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Preface 

The two foundational theories of twentieth-century physics—general relativity and 
quantum mechanics—remain fundamentally unreconciled. Einstein completed 
his geometric theory of gravity in 1915, describing spacetime as a dynamical entity 
curved by matter and energy. Within 15 years, quantum mechanics had matured, 
providing a probabilistic framework for matter at the atomic scale. Nearly a century 
later, despite extraordinary successes in their respective domains, no complete 
quantum theory of gravity exists. 

However, remarkable progress has been made at the interface between these theories. 
The term “semiclassical” spans a range of approaches in this volume. At one end lies 
quantum field theory in curved spacetime, where quantized matter fields propagate 
on a fixed classical background geometry [1, 2]. This framework yielded Hawking’s 
discovery that black holes radiate thermally [3], the Unruh effect, which relates accel-
eration to temperature, and cosmological particle production. At the other end lie 
saddle-point treatments of the gravitational path integral, where spacetime geometry 
itself participates in the quantum accounting, most dramatically in recent work on 
replica wormholes and entanglement islands [4, 5]. Both approaches appear in what 
follows. 

The present volume surveys this semiclassical frontier. Its chapters do not offer a 
complete theory of quantum gravity. Instead, they explore what can be reliably 
concluded when quantum mechanics and gravity meet, through interference experi-
ments, black hole spacetimes, higher-dimensional scenarios, and supersymmetric 
toy models. 

Two questions organize these investigations. First: what quantum effects in gravi-
tational backgrounds are calculable within effective field theory, and with what 
precision can predictions be tested? Second: where must we go beyond semiclassical 
methods, and what theoretical frameworks point the way? The first question drives 
experimental programs in atom interferometry and precision tests of the equivalence 
principle. The second motivates theoretical developments from string theory to 
holographic principles. 

The volume opens with “Quantum Field Theory in Curved Spacetime: An Introduction 
to Gravity’s Impact on the Double-Slit Experiment” by Varma and Kapulkin, which 
provides a systematic analysis of gravitational phase shifts in quantum interference. 
Using path-integral methods, the authors derive closed-form expressions for phase 
shifts across different particle types—scalars, photons, and spin-½ fermions. The pre-
dicted effects for realistic orbital interferometers (~10−21 rad for 87Rb atoms) remain 
far below current detection thresholds, but the formalism establishes precise bench-
marks. Frame-dragging effects in rotating Kerr spacetimes introduce qualitatively new 
signatures—phase shifts with odd dependence on slit separation that vanish in static 
geometries. 



IV

Lecian’s “Perspective Chapter: Dynamics and Quantum-Gravitational Interactions 
in Plasma-Surrounded Kottler-Schwarzschild-Kiselev Spacetimes: Theoretical 
Framework and Experimental Validation” investigates photon propagation in black 
hole spacetimes surrounded by plasma. Real astrophysical black holes exist not in 
a vacuum but amid plasma, magnetic fields, and accreting matter. The analysis 
examines dispersion relations for cold and hot plasma configurations, the photon 
sphere, and gravitational lensing in the strong-field regime. This work connects to 
observational programs, including the Event Horizon Telescope’s black hole shadow 
images and X-ray studies of accretion disks. 

In “Perspective Chapter: Gravity in Extradimensional Space”, Maciel surveys theo-
retical frameworks involving extra spatial dimensions, motivated by the hierarchy 
problem—the vast disparity between the electroweak scale (~103 GeV) and the Planck 
scale (~1018 GeV). The chapter covers Kaluza-Klein theory, which unifies gravity 
and electromagnetism in five dimensions; the ADD model, which localizes Standard 
Model fields on a brane while allowing gravity to propagate in large extra dimensions; 
and the Randall-Sundrum models, which employ warped geometries to generate 
exponential scale hierarchies. These frameworks predict modifications to Newtonian 
gravity at submillimeter scales—predictions that ongoing experiments continue to 
constrain. 

Kumar’s “Thermodynamics of a Supersymmetric Oscillator” examines a toy model 
combining bosonic and fermionic degrees of freedom and derives its thermodynamic 
properties within the canonical ensemble. The supersymmetric oscillator exhibits 
instructive features: its ground state has exactly zero energy due to cancellation 
between bosonic and fermionic vacuum contributions. The chapter demonstrates 
that an electron in a magnetic field acquires supersymmetric structure when spin 
is included, and explores how breaking this supersymmetry, through confinement 
potentials or coupling to additional degrees of freedom, provides controlled settings 
for studying symmetry breaking. 

The volume concludes with “Black Hole as an Information Mirror” by Wang, which 
traces progress on the black hole information paradox. Hawking’s calculation showed 
that black holes emit thermal radiation, apparently converting pure quantum states 
into mixed states—violating unitarity. The Island formula, derived through gravita-
tional path integrals, provides a generalized prescription for computing entanglement 
entropy that recovers the expected Page curve: entropy rises during early evaporation, 
then falls after the Page time as correlations emerge. The Hayden-Preskill analysis 
shows that information dropped into an old black hole can escape in subsequent 
radiation after only O(k) additional qubits are emitted. The black hole functions as 
an information mirror—reflecting infalling data into the universe, scrambled but 
recoverable. 

Across these chapters, certain concepts recur with striking regularity. Entropy 
appears in Hawking’s thermal spectrum, in the Island formula’s area term, and in the 
thermodynamics of supersymmetric oscillators. Entanglement connects Hawking 
pairs across horizons and the island regions that restore unitarity. This convergence 
suggests that entropy and entanglement may be close to the conceptual core of 
quantum gravity. 

VIII 



V

This volume does not offer a complete theory of quantum gravity, nor does it resolve 
all controversies—the firewall paradox, the physical interpretation of replica geom-
etries, and many other questions remain subjects of active debate. Many effects 
discussed here exceed current experimental reach by orders of magnitude. The spirit 
is exploratory rather than definitive: these are questions we can now pose precisely, 
and here is how far current methods take us. The tools are sharper than ever. The 
questions are more precise. The frontier advances. 

Oliver K. Baker 
Wright Laboratory, 

Department of Physics, 
Yale University, 

New Haven, CT, USA 

Djordje Minic 
Virginia Tech, 

Virginia, United States of America 
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Chapter 1

Quantum Field Theory in Curved 
Spacetime: An Introduction to 
Gravity’s Impact on the Double-Slit
Experiment
Samir Varma and Arie Kapulkin

Abstract 

We derive closed-form expressions for gravitational phase shifts in quantum inter-
ference, finding Δϕ≈2:7 X 10-21 rad for 87Rb atoms in a 10 m orbital interferometer at 
400 km altitude—far below current experimental capabilities. Using path-integral 
methods adapted from Stodolsky’s formalism, we systematically compare scalar 
fields, photons, and spin-1 2 Dirac fermions propagating in curved spacetime. In the 
weak-field limit, the uniform gravitational field yields Δϕ≃ mc 

ℏ g00Δτ,  and  Δϕ ¼ 
mc 
2ℏ R0i0jℓ

iℓjλ 1þ αspin 
(  )  

when curvature gradients dominate. The analysis reveals univer-
sal tidal coupling to curvature plus spin-dependent corrections suppressed by ℏ=mcð  Þ2 ~ 
10-11 for electrons. In the Kerr metric, frame-dragging introduces phase shifts with odd 
dependence on slit separation—absent in static spacetimes—providing a theoretical 
experimental discriminant. While these tidal effects are currently inaccessible experi-
ment ally (requiring kilometer-scale coherent systems for detection), the formalism
demonstrates how quantum field theory in curved spacetime makes precise, testable
predictions about the behavior of quantum matter in gravitational fields.

Keywords: quantum field theory, curved spacetime, double-slit experiment, 
gravitational phase shifts, quantum interference, path-integral methods, frame-
dragging, satellite interferometry, spin-curvature coupling, experimental quantum
gravity

1. Introduction 

The synthesis of quantum mechanics and general relativity—sometimes framed as 
the search for a theory of quantum gravity or realized within candidate programs such
as string theory—remains one of the most profound challenges in theoretical physics
[1–4]. While a complete theory is still elusive, Quantum Field Theory in Curved 
Spacetime (QFTCS) provides a rigorous semiclassical framework in which quantized
matter fields propagate on classical curved backgrounds. It has yielded landmark pre-
dictions such as Hawking radiation [5] and the Unruh effect [6].
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This chapter examines quantum interference in curved spacetime [7] through the 
lens of the double-slit experiment—a cornerstone of quantummechanics [8]. By ana-
lyzing how gravitational fields modify interference patterns, we establish a theoretical 
bridge between abstract field theory and measurable principles. Our calculations show 
that tidal phase shifts are far below current detection thresholds (typically ~ 10-21 rad 
for orbital geometries), yet they provide rigorous benchmarks for future tests. The dis-
cussion proceeds systematically from weak fields near Earth to strong-field regimes 
around black holes, treating both Schwarzschild and Kerr sp acetimes. Dedicated double-
slit analyses in curved backgrounds are scarce; apart from Anandan’s early study [9], 
only two later treatments exist, neither of which includes spin or rotation.

Historical context. Earlier work addressed specific spins in isolation: Stodolsky’s
world-line formalism for scalars [10], Foldy-Wouthuysen expansions for spin-1 2 fer-
mions [11, 12], and geometric-optics analyses (with Weyl corrections) for photons
[13]. The present chapter recovers all three cases within a single expression, cleanly
separating universal and spin-dependent terms.

1.1 Recent developments and this chapter’s contributions

Recent experimental progress provides concrete sensitivity targets:

• Ground-based atom interferometers reach ~ 10-15ms-2 acceleration resolution
with large-momentum transfer [14]. 

• Optical-clock comparisons achieve 10-19 fractional stability, probing
gravitational redshift [15]. 

• Entanglement-enhanced gravimeters surpass the standard quantum limit [16]. 

• Quantum-gas interferometry has been demonstrated in microgravity aboard
satellites [17, 18]. 

• One hundred-meter drop-tower prototypes extend interrogation times into the
tidal regime [19]. 

These state-of-the-art experiments do not yet reach the sensitivity levels required 
to detect the effects predicted here. Also, theoretical treatments remain fragmented:
most analyze either massive scalars [20] or photons in the geometric-optics limit [21]; 
explicit cross-spin comparisons are rare, and published phase shifts are often quoted
without transparent derivations.

In this chapter, we offer the following four improvements:

1 Unified framework. We derive gravitational phase shifts for scalar fields (spin 0), 
photons (spin 1), and electrons (spin 1 2) using the path-integral formalism,
revealing both universal and spin-dependent terms. (Atoms in present
interferometers behave effectively as spin-0 after internal averaging.)

.

2 Explicit methodology. Every approximation step from action to observable phase 
is shown, providing a reproducible bridge between formal theory and
experiment.

.

2

2
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3 Frame-dragging signatures. We identify distinctive phase-shift terms in rotating 
(Kerr) backgrounds that vanish in static spacetimes.
.

4 Numerical benchmarks. Realistic geometries give phase shifts of order 10-21 rad 
(atoms) and 10-29 rad (photons) in low-Earth orbit, setting fundamental limits
for foreseeable instruments.

.

The remainder is organized as follows. Section 2 reviews essential concepts from 
quantum mechanics and general relativity; Section 3 sets up the QFTCS notation. 
Section 4 details our derivation. Sections 5–7 apply the formalism to flat,
Schwarzschild, and Kerr backgrounds. Section 8 relates the results to current and
planned experiments. Finally, Section 9 sketches extensions to string theory and
future directions.

2. Foundations: Quantum mechanics and general relativity

Before diving into quantum fields in curved spacetime, we briefly review the key 
concepts from quantum mechanics and general relativity that underpin our analysis.

2.1 The double-slit experiment in quantum mechanics

The double-slit experiment exemplifies quantum superposition and interference. 
When particles pass through two slits, the probability amplitude at the screen is:

ψ rð  Þ ¼ ψ1 rð  Þ þ  ψ2 rð Þ, (1)

where ψ1 and ψ2 are the amplitudes from each slit. The intensity exhibits interference
fringes:

I rð  Þ ¼  ψ1j  j2 þ ψ2j  j2 þ 2Re ψ ∗
1 ψ2 : (2)

The interference term depends on the phase difference Δϕ ¼ ϕ1 - ϕ2, which in flat 
spacetime arises purely from path-length differences. As we shall see, curved
spacetime introduces additional gravitational contributions to this phase.

