrodynamic fluid in the force field of a
potential U r, tð Þ and a non-differentiable potential Q r, tð Þ. The non-differentiable
fluid exhibits, however, an essential difference compared to an ordinary fluid: in a
rotating motion VD r, tð Þ decreases (increases) with increasing (decreasing) from the
center—(Eq. (9)).

Two types of complex system states are distinguished:

i. Dynamic states. For ∂=∂t ¼ 0 and VD 6¼ 0, that is, at the differentiable scale,
Eq. (30) and Eq. (31) give:

∇ m0
V2

D

2
þ Q þU

� �
¼ 0 (38)

∇ � ρVDð Þ ¼ 0 (39)

specifically:

m0
V2

D

2
þ Q þU ¼ E (40)

ρVD ¼ ∇� F (41)

Consequently, the inertia, m0VD � ∇VD, the non-differentiable force, �∇Q and
the external force, �∇U, are balanced in every field point (Eq. (38)). The sum of the

kinetic energy, m0
V2

D
2 , the non-differentiable potential, Q and the scalar potential, U,

are invariant, that is, equal to the integration constant E 6¼ E rð Þ (Eq. (40)). The
parameter E � <E> represents the total energy of the complex system dynamics.
The flow density ρVD has no sources—Eq. (39), that is, its streamlines are closed—
Eq. (41);

i. Static states. For ∂=∂t ¼ 0 and VD ¼ 0, that is, at non-differentiable scale
Eq. (30) and Eq. (31) give:

∇ Q þ Uð Þ ¼ 0 (42)

i.e.,

Q þ U ¼ E (43)

Consequently, the sum of the non-differentiable force,�∇Q, and the external one,
�∇U, is null in every field point (Eq. (42)). Moreover, the sum of the non-
differentiable potential, Q and the external one, U, is invariant, that is, is equal to the
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integration constant E 6¼ E rð Þ (Eq. (31)). The parameter E � <E> represents the
total energy of the static system. Eq. (7) is identically satisfied.

4. Self-multiplication and Taylor-type instabilities

In the following, using Eqs. (30) and (31) in a plane symmetry, we analyze, for
example, the dynamics of the complex system, assuming that the fractal fluid is of
isentropic type. Thus, we can choose the tensor (Eq. (32)) in the form σil ¼ ρc2δil [24],
where ρ the density, c is the specific velocity, and δil is Kronecker’s symbol. The
existence of an external perturbation is determined by appropriate initial and bound-
ary conditions (e.g., spatio-temporal Gaussian). In this context, we shall introduce the
normalized coordinates

ωt ¼ τ, kx ¼ ξ, ky ¼ η,
VDxk
ω
¼ Vξ,

VDyk
ω
¼ Vη,

ρ

ρ0
¼ N

where ω, k, and ρ0 are critical parameters of the complex system (for details see
[22, 23]).

Then, Eqs. (30) and (31) become:

∂

∂τ
NVξð Þ þ ∂

∂ξ
NV2

ξ

� �
þ ∂

∂η
NVξVη

� � ¼ �N�1 ∂N
∂ξ

(44)

∂

∂τ
NVη

� �þ ∂

∂ξ
NVξVη

� �þ ∂

∂η
NV2

η

� �
¼ �N�1 ∂N

∂η
(45)

∂N
∂τ
þ ∂

∂ξ
NVξð Þ þ ∂

∂η
NVη

� � ¼ 0

For numerical integration we shall impose the initial conditions:

Vξ 0, ξ, ηð Þ ¼ 0,Vη 0, ξ, ηð Þ ¼ 0,N 0, ξ, ηð Þ ¼ 1
5
, 1 ≤ ξ ≤ 2, 0 ≤ η ≤ 1 (46)

as well as the boundary conditions:

Vξ τ, 1, ηð Þ ¼ Vξ τ, 2, ηð Þ ¼ 0, Vη τ, 1, ηð Þ ¼ Vη τ, 2, ηð Þ ¼ 0

Vξ τ, ξ, 0ð Þ ¼ Vξ τ, ξ, 1ð Þ ¼ 0, Vη τ, ξ, 0ð Þ ¼ Vη τ, ξ, 1ð Þ ¼ 0

N τ, 1, ηð Þ ¼ N τ, 2, ηð Þ ¼ 1
5

N τ, ξ, 0ð Þ ¼ 1
10

exp � τ � 1
5

1
5

 !2
2
4

3
5 exp � ξ� 3

2
1
5

 !2
2
4

3
5

N τ, ξ, 1ð Þ ¼ 1
5

(47)

By using the finite differences method [26], the system (Eq. (46)) with the initial
conditions (Eq. (30)) and the boundary ones, Eq. (47) was solved numerically.

In Figure 1a–c [27], three-dimensional dependences of the normalized density N,
normalized velocities Vξ and Vη, on the normalized coordinates ξ and η are given for
the normalized time τ = 0.54. Also, in Figure 1d–f, the contour curves of the
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Figure 1.
a–f [27]. Three-dimensional dependences of the normalized density N, normalized velocities Vξ and Vη, on the
normalized coordinates ξ and η for the normalized time τ = 0.54 (a–c); two-dimensional contour of the
normalized density N, normalized velocities, Vξ and Vη, for the same normalized time (d–f).
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normalized density N, normalized velocities, Vξ and Vη, are given for the same nor-
malized time.

The following results: (i) the pattern generation; (ii) the symmetry of the normal-
ized velocity, Vξ, with respect to the symmetry axis of the spatio-temporal Gaussian;
(iii) vertices at the pattern’s periphery for the normalized velocity field, Vη (Taylor-
type effect).

Since fractal/multifractal curves exhibit the property of self-similarity, then the
dynamics of any complex system “mimic” holographic behavior (part reflects whole,
whole reflects part).

Moreover, these holographic behaviors can be mapped to multilayered artificial
neural networks of deep learning type [28].

5. Conclusions

This chapter proposes a unitary model for the dynamics of complex systems,
positing that these systems might be equated to a multifractal mathematical object.
Subsequently, when we explain these dynamics within the context of The Scale
Relativity Theory, utilizing continuous and non-differentiable curves (fractal or
multifractal), one might derive potential holographic behaviors. In this context, the
Schrödinger and Madelung multifractal scenarios correlate through the generation of
patterns, symmetries of the normalized velocity relative to the symmetry axis of the
spatio-temporal Gaussian, and vertices at the periphery of the pattern for the normal-
ized velocity field (Taylor-type effect). We offer a unified model for characterizing
the dynamics of complex systems on both monofractal and multifractal manifolds.
Our model is applicable to shape memory alloys, atmospheric conditions, biological
fluids, etc.
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Chapter 5

Agent-Based Models
Boris Atenas, Edward Larroza and Verónica Bahoz

Abstract

This chapter explores agent-based models (ABMs) as computational tools for 
simulating complex systems through autonomous agents and their interactions. We 
discuss the foundational principles of ABMs and their connection to dynamic systems 
theory. Applications across socio-physics, such as opinion dynamics, civil unrest, 
fake news, urban transportation policies, and education, illustrate how micro-level 
interactions lead to macro-level societal patterns, including Pareto’s laws. In biol-
ogy, ABMs have proven valuable in modeling medical treatments, such as magnetic 
fluid hyperthermia, as well as in simulating the spread of diseases like COVID-19. 
Additionally, dynamical systems such as Lotka-Volterra, when combined with ABMs, 
can offer complementary insights into complex interactions. Finally, in the economics 
section, we examine market behaviors, wealth distribution, and strategic interac-
tions, such as the Minority Game. We expect that with these examples, the reader will 
gain a deeper understanding of how ABMs provide a powerful framework for captur-
ing the emergent behaviors of complex systems across diverse fields.

Keywords: socio-physics, complex systems, economy, politics, social networks, 
education, biological systems, Ising model

1.  Introduction

An agent-based model (ABM) is a computational simulation technique that repre-
sents complex systems through the interaction of autonomous agents. Each agent is an 
independent entity with specific characteristics, behaviors, and rules for interacting 
with other agents and the environment. In these interactions, individuals share com-
mon characteristics, such as opinions, emotions, decision-making, and more. When 
these opinions or behaviors propagate to neighboring individuals, a dynamic emerges 
that is often characterized by complex system behavior. In such systems, external 
factors like policies or rule changes act as forces that alter the system’s dynamics. 
Historically, this type of interaction has been observed in both biological systems—
such as bacterial colonies influenced by external factors like electric or magnetic fields 
and chemical substances, and in the collective behaviors of animal species, such as 
schools of fish, flocks of birds, swarms, and herds—and social systems are character-
ized by complex interactions that give rise to collective human behaviors, such as 
the organization and development of cities, tribes, clans, and various other social 
groups. These interactions can be observed across different scales of human society, 
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from small familial units to larger, more structured communities like gangs or entire 
cities, illustrating the fundamental processes behind the formation and evolution of 
social structures. In contrast with biological systems, as humans, we have developed 
diverse areas of knowledge and activities, which means that our interactions extend 
into vastly different fields, including education, sports, economy, politics, and social 
networks. Thus, it seems natural to model the behavior of these varied collectives 
through simulations that capture individual interactions while accounting for exter-
nal forces that influence system dynamics.

In socio-physics, most agent-based models take inspiration from the Ising model 
[1] as a foundational framework for studying complex systems. Galam [2] was one of 
the pioneers in applying such models to social systems, where individual interactions 
are represented similarly to the alignment of spins in magnetic materials, offering 
new insights into collective behaviors. The Ising model is particularly significant as it 
was originally developed to explain ferromagnetism. Ferromagnetic materials have 
intrigued humanity with their “magical” properties since ancient times, but it was not 
until scientific exploration revealed the interactions between the underlying elements 
of matter that this phenomenon began to be understood. Later, the discovery of the 
concept of spin brought the Ising model to the forefront of ferromagnetism research. 
With further advancements by scientists, such as Heisenberg, Bloch, Frenkel, and 
Landau, ferromagnetism was eventually explained in more detail through first 
principles, solidifying the Ising model’s relevance in this field.

The Ising model assumes a system of N particles with non-zero intrinsic magnetic 
moments arranged on a lattice. In the one-dimensional case, this forms a chain, while 
in two dimensions, it forms a square grid. The magnetic moments, called “spins,” 
align along the z-axis and take values +1 or − 1. When spins are randomly distributed, 
the system exhibits paramagnetic behavior with no net magnetization. If the spins 
show some order, ferromagnetic behavior arises. The Hamiltonian for the Ising model 
is given by

 = − −∑ ∑
,

,i j i
i j i

J S S h S  (1)

where J represents the interaction between spins, and h is an external magnetic 
field. Years later, a generalization of Ising model, the “Potts model” [3], was intro-
duced, allowing spins to adopt more states beyond just “up” and “down.” This model 
has gained even wider usage, as it provides individuals with more options when mak-
ing choices. Given their adaptability, the Ising and Potts models have found applica-
tions in various fields.

Dynamic systems theory plays a fundamental role in understanding how micro-
level interactions evolve into macro-level patterns and behaviors by studying how a 
system’s state changes over time. This is typically achieved through differential equa-
tions that describe continuous changes in variables, often represented by vectors that 
capture both the direction and magnitude of these changes in a multi-dimensional 
space. By analyzing these equations, it is possible to predict long-term behavior, trace 
system trajectories, and identify points of stability or instability influenced by both 
internal interactions and external forces.” For example, Hamiltonian systems are a 
class of dynamic systems particularly useful in economic modeling. They describe 
the evolution of variables over time under the influence of external factors using 
Hamilton’s equations:
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∂ ∂
= = −
∂ ∂

 ,H Hq p
p q  

(2)

where H(p, q, t) is the Hamiltonian function, q represents the state variables, and 
p is the conjugate momenta. These equations allow economists to model the optimal 
allocation of resources over time, capturing trade-offs between immediate consump-
tion and future investment. By integrating Hamiltonian dynamics with agent-based 
models, it is possible to explore how individual agent behaviors aggregate to influence 
macroeconomic growth and development.

Similarly, the Lotka-Volterra equations are fundamental in modeling biological 
systems, especially in ecology. They describe the dynamics of predator-prey interac-
tions and competition between species through a set of differential equations:

 ( ) ( )= − = −,dN dPN a bP P cN d
dt dt

 (3)

where N and P represent the populations of prey and predators, respectively, and 
a, b, c, and d are parameters that represent interaction rates. These equations model 
how populations evolve over time due to births, deaths, and interactions and are 
studied using vector representations in phase space.

By connecting agent-based models with dynamic systems, we can better under-
stand how micro-level interactions between individual agents lead to macro-level 
behaviors within the system. While ABMs provide detailed simulations of individual 
actions, dynamic systems offer the mathematical tools to study the overall evolution 
and long-term dynamics of these systems.

Aware that agent-based models have significantly broader applications in various 
other fields, and while both economic and biological systems can be studied within 
the broader framework of socio-physics, in this chapter, we distinguish them as 
separate categories to highlight their unique applications and methodologies: socio-
physical, economic, and biological systems.

2.  Socio-physics

Socio-physics is an interdisciplinary field that applies principles from physics 
to study and understand social phenomena. By modeling individuals as interacting 
particles or agents, socio-physics seeks to uncover the underlying mechanisms that 
drive collective behaviors in societies. In this section, we explore a variety of agent-
based models that simulate complex social dynamics, including opinion formation, 
civil unrest, education, and urban transportation patterns.

2.1 Opinion dynamics

Within socio-physics, several models have been developed to study the complex 
dynamics of social behavior and opinion formation. One such prominent model 
is the Sznajd model, which focuses on opinion dynamics and has been extensively 
applied in fields such as sociology, statistical physics, and network theory to study 
how opinions evolve within a group of interacting individuals [4–8]. It provides a 
simplified yet powerful framework for understanding how consensus is formed or 
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how communities become polarized through local interactions between individuals. 
The model relies on the principle of social validation, where people tend to align their 
opinions with those of their neighbors, resulting in large-scale patterns of agreement 
or disagreement over time.

In this model, the agents are represented as “spins” that can either be in the “up” 
or “down” state, interact locally with their neighbors. These spins symbolize the 
opinions of individuals, and the interactions between spins reflect the social influence 
that each individual exerts on others within their local vicinity. The dynamics of the 
model can be controlled by different rules of interaction, which govern how an agent 
changes its opinion based on the opinions of its neighbors.

The model has been used to explore how small local interactions can lead to large-
scale social phenomena, such as the formation of public opinion, political polarization, 
or even the sudden shifts in collective behavior known as phase transitions in physical 
systems. Through simulations, how different initial conditions and rules of interaction 
affect the speed and nature of opinion convergence or divergence within a population 
can be investigated. Therefore, the Sznajd model offers a rich theoretical framework 
for studying complex social behaviors. The presented figure highlights how varying 
the initial proportion of opinions and modifying the rules of interaction can lead to 
significantly different patterns of consensus or fragmentation within a community. Such 
insights are valuable in fields ranging from political science to marketing, where under-
standing how opinions spread and change is of critical importance.

2.2 Social networks

Social networks have become pivotal in shaping public discourse, but they also 
facilitate the rapid spread of misinformation, commonly referred to as “fake news.” 
Understanding how fake news propagates through these networks is essential for 
developing effective countermeasures. Although our coverage of social networks is 
brief, it is important to highlight how agent-based models contribute to this field.

Burbach et al. [9] utilized an agent-based model (ABM) to simulate the dynamics 
of message dissemination in online networks. Their model incorporated personality 
traits such as extraversion, narcissism, and emotional self-efficacy to determine how 
these factors influence an individual’s likelihood of sharing fake news. The simula-
tions revealed that fake news spreads more widely and quickly than regular news, 
especially in highly connected networks. In their model, up to 39% of agents acted as 
spreaders in a network of 1000 agents, underscoring the significant role of network 
structure and user behavior in amplifying misinformation.

