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application of fuzzy logic to control systems, often encapsulated within Fuzzy Logic 
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can be utilized to achieve improved performance in systems that are difficult to model 
with conventional methods.
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Chapter 1

A Fuzzy Logic Controller for 
Enhancement of the Power Grid 
Single Contingency Management
Israa Salih H. Alajab and Mohammed Osman Hassan

Abstract

Over the past two decades, prodigious prosperity has occurred in the utility of 
fuzzy logic controllers in power systems and power electronic applications. One of 
the major issues for the power system engineer is to monitor and rank the network 
contingencies related to an outage of one or more elements on the power network. 
Contingencies denote a single contingency (N-1) for the outage of one component 
or multiple contingencies for more than one element. When contingency occurs, the 
system may operate out of its stability margin and become insecure. Hence, it is nec-
essary to manage that according to their impact on the network. The chapter discusses 
one of the cutting-edge applications of fuzzy logic control systems on electrical 
power systems by presenting an intelligent approach of fuzzy logic to rank the N-1 in 
the Power Grid. The intrinsic objective of this study is to develop a MATALB fuzzy 
logic model for ranking contingencies on the abridge network of Sudan’s national 
grid and compare this ranking with that which was chiefly accomplished using 
NEPLAN software. The results on applied partial network confirmed that the Fuzzy 
Logic applied algorithm is an effective and proper ranking process for the grid single 
contingencies (N-1).

Keywords: fuzzification, defuzzification, membership function, severity indices, 
national Sudanese grid (NSG), violation, contingency ranking

1.  Introduction

Fuzzy logic controllers (FLCs) have produced a great deal of interest in several 
utilizations and have been imported into power electronics. They possess multiple 
advantages compared with the conventional PI controllers, which can operate with 
imprecise input and handle nonlinearity, in addition to their higher durableness than 
PI controllers, also they do not need an accurate mathematical model [1].

Fuzzy logic control has expressed a momentous sector of fuzzy reasoning, which is 
illustrated by control theory based on mathematical models of the open-loop progress 
to be controlled [2].

The influence of the element outage on the power system, when the rest of the 
system is in service, is called a contingency study [3]. The security operation of 
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any power grid is a highly significance issue; hence, the contingency ranking is an 
integral section in the power networks security assessment [4]. The main target of 
contingency capturing and ranking is to hastily and meticulously shortlist critical 
contingencies from a massive list of reliable contingencies and rank them depending 
on their severity for advanced conclusive analysis [5].

In recent years many researchers have going ahead on the contingency analysis, 
Alam proposed a method to determine the power system contingency ranking by 
using voltage deviation indices and power deviation indices [6], and Christie and 
Talukdar presented a consolidation technique for evaluation contingencies depends 
on pundit systems for contingency election and interpretation, but the execution 
depends on the knowledge base which becomes so slow due to the knowledge base 
castles [7]. The using of intelligent systems in the contingency ranking had a wide 
range For instance, Mohsena et al., provide an integrated algorithm for contingency 
ranking by taking into account the indices of voltage violation, line flow violation, 
locational marginal price and congestion cost using the neural network to deter-
mine the main parameters of power system [8]. Fuzzy logic was also used in contin-
gency studies by Ramesh et al. to remove the mask effect after ranking contingency 
by using apparent power overloading and voltage violations. In this chapter, a  
fuzzy logic system has been used to accomplish the process of ranking for single 
contingencies [9].

As shown previously, although there are different studies discuss the fuzzy logic 
in the contingency analysis, no one of them applies the fuzzy logic system in ranking 
the single contingencies in the Sudan national grid which is the novelty of this study 
which contributes to advances in fuzzy logic system by applying this technique in a 
real national grid to rank the single contingencies.

Sections of this chapter may contain the following: the methodology of research 
in section 2 and overall reviews on the implemented network characterization in 
Sections 3. Section 4 represented the simulation of a fuzzy logic control system with 
its two processes (fuzzification and defuzzification). Section 5 illustrated the fuzzy 
logic simulation results analysis and discussion compared to those contingency raking 
obtained from NEPLAN software contingency in which both subsections discussed 
the results of single contingency ranking from NEPLAN software and results analysis 
of fuzzy logic system contingency ranking. The later sections is the conclusion and 
recommendations which they summarized the chapter results. Finally, the references 
for the previously published literature have been included.

2.  Methodology

According to the objectives of the study, the base requirement is to accomplish the 
contingency ranking by using the fuzzy logic control system, and the process relies 
on two base electrical amounts: the first is voltage and the second is megawatt load-
ing which is used as inputs for fuzzy logic system that both of voltage profile and line 
power flow had a created membership function of trapezoidal type “trapmf” on the 
Mamdani model membership at fuzzy interface system (FIS) toolbox on MATLAB. 
The output of the (FIS) is the severity indices of voltage profile (SIVP), and the 
severity indices of line flow (SILF). The algebraic summation of (SIVP) and (SILF) 
typify a composite index (CI) which the ranking process depends on. The most severe 
contingencies have a higher (CI) and vice versa. This process is illustrated in Figure 1 
which represents the generation of CI.
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For reliability purposes, the results of contingency ranking were compared with 
those that were investigated at normal load in NEPLAN software. NEPLAN (Network 
Planning) is a network simulation program that acts multi-tasks of the power system 
analysis such as (load flow, short circuit, capacitance location, contingency analysis, 
etc.). Ranking of contingency at NEPLAN depends upon the concept of violation 
level that an element outage causes voltage violation on remaining network elements, 
if the violation is above (100%), the system is insecure and the contingency according 
to the violated element has been ranked as most severe.

3.  The implemented network characterization

A partial grid of the national Sudanese grid is implemented in this study, as shown 
in Figure 2. The simplified eighty-two (82) bus-bars operate at four multifarious 
voltage levels (500, 220, 110, and 66 kV), which form the main part of the transmis-
sion system in the Sudan electrical grid. The total number of transmission lines on the 
network had been summarized as eighty-one (81) which connected the main supplied 
areas.

The data was taken at normal load conditions where the network simplified 
to total generation and total loading as: (1603.517 MW, and 227.008 MVAr) and 
(1553.3 MW and 1083.3 MVAr) respectively.

The total generation in the grid is generated from different sources (Hydro genera-
tion, Solar, and most are thermal power plants in addition to the interconnection tie 
line feeders from both Ethiopia and Egypt).

4.  Simulation of fuzzy logic control system

As clarified previously on the methodology, the membership functions had 
already been created for voltage profile and load flow indices as can be shown in 
Figures 3 and 4.

The outputs of the two membership functions represent the severity indices of 
(SIVP) and (SILF) which can be shown in Figures 5 and 6.

Figure 1. 
Composite index identifying based on fuzzy logic system [10].
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Figure 4. 
The created membership function of line flow.

Figure 2. 
Single-line diagram of the implemented partial Sudan grid [11].  500 kV,  220 kV,  110 kV,  66 kV.

Figure 3. 
The created membership function of the voltage profile [11].
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4.1  Voltage profile and line power flow fuzzification

The fuzzification which already had been processed through the Mamdani 
Functions model (MFs), the IF-then rules were set as in Table 1.

Table 1 can be implemented on the rule editor at (FIS) on MATLAB as shown in 
Figures 7 and 8.

The If-then rules formulated in Figures 7 and 8 can be depicted clearly on the rule 
viewer at FIS as shown in Figures 9 and 10.

Figure 5. 
The severity index of voltage profile membership function.

Figure 6. 
The severity index of the line flow membership function.

Table 1. 
Fuzzification rules of voltage profile and line flow.
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4.2  Severity indices defuzzification

Defuzzification of the output is the process in which the severity indices of volt-
age profile and line flow (SIVP and SILF) are illustrated as numbers two different 
membership functions with linguistic variables of voltage profile data and line flow 
data of the network [15], on the other hand, linguistic values of these two membership 
functions represent both of severity index of voltage (SIVP) and severity index of line 
flow (SILF). This defuzzification process can be interpreted clearly in Figures 11–14.

As mentioned earlier in the methodology section, the ranking of the fuzzy 
approach is based on the composite index (CI) [17]. The CI expresses the total 

Figure 7. 
The rules editor of voltage profile MF [11].

Figure 8. 
The rules editor of line flow MF [12].
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Figure 9. 
The rules viewer of the voltage profile membership function [13].

Figure 10. 
The rules viewer of the line flow membership function [14].

Figure 11. 
Voltage profile fuzzy logic controller block [10].
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severity index for the specific contingency case. The CI can be identified mathemati-
cally as the common summation of total severity indices of voltage profile (∑SIVP), 
and total severity indices of line flow (∑SILF), where both (∑SIVP), and (∑SILF) 
are the outputs of the two blocks in Figures 11 and 13, respectively.

5.  Fuzzy logic simulation results analysis compared to NEPLAN 
contingency ranking

In this section, the results of ranking through the fuzzy logic control system have 
been compared with the ranking that had previously obtained from the NAPLAN 
program. The first subsection represents the NAPLAN results as a reference. The 
second subsection represents the detailed results from fuzzy interface system (FIS) 
blocks. The results are obtained for all elements in the implemented network but for 
simplification purposes, only the most severe five contingencies had been reviewed.

Figure 12. 
Inserting of voltage profile MF on fuzzy logic control block [16].

Figure 13. 
Line flow fuzzy logic controller block.

Figure 14. 
Inserting of voltage profile MF on fuzzy logic control block.
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5.1  Results of single contingency ranking from NEPLAN software

Table 2 represents the NEPLAN ranking for the most severe five contingencies 
that had been used as reference ranking.

5.2  Results analysis of fuzzy logic system contingency ranking

This subsection represents the fuzzy logic control ranking results for the same 
most severe single contingencies which had been illustrated in Section 5.1.

5.2.1  Contingency1: outage of line 23

Table 3 represents the severity indices for each node’s voltage profile when an 
outage on line 23 occurred.

Contingency 
No.

Type of 
contingency

From To Violation 
(%)

Violated 
element

Ranking

1 Line 23 Bus 
61

Bus 
62

142.63 Line 36 1

2 Line 37 Bus 
66

Bus 
61

110.72 Node 66 2

3 Line 20 Bus 
53

Bus 
54

88.52 Node 61 3

4 Line 26 Bus 
59

Bus 
60

88.17 Node 73 4

5 Line 10 Bus 1 Bus 
2

83.82 Node 12 5

Table 2. 
Selected contingency from the contingency results of NEPLAN.

Node name Voltage profile (p.u) SIVP

61 0.9240 43.75

21 0.9245 43.75

63 0.9272 43.75

62 0.9413 43.75

54 0.9507 43.75

53 0.9509 43.75

58 1.0443 43.75

55 0.9572 43.2685

26 0.9575 43.2042

56 0.9591 42.2508

25 0.9595 41.3088

58 0.9609 40.6618

11 1.0384 40.6618

57 0.9624 40.6618
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Node name Voltage profile (p.u) SIVP

64 1.0371 40.6618

65 1.0339 39.7147

48 0.9665 39.6324

52 0.9665 39.6324

10 1.0315 39.6324

67 1.0307 39.6324

13 0.9694 37.9946

66 1.0306 37.6856

29 0.972 37.6856

9 1.0256 37.6856

51 0.9764 37.6856

7 1.0216 35.5912

6 1.0204 35.5912

69 1.0203 35.5912

68 1.0199 35.5912

3 0.9807 35.1786

4 0.983 34.8444

73 1.017 34.549

47 0.9835 34.549

22 0.9844 34.549

23 0.9861 34.549

50 0.9861 34.549

70 1.0126 34.549

15 0.9879 34.1867

16 0.9884 34.121

5 0.9892 33.8188

59 0.9896 33.445

30 0.9900 33.0653

14 1.0087 32.6796

43 0.9916 32.2876

20 1.0083 31.8893

42 0.9918 31.4844

60 1.0081 30.9167

32 1.0079 30.9167

36 1.0072 26.25

72 1.0062 26.25

24 0.9941 26.25

35 1.0054 26.25

40 1.0046 26.25

2 1.0039 26.25

45 1.0038 26.25

12 0.9964 26.25
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Line 23 takes into consideration the effect of the high violation on line 36, which 
reached (142.63%) and the nodes with the contingency of line 23 connected between 
them are node (61) and node (62), both two nodes have a severity index of (43.75) 
which classified as the highest value for the severity indices on Table 3 and defined as 
More Severe (MS) on the membership function editor at the fuzzy set. On the other 
hand, the violated element itself connected through the nodes (59) and (68); their 
severity indices are (33.4450 and 35.5912), respectively, and this is defined as below 
severe (BS) as set in Table 1 in Section 4.1.

As shown in Table 4, the light concentrated on the line flow index for line 36 
which is the violated element for this contingency of line 23 outage. The severity 
index is (13.7797) which is defined on the fuzzy set as the less severe (LS) range.

When these results are compared with NAPLAN results, line 36 has a violation 
of (89.50%), that is, less than 100% which is below the severity limit of the network. 
From the whole mentioned above, it can be judged that by the contingency of line 36, 
the system is secure.

By returning to the main contingency of line 23, the composite index (CI) must be 
accounted for to rank the contingency of line 23. From the defuzzification results in 
Tables 3 and 4:

 ( )= ∑ ∑ +∑ = + =line23 line23SIVP SILF 2539.4040 429.2228 .CI 2968 6268   (1)

Node name Voltage profile (p.u) SIVP

19 0.9971 26.25

27 0.9974 26.25

39 1.0026 26.25

44 0.9975 26.25

17 0.9978 26.25

37 1.0019 26.25

41 0.9986 26.25

46 0.9986 26.25

34 0.9987 26.25

33 0.9988 26.25

38 1.0006 26.25

1 1.00 26.25

18 1.00 26.25

28 1.00 26.25

31 1.00 26.25

49 1.00 26.25

71 1.00 26.25

∑ VPSI 2539.404

*The yellow line represents the buses (61,62) which link line 23 where both busses the most higher SIVP in the table 
and also the results represent that line 23 has the highest line flow severity index [11].
*Buses (59,68) in Table 3 link the transmission line in parallel with line 26 in contingency no4 this means that the 
outage of this line will have a severity index near equal to line 26 [11].

Table 3. 
Severity indices for line 23 contingency [11].
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Line name L.F index SILF

36 0.8645 13.7797

25 0.8589 13.0675

24 0.6227 12.3651

26 0.5798 12.1934

35 0.5736 12.1934

32 0.5637 11.5047

31 0.5637 10.816

34 0.5619 10.3066

22 0.5612 10.3066

30 0.5581 9.6066

20 0.5425 8.8968

22 0.5391 8.3654

17 0.4806 8.3654

16 0.4783 7.9602

18 0.4169 7.7078

14 0.4161 7.6124

15 0.375 7.1147

13 0.3693 6.8377

51 0.3622 6.4728

44 0.3598 6.25

41 0.3589 6.25

78 0.3578 6.25

43 0.3433 6.25

38 0.3408 6.25

53 0.333 6.25

52 0.3122 6.25

1 0.2714 6.25

3 0.2713 6.25

37 0.2683 6.25

74 0.2638 6.25

39 0.2621 6.25

19 0.262 6.25

10 0.2604 6.25

4 0.2568 6.25

75 0.2565 6.25

76 0.2565 6.25

2 0.2552 6.25

71 0.2541 6.25
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The previous illustration can be represented clearly by graphs in Figures 15 
and 16.

5.2.2  Contingency2: outage of line 37

The results of a single contingency of line 37 can be represented and clarified as in 
Figures 17 and 18.

Figure 17 represents the severity indices voltage profile against the voltage profile 
when a single contingency of line 23 occurs on the system.

From the network in Figure 1, transmission line 37 is connected through bas-
bars 66 and 61. Hence, the severity index for these two nodes represents the high-
est value, for instance, node 66 violated with (110.7%), and the severity indices for 
node 61 and its around nodes is (43.75) which is located in more severe (MS) at the 
fuzzy set.

Line name L.F index SILF

49 0.2444 6.25

42 0.2398 6.25

41 0.2371 6.25

45 0.2371 6.25

61 0.2367 6.25

63 0.2365 6.25

56 0.2364 6.25

59 0.2236 6.25

57 0.2234 6.25

69 0.2202 6.25

67 0.2193 6.25

50 0.2192 6.25

5 0.2186 6.25

68 0.2076 6.25

62 0.1965 6.25

64 0.1947 6.25

60 0.1866 6.25

65 0.183 6.25

70 0.1823 6.25

6 0.1801 6.25

∑ L.FSI 429.2228

*The yellow line represents line 30 with the highest SILF indicating that it is the most severe line in contingency1 [11].
*The yellow line in line 36 results represents to its severity ranking according to its link with bus 59 in Table 3 [11].

Table 4. 
Severity indices for line flow index [11].
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Figure 15. 
Severity index of voltage profile for the contingency of line 23.

Figure 16. 
Severity index of line flow for the contingency of line 23.

Figure 17. 
Severity index of voltage profile for the contingency of line 23.
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From the results of line flow severity indices shown in Figure 18, it is clear that 
the contingency of line 23, has a severity index of 37.623 which is defined in a range 
of above severe (AS) at a fuzzy set of membership function, although the other lines 
have a severity index classified as (LS) and (VLS) at fuzzy logic setting as in Table 2, 
Section 4.1.

With the typical defuzzification process, the results of various severity indices 
for line 37 contingency can be obtained in tables as in contingency 1. It found that 
the value of (∑SIVP) is 2494.3840, and the value of ∑SILF is 428.9414. Hence, the 
composite index (CIline 37) can be obtained as:

 ( )= ∑ ∑ +∑ = + =line37 line37SIVP SILF 2494.3840 428.9414 .CI 2923 3254   (2)

5.2.3  Contingency3: outage of line 20

The defuzzification results of the contingency line 20 shown in Figures 19 and 20.

Figure 18. 
Severity index of line flow for the contingency of line 37.

Figure 19. 
Severity index of voltage profile for the contingency of line 20.
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Figure 19 represents that the highest (SIVP) value is 43.75, which appeared at 
nodes 53 and 54, respectively, because they are the holder nodes for line 20 itself. 
The severity spread around its neighbor directly connected nodes that had possessed 
the same severity index. The remaining nodes on the network have severity indi-
ces in the range of (MS) set.

Regarding the transmission lines flow severity indices shown in Figure 20, most 
SILFs are in the range of very less severe (VLS) and limited lines in less severe (LS) 
according to the fuzzy set in Table 1, Section 4.1. An outage of line 20 has a high 
influence on system voltage stability that most of the nodes had an (MS) severity 
index; this can be noticed clearly from Eq. (3) that the weight of the composite 
index consists of high (∑SIVP). The composite index of line 20 (CIline 20) contin-
gency is:

 ( )= ∑ ∑ +∑ = + =line20 line20SIVP SILF 2461.7530 451.8530 .CI 2913 6060   (3)

Figures 19 and 20 show the severity indices of line 26 outage.

5.2.4  Contingency4: outage of line 26

The single contingency of line 26 will be illustrated in this section with the aid of 
Figures 21 and 22.

Figure 21 represents SIVP on line 26 contingency against the voltage profile on 
the line; the most severe element is node 73, and its connected nodes are affected 
by it with high severity index voltage profile (SIVP) and the remaining nodes at the 
network had been possessed (SIVP) in the (BS) limits at the fuzzy set.

Figure 22 represents the values of SILF according to the line flow index in the 
network at the outage of line 26. Most of the severity indices of line flow (SILF) 
for this contingency are within limits of (VLS), and fewer of them are within (LS) 
limit as in the fuzzy set in Table 1. As a result, it can be noticed that the contingency 
of line (26) outage had a less (∑SILF) impact on the composite index, this can be 
shown in Eq. (4):

 ( )= ∑ ∑ +∑ = + =line26 line26SIVP SILF 1708.767 344.5316 .CI 2053 2986   (4)

Figure 20. 
Severity index of line flow for the contingency of line 20.
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5.2.5  Contingency5: outage of line 10

In this subsection, results for line 10 single contingency, will be clarified as shown 
in Figures 23 and 24.

Figure 23 represents the magnitudes of SIVP depending on the voltage profile 
at the outage of line 10. In this contingency, the most affected node is node 12 that 
it violated with (83.82%), the other bus-bars on the network had possessed severity 
indices of voltage profile (SIVP) in the limits of below severe (BS) on the fuzzy logic 
classified previously in Section 4.1. Hence, it is worth mentioning that the single 
contingency of line 10 had a less severe influence on the voltage security.

Figure 24 shows the SILF according to the implemented elements load flow index, 
when returning to the network diagram shown in Figure 1 in Section 3, transmission 
line 10 is connected through busbar 1 and busbar 2, so, it is normally to find that 
the most affected lines with line 10 contingency, those which closely connected to 

Figure 21. 
Severity index of voltage profile for the contingency of line 26.

Figure 22. 
Severity index of line flow for the contingency of line 26.
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busbar 1 and busbar 2 that they had been in the top of severity indices list in the limits 
of below severe as a fuzzy setting in Table 1. The remaining transmission lines of the 
system possessed values SILF in limits between (LS) and (VLS) of severity index for 
the other lines are varied within the range of (LS) and (VLS).

The range of total algebraic summation for the severity indices voltage profile in 
this contingency is less value compared with that for severity indices line flow which 
had been arranged in limits of (BS, LS, and VLS).

According to which mentioned above, it can be handed down that line 10 single 
contingency has a high impact on system power loading (MW) which can give 
the operator engineer an indicator to concentrate on the megawatt administration 
techniques to monitor this contingency. Eq. (5) below represents the composite index 
for line 10 contingency (CIline 10) is:

 ( )= ∑ ∑ +∑ = + =line10 line10SIVP SILF 812.3472 987.7966 1800.1438CI   (5)

Figure 24. 
Severity index of line flow for the contingency of line 10.

Figure 23. 
Severity index of voltage profile for the contingency of line 10.
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5.3  Results compression of contingencies ranking

Table 5 shows that any element of the selected contingencies has the same ranking 
within both the NAPLAN program and the severity indices obtained from the fuzzy 
logic system (FIS) [18].