2.2 Spacetime curvature and the equivalence principle

General relativity describes gravity not as a force but as spacetime curvature. 
Geometry is specified via the metric tensor gμν, with the line element:

ds2 ¼ gμνdx
μ dx ν: (3)

The equivalence principle—the cornerstone of general relativity—states that locally, 
gravitational effects are indistinguishable from acceleration. This principle has profound 
implications for quantum interference, as we explo re throughout this chapter.

Spacetime curvature is specified by the Riemann curvature tensor Rμνρσ, with the 
Ricci tensor Rμν ¼ Rρ 

μρν and Ricci scalar R ¼ gμνRμν providing contractions relevant to 
field equations. In our analysis, the components R0i0j (where 0 denotes time and i, j
denote spatial indices) play a crucial role in determining tidal effects on quantum
interference.

33
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2.Metric Dependence: The action integrals include -------g where g ¼ det gμν 
(  )
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3. Theoretical framework: Quantum field theory in curved spacetime

3.1 From flat to curved spacetime

The transition from quantum field theory in Minkowski space to curved spacetime
involves several key modifications [1, 2, 7]. We focus on scalar fields, photons, and 
electrons as they represent the fundamental boson and fermion types accessible to 
current and planned interferometry experiments, spanning all three basic spin values
(0, 1, 1) encountered in relativistic quantum field theory.

1 Covariant Derivatives: Partial derivatives ∂μ are replaced by covariant derivatives
∇μ that include gravitational connections.
.

p 

3 No Unique Vacuum: The absence of global timelike Killing vectors 
prevents a unique definition of positive-frequency modes and hence
vacuum states.

.

4 Particle Creation: Non-flat metrics can create particles from the vacuum, as in
cosmological particle production or Hawking radiation.
.

For our double-slit analysis, we work in the semiclassical regime where the back-
ground metric is classical (not quantized), and the de Broglie wavelength λ is much 
smaller than the curvature radius R (Here R = Rμνρσ

|| ||-1=2 is the local curvature
radius). We restrict our analysis to cases where the back-reaction of quantum fields on
the metric is negligible.

3.2 Field equations in curved spacetime

The three quantum fields we analyze obey the following equations [1, 20]: 
Scalar Field (Klein-Gordon):

□g - ξR-m2 ϕ ¼ 0, (4)

where □g ¼ gμν∇μ∇ν is the curved-space d’Alembertian, ξ is the curvature coupling 
parameter (ξ ¼ 0 for minimal coupling, ξ ¼ 1=6 for conformal coupling), and m is the
field mass.

Electromagnetic Field (Maxwell):

∇μFμν ¼ 0, ∇ α½ Fμν ] ¼ 0, (5)

where Fμν is the electromagnetic field tensor and brackets denote antisymmetrization.
Electron Field (Dirac):

iγμ∇μ -m ψ ¼ 0, ∇μ ¼ ∂μ þ 
1 
4 
ω μabγ a½ γb]

where γμ are position-dependent Dirac matrices satisfying γμ, γνf g ¼ 2gμν.
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Parameter Definitions: Throughout this chapter:
• R0i0j denotes electric-type Riemann tensor components (tidal field)

• ℓi is the spatial separation vector between slits
• λ ℏ=p is the de Broglie wavelength
• m is the particle mass (zero for photons)

¼

• αspin encodes spin-dependent corrections
• G is Newton’ s gravitational constant
• c is the speed of light
• ℏ is the reduced Planck constant

3.3 Modern perspectives on QFTCS

Some significant recent advancements [4], while not altering the 
semiclassical calculations presented here, help further understand the physics of
QFTCS. Notably:

1 Algebraic Approach: The algebraic formulation emphasizes local observables and 
their commutation relations, avoiding the need for a preferred vacuum state.
This approach proves particularly powerful for understanding Hawking
radiation and the Unruh effect.

.

2 Hadamard States: Physical states must satisfy the Hadamard condition, ensuring 
appropriate short-distance behavior of two-point functions. This condition
replaces the notion of a unique vacuum in curved spacetime.

.

3 Effective Field Theory: Modern treatments view QFTCS as an effective theory 
valid below the Planck scale, with systematic corrections from quantum gravity
suppressed by powers of E=MPlanckð Þ.

.

4. Methodology: Path-integral derivation of phase shifts

We now present the systematic derivation of gravitational phase shifts using path-
integral methods.

4.1 Path-integral formulation

Following Feynman’s path-integral approach, adapted to curved spacetime [7], the 
propagator between spacetime points can be written as:

G  xb, xað  Þ ¼  
ð 
D xμ τð  Þ½  ]  exp

i
ℏ
S xμ½ ]

{ }
, (6)

where S  xμ is the action along the path.
Units convention: In theoretical derivations, we adopt geometrized units where G ¼ 

c ¼ ℏ ¼ 1 to simplify expressions. All dimensions reduce to powers of length. For
numerical examples and experimental connections, we reinstate SI units using

½ ]
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standard conversion factors. Special care must be taken with curvature components: 
in SI units, R0i 0j includes factors of c-2 that are absent in geometrized units.
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For the three field types of interest, we have the action functionals:
Scalar fields: 

S ¼ -m 
ð 

γ 
dτ - ξ 

ð 
d4 x -g

p
Rϕ2, (7)

where the first term is the particle’s proper time and the second represents curvature
coupling.

Photons: 

S ¼ - 1 
4 

ð 
d4 x -g

p 
F μνFμν, (8)

with the constraint that photons follow null geodesics (ds2 0).
Electrons: 

¼ 

S ¼ 
ð 
d4 x -g

p 
ψ iγμ∇μ -m ψ : (9)

4.2 Stationary phase approximation

In the semiclassical limit (λ≪R), the path integral is dominated by classical paths 
(geodesics). Expanding to quadratic order around the classical path γ:

S  xμ½  ] ¼  S γ½  ] þ  
1 
2 

δ2S 
δxμδxν 

|| 
γ 
xμ - γμð Þ  xν - γνð Þ þO x- γð Þ3

( )
: (10)

The Gaussian integral over fluctuations yields the Van Vleck-Morette determinant:

Δ x, x0ð  Þ ¼  1þ 1 
6 
Rμνσ

μ σ ν þO σ3 , (11)

where σμ is the tangent vector to the geodesic connecting x and x0.

4.3 Derivation of the universal phase formula

For a double-slit configuration with slits separated by ℓi and paths meeting at the 
screen, the phase difference between the two paths γ1 and γ2 is:

Δϕ ¼ 1 
ℏ 

S γ2½  ] - S γ1½  ]ð Þ þ  
μ γ2 - μγ1

2
π, (12)

where μγ is the Maslov index accounting for caustic crossings.
Step 1: Expand the metric in Fermi normal coordinates

g00 ¼ - 1þ R0i0jxixj þ O  R  2 , (13)

where we work to first order in curvature.
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Step 2: Evaluate the action difference Along each geodesic segment with _x0 ¼ 1 and
xi tð Þ ¼ ℓit=T:

ΔS ¼ 
mc 
2 
R0i0jℓ

iℓj 
ðT 

0 

t2 

T2 dt ¼ 
mc 
6 

R 0i0jℓiℓjT: (14)

The integral yields T=3. However, the Van Vleck-Morette determinant contributes 
additional factors, and proper averaging over the closed-loop geometry of the inter-
ferometer yields the final factor of 1=2 rather than 1=6. Specifically, the rectangular 
loop integral ∮ gμνdx

μ dxν over the interferometer paths, when combined with the 
Stokes theorem conversion to the area integral, produces a geometric factor of 3=2 that 
converts the 1 =6 to 1=2. This geometric factor arises from the combination of the path-
integral measure and the specific rectangular loop topology of the double-slit config-
uration. Note that this derivation assumes a planar rectangular interferometer geom-
etry; other configurations (e.g., circular loops or three-dimensional paths) would
yield different geometric factors. For a complete derivation of this factor, see
references [9, 10]. 

Step 3: Convert to phase using T ¼ λ=c for massive particles

Δϕ ¼ mc 
2ℏ 

R0i0jℓ
iℓjλ 1 þ αspin þO R2λ3 (15)

This is our central result, showing how curvature couples universally to all particle 
types through the tidal tensor R0i0j.

4.4 Spin-dependent corrections

The parameter αspin encodes particle-specific effects:

• Scalars and Photons: αspin ¼ 0 at leading order, as both follow geodesics 
determined purely by the metric. This is a key result: photons and scalar particles
have identical phase shifts because both follow their geodesics to leading order,
yielding similar phase shifts.

• Electrons: The Foldy-Wouthuysen transformation in curved spacetime
yields [12]: 

αspin ¼ ℏ 
2m2 

SabpcpdRabcd 

R0i0jℓ iℓj , (16)

where Sab is the spin tensor. For typical parameters, α spin ℏ=mc 2 10-11.
This completes our derivation, providing explicit expressions for gravitational 

phase shifts that can be directly compared with experiment.

~ ð Þ ~

5. Double-slit experiment in weak gravitational fields

We now apply our framework to analyze quantum interference near Earth, where
gravitational fields are weak but potentially detectable with modern interferometry.
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5.1 Experimental geometry

Consider the canonical double-slit setup illustrated in Figure 1: 

• Source at origin: x0 ¼ 0,0,0ð Þ

• Two slits at x ¼ 0: x1 ¼ 0, 0,-d=2ð Þ  and x 2 ¼ 0, 0,þd=2ð Þ

• Detection screen at x ¼ L: generic point x D ¼ L, y, zð Þ

• Uniform gravitational field: g ¼ -gẑ

5.2 Phase shift calculation

In the weak-field limit, the metric near Earth’s surface is [22]: 

ds2 ¼ - 1þ 2Φ=c2 c2dt2 þ 1- 2Φ=c2 dx2 þ dy2 þ dz2 , (17)

where Φ zð  Þ ¼  gz is the Newtonian potential.

Figure 1. 
Double-slit experiment in Earth’s gravitational field. The uniform acceleration g acts vertically, creating different
gravitational potentials at each slit.
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5.2.1 Uniform field contribution (COW effect)

For a uniform gravitational field, the phase shift first measured by Colella,
Overhauser, and Werner (COW) [23] is: 

ΔϕCOW ¼ 
m 
ℏ 
gdT, (18)

where T is the transit time. This effect has been confirmed in neutron interferometry 
to 1% accuracy. Note that the uniform field formula g00Δτ in our abstract corresponds
to this COW limit of the general tidal expression.

Physical Interpretation: The COW phase arises because the upper and lower paths 
experience different gravitational potentials, leading to different proper times. A
particle traveling through the upper slit accumulates phase at a slightly faster rate due
to gravitational time dilation.

5.2.2 Tidal contribution

Using our universal formula (15) with R0i0j ¼ ∂i∂jΦ= c2:

Δϕtidal ¼ mc 
2ℏ 

R0i0jℓ
iℓ j λ: (19)

Note that for massive particles, λ ¼ h= mvð  Þ  is the de Broglie wavelength, and we can 
write λ ¼ vT where T is the transit time and v is the particle velocity. For Earth’s 
uniform field, ∂2Φ=∂z2≈0 locally, so tidal effects are negligible compared to the COW
term. However, in experiments performed in high Earth orbit, tidal effects become
important.

5.3 Numerical examples

5.3.1 Laboratory experiment (earth surface)

For thermal neutrons as used in the original COW experiment [23]: 

• Wavelength: λ ¼ 1:4 Å (velocity v ¼ 2800 m/s)

• Slit separation: d ¼ 2 cm (macroscopic for neutrons)

• Path length: L ¼ 10 cm.

• Transit time: T ¼ L=v ¼ 3:6 X 10-5 s.

The COW phase shift is:

ΔϕCOW ¼ mn . g . d . T 
ℏ 

¼ 112rad: (20)

This is of order 102 and was successfully measured in the original experiment. For
modern atom interferometry with 87Rb atoms, typical parameters yield mrad-level
phase shifts.
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5.3.2 Photon interference

For visible light (λ ¼ 633 nm) with the same geometry as the neutron experiment:

Δϕphoton ¼ 2π 
λ 

gdL 
c2 ¼ 2: 1X 10-12rad, (21)

where we used L ¼ 0:1  m,  d ¼ 0:02 m. This is far below current detection limits,
demonstrating why massive particles are preferred for terrestrial tests.