Complementing these findings, Zhao et al. [10] conducted an empirical study ana-
lyzing the real-world spread of fake news on social media platforms like Weibo and 
Twitter. Their research demonstrated that fake news propagates faster and reaches a 
broader audience than true information, primarily due to network structural char-
acteristics such as higher connectivity and the influence of key nodes. Although this 
study did not employ an ABM, it confirmed insights from the simulations—namely, 
that fake news benefits from network configurations that accelerate its dissemination.

Together, these studies offer complementary perspectives: the agent-based model 
by Burbach et al. provides micro-level insights into how individual traits influence the 
spread of fake news, while the empirical study by Zhao et al. emphasizes the macro-
level impact of network structures. Both conclude that fake news not only spreads 
faster but also reaches a wider audience than real news, highlighting the significant 
roles of individual behavior and network topology.
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This underscores the utility of ABMs in simulating complex social phenomena and 
validating them against real-world data. By modeling individual behaviors and inter-
actions within a network, ABMs offer valuable insights into the mechanisms behind 
the rapid spread of misinformation, informing strategies to mitigate its impact.

2.3 Civil violence

Civil violence arises from complex interactions between social dissatisfaction and 
authority responses, often driven by the tension between government legitimacy and 
public unrest. To better understand these dynamics, the Epstein model [11] simulates 
how protests escalate or are subdued based on key factors such as police presence and 
the perceived risk of punishment. Epstein demonstrated complex phenomena such as 
the emergence of deceptive behaviors in citizens, who pretend to be calm when police 
are present but rebel when authorities are absent. This model is essential for under-
standing the mechanisms that lead to civil unrest and how strategic interventions, 
like deploying police forces, can either prevent or exacerbate conflict escalation. Since 
the introduction of Epstein’s model, several authors have expanded its scope. Among 
them, Lemos et al. [12] analyzed the decision rules governing the agents’ behaviors, 
while Ormazábal et al. [13] explored the influence of money distribution on civil 
unrest. Recently, Ormazábal et al. [14] applied a statistical physics approach to extend 
Epstein’s model by introducing a Potts-type energy function:

 [ ] ( )α δ α α= − ∑
,

1 , ,
2 ij i j

i j
E J

N
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where α i  and α j  represent the states of agents i and j, ijJ  is the interaction 
strength between the agents, and ( )δ α α,i j  is the Kronecker delta, which equals 1 
when the agents are in the same state (e.g., both passive or both active) and 0 other-
wise. This function allows us to quantify the system’s stability: when the energy is low, 
the system tends to an ordered state, such as when most agents are passive.

In this model, the parameter T acts as a threshold analogous to temperature in 
magnetism models like the Ising model. At low values of T, agents are less likely to 
switch states, leading to an ordered and stable system where consensus (i.e., a major-
ity of passive agents) prevails. As T increases, agents are more likely to become active, 
introducing disorder into the system, much like how higher temperatures in the Ising 
model disorder spins.

Ormazábal et al. further showed that the **Principle of Minimal Aggravation** 
governs the model’s dynamics: agents shift from passive to active based on their 
dissatisfaction with government legitimacy and the perceived risk of arrest. They 
developed a phase diagram that illustrates transitions between ordered and disor-
dered phases, offering a deeper understanding of how factors such as legitimacy and 
police presence influence protest dynamics.

Figure 1 illustrates how legitimacy and activation thresholds affect the evolution 
of protests. The left panel is critical as it clearly depicts the moments when civil unrest 
may escalate or be controlled, depending on the balance of these key variables. It 
shows the phase diagram of the system without police, with transitions between the 
AP phase (dominated by active agents), the PA phase (dominated by passive agents), 
and the consensus phase, where all agents are passive. These transitions are governed 
by the legitimacy of the government and the activation threshold T. As legitimacy 
increases and threshold T decreases, the system tends to reach a more ordered state 
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(consensus). Conversely, lower legitimacy or higher threshold values lead to disor-
dered states, where protests are more likely to occur.

The right panel complements this by presenting the global average energy E  
variations for different values of threshold T. This graph illustrates how the system’s 
energy, which serves as an indicator of disorder, changes as a function of legitimacy. 
For lower threshold values, the system stabilizes at lower energy levels, corresponding 
to more ordered states. As T increases, the energy rises, signaling more disordered 
configurations, with active agents becoming predominant. The two curves together 
highlight the interplay between legitimacy, threshold, and system stability, revealing 
how these factors collectively determine whether a system remains stable or descends 
into civil unrest.

2.4 Urban transportation polices

The literature on transportation systems offers valuable insights through the use 
of ABMs to evaluate the potential impacts of public policies. Maggi and Vallino [15] 
applied ABMs to explore urban mobility and assess the effects of transportation 
policies, highlighting the capability of these models to capture complex interac-
tions among different actors in the system. However, they also noted that real-world 
applications of these models remain limited.

Building upon this foundation, Zhuge et al. [16] employed an agent-based spatial 
integrated framework to examine the future electric vehicle (EV) market in Beijing. 
Their study assessed environmental benefits such as emission reductions, analyzed 
neighborhood effects on EV adoption rates, and evaluated the potential strain on 
the electric grid. They found that by 2020, EVs would account for only 4% of total 
electricity demand, underscoring the need for expanded charging infrastructure to 
support further growth.

Expanding the scope to urban planning, Wise et al. [17] explored the integra-
tion of transportation systems into agent-based urban models, highlighting the 

Figure 1. 
The left panel shows the phase diagram of the system without police, illustrating the transitions between the AP 
phase (active agents), PA phase (passive agents), and the consensus phase, where all agents are passive, as a 
function of legitimacy and threshold (T). The right panel presents the global average energy E  variations for 
different values of threshold T, demonstrating the system’s stability transitions based on legitimacy. Figures cortesy 
of Ormazabal.
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complexities of urban mobility. Their research emphasized the importance of 
developing more sophisticated models capable of accounting for critical factors 
such as accessibility, transportation costs, and network effects on city planning and 
infrastructure.

Similarly, Stankov et al. [18] applied ABMs to study commuter behavior and 
transportation patterns in Bogotá, taking into account factors such as spatial acces-
sibility, personal safety, and social influences. Their study examined how trans-
portation fare subsidies promote the use of public transport, particularly among 
low-income groups. The study also examined the impact of these policies on physical 
activity. Although the policies did not reduce congestion, they decreased car usage 
among middle- and high-income groups. The results are illustrated in Figure 2. 
Left chart; Left bar: Represents actual data from the 2019 Bogotá household survey. 
Right bars: Represent the simulated results from the model. Right chart: Shows 
the absolute percentage change in the use of each mode of transportation before 
and after the implementation of the policies (simulation only). Panel A: Shows 
the change in transportation use following a 30% fare subsidy. Panel B: Shows the 
change in transportation use with free public transport. Panel C: Shows the change in 
transportation use with a congestion charge of 2000 COP. Panel D: Shows the change 
when combining a 30% subsidy with a 2000 COP congestion charge. Panel E: Shows 
the change with a 20,000 COP congestion charge. Panel F: Shows the change when 
combining free public transport with a 2000 COP congestion charge. Panel G: Shows 
the change when combining a 30% subsidy with a 20,000 COP congestion charge. 
Panel H: Shows the change when combining free public transport with a 20,000 COP 
congestion charge.

These results highlight not only the immediate effects of transportation policies 
but also suggest potential long-term shifts in commuter behavior, especially in terms 
of how subsidies and congestion taxes can influence mode share across different 
socioeconomic groups. While fare subsidies significantly increase public transporta-
tion use among low-SES groups, the combination with congestion taxes leads to a 

Figure 2. 
(Left) Comparison of actual transportation mode share from the 2019 Bogotá Household Travel Survey with 
model-simulated results across socioeconomic groups (SES). (Right) Absolute percentage change in transportation 
mode share following the implementation of various fare subsidies and congestion charges. Figures cortesy of 
Stankov.
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broader reduction in car usage, particularly in mid-to-high-SES groups. This dual 
approach may foster a more sustainable transportation system, reducing both conges-
tion and social inequities in access to transportation.

2.5 Education

Educational environments are complex adaptive systems with similar rules to 
those described in other systems. Here, teachers and students interact to achieve their 
goals, acquiring useful knowledge to perform specific tasks in their respective fields 
of study, thereby forming professionals and experts in undergraduate, master’s, and 
doctoral programs. Agent-based models have been used to explore topics such as 
university organizational management and strategy, inter-institutional collabora-
tion, academic processes like recruitment and peer review, student enrollment and 
specialization choices, academic performance, measurement of student workload, 
curriculum redesign, and more [19–24].

One of the first works in the literature on teaching-learning processes is that of 
Bordogna et al. [20], where a multidisciplinary approach is applied to describe social 
interactions between individuals in the educational system and behavioral processes. 
Using Monte Carlo simulations of a generalized Ising model and defining a variable 
called “cognitive impact” (the teacher’s ability to persuade and capture the student’s 
attention), the interactions between Teacher-Student, interactions among students, 
and the interaction of students with study materials are modeled. In this model, the 
knowledge of the students is modeled as a dynamic variable that changes based on 
the total cognitive impact from all sources of knowledge (teacher, peers, and study 
materials). The Metropolis algorithm is used to model the probability that a student 
improves their knowledge over time. The results of this work showed different time 
regimes where high-performing and low-performing students benefit from different 
group configurations (homogeneous and heterogeneous). In later work, Ormazabal 
et al. [22] developed an agent-based model that considers dynamic interactions, 
meaning the interactions are no longer fixed but can change. This allows for observ-
ing how specific changes in teaching strategies affect learning. It includes real-time 
interaction and students’ responses to different pedagogical approaches, which can 
vary and adapt during the learning process. A significant aspect of this study is that it 
models how student attention influences the effectiveness of educational interactions. 
It considers the possibility that a student, in the middle of the process, becomes more 
motivated, increasing their attention to the course, which translates into improved 
performance. This is important because attention can vary depending on many 
factors, including the teaching method, the level of interaction with the teacher, and 
group dynamics, among others.

Figure 3 shows a clear phase transition-like behavior in both homogeneous and 
heterogeneous classes, driven by the noise parameter β . As β  increases, which 
represents the level of uncertainty or distractions in the learning environment, the 
amount of knowledge acquired by the students ( )σ  decreases. The critical point, βc
, marks a threshold beyond which learning efficiency drops significantly, mimicking 
a transition from an ordered (high-knowledge acquisition) to a disordered state (low-
knowledge acquisition). In the homogeneous class (left panel), the transition is more 
abrupt, with students showing a steeper decline in performance as noise increases. 
The heterogeneous class (right panel) exhibits a similar trend, but the distribution of 
σ  across different cases suggests that the impact of noise is more varied due to the 
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diversity in learning interactions. This highlights how increasing learning activities 
can buffer against noise to some extent but also emphasizes the importance of manag-
ing distractions to prevent a collapse in the learning process, especially when the noise 
exceeds the critical threshold βc .

Recently, Velázquez and his collaborators [23–25] developed an ABM using 
empirical data, providing a detailed look at the teaching-learning process in the 
context of online education, with a focus on student workload through the analysis of 
activity logs on digital platforms.

In these studies, it was observed that students’ daily dedication to learning activi-
ties is unequal and follows a Pareto or Zipf laws [23] (see left side of Figure 4), where 
an assessment serves as an incentive that triggers an increase in the number of hours 
students dedicate to their studies, which are related to other patterns of human behav-
ior. Additionally, performance indices were introduced, such as student progression, 
accumulation rate, over-duration, and learning rate, among others, which are used to 
track and assess the performance of both students and teachers.

The cumulative distribution of final grades in various courses with a significant 
number of students is described in Figure 4 (right side), where standardized evalu-
ations, such as written tests, are applied. It was observed that these distributions 
exhibit a regular pattern, with a uniform distribution in the failing zone and an 
almost Gaussian distribution in the passing zone. Using that empirical data, Monte 
Carlo simulations were carried out through an agent-based model that incorporates 
dropout rules for both students and the educational institution [24], which results 
successfully replicated the empirical grade distribution of students, capturing both 
the Gaussian behavior for passing grades and uniform distribution for failing ones, 
offering new insights into optimizing student workload [24].

Among the results obtained, a mechanism is established to estimate the time 
required for students to complete a specific course based on their academic perfor-
mance. Additionally, these models are capable of reproducing performance indicators 
of real processes, such as the pass rate and average grades, providing a powerful tool 
for optimizing both student workload and institutional planning.

Figure 3. 
Homogeneous Class vs. Heterogeneous Class. On the left, for a homogeneous class, and on the right, for a 
heterogeneous class. The amount of noise ( )β  and the amount of knowledge acquired ( )σ  are displayed. In 
Case I, students attended only lectures; in Case II, they attended lectures and participated in group work; in 
Case III, they attended lectures and engaged in individual study; and finally, in Case IV, they attended lectures, 
participated in group work, and engaged in individual study. The results show that the more learning activities 
students engage in, the greater their knowledge acquisition, while higher noise levels reduce their learning 
outcomes. Table 1 shows the cases studied for the heterogeneous class. Figures were provided by Ormazabal.
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3.  Biological systems

In biological systems, the ABM provides a flexible and powerful framework to 
simulate complex interactions at the individual level. By representing cells, organ-
isms, or particles as autonomous agents governed by specific rules, ABMs allow 
capture emergent phenomena that traditional models often fail to address. This 
approach has been instrumental in advancing our understanding of processes such as 
cellular behavior, disease propagation, and therapeutic interventions.

One of the early recognition of the potential of ABMs in biology was highlighted 
by Pleyer and Fleck [26]. They emphasized that ABMs offer a bottom-up approach to 
modeling multicellular systems, where individual cells are treated as agents interact-
ing within dynamic environments. This method captures emergent properties such 
as pattern formation, cellular migration, and self-organization, which are difficult 
to model using continuous approaches like partial differential equations (PDEs). By 
simulating cells with distinct behaviors and local interactions, ABMs have shed light 

Figure 4. 
(Left) Daily YouTube impressions. (Right) Empirical data of cumulative distribution function of final grades in 
the course “Introduction to Physics” of a Chilean University.

Cases Class attendance Group work attendance Individual study

OOO Obligatory Obligatory Obligatory

OOR Obligatory Obligatory Random

ROO Random Obligatory Obligatory

ROR Random Obligatory Random

ORO Obligatory Random Obligatory

ORR Obligatory Random Random

RRO Random Random Obligatory

RRR Random Random Random
aObligatory means full attendance to the activity.
bRandom indicates attendance depends on the student’s choice.

Table 1. 
Different cases of class attendance, group work attendance, and individual study.
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on the complexities of biological pattern formation and tumor dynamics, contribut-
ing significantly to the field of systems biology.

Other interesting work was performed by Wei et al. [27], who developed a multi-
agent system (MAS) to simulate the decentralized processes of memory formation 
and retrieval in biological neural networks. Traditional models often assume central-
ized control mechanisms, but Wei et al.’s MAS model uses autonomous agents that 
interact locally to form memory paths. By integrating graph theory and physical 
laws such as Ohm’s and Kirchhoff ’s laws, the system emulates neuron-like behavior, 
particularly the reinforcement of memory traces through repeated stimulation. 
Their results demonstrated that memory could be successfully encoded, stored, and 
retrieved through these local interactions without a global controller. This work offers 
valuable insights into the neurobiological mechanisms underlying memory processes.