6.  Conclusion

This chapter represented an intelligent technique based on the fuzzy logic control-
ler for ranking a single contingency. The fuzzy logic ranking depends on the severity 
index (SI) denoted with the composite index (CI) which is accumulated of two sever-
ity indices, the first one, is the severity index of voltage profile (SIVP) and the other is 
the severity index of line flow (SILF).

In this chapter, the technique of fuzzy logic Interface system has been applied to a 
partial Sudanese transmission network. The results were compared to those obtained 
from NEPLAN software and the fuzzy logic system approach had been approved for 
the same ranking with the additional advantage that it is more reliable and robust in 
ranking the single contingencies. Also, contingency ranking based on CI imparted the 
fuzzy logic technique more precession because it indicates the source of insecurity on 
the network that the security problem refers to voltage problem if (∑SIVP) is higher 
than (∑SILF) on the (CI), and the security problem refers to power flow on the 
network if the (∑SILF) is the higher component of CI, this significant issue because 
it guides the network dispatcher to take the proper control action according to system 
deficiency.

7.  Recommendations

• Applying the fuzzy logic ranking technique on the extended actual grids for its 
high reliability.

• Upgrading the technique by linking it through the adaptive neuro-fuzzy interface 
system (ANFIS) function in MATLAB and simulating it through the Sugeno-
model system instead of the Mamdani model which is used in this chapter.

Cont. No. Type of 
contingency

Violation 
(%) from 
NEPLAN

Ranking of 
contingency 

through 
NEPLAN

CI ∑(∑SIVP,∑SILF) 
from fuzzy interface 

system

Ranking of 
contingency 

through fuzzy 
logic approach

1 Line 23 142.63 1 2968.6268 1

2 Line 37 110.72 2 2923.3254 2

3 Line 20 88.52 3 2913.6060 3

4 Line 26 88.17 4 2053.2986 4

5 Line 10 83.82 5 1800.1438 5

Table 5. 
Compression of fuzzy logic system contingencies ranking with the NEPLAN contingency ranking for the same five 
single contingencies.
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Chapter 2

The Design of Fractional-Order
Robust Adaptive Intelligent
Controller for Fractional-Order
Nonlinear Systems with Time
Delay, Uncertainty and
Disturbance
Mehdi Dalir and Nooshin Bigdeli

Abstract

Recently, many practical systems have been described via nonlinear fractional-order
dynamic models. The design of controller for such systems is not a straightforward task,
where their complex behaviors may result in chaos and bifurcation. This challenge
becomes more serious when the system experiences time delays, uncertainties and
disturbances. This chapter presents the controller design strategies for fractional-order
nonlinear systems with time delays, uncertainties and disturbances via robust adaptive
intelligent structure. Time-varying heterogeneous time delays are considered in inputs
and states; and two robust adaptive intelligent strategies are designed and compared
based on sliding mode and backstepping control methods. Besides, the stability analysis
of the controllers is carried out based on Lyapunov-Krasovskii method and Barbalat’s
Lemma. Simulation examples show the effectiveness of the proposed method for such
systems. To demonstrate the effectiveness of Adaptive Network-based Fuzzy Inference
System (ANFIS) on designed controller, their performance is compared with that of
fractional-order robust adaptive controllers, as well.

Keywords: adaptive intelligent control, neuro-fuzzy estimator, time delay, robust
control, fractional-order nonlinear system, uncertain fractional-order system

1. Introduction

Due to their good capabilities in modeling complicated systems, fractional-order
nonlinear dynamics have been widely used for describing complex natural phenomena
as well as real engineering, physical and biological systems. Such systems perform
complicated behaviors such as bifurcation and chaos and so, the design of controllers for
fractional-order nonlinear systems is not a straightforward task. These challenges
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become more serious when the system experiences time delays, uncertainties and dis-
turbances, as well. Time delays may be observed in many systems, including chemical
processes (chemical behavior kinetics), biological sciences (inheritance in population
dynamics), mechanical systems (hydraulic-pneumatic networks), economics (business
cycle), telecommunication systems, power systems, robot control, etc. [1–5]. Time delay
may occur in the input, output, states or feedback loop of a system. When describing
real systems, the delays may also be time-varying. Although robust adaptive controllers
may improve the closed-loop behavior of the disturbed uncertain nonlinear systems, the
existence of time delay in such a system may degrade the performance of the control-
lers, drastically. In addition, time delay may imply chaos in the nonlinear system.
Therefore, stabilizing delayed nonlinear fractional-order systems is more difficult com-
pared to non-delayed systems. In this context, seeking for an efficient infrastructure for
stabilizing and performance control of fractional-order nonlinear systems with time
delays, uncertainties and disturbances seems important.

In the literature, robust controllers in conjunction with adaptive strategy have
been widely used for chaos control of uncertain nonlinear systems. In this context,
sliding model control and backstepping control as well as hybrid controllers are
employed to achieve finite-time stability, fast response, good transient response per-
formance and robustness with respect to disturbances and uncertainties. These con-
trollers could provide asymptotic stability in systems with severe uncertainties and
disturbances to some extent. Addition of adaptive property to the controllers resulted
in adaptive robust controllers that improved the closed-loop performance of the
system by estimating unknown system parameters and dynamics over a wide range of
working conditions including external disturbances and unmodeled dynamics. These
controllers were next improved by employing hybrids of conventional controllers
along with machine learning-based control infrastructures, including neuro-fuzzy
estimators. Therefore, the so-called adaptive intelligent robust control infrastructure
consists of adaptive neuro-fuzzy approximators serving as the system approximators
and a (hybrid) robust controller. This infrastructure outperforms the adaptive robust
controllers, considerably due to its good system approximation capability. However,
introduction of time delays to these systems makes the controller design more chal-
lenging. This is the case especially for uncertain nonlinear fractional-order systems
with heterogeneous time-varying delays. In this area, not only are there considerably
less researches dealing with this topic, but there is also no comprehensive resource to
integrate the researches altogether.

Based on the provided discussion, this chapter presents the controller design strat-
egies for fractional-order nonlinear systems with time delays, uncertainties and dis-
turbances via robust adaptive intelligent infrastructure. Time-varying heterogeneous
time delays are considered in inputs and states; and two robust adaptive intelligent
strategies are designed and compared based on sliding mode and backstepping control
methods. Besides, the stability analysis of the controllers is carried out based on
Lyapunov-Krasovskii method and Barbalat’s Lemma. Simulation examples show the
effectiveness of the proposed method for such systems. To demonstrate the effective-
ness of ANFIS on designed controller, their performance is compared with that of
fractional-order robust adaptive controllers, as well.

1.1 Related works

As stated, in the recent years, the use of hybrids of intelligent and classic control-
lers to control nonlinear systems has been highly regarded. In Sun et al. [6] in order to
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control strict-feedback nonlinear systems, a finite-time adaptive intelligent robust
controller has been designed. An adaptive fuzzy control has also been employed in
Sun et al. and He et al. [7, 8] to control switched nonlinear systems with external
disturbances. In these articles, adaptive fuzzy control is used to estimate unknown
nonlinear functions, and a backstepping control is also proposed as robust control of
switched multi-input and multi-output (MIMO) nonlinear system. In Wang et al. [9],
an adaptive intelligent robust controller has been presented in order to track the target
of the autonomous underwater vehicles (AUVs). Fuzzy logic is also used in tracking
control to estimate the dynamic uncertainties of the system. Intelligent adaptive
control design for multi-agent systems with unmodeled dynamics, external distur-
bances and dead-zone input has been done in Liang et al. and Zhou and Tong [10, 11].
In the proposed controller, neural networks of radial basis function are used to
approximate the unknown nonlinear function and unmodeled dynamics. Fuzzy adap-
tive backstepping control has been designed to control strict-feedback nonlinear sys-
tem with input delays in Tong et al. [12]. A designed observer based on fuzzy logic has
been used to estimate the unknown functions. Also, robust stability of the studied
system is guaranteed by using output-feedback backstepping control. In Huang et al.
[13], the hybrid of neural network control with adaptive feedback control has been
used to control a class of nonlinear systems. The proposed controller included an
adaptive backstepping control section. The nonlinearity and unknown dynamics of
the system were also estimated using the radial-basis-function neural networks.

Fractional-order differential equations serve as a proper tool for describing differ-
ent dynamic systems. Due to the wide applications of fractional-order nonlinear
models, the controller design for these systems has become an important issue. So that
the robust adaptive intelligent control has been presented in Bahraini et al. and Liu
et al. [14, 15] to control the nonlinear fractional-order systems. The uncertainty of the
system has also been included in the design of the controller. The proposed controller
in Bahraini et al. [14] included a supervised sliding mode control and a fractional-
order intelligent adaptive Proportional integral Derivative (PID) controller whose
coefficients are updated using fuzzy rules. The use of adaptive neural network control
to estimate uncertain parameters and dynamics is presented in Liu et al. [15]. It has
also ensured the robust stability of the system by using the feedback controller. The
design of the adaptive fuzzy controller has been done for the fractional-order
nonlinear large-scale systems in Zhan et al. and Zhan and Tong [16, 17] as well as the
fractional-order nonlinear switched systems in Bi et al. [18]. In these articles, the
adaptive fuzzy control strategy has been used in order to estimate uncertainties. The
hybrid of adaptive control and neural network has also been used to control the
nonlinear fractional-order system in Bi [19], Song et al. [20], and Zouari et al. [19–21].
Neural network was used to estimate unmodeled dynamics and uncertainties. Also, in
order to avoid the “explosion of complexity” issue, a backstepping control was
designed. In You et al. and Ma and Sun [22, 23], an adaptive fuzzy controller was used
for the nonlinear fractional-order system, despite the external disturbance. Based on
the features of the fuzzy system as well as adaptive feedback controllers, a robust
adaptive intelligent control was presented to control the mentioned system.

Time delay is also an inseparable part of system modeling. The presence of time
delay in the design of the controller itself is a challenging issue that has been the focus
of many authors in recent years. In Song et al. [24], a combination of fuzzy controller
with adaptive controller and output feedback controller was used to control a class of
fractional-order nonlinear systems with time-varying delay in system states. The
design of adaptive fuzzy controller for fractional-order nonlinear system with time
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delay was given in Dong et al. and Montazeri et al. [25, 26]. In Wang et al. [27], a
neural adaptive control has been considered for the fractional-order nonlinear system
with state delay and uncertainty. The design of a fuzzy adaptive controller for
nonlinear multi-agent system with time delay has been given in Li et al. [28] and for
fractional-order networked systems in Yang and Xhang [29]. Stability analysis of
fractional-order delay systems using Takagi-Sugeno (TS)-Fuzzy method has also been
discussed in Liu et al. and Yang et al. [30, 31]. Yifei Xing et al. in Xing and Wang [32]
used the hybrid of backstepping adaptive controller with intelligent control in order to
control the nonlinear fractional-order system with input delay. Also, in order to
control the multi-agent fractional-order system with time-varying delay, a sliding
mode intelligent controller was proposed in Yan et al. [33]. In Zhang et al. and Liu
et al. [30, 34], a fuzzy robust controller for fractional-order nonlinear system with
time delay was presented. Fuzzy logic is used as an estimator in these articles. In
Zhang et al. [34] by using the spatial linear matrix inequality method and also in
Parvizian et al. [35], an adaptive sliding mode controller based on H∞ guaranteed the
robustness of the controller.

In summary and as mentioned above, the works in this area can be categorized to
three categories: Those works mentioned in Sun et al. [6], Sun et al. [7], He et al. [8],
Wang et al. [9], Liang et al. [10], Zhou and Tong [11], Tong et al. [12] and Huang
et al. [6–13] concentrate on the hybrid of the classic and intelligent controllers for
control of integer-order nonlinear systems with uncertainty and disturbance. The
focus in Bahraini et al. [14], Liu et al. [15], Zhan et al., [16], Zhan and Tong [17], Bi
et al. [18], Bi [19], Song et al. [20], Zouari et al. [21], You et al. [22], Ma and Sun [14–
23] was the design of fractional-order hybrid controllers for fractional-order nonlinear
systems with uncertainty and disturbance. Next, in Song et al. [24], Dong et al. [25],
Montazeri et al. [26], Wang et al. [27], Li et al. [28], Yang and Zhang [29], Liu et al.
[30], Yang et al. [31], Xing et al. [32], Yan et al. [33], Zhang et al. [34], Parvizian et al.
[24–35], one may find that the design of these controllers for fractional-order
nonlinear systems with time delay, uncertainty and external disturbance was
investigated.

In this chapter, the design of an adaptive intelligent resilient control will be
discussed to control the fractional-order nonlinear system with time delay, uncer-
tainty and disturbance. Unlike the recently reviewed works, in a more comprehensive
manner, the time-varying delay in the states, the control input and the uncertainty of
the system are considered. The controller introduced here is based on tangential
hyperbolic sliding mode control strategy, which reduces the response time and
increases the accuracy of the controller.

2. Problem statement

As stated earlier, in this chapter, a fractional-order adaptive intelligent robust
control will be presented for controlling fractional-order nonlinear systems with
uncertainty, disturbance and time delay. The time delay is assumed to be generally
time varying, and in addition to the system states, it exists in the control input as well
as the uncertainty of the system. It is expected that the use of fractional-order adap-
tive intelligent robust controller not only stabilizes the system, but also reduces fluc-
tuations, and makes the system respond faster and more accurately.

In general, the model of a delayed uncertain fractional-order nonlinear system
subject to external disturbances is presented by Eq. (1):
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Dqx tð Þ ¼ f xð Þ þ Δf xð Þ þ g x t� τð Þð Þ þ Δg x t� τð Þð Þ þ d tð Þ þ u t� τuð Þ
x tð Þ ¼ p tð Þ, t∈ �τ, 0½ �
u tð Þ ¼ q tð Þ t∈ �τu, 0½ �

8><
>:

(1)

Where, x tð Þ∈Rn is the state vector, u tð Þ ϵ Rm is the control input vector, f xð Þ and
g x t� τð Þð Þ are unknown continuous functions, Δf xð Þ and Δg x t� τð Þð Þ are the system
uncertainties, d tð Þ is external disturbance, p tð Þ and q tð Þ are also initial conditions of
the states and inputs, respectively. Besides, τu is input time delay and τ is also the state
time delay considered as time-varying delays and satisfying:

t� τ>0 (2)

Dq ∈Rn is also the Caputo fractional derivative operator of order q. For a given
continuous function f : Rþ ! R, Caputo fractional-order derivative is defined as:

Dqf tð Þ ¼

ðt
0

f lð Þ τð Þ
t� τð Þq�lþ1 dτ

Γ l� qð Þ , l� 1< q< l

dl

dtl
f tð Þ, q ¼ l

8>>>>><
>>>>>:

(3)

Where Γ is the well-known Gamma function, and Γ zð Þ ¼ Ð t0e�ttz�1dt, and
Γ zþ 1ð Þ ¼ zΓ zð Þ.

To continue, the design of the controller for system (1) is discussed. At first, the
desired controller is designed for the system with a time delay in states and then the
controller is expanded for the system (1) with a time delay in states and inputs. For
this purpose, at first, Eq. (1) is simplified and rewritten in the following form as:

Dqx tð Þ ¼ f xð Þ þ g x t� τð Þð Þ þ l t, xð Þ þ u tð Þ (4)

Where, system uncertainties are lumped as l t, xð Þ ¼ Δg x t� τð Þð Þ þ Δf xð Þ þ d tð Þ:
Next, two types of fractional-order adaptive intelligent robust controllers based on
sliding mode control and backstepping control will be designed. To continue, initially
the general structure of these control strategies is described and next, the controller
design procedure is described step by step.

3. The structure of fractional-order robust adaptive intelligent controllers

Figure 1 shows a general structure of the closed-loop control system when the
adaptive intelligent robust control strategy is employed. As seen, in this infrastruc-
ture, sliding mode control and backstepping control methods are employed as robust
controllers. In the design of the robust controller, tangential hyperbolic sliding sur-
faces are used due to its capability to avoid high tracking errors while it achieves fast
response, good transient performance and robust stability with respect to distur-
bances and uncertainties. It is assumed that the system states are available and the
sliding surfaces are calculated by the fed back state values. On the other hand, for
approximating model uncertainties and dynamics, an adaptive neuro-fuzzy inference
system (ANFIS) is employed as an intelligent estimator. In addition, the adaptive
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parameters of the control system are presented online by adaptive laws using the
model reference method.

3.1 The adaptive neuro-fuzzy inference system (ANFIS) as system model
approximator

IF-THEN fuzzy rules are used as an ANFIS and approximator in designed control.
The design basis of this estimator is described as follows [36]:

Rule� j :

IF x1 is A1j, x2 is A2j, … , and xp is Apj
� �

THEN bFj ¼
XM

k¼1

wkjyk ¼ w1jy1 þ w2jy2 þ … þ wMjyM

(5)

Where, ANFIS input and local output are denoted by xi and bFj, respectively. p is
the number of input variables; Aij expresses the linguistic label of the preconditioned
part with Gaussian membership function; w ¼ w1j,w2j, … ,wMj

� �
is the vector of

weights; yk and M indicate the basis function and number of them, respectively.
In other words, as can be seen in Figure 2, the ANFIS general structure contains

five layers. The steps of the estimator are as follows:
Layer 1 (input layer): Each node in this layer is considered as an input.

y 1ð Þ
i ¼ xi, i ¼ 1, 2, … , p (6)

Layer 2 (Membership function layer): The membership function value is calcu-
lated in this layer. Also, a single language label corresponding to the first-layer input
variable corresponds to each node. Therefore, the membership degree of an input to
the fuzzy set in Layer 2 is determined by the membership value. The Gaussian
function related to this layer is defined as follows:

y 2ð Þ
ij ¼ exp �

y 1ð Þ
i �mij

h i2

2 σij2

0
B@

1
CA, i ¼ 1, 2, … , p; j ¼ 1, 2, … ,M (7)

Figure 1.
The block diagram of closed-loop control method.
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Where σij andmij are the variance and mean of the Gaussian membership function,
respectively.

Layer 3 (Rule layer): Fuzzy logic rules are provided as a precondition part in this
layer. The input of this layer is the one-dimensional (1D) membership degrees of the
associated rule in the second layer. The output of this layer is equivalent to IF in fuzzy
rules, which are defined as follows:

Q 3ð Þ
j ¼ y 3ð Þ

j ¼
Y
i

y 2ð Þ
ij , i ¼ 1, 2, … , p; j ¼ 1, 2, … ,M (8)

Layer 4 (Normalization layer): The nodes should be normalized in this algorithm.
In this layer, the data generated in the previous section are normalized and the output
is presented as follows:

Q 4ð Þ
j ¼ y 4ð Þ

j ¼
y 3ð Þ
jPM

k¼1y
3ð Þ
k

� � , j ¼ 1, 2, … ,M (9)

Layer 5 (output layer): The defuzzification is done in this layer. The output of this
layer is described as the weighted sum of the previous layers as follows:

F ¼
XM

k¼1

wky
4ð Þ
k ¼ WTQ (10)

For estimating the system unknown dynamics, an ANFIS as an intelligent estima-
tor is considered. According to general approximation theory, a neuro-fuzzy estimator
W ∗Tϕ xð Þ is defined as:

f x tð Þð Þ ¼ W ∗Tϕ x tð Þð Þ þ δ x tð Þð Þ (11)

Figure 2.
The structure of a 5-layer ANFIS.
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Where, x and δ denote the system states and approximation error, optimal value
W denoted as W ∗ is obtained by:

W ∗ ≜arg min sup WTϕ xð Þ � f xð Þ�� ��� �
(12)

3.2 Assumptions and lemmas

In order to design the desired controller, some assumptions and lemmas are
needed, which are introduced in this section.

Assumption 1: The approximation error in (11) and the uncertainties in (4) are
bounded and they satisfy these conditions:

δj j≤ α1 (13)

l t, xð Þj j ¼ l1 t, xð Þj j þ l2 t, xð Þj j þ l3 t, xð Þj j≤ θl x tð Þj j þ x t� τð Þj j þ α2 (14)

Where, α1, α2 and θl are unknown positive parameters.
Assumption 2: The following conditions are satisfied by unknown functions

xT tð Þx tð Þ and gT x tð Þð Þg x tð Þð Þ:

xT tð Þx tð Þ≤ θx x tð Þj j (15)

gT x tð Þð Þg x tð Þð Þ≤ θg x tð Þ þ γ1j j þ γ2 (16)

Where γ1,γ2 are known positive constants and θg and θx are unknown positive
parameters.

Assumption 3: The time delay is bounded and it satisfies the following conditions:

0≤ τ≤ ξ, _τ tð Þ≤ β< 1 (17)

Where, ξ and β are positive constant parameters.
Lemma 1 (Barbalat’s Lemma) [37]: If conditions i and ii are satisfied, then

lim
t!∞

g tð Þ ¼ 0.

i. g : R ! R is a continuous real function for t>0

ii. lim
t!∞

Ð t
0g τð Þdτ ¼ L<∞.