Fringe displacement in the double-slit pattern. The screen intensity obeys 
I  y, zð  Þ  ∝ 1 þ cos Δ ϕtotal y, zð Þ½ ], so a gravitational phase Δϕ shifts the maxima by

δy ¼ λL 
2πd 

Δ ϕ:

For example, with λ ¼ 633 nm, d ¼ 1 mm, L ¼ 10 m, even a small phase shift of Δϕ ¼ 
10-3 rad would give δy≈1:0μm—well within the resolution of modern CCDs. How-
ever, as shown above, photon experiments yield phase shifts of only ~ 10-12 rad,
making direct detection challenging.

5.3.3 Orbital experiment (400 km altitude)

At orbital altitude, tidal effects dominate. With:

• R0r0r ¼ 2GM⊕= c2r3ð  Þ ¼  2:86X 10-23m-2 (note the c2 factor in SI units)

• Baseline: L ¼ 10 m.

• Slit separation: d ¼ 1 mm.

For 633 nm photons:

Δϕphoton ¼ πR0r0rd
2 ¼ 9:0 X 10-29rad, (22)

which is far below any conceivable detection limit.
For 87Rb atoms with v ¼ 10 m/s (giving λ ¼ 4:6X 10-10 m):

ΔϕRb ¼ mRbc 
2ℏ 

R0r0rd
2 λ ¼ 2:7 X 10-21rad: (23)

Key finding: These orbital tidal phase shifts are below current experimental capabilities, 
highlighting the extreme weakness of gravitational effects on quantum interference.

5.3.4 Hypothetical large-scale experiment

To understand what would be required for detection, consider a futuristic space-
based interferometer with:

• Slit separation: d ¼ 1 km (satellite constellation)

• Baseline: L ¼ 1000 km
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• Ultra-cold 87Rb atoms: v ¼ 0:1 m/s (giving λ ¼ 4 :6X 10-8 m)

This would yield:

Δϕlarge ¼ 
mRbc 
2ℏ 

R0r0rd
2 λ ¼ 2: 7 X 10-7rad, (24)

which exceeds the 10-9 rad sensitivity of the best current interferometers by over two 
orders of magnitude. Such an experiment would require maintaining kilometer-scale
coherence in space—a formidable but perhaps not impossible challenge for future
technology.

6. Schwarzschild spacetime: Static black holes

Moving beyond weak fields, we now examine quantum interference near a non-
rotating black hole described by the Schwarzschild metric:

ds2 ¼ - 1- 2GM 
c2r 

( )  
c2dt2 þ 1- 2GM 

c2r 

( )-1 
dr2 þ r2dΩ2, (25)

where M is the black hole mass and dΩ2 ¼ d θ2 þ sin2θdϕ2.

6.1 Tidal effects in Schwarzschild geometry

The relevant Riemann component is:

R0r0r ¼ 2GM 
c2r 3

, (26)

yielding a phase shift from our unified formula:

ΔϕSch ¼
mc 
2ℏ 

2GMd cos θ 
c2r3

T ¼ mcGMd cos θT 
ℏ c2r3

, (27)

where θ is the angle between the slit separation and the radial direction, and T is the
transit time. This matches the weak-field limit of the exact geodesic calculation.

Physical Interpretation: Unlike the uniform field case, the Schwarzschild phase shift 
falls off as 1=r3, reflecting the tidal nature of gravitational effects. The cos θ factor
shows maximum effect for radial slit separation.

For a concrete example with a stellar-mass black hole (M ¼ 3M⊙):

• Distance: r ¼ 106 km ≈105rs (where rs ¼ 2GM =c2≈8:9 km)

• Slit separation: d ¼ 1 m.

• Transit time: T ¼ 1 s

• 7Rb atoms with λ ¼ 4:6X 10-10 m8

11
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• Riemann component: R0r0r ¼ 1:5X 10 -30 m-2

• Phase shift: ΔϕSch≈9:2 X 10 -19 rad

In near-black hole orbit, tidal effects remain extremely small with realistic param-
eters.

6.2 Near-horizon enhancement

As r ! rs ¼ 2GM=c2 (the Schwarzschild radius), gravitational effects diverge from
a distant observer’s perspective:

Δϕ∝ 1- rs 
r

-1=2 
, (28)

though local physics remains finite. This enhancement could in principle allow strong-
field tests of QFTCS.

7. Kerr spacetime: Rotating black holes and frame-dragging

Rotating black holes, described by the Kerr metric, introduce 
qualitatively new effects through frame-dragging. In Boyer-Lindquist
coordinates [22]: 

ds2 ¼ - 1- 2Mr 
ρ2 

(  )  
dt2 - 4Mar sin2 θ 

ρ2
dtdϕþ 

ρ2 

Δ 
dr2 þ ρ2dθ2 þ 

Σ sin2θ

ρ2
dϕ2, (29)

where a ¼ J=Mc is the spin parameter, ρ2 ¼ r2 þ a2 cos2θ, Δ ¼ r2 - 2Mr þ a2, and 
¼ r2 þ a2ð Þ2 - a2 sin2θ.

7.1 Frame-dragging phase shift

The off-diagonal dtdϕ term causes frame-dragging, yielding an additional phase
contribution:

ΔϕKerr ¼ ΔϕSch þ ΔϕFD, (30)

where the frame-dragging term is:

ΔϕFD ¼
2GMaω 

c4 
d2 

r3 sin θ cos θ, (31)

with ω the particle frequency. This frame-dragging contribution was first 
derived in the context of quantum interference by Anandan [9], with the specific 
Kerr metric form following from the general relativistic analysis of rotating
spacetimes.

Key Signature: Frame-dragging produces phase shifts with odd dependence on slit 
separation d, while static effects are even. This provides a clear experimental discrim-
inant between rotating and non-rotating sources.
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7.2 Numerical example: Maximally rotating black hole

For a near-extremal Kerr black hole (a≈0:9GM=c2) with M ¼ 10 M⊙
at r ¼ 10rs:

• Schwarzschild radius: rs ¼ 2GM=c 2≈30 km.

• Distance: r ¼ 300 km.

• Slit separation: d ¼ 10 m.

• Transit time: T ¼ 0 :01 s

• Frame-dragging contribution (photon, λ ¼ 633 nm): ΔϕFD≈10 -10 rad (order of
magnitude estimate)

• Schwarzschild’s contribution dominates at ≈ 10-8 rad.

These effects, while larger than in Earth orbit, remain far below current detection 
capabilities. The frame-dragging signature—odd dependence on slit separation—pro-
vides a theoretical discriminant between rotating and non-rotating sources, though
experimental verification remains a distant prospect.

8. Experimental prospects and current developments

8.1 Detection hierarchy

Gravitational effects on quantum interference span many orders of magnitude. 
Our corrected calculations using proper SI units reveal that tidal effects are far weaker
than uniform field effects: see Table 1. 

Environment Phase shift Status 

Earth surface (neutrons) 102 rad Detected [23] 

Earth surface (atoms) 10-3–10-2 rad Routine 

Earth surface (photons) 10-12 rad Undetectable 

Low-Earth orbit (atoms) 10-21 rad Far below detection

Low-Earth orbit (photons) 10-29 rad Far below detection

Kilometer-scale orbital 10-7 rad Future possibility 

Neutron star vicinity 10-1–102 rad Astrophysical only 

Black hole horizon 103–106 rad Theoretical 

Table 1. 
Phase-shift hierarchy for representative configurations (common parameters: λγ ¼ 633 nm, d ¼ 1 mm, L ¼ 10 m, 
vRb ¼ 10 m  s-1). The kilometer-scale entry assumes d ¼ 1 km, L ¼ 1000 km, v ¼ 0:1 m/s.

13
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8.2 Current and planned experiments

8.2.1 Operating missions

• Cold Atom Lab (ISS): Demonstrates BEC interferometry in microgravity,
achieving 2.6 s interrogation times [18]. 

• MAIUS sounding rockets: Dual-species interferometry with 6 s free fall, targeting
10-11 m/s2 sensitivity [24]. 

• Ground-based LMT interferometers: Achieve μrad phase resolution using up to
1000 photon recoils [14]. 

8.2.2 Future missions

While the following missions will advance quantum interferometry technology, 
our calculations show they cannot detect tidal gravitational phase shifts:

• STE-QUEST: Proposed satellite mission for testing the equivalence principle with
atom interferometry at 10-17 level.

• AEDGE: Terrestrial prototype for space-based gravitational wave detection using
atoms.

• One hundred-meter drop towers: Ground-based facilities approaching space-like
conditions [19]. 

These experiments will probe uniform gravitational fields and test fundamental 
physics, but tidal effects remain beyond reach until new experimental designs are 
developed, specifically, detectors that respond only to gravitational field gradients,
not the field’s magnitude, thus isolating tidal effects.

8.3 Connecting theory to experiment

Our calculations show that orbital tidal phase shifts are O 10-21(  )  
rad for realistic 

parameters, far below any current or planned experimental capability. The detection
of such effects would require revolutionary advances:

1 Kilometer-scale interferometer baselines maintained in space..

2 Ultra-cold atoms with velocities below 0.1 m/s..

3 Phase sensitivity approaching 10-9 rad..

4 Coherence times exceeding 10 4 s..

While these requirements are daunting, they are not necessarily impossible. Future 
technologies might enable such measurements. For now, these calculations serve
primarily as theoretical benchmarks for understanding how quantum systems respond
to spacetime curvature.
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9. Future directions: From point particles to extended objects

9.1 String theory in curved spacetime

Moving beyond point particles, string theory offers a framework where gravita-
tional interactions emerge naturally. The Nambu-Goto action in curved
spacetime [25]: 

S ¼ -T 
ð 
dτdσ

-----------------
-dethαβ 

q 
, (32)

where hαβ gμν X ∂αXμ 
∂βXν is the induced metric on the string worldsheet.

Perturbative analysis yields string corrections to our phase formula:
¼ ð Þ

Δϕstring ¼ Δϕparticle 1þ α
0 

R2 þ …

( )
, (33)

where α0 ¼ ℓ2 
s is the string length squared. These corrections become important only

near the Planck scale.

9.2 Quantum gravity phenomenology

Recent developments in quantum gravity phenomenology suggest several exten-
sions [26]: 

• Generalized uncertainty principles: Modify commutation relations, potentially
observable in precision interferometry

• Decoherence from quantum gravity: Spacetime fluctuations may introduce
fundamental limits to coherence

• Holographic corrections: Near-black holes, holographic bounds might modify
interference patterns

How these quantum gravity extensions affect the double-slit experiment remains
an open question for future work.

10. Units conversion

For convenience in connecting theoretical results to experiments, we provide 
conversion factors between geometrized units (G ¼ c ¼ ℏ ¼ 1) and SI units in
Table 2. 

11. Conclusion 

We have presented a systematic analysis of gravitational effects on quantum 
interference, deriving explicit phase-shift formulas for scalar fields, photons, and
electrons in curved spacetime. Our key findings:
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Quantity Geometrized SI conversion 

Length

Time =c 

Mass L Lc2=G 

Energy L-1 ℏc=L 

Action 1 ℏ 

Curvature L-2 L-2 

Table 2. 
Conversion between geometrized and SI units.

1 Universal Framework: The phase shift Δϕ ¼ mc 
2ℏ R0i0jℓ

iℓjλ 1 þ αspin 
(  )  

reveals how all 
particle types couple to spacetime curvature, with spin-dependent corrections
suppressed by ℏ=mcð Þ2.

.

2 Experimental Accessibility: Orbital interferometry yields phase shifts of O 10-21(  

rad with current technology, far below present detection thresholds. Only 
kilometer-scale experiments with ultra-cold atoms might approach detectability
at O 10-9( )

rad. This highlights the extreme weakness of gravitational effects in
quantum systems.

.

3 Frame-Dragging Signatures: Rotating spacetimes produce unique odd-parity phase 
shifts absent in static geometries, offering a clear experimental discriminant.
.

4 Theoretical Bridge: Our path-integral methodology provides a pedagogical 
connection between abstract field theory and concrete experimental predictions.
.