The advent of the COVID-19 pandemic spurred further applications of ABMs 
in epidemiology. Recently, Schinko et al. [28] developed an ABM to simulate the 
airborne spread of SARS-CoV-2 in indoor environments. Recognizing that virus 
transmission is influenced by both individual behaviors and environmental factors, 
they integrated their ABM with Computational Fluid Dynamics (CFD) to account 
for aerosol dispersion. In this model, agents represent individuals moving through 
a space and performing actions like coughing or speaking, which release aerosols 
into the environment. The movement and behavior of these agents serve as dynamic 
inputs that influence the flow of virus-laden particles, creating a complex, evolving 
system. By combining ABMs with CFD, the study captured the interactions between 
individual behaviors and environmental conditions, providing valuable insights into 
how movement patterns, ventilation, and social distancing affect virus transmission 
in enclosed settings. This highlights the role of ABMs in modeling dynamic systems 
where agent interactions and environmental factors evolve over time, offering a pow-
erful framework for assessing risks and designing effective intervention strategies.

Another significant contribution to medical applications came from Fernandes 
and Miranda [29], who developed an agent-based computational model for magnetic 
fluid hyperthermia (MFH). MFH is a cancer treatment technique where magnetic 
nanoparticles (MNPs) are used to locally heat tumor tissues. In their model, MNPs 
are represented as autonomous agents within a discretized environment divided into 
patches, each with its own temperature. When activated by an alternating magnetic 
field, these nanoparticles generate heat through Brownian relaxation (physical move-
ment of the MNPs) and Néel relaxation (rotation of the magnetic moments within the 
particles). The temperature evolution in each patch is calculated based on the energy 
provided by the MNPs and heat transfer between neighboring patches following 
Fourier’s law, using a von Neumann neighborhood scheme.

The model progresses in discrete steps, simulating the random movement of MNPs 
and their impact on the spatial distribution of heat. When comparing simulations with 
experimental data from Fortin et al. [30] on glioblastoma multiforme treatments, the 
model adequately reproduced the non-linear behavior of temperature increase relative 
to MNP concentration and the thermal stabilization of the system. The results indicated 
that internal parameters, such as the coefficient α  (related to thermal conductivity 
and specific heat), have a greater influence on temperature stabilization and heating 
speed than external parameters like the intensity of the magnetic field. Additionally, 
local heat exchange interactions between patches and MNPs are key to achieving 
homogeneous temperature within tumor tissue. This model provides a valuable tool 
for understanding the factors affecting thermal stability in MFH treatments and could 
contribute to optimizing treatment parameters in personalized clinical applications.
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Another key tool in the study of biological systems is the Lotka-Volterra model 
[31], which has been widely used to explore predator-prey interactions, offering 
a simple yet powerful framework for understanding the dynamics of competing 
populations. This model, which captures the oscillations in predator and prey popula-
tions due to their interactions, is essential in ecological modeling. While the classi-
cal Lotka-Volterra model provides valuable insights into these dynamics, it can be 
complemented by agent-based simulations (ABMs), which allow for the inclusion of 
additional factors that are difficult to capture in traditional dynamic system models—
such as individual-level variability, spatial distribution, or adaptive behavior. In this 
way, ABMs can extend the scope of ecological studies by simulating more complex 
scenarios, like saturation effects or chaotic dynamics, providing a richer understand-
ing of the processes that drive ecological systems. In fact, the Lotka-Volterra frame-
work has also been extended to other fields, such as economics, where it helps explain 
wealth and income distributions. The generalized Lotka-Volterra (GLV) models, com-
bined with agent-based simulations (ABMs), have been applied to study the dynamics 
of capital accumulation and income inequality, demonstrating that fundamental 
economic drivers, such as capital concentration, can produce distributions observed 
in real-world economies. This highlights the flexibility of the Lotka-Volterra frame-
work and the value of ABMs in capturing emergent behaviors in complex systems, 
whether in biological or economic contexts [32]. Another example of combining both 
techniques is seen in a variant of the Lotka-Volterra model that introduces three-agent 
interactions, inspired by cyclic competition like the Rock-Paper-Scissors game. This 
approach explores how cooperative predation and stochastic dynamics influence spe-
cies coexistence and the formation of spatial patterns, offering richer insights beyond 
the traditional two-species interactions [33].

In summary, Agent-Based Models have profoundly influenced the study of biologi-
cal systems by enabling the simulation of complex, dynamic interactions that are 
difficult to capture with traditional modeling approaches. From cellular behavior and 
neural networks to epidemiology and cancer treatment, ABMs have provided insights 
that enhance our understanding of biological processes and support the develop-
ment of effective interventions. By focusing on individual agents and their local 
interactions, these models reveal how micro-level behaviors can lead to emergent 
macro-level phenomena, reinforcing the importance of ABMs in advancing biological 
research.

4.  Economics

In the study of economics, the ABMs have become essential tools for simulating a 
wide range of market behaviors, from the intricacies of order books and wealth dis-
tribution to strategic interactions exemplified by the Minority Game [34, 35]. These 
models enable researchers to explore complex economic phenomena by capturing the 
interactions of individual agents, whose collective behavior often leads to emergent 
properties not readily apparent from traditional analytical models.

One of the early breakthroughs in modeling market microstructure using ABMs 
was the work of Lux and Marchesi [36], who introduced a framework in which 
fundamentalists, chartists, and noise traders interact within a market environment. In 
their model, price variations emerge directly from excess demand: at each time step, 
agents submit their orders, and the resulting price is recalculated based on market 
imbalance. This approach allowed for a dynamic view of market prices, capturing 
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key features such as volatility clustering and fat-tailed return distributions. However, 
it lacked the concept of a persistent order book for tracking trades, which limited its 
ability to simulate the depth and liquidity of real markets.

Proceeding from this foundation, Chiarella and Iori [37] expanded the model by 
introducing a persistent order book where agents place limit orders based on different 
trader profiles. This addition allowed for a more realistic simulation of liquidity and 
price formation, as limit orders are a fundamental aspect of modern financial mar-
kets. By incorporating a continuous record of unexecuted orders, their model could 
capture the dynamics of order accumulation and depletion, providing deeper insights 
into market microstructure.

Further advancing the empirical realism of ABMs in finance, Mike and Farmer 
[38] developed one of the most empirically grounded models of order books to date. 
Their model incorporated detailed processes of order placement and cancelation, 
fitted to real market data. By closely aligning the model’s parameters with observed 
trading behavior, they bridged the gap between theoretical models and the practical, 
observed dynamics of financial markets, enhancing the predictive power and applica-
bility of ABMs in economic research.

Parallel to these developments in modeling market microstructure, ABMs 
have also been instrumental in exploring wealth distribution within economies. 
Dragulescu and Yakovenko [39] applied concepts from statistical mechanics to study 
money distribution, demonstrating that it follows a Boltzmann-Gibbs exponential 
distribution in closed economic systems. This approach treated money exchange 
between agents analogously to energy exchange between particles, providing a novel 
perspective on economic interactions.

Expanding on this idea, Chakraborti and Chakrabarti [40] introduced a model 
examining how agents’ saving propensities affect wealth distribution. They showed that 
incorporating a uniform saving propensity among agents leads to a gamma-like distribu-
tion of wealth, highlighting the role of individual behavior in macroeconomic outcomes.

A significant leap was made by Mohanty [41], who presented an agent-based 
model that successfully reproduced the Pareto law for wealth distribution. In 
Mohanty’s model, agents exchange wealth in a manner similar to particles exchanging 
energy in an ideal gas, but with the crucial addition of individual saving propensities. 
This feature was key in generating a Pareto-like distribution for the wealthiest agents, 
while the majority of the population followed an exponential or Gibbs distribution. 
This dual behavior mirrored real-world observations, where wealth distributions 
often exhibit a Pareto tail alongside a bulk exponential distribution.

Building on these foundations, more recent studies such as that of Aydiner et al. 
[42] have demonstrated the robustness of Pareto distributions in agent-based models, 
even when accounting for diverse conditions like initial wealth distributions and debt. 
The flexibility of these models illustrates how wealth inequality can persist across 
various economic environments, emphasizing the importance of microscopic interac-
tions in shaping macroeconomic patterns.

In addition to wealth distribution and market microstructure, ABMs have been 
applied to study strategic interactions and market manipulation. For example, Fratric 
et al. [43] used an ABM to investigate market manipulation in the Bitcoin market 
during the 2017–2018 boom. Their study revealed how a fraudulent agent could 
significantly influence market prices, demonstrating the crucial role of liquidity and 
agent behavior in amplifying or mitigating manipulative actions. This work highlights 
the potential of ABMs to uncover vulnerabilities in financial systems and inform 
regulatory policies.
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Transitioning from wealth dynamics and market manipulation to strategic 
decision-making, the Minority Game stands out as a powerful tool for simulating 
competitive environments where agents with limited information vie to be in the 
minority. Originating from the El Farol Bar Problem introduced by Arthur [44], the 
Minority Game models situations where agents benefit from being in the minority 
group. In the El Farol Bar Problem, individuals decide whether to attend a bar that 
becomes overcrowded if too many people go, making it more enjoyable for those who 
stay home and vice versa.

Challet and Zhang [45] formalized this concept into the Minority Game, where 
agents must repeatedly choose between two actions—such as buying or selling 
assets—without knowing what the majority will do. The goal is to be in the minority, 
as those agents gain a reward while the majority loses. The game introduces the idea 
of bounded rationality: agents base their decisions on historical data and adaptive 
strategies rather than perfect information.

As agents participate in each round of the game, they adjust their strategies over 
time, discarding those that consistently lead to failure. This dynamic behavior mimics 
real-world financial markets, where traders constantly refine their strategies based 
on past performance. Challet and Zhang [46] introduced an evolutionary version of 
the game, where underperforming agents are replaced by “clones” of more success-
ful agents. This Darwinian process allows the system to “learn” and improve overall 
performance, paralleling the evolutionary dynamics observed in financial markets.

Further developments in the Minority Game have explored the dynamics of coop-
eration and network interactions. Zhang et al. [47] investigated how allowing agents 
to dynamically rewire their connections based on cooperation success can enhance 
overall system efficiency. Their model demonstrated that adaptive network structures 
significantly improve cooperation, especially in small-world and random networks, 
where decision-making becomes more stable and efficient.

Building on the concepts of agent competition and strategy diversity, Xu and Zhong 
[48] examined how heterogeneous investment strategies and reference points contrib-
ute to market stability. Their findings indicate that the coexistence of diverse investor 
types prevents extreme price fluctuations, providing a valuable extension to traditional 
Minority Game models and reinforcing the importance of diversity in economic systems.

A recent real-world example that mirrors the dynamics explored in the Minority 
Game is the 2021 GameStop stock event. Here, retail investors coordinated via online 
platforms to drive up the stock price of GameStop, creating a massive short squeeze 
against institutional investors. This led to extreme price fluctuations and volatility, 
highlighting how coordinated actions by a minority group can generate large-scale 
market disruptions. It underscores the relevance of the Minority Game in understand-
ing contemporary financial phenomena.

In other context, El-Shagi and Von Schweinitz [49] applies an ABM to the virtual 
economy of Diablo 3, an online multiplayer game. The authors analyze economic 
phenomena such as price inflation, wealth inequality, and economic mobility, with a 
focus on the heterogeneous price development of in-game commodities. The model 
successfully reproduces key features of Diablo 3’s economy, such as the high and 
unequal prices of rare items and the difficulty for less wealthy players to move up 
economically. The study provides insights into how virtual economies can serve as 
simplified models for understanding real-world economic issues, especially regarding 
the effects of monetary policies and wealth distribution.

These developments from modeling market microstructures and wealth dynamics to 
exploring strategic interactions in competitive environments highlight the ever growing 
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complexity and applicability of ABMs provide deep insights into market mechanics 
and economic distribution patterns, capturing the emergent behaviors arising from 
individual interactions. They offer a powerful framework for analyzing and predicting 
economic phenomena, informing both theoretical research and practical policy making.

5.  Conclusions

In this chapter, we have explored the multifaceted applications of Agent-Based 
Models (ABMs) across various domains, including socio-physics, biology and economy. 
Beginning with the foundational principles of ABMs, we discussed how these models 
simulate complex systems through the interactions of autonomous agents, each with 
specific characteristics and behavioral rules. The integration of dynamic systems theory 
provided a mathematical framework to understand how micro-level interactions evolve 
into macro-level patterns, enhancing our comprehension of complex phenomena.

In socio-physics, we examined models like the Sznajd model for opinion dynamics, 
which illustrates how local interactions can lead to consensus or polarization within a 
community. We also explored Epstein’s civil violence model, highlighting the factors 
that contribute to social unrest and the effectiveness of interventions. The application 
of ABMs to urban transportation policies demonstrated how these models can inform 
sustainable and equitable transportation strategies by simulating commuter behavior 
under various policy scenarios.

In the context of biological systems, we delved into how ABMs simulate the behavior 
of magnetic nanoparticles in medical treatments like magnetic fluid hyperthermia. This 
application showcased the ability of ABMs to model complex biological interactions at 
the micro-level, providing insights that can improve therapeutic outcomes.

The economics section highlighted the versatility of ABMs in modeling market 
behaviors, wealth distribution, and strategic interactions such as the Minority Game. 
By capturing the intricacies of financial markets and wealth dynamics, these models 
offer valuable perspectives on issues like market manipulation, wealth inequality, and 
the impact of individual strategies on market stability.

In education, we discussed how ABMs can model teaching-learning processes, 
capturing the dynamic interactions between students and educators. These models 
help in understanding how different pedagogical approaches and group dynamics 
influence knowledge acquisition and student performance, providing quantitative 
tools for curriculum design and educational policy.

Overall, agent-based models serve as powerful tools for analyzing and under-
standing complex systems across various fields. By simulating the interactions of indi-
vidual agents within their environments, ABMs enable researchers and policymakers 
to predict emergent behaviors, design effective interventions, and foster systems that 
are more efficient, equitable, and sustainable.

Acknowledgements

We would like to thank Proyecto UTA MAYOR code 4198 – 4728-23, ANID 
BECAS/DOCTORADO NACIONAL Folio:21211479 and PROYECTO ANID VIU code: 
VIU23P0093. Additionally, we extend our gratitude to Ignacio Ormazabal, Ivana 
Stankov, Katarzyna Weron, and Makram El-Shagi for generously providing copyright 
permission for their figures.



Dynamical Systems – Latest Developments and Applications

104

Author details

Boris Atenas1,2†*, Edward Larroza2† and Verónica Bahoz3

1 Universidad de Tarapacá, Arica, Chile

2 Universidad Católica del Norte, Antofagasta, Chile

3 Universidad de Antofagasta, Antofagasta, Chile

*Address all correspondence to: batenas@academicos.uta.cl

†These authors contributed equally

© 2024 The Author(s). Licensee IntechOpen. This chapter is distributed under the terms of 
the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0), 
which permits unrestricted use, distribution, and reproduction in any medium, provided 
the original work is properly cited. 