Lemma 2 [38]: If Π∈Rn�n is the positive definite matrix, and a, b ϵ Rn are any
vectors, the following inequality is satisfied:

2aTb≤ aTΠaþ bTΠ�1b (18)

4. Fractional-order sliding mode adaptive intelligent controller (FSAIC)
for uncertain fractional-order nonlinear systems with time-varying
time delays

In designing FSAIC for the described system of Eq. (4), the controller input is
composed of three parts:
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U tð Þ ¼ Ue þ Ui þUR (19)

Where, Ue is sliding surface feedback and state feedback control:

Ue ¼ �kx tð Þ � γs tð Þ (20)

In order to estimate uncertainty, disturbance and unknown nonlinearities, Ui is
approximated by ANFIS approximator, as described and explained in the previous
section:

Ui ¼ �dWf
T
ϕ x tð Þð Þ (21)

UR is the robust control signal and represented as:

UR ¼ UR1 þUR2 (22)

Where UR1, UR2 can be obtained as follows:

UR1 ¼ � bα1 þ bα2½ � � bθl x tð Þj j sgn s tð Þð Þ � bθg x tð Þ þ γ1j j þ bθx x tð Þj j
h i

sgn s tð Þð Þ (23)

UR2 ¼ �kR sgn s tð Þð Þ (24)

Where, (dWf Þ stands for approximated variables and the tangential hyperbolic
sliding surface of s tð Þ is defined as follows:

s tð Þ ¼ tanh Dq�1x tð Þ þ kD�1x tð Þ� �
(25)

The following adaptive laws update the parameters in the designed controller as:

_cW ¼ kwSgn sð Þϕ x tð Þð Þsech2 Dq�1x tð Þ þ kD�1x tð Þ� �
(26)

_bθl ¼ ll x tð Þj jsech2 Dq�1x tð Þ þ kD�1x tð Þ� �
(27)

_bθg ¼ lg x tð Þ þ γ1j jsech2 Dq�1x tð Þ þ kD�1x tð Þ� �
(28)

_bθx ¼ lx x tð Þj jsech2 Dq�1x tð Þ þ kD�1x tð Þ� �
(29)

_bαi ¼ ki sgn sð Þsech2 Dq�1x tð Þ þ kD�1x tð Þ� �
, i ¼ 1, 2ð Þ (30)

Where, kw, ll, lg, lx and ki are positive values to be determined.
Theorem 1: The designed controller in (19) guarantees the asymptotic stability of

the nonlinear system (4) using the adaptive laws (26–30) and the sliding surface
introduced in (25).

Proof: The Lyapunov function candidate is presented as:

V ¼ V1 þ V2 þ V3 (31)

Where,

V1 ¼ s tð Þj j (32)

V2 ¼ sech2 Dq�1x tð Þ þ kD�1x tð Þ� �ðt
t�τ

gT x rð Þð Þg x rð Þð Þ þ xT rð Þx rð Þ� �
dr (33)
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V3 ¼ 1
2

k�1 ~W
T ~W þ l�1

g
~θ
T
g

2 þ l�1
l
~θ
T
l

2 þ l�1
x
~θ
T
x

2 þ
X2
i¼1

k�1
i
~λ
T2

i

 !
(34)

Where, ~W ¼ W �cW, ~αi ¼ αi � bαi i ¼ 1, 2ð Þ, ~θg ¼ θg � bθg, ~θl ¼ θl � bθl and
~θx ¼ θx � bθx. By taking time derivative of Lyapunov function, V1 can be written as:

_V1 ¼ _s tð Þ sgn s tð Þð Þ (35)

By deriving from the sliding surface (25), the following equation is obtained:

_s ¼ Dqx tð Þ þ kx tð Þð Þsech2 Dq�1x tð Þ þ kD�1x tð Þ� �

¼ f xð Þ þ g x t� τð Þð Þ þ l t, xð Þ þ U tð Þ þ kx tð Þð Þsech2 Dq�1x tð Þ þ kD�1x tð Þ� � (36)

By replacing (36) and (22–24) in (35), _V1 is rewritten as follows:

_V1 ¼ _s tð Þ sgn s tð Þð Þ
¼ sgn s tð Þð Þ f xð Þ þ g x t� τð Þð Þ þ l t, xð Þ þU tð Þ þ kx tð Þð Þsech2 Dq�1x tð Þ þ kD�1x tð Þ� �� �

≤ l t, xð Þj j � η½ �sech2 Dq�1x tð Þ þ kD�1x tð Þ� �
<0 (37)

Due to the unknown time delay in functions g x t� τð Þð Þ and l t, xð Þ, they cannot be
used in the design of the controller. Therefore, in order to solve the problem caused by
the unknown time delay, the Lyapunov-Krasovskii function V2 is used. The derivative
of this function is expressed as follows:

_V2 ¼ gT x tð Þð Þg x tð Þð Þ þ xT tð Þx tð Þ � 1� _τð Þ gT x t� τð Þð Þg x t� τð Þð Þ þ xT t� τð Þx t� τð Þ� �� �

�sech2 Dq�1x tð Þ þ kD�1x tð Þ� �� 2 tanh Dq�1x tð Þ þ kD�1x tð Þ� �� �

� Dqx tð Þ þ kx tð Þð Þsech2 Dq�1x tð Þ þ kD�1x tð Þ� �� �

�
ðt
t�τ

gT x rð Þð Þg x rð Þð Þ þ xT rð Þx rð Þ� �
dr

� �

(38)

Therefore,
_V2 ¼ fgT x tð Þð Þg x tð Þð Þ þ xT tð Þx tð Þ � 1� _τð Þ½gT x t� τð Þð Þg x t� τð Þð Þ

þxT t� τð Þx t� τð Þ�gsech2 Dq�1x tð Þ þ kD�1x tð Þ� �� 2s tð Þ_s tð ÞV2

sech2 Dq�1x tð Þ þ kD�1x tð Þ� �

(39)

Summing (37) and (39), it would result in Eq. (40).

_V1 þ _V2 ¼ _s tð Þ sgn s tð Þð Þ

�2_s tð Þ sgn s tð Þð Þ V2 s tð Þj j
sech2 Dq�1x tð Þ þ kD�1x tð Þ� �

þfgT x tð Þð Þg x tð Þð Þ þ xT tð Þx tð Þ
� 1� _τð Þ½gT x t� τð Þð Þg x t� τð Þð Þ
þxT t� τð Þx t� τð Þ�gsech2 Dq�1x tð Þ þ kD�1x tð Þ� �

(40)
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With rearranging,

_V1 þ _V2 ¼ _s tð Þ sgn s tð Þð Þ 1� 2
V2 s tð Þj j

sech2 Dq�1x tð Þ þ kD�1x tð Þ� �
 !

þfgT x tð Þð Þg x tð Þð Þ þ xT tð Þx tð Þ
� 1� _τð Þ½gT x t� τð Þð Þg x t� τð Þð Þ
þxT t� τð Þx t� τð Þ�gsech2 Dq�1x tð Þ þ kD�1x tð Þ� �

(41)

Where,

V2 s tð Þj j
sech2 Dq�1x tð Þ þ kD�1x tð Þ� � ≥0 (42)

According to (42), Eq. (43) can be concluded:

1� 2
V2 s tð Þj j

sech2 Dq�1x tð Þ þ kD�1x tð Þ� � ≤ 1 (43)

Therefore,

_V1 þ _V2 ≤ _s tð Þ sgn s tð Þð Þ
þfgT x tð Þð Þg x tð Þð Þ þ xT tð Þx tð Þ
� 1� _τð Þ½gT x t� τð Þð Þg x t� τð Þð Þ
þxT t� τð Þx t� τð Þ�g sech2 Dq�1x tð Þ þ kD�1x tð Þ� �

(44)

By replacing (36) and Assumption 3, we have:

_V1 þ _V2 ≤ ð sgn s tð Þð Þ f xð Þ þ g x t� τð Þð Þ þ l t, xð Þ þU tð Þ þ kx tð Þ½ �
þfgT x tð Þð Þg x tð Þð Þ þ xT tð Þx tð Þ
� 1� βð Þ½gT x t� τð Þð Þg x t� τð Þð Þ
þxT t� τð Þx t� τð Þ�gÞ�sech2 Dq�1x tð Þ þ kD�1x tð Þ� �

(45)

From (14, 45) can be rewritten as:

_V1 þ _V2 ≤ ðsgn s tð Þð Þ f xð Þ þ g x t� τð Þð Þ þ x t� τð Þj j þ l1,3 t, xð Þj j þ U tð Þ þ kx tð Þ½ �
þfgT x tð Þð Þg x tð Þð Þ þ xT tð Þx tð Þ
� 1� βð Þ½gT x t� τð Þð Þg x t� τð Þð Þ þ xT t� τð Þx t� τð Þ�Þg
�sech2 Dq�1x tð Þ þ kD�1x tð Þ� �

(46)

Using Lemma 2, let a ¼ 1,Π ¼ 2 1� βð Þ:If b ¼ g x t� τð Þð Þ one time and
b ¼ x t� τð Þ , once again, therefore:

2 g x t� τð Þð Þ< 1
2 1� βð Þ þ 2 1� βð ÞgT x t� τð Þð Þg x t� τð Þð Þ (47)
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2 x t� τð Þ< 1
2 1� βð Þ þ 2 1� βð ÞxT t� τð Þx t� τð Þ (48)

It yields that:

_V1 þ _V2 ≤ ð sgn s tð Þð Þ½f xð Þ þ 1
4 1� βð Þ þ 1� βð ÞgT x t� τð Þð Þg x t� τð Þð Þ

þ 1
4 1� βð Þ þ 1� βð ÞxT t� τð Þx t� τð Þ þ l1,3 t, xð Þj j þU tð Þ

þkx tð Þ�
þfgT x tð Þð Þg x tð Þð Þ þ xT tð Þx tð Þ
� 1� βð Þ gT x t� τð Þð Þg x t� τð Þð Þ þ xT t� τð Þx t� τð Þ� �gÞ
�sech2 Dq�1x tð Þ þ kD�1x tð Þ� �

(49)

By simplifying Eq. (49),

_V1 þ _V2 ≤ ð sgn s tð Þð Þ f xð Þ þ 1
2 1� βð Þ þ l1,3 t, xð Þj j þU tð Þ þ kx tð Þ

� �

þ gT x tð Þð Þg x tð Þð Þ þ xT tð Þx tð Þ� �Þ�sech2 Dq�1x tð Þ þ kD�1x tð Þ� � (50)

According to (11) and based on Assumption 2, (50) could be rewritten as:

_V1 þ _V2 ≤ ð s tð Þ
s tð Þj j WTϕ x tð Þð Þ þ δþ l1,3 t, xð Þj j þU tð Þ þ kx tð Þ� �þ 1

2 1� βð Þ
þθg x tð Þ þ γ1j j þ γ2 þ θx x tð Þj jÞ � sech2 Dq�1x tð Þ þ kD�1x tð Þ� � (51)

By replacing U tð Þ from (19) to (24), (51) is represented to:

_V1 þ _V2 ≤ ð sgn s tð Þð Þ½WTϕ x tð Þð Þ þ δþ l1,3 t, xð Þj j �dWf
T
ϕ x tð Þð Þ � kx tð Þ � γs tð Þ

� bα1 þ bα2½ � � bθl x tð Þj j sgn s tð Þð Þ
� bθg x tð Þ þ γ1j j þ bθx x tð Þj j
h i

sgn s tð Þð Þ � kR sgn s tð Þð Þ þ kx tð Þ�

þ 1
2 1� βð Þ þ θg x t,ð Þ þ γ1j j þ γ2θx x tð Þj jÞ � sech2 Dq�1x tð Þ þ kD�1x tð Þ� �

(52)

Using s tð Þ
s tð Þj j ¼ sgn s tð Þð Þ and also sorting (52):

_V1 þ _V2 ≤ ð sgn s tð Þð Þ½ WTϕ x tð Þð Þ �dWf
T
ϕ x tð Þð Þ

n o
þ δþ l1,3 t, xð Þj jð Þ � γs tð Þ

� bα1 þ bα2½ � � bθl x tð Þj j sgn s tð Þð Þ� þ γ2 þ
1

2 1� βð Þ � kR

� �

þ θg x tð Þ þ γ1j j þ θx x tð Þj j� �� bθg x tð Þ þ γ1j j þ bθx x tð Þj j
h in o

Þ
�sech2 Dq�1x tð Þ þ kD�1x tð Þ� �

(53)

By simplifying (53):
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_V1 þ _V2 ≤ ð ~W
T
ϕ x tð Þð Þ sgn s tð Þð Þ � bα1 þ bα2½ � sgn s tð Þð Þ � bθl x tð Þj j

n o
� γs tð Þ s tð Þ

s tð Þj j
þ 1

2 1� βð Þ þ γ2 � kR

� �
þ ~θg x tð Þ þ γ1j j þ ~θx x tð Þj j� �

þ δþ l1,3 t, xð Þj jð Þ sgn s tð Þð ÞÞ � sech2 Dq�1x tð Þ þ kD�1x tð Þ� �
(54)

For simplification, assume:

1
2 1� βð Þ þ γ2 ≤ kR (55)

Therefore,

_V1 þ _V2 ≤ ð ~W
T
ϕ x tð Þð Þ sgn s tð Þð Þ � bα1 þ bα2½ � sgn s tð Þð Þ � bθl x tð Þj j

n o

�γ s tð Þj j þ ~θg x tð Þ þ γ1j j þ ~θx x tð Þj j� �

þ δþ l1,3 t, xð Þj jð Þ sgn s tð Þð ÞÞ � sech2 Dq�1x tð Þ þ kD�1x tð Þ� �
(56)

Now the time derivative is taken from the Lyapunov function V3:

_V3 ¼ � kw
�1 ~W

T _cW þ l�1
g
~θ
T
g
_bθg þ l�1

l
~θ
T
l
_bθl þ l�1

x
~θ
T
x
_bθx þ

X2
i¼1

k�1
i ~αTi

_bαi
" #

(57)

By summing (56) and (57):

_V1 þ _V2 þ _V3 ≤
�

~W
T

ϕ x tð Þð Þ sgn s tð Þð Þsech2 Dq�1x tð Þ þ kD�1x tð Þ� �� k�1
w

_cWf

h i

þ~θg x tð Þ þ γ1j jsech2 Dq�1x tð Þ þ kD�1x tð Þ� �� l�1
g

_bθg
h i

þ~θx x tð Þj jsech2 Dq�1x tð Þ þ kD�1x tð Þ� �� l�1
x

_bθx
h i

þ � bα1 þ bα2½ � sgn s tð Þð Þsech2 Dq�1x tð Þ þ kD�1x tð Þ� ��
X2
i¼1

k�1
i ~αTi

_bαi
" #

þ �bθl x tð Þj jsech2 Dq�1x tð Þ þ kD�1x tð Þ� �� l�1
l
~θ
T
l
_bθl

h i

þ δþ l1,3 t, xð Þj jð Þ sgn s tð Þð Þ � γ s tð Þj j½ ��sech2 Dq�1x tð Þ þ kD�1x tð Þ� ��

(58)

The adaptive laws (26–30) are replaced in (58) as:

_V1 þ _V2 þ _V3 ≤ ð� bα1 þ bα2½ � sgn s tð Þð Þ � ~α1 þ ~α2½ � sgn s tð Þð Þ � ~θl x tð Þj j � bθl x tð Þj j
þ δþ l1,3 t, xð Þj jð Þ sgn s tð Þð Þ
�γ s tð Þj jÞsech2 Dq�1x tð Þ þ kD�1x tð Þ� �

≤ δþ l1,3 t, xð Þj jð Þ � α1 þ α2 þ θl x tð Þj jð Þ � γ s tð Þj j½ �
�sech2 Dq�1x tð Þ þ kD�1x tð Þ� �

(59)
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According to Assumption 1 and γ >0:

_V tð Þ ¼ _V1 þ _V2 þ _V3 ≤ δþ l1,3 t, xð Þj jð Þ � bα1 þ bα2ð Þ � γ s tð Þj j½ �sech2 Dq�1x tð Þ þ kD�1x tð Þ� �
≤0

(60)

Therefore, _V tð Þ is negative semi-definite. According to this result, the dynamic
system (4) with the designed controller (19) is stable in Lyapunov sense. Next, the
asymptotic stability of the designed controller will be investigated. Therefore, (60)
can be rewritten as:

Ξ tð Þ � bα1 þ bα2ð Þ � δþ l1,3 t, xð Þj jð Þ � γ s tð Þj j½ �sech2 Dq�1x tð Þ þ kD�1x tð Þ� �
≤ � _V (61)

By integrating Ξ tð Þ in the [0, t] interval:

ðt
0
Ξ rð Þdr≤V 0ð Þ � V tð Þ (62)

V tð Þ is bounded and decreasing and V 0ð Þ is bounded, therefore:

lim
t!∞

ðt
0
Ξ rð Þdr≤∞ (63)

The above conditions satisfy Barbalat’s Lemma’s conditions, therefore, according
to Barbalat’s Lemma:

lim
t!∞

Ξ tð Þ ¼ 0 (64)

It can be said that by using the proposed controller (19), the trajectories of the
system states (4) forced onto the sliding surface defined in (25). Therefore, the
fractional-order nonlinear system with time delay, uncertainty and disturbance
defined in (4) becomes stable using the proposed control law (18). So, the proof is
complete.

5. Fractional-order backstepping adaptive intelligent controller (FBAIC)
for uncertain fractional-order nonlinear systems with time-varying
time delays

In order to design FBAIC, the number of system states is defined as steps of
designing controller. Without loss of generality, in this chapter, it is assumed that the
number of system states is 3.

5.1 First step

The first state of system (4) is rewritten with the assumption of x1 ¼ y1:

Dq1y1 tð Þ ¼ f 1 y1,φ1 y1
� �

,φ2 y1 tð Þ, y2 tð Þ� �� �

þg1 y1 t� τð Þ,φ1 y1 t� τð Þ� �
,φ2 y1 t� τð Þ, y2 t� τð Þ� �� �þ l1 y, tð Þ þ u1 tð Þ (65)
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Where, x2 ¼ φ1 y1
� �

and x3 ¼ φ2 y1, y2
� �

are considered as virtual control inputs. In
order to control the first state of system (4), which is rewritten as Eq. (65), the first
control input is considered as introduced in Eq. (19), as:

U1 tð Þ ¼ U1e þU1i þ U1R (66)

Where, U1e is comprised as the sum of sliding surface feedback and the state
feedback terms in the first subsystem, as follows:

U1e ¼ �k1y1 tð Þ � γ1s1 tð Þ (67)

In order to estimate uncertainty, disturbance and unknown nonlinearities, U1i is
used as the output of ANFIS estimator, described earlier as:

U1i ¼ �dW1
T
ϕ y1 tð Þ� �

(68)

U1R is the robust control law and represented as:

U1R ¼ U1R1 þ U1R2 (69)

Where U1R1, U1R2 can be presented as follows:

U1R1 ¼ � bα11 þ bα12½ � � bθ1l y1 tð Þ�� �� sgn s1 tð Þð Þ � bθ1g y1 tð Þ þ γ1
�� ��þ bθ1y y1 tð Þ�� ��h i

sgn s1 tð Þð Þ
(70)

U1R2 ¼ �k1R sgn s1 tð Þð Þ (71)

Where, the tangential hyperbolic sliding surface s1 tð Þ is defined as follows:

s1 tð Þ ¼ tanh Dq1�1y1 tð Þ þ k1D�1y1 tð Þ� �
(72)

The following adaptive laws update the parameters in the designed controller:

_cW1 ¼ k1wSgn s1ð Þϕ y1 tð Þ� �
sech2 Dq1�1y1 tð Þ þ k1D�1y1 tð Þ� �

(73)

_bθ1l ¼ l1l y1 tð Þ�� ��sech2 Dq1�1y1 tð Þ þ k1D�1y1 tð Þ� �
(74)

_bθ1g ¼ l1g y1 tð Þ þ γ1
�� ��sech2 Dq1�1y1 tð Þ þ k1D�1y1 tð Þ� �

(75)

_bθ1y ¼ l1y y1 tð Þ�� ��sech2 Dq1�1y1 tð Þ þ k1D�1y1 tð Þ� �
(76)

_bα1i ¼ k1i sgn s1ð Þsech2 Dq1�1y1 tð Þ þ k1D�1y1 tð Þ� �
, i ¼ 1, 2ð Þ (77)

Where, k1w, l1l, l1g, l1y and k1i are positive values.
Theorem 2: The designed controller in (66) guarantees the asymptotic stability of

the nonlinear subsystem (65) using the adaptive laws (73–77) and the sliding surface
introduced in (72).

Proof: The Lyapunov function candidate for subsystem (65) is presented to be:

V1 ¼ V11 þ V12 þ V13 (78)
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Where:

V11 ¼ s1 tð Þj j (79)

V12 ¼ sech2 Dq1y1 tð Þ þ k1y1 tð Þ� �ðt
t�τ

g2 y1 rð Þ� �þ y1
2 rð Þ� �

dr (80)

V13 ¼ 1
2

k�1
1w

~W1
2 þ l�1

1g
~θ
2
1g þ l�1

1l
~θ
2
1l þ l�1

1y
~θ
2
1y þ

X2
i¼1

k�1
1i ~α

2
1i

 !
(81)

Where, ~W1 ¼ W1 �cW1, ~α1i ¼ α1i � bα1i i ¼ 1, 2ð Þ, ~θ1g ¼ θ1g � bθ1g, ~θ1l ¼ θ1l � bθ1l and
~θ1y ¼ θ1y � bθ1y.

Using the same procedure of the proof of Theorem 1, it can be shown that the
derivation of proposed Lyapunov function (78) is negative definite ( _V1 <0Þ. There-
fore, the subsystem (65) using the proposed controller (66) has asymptotic stability.