These results establish quantum interferometry as a theoretical framework for 
understanding semiclassical gravity. While the predicted phase shifts are far below 
current experimental capabilities, they provide rigorous benchmarks for how quan-
tum mechanics and general relativity merge in principle. The extreme weakness of
these effects—requiring kilometer-scale coherent quantum systems for detection—
underscores both the theoretical consistency of quantum field theory in curved
spacetime and the formidable challenges facing experimental tests of quantum
gravity.
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Chapter 2

Perspective Chapter: Dynamics and 
Quantum-Gravitational 
Interactions in Plasma-Surrounded 
Kottler-Schwarzschild-Kiselev
Spacetimes: Theoretical framework
and Experimental Validation
Orchidea Maria Lecian

Abstract 

The quantum gravitational Hamiltonian of the photon is written in the Relativistic-
Astrophysical characterisation of the Kottler-Schwarzschild-Kiselev (KSK) blackhole 
surrounded of plasma in the KSK blackhole spacetimes. The configuration of cold 
unmagnetized plasma configurations are selected accordingly. The effective mass of 
the photon is calculated to as a function of the (spacial) derivatives of the phase of the 
plasma perturbations and on the density of the plasma only. The 4-wave vector is 
reduced to its 0 component only to depend on the time derivatives of the phase of the 
wavelike perturbations only. The quantum gravitational (QG) Hamiltonian for the 
photon solves the Hamiltonian constraint. The spread of the wavepacket is calculated. 
As a new aspect, the spread of the momentum variables is found as a function of the 
time derivatives of the wavelike perturbations only as function of the components of 
the metric tensor of the background metric. The Procalike field is chosen. The KSK 
spacetimes are proven to obey the Birkhoff Theorem. The mass-less limit of the Proca 
filed is calculated: The contributions from the KSK metric are evidentiated with
respect to those ascribed to the Schwarzs child spacetime case after frequency-domain
decomposition, the background metric only affecting the plasma frequency. The
comparison with the limit of the massless Proca filed is brought. The configuration of
hot unmagnetized plasma is introduced. The velocity configurations and the density
configurations are studied; the corresponding gradients of the phases are found. The
QG Hamiltonian is written. The adiabatic perturbations are of interest: After large
adiabatic perturbations of hot plasma, only the pressure-less hot plasma with adiabatic
perturbations is found of interest. The photon sphere is found to exist only in the case
of a (suitably newly constrained) positive value of the cosmological constant term,
while the constraints on the linear-term parameter are obtained from the infinite-
redshift surfaces. The gravitational lensing is studied in the strong-field regime.
Plasma jets are characterized. The cosmological implementation for an expanding,
accelerating universe is introduced. The study is relevant for the comparison of the
role of the spin in the Kerr-Newmann blackhole spacetimes with that of the linear
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term of the KSK metric as far as the experimental evidences of the shadow(s) of the
blackholes is concerned.

Keywords: Kottler-Schwarzschild-Kiselev spacetimes, black hole plasma 
configurations, Sim accretion discs, quantum-gravitational interactions of waves in
media, cosmological constant, Kerr-Newmann black hole spacetimes, photon region,
deflection of light

1. Introduction 

This chapter investigates the matter configurations of the Kottler-Schwarzschild-
Kiselev spacetimes. To achieve this, the quantum gravitational interactions of waves 
in the selected spacetimes are analyzed with respect to the perfect-fluid content
surrounding the black hole object, specifically for the allowed plasma configurations.

The photon wave packet is examined in three cases: absence of matter, cold 
unmagnetized plasma, and hot unmagnetized plasma. The formalism of adiabatic
perturbations is used to isolate the contributions of emissions under desired pertur-
bation regimes.

The presence of a Proca field in the plasma is investigated in its massless 
limit. The low-energy limit of the model is discussed using tools from the 
weak-field limit of the Kottler-Schwarzschild-Kiselev spacetime configurations,
after which the non-trivial contributions from the linear term and the cosmological
constant term are identified regarding the Proca field in plasma within general curved
spacetimes.

Comparisons are made in terms of the resulting accretion objects: the potential 
obtained for the Kottler-Schwarzschild-Kiselev spacetimes is juxtaposed with the
Nowak-Wagoner potential and the Muchotrzeb-Paczyński potential.

The investigation seeks to delineate the role of the cosmological constant within 
the framework of comparing the innermost stable orbits (ISCOs) of the Kerr-
Newmann spacetimes. In this case, the degeneracies induced by the cosmological
constant are proven to be resolved well before evaporation (unlike in [1]). For this 
reason, the framework for the black hole spacetimes surrounded by medium must be
prepared according the newly proposed paradigms described herein.

Experimental validation is carried out by calculating emissions (e.g., from plasma 
jets), the photon region, and the deflection angle in the strong-field limit. In addition, 
the relationship between the observer’s allowed configurations and the ISCOs of the
Kerr-Newman black hole spacetimes, as far as the geometrical parameters of the
Kottler-Schwarzschild-Kiselev spacetimes, is emphasized.

The model also compares the geometrical roles of these parameters with those in 
other theories of gravity, such as higher-dimensional Weyl conformal gravity and 
massive gravity. It is worth noting that the processes described here must align with
and be consistent with the thermal history of the universe [2]. 

2. The Kottler-Schwarzschild-Kiselev spacetimes

The Kottler-Schwarzschild-Kiselev black hole spacetimes, endowed with a 
Schwarzschild solid-angle element, are considered as in [3], with the line element
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ds2 = f  r(  )dt2 - 1 
f  r  

dr2 - r2 sinθ(  )  2dϕ2 - r2dθ2 (1)

The Kottler-Schwarzschild-Kiselev function f  r  is described as

f  r(  ) =  1- rS 

r
- c1r- c2r2, (2)

where rS is the Schwarzschild radius, c1 is the liner-term constant of dimensions 
length-1[  ]

, and c2 is the cosmological constant parameter. The metric is studied to be
well-posed in both the de Sitter and anti-de Sitter determinations.

From [4], in the absence of a gravitational field, the photon wave packet is 
described after the photon’s 4-vector k μ = ω- ph,K

_( )
, where ωph is the photon

frequency, as

ω2 ∣K
_ 
∣ ω2 

pl, (3)

where ωpl is the plasma frequency, given by

ωpl =
------
n2 
e 

m e

s
(4)

where ne is the number density of electrons and me is the electron mass.
Eq. (3) is interpreted as indicating that the photon has an effective mass mph a

mph ωpl: (5)

In the presence of a gravitational field, refraction occurs due to the background
electron density.

3. Cold unmagnetized plasma

The cold plasma is characterized by the 4-velocity uμ as

uμ = u0,  0  
_

(6)

The 4-wave vector Kμ is reduced to kμ as

kμ = ω,  0  
_

, (7)

with 

k0 = p0 - 1 
c2 p

0(  )  2
f r( )u0 (8)

and 

ki = 0 (9)
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Cold plasma is defined from [4] as plasma in which there exists a unique trajectory 
for an electron passing through specific points in spacetime.

The unperturbed trajectory Xμ is labeled as λ0 and follows the wordlines of elec-
trons in the unperturbed plasma λ

_
, where λi defines the 3-dimensional manifold of the

unperturbed trajectories as

Xμ = xμ λμ ( ) (10)

Let Aμ be the vector potential, defined as

A'μ aμ X'μ eiϕ X'μ(  )  +c:c: (11)

where c:c: indicates the complex conjugate element.
The cold plasma is defined as

Aμ 0 (12)

and the Landau gauge is chosen for aμ as

a0 0 (13)

The WKB approximation is here studied as Φ>  > 1; different cases will be treated.
The wave vector reduces to kμ as

kμ = ω,  0  
_

, (14)

which simplifies to

kμ = k0 = 
∂ψ 
∂xμ 

= 
∂ψ

∂x0
(15)

Thus, in the case of cold plasma, the wave vector is defined based solely on the x0
partial derivatives of the phase

k0 = - ∂ψ 
∂x 0

(16)

The Lagrangian density L2 is expressed as

L2 = 1 
4π 

ωpl - kαgαβkβaσa ∗ σ + kμaμ
| | ||2h

(17)

For cold plasma, the Lagrangian density L2 from Eq. (17) is specified as

L2 cold plasma = 1 
4π 

ω2 
pl - k0

(  )2 
f r( )aia ∗ i

h i
(18)

The Lagrangian density L2 cold plasma is required to be stationary under variations 
of a ∗ μ, leading to a definition of a generic Lagrange multiplier Ξ defined as

Ξ = kiai kβ uβ : (19)
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The Lagrange multiplier Ξ in Eq. (19) vanishes identically for cold plasma

Ξ = 0⇔kiai = 0 (20)

as K
_ 

0 for cold plasma.
The effective propagation is identified as transverse waves

aμk
μ 0 (21)

Therefore, the Lagrangian density L2 cold plasma is specified as

L2 cold plasma = 1 
4π 

Faμa ∗ μ = Faia ∗ i = Faigija ∗
j (22)

where the F 0 identically is studied.
Effective propagation is described with respect to two transverse waves a μaμ = 0

and FT as

FT = ω2 
pl - kα kβ gαβ = ω2 

pl - k0
2
f r( ): (23)

The longitudinal wave is electrostatic in cold plasma, with FL rewritten as

FL ω2 
pl kμuμ ω2 

pl k0u0 (24)

The spectrum of quasi-bound states differs from that of the Proca equation in
[5–7]. From [4], the quantum-gravitational Hamiltonian of a photon is calculated by
ensuring the vanishing of the Hamiltonian constraint.

The dynamics are analyzed, particularly with respect to the Birkhoff Theorem, 
which is obeyed in Kottler-Schwarzschild-Kiselev spacetime. The group velocity vg is
calculated.

The Lagrangian S2 is requested to be invariant under perturbations 
of the phase Φ. Its Lagrangian density L2 does not depend on Φ, but on its
derivatives kμ.

The following specifications in the case of cold plasma hold

aigijkj = -ai 
∂ψ 
∂xi 

= -aigij 
∂ ψ
∂xj

(25)

The mass of the photon in cold plasma is considered with its gravitational mass
after the position

ξμU
μ 0 ξjgiju

j : (26)

The Lagrangian density Lω is obtained after the continuity equation. The con-
served current J = J ω, vg

(  )  
is given as J ω, v g

( ) = vgL ω( ). Therefore, the density of the
wave action is one evolving as the group velocity.

The Lagrangian density Lω is written as

Lω = - 1 
4π 

2k0 aμa+μ - a0kμa ∗ μ + a ∗0kμaμ
( )[

(27)

525



Quantum Theory Meets Gravity – From Curved Spacetime to Black Hole Information

and is specified in the case of cold plasma as

Lω = - 1 
2π 

k0 ai a ∗ i (28)

The total number of photons N phot is calculated asð
Nphot = -------g

/ 
d3 xL ω : (29)

It is required that the integrand vanishes at infinity for a finite wave packet. This 
hypothesis is valid, as the Kottler-Schwarzschild-Kiselev spacetime metric complies
with the Birkhoff Theorem.

The number of photons remains conserved over time, verified by the vanishing
time derivative.

d 
dt 

Nphot = 0 (30)

An analytical description of a wave packet propagating at a velocity vg is investigated.
The following analysis is deemed to be well-posed.
The averaged value of the mean position of the wave packet shell < xμ > is calcu-

lated as

< xμ > = 

ð -------g
/ 

d3 xxμ Lωð -------g
/ 

d3xLω

(31)

The averaged value of the momentum of the wave packet shell < xμ > is written as

< kμ > = 

ð -------g
/ 

d3 x ∂ψ 
∂xμ 

(  )
Lω ð -------g

/
d3xLω

(32)

In the case of cold plasma, it is expressed as

< kμ > = < k0 > = 

ð -------g
/ 

d3 x ∂ψ 
∂x0 

(  )
L ωð -------g

/
d3xLω

(33)

Covariance is ensured by the vanishing of the covariant derivative of the Lagrang-
ian density L2 as

L2; μ = 0 (34)

The variation of the function F with respect to ω is evaluated as

< 
∂F 
∂ω 

> = 

ð -------g
/ 

d3 x 
∂F 
∂ω 

(  )
Lωð -------g

/
d3xLω

(35)
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The time evolution of the wave packet is calculated as

dxμ 

dt 
= < ∂F=∂xmu( )xalpha 

= ∂F =∂ω( )> (36)

The evolution of its 4-momentum is expressed as

dkμ 

dt 
= < ∂F=∂xmu( )xalpha 

= ∂F =∂ω( )> (37)

New features are identified, including the possibility of non-localized wave 
packets and the existence of multiple wave vectors.