Agent-Based Models
DOI: http://dx.doi.org/10.5772/intechopen.1008198

105

References

[1] Ising E. Beitrag zur Theorie des 
Ferromagnetismus. Zeitschrift für 
Physik. 1925;31:253-258. DOI: 10.1007/
BF02980577 [Accessed: September 6, 
2024]

[2] Galam S, Gefen Y, Shapir Y. 
Sociophysics: A new approach for 
sociological collective behavior. I.  
Mean-behavior description of a strike. 
Journal of Mathematical Sociology. 
1982;9:1-13

[3] Potts RB. Some generalized order-
disorder transformations. Mathematical 
Proceedings of the Cambridge 
Philosophical Society. 1952;48(1):106-
109. DOI: 10.1017/S0305004100027419 
[Accessed: September 6, 2024]

[4] Sznajd-Weron K, Sznajd J. Opinion 
evolution in closed community. 
International Journal of Modern 
Physics C. 2000;11(6):1157-1165. 
DOI: 10.1142/S0129183100000936 
[Accessed: September 6, 2024]

[5] Nyczka P, Sznajd-Weron K. 
Anticonformity or Independence?—
Insights from statistical physics. Journal 
of Statistical Physics. 2013;151:174-
202. DOI: 10.1007/s10955-013-0701-4 
[Accessed: September 6, 2024]

[6] Sznajd-Weron K, Sznajd J,  
Weron T. A review on the Sznajd 
model—20 years after. Physica 
A: Statistical Mechanics and Its 
Applications. 2021;565:125537. 
DOI: 10.1016/j.physa.2020.125537 
[Accessed: September 6, 2024]

[7] Muslim R, Kholili MJ, Nugraha ART. 
Opinion dynamics involving contrarian 
and independence behaviors based on 
the Sznajd model with two-two and 
three-one agent interactions. Physica D: 

Nonlinear Phenomena. 2022;439:133379. 
DOI: 10.1016/j.physd.2022.133379 
[Accessed: September 6, 2024]

[8] Azhari et al. Independence role 
in the generalized Sznajd model. 
Physica A: Statistical Mechanics and 
Its Applications. 2024;652:130042. 
DOI: 10.1016/j.physa.2023.130042 
[Accessed: September 6, 2024]

[9] Burbach L, Halbach P, Ziefle M, 
Calero Valdez A. Who shares fake news 
in online social networks?: An agent-
based model of different personality 
models and behaviors in social networks. 
Proceedings of the. In: 27th Conference 
on User Modeling, Adaptation and 
Personalization. New York, NY, 
USA: Association for Computing 
Machinery (ACM); 2019. pp. 234-
243. DOI: 10.1145/3320435.3320456 
[Accessed: August 20, 2024]

[10] Zhao X, Wang S, Chen L. The 
structural dynamics of fake news 
dissemination in social media networks: 
An empirical study. Social Network 
Analysis and Mining. 2023;12(2):101-
119. DOI: 10.1007/s13278-023-01028 
[Accessed: August 20, 2024]

[11] Epstein JM. Modeling civil violence: 
An agent-based computational approach. 
Proceedings of the National Academy of 
Sciences. 2002;99(Suppl 3):7243-7250. 
DOI: 10.1073/pnas.092080199 [Accessed: 
August 20, 2024]

[12] Lemos C, Lopes RJ, Coelho H. 
Analysis of the decision rule in Epstein’s 
agent-based model of civil violence. 
In: 2015 Third World Conference 
on Complex Systems (WCCS). 
Amsterdam, Netherlands: Elsevier; 
2015. DOI: 10.1109/ICoCS.2015.7483303 
[Accessed: August 20, 2024]



Dynamical Systems – Latest Developments and Applications

106

[13] Ormazábal I, Borotto FA, 
Astudillo HF. Influence of money 
distribution on civil violence 
model. Complexity. 2017;2017:1-15. 
DOI: 10.1155/2017/7453560 [Accessed: 
August 8, 2024]

[14] Ormazábal I, Urbina F,  
Borotto FA, Astudillo HF. Phase 
diagram in a one-dimensional civil 
disorder model. Physical Review E. 
2022;105:054110. DOI: 10.1103/
PhysRevE.105.054110 [Accessed: August 
8, 2024]

[15] Maggi E, Vallino E. Understanding 
urban mobility and the impact of public 
policies: The role of the agent-based 
models. Research in Transportation 
Economics. 2016;63:1-10. DOI: 10.1016/j.
retrec.2016.04.010 [Accessed: August 20, 
2024]

[16] Zhuge C, Wei B, Dong C, Shao C, 
Shan Y. Exploring the future electric 
vehicle market and its impacts with 
an agent-based spatial integrated 
framework: A case study of Beijing, 
China. Journal of Cleaner Production. 
2019;221:710-737. DOI: 10.1016/j.
jclepro.2019.02.262 [Accessed: August 
10, 2024]

[17] Wise S, Crooks A, Batty M. El 
transporte en el modelado urbano 
basado en agentes. In: Namazi-Rad M-R 
et al., editors. *Modelado basado en 
agentes de sistemas urbanos*. Springer; 
2017. pp. 129-148. DOI: 10.1007/978-3-
319-51957-9_8 [Accessed: August 20, 
2024]

[18] Stankov et al. Uncovering physical 
activity trade-offs in transportation 
policy: A spatial agent-based model of 
Bogotá, Colombia. International Journal 
of Behavioral Nutrition and Physical 
Activity (London, United Kingdom: 
BioMed Central). 2024;21:54. 
DOI: 10.1186/s12966-024-01570-1

[19] Achachlouei MA, Hilty LM. System 
dynamics vs. agent-based modeling—
Comparing models and approaches: A 
literature review and a transformation 
procedure. Journal of Environmental 
Modelling & Software. KTH Royal 
Institute of Technology, Division of 
Environmental Strategies Research, 
Stockholm, Sweden. 2015:1-25

[20] Bordogna CM, Albano EV. 
Theoretical description of teaching–
learning processes: A multidisciplinary 
approach. Physical Review Letters. 
2001;87:118701. DOI: 10.1103/
PhysRevLett.87.118701 [Accessed: 
September 6, 2024]

[21] Gu X, Blackmore KL. A systematic 
review of agent-based modelling 
and simulation applications in 
the higher education domain. 
Higher Education Research & 
Development. 2015;34(5):883-898. 
DOI: 10.1080/07294360.2015.1011088 
[Accessed: September 11, 2024]

[22] Ormazábal I, Borotto FA, 
Astudillo HF. An agent-based model for 
teaching–learning processes. Physica A. 
2021;565:125563. DOI: 10.1016/j.
physa.2020.125563 [Accessed: September 
11, 2024]

[23] Velázquez L, Atenas B, Castro-
Palacio JC. Quantitative methods to 
determine the student workload I: An 
empirical study case based on digital 
platforms. Chaos. 2022;32:000000. 
DOI: 10.1063/5.0103719 [Accessed: 
August 8, 2024]

[24] Atenas B, Velázquez L, 
Castro-Palacio JC. Quantitative 
methods to determine the student 
workload II: Statistical models for 
the microcurricular performance 
indicators. Chaos. 2022;32:000000. 
DOI: 10.1063/5.0104307 [Accessed: 
August 8, 2024]



Agent-Based Models
DOI: http://dx.doi.org/10.5772/intechopen.1008198

107

[25] Velazquez L, Atenas B, Castro-
Palacio JC. An adaptive methodology 
for curriculum redesign based on 
performance indicators of the student 
progression. Studies in Higher 
Education. 2024;49(3):410-440. 
DOI: 10.1080/03075079.2023.2238751 
[Accessed: August 8, 2024]

[26] Pleyer J, Fleck C. Agent-based 
models in cellular systems. Frontiers in 
Physics. 2023;10:968409. DOI: 10.3389/
fphy.2022.968409 [Accessed: September 
25, 2024]

[27] Wei H, Feng C, Li F. Modeling 
biological memory network by an 
autonomous and adaptive multi-agent 
system. Brain Informatics. 2024;11:23. 
DOI: 10.1186/s40708-024-00237-8

[28] Schinko C et al. Accelerated airborne 
virus spread simulation: Coupling agent-
based modeling with GPU-accelerated 
computational fluid dynamics. In: 
Proceedings of the 17th International 
Joint Conference on Computer Vision, 
Imaging and Computer Graphics 
Theory and Applications (VISIGRAPP 
2022). GRAPP. Setúbal, Portugal: 
SCITEPRESS – Science and Technology 
Publications, Lda.; 2022. pp. 278-285. 
DOI: 10.5220/0010904500003124

[29] Fernandes RS, Vivas Miranda JG. 
An agent-based model for studying the 
temperature changes on environments 
exposed to magnetic fluid hyperthermia. 
Computers in Biology and Medicine. 
2024;170:108053. DOI: 10.1016/j.
compbiomed.2024.108053 [Accessed: 
September 6, 2024]

[30] Fortin JP, Gazeau F, Wilhelm C. 
Intracellular heating of living cells 
through Néel relaxation of magnetic 
nanoparticles. European Biophysics 
Journal. 2008;37(2):223-228. 
DOI: 10.1007/s00249-007-0197-4 
[Accessed: September 6, 2024]

[31] Murray JD. Mathematical 
Biology: I. An Introduction, Vol. 17 of 
Interdisciplinary Applied Mathematics. 
New York, NY, USA: Springer; 2002

[32] Willis G. Income distribution and 
income shares: Wealth and income 
distributions explained using generalised 
Lotka-Volterra SFC ABM models. 
International Review of Applied 
Economics. 2015;29(6):816-842. 
DOI: 10.1080/02692171.2015.1065225 
[Accessed: September 25, 2024]

[33] Palombi F, Ferriani S, Toti S. 
Coevolutionary dynamics of a variant 
of the cyclic Lotka-Volterra model with 
three-agent interactions. The European 
Physical Journal B. 2020;93(194):1-18. 
DOI: 10.1140/epjb/e2020-100552-5 
[Accessed: September 25, 2024]

[34] Chakraborti A, Muni 
Toke I, Patriarca M, Abergel F. 
Econophysics review: II. Agent-
based models. Quantitative 
Finance. 2011;11(7):1013-1041. 
DOI: 10.1080/14697688.2010.539249 
[Accessed: September 7, 2024]

[35] Bouchaud JP, Mézard M. Wealth 
condensation in a simple model 
of economy. Physica A: Statistical 
Mechanics and Its Applications. 
2000;282(3-4):536-545. DOI: 10.1016/
S0378-4371(00)00205-3 [Accessed: 
September 7, 2024]

[36] Lux T, Marchesi M. Volatility 
clustering in financial markets: A 
microsimulation of interacting agents. 
International Journal of Theoretical and 
Applied Finance. 2000;3(4):675-702. 
DOI: 10.1142/S0219024900000826 
[Accessed: September 7, 2024]

[37] Chiarella C, Iori G. A simulation 
analysis of the microstructure of double 
auction markets. Journal of Physics: 
Conference Series. 2002;2(5):303-313. 



Dynamical Systems – Latest Developments and Applications

108

DOI: 10.1088/1469-7688/2/5/303 
[Accessed: September 18, 2024]

[38] Mike S, Farmer JD. An empirical 
behavioral model of liquidity and 
volatility. Journal of Economic 
Dynamics and Control. 2008;32:200-
234. DOI: 10.1016/j.jedc.2007.01.025 
[Accessed: September 18, 2024]

[39] Dragulescu AA, Yakovenko VM. 
Statistical mechanics of money. 
The European Physical Journal B. 
2000;17(4):723-729. DOI: 10.1007/
s100510070114 [Accessed: September 10, 
2024]

[40] Chakraborti A, Chakrabarti BK. 
Statistical mechanics of money: How 
saving propensity affects its distribution. 
The European Physical Journal B. 
2000;17(1):167-170. DOI: 10.1007/
s100510070173 [Accessed: September 10, 
2024]

[41] Mohanty PK. Generic features 
of the wealth distribution in ideal-
gas-like markets. Physical Review E. 
2006;74(1):011117. DOI: 10.1103/
PhysRevE.74.011117 [Accessed: 
September 10, 2024]

[42] Aydiner E, Cherstvy AG, Metzler R, 
Sokolov IM. Universal Pareto laws in 
agent-based exchange models: Debt and 
varying initial-money distributions. 
The European Physical Journal B. 
2023;96:123. DOI: 10.1140/epjb/s10051-
023-00579-y [Accessed: September 18, 
2024]

[43] Fratrič P, Sileno G, Klous S, van 
Engers T. Manipulation of the bitcoin 
market: An agent-based study. Financial 
Innovation. 2022;8:53. DOI: 10.1186/
s40854-022-00364-3 [Accessed: 
September 18, 2024]

[44] Arthur WB. Inductive reasoning 
and bounded rationality. The American 

Economic Review. 1994;84(2):406-411. 
Available from: https://www.jstor.org/
stable/2117868 [Accessed: August 23, 
2024]

[45] Challet D, Zhang YC. Emergence 
of cooperation and organization in an 
evolutionary game. Physica A: Statistical 
Mechanics and Its Applications. 
1997;246(3-4):407-418. DOI: 10.1016/
S0378-4371(97)00419-6 [Accessed: 
August 23, 2024]

[46] Challet D, Zhang YC. On the 
minority game: Analytical and numerical 
studies. Physica A: Statistical Mechanics 
and Its Applications. 1998;256(3-
4):514-532. DOI: 10.1016/S0378-
4371(98)00260-X [Accessed: August 23, 
2024]

[47] Zhang XJ et al. Dynamics of 
cooperation in minority games in 
alliance networks. Scientific Reports. 
2018;8(1):4052. DOI: 10.1038/s41598-
018-22361-7 [Accessed: August 9, 2024]

[48] Xu WJ, Zhong LX. Evolutionary 
dynamics in financial markets with 
heterogeneities in investment strategies 
and reference points. PLoS One. 
2022;17(7):e0288277. DOI: 10.1371/
journal.pone.0288277 [Accessed: August 
9, 2024]

[49] El-Shagi M, von Schweinitz G. 
The diablo 3 economy: An agent based 
approach. Computational Economics. 
2016;47(2):193-217. DOI: 10.1007/s10614-
014-9480-5 [Accessed: August 9, 2024]



Chapter 6

Chaotic Dynamics Derived from
the Montgomery Conjecture:
Application to Electrical Systems
Zeraoulia Rafik, Alvaro Humberto Salas and Ayadi Souad

Abstract

Here, we introduce a novel method for obtaining chaotic dynamics based on the
Montgomery conjecture for the pair correlation of zeros of the Riemann zeta function.
Motivated by the conjecture, we present a recursive relation that reveals chaotic behav-
ior. Notably, we provide insights into the possible uses of this derived chaotic dynamics
in electrical engineering by interpreting it as a unique representation of an electrical
system. Furthermore, we investigate the relevance of entropy, bifurcation analysis, and
chaos theory in this framework for electrical systems. We look into its applicability to
signal processing, stability analysis through bifurcation, and how entropy measures the
predictability or unpredictability of electrical signals. Additionally, we discuss the sys-
tem’s strange attractor and its transition to voltage collapse, highlighting the interplay
between chaotic dynamics and stability in electrical systems. Furthermore, we analyze
the system’s energy distribution, taking into account how chaotic dynamics may affect
energy allocation or dissipation. Furthermore, we compare the chaotification and
Hermiticity of the resulting operators between Yitang dynamics and Montgomery
dynamics. To have a better grasp of the spectrum features of each operator, we calculate
the eigenvalues for each one obtained from the corresponding dynamics. Our results
provide fresh insights into number-theoretic chaotic dynamics and how they might be
applied in real-world electrical engineering applications. This work provides encourag-
ing opportunities for further research and technology developments by laying the foun-
dation for creative investigations in system dynamics.

Keywords: Montgomery’s Pair Correlation Conjecture, chaotic dynamics, control
theory, energy storage, chaotic operator

1. Introduction

Number theory, the study of the properties and relationships of integers, has long
been a fertile ground for deep conjectures that continue to intrigue mathematicians.
These conjectures often emerge from patterns observed in numerical data, leading to
hypotheses whose proof could significantly advance our understanding of fundamen-
tal mathematical principles.