5.2 Second step

The fractional-order subsystem y1 � y2 is presented as follows:

Dq1y1 tð Þ ¼ f 1 y1,φ1 y1
� �

,φ2 y1
�

, y2Þ
� �

þg1 y1 t� τð Þ,φ1 y1 t� τð Þ�
,φ2 y1 t� τð Þ, y2 t� τð Þ� �� �

�k1y1 � γ1s1 �cW1
T
ϕ y1
� �� bα11 þ bα12½ � � bθl y11 tð Þ�� �� sgn s1 tð Þð Þ

� bθ1g y1 tð Þ þ γ1
�� ��þ bθ1y y1 tð Þ�� ��h i

sgn s1 tð Þð Þ � k1R sgn s1 tð Þð Þ

(82)

Dq2y2 tð Þ ¼ f 2 y1, y2 þ φ1 y1
� �

,φ2 y1
�

, y2Þ
� �þ l2 y, tð Þ

þg2 y1 t� τð Þ, y2 t� τð Þ þ φ1 y1 t� τð Þ�
,φ2 y1 t� τð Þ, y2 t� τð Þ� �� �þU2 tð Þ (83)

Where, y2 ¼ x2 � φ1 y1
� �

and the virtual control φ1 y1
� �

is an estimation of x2.
In order to control the subsystem y1 � y2 (82) and (83), which is rewritten above,

the second control input (19) will be used:

U2 tð Þ ¼ U2e þU2i þU2R (84)

Where, U2e includes sliding feedback and state feedback control terms, as:

U2e ¼ �k2y2 tð Þ � γ2s2 tð Þ (85)

In order to estimate uncertainty, disturbance and unknown nonlinearities, U2i is
used as the output of the ANFIS approximator, as:

U2i ¼ �dW2
T
ϕ y2 tð Þ� �

(86)

U2R is a robust controller and represented as:

U2R ¼ U2R1 þ U2R2 (87)

Where U2R1, U2R2 can be presented as follows:
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U2R1 ¼ � bα21 þ bα22½ � � bθ2l y2 tð Þ�� �� sgn s2 tð Þð Þ � bθ2g y2 tð Þ þ γ2
�� ��þ bθ2y y2 tð Þ�� ��h i

sgn s2 tð Þð Þ
(88)

U2R2 ¼ �k2R sgn s2 tð Þð Þ (89)

Where, the tangential hyperbolic sliding surface s2 tð Þ is defined as follows:

s2 tð Þ ¼ tanh Dq2�1y2 tð Þ þ k2D�1y2 tð Þ� �
(90)

The following adaptive laws update the parameters in the designed controller:

_cW2 ¼ k2wSgn s2ð Þϕ y2 tð Þ� �
sech2 Dq2�1y2 tð Þ þ k2D�1y2 tð Þ� �

(91)

_bθ2l ¼ l2l y2 tð Þ�� ��sech2 Dq2�1y2 tð Þ þ k2D�1y2 tð Þ� �
(92)

_bθ2g ¼ l2g y2 tð Þ þ γ2
�� ��sech2 Dq2�1y2 tð Þ þ k2D�1y2 tð Þ� �

(93)

_bθ2y ¼ l2y y2 tð Þ�� ��sech2 Dq2�1y2 tð Þ þ k2D�1y2 tð Þ� �
(94)

_bα2i ¼ k2i sgn s2ð Þsech2 Dq2�1y2 tð Þ þ k2D�1y2 tð Þ� �
, i ¼ 1, 2ð Þ (95)

Where, k2w, l2l, l2g, l2y and k2i are positive values.
Theorem 3: The designed controller in (84) guarantees the asymptotic stability of

the nonlinear subsystem (82) and (83) using the adaptive laws (91–95) and the sliding
surface introduced in (90).

Proof: The Lyapunov function candidate for subsystem (82) and (83) is presented
to be:

V2 ¼ V21 þ V22 þ V23 (96)

Where:

V21 ¼ V11 þ s2 tð Þj j (97)

V22 ¼ V12 þ sech2 Dq2y2 tð Þ þ k2y2 tð Þ� �ðt
t�τ

g2 y2 rð Þ� �þ y2
2 rð Þ� �

dr (98)

V23 ¼ V13 þ 1
2

k�1
2w

~W2
2 þ l�1

2g
~θ
2
2g þ l�1

2l
~θ
2
2l þ l�1

2y
~θ
2
2y þ

X2
i¼1

k�1
2i ~α

2
2i

 !
(99)

Where, ~W2 ¼ W2 �cW2, ~α2i ¼ α2i � bα2i, i ¼ 1, 2ð Þ, ~θ2g ¼ θ2g � bθ2g, ~θ2l ¼ θ2l � bθ2l
and ~θ2y ¼ θ2y � bθ2y.

Using the same procedure of the proof of Theorem 1, it can be shown that the
derivation of proposed Lyapunov function (96) is negative definite ( _V2 <0Þ. There-
fore, the subsystem (82) and (83) using the proposed controller (84) has asymptotic
stability.

5.3 Third step

The fractional-order subsystem y1 � y2 � y3 is presented as follows:
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Dq1y1 tð Þ ¼ f 1 y1,φ1 y1
� �

,φ2 y1
�

, y2Þ
� �

þg1 y1 t� τð Þ,φ1 y1 t� τð Þ�
,φ2 y1 t� τð Þ, y2 t� τð Þ� �� �� k1y1

�γ1s1 �cW1
T
ϕ y1
� �� bα11 þ bα12½ � � bθ1l y1 tð Þ�� �� sgn s1 tð Þð Þ

� bθ1g y1 tð Þ þ γ1
�� ��þ bθ1y y1 tð Þ�� ��h i

sgn s1 tð Þð Þ � k1R sgn s1 tð Þð Þ

(100)

Dq2y2 tð Þ ¼ f 2 y1, y2 þ φ1 y1
� �

,φ2 y1
�

, y2Þ
� �

þg2 y1 t� τð Þ, y2 t� τð Þ þ φ1 y1 t� τð Þ�
,φ2 y1 t� τð Þ, y2 t� τð Þ� �� �

� bθ2g y2 tð Þ þ γ2
�� ��þ bθ2y y2 tð Þ�� ��h i

sgn s2 tð Þð Þ � k2y2 � γ2s2 �cW2
T
ϕ y1, y2
� �

� bα21 þ bα22½ � � bθ2l y2 tð Þ�� �� sgn s2 tð Þð Þ
(101)

Dq3y3 tð Þ ¼ f 3 y1, y2 þ φ1 y1
� �

, y3 þ φ2 y1
�

, y2Þ
� �

þg3 y1 t� τð Þ, y2 t� τð Þ þ φ1 y1 t� τð Þ�
, y3 t� τð Þ þ φ2 y1 t� τð Þ, y2 t� τð Þ� �� �

þl3 y, tð Þ þU3 tð Þ
(102)

Where, y3 ¼ x3 � φ2 y1, y2
� �

and the virtual control φ2 y1, y2
� �

is an estimation of x3.
In order to control the subsystem of y1 � y2 as expressed in (100–102), the third

control input as described in Eq. (19) will be used, as:

U3 tð Þ ¼ U3e þU3i þ U3R (103)

Where, U3e is composed of sliding feedback and state feedback control terms as
described in the first subsystem:

U3e ¼ �k3y3 tð Þ � γ3s3 tð Þ (104)

In order to estimate uncertainty, disturbance and unknown nonlinearities, U3i is
used as the output of an ANFIS estimator, as:

U3i ¼ �dW3
T
ϕ y3 tð Þ� �

(105)

U2R is a robust controller and represented as:

U3R ¼ U3R1 þ U3R2 (106)

Where U2R1, U2R2 can be presented as follows:

U3R1 ¼ � bα31 þ bα32½ � � bθ3l y3 tð Þ�� �� sgn s3 tð Þð Þ � bθ3g y3 tð Þ þ γ3
�� ��þ bθ3y y3 tð Þ�� ��h i

sgn s3 tð Þð Þ (107)

U3R2 ¼ �k3R sgn s3 tð Þð Þ (108)

Where, s3 tð Þ is defined as follows:

s3 tð Þ ¼ tanh Dq3�1y3 tð Þ þ k3D�1y3 tð Þ� �
(109)

The following adaptive laws update the parameters in the designed controller:
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_cW3 ¼ k2wSgn s3ð Þϕ y3 tð Þ� �
sech2 Dq3�1y3 tð Þ þ k3D�1y3 tð Þ� �

(110)

_bθ3l ¼ l3l y3 tð Þ�� ��sech2 Dq3�1y3 tð Þ þ k3D�1y3 tð Þ� �
(111)

_bθ3g ¼ l3g y3 tð Þ þ γ3
�� ��sech2 Dq3�1y3 tð Þ þ k3D�1y3 tð Þ� �

(112)

_bθ3y ¼ l3y y3 tð Þ�� ��sech2 Dq3�1y3 tð Þ þ k3D�1y3 tð Þ� �
(113)

_bα3i ¼ k3i sgn s3ð Þsech2 Dq3�1y3 tð Þ þ k3D�1y3 tð Þ� �
, i ¼ 1, 2ð Þ (114)

Where, k3w, l3l, l3g, l3y and k3i are positive values.
Theorem 3: The designed controller in (103) guarantees the asymptotic stability of

the nonlinear subsystem (100–102) using the adaptive laws (110–115) and the sliding
surface introduced in (109).

Proof: The Lyapunov function candidate for subsystem (100–102) is presented to be:

V3 ¼ V31 þ V22 þ V23 (115)

Where:

V31 ¼ V21 þ s3 tð Þj j (116)

V32 ¼ V22 þ sech2 Dq3y3 tð Þ þ k3y3 tð Þ� �ðt
t�τ

g2 y3 rð Þ� �þ y3
2 rð Þ� �

dr (117)

V23 ¼ V23 þ 1
2

k�1
3w

~W3
2 þ l�1

3g
~θ
2
3g þ l�1

3l
~θ
2
3l þ l�1

3y
~θ
2
3y þ

X2
i¼1

k�1
3i ~α

2
3i

 !
(118)

Where, ~W3 ¼ W3 �cW3, ~α3i ¼ α3i � bα3i, i ¼ 1, 2ð Þ, ~θ3g ¼ θ3g � bθ3g, ~θ3l ¼ θ3l � bθ3l
and ~θ3y ¼ θ3y � bθ3y.

Using the same procedure of the proof of Theorem 1, it can be shown that the
derivation of proposed Lyapunov function (115) is negative definite ( _V3 <0Þ. Therefore,
the subsystem (100–102) using the proposed controller (103) has asymptotic stability.

Remark: The presented control algorithm (FBAIC) in this section can be general-
ized for higher order system as well.

6. Controller design for fractional-order nonlinear systems with time
delay in states and control input

Theorem 4: According to [39], the regular form of the nonlinear system (1) can be
rewritten as follows:

Dqz1 ¼ f z1ð Þ þ h z1 t� τð Þð Þ þ l z1, tð Þ þ z2 t� τuð Þ
Dqz2 tð Þ ¼ ~v tð Þ
z1 tð Þ ¼ p tð Þ t∈ �τ, 0½ �
z2 tð Þ ¼ q tð Þ t∈ �τu, 0½ �

8>>><
>>>:

(119)

Where, ~v tð Þ is the control input vector. Using this transformation, the input time
delay is converted to the state time delay. For this system, the sliding surface can be
defined as follows:
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s tð Þ ¼ tanh Dq�1z1 tð Þ þDq�1z2 tð Þ þ kD�1z1 tð Þ� �
(120)

The control law from FSAIC approximator is presented as follows:

~v tð Þ ¼ �dWf
T
ϕ z1 tð Þð Þ � kz1 tð Þ � γs tð Þ � bα1 þ bα2½ � � bθl z1 tð Þj j sgn s tð Þð Þ

� bθg z1 tð Þ þ γ1j j þ bθz z1 tð Þj j
h i

sgn s tð Þð Þ � k sgn s tð Þð Þ � z2 t� τuð Þ
(121)

The control law in FBAIC is presented as follows:

~vj tð Þ ¼ �cWjϕ z1j tð Þ
� �� kjz1j tð Þ � γjsj tð Þ � bα1j þ bα2j

� �� bθlj z1j tð Þ
�� �� sgn sj tð Þ

� �

� bθgj z1j tð Þ þ γ1j

���
���þ bθzj z1j tð Þ

�� ��h i
sgn sj tð Þ
� �� kRj sgn sj tð Þ

� �� z2j t� τuð Þ
(122)

Where, j ¼ 1, 2, … is the degree of the nonlinear system.
Asymptotical stability of the system (1) with above control laws is guaranteed.
Proof: The asymptotic stability of system (119) can be proved in the same proce-

dure as Theorem 1 for FSAIC and Theorem 2 to Theorem 4 for FBAIC.

7. Simulation results

In this section, the effectiveness of the designed controller has been examined via
MATLAB simulations. For this purpose, the fractional-order chaotic Chen system
with time-varying delay in states, unknown dynamics of system and control input,
with considering uncertainty and disturbances have been considered. Also, in order to
show the performance of the designed controllers, the results of FSAIC, FBAIC and
Fractional-order Sliding mode Control (FSC) will be compared.

The fractional-order chaotic Chen system [40] with time-varying delay in states,
uncertainty of system and control input is defined as:

Dq1x1 tð Þ ¼ a x2 tð Þ � x1 t� τ1ð Þð Þ þ Δg1 x tð Þ, x t� τð Þð Þ þ d1 tð Þ þ U1 t� τu1ð Þ
Dq2x2 tð Þ ¼ cx1 t� τ2ð Þ � kx1 tð Þx3 tð Þ þ Δg2 x tð Þ, x t� τð Þð Þ þ d2 tð Þ þ U2 t� τu2ð Þ
Dq3x3 tð Þ ¼ mx21 tð Þ � bx3 t� τ3ð Þ þ Δg3 x tð Þ, x t� τð Þð Þ þ d3 tð Þ þ U3 t� τu3ð Þ

8><
>:

(123)

Where, the initial conditions x0 ¼ 0:5,0:2,0:3½ �, qi ¼ 0:97 and a, b, c, k,mð Þ ¼
10, 4, 40, 10, 2:5ð Þ are assumed and also, the time delay in system states and control
inputs are as follows:

τ1, τ2, τ3½ � ¼ 1þ t
1þ 2t

, 0:5 1þ Sin tð Þð Þ, 1þ Cos tð ÞÞð �
�

(124)

τu1, τu2, τu3½ � ¼ 1þ 3t
1þ 8t

, 0:2 1þ Cos tð Þð Þ, 0:4 1þ Sin 2tð Þð Þ
� �

(125)

Uncertainties and external disturbance of the system are assumed as follows:

Δg1 x tð Þ, x t� τð Þð Þ ¼ Sin x2 tð Þx3 tð Þð ÞCos x1 t� τ1ð Þð Þ (126)

Δg2 x tð Þ, x t� τð Þð Þ ¼ 0:1Sin x1 tð Þx3 tð Þð ÞCos x2 t� τ2ð Þð Þ (127)
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Δg3 x tð Þ, x t� τð Þð Þ ¼ 2Sin x1 tð Þx2 tð Þð ÞCos x3 t� τ3ð Þð Þ (128)

d tð Þ ¼ 0:8u tð Þ (129)

Where, u tð Þ is a step function. The controller parameters are adjusted as follows:

lx ¼ 5, 0:4, 0:1½ �, ll ¼ 3, 0:3, 0:1½ �, lg ¼ 2, 0:2, 3½ �, kw ¼ 50,50,50½ �, k1 ¼ 0:9,0:1, 0:1½ �,
k2 ¼ 0:5, 0:1, 0:3½ �, γ ¼ 2, 2, 2½ �, k ¼ 50, 50, 50½ �, kR ¼ 5, 5, 5½ �: (130)

The controller is applied to the system at the moment t ¼ 20s, and at t ¼ 35s the
states delay changes as follows:

τ01, τ02, τ03½ � ¼ 5þ 25t
1þ 11t

, 3 1þ Sin tð Þð Þ, 5þ 5t
1þ 3t

� �
(131)

In t ¼ 50s, uncertainties and disturbances are changed to

Δg01 x tð Þ, x t� τð Þð Þ ¼ 4Sin x2 tð Þx3 tð Þð ÞCos x1 t� τ1ð Þð Þ (132)

Δg02 x tð Þ, x t� τð Þð Þ ¼ 6Sin x1 tð Þx3 tð Þð ÞCos x2 t� τ2ð Þð Þ (133)

Δg03 x tð Þ, x t� τð Þð Þ ¼ 4Sin x1 tð Þx2 tð Þð ÞCos x3 t� τ3ð Þð Þ (134)

d0 tð Þ ¼ 0:5Sin tð Þ, 0:5Sin tð Þ, 0:5Sin tð Þ½ �: (135)

At t ¼ 70s, the delay in control inputs is switched to

τ0u1, τ0u2, τ0u3½ � ¼ 0:4 1þ Sin 2tð Þð Þ, 0:3 1þ Sin 2tð Þð Þ, 1þ 2t
1þ 5t

� �
: (136)

Chen’s chaotic attractor has been shown in Figure 3.
The results of the designed controllers (FBAIC and FSAIC) are compared with

those of the fractional-order sliding mode control (FSC) in Figures 4–10. The

Figure 3.
Fractional order Chen system chaotic attractors.
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system’s state trajectories have been shown in Figures 4–6. State trajectories have
been zoomed out in Figures 4(b), 5(b) and 6(b) in the interval [0, 90], while,
Figures 4(c) to 6(c) and 4(d) to 6(d) focus on the moments of uncertainty and
disturbance changes, and variations in time delays, respectively. As seen, the results of
the designed controllers have better performance than FSC, as the states do not
converge to their desired values and oscillations remain in the state trajectories, even
after activating FSC. After applying designed controllers, on the other hand, at
t ¼ 20s, state trajectories converge to their desired value (xd ¼ 0) in the short time
with lower oscillations compared to FSC. However, this is due to employing ANFIS

Figure 4.
The first state trajectory of fractional-order Chen system.

Figure 5.
The second state trajectory of fractional-order Chen system.
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Figure 6.
The third state trajectory of fractional-order Chen system.

Figure 7.
The sliding surface trajectories.

Figure 8.
The input control signals (Right hand: Figures zoomed out for better appearance).
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approximator in the adaptive intelligent robust infrastructure. As another point, one
can see in these figures that FBAIC outperform FSAIC, as expected. In addition, in
spite of sudden variations in time delays and uncertainty, the proposed controllers
have shown good performance and could compensate the variations, rapidly. The
same statements presented about state trajectories are true for the sliding surfaces and
the control signals, as shown in Figures 7 and 8, respectively. As observed, the control
efforts related to the designed controllers have smaller amplitude and lower oscilla-
tions compared to the FSC. Also, good capability of the neuro-fuzzy estimator has
been reflected in the convergence of the estimated controller parameters, as can be
seen in Figures 9 and 10. From these figures, it is shown that the neuro-fuzzy
estimator has been able to cope with the system properties and has converged, prop-
erly, especially in FBAIC.

8. Conclusion

In this chapter, the FBAIC and FSAIC design for fractional-order nonlinear sys-
tems with time delays, uncertainty and disturbances was presented. The time delays
were separately considered in states, uncertainties and control inputs. Due to the
existing time delays, the stability criteria of designed controllers were proved via
using Lyapunov-Krasovskii theorem and Barbalat’s Lemma. To show the performance

Figure 9.
Left side figure: The updated θ vector parameters of FBAIC; Right side figure: The updated θ vector parameters of
FSAIC.

Figure 10.
Left side figure: The updated α vector parameters of FBAIC; Right side figure: The updated α vector parameters of
FSAIC.
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of the proposed controllers, FBAIC, FSAIC and FSC were implemented on fractional-
order Chen system with uncertainties, disturbances and time-varying delays in its
states, uncertainties and control inputs and their results were compared. According to
these results, the proposed controllers outperformed FSC in stabilizing the nonlinear
systems with uncertainties, disturbances and unknown time-varying delays. As it was
clearly seen in the numerical example, despite the sudden variations in time delays,
uncertainties and disturbances, regulating the system states has been well done in the
shortest time. The obtained control signal also showed less fluctuations and smaller
amplitude respecting FSC, while FBAIC overall outperformed FSAIC, as well. Con-
vergence of the proposed controllers’ parameters was also representative of the good
performance of the neuro-fuzzy estimator to cope with the system properties. There-
fore, the hybrid of conventional controller with intelligent controller has improved
many problems of conventional controllers, stability, fluctuations of control signals
and delayedcompensation.
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Chapter 3

Cascaded-ANFIS and Its Successful
Real-World Applications
Yukinobu Hoshino, Namal Rathnayake,Tuan Linh Dang
and Upaka Rathnayake

Abstract

The cascaded adaptive neuro-fuzzy inference system (ANFIS) is widely employed
for modeling and controlling nonlinear systems. It combines human experience and
knowledge with neural networks’ learning capability and fuzzy systems’ pattern
extraction ability. This integration enables the development of effective models across
diverse application domains. This chapter introduces the Cascaded-ANFIS algorithm
and its case studies. One example of a case study that uses Cascaded-ANFIS is the
modeling of the relationship between rainfall and runoff. This relationship is inher-
ently complex and nonlinear, influenced by watershed topography, soil infiltration
characteristics, and rainfall patterns. Accurately capturing this relationship is crucial
for flood forecasting and water resources management applications. Rainfall data is
the primary input variable when employing Cascaded-ANFIS to model the relation-
ship between rainfall and runoff. This encompasses rainfall data with both temporal
and spatial resolutions. Runoff data is collected by observing groundwater levels, river
water levels, and geographical features of the watershed.