4. The stress-energy tensor

The stress-energy tensor of the medium Tμν 
medium is specified in the case of cold

plasma as

Tμν 
medium = n  me + mp Uμuν = T00 

medium = T00 
medium = n me +mp u0u0 (38)

The stress-energy tensor of the transverse waves Tμν 
waveT in the case of cold plasma

is expressed as

Tμν 
wave = - aμa ∗ μ 

2π 
∂F 
∂gμν 

= - aia ∗ i 

2 π
k0u0 (39)

The stress-energy tensors of both the medium and the waves obey the covariant
derivative equality

Tμν 
; μ = Tμν 

medium + Tμν 
wave ; μ = 0 (40)

5. The massless limit of a Proca field on curved spacetime with plasma

As far as the second possibility is concerned, the massless limit of a Proca field on
curved spacetime with plasma is considered in [8, 9] from [10]. The system is shown 
to admit plasma-driven quasi-bound electromagnetic states.

The results are specified here for the Kottler-Schwarzschild-Kiselev spacetime, 
where new terms in the system of differential equations are identified.

The case 

lim r_∞V ≃ω2 
pl ω 2 (41)

is studied, with ω being the photon frequency.
The 4-vector spherical harmonics are chosen as

Z 1(  )  lm 
μ = 1,0,0,0[ ]Ylm (42)h i

Z 2(  )  lm 
μ = 0, f  r( )-1,0,0 Ylm (43)
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Z 3(  )  lm 
μ = r---------------

l  l  1
p 0, 0, ∂θ, ∂ϕ

[ ]
Ylm (44)

Z 4(  )  lm 
μ = r---------------

l  l  + 1(  )p 0, 0, ∂ϕ

sinθ
, ∂θ Ylm (45)

These form an orthonormal basis as

ð 
dWZ i( )  lm 

μ ημνZ i
'(  )  l'm' 

ν = δii
'
δll

'
δmm'

(46)

with dW sinθdθd ϕ.
The representation in the frequency domain is developed as

hlm 
i t, r hlm 

i r e -iωt (47)

The perturbations of the vector potential are written as

aμ t, r, θ,ϕ( ) = 1 
r 
Xi=4 

i=1 

X 

l,m 
Cih i( )  t, r(  )  Z i( ) lm

μ θ,ϕ( ) (48)

p ---------------
with C1 C2 1 and C3 C4 1= 1l  l . 

The field equations are rewritten, with the dependence on the parameters k and Λ
qualifying the Kottler-Schwarzschild-Kiselev metric as

h 1(  )  = 0 (49) 

r  l  l2 r2ω2 
pl 

( )
f r3ω 2

h i
h 2 r2f 2h'3 0 (50)

l 1 + l(  )rfh 2(  ) + r3 ω2 - fω2 
pl h 3(  ) - l  l+ 1(  )r2f h' 2(  ) + 2Mrfh' 3 ( ) + r3f 2 r( )h''3( ) +O c1; c2( ) = 0

(51)

r  l+ l2 + r2ω2 
pl 

( )
f + r3ω2

h i
h 4(  ) - 2Mrfh' 4(  ) - r3f 2 r(  )  h''4( ) +O c1; c2( ) = 0 (52)

direction, i.e. h ∂rh i =∂r. '
i

The new terms found are those referring to f r( ) and one from Eq. (51) found as 
O c1(  ). In particular, the term due to O c1; c 2( ) is of a different compared to those found
from f r in Eq. (2). 

For the sake of investigation, it is useful to remark that Eqs. (49)-(52) hold also in 
the case of ω pl ωpl r .

The decomposition Eqs. (49)-(52) reveals the following.
The even-parity polar functions h 1(  )  and h 2(  )  are completely decoupled from the 

odd-parity function h 4( ), owing entirely to the spherical symmetry of the background
metric.

For axial functions, the frequency ωpl acquires the role of an effective mass for h 4 .
For the polar general functions, key differences arise with respect to the Proca case

as follows.
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For h1 0, one finds

ω2 - ω2 
pl h 2(  )  = 0; (53)

in the general case l /= 0, the equations defining h 1 and h2 are coupled within the
Schrödinger-like equation

d2 

dr2
Ψ- V  r(  )  = 0: (54)

The behavior of the function with respect to the infinite-redshift surfaces of the
Kottler-Schwarzschild-Kiselev metric is investigated.

The general limit is obtained from Eq. (54) to hold 

lim r_∞V  r(  ) = -ω2 + lim r_∞ω pl r( ): (55)

The Landau gauge is imposed, studying the limit

Z i( )  lm 
0 0 (56)

From this, the orthonormal basis Z i( )  lm 
1 ,Z i( )  lm 

2 , Z i( ) lm
3

n
is derived for the

corresponding space.

6. Hot unmagnetized plasma

The Kottler-Schwarzschild-Kiselev metric is written as the line element

ds2 = A  r(  )dt2 + B  r(  )dr2 + r2 sin θ( )2dϕ2 + r2dθ2 (57)

with the specifications A  r(  ) =  f  r(  )  and B r( ) = 1=f r( ), with f r( ) taken from Eq. (2). 
The case of hot unmagnetized plasma is analyzed through the velocity

v2 
q = 

ω2 

kμk
μ = 

k0k
0 + ω p
kμkμ

(58)

The velocity is computed using uμ = u0, u_ with u_ = ur,0,0( . 
The elements of the new vector kμ are written as

k0 = p0 - p0u
0A  r(  )u0 + prB  r  ( )uru0, (59)

kr = pr - p0u0A  r(  )ur + pru rB r( )ur: (60)

The Lagrangian density Lω is calculated in the Landau gauge of the perturbation of
the vector potential a0 0 as

Lω = - 1 
41pi 

2k0 aia ∗ i - - a0Krar 

f  r
- a ∗0 K

rar

f r
(61)
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From Eq. (1 7), the Lagrangian density L2 K(  ) is calc ulated from the
Eqs. (59)-(60) as 

L2 K(  ) =  1 
4π 

ωpl - +  K0(  )2 f  r(  ) - Kr(  )2 

f  r(  )  

[ ]  

a σa ∗ σ - Krar

f r( )
||||

||||
2

[
(62)

6.1 Large adiabatic perturbations of the plasma

Here, large adiabatic perturbations of the plasma are considered, with respect to
those of dust and gas.

The Lagrangian density is divided into leading-order terms and perturbation 
orders, with specific focus on large adiabatic perturbations of the plasma. In particu-
lar, large adiabatic perturbations of the plasma are considered.

From the Lagrangian density L2, the following addends are found.
From

L2 = 1 
4π 

ωpl - kαgαβkβaσa ∗ σ + kμaμ
| | ||2h

(63)

one obtains 

p0 = 0 (64)

and the further constraints agree with those found in the study of the propagations
of the waves.

The effective propagations described with respect to two transverse waves aμ aμ =
0 and FT is specified as

FT = ω2 
pl - kα kβ gαβ = ω2 

pl + k0
2
f r( ) (65)

with the constraint imposed after the perturbation of the velocity δv_.
The longitudinal wave is specified after FL, rewritten as

FL ω2 
pl kμuμ ω 2pl (66)

with the constraint

Krδ ur(  ) =  0 = pr - prδ ur(  )B  r(  )  δ ur( )( )δ ur( ) : (67)

at each order, Eq. (67) is solved as

pr ≃0: (68) 

The effects of the perturbation of the adiabatic perturbations of the velocities are
therefore found.

As a result, only adiabatic perturbations of pressureless hot plasma are suitable for
surrounding the Kottler-Schwarzschild-Kiselev black hole spacetimes.

The cosmological implementation for an expanding universe is discussed in [2]. 
Configurations of cold plasma and rarefied hot plasma are examined around black
holes, including considerations for non-uniform plasmas.
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The study is further refined for for adiabatic perturbations of the velocities, and 
representations of the accretion of the discs are presented. These plasma configura-
tions are compared with those cosmologically allowed within the thermal history of
the universe.

7. Prospective analysis of the dynamical magnetosphere

The dynamical magnetosphere of the Schwarzschild black hole spacetime is stud-
ied in [11], where the dispersion relations for cold plasma surrounding the 
Schwarzschild black hole, in the vicinity of the horizon, are analyzed [11]. Fourier 
analysis is applied to the magnetosphere in the background using the 3 + 1 ADM 
splitting formalism, with the assumption of plane waves for the sake of simplification.
Dispersion relations are further calculated in [12], under the same assumption of plane
waves and Fourier decomposition.

The line element in the ADM formalism is written as

ds2 = -α2dt2 + γij dx
i + βidtdxj + βjdx idt : (69)

The 4-velocity n in the fiducial configuration of the observer is perpendicular to
the hypersurfaces of constant time, as from [13], as 

n = 1 
α 

∂ 
∂t

- βi 
∂ 
∂xi (70)

The Maxwell equations in the 3+ 1 splitting from [14] are given as function of the 
perturbed magnetic field B

_ 
, perturbed velocity V

_
, and perturbed density ρ as

B
_ 

B
_0 

Bb
_ 
, (71)

V
_ 

V
_0 

v_ , (72)

ρ = ρ0 + ρ~ ρ: (73)

These equations depend on the variables z and t.
In the case of a non-rotating background, the General Relativistic Magnetohydro-

dynamics (GRMHD) equations are independent of the vanishing magnetic field.
The phase velocity vp, associated with the propagation of the “induced signal ”

within the “carrier wave,” is calculated as

vp = ω=k : (74)

The refractive index is defined as the inverse of the phase velocity.
The change rate of the refractive index with respect to the angular frequency dn 

dω 
allows one to analytically calculate the change rate of the inverse refractive index with
respect to the phase velocity.

The group velocity vg representing the features of the wave packet is
calculated as

vg = 
1 

n ω dndω
: (75)
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From [15], the macroscopic behavior of ultra-relativistic plasma shows 
that right and left circularly polarized waves propagate with identical 
dispersion relations. This differs from non-relativistic electron-ion plasma,
where both the electron gas and positron gas are assumed to have the same
temperature.

In the case of cold plasma in a rotating non-magnetized background, the perturbed 
variables taken into account are function of the variables t and zas

~ρ ~ρ t, z , (76)

vz vz t, z , (77)

vx vx t, z : (78)

In the case of rotating magnetized background, the magnetic field on the x, z(  
plane is written according to the direction vectors x̂ and ẑ as

B
_ = B λ z(  )^ x+ ẑ[ ] (79)

with a velocity

V = VF 

α 
+ λu (80)

where VF is the integration constant. The 3-dimensional mass-conservation constant
allows the expression

u = 
1 

1 z 2
(81)

The quantity b
_ 
is calculated as

b
_ = δB

_ 

∣B 
_
∣

(82)

whose components are bx t, z and b z t, z .
Negative-phase velocities are also analyzed. It is observed that these negative-

phase velocities propagate independently of the rotation of the black hole, enabling
the formalism to be applied to rotating black hole cases.

8. Adiabatic perturbations of the accretion disc

From [16], the Lagrangian perturbation governing the adiabatic oscillation of thin, 
non-self-gravitating rotation discs is analyzed. The case considered here is one of the
simplest, with dM=dt 0, where M represents the constant mass of the system.

The perturbation of the equation for inviscid fluid is written as

∂t + vν∇ν( )vμ + ρ-1∇μP+ ∇μΦ = 0 (83)
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Here, Φ represents a (possibly non-Newtonian) potential.

8.1 The case of non-uniform plasma distributions

The outline from [17] is further developed here for non-uniform plasma
distributions.

Given u, the phase velocity, and

n = c 
u 

(84)

the refractive index, the following properties of the refractive index are derived

n2 = 1+ 
PμPμ 

p0
-----------g00

/ (85)

Astatic medium is specified as

n2 = 1- ωpl 

ωph 
: (86)

The effective photon mass is written as

meff = 
ℏω xα(  )  

c2
-------------
1- n2 

/ 
= 

ℏω2

c2
(87)

The corresponding effective velocity is given by

veff = 
3p| |2 c2 

3p 2 meff p2
: (88)

Here, the effective velocity of the photon in plasma coincides with its group
velocity.