A major area of interest in number theory is the distribution of prime numbers.
Famous conjectures in this field include the Twin Prime Conjecture, Goldbach’s
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Conjecture, and the Riemann Hypothesis. Despite their deceptively simple formula-
tions, these conjectures have resisted proof for centuries, captivating mathematicians
and driving numerous research efforts.

In recent years, there has been a growing interest in the potential links between
number theory and chaotic dynamics. Chaos theory, which studies complex and
unpredictable behavior in deterministic systems, has found diverse applications across
fields like physics, biology, and economics. The possibility that chaotic behavior could
emerge from deterministic number-theoretic systems has inspired investigations into
these unexpected connections [1].

One promising line of research explores how chaotic dynamics can be applied to
conjectures in number theory. By analyzing chaotic systems inspired by conjectures
such as the Riemann Hypothesis and the Twin Prime Conjecture, researchers seek to
uncover new structural insights that could eventually lead to proofs or disproofs.

In this work, we build on our earlier research presented in Ref. [2], where we
introduced a novel derivation of chaotic dynamics based on the Montgomery Pair
Correlation Conjecture. This conjecture, which describes statistical properties of the
non-trivial zeros of the Riemann zeta function [3], provides a fertile framework for
studying the interplay between number theory and chaotic behavior.

Building upon our previous findings, we offer an enhanced analysis and a more
comprehensive exploration of chaotic dynamics derived from the Montgomery con-
jecture. Our investigation not only deepens the understanding of these dynamics but
also highlights their potential applications in electrical engineering.

Several recent works have explored advanced control strategies and mathematical
techniques that resonate with our study. For instance, Deep et al. [4] introduced a
robust moment-matching load frequency control strategy for cyber-physical power
systems, addressing communication delays, which has implications for stability analysis.
Similarly, Ansari and Raja [5] developed an enhanced cascaded frequency controller
optimized by a flow direction algorithm, demonstrating the importance of control
optimization in complex dynamical systems. Aryan et al. [6] proposed an equilibrium
optimizer-tuned frequency-shifted internal model control design for industrial plants,
emphasizing structured control in practical applications.

Mukherjee et al. [7] investigated fractional backstepping and Lyapunov strategies
for stabilization, which align with the stability concerns inherent in chaotic systems.
Kumari et al. [8] explored fuzzy control methods for frequency regulation in power
systems, demonstrating the relevance of advanced control techniques in managing
nonlinear dynamics. Further, Hu et al. [9] introduced a double predictive propor-
tional-integral control strategy, relevant for handling delays and nonlinearities similar
to those found in chaotic number-theoretic models.

Mehta et al. [10] developed a tri-parametric fractional-order controller for inte-
grating systems with time delays, a topic closely linked to our interest in delay-
induced chaotic behavior. Mukherjee et al. [11] proposed an optimal fractional
Lyapunov-based adaptive control scheme, which has implications for the stability of
dynamical systems derived from number-theoretic conjectures. Aryan and Raja [12]
extended this line of research with an LFC scheme incorporating renewables and
electric vehicle penetration, further highlighting the intersection between applied
engineering and mathematical modeling.

Other notable contributions include Aryan et al. [7], who examined a RIMC-
based dual-loop strategy for unstable processes, and their work on internal model
control for boiler steam drum regulation [13], both of which provide insights into
structured control methodologies applicable to our chaotic framework. Additionally,
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Anand et al. [14] investigated type-2 fuzzy controllers optimized via equilibrium
algorithms, reinforcing the role of computational optimization in nonlinear control
systems.

By drawing parallels between number theory and electrical systems, we uncover
new insights that contribute to both fields. This interdisciplinary approach seeks to
bridge the gap between chaos theory, number theory, and applied engineering sci-
ences [15]. We aim to foster new avenues for research and innovation at the intersec-
tion of these domains [16].

2. Notations used

In this section, we provide a list of notations and symbols used throughout the
chapter for the reader’s convenience.

• F ωð Þ: The function representing the chaotic dynamics in the system.

• δ ωð Þ: The Dirac delta function, representing an impulse at ω ¼ 0.

• C: A constant used in the formulation of the chaotic system.

• sgn ωð Þ: The sign function, defined as:

sgn ωð Þ ¼
1 if ω>0

0 if ω ¼ 0

�1 if ω<0

0
B@

• sgn0 ωð Þ: The first derivative of the sign function with respect to ω.

• sgn00 ωð Þ: The second derivative of the sign function with respect to ω.

• r: A parameter related to the chaotic dynamics.

• 0F1 ; b; zð Þ: The confluent hypergeometric function.

• 0~F1 ; b; zð Þ: A variant of the confluent hypergeometric function used in the context
of chaotic systems.

• i: The imaginary unit, defined as i ¼ ffiffiffiffiffiffi�1p
.

• ω: The frequency variable in the context of the chaotic dynamics.

2.1 Main results

2.1.1 Derived electrical system

The chaotic dynamics inspired by Montgomery’s Pair Correlation Conjecture are
represented by the following recursive relation, interpreted as an electrical system:
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xnþ1 ¼ 1� sin π=xnð Þ
rπ=xn

� �2

þ R
L
þ 1
Cxn

where xn represents the system state, and R, C, L, and r denote the electrical
parameters (resistance, capacitance, inductance, and an additional scaling parameter,
respectively).

2.1.2 Parameter analysis insights

An investigation of how different electrical parameters influence system behavior
revealed the following:

• Inductance dominance (L>R): Leads to smoother transitions and stability in the
system.

• Capacitance and inductance: Large values of C and L tend to produce periodic
behavior, with regular oscillations in the system.

• Sensitivity to parameter r: Small changes in r cause significant shifts in system
behavior, including the appearance of chaotic dynamics.

2.1.3 System dynamics and analysis

The derived electrical system demonstrates a range of dynamic behaviors
depending on parameter values. Key findings include:

• Phase portraits: Numerical simulations show stable fixed points when r ¼ 0:7,
where the system tends to settle into predictable patterns.

• Limit cycles and frequency analysis: Fourier analysis reveals the system’s dominant
frequencies, corresponding to periodic behavior under certain parameter conditions.

• Poincaré section: Recurrent states appear in the negative region, highlighting the
chaotic nature of the system.

2.1.4 Quantum system interpretation

By interpreting the electrical system as a quantum system, the Schrödinger equa-
tion with a potential function V xð Þ ¼ Aþ 1

Cx yields sinusoidal eigenfunctions. These
eigenfunctions correspond to discrete energy levels and bound states, indicating par-
allels between quantum mechanics and signal processing. The eigenfunctions repre-
sent fundamental frequency components of the electrical system, essential for
stability and performance analysis.

2.2 Detailed energy dynamics analysis

2.2.1 Influence of parameter r

The parameter r plays a crucial role in determining energy storage and distribution
in the system. Specifically:

• Energy storage sensitivity: As r varies, significant shifts in energy storage behavior
occur, affecting both system stability and energy distribution.

• Energy variation with capacitance (C): The system shows heightened energy stor-
age in the inductor as C decreases, suggesting a direct relationship between capaci-
tance and energy dynamics.
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2.2.2 Energy distribution implications

The context of the derived system is represented by the equation:

f x, r,R,L,Cð Þ ¼ 1� sin π
x

� �
rπ=x

� �2

þ R
L
þ 1
Cx

with parameters R ¼ 0:000025, L ¼ 0:00045, and C ¼ 0:73, and the variation of r
has a significant effect on energy storage. Understanding the dynamics of r could
reveal optimal ranges for energy efficiency and system stability.

2.3 Eigenvalue and operator analysis

2.3.1 Comparison of eigenvalues

• Yitang dynamics: The first eigenvalue of the Yitang system, computed using the
Implicitly Restarted Arnoldi Method (IRAM), is 7:11343� 0:178929i, indicating
complex eigenvalues and potential chaotic behavior.

• Montgomery dynamics: The first eigenvalue of the Montgomery system is
�2:99007, a real value, suggesting more regular, predictable dynamics.

2.3.2 Diagonalizability

• Yitang dynamics: The complex eigenvalues indicate the possibility of complex
eigenvectors, and further analysis is required to determine whether the system is
diagonalizable.

• Montgomery dynamics: The real eigenvalues suggest that the Montgomery
system’s corresponding operator is diagonalizable, with real and linearly independent
eigenvectors.

3. Montgomery’s Pair Correlation Conjecture in number theory

Montgomery’s Pair Correlation Conjecture is a significant hypothesis in number
theory that explores the statistical distribution of spacings between the non-trivial
zeros of the Riemann zeta function. Proposed by Hugh L. Montgomery, this conjec-
ture has established deep connections between the distribution of these spacings and
random matrix theory [17].

3.1 Background

The Riemann zeta function, ζ sð Þ, is a complex-valued function of a complex vari-
able s, whose non-trivial zeros are central to understanding the distribution of prime
numbers. These non-trivial zeros, also referred to as the Riemann zeros, lie in the
critical strip where the real part of s is between 0 and 1, and play a fundamental role in
number theory. Montgomery’s conjecture focuses on the statistical properties of the
gaps between these zeros.
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3.2 The pair correlation conjecture

Montgomery’s Pair Correlation Conjecture predicts that the pair correlation func-
tion R2 Δð Þ, which measures the probability density of finding two non-trivial zeros
with a normalized spacing Δ, converges to a distribution analogous to the eigenvalue
spacings of matrices in the Gaussian Unitary Ensemble (GUE) as the imaginary part of
the zeros grows large. Specifically, the conjecture can be formulated as:

R2 Δð Þ ! limiting distribution of GUE, as Im ρð Þ ! ∞, (1)

where ρ denotes the non-trivial zeros of the Riemann zeta function, and GUE
refers to a class of random matrices whose eigenvalue statistics are well-understood
through random matrix theory.

3.3 The pair correlation function

The pair correlation function R2 Δð Þ is mathematically defined as:

R2 Δð Þ ¼ lim
T!∞

T fixed

1
T

X

0< Im ρjð Þ, Im ρkð Þ<T

∣Im ρjð Þ�Im ρkð Þ∣<Δ

1, (2)

where ρj and ρk are the non-trivial zeros of the Riemann zeta function, and Δ
represents the normalized spacing between their imaginary parts.

3.4 Pair correlation formula with sine function

Montgomery’s conjecture can also be represented by a pair correlation formula
involving the sine function, which approximates the behavior of the zeros. The for-
mula is given by:

R2 Δð Þ ¼ 2
π

Δ sin
πΔ
2

� �
þ sin2 πΔ

2

� �
2

 !
, (3)

where Δ denotes the normalized spacing between the non-trivial zeros. This for-
mula highlights the oscillatory nature of the pair correlation function and its depen-
dence on Δ.

3.5 Implications and significance

The significance of Montgomery’s Pair Correlation Conjecture lies in its surprising
connection between number theory and random matrix theory. The conjecture sug-
gests that the statistical behavior of the non-trivial zeros of the Riemann zeta function
mirrors the eigenvalue distribution of random matrices from the GUE. This connec-
tion supports the universality phenomenon observed in random matrix theory and
deepens our understanding of both the analytic and probabilistic aspects of number
theory. Verification of this conjecture would not only strengthen these connections
but also provide further insight into the zeros of the Riemann zeta function and their
role in the distribution of primes [18].

114

Dynamical Systems – Latest Developments and Applications



3.6 Current status

Montgomery’s Pair Correlation Conjecture has received substantial numerical sup-
port over a wide range of zeros of the Riemann zeta function. Computational experi-
ments have shown that the statistical properties of the gaps between the non-trivial
zeros exhibit strong alignment with the predictions of the conjecture. However,
despite these compelling numerical results, a rigorous mathematical proof remains
elusive. Ongoing research aims to bridge this gap by delving deeper into the distribu-
tion of Riemann zeros and its broader implications in number theory, random matrix
theory, and even fields like quantum chaos.

This research builds on Montgomery’s pioneering work by seeking a more refined
understanding of the underlying structures that govern the behavior of these zeros.
One such avenue is to interpret these statistical models as dynamic systems, allowing
for a novel exploration of the conjecture through the lens of dynamical theory.

3.7 Deriving the dynamic system

Our approach involves deriving a dynamic system inspired by Montgomery’s Pair
Correlation Conjecture [19]. The conjecture, which provides a statistical framework for
understanding the distribution of non-trivial zeros, can be reinterpreted as a dynamic
model that encapsulates the behavior of these zeros over time. Specifically, the pair
correlation function g uð Þ, a key feature of the conjecture, describes the probability
distribution of normalized spacings between zeros. It is typically represented as:

g uð Þ ¼ 1� sin πuð Þ
πu

� �2

þ δ uð Þ,

where δ uð Þ accounts for deviations from the idealized statistical behavior. To
explore the conjecture’s implications further, we transform this pair correlation func-
tion into a recurrence relation that governs the evolution of a system state, xn, at each
iteration n.

This transformation provides a dynamic interpretation of the conjecture, where
the behavior of the zeros of the Riemann zeta function is mirrored in the evolution of
the system’s state. Our derived dynamic system takes the form of the following
recurrence relation:

xnþ1 ¼ 1� sin π=xnð Þ
rπ=xn

� �2

þ R
L
þ 1
Cxn

,

where xn represents the state of the system at iteration n, and the parameters R, C,
L, and r correspond to resistance, capacitance, inductance, and external influences,
respectively, analogous to those found in electrical circuits. This formulation not only
draws a striking parallel between number theory and electrical engineering but also
opens the door to the exploration of chaotic dynamics in an electrical context.

By formulating the conjecture in terms of a dynamic system, we can investigate the
evolution of zeros as a complex system evolving over time, shedding light on potential
chaotic behavior, bifurcations, and stability phenomena. This connection offers new
tools to analyze the conjecture’s deeper implications and to possibly uncover patterns
that may bring us closer to a formal proof of the conjecture itself [20–22].
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4. Response and robustness of the new electrical system

This section delves into the response and robustness analysis of our newly derived
electrical system, exploring its behavior under specific parameter values. Under-
standing how variations in component values influence the system’s dynamics is
crucial for our exploration of the conjecture’s implications. By examining the stability
and response of this dynamic system, we aim to uncover insights that may parallel the
statistical properties predicted by Montgomery’s Pair Correlation Conjecture, ulti-
mately illuminating the underlying structure of Riemann zeros [23].

4.1 Effect of larger L compared to R in the electrical system

The corrected error term in the Montgomery conjecture, δ uð Þ, embodies a small
deviation, suggesting that inductance (L) surpasses resistance (R) in magnitude. This
relationship is significant, as it directly impacts the behavior of our dynamic system,
reflecting the conjecture’s subtle corrections. In our analysis, we set δ uð Þ ¼ R

L þ 1
Cx with

R ¼ 10, C ¼ 0:1, and L ¼ 20, allowing us to explore the influence of varying r values
on system dynamics.

The plot in Figure 1 illustrates how the electrical system responds when L is larger
than R, emphasizing the importance of inductance in shaping the system’s dynamics.
The yellow and blue fluctuations represent distinct responses under different r values,
showcasing how the system adapts and changes in behavior as the parameter r varies
[19, 24–26].

• Influence of larger L:When L dominates R, the system’s behavior is significantly
affected by inductance, highlighting altered dynamics compared to scenarios
where R is more dominant. This suggests that in systems with characteristics
analogous to Riemann zeros, the inductive influences may play a more prominent
role in shaping zero distributions.

• Reduced R=L contribution: The R=L ratio diminishes due to the increased
inductance, which can lead to smoother transitions or more controlled
oscillations. This reduction emphasizes the nuanced interplay between resistance

Figure 1.
Behavior of the electrical system under L>R influence for R ¼ 10, C ¼ 0:1, L ¼ 20.
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and inductance, mirroring how minor deviations in the conjecture may affect the
overall statistical behavior of zeros.