Keywords: cascaded-ANFIS, gradient boosting, rainfall-runoff prediction, hand
gestures prediction, image identification, ensemble model, streamflow prediction

1. Introduction

1.1 Overview of ANFIS

The adaptive neuro-fuzzy inference system (ANFIS) is a hybrid intelligence sys-
tem that combines neural networks’ learning abilities with fuzzy logic’s qualitative
approach. ANFIS was created by Jang in 1993 [1] and has been widely used in differ-
ent applications because it can model complex, nonlinear relationships. ANFIS
operates by mapping inputs through layers to produce an output. The process can be
simplified by combining fuzzy if-then rules with a learning algorithm. This algorithm
adjusts system parameters to reduce the difference between predicted and actual out-
puts. The system’s architecture typically involves five layers:

Input Layer: This layer passes the input variables to the next layer.
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Fuzzification Layer: In this layer, the input variables are transformed into fuzzy sets
using membership functions. If bell-shaped membership functions are used, they can
be defined as:

μAi
xð Þ ¼ 1

1þ x�ci
ai

���
���
2bi

(1)

where ai, bi, and ci are the parameters of the bell-shaped function.
Rule Layer: Each node in this layer corresponds to a rule and calculates the firing

strength of the rule. The output of this layer is the product of the membership values
from the previous layer:

O2,i ¼ wi ¼ μAi
xð Þ � μBi

yð Þ for i ¼ 1, 2 (2)

Normalization Layer: This layer normalizes the firing strengths from the rule layer.
The normalized firing strength for each rule is calculated as:

O3,i ¼ wi ¼ wi

w1 þw2
(3)

Defuzzification Layer: In this layer, the output of each rule is computed. This is
done by multiplying the normalized firing strength with a linear function of the input
variables:

O4,i ¼ wif i ¼ wi pixþ qiyþ ri
� �

for i ¼ 1, 2 (4)

where pi, qi, and ri are the consequent parameters.
Output Layer: This layer sums the outputs of all the rules to produce the final

output of the system:

O5 ¼
X2
i¼1

wif i ¼
w1f 1 þ w2f 2
w1 þw2

(5)

The learning process in ANFIS involves two main steps: forward pass and back-
ward pass. During the forward pass, the input is propagated forward to calculate the
firing strengths and the output. The parameters of the consequent functions are then
estimated using the least-squares method. The error is reversed during the backwards
pass, and the membership function parameters are adjusted using gradient descent.
ANFIS is powerful for modeling and controlling complex systems by combining
neural and fuzzy systems. Integrating backpropagation with the least squares
method helps the system converge quickly and accurately by improving the
parameters effectively.

1.2 Evolution and significance of cascaded-ANFIS

Cascaded-ANFIS is a new approach that improves traditional ANFIS models [2].
ANFIS has evolved into a cascaded structure to overcome challenges like high-
dimensional data and computational complexity [3]. This allows it to be used in more
complex scenarios.
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ANFIS combines the benefits of fuzzy logic and neural networks, providing
smoothness and adaptability [4]. However, the traditional ANFIS model struggles
with high-dimensional input spaces and computational burdens. The Cascaded-ANFIS
solves these issues by utilizing multiple layers. Each layer handles a specific input part
and helps improve the final result through an iterative optimization process.

The Cascaded-ANFIS model, with its pair selection and training modules, is
designed for efficiency and robustness. The pair selection module identifies the best
input pairs, while the training module continuously refines the output for optimal
performance. This approach ensures computational efficiency and robustness,
making it suitable for real-time applications. Moreover, the algorithm can effectively
manage the complexity and improve the system’s accuracy by employing a cascaded
structure.

The parameters are adjusted in each iteration to reduce the difference between the
prediction and the actual results in each ANFIS structure. The example has six inputs
as shown in Figure 1. Hence, six ANIFS structures were used to obtain the outputs for
the first iteration. In this case, the number of parameters that have been tuned is 36.
Because each ANFIS structure has p, q, and r design parameters and membership
parameters (if bell-shaped: 3 parameters), the first iteration has 36 parameters
(2� 3� 6 ANFIS structures) for tuning. Another unique parameter will reappear if
the system advances to the next iteration. Hence, increasing the number of iterations
increases the complexity of the novel ANFIS algorithm. But, the algorithm is designed
to operate only one ANFIS structure at a time. Therefore, the complexity remains
consistent in a two-input ANFIS structure. However, the number of tuned parameters
increases the accuracy of the optimization solution.

Algorithm 1. Cascaded-ANFIS Algorithm.

1: Initialize the system with a two-input ANFIS model.
2: Input the dataset with multiple variables.
3: repeat.
4: Perform pair selection to identify the best input pairs.
5: Train the ANFIS model with the selected input pairs.
6: Generate the output for the current iteration.
7: Evaluate the performance using a predefined metric (e.g., RMSE).
8: Update the parameters of the ANFIS model.
9: If convergence criteria are met, exit loop.
10: until convergence criteria are met.
11: Output the final optimized model.

By integrating pair selection and iterative training, the Cascaded-ANFIS model
continuously refines its output, ensuring high accuracy and efficiency. This method
also allows for hybrid optimization techniques, such as particle swarm optimization
(PSO) [5–8] and genetic algorithm (GA) [9–11], further enhancing the model’s
performance.

The evolution of ANFIS into the Cascaded-ANFIS framework represents a signifi-
cant advancement in computational intelligence. It offers a robust solution to the
limitations of traditional ANFIS models, enabling the handling of complex, high-
dimensional datasets with improved computational efficiency and accuracy. The ben-
efits of the Cascaded-ANFIS model over traditional ANFIS are clear, making it a
superior choice for many applications.
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1.3 Objectives and scope of the chapter

The chapter begins by explaining the traditional ANFIS and showing how it is good
at understanding complex, nonlinear relationships [4, 12, 13]. Subsequently, it intro-
duces the concept of the Cascaded-ANFIS, which is designed to improve the effec-
tiveness and flexibility of traditional ANFIS frameworks.

The narrative then explores the development of Cascaded-ANFIS, highlighting the
challenges traditional ANFIS methods face, such as the complexity of dimensions and
computational requirements [14–16]. Cascaded-ANFIS is important because it helps
overcome obstacles with its architecture and optimization process, making it useful in
many different areas.

This chapter provides an in-depth analysis of the practical implementation of
Cascaded-ANFIS in understanding the complex relationship between rainfall and
runoff [17–20]. It underscores the intrinsic complexity inherent in this relationship,
accentuating the imperative of precision modeling for flood prognostication and
hydrological resource governance tasks [21]. Moreover, it delineates the adept utiliza-
tion of Cascaded-ANFIS in encapsulating this convoluted nexus, harnessing rainfall
data of varying temporal and spatial resolutions.

A systematic explication of the Cascaded-ANFIS algorithm ensues elucidating its
procedural intricacies encompassing pair selection, iterative refinement, and perfor-
mance assessment. Moreover, it expounds upon integrating hybrid optimization
methodologies, such as PSO and GA, augmenting the model’s efficacy manifold.

Furthermore, the chapter delineates the expansive vista of applications proffered
by Cascaded-ANFIS, transcending the realm of rainfall–runoff modeling to encom-
pass domains such as gesture recognition, image classification, and streamflow pre-
diction. It also prognosticates potential avenues for future research and innovation,
catalyzing computational intelligence paradigms’ evolutionary trajectory.

The chapter furnishes readers with a comprehensive exegesis of Cascaded-ANFIS,
spanning its foundational tenets, methodological frameworks, real-world applica-
tions, and prospective trajectories. By illuminating its transformative potential, it
endeavors to chart a course toward the vanguard of computational intelligence, fos-
tering innovation and advancement across diverse domains.

Figure 1.
Example of Cascaded-ANFIS structure.
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2. Fundamentals of cascaded-ANFIS

The cascaded adaptive neuro-fuzzy inference system builds on the basic ANFIS
model, which combines the learning capabilities of neural networks with the fuzzy
logic qualitative approach. Cascaded-ANFIS addresses two main limitations of the
traditional ANFIS: the curse of dimensionality and computational complexity [3]. The
cascaded approach involves layering multiple ANFIS models to create a more scalable
and computationally efficient system.

2.1 Concept and architecture of cascaded-ANFIS

The Cascaded-ANFIS architecture involves a series of ANFIS models arranged in
layers. Each layer processes a subset of the input variables, reducing the overall
dimensionality handled by each individual ANFIS model. The outputs of one layer
serve as inputs to the next layer. This architecture reduces the computational load on
each ANFIS model and allows the system to handle more complex and higher-
dimensional data more effectively.

2.2 Cascaded approach: structure and advantages

The structure consists of a layered configuration, with each layer in the cascade
being an ANFIS model. The first layer processes the initial inputs and passes its
outputs to the next layer. A novel pair selection module selects the best input pairs
for each ANFIS model, ensuring that each model works with the most relevant
variables. Each layer’s ANFIS model is also trained independently, simplifying the
overall training process.

Cascaded-ANFIS offers several advantages. First, its scalability allows it to handle
larger datasets with more input variables by breaking down the problem into smaller
parts. Second, it reduces complexity because each individual ANFIS model deals with
fewer inputs, making the system less computationally intensive. Finally, its layered
approach often results in improved performance and accuracy, as each layer can
specialize in processing specific aspects of the input data.

2.3 Learning mechanisms in cascaded-ANFIS

The learning mechanisms in Cascaded-ANFIS involve a combination of
backpropagation [22] and least squares estimation [23], similar to traditional
ANFIS. However, the cascaded structure introduces additional learning dynamics:
Independent training of each ANFIS layer reduces the risk of overfitting and
enhances generalization. The cascaded structure facilitates iterative improvement,
allowing outputs from one layer to be reprocessed and refined in subsequent
layers. Parameters for each ANFIS model are optimized using a combination of
gradient descent and least squares methods [24], improving the overall system
performance.

By addressing the limitations of traditional ANFIS through a layered and modular
approach, Cascaded-ANFIS provides a robust and efficient framework for handling
complex, high-dimensional data in various applications.
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3. Technical background

The technical background of this study revolves around the ANFIS, first
introduced by Jang in 1993. ANFIS combines neural networks (NN) [25] and fuzzy
inference systems (FIS) [26] to leverage both strengths. The main advantage of ANFIS
is its ability to transform complex systems into simple if-then rules, enabling it to
handle nonlinear functions effectively [27]. ANFIS has been widely applied in various
research areas, demonstrating powerful results. It combines gradient descent and the
least square method to optimize parameter searching, significantly reducing training
phase errors.

3.1 Mathematical formulation of cascaded-ANFIS

ANFIS operates through a structured architecture consisting of five layers: input,
membership function, fuzzification, normalization, and output layers [28]. For two
inputs, x and y, and following the Sugeno FIS model, the ANFIS system applies if-then
rules such as

f 1 ¼ p1xþ q1yþ r1 and f 2 ¼ p2xþ q2yþ r2, (6)

where A1 and B1 are fuzzy sets, and p, q, r are design parameters. The first layer,
the membership layer, is adaptive and generates membership grades for each input.
The second layer computes the firing strengths of the rules. The third layer normalizes
these firing strengths, while the fourth layer computes the contribution of each rule to
the output. The final layer aggregates these contributions to produce the overall
output of the ANFIS model [29].

3.2 Rule generation and parameter optimization

In the rule generation process of ANFIS, the system forms if-then rules based on
the input–output data pairs. The membership functions, which define how each
input is mapped to a fuzzy set, are determined in the initial phase. Parameter
optimization in ANFIS involves adjusting the parameters of these membership
functions to minimize the error between the predicted and actual outputs. This
optimization typically employs a hybrid learning algorithm that combines the gradient
descent method for tuning the parameters of the membership functions and the least
squares method for estimating the coefficients of the linear functions in the if-then
rules. This dual approach ensures that the ANFIS model accurately captures the
underlying patterns in the data.

4. Case study 1: rainfall - runoff prediction

The rainfall–runoff relationship is crucial for understanding hydrological processes
and water resource management [30]. Predicting runoff from rainfall data allows for
effective planning and mitigation of flood risks [31]. Traditional approaches often
struggle with the nonlinear and dynamic nature of this relationship. Advanced
machine learning techniques, such as the Cascaded-ANFIS, offer improved accuracy
and robustness in modeling these complex interactions.
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4.1 Introduction to rainfall–runoff relationship

The rainfall–runoff relationship is a fundamental aspect of hydrology and is pivotal
for understanding and managing water resources [32]. This relationship describes
how rainfall, as the primary input, translates into runoff, the primary output, within a
watershed. Many factors influence it, including soil properties, land use, topography,
and climate conditions [33]. Accurate prediction of runoff based on rainfall data is
essential for several reasons:

1.Flood Risk Mitigation: Understanding this relationship helps predict potential
flood events, allowing for timely and effective flood warning systems and
mitigation strategies. Accurate runoff predictions enable authorities to
implement necessary measures to protect communities and infrastructure from
flood damage [32].

2.Water Resource Management: Effective management of water resources depends
on reliable runoff forecasts. This ensures adequate agricultural, industrial, and
domestic water supply. Proper planning and allocation of water resources help
maintain ecological balance and meet human demands.

3.Hydrological Modeling: The rainfall–runoff relationship forms the basis for
hydrological models used in various applications, including watershed
management, urban planning, and environmental protection. These models
help simulate different scenarios, aiding in decision-making and policy
formulation [34].

Traditional approaches to modeling the rainfall–runoff relationship include
empirical, conceptual, and physical models [35]. Empirical models rely on historical
data and statistical techniques to establish a relationship between rainfall and runoff.
Conceptual models represent the catchment as a series of interconnected reservoirs,
each simulating different hydrological processes [36]. On the other hand, physical
models use detailed representations of physical processes based on the conservation of
mass, momentum, and energy [37].

However, these traditional methods often encounter significant challenges:

• Nonlinearity: The relationship between rainfall and runoff is highly nonlinear
due to the complex interplay of various hydrological processes. Traditional
models may fail to capture these nonlinearities accurately, leading to less reliable
predictions [38].

• Temporal and Spatial Variability: Rainfall and runoff exhibit significant
variability over time and space. Capturing this variability requires models that
can adapt to changing conditions and scale appropriately [39, 40].

• Data Limitations: Traditional models often rely on extensive data for calibration
and validation. Often, such data may be incomplete, inaccurate, or unavailable,
limiting the model’s applicability and accuracy [41, 42].

To address these challenges, advanced machine learning techniques have emerged
as powerful tools for modeling the rainfall–runoff relationship. Machine learning
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algorithms, such as ANN, SVM, and LSTM networks, have demonstrated
superior performance in capturing hydrological processes’ complex, nonlinear
dynamics [43–45].

According to previous research, using ML and AI models for prediction and
forecasting still requires further improvements. Therefore, this chapter outlines
the methodology and results of utilizing the Cascaded-ANFIS algorithm to address
this issue.

4.2 Data collection: rainfall and runoff variables

This study application focused on five major rivers in three countries, as shown in
Figure 2.

The rivers that were considered in this study can be presented in brief as follows:

1.Kalu River (Sri Lanka): The Kalu River in Sri Lanka covers 2766 km2, with an
average annual rainfall of 4000 mm. It flows 129 km from the central highlands
to the sea at Kalutara. The Ratnapura area is prone to flooding during the
southwest monsoon. Rainfall and water level data from 2000 to 2015 were
obtained from the Meteorological Department and the Department of Irrigation.

2.Kelani River (Sri Lanka): The Kelani River in Sri Lanka is 145 km long and has a
catchment area of 2340 km2. It provides 80% of Greater Colombo’s water supply
and receives an average annual rainfall of 3450 mm. Data on daily rainfall and

Figure 2.
Rainfall catchment maps of five rivers used in this study: (A) Kalu River, (B) Kelani River, (C) Thu-Bon River,
(D) Monobe River, and (E) Niyodo River.
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water levels from 2003 to 2017 were obtained from the Meteorological
Department and the Department of Irrigation, respectively.

3.Thu Bon River (Vietnam): The Thu Bon River in Vietnam stretches 205 km from
Ngoc Linh mountain to the South China Sea. It has a catchment area of about
10,000 km2 and an average discharge of 9100 m3=s. The river experiences
annual flooding from October to December due to Vietnam’s rainy season, and
data from 2003 to 2007 were obtained from the Vietnam Metrology Institute.

4.Monobe River (Shikoku Island, Japan): The Monobe River in Shikoku Island,
Japan, originates from Mount Akagiouama in the Tsurugi mountain range. It is
approximately 71 km long, with a catchment area of 508.2 km2 and an average
discharge of 24.6 m3/s, influenced by rainfall. The Japan Meteorological Agency
collected data on rainfall and stage measurements from 2010 to 2019.

5.Niyodo River (Shikoku Island, Japan): The Niyodo River in Shikoku Island, Japan,
originates from Mount Ishizuchi, has a length of approximately 124 km, a basin
area of 1560 km2, and an average discharge of 100 m3/s. In 1975, the river
experienced severe flooding due to a typhoon, prompting close monitoring by
Kochi Prefecture. Rainfall and river water level data from 14 rain gauges were
obtained from the Japan Meteorological Agency from 2010 to 2019.

4.3 Preprocessing and feature extraction

The preprocessing steps involved cleaning the data to remove any anomalies or
missing values, normalizing the variables, and selecting relevant features for the
model. Additionally, feature extraction included deriving additional informative met-
rics from the raw data, such as lagged rainfall variables, to account for the time delay
in runoff response. The study considered scenarios with rainfall data from the same
day, the previous day, and two days before capturing the temporal dependencies.

4.4 Summary and conclusion of case study 1

This section focuses on five significant rivers across three countries: Kalu and
Kelani rivers in Sri Lanka, Thu Bon River in Vietnam, and Monobe and Niyodo rivers
in Japan. Detailed data collection was conducted for each river, considering various
factors like catchment area, average annual rainfall, and historical data on rainfall and
water levels. This comprehensive data collection enabled a robust analysis of the
rainfall–runoff relationship for each river, accounting for unique regional character-
istics. The manuscript describes the preprocessing steps, which include cleaning the
data, normalizing variables, and extracting relevant features such as lagged rainfall
variables to capture temporal dependencies.

In conclusion, this section demonstrates the effectiveness of the Cascaded-ANFIS
algorithm in predicting runoff from rainfall data. By addressing the limitations of
traditional models and leveraging advanced machine learning techniques, the study
provides more accurate and reliable predictions, essential for flood risk mitigation and
water resource management. The detailed case studies of the five rivers underscore
the algorithm’s robustness and adaptability to different hydrological contexts. Overall,
the study highlights the potential of advanced machine learning techniques in
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enhancing our understanding and management of complex hydrological processes,
paving the way for better-informed decision-making in water resource planning and
disaster management [17].

5. Case study 2: hand gestures prediction

5.1 Importance of gesture recognition in human - computer interaction

Gesture recognition is pivotal in human–computer interaction (HCI) as it trans-
forms how users interact with technology by enabling intuitive, natural, and efficient
communication with digital systems [46]. By recognizing and interpreting human
gestures, particularly hand movements, gesture recognition bridges the gap between
human intent and machine response, allowing for a more seamless and immersive
user experience. This technology is particularly valuable in enhancing accessibility, as
it facilitates non-verbal communication for individuals with disabilities, such as using
sign language for the hearing impaired. Additionally, gesture recognition reduces the
reliance on traditional input devices, enabling hands-free operation in various con-
texts, from controlling smart home devices to performing complex tasks in virtual and
augmented reality environments [47]. The continuous advancements in machine
learning and computer vision drive the development of more accurate and resource-
efficient gesture recognition systems, broadening their applications and making them
integral to the future of interactive technology [48].

5.2 Dataset description and preprocessing

The dataset used in this study comprises seven distinct hand gesture classes with a
total of 350 samples, where each sample is represented by a sequence of 30 frames,
summing up to provide a comprehensive view of the gesture [49]. Preprocessing steps
are crucial to ensure the quality and reliability of the data. Initially, the dataset
undergoes normalization to standardize the range of data values, facilitating better
performance in model training. Data augmentation techniques, such as flipping and
rotation, are applied to increase the dataset’s variability, thus enhancing the model’s
robustness against different orientations and perspectives of gestures [50]. Additionally,
noise reduction methods are employed to minimize any irrelevant variations or artifacts
that could obscure the gesture patterns. Finally, the dataset is split into training and
testing subsets to enable effective evaluation and validation of the model, ensuring that
the model can generalize well to unseen data. These preprocessing steps are essential to
prepare the dataset for subsequent machine learning tasks and to improve the accuracy
and efficiency of the hand gesture recognition system [51].

5.3 Implementation of ensemble-ANFIS structure for gesture prediction

The results of implementing the Ensemble-ANFIS for gesture prediction showed
compelling performance metrics across various evaluation criteria. The overall struc-
ture is presented in Figure 3. The Ensemble-ANFIS model achieved an average accu-
racy of 98.9%, surpassing other state-of-the-art algorithms such as XGBoost [52],
CatBoost [53], and LightGBM [54], which achieved accuracies of 91.60%, 93.57%, and
87.16%, respectively. This superior accuracy was consistent across different evalua-
tion methods, including 10-fold cross-validation and confusion matrix-based analysis.
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Specifically, the ANFIS model demonstrated micro-average precision, recall, and F1-
score values of 0.99, 0.97, and 0.98, indicating robust performance in correctly iden-
tifying and classifying hand gestures. The precision values for individual classes were
particularly high, reflecting the model’s ability to minimize misclassifications across
diverse gesture categories. Overall, these results underscore the effectiveness of
Ensemble-ANFIS in leveraging fuzzy inference systems to enhance the accuracy and
reliability of gesture prediction in human–computer interaction applications.
Implementing Ensemble-ANFIS for gesture prediction presents a promising approach
to enhance further the accuracy and robustness of hand gesture recognition systems.
Ensemble-ANFIS extends the capabilities of adaptive network-based fuzzy inference
systems by integrating multiple ANFIS models in a hierarchical structure. Each level
refines the prediction output of the previous level, enabling the system to handle
increasingly complex patterns and variations in hand gestures. This approach lever-
ages the iterative learning process of ANFIS to sequentially improve the classification
accuracy by refining the membership functions and rules at each stage. By cascading
ML models, the system can effectively capture intricate relationships and nuances in
gesture data, achieving higher precision and reducing classification errors. Figure 4
presents the prepossessing, training, and evaluation phase process of the Ensemble-
ANFIS model. These processes realize a robust iterative learning process. Moreover,
the hierarchical nature of Cascaded-ANFIS allows for incremental learning and adap-
tation, making it suitable for dynamic environments where gesture patterns may
evolve over time. Overall, Ensemble-ANFIS holds great potential in advancing gesture
prediction technology, offering a robust framework for real-time applications in
human–computer interaction.