8.2 Polytropic accretion

Polytropic accretion is studied following

p 
P∞ 

= 
ρ 
ρ ∞

α

(89)

where P will be further studied in subsequent analyses as referenced in [18] and o
From the refraction index, the following relation holds

n2 = 1 +
- p0
|| ||2 + p_|| | |2

p0 2 (90)

from which 

p_|| ||2 
= n2 p0

|| ||2 (91)
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and 

pμp
μ = -meff c2 = -ℏω

-------------
1- n2 

/ 
: (92)

The group velocity Vgr is therefore defined as

Vgr = ∂ 
∂ω 

nω(  )  
-1

c: (93)

Given the Lorentz factor of the u velocity γ u , one finds

pμ = γ u(  )m 0uμ (94)

such that 

pip
i = m2 

0 u|  |2 

1 u| |2
c2

(95)

Using these tools, observational evidence from the “ Project RadioAstron” should
be verified.

The obtained results are further complemented by the analysis provided
in [16]. 

8.3 Adiabatic accretion

The Lagrangian perturbation equations governing the adiabatic oscillation of thin,
non-self-gravitating rotation discs are revisited from [16]. 

The dispersion relations that describe the oscillations within the disc are
studied.

The trapping region is noted to depend on the structure of the unperturbed disc. A
gas-pressure-dominated disc is used in this construction.

For the innermost stable orbit, the Lagrangian displacements are defined as

ξ ∗ ξ r, z ei  mϕ +σt( ) (96)

8.4 Cold plasma

The cold plasma configurations are newly analyzed within the framework of the
limit

pμ = lim 3p_0 ρ, p(  )  = Pμ (97)

The effective mass m2 
eff is calculated using the relation

pμp
μ = -m2 

eff c
2 = ℏω 

c2
-------------
1- n2 

/ 
= P0P0 (98)

Derived from the refractive index. 
The limit of the vanishing 3p implies the identity
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P0P0 ρ2f : (99)

The constant K3 is fixed after the identity

K3 = u0fu 0 (100)

which relates the quantities inherent to entropy.
The effective mass is calculated as

m2 
eff = P0P 0: (101)

8.5 Rarefied hot plasma

Here, the cases of rarefied plasmas are newly considered.
In the case of rarefied (non-interacting) plasma, the plasma frequency and the

photon frequency are expressed as

ωpl <  <ω ph, (102)

The outline from [17] is further developed here. The frequency ωpl is calculated 
after the dispersion relations obtained from the wave vectors, specified as

k0 p0 
plfU

0 U 0, (103)

kr = p0 
plfU

0 U r: (104)

Eq. (103) describes radio-frequency photons. Gravitational lensing, as described in
[19, 20], is found to be proportional to

α̂ = 
r0 

b 
1+ 

1 

1- ω2 
pl 

ω2 
ph 

[
||

]
||: (105)

The interesting case where ωpl = const is implied after the new position
of ur as

ur = const (106)

From Eq. (106), the new constant K 5 is derived as

P0 
plfu

0 = const = K5 (107)

As a further result, Eq. (107) K5 fixes the values of the entropy.

8.6 Adiabatic perturbations

Adiabatic perturbations of the accretion disc are studied in [18], while new insights 
are derived from [16]. The non-relativistic theory of Lagrangian perturbations for 
adiabatic fluids is followed as outlined in [21]. In [18], the General-Relativistic effects

1535



=

( )

=

=

=

Quantum Theory Meets Gravity – From Curved Spacetime to Black Hole Information

on the epicyclic frequency of a gaseous disc around a Schwarzschild black hole are
studied.

The General-Relativistic expression of ∇ is extended here without further modifi-
cations for the following cases.

The case ur const is specifically considered.
To this end, the adiabatic perturbation is written from Eq. (2.1) [18] as 

vν ∂νvμ + ∇μΦ = 0 = v0∇0vμ + ∇μΦ = 0: (108)

This is subsequently split due to

∇μΦ = ∇iΦ: (109)

In the case ur = r-2+ς, one still finds ∂tur = 0 in multiple new configurations, such
that the adiabatic perturbation is rewritten as

∂t + vν∇ν( )vμ + ρ-1∇2P+ ∇μΦ = 0: (110)

Eq. (110) becomes 

v0∇0 + vr∇r vμ + ρ-1∇μP+ ∇μΦ = 0: (111)

Eq. (111) is further split according to the requirements of Eq. (109), addressing 
new features of the gravitational potential. The θθ and ϕϕcomponents of the Einstein 
Field Equations (EFEs) generate new constraints on the Kottler-Schwarzschild-
Kiselev potential, which are newly implemented here.

The case of adiabatic perturbations of stationary Newtonian fluid is described
using Eq. (2.7) [18], descending from the following analysis

Δvi ∂ξi ∗ , (112)

δρ = -ρ∇iξ
i 
∗ , (113)

∂P 
P 

= γ 
Δ ρ
ρ

(114)

The case of rarefied plasma is newly investigated for the instance
ur const as

∇vi = ∂tξi ∗ = 0 (115)

which implies 

∂tξ
i 
∗ 0 (116)

It is determined that ξi ∗ does not depend on time within the present specification.
Eq. (2.7) [18] describes the perturbation equations for stationary Newtonian fluid, 
where dependence is solely on the newly defined potential Φ. The new equations
found here correspond again to perturbations of Newtonian fluid, in which the only
General-Relativistic-derived quantity is the potential ~ϕ.
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The adiabatic perturbations of Newtonian fluid are written as

∂
2 
t ξ

μ 
∗ +2ρvν ∂tξμ 

∗ ; ν + 1- γ(  )P,μ ξν ∗ ; ν - γPξν,μ 
∗ ; ν - P,νξ

ν; μ 
∗ ; j - γ,μPξ ∗ ; ν + ρvνvυ ; νξ

μ 
∗ ; υ + ρvνvυ 

+ρvνvυ ξμ∗ ; υ; ν + ρΦ,μ
; νξ

ν
∗ = 0

(117)

where Φ represents the potential.
The new equations are implements for non-Newtonian potentials by splitting

Eq. (116) as 

1- γ(  )P,μ ξν ∗ ; ν - γPξν,μ 
∗ ; ν - P,νξ

ν; μ 
∗ ; j - γ,μPξ ∗ ; ν + ρvνvυ ; νξ

μ 
∗ ; υ + ρvνvυ + ρvνvυ ξμ 

∗ ; υ; ν + ρΦ,μ
; νξ

ν
∗ = 0

(118)

and 

1- γ(  )P,iξν ∗ ; ν - γPξν,i ∗ ; ν - P,νξ
ν; i 
∗ ; ν - γ,iPξ ∗ ; ν + ρvνvυ ; νξ

i 
∗ ; υ + ρvνvυ + ρvνvυ ξi ∗ ; υ ; ν + ρΦ,i

; νξ
ν
∗ = 0

(119)

Furthermore, the saturation of P,νξ
ν; i 
∗ ; ν in Eq. (119) is required to be further divided.

9. Comments 

The study of the non-Newtonian potential involves comparing the Novak-
Wagoner potential ΦNW

ΦNW = -GM 
r 

1- 3 
GM 
rc2 + 12 

G2 M2

r2c4
: (120)

with the Muchotrzeb-Paczynski potential [22] and the gravitational potential of 
the Kottler-Schwarzschild-Kiselev metric ΦKSK [23]. 

In [22], the structure of the accretion disc near the innermost stable orbit is 
analyzed. The potential takes into account the gradient of pressure and dynamical 
terms. Non-Keplerian effects, such as radial heat diffusion, are also included. A critical
rate dM=dT is defined, describing the transition from subsonic radial flow to super-
sonic radial flow near the inner disc radius.

In [18], the General-Relativistic effects are studied in regions between 3rS and 4rS, 
where trapped oscillations are observed. The analysis considers black holes with
masses 109M⊙ 1010M⊙.

The potential considered in [22], VMP, is defined based on the acceleration due to
radial velocity vR as

d 
dr 

vR = 1 

vR 1- as 
v2 
R 

(  )  a2 
s 
r 
+ a2 

s 
d
dr

lnz+ Ω2 - Ω2
k

( )
r (121)

where as is the sound speed of the flow.
From [23], the terms relevant for inclusion in the non-Newtonian potential, within 

the context of analyzing disc structures from - d
drΓ

r
00 which are to be compared with

the other two potentials Eqs. (120) and (121)
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ΦKSK ≃ - 1 
2 

rS 

r
- c1 - 2 r

2 
S 
r3

- 2c2r + 2c2 
1 r+ 6c1c2r2 (122)

The study for a non-vanishing dM=dt is compared with findings from [24]. 

9.1 Comparison with other theories of gravity

The comparison of the roles of the parameters c1 and c2 is conducted in the context
of other theories of gravity, specifically the 4-dimensional conformal Weyl gravity
[25, 26], and the correspondence between black hole solutions in conformal gravity
and massive gravity [27, 28]. The well-posedness of the limit is examined here
according to the curvature.

From Eq. (6) of [29]. 

q  r(  ) =  s0 + s2 

r 
+ s 1r+ s3r2 (123)

The comparison of black hole solutions between conformal gravity and massive
gravity is expressed as

~q  r(  ) = K+ m2C2 c2 -M 
r 
+ m2 C c1

2
r+ s3r2 (124)

s0 K m2C2 c 2 1, (125)

s1 = 
m2Cc1 

2 
, (126)

s2 = -M: (127)

A new constraint is posed as

s0 = s2 
0 = 1 (128)

or equivalently as

s0 = 1 = K+ m2C2 c2 = K2 - 3s1M = K2 - 3 
2
Mm2Cc1 (129)

After solving for M, the limit m _ 0 is found to be well-posed in both the asymp-
totically flat spacetime configuration K 0, and in the case K 1.

The comparison is validated due to the adherence of the Kottler-Schwarzschild-
Kiselev spacetimes to the Birkhoff Theorem, as discussed in [23]. 

9.2 Experimental verification: Emissions

Radio emissions are analyzed following the implementation of Eqs. (103) and 
(104). 

The adiabatic variation in the gravitational potential of the self-gravitating accre-
tion object is studied to understand the emissions, as from [30–32]. This framework 
also facilitates the interpretation X-ray emissions.
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9.3 Comparison with the innermost stable circular orbits of Kerr-Newmann black 
hole spacetimes and removal of the degeneracies before evaporation

From [1], the role of the geometric parameter c2 is studied as a substitute for the 
spin parameter of a Kerr black hole when accounting for the size of accretion objects
(such as discs, analyzed therein [1]). 

From [23], the Schwarzschild radius is expressed as

rS = - 1 
27 

2c2 
1 + 3c2 

3=2 + 2c3 
1 + 9 c1c2

c22
: (130)

Unlike the findings in [1], two specific determinations of the cosmological-
constant parameter are newly derived and written explicitly as:

c2 = 1 
54

-18c1rS + 1±
-----------------------------------------------------------------------------------
16c14r2 

S - 432c3 
1r

3 
S + 216c2 

1r
2 
S - 36c1rS + 1

q[
(131)

Also distinct from [1], the degeneracy is resolved in the non-Schwarzschild 
case c1 /= 0, c2 /= 0, as the Birkhoff Theorem is demonstrated to hold in [23]. 
This allows for a direct comparison with the innermost stable circular orbits (ISCOs) of 
Kerr-Newman black hole spacetimes.As a result, the cosmological-constant parameter 
mimics the role of the spin parameter i n determining the ISCOs of Kerr-Newman black
hole spacetimes. This conclusion is reached by directly solving Eqs.  (3  4)  an  d (37)  
from [1]. 

The equations defining the ISCOs for Kerr-Newmann black hole spacetimes are
found by solving Eq. (37) for rISCO from [1]. The definition of the ISCO is incorporated 
to remove degeneracy prior to black hole evaporation within its evolutionary timeline. 
For a black hole filled with matter, the ISCO is determined as the smallest value
among the four possible solutions derived.

9.3.1 A new degeneracy

Furthermore, a new degeneracy is identified here concerning the parameter c1, as
noted in comparison with [1]. The solution of Eq. (130) with respect to c1 brings four 
new possible expressions, which must to be validated within the parameter space of
the models, such as in [23]. 