• Roles of C and R: Although L is the prevailing factor, capacitance (C) and
resistance (R) continue to exert influence. Capacitance governs the charging and
discharging behavior, akin to how the distribution of zeros may fluctuate under
different theoretical models. Resistance contributes to the overall damping of the
system, paralleling how statistical noise might obscure or reveal underlying
patterns in the distribution of Riemann zeros.

4.2 Periodic behavior with larger C and L dominance

In this scenario, we explore the system’s behavior with significantly larger capaci-
tance (C ¼ 50) while maintaining a smaller resistance (R ¼ 10) compared to the
inductance (L ¼ 20). This configuration emphasizes how an increase in capacitance,
when coupled with a dominant inductance, can lead to distinct periodic responses in
the electrical system. The resulting plot, as shown in Figure 2, illustrates this periodic
response under varying r values.

• Observation of periodicity: The blue trace in the plot exhibits distinct periodic
fluctuations, indicating a recurring pattern in the system’s response as r varies.
This periodicity suggests that the larger capacitance plays a crucial role in storing
and releasing energy, creating oscillations that are influenced by the inductance.
In contrast, the yellow trace demonstrates a stable curve, indicative of consistent
and non-periodic behavior across the iterations.

• Influence of C and L: The dominance of L over R in conjunction with the increased
C establishes conditions conducive to oscillatory dynamics. The periodic response
reflected in the blue trace signifies how the capacitance enhances the system’s
ability to oscillate, as it can accumulate and release energy more effectively,
emphasizing the interplay between these two parameters.

Figure 2.
Periodic behavior of the electrical system under larger C and dominant L for R ¼ 10, C ¼ 50, L ¼ 20.
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• Stability and regularity: While the blue trace shows periodic behavior, the yellow
trace remains stable, demonstrating that under specific configurations, the
system can exhibit both dynamic and static responses. This duality could mirror
the complexity seen in the statistical behaviors predicted by conjectures like
Montgomery’s, where different configurations of parameters lead to different
statistical properties in the distribution of Riemann zeros.

4.3 Sensitivity to r values and absence of yellow fluctuation

The observed absence of the yellow fluctuation in the plot under specific ranges of
r values indicates a sensitivity of the electrical system to variations in r. The plot in
Figure 3 highlights this sensitivity, particularly within a certain range of r values
(between 0.008 and 0.07 in increments of 0.7), leading to a significant change in the
system’s behavior.

• Effect of r sensitivity: Small changes in r appear to induce significant alterations in
the system’s response, showcasing the system’s sensitivity to this parameter. This
highlights how specific configurations can lead to critical changes in behavior, similar
to how slight perturbations in conjectures can drastically alter outcomes in number
theory.

• Disappearance of yellow fluctuation: The absence of the yellow fluctuation within
this r value range suggests a shift in the system’s dynamics, where dominant behaviors
may eclipse others. The elimination of the yellow trace indicates a transition to a new
regime of system dynamics, possibly influenced by the increased capacitance and
inductance.

• Values of xn: Within this range of r values, the values of xn become increasingly
large and negative, indicating divergence or a drastic change in the system’s behavior.
This divergence could signify a critical transition or failure state in the system,
reflecting the complex dynamics that can emerge from interactions among C, L, and
R. Such transitions could draw parallels to critical states observed in statistical physics
and number theory, where specific conditions lead to significant changes in behavior.

The plot depicted in Figure 3 illustrates the system’s sensitivity to r values,
evidenced by the disappearance of the yellow fluctuation within the specified range.
The divergence of xn values into larger negative magnitudes signifies a substantial
deviation from expected behavior, potentially indicating a critical state or failure

Figure 3.
Sensitivity of the electrical system to r values and absence of the yellow fluctuation for specified r range.
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within the electrical system. This critical state reinforces the importance of under-
standing parameter interactions, as small variations in one parameter can lead to
drastic changes, much like the intricate relationships explored in conjectures relating
to the distribution of primes and the zeros of the Riemann zeta function [17, 18].

4.4 Comprehensive comparison of system responses to r variation

In this extended investigation, we analyze the system’s behavior under different
parameter settings by fixing R ¼ 0:8, C ¼ 0:7, and L ¼ 3. The response of the system
to varying r values within the range 0:5≤ r≤ 2 is illustrated in Figure 4b.

Figure 4 highlights the system’s response for two distinct scenarios. The first
scenario (left) showcases the absence of the yellow fluctuation under the parameters
R ¼ 0:7, C ¼ 0:3, and L ¼ 0:5. In contrast, the second scenario (right) displays the
behavior of the system under the conditions R ¼ 0:8, C ¼ 0:7, and L ¼ 3.

• Observation of fluctuations:

◦ In Scenario 1, we notice stable output without significant fluctuations,
indicating a balanced response of the system.

◦ Conversely, in Scenario 2, the response exhibits larger fluctuations, potentially
linked to the higher C and L values. This supports the earlier findings in the
previous subsection regarding the influence of larger capacitance and
inductance, which contribute to a more dynamic system behavior.

Next, we delve into two additional scenarios where R ¼ 0:7 and C ¼ 0:3 while
varying L within the ranges L ¼ 0:5 (Figure 5a) and L ¼ 0:8 (Figure 5b) for
0:5≤ r≤ 2:5.

Figure 5 compares the system’s output across Scenario 3 and Scenario 4. Here,
both scenarios display a notable negative trend in the blue fluctuations, suggesting a
decline in the system’s output as L (increases)

• Amplitude and stability analysis:

◦ In Scenario 3, with L ¼ 0:5, the system displays significant oscillatory
behavior, characterized by marked fluctuations in the blue trace.

Figure 4.
Comprehensive comparison of system responses. (a) Scenario 1: Absence of Yellow Fluctuation (R = 0.7, C = 0.3,
L = 0.5) (0.5 ≤ r ≤ 2). (b) Scenario 2: System Response with R = 0.8, C = 0.7, and L = 3 (0.5 ≤ r ≤ 2).
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◦ However, in Scenario 4, when L is increased to 0:8, the amplitude of these
fluctuations decreases considerably, indicating a transition toward a more
stable regime. This behavior suggests a damping effect due to increased
inductance, which could stabilize the oscillations and reduce the impact of
fluctuations, reinforcing our previous observations about the influence of C
and L in the electrical system.

• Comprehensive insights:

◦ The combination of all explored scenarios reveals the intricate interplay between
resistance, capacitance, and inductance in shaping the system’s response to
variations in r. The transitions from dynamic to stable behavior in response to
parameter changes illustrate the complex dynamics at play, essential for
understanding the operational characteristics of the electrical system.

In summary, this comprehensive comparison enriches our understanding of the
system’s response to varying conditions, emphasizing the significant impact of C and
L on system dynamics, as well as the sensitive dependence on r values, consistent with
the findings discussed in earlier subsections.

4.4.1 Chaotic behavior, negative trends, and interpretation

Building upon our earlier findings regarding the system’s dynamic responses to
varying parameters, we now delve into the potential chaotic behavior and bifurcation
analysis of our new electrical system. Notably, our exploration reveals significant
insights, showcasing transitions to chaos for specific parameter values within the
system. This investigation sheds light on the emergence of chaotic dynamics,
complemented by negative trends observed in the system’s behavior, culminating in a
deeper interpretation of its intricate dynamics.

4.4.2 Identifying transitions to chaos

Our analysis has unveiled intriguing transitions to chaotic behavior within certain
parameter ranges of the electrical system. Specifically, we would have identified
distinct intervals—0:5< r<0:6, 0:7< r<0:8, and 0:85< r<0:9—where the system
exhibits pronounced chaotic dynamics. This identification of chaos is substantiated by

Figure 5
Comprehensive comparison of system responses. (a) Scenario 3: R = 0.7, C = 0.3, L = 0.5 (0.5 ≤ r ≤ 2.5). (b)
Scenario 4: R = 0.7, C = 0.3, L = 0.8 (0.5 ≤ r ≤ 2.5).
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the observation of positive Lyapunov exponents, signifying sensitivity to initial
conditions and confirming the system’s transition to chaotic behavior [27].

4.4.3 Bifurcation analysis and negative trends

Moreover, our bifurcation analysis has prominently highlighted negative trends in
the system’s behavior. The majority of observed system behaviors manifest predomi-
nantly in the negative region of the x axis, indicating a clear trend toward negative
outputs across explored r values. These negative curves hint at divergence toward
negative magnitudes, suggesting decay, instability, or non-convergence within the
system.

4.4.4 Interpreting chaos and trends

The convergence of positive Lyapunov exponents in the identified intervals,
coupled with negative trends in the system’s behavior, provides substantial evidence
supporting the presence of chaotic dynamics. Understanding these intricate dynamics
offers a pathway to deciphering the complexities within the electrical system, paving
the way for potential control and application in diverse contexts.

4.4.5 Bifurcation plot with parameters

The bifurcation plot (Figure 6) illustrates the behavior of the electrical system
with varying r values (0:5≤ r≤0:95) and fixed parameters R ¼ 0:000025,
L ¼ 0:00045, and C ¼ 0:73. Notably, the observed behavior primarily concentrates in
the negative region of the plotted values of x, suggesting potential instability or
divergence within the system.

Figure 6.
Bifurcation plot showcasing system behavior with varying r values (0:5≤ r≤ 0:95) and fixed parameters
R ¼ 0:000025, L ¼ 0:00045, C ¼ 0:73.
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5. Methodologies

In this section, we elucidate the methodologies employed to assess the chaos and
dynamical properties in the Yitang dynamics. Our approach combines numerical
techniques with analytical methods to ensure a comprehensive understanding of the
system’s behavior.

5.1 Lyapunov exponent calculation

The Lyapunov exponents were calculated numerically using the computational
capabilities of Mathematica software, which enabled precise evaluation of the system’s
sensitivity to initial conditions and insights into its chaotic behavior.

To quantify the system’s sensitivity, we employed the following method to esti-
mate the Lyapunov exponents for the Yitang dynamics (Eq. 1):

• Initialization: The initial conditions x0, y0, and z0 were established in close
proximity, allowing for the assessment of the divergence of nearby trajectories.

• Numerical integration: A numerical integration method, such as the Runge–Kutta
method or Adams method, was utilized to solve the differential equations
governing the Yitang dynamics.

• Trajectory divergence: At each iteration, the distance between two adjacent
trajectories was computed, and the logarithm of this divergence was
accumulated.

• Lyapunov exponent calculation: The Lyapunov exponent was estimated as the
average of the logarithmic divergence over time, normalized by the iteration
count and time step.

The computed Lyapunov exponents provided significant insights into the chaotic
nature of the system, with non-zero values indicating chaotic dynamics.

6. Computation of Lyapunov exponents and entropy

The Lyapunov exponents λið Þ are fundamental measures of sensitivity to initial
conditions in dynamical systems. The following algorithm outlines the procedure used
for computing these exponents:

Input: Dynamics function f , initial condition x0, parameter α, number of iterations
n, transient tr

Output: Lyapunov exponent
lyapunov(f , x0, α, n, tr) ;
begin

df  Derivative 1, 0½ � f½ �;
ξ NestList f #, α½ �&, x0, n� 1½ �;
λ 1

n

P
log∣df #, α½ �∣forDrop ξ, tr½ �;

return λ;
end
Algorithm 1: Algorithm for Computing Lyapunov Exponents.
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6.1 Lyapunov exponents plot with parameters

The Lyapunov exponents plot (Figure 7) reinforces our understanding by
confirming transitions to chaos. The presence of positive Lyapunov exponents within
specific intervals of r values validates the system’s sensitivity to initial conditions and
the emergence of chaotic behavior.

6.2 Implications and conclusion

The integration of bifurcation analysis, observations of negative trends, and con-
firmation through Lyapunov exponents plots solidifies our understanding of chaotic
dynamics within the electrical system. This comprehensive analysis not only validates
the presence of chaos but also presents opportunities for controlling and leveraging
complex behaviors for various practical applications. The insights gained from this
study could inform future research and engineering practices aimed at harnessing
chaotic dynamics in innovative ways.

7. Prediction of limit cycles and fixed points

In this section, we analyze the phase portraits generated for the system dynamics,
which provide crucial insights into the behavior of the electrical system under varying
parameters. By plotting trajectories for different r values over 120 iterations, we can
identify distinctive patterns that offer predictive cues regarding limit cycles and fixed
points, enriching our understanding of the dynamical properties discussed in previous
sections.

7.1 Observations from phase portraits

7.1.1 Periodicity in trajectories

The periodicity observed in the trajectories across different r values indicates the
presence of limit cycles within the system. These trajectories, which recur in distinct

Figure 7.
Lyapunov exponents plot illustrating system behavior with varying r values (0:5≤ r≤ 0:95) and fixed parameters
R ¼ 0:000025, L ¼ 0:00045, C ¼ 0:73.
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patterns, signify the existence of cyclic behavior, suggesting that the system revisits
certain states over specific intervals. The identification of these periodic regions is
critical as they highlight stable, recurring states or limit cycles within the system’s
dynamics, aligning with our findings on chaotic behavior explored earlier.

7.1.2 Concentration in negative trend region

A notable concentration of trajectories in the negative trend region suggests the
presence of fixed points within this domain. Fixed points typically denote states where
the system stabilizes, remaining relatively unchanged over iterations. The accumula-
tion of trajectories in this region indicates stable states or attractors toward which the
system converges. Specifically, we identified an attracting fixed point at approxi-
mately r ¼ 0:7 corresponding to x ¼ 1:54574, indicating a robust stable state around
this parameter.

7.1.3 Potential for chaotic regions

While the phase portraits predominantly highlight periodic and stable behavior,
they also hint at the potential existence of chaotic regions. By extending the iterations
to 150 or more, we may uncover irregular, seemingly random trajectories indicative of
chaotic behavior. These regions could signify complex, non-repeating dynamics
within the system, pointing to sensitivity to initial conditions and the presence of
chaotic attractors that echo the chaotic properties identified through Lyapunov expo-
nent analysis.

7.2 Predictive insights

Based on the observed patterns in the phase portraits, we can make predictions
regarding limit cycles and fixed points. The periodicity in trajectories hints at the
existence of stable limit cycles, while the concentration of trajectories in the negative
trend region reinforces the presence of fixed points. Further exploration with
increased iterations is likely to reveal chaotic regions, which would contribute signif-
icantly to a comprehensive understanding of the system’s dynamics, building on the
chaos analysis previously conducted.

7.3 Attracting fixed points and phase portrait

The system’s attracting fixed points are summarized in Table 1. These values
represent stable equilibrium points for various r values, highlighting the relationship
between the parameter r and the system’s behavior.

The phase portrait plot (Figure 8) visually represents the behavior of the system
concerning these attracting fixed points. As illustrated, trajectories in the phase plane
converge toward these stable states as r varies, confirming the attracting nature of
these points.

In summary, the analysis of phase portraits reveals significant insights into the
dynamics of the electrical system, particularly regarding limit cycles and fixed points.
The observed periodicity and concentration of trajectories substantiate the presence of
stable attractors. Furthermore, the potential identification of chaotic regions empha-
sizes the complexity of the system, warranting further investigation. These findings
establish a foundational understanding of the system’s dynamics, setting the stage for
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0.5 1.44081

0.525 1.45602

0.55 1.47061

0.575 1.48459

0.6 1.49796

0.625 1.51074

0.65 1.52295

0.675 1.53461

0.7 1.54574

0.725 1.55635

0.75 1.56646

0.775 1.5761

0.8 1.58529

0.825 1.59404

0.85 1.60237

0.875 1.61031

0.9 1.61788

0.925 1.62508

0.95 1.63195

Table 1.
Subset of attracting fixed points for different r values.