5.4 Summary and conclusion of case study 2

This study introduces an innovative approach to hand gesture recognition that
integrates ANFIS with gradient boosting methods such as XGBoost, CatBoost, and
LightGBM. The ensemble model addresses computational complexity and resource
consumption issues associated with traditional CNN-based methods, making it more
efficient and effective on low-resource platforms. The proposed method underwent
testing on a dataset comprising seven hand gesture classes with 350 samples. Through

Figure 3.
Ensemble model structure with ANFIS and gradient boosting algorithms.
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a rigorous 10-fold cross-validation process, it demonstrated outstanding performance
metrics: 0.99 accuracy, 0.99 precision, 0.97 recall, and 0.98 F1 score. Integrating
ANFIS into the ensemble model with Cascaded-ANFIS enhances accuracy by effec-
tively handling nonlinear and uncertain variables, surpassing traditional gradient
boosting algorithms across various evaluation parameters [55].

6. Case study 3: image identification employed cascaded-ANFIS

Converting features into fuzzy variables allows for constructing flexible fuzzy
rules in preprocessing image data, thereby enabling adaptable image recognition [56].

Figure 4.
Prepossessing, training, and evaluation phase process of the Ensemble-ANFIS model.
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Fuzzy variables effectively manage the ambiguity and uncertainty of data lacking
clear boundaries and can flexibly represent complex data characteristics that were
difficult to express using traditional rigid numerical methods.

For instance, using vague categories like “slightly reddish green” or “pale blue”
instead of strict categories like “red” or “green” for color features makes it easier to
capture subtle color differences.

Fuzzy logic can handle complex relationships in data ambiguously, allowing it to
flexibly express subtle relationships between features [57, 58]. For example, using
fuzzy descriptions such as “rounded corners” or “slightly concave” for shape features
enables the flexible identification of minor shape variations. Similarly, by employing
fuzzy variables like “slightly rough” or “very smooth” for texture features, texture
characteristics can be expressed more naturally.

Additionally, fuzzy rules can account for ambiguous relationships between differ-
ent features, enabling a flexible rule-based approach that combines multiple features
[59]. For instance, the color, shape, and texture features of an image can be integrated
to identify complex patterns such as “a smooth object of a slightly bright color on a
slightly dark background.” This approach allows for the construction of rules that
consider the complex features of image data in a holistic manner, significantly
improving image recognition accuracy.

Another advantage of fuzzy logic is its robustness to noise, lighting changes, and
scale variations [60]. Fuzzy variables can flexibly respond to minor data changes,
making them resistant to fluctuations in image data caused by external environmental
changes, thus maintaining stable recognition performance [61]. This robustness to
noise and environmental changes ensures that the system performs well in image
recognition tasks under real-world conditions, providing a sense of security to the
audience.

Overall, representing features as fuzzy variables and constructing fuzzy rules
enable image recognition systems to manage ambiguity and uncertainty in data
effectively and to flexibly identify complex patterns that conventional strict rule-
based methods cannot handle. This approach allows the development of flexible
image recognition systems capable of comprehensively handling more natural and
diverse data.

In preprocessing image data, converting features into fuzzy variables enables the
construction of flexible fuzzy rules and facilitates adaptable image classification. This
process involves designing membership functions, applying fuzzy rules, and
defuzzification.

About Designing Membership Functions: Membership functions are fundamental
for converting image features into fuzzy sets [62, 63]. For example, instead of clear
categorizations such as “red” and “blue” for color features, we create continuous
categories like “slightly reddish” and “pale blue.” This allows for the flexible capture
of subtle color changes. Similarly, we design membership functions for shape features
that can continuously express various shapes, from “perfect circle” to “slightly ellip-
tical.” Texture features are also defined from “very rough” to “smooth,” and a mem-
bership function is designed to capture subtle changes in image texture. By designing
membership functions appropriate for each feature, complex information in the
image can be managed ambiguously and expressed flexibly.

Fuzzy rules are constructed to express relationships between multiple features
using fuzzy variables defined by membership functions [64]. For instance, fuzzy rules
might state, “If the image’s color is slightly red, the shape is slightly circular, and the
texture is slightly smooth, then the image is an apple.” This allows for the flexible
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identification of complex patterns resulting from feature combinations. Fuzzy rules
consider subtle relationships between features and possess high discriminatory power
even for ambiguous data. Moreover, these rules enable stable discrimination even if
features fluctuate slightly due to noise or environmental changes.

Defuzzification is performed to convert fuzzy conclusions obtained by fuzzy rules
into concrete decisions [65]. In the defuzzification step, for example, the likelihood of
an image being an “apple” is expressed numerically, and the final image classification
is based on that numerical value. Common defuzzification methods include the cen-
troid method, which converts the conclusions obtained into concrete class labels and
classification results. This makes it possible to make clear decisions even when dealing
with ambiguous data.

By designing membership functions, applying fuzzy rules, and defuzzification, it
becomes possible to represent features using fuzzy variables flexibly. This approach
effectively handles complex and ambiguous image data that cannot be managed by
conventional strict rule-based methods and enables flexible image recognition that is
resistant to noise and environmental changes. Consequently, it is possible to develop
an efficient and highly accurate image recognition system that more naturally reflects
the diversity of real-world image data.

6.1 Results analysis and accuracy assessment

We present a series of experiments to develop and test an automated fruit classifi-
cation system using a novel modified cascaded adaptive network-based fuzzy infer-
ence system [66]. The experiments utilized the Fruit-360 dataset, which comprises
131 fruit classes with 90,483 images, Figure 5. To classify fruit images effectively, the
researchers implemented the Cascaded-ANFIS algorithm, which integrates various
image features such as color structure [67], region shape [68], edge histogram [69],

Figure 5.
Examples of 360 fruits image dataset.
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and others. The dataset was split into a training set (67,692 images) and a test set
(22,688 images), with images being processed to remove the background and
standardize the size to 100 � 100 pixels. The classification accuracy of the
Cascaded-ANFIS model was evaluated using a confusion matrix, and the performance
was compared with existing models like CNN-based algorithms (VGG16, Inception
V3, MobileNet, and ResNet18) (Figure 6) [70–75].

The results from the experiments showed that the proposed Cascaded-ANFIS
algorithm achieved a remarkable classification accuracy of 98.36% on the Fruit-360
dataset. The algorithm also demonstrated high precision, recall, and F-score, with
weighted values of 0.9843, 0.9841, and 0.9840, respectively. Compared to other state-
of-the-art methods, such as CNN-based models, which ranged from 89.10% to 99.27%
accuracy, the Cascaded-ANFIS model proved to be highly effective. The inclusion of
multiple image features and the use of feature reduction techniques contributed to the
robustness and efficiency of the classification system. The computational efficiency of
the Cascaded-ANFIS was also highlighted, showing a significant improvement over
other models in terms of processing time and resource requirements.

The accuracy of the Cascaded-ANFIS algorithm was thoroughly validated through
multiple methods. The confusion matrix provided a detailed breakdown of the classi-
fication performance across all 131 classes, indicating a strong consistency in the
model’s ability to identify different fruit types correctly. The high precision, recall,
and F-score values suggest that the model is both precise in its predictions and reliable
across various classes. Furthermore, the comparative analysis with other models
underlines the effectiveness of the Cascaded-ANFIS algorithm in handling the
complexities of the Fruit-360 dataset. The experiments demonstrated that the
model not only achieves high accuracy but also does so with lower computational
demands, making it a practical solution for real-world applications in automated fruit
classification.

6.2 Comparative analysis with conventional image identification techniques

The proposed Cascaded-ANFIS performance for fruit classification was rigorously
compared to conventional image identification techniques. This comparative analysis
highlighted the advantages of the Cascaded-ANFIS model over traditional methods in

Figure 6.
Cascaded-ANFIS structure for fruits image classification.
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terms of accuracy, computational efficiency, and robustness in handling a large and
diverse dataset [66].

Traditional image classification techniques generally rely on manually engineered
feature extraction followed by a classification step using algorithms like support
vector machines (SVMs) [76], k-nearest neighbors (k-NN) [77], and decision trees.
These methods often involve feature extraction techniques such as histogram of
oriented gradients (HOG) [77], scale-invariant feature transform (SIFT) [78], and
local binary patterns (LBP). These conventional approaches typically require signifi-
cant domain knowledge for effective feature extraction and are limited by their
inability to generalize well across different types of image data.

One critical comparison made in the study was between the Cascaded-ANFIS and
traditional methods that utilize manually engineered features. The Cascaded-ANFIS
integrates multiple image features, including color structure, region shape, and edge
histogram, which are automatically processed by the system to enhance classification
accuracy.

On the other hand, traditional methods often require manual tuning of feature
extraction parameters, which can be time-consuming and less effective in capturing
the complex characteristics of fruit images. The Cascaded-ANFIS, with its adaptive
feature processing capabilities, showed a clear advantage in automating this process
and improving classification performance.

Regarding classifiers, the Cascaded-ANFIS was compared to commonly used
machine learning techniques such as SVMs and k-NN. These traditional classifiers
typically struggle with large, multi-class datasets like Fruit-360 due to their limited
scalability and the need for extensive computational resources for training and classi-
fication. The Cascaded-ANFIS demonstrated superior scalability and efficiency, han-
dling the large dataset more effectively and with lower computational costs. The study
noted that traditional classifiers often required longer training times and more com-
putational power, a significant limitation for practical applications.

This section also presented a detailed comparison between the Cascaded-ANFIS
and several state-of-the-art convolutional neural networks (CNNs) such as VGG16,
Inception V3, MobileNet, and ResNet18. While CNNs are known for their powerful
image classification capabilities, they often require substantial computational
resources for training and inference. The Cascaded-ANFIS, in contrast, achieved
competitive accuracy with significantly lower computational requirements. The study
highlighted that the proposed model reached an accuracy of 98.36%, which is compa-
rable to or even surpasses the performance of CNN-based models that generally
achieve accuracies ranging from 89.10% to 99.27%. This makes the Cascaded-ANFIS
not only a high-performing but also a cost-effective alternative to CNNs.

The comparative analysis underscored the computational efficiency of the
Cascaded-ANFIS, which is critical for real-world applications where computational
resources may be limited. The traditional methods, especially those involving CNNs,
often require powerful hardware and longer processing times, which may not be
feasible for all users. The Cascaded-ANFIS, with its reduced computational complex-
ity and resource requirements, offers a more practical solution for large-scale and real-
time fruit classification tasks.

Another key advantage of the Cascaded-ANFIS over traditional methods is its
robustness and adaptability to a wide range of image variations. The traditional tech-
niques, with their reliance on manually engineered features, often struggle with var-
iations in lighting, scale, and orientation. The Cascaded-ANFIS, through its
integration of diverse image features and adaptive processing, demonstrated a higher
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level of robustness in dealing with these challenges. This makes it a more versatile and
reliable tool for automated image classification in diverse environments.

In conclusion, the comparative analysis has shown that the Cascaded-ANFIS model
not only outperforms conventional image identification techniques in terms of accu-
racy and efficiency but also offers greater robustness and adaptability. This makes it a
powerful and practical tool for automated fruit classification. The study’s findings
underscore the potential of the Cascaded-ANFIS model in real-world applications,
particularly in agriculture, food processing, and supply chain management.

7. Conclusion and contribution

In conclusion, the study by Rathnayake et al. [66] presents significant advance-
ments in the field of automated fruit classification through the development of the
Cascaded-ANFIS. This innovative approach achieves superior classification accuracy
and demonstrates remarkable computational efficiency and robustness across a
diverse and extensive dataset. The high accuracy rate of 98.36% underscores the
model’s efficacy in distinguishing between 131 fruit classes, showcasing its potential
for practical applications in areas such as agriculture, food processing, and supply
chain management. The study’s comparative analysis with traditional and contempo-
rary image identification techniques highlights the Cascaded-ANFIS’s advantages in
handling large datasets, reducing computational complexity, and enhancing classifi-
cation performance.

The primary contribution of this work lies in integrating multiple image features
into a unified adaptive system, which improves classification accuracy without the
need for extensive computational resources typically required by CNNs. This
approach addresses the limitations of conventional methods that rely heavily on
manually engineered features and struggle with scalability and generalization. Fur-
thermore, the study provides a comprehensive evaluation framework, incorporating
metrics such as accuracy, precision, recall, and F1-score, which can serve as a bench-
mark for future research in the field.

Overall, the Cascaded-ANFIS model represents a significant step forward in auto-
mated image classification, offering a practical and efficient solution for large-scale
applications. Its ability to maintain high performance with lower computational
demands makes it an attractive alternative to more resource-intensive models, paving
the way for broader implementation in real-world scenarios. The insights and meth-
odologies presented in this study contribute valuable knowledge to the domain, pro-
viding a robust foundation for further exploration and innovation in automated
classification systems.
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Chapter 4

Toward a Pre- and Post-
Performance Decision Support
Platform Based on Fuzzy Logic
Manal Tamir, Fatima Ouzayd, Chiheb Reddouane and
Hamid Ech-cheikh

Abstract

Problems related to prioritizing a set of data (methods, risks, solutions, etc.), using
the opinions of committee members, call into question the need for effective
processing based on theoretical methods developed through literature. Indeed, this
work is carried out to respond to the needs identified during the analysis of works in
the literature that relate to decision support and test effective theoretical approaches
in terms of correcting problems linked to imprecision and the inconsistency of opin-
ions. These needs concern both the improvement of calculation performance (results)
and the provision of effective technical solutions to respond to certain adaptation
errors of the methods used. Therefore, in this work, we will try to develop an IT
platform based on theoretical approaches that have shown certain efficiencies in
group or individual decision-making. Moreover, this platform is based on multi-
criteria decision analysis and is intended for practical and general use. The developed
platform uses fuzzy pairwise comparisons and cross-sorting methods.

Keywords: committee members, improvement, performance, cross-sorting methods,
fuzzy logic, optimization algorithm

1. Introduction

Prioritizing data (methods, risks, solutions, etc.) based on committee members’
opinions raises concerns about the need for effective processing using theoretical
methods from the literature. This study aims to address the issues identified in the
literature that predict decision support and test theoretical approaches for correcting
problems related to imprecision and inconsistent opinions. These issues involve
enhancing calculation performance and providing effective technical solutions to
adapt to existing methods. We propose developing an IT platform based on theoretical
approaches that have demonstrated efficiency in group or individual decision-making.
This platform utilizes multi-criteria decision analysis and is designed for practical,
general use, incorporating fuzzy pairwise comparisons and cross-sorting methods.
The computation methods employed are either validated in the literature or proposed
to improve performance and address specific deficiencies. The chosen cross-sorting
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method is least-squares logarithmic regression due to its ability to manage inconsis-
tencies. Fuzzy logic is applied using triangular membership functions for initial com-
parisons made by decision-makers, while linguistic values characterize fuzzy
possibilities in the comparison matrices. Finally, an indicator measures the consis-
tency of input data, accounting for the acceptable level of inconsistency.

The calculation of normalized weight values can lead to an irrational ordering of
fuzzy number elements. Additionally, the method that employs specific modifications
to input comparisons appears complex, non-automatic and does not ensure a high
consistency indicator. Therefore, this work proposes a classification method to retain
only those input comparisons that adhere to the rational order of weight values.
Ultimately, an optimization algorithm is designed to maximize the consistency
indicator while allowing limited modifications without significantly altering the
original data.

The remainder of this chapter is structured as follows: In Section 2, we start with
theoretical approaches and calculation methods adopted in the platform. Then, we
propose in Section 3, the Consistency Indicator and its calculation formula and opti-
mization algorithm. In Section 4, we give the Architecture and the design of the
Decision Support Platform before presenting interfaces in Section 5.

2. Theoretical approaches and calculation methods

2.1 Cross-sorting methods

The essential functionality of our platform consisting of decision-making assis-
tance mainly involves calculating weights. Moreover, the prioritization of these
weights will make it possible to construct the decision according to the objectives to be
considered.

In this context, we committed to the choice of the cross-sorting method in a
literature evaluation process in order to select the one that showed more performance
in relation to the treatment of inconsistency. In other words, an analysis of the
contributions and limits, relating to the methods detailed in the state of the art section
presented in chapter No. 2, is carried out carefully. As already mentioned before, the
extension of certain approaches: Geometric Mean on Lines (G.M.L.) approach,
approach based on the analysis of eigenvalues (V.P.), to fuzzy numbers proposed by
Buckley [1] has been criticized because of the overestimation of imprecision by the
concentrated combination of fuzzy numbers. Also, following the proposal of Boender
et al. [2] of their own approach which, by comparing its results with those given by
Buckely [1] and Van Laarhoven and Pedrycz [3] through the simulation of the same
example from Lootsma [4], we can clearly see the improvement in precision in terms
of the calculated weights. Therefore, we will opt for this last calculation approach by
imposing the reciprocity constraint on the binary comparison matrices, as well as the
independent distribution of the values generated subsequently. A set of constraints
are posed and tested by Escobar and Moreno-Jiménez [5].

This section will present the calculation equations and define the variables used.
Before detailing the calculations, we will also translate the main data employed.

rijk: Value of comparison ij.
αi: Weight of element i.
βij: Weight of element i in relation to criterion j.
CI: Consistency indicator.
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2.2 Fuzzy logic: Choice of membership functions

Fuzzy logic utilizes fuzzy numbers characterized by the distribution of possibili-
ties. The membership function μ defines this distribution by linking numerical ele-
ments to degrees of possibility ranging from 0 to 1. Variants of membership functions
include triangular, trapezoidal, and Gaussian forms. Fuzzy logic plays a significant
role in the literature. In this work, we adopt the triangular function used by FDA et
ICH [6] in their extension of the least-squares logarithmic regression to account for
inaccuracies. The triangular function is defined by the lower (cl), modal (cm), and
upper (cu) values, as illustrated in Figure 1.

2.3 Reciprocal matrix

Our calculation approach uses reciprocal matrices (see Figure 2) which are char-
acterized by values whose symmetries are equal to their inverses, namely: rijk ¼ 1

rjik

The adoption of fuzzy logic in the weight calculation part involves a representation
of each value in three sub-values as follows:

rijk ¼ rijkl, rijkm, rijku
� �

et rjik ¼ 1
rijk

¼ 1
rijku

, 1
rijkm

, 1
rijkl

� �
.

2.4 Linguistics values

Fuzzy logic’s distinct feature is its precision, characterized by partial truth values
ranging from 0 to 1, unlike traditional Boolean values of 0 or 1. As noted by Zadeh [7],
this framework aligns more closely with human reasoning than binary logic. Zadeh
also explored linguistic variables and their role in approximate reasoning, suggesting
that treating reality as a linguistic variable concretizes fuzzy logic, where values are
expressed as words or phrases.

Figure 1.
Triangular function.

Figure 2.
Comparison matrix.
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In developing the platform, we will use a linguistic variable to indicate the degree
of importance, with five values: very high, high, equal, low, and very low (see
Table 1). This approach simplifies the evaluation process for users unfamiliar with
fuzzy logic by avoiding numerical figures.

2.5 Weight calculation algorithm

Given that the method to be adopted in this work is that proposed by Boender et al.
[2] by imposing certain constraints on the matrices of comparison, the weight calcu-
lation algorithm is based on the minimization of the least-squares logarithmic regres-
sion function given below by formula (Eq. (1)) as well as its conversion using fuzzy
logic (Eq. (2)):

Xm
i¼1

Xm
j¼iþ1

X
kϵDij

ln rijk
� �� ln αI=αJ

� �� �2 (1)

Xm
i¼1

Xm
j¼iþ1

X
kϵDij

ln rjjkl
� �� ln αilð Þ þ ln αju

� �� �2 þ ln rjjkm
� �� ln αimð Þ þ ln αjm

� �� �2

þ ln rjjku
� �� ln αiuð Þ þ ln αjl

� �� �2,
(2)

Then, the corresponding normal equation is fixed by the following formula Eq. (3):

ln αið Þ
Xm

j6¼i

δij �
Xm

j 6¼i

δij ln αj
� � ¼

Xm

j 6¼i

X
k∈Dij

ln rijk
� �

i ¼ 1, … ,m (3)

By using the triangular fuzzy numbers, the previous calculation formula will thus
be adapted for the calculation of the three fuzzy values of the desired weights. Indeed,
three formulas are generated (4), (5) and (6) with three unknown parameters: αil, αim,
and αiu. The system of equations is characterized by a dependence between formulas
(4) and (6) based on the following initial conditions: rjikl ¼ 1

rijku
et rjiku ¼ 1

rijkl
.

ln αilð Þ
Xm

j 6¼i

δij �
Xm

j 6¼i

δij ln αju
� � ¼

Xm

j6¼i

Xm

k∈Dij

ln rijkl
� �

i ¼ 1, … ,m (4)

Linguistic value Designation Its correspondence in fuzzy number

VH Very high (7,9,10)

H High (6,7,9)

E Equal (3,5,7)

L Low (1,3,4)

VL Very low (0,1,3)

Table 1.
Linguistic values and their translations into fuzzy numbers.
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ln αimð Þ
Xm

j 6¼i

δij �
Xm

j 6¼i

δij ln αjm
� � ¼

Xm

j 6¼i

Xm

k∈Dij

ln rijkm
� �

i ¼ 1, … ,m (5)

ln αiuð Þ
Xm

j 6¼i

δij �
Xm

j 6¼i

δij ln αjl
� � ¼

Xm

j 6¼i

Xm

k∈Dij

ln rijku
� �

i ¼ 1, … ,m (6)

Furthermore, the correction of the normalization proposed by Boender et al. [2] is
translated as follows:

~αi ¼ a exp xilð Þ, b exp ximð Þ, a exp xiuð Þð Þ i ¼ 1, … ,m,Avec : xil ¼ ln αilð Þxim ¼ ln αimð Þxiu ¼ ln αiuð Þ
(7)

a ¼ 1
Pm

i¼1exp xilð ÞPm
i¼1 exp xiuð Þ� �1

2
, b ¼ 1Pm

i¼1 exp ximð Þ (8)

Finally, the weights are calculated as follows:

~αi ¼
αil

αim

αiu

 !
¼

exp xilð Þ
Pm

j¼1exp xjl
� �Pm

j¼1 exp xju
� �� �1

2

exp ximð ÞPm
j¼1 exp xjm

� �
exp xiuð Þ

Pm
j¼1exp xjl

� �Pm
j¼1 exp xju

� �� �1
2

2
6666666664

3
7777777775

i ¼ 1, … ,m (9)

On the other hand, the calculation of weights within the framework of
multicriteria analysis results in two levels of calculation. First, the weights of the
criteria ~αi ¼ αil, αim, αiuð Þ, i = 1,… ., m are calculated from a number of comparison
matrices A1, … , AK which are equal to the number of evaluators K. Then, the second

level of calculation consists of calculating the weights of n elements ~βij ¼
βijl, βijm, βiju
� �

i ¼ 1, … , n; j ¼ 1, … ,mð Þ with respect to each criterion separately.