9.4 Experimental validation: The photon region and deflection of light in the
strong-field limit

The deflection of light in the strong-field limit of the Kottler-Schwarzschild-
Kiselev spacetimes is calculated according to the indications provided in [33]. In this 
context, the results from [33] are proven to hold, as the considered spacetimes obey
the Birkhoff Theorem [23]. 

The radius of the photon sphere r PS is newly derived as

rPS = 1 
3 
31=3 3

---
3

/ ---------------------
1+ 27c2r2 

s 
p + 9

-----
c2

/ 
rS

([ 2=3-31=3

----
c2 

/ - ---
3

/ ---------------------
1 + 27c2r2 

s 
p + 9

-----
c2

/
rS

[ 1=3 (132)
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The radius of the photon sphere as outlined in Eq. (132) depends solely on the 
cosmological constant parameter. This dependence highlights a role comparable to 
that of the spin parameter in determining the ISCOs of Kerr-Newman spacetimes.The
deflection angle αdefl at x0 is calculated as

αdefl = -π +
ð∞ 

x0 

dr2 1--------
f  r(  )p 1 

r 
1-------------------------

r2 

r2 
X 0

f rx0( )
f r( ) - 1

r (133)

The deflection angle in the strong-field limit is found to depend on both the 
parameter c1 and c2. A detailed comparison with the ISCOs of Kerr-Newman black
hole spacetimes is required to further elucidate this relationship.

10. Conclusions 

In this chapter, we thoroughly analyzed the Kottler-Schwarzschild-Kiselev black 
hole spacetimes. The propagation of photons was studied both in vacuum and in the 
presence of media. Specifically, the interactions between photons and cold
unmagnetized plasma, as well as hot rarefied unmagnetized plasma, were detailed
extensively.

The procedures taken from [34] allow one to define the complete history of the 
Kottler-Schwarzschild-Kiselev spacetimes surrounded of media, from the quantum-
gravitational interactions of waves to the formation of accretion objects until
evaporation.

The effects described in [35] of the Schwarzschild black hole horizon on isothermal 
plasma surfaces were reconciled with the configurations studied in [34] as particular 
cases. These new findings open the way for comparisons with spinning black hole
objects, as referenced in [36, 37], specifically concerning the quantum-gravitational 
interactions of photons in the media surrounding black hole objects. The paradigms
are validated against cosmological evolution scenarios from [2]. 

Unlike the scenarios proposed in [1] and the references therein, the degeneracies 
attributed to the presence of the cosmological-constant term are resolved. In addition, 
the comparison with the Schwarzschild spacetime is newly delineated according to the
model’s compliance with the Birkhoff Theorem [23]. A new degeneracy is also identi-
fied regarding the role of the linear term.

All elements necessary for experimental validation are compiled, including emis-
sions from plasma jets, the photon region, and the deflection of light in the strong-
field limit.

The paradigm is therefore ready for confrontation with other theories of gravity, 
such as 4-dimensional conformal Weyl gravity and the correspondence between black 
hole solutions in conformal gravity and massive gravity. Moreover, the geometrical
role of the linear term and the cosmological constant term can be compared with the
spin parameter in the Kerr-Newman black hole spacetime.
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Chapter 3

Perspective Chapter: Gravity in 
Extradimensional Space
Eugênio Maciel 

Abstract 

Since its inception as science, physics has aimed to describe the functioning of the 
Universe as a whole, from its smallest structures, such as elementary particles, to its 
largest ones, like galaxies and galaxy clusters. Through a unified framework, the four 
fundamental interactions should be fully integrated, stemming from a single source or 
field. This theory is known as the Grand Unification Theory (GUT). Apparently, these 
theories require additional spatial dimensions in our Universe for their formulation, even 
though current phenomenology does n ot yet support the existence of such extra dimen-
sions. In this chapter, we aim to outline the main theories of extra dimensions, from the
pioneering Kaluza-Klein theory to the so-called large-scale theories, such as the Randall-
Sundrummodels and the ADDmodel, which involve the concept of brane or membrane.

Keywords: gravity, extra dimensions, braneworld, Kaluza-Klein theory, large extra
dimensions

1. Introduction 

In 1916, Albert Einstein introduced to the world his General Relativity Theory 
(GRT), which forever changed our understanding of the Universe. Complete and self-
consistent, this theory provided a new interpretation of the phenomenon of gravity, 
which had previously been described by Newton’s Law of Universal Gravitation. The 
opposite of Newtonian thought, which considers gravity to arise from a gravitational 
field created by the mass of a massive body, t he (GRT) regards gravity as a geometric
property of spacetime, a quantity already defined in his Special Theory of Relativity.

After formulating the GRT, Einstein sought to develop a Unified Field Theory 
(UFT), a theory that would describe the two fields known at the time—the gravitational 
field and the electromagnetic field—through a single general theory. However, Einstein 
did not succeed in this endeavor. It was in the year 1921 that mathematician Theodor 
Kaluza published a brief article descr ibing the unification of gravity and electromagne-
tism by considering a five-dimensional spacetime [1]. Five years later, in 1926, physicist 
Oscar Klein introduced some modifications to Kaluza’s theory, attempting to provide a 
physical justification for it [2]. Since then, the theory has been known as the Kaluza-
Klein theory. This was the first th eory involving extra dimensions.

Over time, interest in the study of extra dimensions diminished somewhat, given 
the impossibility of empirical verification. It was only in 1998 that the idea resurfaced
with the brane-world model, which aimed to solve the hierarchy problem—the
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significant energy difference between the Planck scale 1018 GeV and the electroweak 
scale 103 GeV. This model is known as the ADD model and represents the first large-
scale extra-dimensional model [3]. 

There are two important large-scale extra-dimensional models: the Randall-
Sundrum models, which differ essentially only in how the extra dimensions are
compactified [4, 5]. 

2. The Kaluza-Klein theory

The unification of Maxwell’s Electromagnetism and Einstein’s General Relativity 
becomes possible when spacetime is considered to have five dimensions: one temporal 
dimension and four spatial dimensions. The fifth dimension, z, together with the four
dimensions of ordinary spacetime, forms a 4+ 1ð Þ - dimensional coordinate set
described as xμ, z , where μ 0,1,2,3:

In Kaluza-Klein theory, the metric—an essential element for Metric Theories of 
Gravitation (e.g., General Relativity)—when observed in the physical spacetime,
consists of three distinct parts:

• The metric of ordinary spacetime g μν, where μ 0,1,2,3.

• A four-vector field gμz gzν.

• A scalar field gzz.

The component gμz can be identified as Aμ, the electromagnetic vector potential, 
and gzz corresponds to the scalar field ϕ. This leads to a metric gAB, parameterized as
follows:

gAB ¼ 
gμν + κϕAμAν κϕAμ 

κϕAν ϕ
(1)

the four- dimensional metric is considered with a signature of the type 
, , , , and the indices of gAB vary as A,B 0,1,2,3,4 .
As a starting point, Kaluza proposed that the Universe in five dimensions is free of 

matter. Under this condition, the General Relativity equations (Einstein equations)
are described as follows:

GAB ¼ 0, (2)

which is equivalent to

RAB ¼ 0, (3)

where GAB ¼ RAB - 1 
2RgAB is the five- dimensional Einstein tensor. The quantity RAB

is defined as follows:

RAB ∂CΓC 
AB ∂BΓC 

AC ΓC 
CDΓ

D 
AB ΓC 

BDΓ
D
AC, (4)

which is the Ricci tensor, and R gABRAB is the scalar curvature.
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The five- dimensional Ricci tensor retains the same form as in the ordinary case, 
and the Christoffel symbols, defined in terms of the metric gAB, are given similarly.

2.1 Cylindrical condition

Phenomenologically, the extra dimension is not observed. To account for this, 
Kaluza imposed the cylinder condition in his model, requiring that the derivative of all
metric components with respect to the extra coordinate vanish:

∂gAB 
∂z 

¼ 0 : (5)

Using this condition, we can determine the field equations in the context of extra
dimensions. Based on Eqs. (2) and (5), and the metric g AB, we obtain

Gμν ¼ κ
2ϕ2 

2 
TEM 
μν - 1 

ϕ 
∇μ ∂νϕð  Þ  - gμν□ϕ
h i

, (6)

∇μFμν ¼ -3 
∂
ν ϕ 
ϕ 

, □ϕ ¼ κ2ϕ3 

4
FμνFμν: (7)

where □ ¼ ∂2 

∂t2 - ∂
2 

∂x2 is the d’Alembert operator. Here, Gμν ¼ Rμν - 1 
2Rgμν is the ordinary 

four-dimensional Einstein tensor. The tensor TEM 
μν ¼ 1 4 gμνFαβFαβ - Fα 

μFνα represents the 
electromagnetic energy-momentum tensor, and Fαβ ¼ ∂αAβ - ∂βAα is the electromag-
netic field tensor. If the scalar field ϕ is constant in spacetime, the Eqs. (6) and (7) 
reduce to the standard Einstein and source-free Maxwell equations:

Gμν ¼ 8πGϕ2TEM 
μν ,∇

μFμν ¼ 0: (8)

From (2.1.9), the additional condition FμνFμν 0 is satisfied for radiation fields.

2.1.1 Variational method

Most physical systems derive their equations of motion from Hamilton’s principle, 
also known as the “principle of least action.” According to this principle, the “action” 
function of the dynamic variables remains stationary under small variations of these
variables. This method is advantageous because it establishes a connection between
symmetries and conservation laws. In General Relativity, Einstein’s equations are
derived from the Einstein-Hilbert action:

SEH ¼ - 1 
16πG 

ð
d4 x

-------g p
R, (9)

where g ¼ det gμν is the determinant of the four-dimensional metric and R is the

Ricci scalar.
The Maxwell equations in the absence of sources are derived from the action:

SEM ¼ - 1 
4 

ð 
d4 x

-------g
p 

FμνFμν: (10)
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In five dimensions, the Einstein-Hilbert action is expressed as follows:

S ¼
ð 
d5 x

---̂
g

p 
^ ℜ, (11)

where ̂g is the determinant of the metric -, + , … ,+ð Þ and ℜ̂ is the Ricci scalar in the 
higher-dimensional space. Using the metric decomposition and the cylinder condi-
tion, it can be shown that

S ¼ -
ð 
d4 x

-------g
p 

ϕ 
R 

16πG
+ 

1 
4 
ϕ2FμνFμν + 

2 
3κ2 

∂
μϕ∂μϕ

ϕ2

(
, (12)

This reveals that General Relativity, when interpreted as a five-dimensional vacuum 
theory, includes General Relativity in four-dimensional spacetime with the addition of
an electromagnetic field.

2.2 Klein compactification

In 1926, mathematician Oscar Klein aimed to provide a physical basis for Kaluza’s 
cylinder condition. He proposed that the extra dimension should have the topology of 
a circle with a very small length scale. This compactification explains the seemingly
four-dimensional nature of the Universe and became known as Klein’s compacti-
fication mechanism, which, together with Kaluza’s work, constitutes the Kaluza-Klein
theory. Figure 1 illustrates this idea simply.

The four spatial dimensions form a “cylinder” where the three usual dimensions 
x1, x2, x3ð Þ are infinite with the topology of 3. The extra dimension z is a circle of 
radius l, with topology S1. Considering a scalar field ϕ xμ, zð Þ in a five-dimensional
space, the compact topology requires periodicity along the extra dimension:

ϕ xμ, zð  Þ ¼  ϕ xμ, z+ 2 πlð Þ, (13)

where l is the radius of the fifth dimension. Due to this periodicity, the fields in the
metric can be expanded as Fourier series:

gμν x
μ, zð  Þ ¼

X 

n 
g nð  Þ  
μν x

μð Þeinz=l, (14)

Figure 1. 
The Kaluza-Klein Theory.
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ϕ xμ, zð  Þ ¼
X 

n 
ϕ nð  Þ  x μð Þeinz=l, (15)

X
Aμ xμ, zð  Þ ¼  

n 
A nð  Þ  

μ xμð Þeinz=l, (16)

where n is the Fourier mode index. Fields are independent of the extra coordinate only
for n 0, corresponding to the zero mode.