Figure 8.
Phase portrait showing trajectories converging to attracting fixed points. The plotted trajectories reflect the system’s
behavior, demonstrating convergence toward stable fixed points as r changes, which reinforces the predictions made
regarding limit cycles and fixed points.
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subsequent analyses, such as the frequency spectrum analysis discussed in the next
section.

7.4 Fourier transform analysis

The Fourier transform of the electrical system’s dynamics, characterized by
parameters r ¼ 0:5, R ¼ 0:000025, L ¼ 0:00045, and C ¼ 0:73, is expressed as
follows:

F ωð Þ ¼ 2:64589δ ωð Þ

þ

ffiffiffi
π

2

r
C sgn ωð Þ0F1 ; 3;� 2πω

sgn ωð Þ
� �

ω sgn ωð Þsgn00 ωð Þ þ 2sgn0 ωð Þ sgn ωð Þ � ωsgn0 ωð Þð Þð Þ
�

Cr2 sgn ωð Þ4

þ4πC0~F1 ; 4;� 2πω
sgn ωð Þ

� �
sgn ωð Þ � ωsgn0 ωð Þð Þ2 þ ir2 sgn ωð Þ5

�
:

This Fourier transform elucidates the frequency spectrum of the system’s behavior,
revealing the presence and distribution of frequencies within the trajectories. The
Fourier transform is particularly significant in chaotic systems and electrical dynamics
because it allows for the identification of dominant frequencies and harmonics, which
are crucial for understanding the underlying mechanisms of chaotic behavior and
energy dissipation in electrical circuits.

Figure 9 presents the plot of the Fourier transform derived from the system’s
phase portrait, showcasing the frequency distribution. Analyzing the Fourier trans-
form provides insights into how various parameters influence the system’s frequency-
based behavior, essential for understanding stability and chaos in electrical systems.
The presence of dominant frequency components may indicate resonance phenomena
or chaotic oscillations, which are crucial for designing stable electrical systems and
predicting their dynamic responses.

Figure 9.
Fourier transform plot of the system’s dynamics.
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7.5 Poincaré section analysis

The Poincaré section is a vital analytical tool in dynamical systems, enabling an
efficient exploration of system behavior. It involves plotting the intersection points of
trajectories with a selected surface in the phase space, providing a concise view of the
system’s dynamics without the need to analyze entire trajectories.

The Poincaré section plot illustrated in Figure 10 offers insights into the system
dynamics for specific parameters R ¼ 0:000025, L ¼ 0:00045, and C ¼ 0:73. Each
point on the plot corresponds to the system state at the intersections with the defined
surface.

The plot visually represents the intersections of trajectories in phase space, illus-
trating recurrent states and visitation patterns on the chosen surface. The Poincaré
section provides a condensed view of the system’s dynamics, revealing insights into
stability, periodicity, and potential chaotic regimes.

Notably, the observation of the Poincaré section predominantly in the negative
region corresponds with earlier bifurcation patterns for the same parameter values,
indicating critical implications for the system’s dynamics. In electrical systems, nega-
tive regions might represent states or behaviors countering those observed in positive
regions, suggesting the presence of stable states or attractors under specific parameter
configurations.

The correlation between the negative Poincaré section and the bifurcation pattern
implies a connection between the system’s stability and behavior across different
parameter regimes. This finding indicates that the system may exhibit contrasting or
complementary behaviors in these regions, signifying diverse operational states.

Further exploration of the dynamics within the negative Poincaré section, in con-
junction with bifurcation analyses, could provide deeper insights into the system’s
response to varying parameter configurations.

7.6 Poincaré sections and phase analysis for varied parameter values

In this subsection, we include Poincaré section plots and phase analysis for various
parameter configurations. For each case, we adjust parameters R, L, and C while
keeping r within the corresponding range.

Figure 10.
Poincaré section for the electrical system with R ¼ 0:000025, L ¼ 0:00045, and C ¼ 0:73.
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Case 1: R ¼ 0:000025, L ¼ 0:00045, C ¼ 1:5 (r range: 0.5 to 0.95)
The Poincaré section plotted for the selected parameters provides insight into the

system’s behavior, capturing intersection points in phase space that indicate recurrent
states or areas of convergence (Figure 11).

The presence of intersections in specific regions of the phase space suggests recur-
rent behaviors or attractors within the system. Additionally, the blue intersections in
the positive region indicate the potential for chaotic behavior, characterized by sensi-
tivity to initial conditions and non-repeating dynamics.

Case 2: R ¼ 0:000025, L ¼ 0:00045, C ¼ 4:5 (r range: 0.5 to 0.95)
In the second case, with adjusted parameters, the Poincaré section analysis reveals

intriguing observations (Figure 12).
All plotted intersections appear in the positive region, indicative of distinct behav-

ior compared to previous cases. The absence of intersections in the negative region,
coupled with blue intersections solely in the positive region, suggests a potential for
chaotic behavior.

This aligns with chaotic dynamics characterized by sensitivity to initial conditions
and non-repeating trajectories. The absence of intersections in the negative region

Figure 11.
Poincaré section for R ¼ 0:000025, L ¼ 0:00045, C ¼ 1:5 (r range: 0.5 to 0.95).

Figure 12.
Poincaré section for R ¼ 0:000025, L ¼ 0:00045, C ¼ 4:5 (r range: 0.5 to 0.95).
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may indicate a lack of convergence toward stable states, underscoring the system’s
propensity for irregular behavior.

Case 3: R ¼ 800, L ¼ 800, C ¼ 800 (r range: 0.5 to 0.95)
For the third case, with significantly increased parameter values, the Poincaré

section illustrates compelling insights (Figure 13).
All intersections occurring in the high positive region align with chaotic behavior

patterns. The presence of intersections exclusively in this region signifies erratic and
non-repeating dynamics, typical of chaotic systems.

The high parameter values drive the system into a state of increased complexity
and sensitivity to initial conditions, resulting in intricate trajectories. The absence of
intersections in the negative region reinforces the chaotic nature, depicting the lack of
convergence toward stable states.

In conclusion, the combined analysis of Fourier transforms and Poincaré sections
provides critical insights into the chaotic dynamics and stability of electrical systems.
The ability to visualize how parameters influence behavior enhances our understand-
ing of system dynamics, paving the way for potential applications in control systems
and circuit design.

This observation further reinforces the chaotic tendencies identified in this
electrical system, underscoring its sensitivity to variations in parameters and
initial conditions. The Fourier transform analysis not only reveals the frequency
spectrum of the system’s dynamics but also indicates how these frequencies
respond to changes in the system’s parameters, which can amplify or mitigate chaotic
behaviors. The presence of dominant frequencies often correlates with specific
parameter regimes that may lead to chaotic oscillations or stable behavior,
illustrating the intricate interplay between the system’s dynamics and its response to
perturbations.

For a comprehensive exploration of the diverse behaviors within our electrical
system model, readers are encouraged to consult the accompanying Mathematica code
available in our notebook. The sections titled “Bifurcation Analysis” and “Lyapunov
Exponents” include code snippets and visualizations for bifurcation diagrams and
Lyapunov exponent calculations, providing valuable insights into the stability and
chaotic characteristics of the system. Additionally, the section on “Poincaré Section
Plots” offers further analysis of the system’s dynamics, illustrating how trajectories
evolve in phase space and revealing the nature of recurrent states.

Figure 13.
Poincaré section for R ¼ 800, L ¼ 800, C ¼ 800 (r range: 0.5 to 0.95).
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8. Strange attractor and transition to voltage collapse

In this section, we explore the strange attractor of our newly proposed dynamical
system:

xnþ1 ¼ 1� sin π=xnð Þ
rπ=xn

� �2

þ R
L
þ 1
Cxn

,

where xn represents the state of the system, and R, C, L, and r are the electrical
parameters (resistance, capacitance, inductance, and a scaling factor). Using the
parameter values R ¼ 1:0, L ¼ 1:5, C ¼ 0:5, and r ¼ 0:8, we numerically simulate the
system over 10,000 iterations.

The 3D visualization of the strange attractor, shown in Figure 14, reveals the
intricate geometry of the system’s chaotic state. The xn-axis represents the system
state, while the auxiliary transformations y ¼ sin xnð Þ and z ¼ cos xnð Þ highlight the
attractor’s structure. The plot demonstrates sensitivity to initial conditions, character-
istic of chaotic systems, and confirms the presence of a strange attractor under these
parameter values.

This analysis provides critical insights into the system’s stability. As parameters
such as R=L and 1= Cxnð Þ increase, the strange attractor begins to exhibit signs of
instability, leading to a transition toward voltage collapse. Voltage collapse occurs when
the balance between the system’s reactive and damping components is disrupted,
resulting in a divergence of the trajectories from the attractor. In physical terms, this

Figure 14.
3D strange attractor of the dynamical system. The attractor is plotted using R ¼ 1:0, L ¼ 1:5, C ¼ 0:5, r ¼ 0:8,
and an initial condition x0 ¼ 0:1.
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reflects an inability of the system to maintain equilibrium, ultimately causing the
electrical network to fail.

The observations from the strange attractor’s behavior indicate that the onset of
voltage collapse can be predicted by monitoring changes in the attractor’s geometry,
particularly its sensitivity to small parameter variations. Such results establish a com-
pelling link between the chaotic dynamics of the system and practical phenomena like
voltage collapse in electrical circuits.

9. Energy distribution in our new electrical system

For our electrical system, described by the equation

f x, r,R,L,Cð Þ ¼ 1� sin π
x

� �
rπ=x

� �2

þ R
L
þ 1
Cx

,

the following parameter values were employed:

R ¼ 0:000025,

L ¼ 0:00045,

C ¼ 0:73:

This system, incorporating resistors, inductors, and capacitors, is significantly
influenced by the parameter r, which affects the energy storage behavior throughout
the circuit.

9.1 Interpretation of r

The parameter r plays a crucial role in shaping the system’s dynamics, particularly
concerning energy storage. Variations in r lead to changes in the electrical character-
istics, including the stability of the system and its resonant behaviors. As r increases,
the energy distribution among the components can shift, emphasizing the interplay
between system parameters and energy dynamics.

9.2 Behavior of energy vs. r

To analyze the energy behavior in relation to r, we plot the energy stored in the
inductor across a spectrum of values (Figure 15):

The plot illustrates the variation of energy stored in the inductor with respect to r.
It highlights the sensitivity of energy distribution to changes in r, revealing how the
system adapts to different parameter settings.

This variation in energy distribution provides essential insights into the behavior
of the system, aiding our understanding of how r impacts the electrical dynamics and
energy storage mechanisms.

9.3 Energy distribution with varying capacitance

In our electrical system, we set parameters R ¼ 2, L ¼ 6, and varied C within the
range 0:000000073,0:0000073ð �. We examine the relationship between the capaci-
tance C and the energy stored in the inductor.
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9.3.1 Effect of C on energy in the inductor

The following plot demonstrates the correlation between the stored energy in the
inductor and parameter r while varying C (Figure 16):

AsC decreases, a significant increase in the energy stored in the inductor is observed.
This behavior reflects a vital interaction between capacitance and the energy dynamics
of the electrical system. The sharp discontinuity at very small C values indicates a
critical threshold where the system’s behavior experiences a notable change.

10. Energy transfer analysis

Energy transfer within electrical systems refers to the distribution and movement
of energy among components such as capacitors, inductors, and resistors. Analyzing

Figure 15.
Energy in the inductor vs. r for R ¼ 0:000025, L ¼ 0:00045, and C ¼ 0:73.

Figure 16.
Energy in the inductor vs. r for varying C values.
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how energy is allocated and its changes with varying parameters is fundamental for
understanding the system’s dynamics.

In our investigation, we explored energy transfer rates within the system, focusing
on energy stored in the components over time. The plot in Figure 17 illustrates the
rate of energy transfer to the inductor concerning the parameter r, varying between
0.5 and 2.

This plot reveals the variability in the energy transfer rate to the inductor for
different values of r. It underscores the relationship between parameter variations and
energy flow dynamics, contributing to our understanding of energy distribution
within the system.

Figure 17.
Energy transfer rate in the inductor vs. r (Parameters: R ¼ 2:000025, L ¼ 6:00045, C ¼ 0:000000073).

Figure 18.
Energy transfer rate in the inductor vs. r for C ¼ 0:73 (Parameters: R ¼ 2:000025, L ¼ 6:00045, C ¼ 0:73).
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Further investigation into the influence of capacitance (C) on energy transfer was
also conducted. The plot in Figure 18 illustrates how increasing C from 0:000000073
to 0:73 affects the energy transfer rate in the inductor [20].

As shown in Figure 18, increasing the capacitance (C) leads to a decrease in the
energy transfer rate. This change induces both positive and negative values in the
energy transfer rate, suggesting a reconfiguration of energy flow and distribution
within the system.

11. Chaotic behavior, energy transfer, and storage in electrical systems

In electrical systems, interactions between system parameters and nonlinear com-
ponents can often result in chaotic behavior. Although no specific theorem directly
links chaos with energy transfer and storage, certain behaviors can be correlated,
particularly in systems exhibiting intricate dynamics.

The derived electrical system formula: The system is defined by the equation:

f x, r,R,L,Cð Þ ¼ 1� sin π
x

� �
r π
x

� �2

þ R
L
þ 1
Cx

:

Connecting Chaos and Energy in Electrical Systems:
• Parameter sensitivity: The system’s dynamics exhibit sensitivity to variations in

parameters, such as capacitance (C). Changes in C may lead to bifurcations and
abrupt behavioral changes, potentially uncovering chaotic regions.

• Energy dynamics and chaotic behavior: Nonlinear components in the system con-
tribute to unpredictable behavior. Reducing C values may induce chaotic responses,
resulting in irregular energy distributions and erratic energy transfer rates.

• System complexity: Chaotic behavior often arises from the complexity of the
system. As C changes, the system may enter chaotic regions characterized by
unpredictable energy distributions and intricate energy transfer dynamics.

While a direct theorem linking chaos to energy transfer/storage in electrical sys-
tems is lacking, the observed behaviors align with principles of chaos theory. Sensi-
tivity to parameter changes, nonlinear dynamics, and system complexity contribute to
the chaotic behavior, impacting energy transfer and storage patterns.

12. Comparison of Yitang and Montgomery dynamics

This section provides a comparative analysis of the quantum properties of Yitang
and Montgomery dynamics through their respective Hamiltonian operators and
eigenvalues.

12.1 Yitang dynamics

The quantum Hamiltonian operator for Yitang dynamics is expressed as

ĤYitang ¼ � ℏ2

2m
∇2 þ V zð Þ,
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where ∇2 represents the Laplacian operator, and V zð Þ denotes the potential energy
associated with the Yitang function.

12.1.1 Hamiltonian operator

The Yitang Hamiltonian operator is formulated as

ĤYitang ¼ � 1
2m

d2

dz2
� c2

mz2α
log zð Þð Þ�2α,

with potential energy terms given by

ψ1 zð Þ ¼ d
dz

log zð Þ and ψ2 zð Þ ¼ log zð Þð Þ�α:

12.1.2 Eigenvalues

The eigenvalues for the Yitang dynamics were calculated using the Implicitly
Restarted Arnoldi Method (IRAM). The results indicate complex eigenvalues that
exhibit sensitivity to parameter variations.

12.2 Montgomery dynamics

The Montgomery dynamics is characterized by the Hamiltonian operator

ĤMontgomery ¼ � ℏ2

2m
∇2 þ V xð Þ,

where V xð Þ is the potential energy corresponding to the Montgomery function.