Finally, the final weights ωj j = 1,… ,n are calculated from the aggregation of the
previous weights according to the formula below Eq. (10):

ωj ¼
Xm
i¼1

αiβij j ¼ 1, … :, n (10)

2.6 Rationality of the order of results

As mentioned in the state-of-the-art section on the use of fuzzy logic in multi-
criteria decision-making support, the correction of the normalization procedure pro-
posed by Boender et al. [2] does not resolve the issue of the order of the fuzzy
elements that make up the results. Moreover, studies addressing this anomaly
suggest establishing a set of conditions on the initial comparisons for 3 � 3 matrices.
Consequently, this correction approach results in a heavy computation load for
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matrices of larger dimensions. Furthermore, the conditions imposed on the evalua-
tors’ comparisons may influence their opinions and compromise the objectivity of the
decision.

In our decision-making solution, we use a large number of iterations with
small perturbations (between �5% and + 5%) applied to the completed comparisons
to avoid this ordering issue. This adopted method allows for the selection of both
results where the order is respected and those with a significant degree of
consistency. A two-value table, 0 and 1, is thus created to classify the iterations.
The iteration number is assigned to column 0 if the order is not respected and to
column 1 if it is respected. Perturbations are first applied to the entries related to the
criteria. If the order is respected for the iteration, the weights are calculated for the
candidates, and the iteration number is recorded in column 1 if both orders are
respected. Otherwise, it is recorded in column 0. Finally, the consistency indicator is
calculated for each iteration that respects the order (see Figure 3), and the maximum
value of this indicator will be displayed and used as the initial data for our optimiza-
tion program.

3. Consistency indicator

3.1 Calculation formulas

To evaluate the consistency of the input data, two indicators will be
calculated at two levels: the data consistency indicator for each member
separately (evaluator’s consistency indicator) and the data consistency indicator
for the group (group consistency indicator). Furthermore, high values of these
indicators ensure that the obtained results come from a consistent dataset. To do
this, an optimization algorithm (simulated annealing), aimed at maximizing
the consistency indicator, will be developed subsequently. The formula for
calculating the corrected generic consistency indicator proposed in Limayem [8] is
as follows:

I:C:a,bGeneric corrected ¼ 1
m2 m2 �m

� �
I:C:aRegression corrected þ

Xm
i¼1

I:C:bDiagonal corrected,i

 !

(11)

Where: a∈{0,1,2,3,4} and b∈{0,1}.
Indeed, the values of a and b are related to the types of errors to consider, namely:

• For a = 0: no error is tolerated.

• For a = 1: inconsistencies, not accessible to the model, related to all opinions
(given by the different evaluators) associated simultaneously with the same two
elements i and j (rijk and its symmetrical value rjik, i,j = 1,2,… ,m; i 6¼ j; k = 1,2,… ,
K) are tolerated.

• For a = 2: misalignment errors concerning the symmetrical opinions of the same
evaluator are tolerated.
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• For a = 3: misalignment errors concerning the symmetrical opinions of the same
evaluator are not tolerated.

• For a = 4: pure errors concerning multiple opinions of the same comparison are
tolerated.

Figure 3.
Process of calculating weights and consistency indicators.
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• In our design project, we choose to opt for the following correction case:
I:C:0,1Generic corrected because we consider that any inconsistency penalizes our
consistency indicator, particularly the following two types of errors:
misalignment errors and pure errors.

Therefore:

I:C:aRegression corrected ¼ I:C:0Regression corrected ¼ I:C:Regression correctedI:C:Regression corrected

¼
Pm�1

i¼1 ln αið Þ Pm
j 6¼i
Pd

k¼1 αijk ln rijk
� �� αijk ln rjik

� �� �� �

Pm�1
i¼1
Pm

j> i
PK

k¼1 αijk ln rijk
� �� �2 þ αijk ln rjik

� �� �2� �
� v∈

i ¼ 1, 2, … ,m,

Additionally, we have: v∈ =v∈0=0 (in the case of a = 0). Moreover, using reciprocal
comparison matrices, we have: b = 1 and I:C:1diagonal corrected ¼ 1 (according to the
calculation formula proposed in the same study).

Finally, the adaptation of calculation Eq. (10) to the use of fuzzy input
data gives:

I:C:Regression corrected ¼ I:C:l, I:C:m, I:C:uð Þ (12)

I:C:l ¼
Pm�1

i¼1 ln αilð Þ Pm
j 6¼i
PK

k¼1 αijk ln rijkl
� �� αijk ln rjiku

� �� �� �

Pm�1
i¼1
Pm

j> i
PK

k¼1 αijk ln rijkl
� �� �2 þ αijk ln rjikl

� �� �2� � (13)

I:C:m ¼
Pm�1

i¼1 ln αimð Þ Pm
j 6¼i
PK

k¼1 αijk ln rijkm
� �� αijk ln rjikm

� �� �� �

Pm�1
i¼1
Pm

j> i
PK

k¼1 αijk ln rijkm
� �� �2 þ αijk ln rjikm

� �� �2� � (14)

I:C:u ¼
Pm�1

i¼1 ln αiuð Þ Pm
j 6¼i
PK

k¼1 αijk ln rijku
� �� αijk ln rjikl

� �� �� �

Pm�1
i¼1
Pm

j> i
PK

k¼1 αijk ln rijku
� �� �2 þ αijk ln rjiku

� �� �2� � (15)

The formula for calculating the consistency indicator given by formula No. (11)
will thus be replaced by Eqs. (17)-(19):

I:C:0,1Generic corrected,l ¼
1
m2 m2 �m

� �
Pm�1

i¼1 ln αilð Þ Pm
j6¼i
PK

k¼1 αijk ln rijkl
� �� αijk ln rjikl

� �� �� �

Pm�1
i¼1
Pm

j> i
PK

k¼1 αijk ln rijkl
� �� �2 þ αijk ln rjikl

� �� �2� � þm

0
@

1
A

(16)

I:C:0,1Generic corrected,m ¼ 1
m2 m2 �m

� �
Pm�1

i¼1 ln αimð Þ Pm
j 6¼i
PK

k¼1 αijk ln rijkm
� �� αijk ln rjikm

� �� �� �

Pm�1
i¼1
Pm

j> i
PK

k¼1 αijk ln rijkm
� �� �2 þ αijk ln rjikm

� �� �2� � þm

0
@

1
A

(17)

I:C:0,1Generic corrected,u ¼ 1
m2 m2 �m

� �
Pm�1

i¼1 ln αiuð Þ Pm
j6¼i
PK

k¼1 αijk ln rijku
� �� αijk ln rjiku

� �� �� �

Pm�1
i¼1
Pm

j> i
PK

k¼1 αijk ln rijku
� �� �2 þ αijk ln rjiku

� �� �2� � þm

0
@

1
A

(18)
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From these last calculation formulas, we can clearly see that the consistency indi-
cator I.C.i strongly depends on the initial comparisons: rijk, with i = 1,… ,m; j = 1, … ,
m; k = 1, … ,K.

3.2 Optimization algorithm

3.2.1 State of the art

Optimization problems have been studied for a long time, and several techniques
have been used to solve them. Researchers from various fields have formulated their
own optimization models depending on their specific needs. Generally, this involves
analytically or numerically solving a model based on one or a set of variables to
minimize or maximize. The quality of the results also depends on the choice of these
variables, the relevance of the model, and the technical or computational support
intended for solving the problem.

In the literature, there are different types of optimization problems, such as:

• Continuous optimization vs. discrete optimization

• Unconstrained optimization vs. constrained optimization

• Deterministic optimization vs. stochastic optimization

• Single-objective vs. multi-objective optimization

Moreover, Marco Antonio (Luersen [9]) discussed the functionality of optimiza-
tion methods in treating optimization as part of global or local search. The optimiza-
tion method comprises a global component (also called an explorer) that aims to
explore the search space and a local component (called an exploiter) that exploits the
resulting data (relationship between x and f(x)). In other words, the performance of
the optimization method increases by integrating local search after global search and
vice versa, through probabilistic resetting (depending on the considered objective) of
the local search by considering the starting points and convergences achieved in each
operation.

Thus, the optimization method we will use in this work, which aims to improve
group coherence by maximizing the coherence indicator, will focus on searching for
the global maximum without falling into a local maximum, thereby preventing the
exploration of other solutions and limiting our optimization process. This method is
known as simulated annealing.

3.2.2 Calculation algorithm

The simulated annealing method is an optimization algorithm inspired primarily
by thermodynamics. It reflects the process of slowly cooling a previously heated
metal, maintained at a high temperature to modify its characteristics. This process is
repeated as many times as necessary for the set objective. The main characteristic of
this method is that it is developed to avoid local minima and to search for the global
minimum. The basic algorithm of the simulated annealing method is based on the
following steps:
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1.Step 1: Definition of the problem: This involves defining the initial work field.

2.Step 2: Selection of algorithm parameters: This step consists of setting the number
of input data (starting points) for which it is necessary to calculate the energy
(objective function), the initial temperature, the minimum or maximum
temperature, the number of iterations, and the degree of temperature decrease
while ensuring it is slow.

3.Step 3: Measurement of system energy: As the name suggests, this phase is dedicated
to calculating the total energy from the initialized parameters.

4.Step 4: Creation of fluctuations in the system: This function allows the creation of
disturbances relative to the starting points.

5.Step 5: Implementation of the algorithm: This step involves calculating the energies
of the disturbances and comparing them with the previous results to find the
optimal solution.

6.Step 6: Cooling law: In this calculation step, it is imperative to execute the
temperature variation equation.

7.Step 7: Regeneration of the calculation loop.

4. Choice of architecture for the decision support platform: Overview of
the specifications need validation

4.1 Validation of the need

The decision-making needs identified in both literature and the day-to-day man-
agement of projects have led to the development of this work. Indeed, the analysis of
the state of the art in the first part resulted in the idea of designing a computing
platform that overcomes the limitations and addresses various shortcomings. It is a
platform intended for general use, allowing its parameters to be adapted to the char-
acteristics of a given case.

Initially, the design project was approached by drafting specifications that outlined
the main functionalities to be developed:

• Functionality No. 1: Calculation of weights of the data to be classified;

• Functionality No. 2: Creation of a classification table (with two columns, 0 and 1)
corresponding to 1000 calculation iterations to classify the results concerning the
order of fuzzy elements (column 1 if the order is respected, column 0 otherwise)
and calculation of the equivalent coherence indicator;

• Functionality No. 3: Maximization of the coherence indicator (simulated
annealing).

The consolidation of these three functionalities represents an innovative solution
compared to the literature, in terms of both proposed methods and avoided
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dysfunctions. This technical solution will be implemented using MATLAB software.
Graphical interfaces that materialize these functionalities will also be designed to
facilitate user tasks and allow the visualization of intermediate results by offering the
possibility to modify certain parameters (control performance).

4.2 Specification

The specification section aims to exhaustively describe the content of each key
phase and the conditions for its validation. The execution of the following technical
solutions (in the order used) will ensure the three aforementioned functionalities.
These solutions include:

1.Design of an interface for inputting linguistic values: This interface allows users to
input pairwise comparisons of data to be classified in linguistic terms (see
Table 1).

2.Development of a program for transforming linguistic values into fuzzy numbers: This
program converts linguistic values entered by users into their equivalent fuzzy
numbers.

3.Programming the algorithm for calculating criteria weights from a system of normal
equations: This algorithm calculates weights based on a system of normal
equations (see formula (9)).

4.Programming the calculation of the global weight of each data point to be classified:
This involves calculating the global weight of each data point (see formula (9)).

5.Programming the calculation of the coherence indicator: This program calculates the
coherence indicator (see formulas (17)–(19)).

6.Programming a set number of calculation iterations: 1000 iterations are
programmed for the test phase.

7.Programming a two-column table to classify iterations: This table checks whether
the order of fuzzy element weights is respected (column 1 if the order is
respected and column 0 otherwise).

8.Programming an optimization algorithm: The objective function of this algorithm
is to maximize the coherence indicator.

9.Displaying the results corresponding to the maximum coherence indicator.

4.3 Design

4.3.1 Definition of the structure

Before implementing the calculation programs, we developed a reflection on the
overall architecture of the platform. Moreover, displaying several interfaces is crucial
for showcasing the development work behind it and improving the platform’s attrac-
tiveness for broader use. The diagram below (see Figure 4) illustrates these interfaces
within the decision-making process envisioned in this work.
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4.3.2 Description of functions

The design phase aims to describe the “how” by detailing all technical and graph-
ical functions (interfaces) that ensure the materialization of the functionalities. To this
end, all functions developed via MATLAB are presented (in order) in the following
table (Table 2), specifying the inputs and outputs for each.

4.3.3 Presentation of interfaces

A set of interfaces has been developed to facilitate communication with users. To
implement these interfaces in MATLAB, we used the Graphical User Interface Devel-
opment Environment (GUIDE) module. The main steps followed are:

1.Create the interface using the GUIDE editor;

2.Generate a .fig file for the Figure and an .m file for the code;

3.Complete the .m file containing the code.

4.3.3.1 Criteria weighting

This phase involves selecting criteria and comparing them in a cross-sorting
framework to calculate a weight for each criterion. This phase is carried out using the
interface structured as follows (Figure 5):

1.Parameter setting zone: This zone allows the user to conFigure the program by
entering the number of criteria to be weighted and then activating the “set”
button.

2.Execution zone: This zone includes an “execute” button that runs the weighting
program.

3.Decision search zone: This area has a text field to specify the decision to be
searched for and a “display” button to display it.

4.Decision insertion zone: This consists of a table for inserting user decisions, a
“Save Decisions” button to store them, and an “Add Decision” button to generate
a new decision.

Figure 4.
Decision-making process in the platform.
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MATLAB function Inputs Outputs

Remplissage_matrice_linguistique.
m

Number of evaluators Linguistic matrices

Convert.fis Fuzzy numbers + linguistic values Fuzzy numbers equivalent to
linguistic values

Remplissage_liste_decideurs.m Number of evaluators + number
of criteria or elements

Lower matrices + Modal matrices
+ Upper matrices

Fonction_lower.m Number of evaluators + number
of criteria + Lower matrices +
Upper matrices

αil\alpha_{il}αil

Fonction_modal.m Number of evaluators + number
of criteria + Modal matrices

αim\alpha_{im}αim

Fonction_upper.m Number of evaluators + number
of criteria + Lower matrices +
Upper matrices

αiu\alpha_{iu}αiu

Ponderation.m Number of criteria + αil\alpha_
{il}αil + αim\alpha_{im}αim + αiu
\alpha_{iu}αiu

Final weights of criteria
(correction proposed by Boender
et al. [2])

Ponderation_beta.m Number of elements + Weights of
elements relative to criteria
(calculated by Fonction_lower.m,
Fonction_modal.m,
Fonction_upper.m)

Final weights of elements relative
to criteria (after correction
proposed by Boender et al. [2])

Somme_poids.m Number of criteria + number of
elements + Final weights of
criteria + Final weights of
elements relative to criteria

Final weights of elements

IC_lower.m Number of evaluators + number
of criteria + Lower matrices +
Upper matrices + Final weights of
elements relative to criteria

Lower coherence indicator I.
C.01I.C.01I.C.01 Generic
Corrected lll

IC_modale.m Number of evaluators + number
of criteria + Modal matrices +
Final weights of elements relative
to criteria

Modal coherence indicator I.
C.01I.C.01I.C.01 Generic
Corrected mmm

IC_upper.m Number of evaluators + number
of criteria + Lower matrices +
Upper matrices + Final
weights of elements relative to
criteria

Upper coherence indicator I.
C.01I.C.01I.C.01 Generic
Corrected uuu

Perturbation_criteres.m Number of evaluators + number
of criteria + Lower matrices +
Modal matrices + Upper
matrices

Final weights of criteria (after
perturbation)

Perturbation_éléments.m Number of evaluators + number
of criteria + number of elements +
Lower matrices of elements +
Modal matrices of elements +
Upper matrices of elements +
Final weights of criteria (after
perturbation)

Lower matrices of elements +
Modal matrices of elements +
Upper matrices of elements
(after perturbation) + Final
weights of elements relative to
criteria (after perturbation)
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5.Evaluation scale: Contains the linguistic values to be used for evaluation and their
corresponding fuzzy numbers.

6.Result zone: This area displays the criteria weighting by showing three values:
modal, upper, and lower.

MATLAB function Inputs Outputs

Initialisation_recuit_simule.m — Maximized lower coherence
indicator I.C.01I.C.01I.C.01
Generic Corrected
lll + Maximized modal coherence
indicator I.C.01I.C.01I.C.01
Generic Corrected
mmm + Maximized upper
coherence indicator I.C.01I.
C.01I.C.01 Generic Corrected
uuu

Perturbation_recuit_criteres.m Number of iterations + Lower
matrices + Modal matrices +
Upper matrices

Final weights of criteria (after
simulated annealing
perturbation)

Perturbation_recuit_candidats.m Number of iterations + Number
of evaluators + number of criteria
+ number of elements + Lower
matrices of elements + Modal
matrices of elements + Upper
matrices of elements + Final
weights of criteria (after
simulated annealing
perturbation)

Final weights of elements relative
to criteria (after simulated
annealing perturbation)

Table 2.
Main MATLAB functions.

Figure 5.
Interface for criteria weighting.
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4.4 Step-by-step description of the criteria weighting process

• Step 1: Interface configuration
This step involves setting the program by entering the number of criteria to
be weighted. After this step, the table size in the decision insertion zone and
the result zone adjusts according to the number of criteria (Figure 6).

• Step 2: Filling decision matrices

This step follows the configuration and involves entering decisions and saving
them. Only the upper part of the matrix is filled as it must be symmetrical; the
comparison between two criteria is the same regardless of the direction. The
diagonal is pre-filled with the “E” value, representing a neutral element since
a criterion cannot be compared with itself. After entry, the decision is saved
by pressing “save decision,” and a message appears indicating the successful
completion of the operation (Figure 7).

• Step 3: Adding new decisions

To add another decision, press “add decision.” A newmatrix is generated, and
the value in the display bar increments indicates the index of the current
decision. This step is repeated for each decision-maker (Figure 8).

• Step 4: Verifying decisions

In this step, simply enter the decision index in the search bar and press the
“display” button to view the inputs for that decision (Figure 9).

• Step 5: Running the program

After saving and verifying all decisions, execute the program by pressing the
“execute” button. This yields the final weighting of each criterion as well as
the upper and lower modal matrices for each decision (Figure 10).

Figure 6.
Illustration of the criteria configuration step.
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The first weighting phase concludes by pressing the “Evaluate Candidates”
button to move on to the second phase or by pressing the “Close” button to end the
session.

4.4.1 Weighting of candidates

This phase involves evaluating candidates based on each criterion and assigning
a final weight to each candidate. This is done through the following interface
(Figure 11):

The interface consists of several zones similar to those for calculating the criteria
weights:

Figure 7.
Illustration of recording a decision.

Figure 8.
Illustration of adding a new decision.
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Figure 9.
Illustration of the execution and display step for criteria weighting.

Figure 10.
Display of modal, upper, and lower matrices.
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1.Execution zone: Contains a button that allows the user to execute the weighting
of candidates.

2.Evaluation scale: Contains the linguistic values used for evaluation and their
corresponding fuzzy numbers.

3.Decision search zone: Allows the user to display a decision made regarding a
specific criterion.

4.Decision insertion zone: Enables the entry of decisions about candidates.

5.Result Zone: Displays the weighting of the candidates.

6.Parameter setting zone: On this interface, the parameter setting is done
according to the number of candidates to be evaluated.

4.4.2 Validation based on literature data

After setting up the architecture and completing the development part of our com-
puting platform, we proceed to the crucial validation phase, which is essential for any
design project. This is done using a series of calculation tests. For this, we use the example
proposed in the work of Boender et al. [2], which describes the binary comparison matrix
of three elements e1, e2, and e3 (seeTable 3). In this example, we deduce the use of three
rating values: E: (2/7, 1/3, 2/5), L: (1/6, 1/5, 1/4), and H: (2/5, 1/2, 2/3).

4.5 Problem of solving the weight calculation equation system

The initial tests of weight calculation using formulas (4) to (9) above, along with
the resolution functions developed in MATLAB (Fonction_lower.m, Fonction_upper.
m, and Ponderation.m), reveal a problem with calculating the inverse of the matrix
(the matrix is not invertible). Therefore, to solve this problem, we opt to fix one of the
weights by setting its three fuzzy values to arbitrary positive (non-zero) values. Then,

Figure 11.
Interface for candidate weighting.
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for a set of fixation scenarios, a sensitivity analysis of the results was performed to
validate them. The table below presents the results of these calculation tests (see
Table 4).

4.5.1 Comparison of results obtained by the platform with those in the literature

The use of the example from Boender et al. [2] aimed to compare the results of
different cross-sorting methods using triangular fuzzy numbers, including:

• Bo.R.L.M.C (Logarithmic Regression Least Squares Approach): Proposed by
Boender et al. [2].

• Bu.M.G.L (Original Buckley Approach Applied to the G.L.M Method): Refers to
the Geometric Mean on Lines method (results provided in the work of Boender
et al. [2]).

• F.W.A.M.G.L (Improved Fuzzy Weighted Average Algorithm by Scott for the
Deterministic G.L.M Method): Proposed by Limayem [8] (results provided in the
work of Limayem [8]).

• F.W.A.R.L.M.C.G (Improved Fuzzy Weighted Average Algorithm by Scott for
the Deterministic R.L.M.C.G Method): Proposed by Limayem [8] (results
provided in the work of Limayem [8]).

e 1 e 2 e 3

e 1 (1, 1, 1) (2/7, 1/3, 2/5) (1/6, 1/5, 1/4)

e 2 (5/2, 3, 7/2) (1, 1, 1) (2/5, 1/2, 2/3)

e 3 (3/2, 2, 5/2) (3/2, 2, 5/2) (1, 1, 1)

Table 3.
Comparison matrix proposed in the work of Boender et al. [2].

(α1l, α1m, α1u) (α2l, α2m, α2u) (α3l, α3m, α3u)

Fixation of (α3l, α3m, α3u) (10.00, 10.95, 12.36) % (26.64, 30.90, 36.59) % (100.0, 100.0, 100.0) %

(10.00, 10.95, 12.36) % (26.64, 30.90, 36.59) % (76.00, 76.00, 76.00) %

(10.00, 10.95, 12.36) % (26.64, 30.90, 36.59) % (42.00, 76.00, 89.00) %

Fixation of (α2l, α2m, α2u) (10.00, 10.95, 12.36) % (100.0, 100.0, 100.0) % (49.8, 58.15, 66.5) %

(10.00, 10.95, 12.36) % (76.00, 76.00, 76.00) % (49.8, 58.15, 66.5) %

(10.00, 10.95, 12.36) % (42.00, 76.00, 89.00) % (49.8, 58.15, 66.5) %

Fixation of (α1l, α1m, α1u) (100.0, 100.0, 100.0) % (26.64, 30.90, 36.59) % (49.8, 58.15, 66.5) %

(76.00, 76.00, 76.00) % (26.64, 30.90, 36.59) % (49.8, 58.15, 66.5) %

(42.00, 76.00, 89.00) % (26.64, 30.90, 36.59) % (49.8, 58.15, 66.5) %

Table 4.
Weight calculation results for three fixing scenarios.
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The results presented in Table 5 detail the calculated weights of the three elements
e1, e2, and e3 using our platform and those given by the respective authors. Indeed,
the values obtained are very close, and the existing differences are related to decimal
points.

5. Conclusion

Throughout this chapter, we have presented the different steps we followed to
develop this decision-support platform. In fact, the need for design was identified and
justified at the outset. Theoretical solutions were provided to address the limitations
described in research work on decision-making performance. Next, we presented the
theoretical approaches and algorithms adopted, including several calculations
performed within the framework of cross-sorting methods and fuzzy logic. Classifi-
cation and optimization algorithms are also proposed to improve consistency and
accuracy.

Furthermore, the architecture of this decision-support tool was validated and
described step by step. A detailed overview of the specifications, detailing the func-
tionalities and interfaces intended for users, was provided. Finally, this computing
platform must be validated to demonstrate its viability and theoretical contributions.
For this purpose, a validation part using literature data was planned toward the end of
the chapter.

Our developed
platform

Bo.R.L.M.C Bu.M.G.L F.W.A.M.G.L F.W.A.R.L.M.C.
G

e
1

(10.00, 10.95, 12.36)% (10.5, 10.9,
11.8)%

(8.5, 10.9,
14.6)%

(8.7, 10.9, 14.1)% (9.2, 10.9,
13.4)%

e
2

(26.64, 30.90, 36.59)% (28.0, 30.9,
34.9)%

(23.5, 30.9,
41.7)%

(25.4, 30.9,
37.8)%

(25.8, 30.9,
37.3)%

e
3

(49.8, 58.15, 66.5)% (49.8, 58.2,
66.5)%

(42.7, 58.2,
77.6)%

(50.4, 58.2,
64.4)%

(51.1, 58.2,
63.7)%

Table 5.
Comparison matrix proposed in the work of Limayem [8].
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Chapter 5

Electrical Machine Protection Relay 
Using Fuzzy Logic
Luis Benigno Corrales Barrios, Yainier Otero Rosell 
and Kirenia de la Caridad Viamontes Rabelo

Abstract

This article shows the development of comprehensive protection for electrical 
power machines, that is, motors, transformers, and generators, using fuzzy logic. 
The equivalent block diagram of any electrical machine to be protected is shown. 
The selection criteria for the protection of said equipment are shown, and the entire 
process necessary to apply fuzzy logic is explained. As an example, the development 
of the protection for a power motor is presented, and the results are compared with 
those obtained in other works by the authors and with other artificial intelligence 
techniques, which were adequately simulated, and it is observed that the protection 
operates under all possible failures and does not operate under nominal operating 
conditions.

Keywords: fuzzy logic, electrical machines, protection of power motors, protection of 
generators, protection of transformers, protective relaying, differential protection

1.  Introduction

In artificial intelligence, fuzzy logic (LD) is used to solve a wide variety of prob-
lems, mainly those related to the control of complex industrial processes, decision 
systems, and the resolution of data compression.

The control implemented over fuzzy logic is one of the techniques used to imple-
ment protection techniques with controllers that imitate the human deductive 
process.

Advantages offered by this technique:

• It is conceptually easy to understand.

• It is flexible.

• Tolerates imprecise data.

• Can model nonlinear functions of any complexity.

• Make the most of the experience of experts.
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• It can be combined with conventional control techniques.

• It is based on natural language.

One of the reasons for its wide use is that the conceptual basis of fuzzy logic rests 
on linguistic variables, that is, variables whose values are words instead of numbers.

Another reason, which plays a fundamental role, is the use in most applications 
of implication rules of the IF-THEN type, or simply fuzzy rules. The calculations 
of these rules serve as the basis for what could be called Fuzzy Dependency and 
Command Language (FDCL). In this connection, it is important to recognize that 
a solution in fuzzy logic is nothing more than the extrapolation of human solutions 
to FDCL because practically all human reasoning and concept formation are linked 
to the use of fuzzy rules. If we provide ourselves with a semantic structure for the 
computation of these rules, fuzzy logic greatly amplifies the possibilities of the 
mathematical treatment of human reasoning in Ref. [1].

2.  Diagram for the protection of electrical machines

The machine to be protected (motor, generator, or transformer) is connected to 
the system as shown in Figure 1.

In the diagram in Figure 1, it can be seen that the machine is powered by a 
breaker. The machine’s load current is minimized to values less than 5 A, through 
current transformers (CT). These pass the signal to a data acquisition card (DAC) 
and from there to the computer (COMP), which is responsible for processing it. 
When the protection must operate due to any damage to the machine, the com-
puter returns a signal that the breaker must operate and the machine is taken out 
of service.

The protection of electrical machines is carried out as follows [2]:

a. Overload protection:

This protection must operate when the current exceeds the nominal value of the 
equipment to be protected (motor, generator, or transformer), according to the fol-
lowing expression:

Figure 1. 
Diagram of the machine to be protected [2].
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 r máxloadI K I=
  

(1)

where: Ir is the relay setting current.
Imax load is the maximum load current of the equipment to be protected.
K is a safety factor that takes into account the overload allowed in the equipment to 

be protected.
For the three machines, it is taken between 1.05 and 1.25 of the maximum load 

value.
The operating times of the relays are adapted to the overload characteristics of 

each equipment. For motors and generators, the inverse time characteristic is used, 
which is described in the following equation:

 
= + +

−N

AD
T BD K

M C   
(2)

where:
D is the value of the time lever (generally from ½ to 10, although in some relays it 

reaches 12).
M is the value of the multiple (relationship between the real current and the relay 

setting current, M = I/Ir).
The rest of the coefficients are taken according to the values of the constants 

associated with each type of curve. In this case are:
A = 8.9341; B = 0.17966; C = 1.000; N = 2.0938; K = 0.028.
For transformers, the same value is taken as for motors and generators, but it only 

gives an alarm and the protection should not operate unless the overload is main-
tained for more than 2 hours.

b. Short circuit protection:

For small motors, generators and transformers, overcurrent protection is used:

 
=r ajusI K I

  (3)

For transformers, the Iajus is taken as the maximum short circuit current at 
its output and K = 1, for motors K is taken from 2 to 10 times the maximum load 
current and for generators, it is taken according to the short circuit levels at their 
terminals.

In all three cases, the operating time must be 0.1 second or less.

c. Differential protection:

This protection is based on taking the input and output currents of the windings 
of each machine, as shown in the following equation:

 = −r I III I I   (4)

where II is the current through one part of the coil of each machine and III is the 
current through the other part of the winding, as shown in Figure 2.

As can be seen, the currents through the winding (represented by a black box) 
circulate normally according to the directions shown, so the current through the relay 
is zero (according to Kirchoff ’s first law). When there is a fault in the winding, one of 
the currents is reversed and a large current circulates through the relay.
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We clarify that this is the simplest type of differential protection and that there are 
circuit arrangements to ensure that the currents are in phase in the first place and, in 
most cases, differential percentage relays are used [2].

3.  Argumentation of the rules used in this work

For each machine were selected the corresponding rules for the application of 
fuzzy logic, according to the protection criteria. These are described below:

a. Motors

High-power asynchronous motors are basically disconnected for two reasons: 
excessive heating of the motor windings and high current values produced by short 
circuits or rotor blocking; operations that are carried out using thermal protectors 
and any type of protection against short circuits [2, 3]. In this work, only failures or 
anomalies caused by the increase in current are taken into account.

The variables that directly influence the behavior of the protection against over-
load, over current (short circuit) and differential have been selected, so that the intel-
ligent protector can make a decision: continue working normally or trip the breaker.

The following protection criteria were selected [4]:
Criterion C1
When the current take values equal to or greater than 1 (according to a previous 

setting), we are in the presence of an overload. For this fault, using the inverse time 
characteristic, the total time to wait for the relay to operate is calculated.

Criterion C2
When the current takes values equal to or greater than four times (although it 

can be adjusted to other values, depending on the value of the starting current), the 
overcurrent state is reached, in this case, the relay trips instantly.

Criterion C3
When the difference in currents (differential current) takes values greater than 1, 

we are in the presence of an internal fault.

Figure 2. 
Differential protection.
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b. Transformers

The increase in the use of electrical energy has required the use of high-power 
transformers in the different parts of an electrical system, plants, substations, and 
consumers. This makes this equipment more expensive, which implies that they 
require adequate protection.

Not only must high-power transformers be protected, but despite these machines 
being the simplest and most reliable within the electrical system, they must be 
adequately protected regardless of size. The type of protection to be used on a trans-
former generally depends on its nominal power.

Although transformers, and even more so those with nominal power above 500 
kVA, have a reduced number of failures compared to other equipment in the electrical 
system, we cannot ignore or minimize their protections, since a failure in a trans-
former would lead to take this equipment out of service and therefore a considerable 
part of the system’s consumers would have to be left without power.

Protection is achieved with the correct combination of system design and pro-
tection devices necessary to economically satisfy the application requirements. 
Protection must be designed to include:

1. The protection of the transformer against harmful conditions occurring in the 
system to which the transformer is connected.

2. Protection of the electrical system against the effects of transformer failure.

3. The detection and indication of conditions occurring within the transformer 
that may cause damage or failure.

It has been determined by studies carried out in different countries and by experi-
ence in the operation of transformers and autotransformers that they are, within 
the electrical system equipment, the ones that present the least failures in a certain 
period, for example in a year. However, to eliminate the defect, they are the equip-
ment that is out of service the longest when they suffer a failure. A study carried out 
showed that, for transformers with primary voltage less than 15 kV, there were 0.0076 
failures/year for each transformer, however, these failures reported 253 hours out of 
service for each failure produced in the transformers.

The fundamental faults that affect transformers and autotransformers are internal 
short circuits between their windings, between them and the ground or in the trans-
former terminals, and short circuits between the turns that make up their winding. 
Among them, short circuits between the terminals and internal short circuits in the 
windings are more common. Internal faults between the windings are less likely, 
three-phase faults are less likely in three-phase transformers and autotransformers, 
and short circuits between phases are practically impossible when there are groups of 
single-phase transformers.

Protection against internal faults in transformers must take them out of service 
instantly in an interval between 0.05 and 0.1 s, to minimize the damage that occurs in 
the transformer windings when these occur [2, 3].

Criterion C1
When the current take values equal to or greater than 1 (according to a previous 

setting), we are in the presence of an overload. For this fault, using the corresponding 
inverse time characteristic, the total time to wait for the relay to operate is calculated.
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Criterion C2
When the current takes values equal to or greater than x times, the failure state is 

reached; in this case, the relay operates instantaneously.
Criterion C3
When the difference in currents (differential current) takes values greater than 1, 

we are in the presence of an internal fault.

c. Generators

The deterioration of insulation in the stator and rotor windings is one of the fun-
damental problems in generators. This occurs due to short circuits between phases 
that are associated with high short circuit currents that produce an electric arc at the 
faulted point, which deteriorates the insulation and can damage the iron sheets in 
the stator. A similar thing happens in phase-to-ground faults, because this current 
circulates through the stator, and can also damage the insulation of the generator 
winding.

We can summarize that the faults for which generators must be protected are the 
following:

• Short circuit to ground in the generator.

• Short circuit between phases in the winding and its terminals.

• Short circuit between turns of the winding of one phase of the stator when there 
is more than one winding per phase.

To protect generators against faults between phases in the stator winding, overcur-
rent relays or differential relays are used.

In generators greater than 1 MVA power and with any voltage, for voltages greater 
than 5 kV. and any power and for greater than 2.2 kV and greater than 501 kVA, the 
second variant is used and in smaller generators the overcurrent protection, which is 
sometimes connected in a differential type scheme [2, 3].

Criterion C1
When the current take values equal to or greater than 1 (according to a previ-

ous setting), we are in the presence of an overload, although in the generator this is 
compensated with internal adjustments of the same, so the protection’s mission is 
only to signal. For this fault, using the corresponding inverse time characteristic, the 
total time to wait for the relay to signal is calculated.

Criterion C2
When the current takes values equal to greater than x times, the failure state is 

reached; in this case, the relay operates instantaneously.
Criterion C3
When the difference in currents (differential current) takes values greater than 1, 

we are in the presence of an internal fault.

4.  Development of this work

For reasons of space, we will only expose what is related to motors.
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The FIS Editor is the interface to use when creating a system based on fuzzy logic 
and presents general information related to the inference system, the names of each 
of the input and output variables as shown in Figure 3 [5].

The Membership Function Editor is the interface that allows editing the member-
ship functions of the inference system of the input and output variables as shown in 
Figure 4.

Figure 3. 
FIS MATLAB fuzzy ToolBox editor.

Figure 4. 
ToolBox membership role editor.
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The rules editor contains a text field to present and edit the rules, in addition to 
the possibility of modifying the weight of each of them. The maximum value of the 
weights is one. This set of rules is assimilated by the computer as a matrix composed 
of a number of columns n, which corresponds to the number of input variables, 
another column corresponding to the output variable, another column that indicates 
the weight applied to each rule, and a final column where it is specified whether it is 
an OR rule (2) or an AND rule (1), as indicated in Figure 5.

The rules viewer graphically illustrates the inference process. Each rule is a row of 
graphs and each column of graphs is a variable.

In the fuzzy set of the output, the vertical line indicates the discrete value of this 
variable after having applied the corresponding defuzzification method as shown in 
Figure 6.

4.1  Fuzzification

Fuzzy Logic begins with the concept of a fuzzy set. A fuzzy set is one that does not 
present clearly defined boundaries and can contain elements with a partial degree of 
membership, unlike classical sets which completely include or completely exclude a 
given element, for example, X must be in set A or in its complement, the set NOT-A, 
that is, either in one or the other.

To illustrate more clearly the differences between both sets, let us take the example 
of thermal protection that is activated depending on the degree of heating of the 
windings of a motor and focus the analysis on the concept “admissible temperature 
during locked rotor failure in motors. 200 HP,” whose values (determined by the 
operator) are in the range between 105 and 190°C.

Figure 5. 
ToolBox rules editor.
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Reasoning according to classical logic, (Boolean Logic) this concept can take only 
two values: true (with numerical value 1) for the temperature values 105 ≤ T ≤ 190 
and false (with numerical value 0) for the remaining values. According to fuzzy logic, 
it can take values such as 0.3 or 0.75, that is, it can take values in the interval between 
0 and 1, including both terms. See Figure 7a and b.

As can be seen in Figure 7a, a temperature of 200°C according to Boolean logic 
(either one belongs to a set or one does not belong) has a value of 0, since it does not 
belong to the set “admissible temperatures of the stator,” however, according to fuzzy 
logic, that temperature corresponds to an approximate value of 0.5 within the refer-
ence set, that is, its membership in that set is not completely ruled out. In terms of 
human language, it could be said that this temperature value is “a little permissible.”

Figure 6. 
ToolBox rules viewer.

Figure 7. 
(a) Values obtained according to classical logic. (b) Values obtained according to fuzzy logic.
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The concept of fuzzy set, introduced by Zadeh in 1965 [6], is defined as follows: 
the fuzzy set A is a grouping of ordered pairs (X, μA(X)) such that for all x∈R it holds: 
μA: R → [0,1]], were μA is the membership function of the fuzzy set (or the member-
ship function thereof) and expresses the degree of certainty of the statement “ele-
ment x belongs to set A.”

The set of all possible elements belonging to the fuzzy set is called the Universe of 
Discourse.

The curves that represent each of these fuzzy sets are called membership func-
tions and define the value or degree of membership (between 0 and 1) of each of its 
elements.

These functions themselves can be arbitrary curves whose shape we can define by 
means of a function that suits us from the point of view of simplicity, speed, effi-
ciency, etc. The only essential condition is that it must vary between 0 and 1.

Membership functions can be represented in different ways depending on our 
convenience. Approximately 11 types of membership functions are recognized, 
constructed from basic functions such as the Gauss function, sigmoid curves, and the 
curves of the square and cubic polynomials respectively, among others. The simplest 
membership functions are formed from straight lines, the simplest of which are 
triangular and trapezoidal. See Figure 8a and b.

Among the most used membership functions, we find bell-type functions, those 
described by Gauss distribution curves and curves that characterize situations of 
asymmetry such as sigmoid curves. See Figures 9 and 10 respectively.

The fuzzification process consists of taking the inputs from the discourse 
 universe and determining the degree of membership to each of the selected 
fuzzy sets using the membership functions. The input is always a numerical 
value limited to the universe of discussion of the input variable and the output, 
of this stage, is a degree of membership of the linguistic set (always the interval 

Figure 9. 
Gaussian and bell-type membership functions.

Figure 8. 
(a) Triangular membership function. (b) Trapezoidal membership function.
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between 0 and 1). The fuzzification of the input is performed based on the chosen 
membership function.

One of the most important aspects of logical reasoning within fuzzy logic is opera-
tions with fuzzy sets. Three basic logical operations are distinguished, similar to the 
AND, OR, and NOT operations of Boolean logic.

The “min” operation solves the relationship A AND B where A and B are functions 
limited in the range (0, 1) by using the function:

Min(A,B).
Similarly, using the same reasoning we can replace the OR operator with the 

“max” function so that the operation A OR B becomes:
max(A,B),
Finally, the NOT operation becomes its equivalent 1-A.
The simulation of the protection of a high-power motor was carried out according 

to the following diagram (Figure 11):
During the test to demonstrate the result of the simulation, it is compared against 

the simulation carried out in the [7] carried out with the MATLAB ToolBox for neural 
networks, in addition to a simulation carried out without applying artificial intel-
ligence [7, 8], against the system implemented in this work. The results of this system 
were the following (Tables 1–3):

Likewise, simulations were carried out for transformers and generators.
As can be seen, the results of this work coincide with results obtained in others 

with different artificial intelligence techniques.

Figure 10. 
Sigmoid membership functions.

Figure 11. 
Simulator for power motor protection.
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Overload Ir/In Differential Output signal normal Output signal warning Output signal trip

1.05 −0.05 1 0 0

1.1 −0.1 1 0 0

1.15 −0.15 1 0 0

1.2 −0.2 1 0 0

1.25 −0.25 1 0 0

1.3 −0.30 0 1 1

1.35 −0.35 0 1 1

1.4 −0.40 0 1 1

1.45 −0.45 0 1 1

1.5 −0.5 0 1 1

1.55 −0.55 0 1 1

1.6 −0.6 0 1 1

1.65 −0.65 0 1 1

1.7 −0.7 0 1 1

1.75 −0.75 0 1 1

1.8 −0.8 0 1 1

1.85 −0.85 0 1 1

1.90 −0.9 0 1 1

1.95 −0.95 0 1 1

5 −1 0 0 1

Table 1. 
Test result for motors using fuzzy logic.

Overload Ir/In Intelligent protection signal

1.05 0

1.1 0

1.15 0

1.2 0

1.25 0

1.3 0

1.35 0

1.4 0

1.45 0

1.5 1

1.55 1

1.6 1

1.65 1

1.7 1

1.75 1

1.8 1

1.85 1

1.9 1
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5.  Conclusions

1. An application was created with fuzzy logic that discriminates between nominal 
and fault conditions for electrical machines (motors, transformers, and genera-
tors) in cases of protection against overload and short circuits (overcurrent and 
differential).

2. It is verified with different typical cases that the developed application operates 
as protection of electrical machines, performing prediction functions and with 
the possibility of storing the different operating conditions.

3. The application developed is suitable using MATLAB’s Simulink, which gives all 
the possibilities of making adjustments to possible relays and also constitutes 
future protection when a data acquisition card is added to the computer.

Overload Ir/In Intelligent protection signal

1.95 1

5 1

Table 2. 
Test result using neural networks [8].

Overload Ir/In Intelligent protection signal

1.05 0

1.1 0

1.15 0

1.2 0

1.25 0

1.3 0

1.35 1

1.4 1

1.45 1

1.5 1

1.55 1

1.6 1

1.65 1

1.7 1

1.75 1

1.8 1

1.85 1

1.9 1

1.95 1

5 1

Table 3. 
Test result without using fuzzy logic [9].
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