12.2.1 Hamiltonian operator

The Montgomery Hamiltonian operator is defined as

ĤMontgomery ¼ � 1
2m

d2

dx2
þ V xð Þ,

which includes the potential energy term associated with the Montgomery
dynamics.

12.2.2 Eigenvalues

Similar to Yitang dynamics, the eigenvalues of Montgomery dynamics were com-
puted using the IRAM. Notably, the obtained eigenvalues are real, suggesting a dis-
tinct quantum behavior compared to the Yitang dynamics.

12.3 Implicitly restarted Arnoldi method (IRAM)

The Implicitly Restarted Arnoldi Method (IRAM) is an iterative algorithm
designed for computing a limited number of eigenvalues and corresponding
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eigenvectors of large, sparse matrices. It is particularly effective for quantum systems,
where direct diagonalization can be computationally prohibitive. By iteratively refin-
ing eigenvalue approximations, IRAM serves as a powerful tool for exploring quantum
dynamics.

12.4 Comparison of eigenvalues

Table 2 summarizes the computed eigenvalues for both Yitang and Montgomery
dynamics.

12.5 Diagonalizability

The diagonalizability of Hamiltonian operators is crucial for solving quantum
systems. A comparative analysis of the diagonalizability of ĤYitang and ĤMontgomery

follows:

12.5.1 Yitang dynamics

The complex eigenvalues associated with Yitang dynamics indicate the potential
for complex eigenvectors. Further investigation is required to assess the
diagonalizability of ĤYitang.

12.5.2 Montgomery dynamics

In contrast, the real eigenvalues of Montgomery dynamics suggest that the
corresponding eigenvectors are likely real and linearly independent, making
ĤMontgomery expected to be diagonalizable.

In conclusion, while Yitang dynamics reveals complex eigenvalues, Montgomery
dynamics is more likely to exhibit diagonalizability due to its real eigenvalues.

13. Schrödinger equation with approximated potential

The Hamiltonian operator is a fundamental construct in quantum mechanics,
representing the total energy of a system. It plays a pivotal role in governing the
dynamics and behavior of quantum systems, particularly through the Schrödinger
equation, which describes how the quantum state of a physical system evolves over
time.

The Schrödinger equation, defined with a specific potential function, allows for the
derivation of eigenvalues and eigenfunctions, which are essential for understanding

Dynamics Eigenvalue Index Eigenvalues

Yitang 1 7:11343� 0:178929i

Montgomery 1 �2:99007

Table 2.
Comparison of eigenvalues for Yitang and Montgomery dynamics.
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energy levels and the probabilistic nature of quantum particles. These eigenfunctions
form a complete basis set for the Hilbert space, enabling the description of any
quantum state as a superposition of these basis states.

Beyond its significance in quantum mechanics, the Hamiltonian framework has
important applications in signal processing. The eigenvalues and eigenfunctions
derived from the Hamiltonian can relate to frequency components and spectral anal-
ysis in signal processing, thereby facilitating the analysis of complex signals and
systems through techniques derived from quantum mechanics, such as Fourier analy-
sis and wavelet transforms.

Furthermore, the concept of the Hamiltonian extends into electrical systems
within electrical engineering. It can be employed to model and analyze the optimality
and robustness of electrical circuits and systems. By characterizing energy storage and
dissipation within circuits, the Hamiltonian contributes to optimizing circuit perfor-
mance and ensuring system stability under various conditions.

14. Solving the Schrödinger equation

In this section, we solve the Schrödinger equation using the approximated poten-
tial function:

V xð Þ ¼ Aþ 1
Cx

, (4)

where

A ¼ 1� 1
r2
þ R

L
: (5)

The time-independent Schrödinger equation is given by:

� ℏ2

2m
d2ψ xð Þ
dx2

þ V xð Þψ xð Þ ¼ Eψ xð Þ: (6)

Substituting the approximated potential V xð Þ, we obtain:

� ℏ2

2m
d2ψ xð Þ
dx2

þ Aþ 1
Cx

� �
ψ xð Þ ¼ Eψ xð Þ: (7)

Rearranging this, we get:

d2ψ xð Þ
dx2

¼ � 2m
ℏ2 E� A� 1

Cx

� �
ψ xð Þ: (8)

Define a new variable:

k2 xð Þ ¼ 2m
ℏ2 E� A� 1

Cx

� �
: (9)

Thus, the Schrödinger equation simplifies to:
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d2ψ xð Þ
dx2

¼ �k2 xð Þψ xð Þ: (10)

In the special case where k2 xð Þ is approximately constant, the solution to the
differential equation is given by:

ψ xð Þ ¼ C1 sin kxð Þ þ C2 cos kxð Þ, (11)

where k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m
ℏ2

E� Að Þ
q

.

For the general case where k2 xð Þ varies with x, the exact solution typically involves
special functions such as the Whittaker functions or hypergeometric functions.
These functions can be obtained numerically or through analytical techniques in
mathematical physics.

The next step involves using numerical methods or special functions to
find the exact eigenfunctions and eigenvalues for specific parameters in practical
scenarios.

15. Numerical simulation and analysis

In this section, we analyze the behavior of the potential function V xð Þ and the
corresponding eigenfunction ψ xð Þ for a quantum system governed by the Schrödinger
equation. The potential function is defined as:

V xð Þ ¼ Aþ 1
Cx

,

where A and C are constants specific to the system. The eigenfunction, obtained as
an analytical solution to the Schrödinger equation, is given by:

ψ xð Þ ¼ C1 sin kxð Þ þ C2 cos kxð Þ,

where k is the wavenumber related to the energy level E and the mass m of the
particle.

15.1 Motivation

Understanding the behavior of quantum systems through their potential functions
and eigenfunctions is critical in both quantum mechanics and signal processing. The
potential function V xð Þ determines the dynamics of the particle within the quantum
well, while the eigenfunction ψ xð Þ provides insight into the probability distribution of
the particle’s position.

In signal processing, these eigenfunctions can be interpreted as signals, where their
frequency components are directly tied to the physical parameters of the system.
Analyzing these signals can reveal key properties of the system, such as stability,
robustness, and optimality. Specifically, in the context of electrical systems, such
analysis can guide the design of circuits that minimize energy loss and maximize
efficiency, ensuring the system’s optimal performance under various operating
conditions.
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15.1.1 Numerical simulation

To illustrate this, we plot the potential function V xð Þ and the corresponding
eigenfunction ψ xð Þ using the parameters listed in Table 3. The eigenfunction exhibits
a sinusoidal pattern, indicating a bound state in the potential well. The amplitude and
wavelength of the oscillations depend on the parameters A, C, m, and E, as shown in
Figure 19.

The sinusoidal nature of the eigenfunction suggests that the particle is likely
confined within a potential well, with oscillations indicating discrete energy levels.
Further analysis, such as Fourier transform or wavelet analysis, can provide deeper
insights into the properties of the eigenfunction, allowing for the decomposition of the
signal into its constituent frequency components. This is particularly useful in signal
processing applications, where identifying and isolating specific frequencies can
enhance system performance and robustness.

Parameter Value

A 0.06

C 0.73

m 3.8 (arbitrary units)

ℏ 1 (arbitrary units)

E 0.5 (example value)

C1 1

C2 1.7

Table 3.
Parameters used for the numerical simulation.

Figure 19.
Plot of the potential function and eigenfunction.
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16. Conclusion

In this comprehensive investigation of the electrical system’s dynamics, we illumi-
nated various facets of its behavior under diverse conditions. The system, character-
ized by a complex equation involving critical parameters such as r, R, L, and C,
exhibited intricate patterns and behaviors, providing valuable insights into its stability
and dynamical properties.

The phase portraits revealed periodic trajectories indicative of stable limit cycles,
alongside regions of convergence toward attracting fixed points, suggesting equilib-
rium states that are pivotal for system stability. Notably, the hints of chaotic behavior
encourage further exploration into the dynamics of the system, particularly within
engineering applications where chaos can significantly influence performance and
reliability [28].

Exploring attracting fixed points elucidated stable equilibrium states for various r
values, affirming the system’s behavior in response to parameter variations. The
trajectories converging toward these points not only reinforce the notion of stability
but also emphasize the importance of understanding these dynamics for effective
system design.

Our frequency spectrum analysis, employing the Fourier transform, revealed cru-
cial insights into the distribution of frequencies within the trajectories, highlighting
dominant frequencies and their role in the system’s overall dynamics. This under-
standing is essential in engineering contexts where frequency response plays a vital
role in the design and optimization of electrical systems.

The Poincaré section analysis effectively condensed the system’s behavior, show-
casing recurring states that aid in understanding stability, periodicity, and potential
chaos. The correlation between the Poincaré section and bifurcation patterns provides
critical insights into the diverse operational states that can emerge within the system,
which are crucial for engineers aiming to harness or mitigate chaotic behavior.

In examining energy distribution, we emphasized the sensitivity of energy storage
to parameters like r and C. Our findings demonstrated that changes in r led to
variations in energy levels, while a decrease in C significantly increased inductor
energy, thereby underscoring the intricate relationship between capacitance and
energy dynamics. This insight is vital for engineers designing systems that require
precise energy management.

Furthermore, our analysis of energy transfer illuminated how alterations in r and C
impact the rate of energy transfer to the inductor, providing foundational knowledge
essential for optimizing energy flow and distribution in practical applications.

In the context of quantum dynamics, the comparison between Yitang and Mont-
gomery dynamics uncovered distinctive characteristics, with the latter exhibiting real
eigenvalues that enhance its appeal for tackling the Riemann hypothesis [29]. The
alignment of the system’s quantum behavior with diagonalizability requirements
offers intriguing prospects for future research at the intersection of classical dynamics
and number theory [30].

Looking ahead, our work opens several avenues for future research. Investigating
the connections between chaotic dynamics and practical applications in electrical
engineering could lead to innovative designs that leverage chaotic behavior for
enhanced system performance. Additionally, integrating our findings with recent
advancements in nonlinear dynamics and control theory may yield new strategies for
managing instability in complex systems. Furthermore, exploring the implications of
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our work on the Riemann hypothesis invites a deeper investigation into the interplay
between number theory and quantum mechanics, potentially leading to ground-
breaking insights in both fields.

In conclusion, this multifaceted analysis not only deepens our understanding of the
studied electrical system but also underscores the critical importance of dynamical
systems in engineering applications. The exploration of chaotic behaviors within
electrical systems holds promise for advancing system design and optimization. Our
results highlight the significance of deriving such dynamical systems, particularly as
they translate into electrical systems, thus paving the way for innovations in both
theoretical and applied fields [31–36].

17. Future research

The exploration of chaotic dynamics in electrical systems offers a promising avenue
for future research, particularly in the context of circuit applications. As highlighted by
Lai et al. in their work on the circuit application of chaotic systems, there is a growing
interest in modeling, analyzing, and controlling chaotic behaviors within circuit frame-
works [37]. This presents a fertile ground for developing innovative chaotic systems that
can enhance the functionality and performance of electrical circuits.

Future research could focus on the derivation of new chaotic systems specifically
tailored for circuit applications. This involves not only extending the current under-
standing of chaotic behavior in existing electrical systems but also applying novel
mathematical frameworks and computational techniques to design and analyze new
chaotic circuits. The integration of chaotic systems into electrical circuits has the
potential to improve their robustness, efficiency, and response characteristics, partic-
ularly in environments where traditional systems may falter.

Key areas of investigation may include:

• Modeling new chaotic systems: Developing mathematical models for new chaotic
systems that can be implemented in circuit designs. This could involve exploring
alternative nonlinear components or configurations that yield richer dynamics
and more complex behaviors.

• Dynamical analysis: Conducting comprehensive dynamical analyses of these
newly derived chaotic systems to understand their stability, bifurcations, and
transitions between different dynamical regimes. This analysis will be crucial in
identifying operational parameters that can harness chaos for practical
applications.

• Control strategies: Investigating advanced control strategies for managing chaotic
behaviors in circuits. Effective control methods could mitigate undesirable
chaotic dynamics while retaining beneficial characteristics, leading to enhanced
circuit performance.

• Experimental validation: Collaborating with experimental physicists and
engineers to validate theoretical predictions and models through practical
implementations. Building prototype circuits that embody these new chaotic
systems would provide invaluable insights into their real-world behavior.
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• Applications in engineering: Exploring the implications of these chaotic circuits in
various engineering applications, such as secure communication systems, signal
processing, and sensor technologies. Harnessing the unique properties of chaos
could lead to breakthroughs in the efficiency and effectiveness of these
applications.

• Connection to number theory: The derivation of chaotic systems from conjectures
in number theory represents a novel and efficient method for analyzing complex
behaviors in electrical circuits. By leveraging discrete chaotic maps, researchers
can uncover insights that were previously difficult to obtain. This approach not
only enhances our understanding of chaos in dynamical systems but also opens
up avenues for practical applications.

• Practical applications of entropic signals: Further investigation into the practical
application of entropic signals, as discussed in the context of chaotic electrical
systems, can provide new methodologies that utilize the unique properties of
these signals. Recent works, such as the comprehensive review by Petrzela [4],
emphasize the significance of chaos in analog circuits and present potential
practical applications, which could greatly benefit our understanding and
utilization of chaotic dynamics.

By aligning future research efforts with the latest advancements in chaotic sys-
tems, as emphasized by Lai et al., we can drive innovations that not only deepen our
understanding of dynamical systems but also open new frontiers in electrical engi-
neering. As the field of chaotic circuits continues to evolve, integrating theoretical,
computational, and experimental approaches will be vital in realizing the potential of
chaos in practical applications, ultimately contributing to the advancement of tech-
nology and engineering solutions.
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A. Derivation of Chaotic operator for Montgomery dynamics

The Montgomery Dynamics is described by the equation:

xnþ1 ¼ 1
2
xn þ 1

4xn
� α

x3n
, x0 6¼ 0 (12)

A.1 Hamiltonian operator

The quantum Hamiltonian operator for the Montgomery dynamics is given by:

Ĥ ¼ � ℏ2

2m
∇2 þ V xð Þ (13)

where ∇2 is the Laplacian operator, and V xð Þ represents the potential energy
associated with the Montgomery function.

A.2 Potential energy terms

Express the potential energy term as:

V xð Þ ¼ � α2

2mx2
� 1
4m

ψ1 xð Þ þ α

mx3
ψ2 xð Þ (14)

where ψ1 xð Þ ¼ ∂

∂x
1
x

� �
and ψ2 xð Þ ¼ 1

x3.
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A.3 Chaotic operator

The derived chaotic operator is given by:

Ĉchaotic ¼ Â � ∇2 þ B̂ � 1
4m

ψ1 xð Þ þ D̂ � α

mx3
ψ2 xð Þ (15)

B. Extension to Riemann hypothesis

B.1 Logarithmic term and Von Mangoldt function

Incorporate the Von Mangoldt function into the chaotic operator:

Ĉchaotic ¼ Â � ∇2 þ B̂ � 1
4m

ψ1 xð Þ þ D̂ � α

mx3
ψ2 xð Þ þ Ê � Λ xð Þ (16)

where Λ xð Þ is the Von Mangoldt function.

B.2 Rationale

Discuss the rationale behind incorporating the Von Mangoldt function and its
connection to addressing the Riemann Hypothesis.

B.3 Numerical simulations

Perform numerical simulations to analyze the properties and behavior of the mod-
ified chaotic operator.

B.4 Comparison with Riemann Zeta function

Compare the results obtained from the modified chaotic operator with the
expected behavior based on the Riemann zeta function.

B.5 Insights and applications

Discuss insights gained into quantum chaos and the suitability of Montgomery
dynamics in addressing the Riemann Hypothesis.
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