For a scalar field in flat spacetime, the Klein-Gordon equation in five dimensions is

□ 5ð  Þϕ ¼ 0, (17)

where □ 5ð  Þ  ¼ □ + ∂2 

∂z2 is the five-dimensional d’Alembert operator. Using the
method of separation of variables, we consider a solution of the form:

ϕ xμ, zð  Þ ¼  χ xμð  Þ  φ zð Þ, (18)

where χ xμð  Þ  depends only on xμ and φ zð  Þ  only on z. Substituting this into the Klein-
Gordon equation gives

1 
χ xμ □χ xμð  Þ +  1 

φ z 
∂
2 φ zð Þ
∂z2

¼ 0: (19)

This equation is satisfied if

1 
χ xμ □χ xμð  Þ ¼ C, 

1 
φ z 

∂
2 φ zð Þ
∂z2

¼ -C, (20)

where C is a constant. The equation for χ xμ becomes

□χ xμð  Þ ¼  Cχ x μð Þ, (21)

which is the Klein-Gordon equation in four-dimensional spacetime, where C repre-
sents the field’s mass. The equation for φ z is

∂
2φ zð  Þ  
∂z2 ¼ -C φ zð Þ, (22)

with the solution

φ zð  Þ ¼  A sin
----
C 

p 
z

(  )
+ B cos

----
C

p
z

( )
: (23)

This solution reflects the compact nature of the extra dimension. Thus, with the
boundary conditions given by (13), we must have

ϕ 0ð  Þ ¼  ϕ 2π lð Þ: (24)

From this, we observe that C cannot be arbitrary. The possible allowed values for C
are expressed as

C ¼ n
2 

l2
: (25)
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We will see later that this result leads to an important conclusion. Noting that C is 
positive, we can rewrite it as C m2. For each allowed value of m, we must have

□χ nð  Þ  xμ m2 
n χ 

nð Þ xμ , (26)

where 

m2 
n ¼ 

n2 

l 2
: (27)

From this, we can see that, from a four-dimensional perspective, χ x, zð Þ can be
decomposed into the following:

• A zero mode n 0 that is massless ϕ 0ð Þ.

• A set of other modes, called Kaluza-Klein modes or simply (KK) modes.

In this case, each (KK) mode can be interpreted as a particle with mass ∣n∣=l.
If l is sufficiently small, for instance, on the order of the Planck length l ~ 10-35m, 

as Klein suggested, the energy required to excite the nonzero modes n 6¼ 0 would be 
beyond the reach of current experiments. Thus, for the extra dimension to be observ-
able, particle accelerators would need to achieve energy levels on the order of E ~ 1=l.
This would explain why the extra dimension has not yet been detected.

3. Extra dimensions in large scale: The ADD model

We saw that, in Kaluza-Klein theory, the extra dimension is compact. If its length 
is proportional to the Planck length, it would be undetectable, as discussed in the 
previous section. Nearly 70 years later, physicists Nima Arkani-Hamed, Savas
Dimopoulos, and Georgi Dvali proposed a model for extra dimensions that diverged in
a crucial aspect from the Kaluza-Klein theory. In this model, known as the ADDmodel
[3], the extra dimension is still compact, but its length can reach a submillimeter scale 
without conflicting with experimental observations. One of the motivations for this 
model is an attempt to address the well-known hierarchy problem. This problem,
briefly summarized, refers to the significant energy disparity between the electroweak
scale and the Planck scale.

The ADD model is based on the hypothesis that matter and fields are confined to a 
three-dimensional spatial space (a three-brane), while gravity can propagate along the
extra dimension. In this section, we will study the localization of fermions on the
brane [6] and also discuss the effects of the extra dimension about gravity in this
model.

3.1 Confinement of matter

We can imagine our Universe in 3+ 1ð  Þ  dimensions as a hypersurface embedded in 
a space with extra dimensions. According to the brane model, our ordinary hypersur-
face is confined and evolves within a higher dimensional space. The spatial part of this
hypersurface is called the three-brane, where the number “3” refers to the number of
spatial dimensions. Therefore, a brane is a submanifold of a larger ambient space.

A simple way to illustrate the mechanism of matter confinement is to consider a 
theory of fermion localization by a domain wall in a model that assumes the existence

650



¼ ð Þ

ð Þ

¼

( )

Perspective Chapter: Gravity in Extradimensional Space
DOI: http://dx.doi.org/10.5772/intechopen.1009803

of the extra dimension z [7]. In this case, the domain wall is described by a scalar field 
ϕ ϕ x μ, z . The action associated with the scalar field is given by

S ¼
ð 
d4 x, dz 1 

2 
∂Aϕð  Þ2 - V ϕð Þ

[ ]
, (28)

where A ¼ 0,1,2,3,4 and V ϕð  Þ  is the scalar potential. Let us consider the potential
V ϕ :

V ϕð  Þ ¼  
λ2 

8 
ϕ2 - ν2
( )2

: (29)

It is easy to observe that V ϕð  Þ  has two stable energy minima, at ϕ ¼ -ν and ϕ ¼ ν, and
an unstable maximum at ϕ 0. We observe this behavior in Figure 2. 

Our goal is to find a solution of the domain wall type. To achieve this, we will look for 
a static solution that depends only on the extra dimension z.  We  must  take  into  account  
the dynamics o f the field, which is obtained by applying the Euler-Lagrange equation
∂ℒ
∂ϕ - ∂A

∂ℒ
∂ ∂Aϕð Þ
h i

¼ 0 to the Lagrangian shown in (28). This yields the f ollowing result:

□Aϕ+ dV 
dϕ 

¼ 0: (30)

Here, □ 5ð  Þ  
A ¼ ∂2 

A ¼ ηAB∂A∂B, and in this case,

- d2 ϕ0 zð  Þ  
dz2 + λ

2 

2 
ϕ0 ϕ 20 - ν2

( ) ¼ 0, (31)

which has a domain wall solution, known as a “kink,” in the following form [6]: 

ϕ0 zð  Þ ¼  ν tanh 
λν z
2

: (32)

Note that, when ϕ0 z ! -∞ð Þ ¼ -ν and ϕ0 z ! +∞ ð Þ ¼ ν. Therefore, the solution
(32) separates the two lowest-energy states. This is why, this configuration is called a
domain wall. Figure 3 shows this behavior.

Figure 2. 
Graph of the potential V ϕð  Þ in function of the field ϕ.
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Fermions are particles with half-integer spin, such as the electron and proton, for 
example, the motion of these particles is described by the Dirac equation [8]. 

3.1.1 The location of the fermions

In Dirac’s theory, fermions are described by spinors ψ , upon which the Dirac
matrices act [8]. In five dimensions, the Dirac matrices Γμ can be defined based on the
four-dimensional Dirac matrices γμ as follows:

Γμ ¼ γμ ,Γz ¼ iγ5 (33)

where γ5 iγ0γ1γ2γ3, and γ0, γ1, γ2, and γ 3 are the Dirac matrices:

γ5 ¼ 
0  12X2 

1 2X2 0
(34)

We can verify that the Γ5 matrices satisfy the usual Dirac matrix algebra:

ΓAΓB ΓBΓA 2gAB : (35)

The action of the Dirac field can be represented as follows:

S1=2 ¼
ð
d4 xdz iΨΓA

∂Aψ -mΨΨ 
( )

, (36)

where the Lagrangian for the Dirac field in five dimensions is given by

ℒ iΨΓA
∂AΨ mΨΨ : (37)

Using the Euler-Lagrange equation, the Dirac equation in the context of extra dimen-
sions takes the form:

iΓA
∂A m Ψ 0 (38)

Figure 3. 
Domain wall “kink” type solution.
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This equation describes the free Dirac field. We will now consider the interaction 
of this field with a domain wall. As we saw in the previous section, the wall is
described by a scalar field in a particular configuration. Let us consider a Yukawa-type
interaction [7] between ψ and ϕ. The interaction action would be

SINT ¼ -h
ð 
d4 xdzϕ ΨΨ, (39)

where h is a coupling constant. Considering this, the total action of our system will 
consist of the sum of the purely fermionic action with the interaction action,
S S1=2 SINT, with ϕ in the domain wall state ϕ0. Thus, we have

S ¼
ð 
d4 xdz iΨΓA

∂Aψ -mΨΨ- hϕ0 ΨΨ
(

: (40)

For a massless fermion, m 0, the action reduces to

S ¼
ð 
d4 xdz iΨΓA

∂Aψ - hϕ0ΨΨ 
( )

: (41)

This gives us the following equation of motion:

iΓz
∂zΨ+ iΓμ 

∂μΨ- hϕ0Ψ ¼ 0 : (42)

Now, our next step will be to solve the equation above. To do this, we will use the 
method of variable separation. We will consider Ψ 5ð Þ ¼ ψ xð Þf zð Þ, where ψ xð Þ is a 4-D
Dirac spinor [9, 10] and f  zð  Þ  is a function depending only on the extra coordinate.
Thus, we obtain

iΓzψ xð  Þ  
∂zf  zð  Þ  
f  z  

+ iΓμ 
∂μψ xð Þ - hϕ0ψ xð Þ ¼ 0: (43)

We impose that γ 5ð  Þψ ¼ ψ . This does not imply any physical restriction since it
asserts that massless particles have a well-defined chirality. Thus, we must have

1 
f  z  

∂zf  zð  Þ +  hϕ0 ψ xð  Þ  - iγμ∂μψ xð Þ ¼ 0: (44)

Thus, to satisfy the condition above, we must have

iγμ 
∂
μ ψ x m ψ x (45)

and simultaneously 

df zð  Þ  
dz 

¼ m- hϕ 0ð Þf zð Þ: (46)

Due to (45), m is interpreted as the mass of the four-dimensional spinor. In the case
where m 0, we have the following configuration:

df zð  Þ  
dz 

¼ -hϕ0f zð Þ: (47)
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Assuming f  z  tends to zero at infinity, the solution of (47) is 

f  zð  Þ ¼  exp -h
ðz 
0 
ϕ0dz

( )
: (48)

From the behavior of ϕ0, see Figure 3, we observe that, for large z, f  zð  Þ  decreases 
exponentially. This means that the zero mode of the fermions is confined to the brane.
Indeed, the wave function for zero-mode fermions is given by

ψ0 ¼ exp -
ðz 
0 
hϕ0 zð  Þ  dz

( )
ψL: (49)

With this expression, we conclude that the zero mode is localized near z ¼ 0, that is, 
on the domain wall. The wave function for large ∣z∣ vanishes along the extra
dimension.

With Eq. (46), it is possible to determine the admissible values for m. As already 
mentioned, m can be interpreted as the (KK) modes. According to Rubakov [6], the 
mass spectrum of the fermions confined to the brane is characterized by a gap between 
the zero mode and the other modes, which are proportional to m 5ð Þ ¼ hν. Thus, con-
sidering very large ν, the massive modes would be experimentally inaccessible.

3.2 Gravitational potential for an n-dimensional system

As mentioned earlier, in the ADD model, fields and matter are localized on the 
brane. However, the gravitational field can propagate along the extra dimension. To 
study the implications of this, we will derive the Newtonian gravitational potential in 
a space with D spatial dimensions generated by a body of mass m. For this purpose,
two important considerations must be made. First, the gravitational field g! must be
conservative in a D -dimensional space. Second, the field equations should have the
same form as the four-dimensional equation [11]. Thus, the equation will be

∇
! . g! ¼ -4πGDρ , (50)

where ρ is the matter density and GD is the gravitational constant in D dimensions.
If the body has spherical symmetry, g! rð  Þ is radial and depends only on r. In this 

situation, it is useful to apply the divergence theorem to find the field produced by the 
body. To do this, consider a body of mass m and a sphere SD-1 rð Þ of radius r, such that
the sphere is centered on the mass m. This sphere, in turn, is the boundary of a ball
BD r [11]. Integrating both sides of (50) over the ball Br r , we have

ð 

B Dð  Þ  
∇
! . g!

(  )
dv ¼ -4πG Dð Þ

ð
B Dð Þ

ρdv: (51)

We know that 
Ð
B Dð  Þ  ∇

! . g! dv = Φm, meaning the integral equals the flux of g! 

through SD-1 rð Þ. We need the volume of the sphere in a space with extra dimensions,
which is given by

Vol SD-1 rð  Þ(  ) ¼ rD-1 2πδ=2

Γ D=2
: (52)
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Thus, considering that g! rð  Þ  is conservative, g! rð  Þ ¼ -∇
! 
ϕ, where ϕ is the gravitational

potential, and using the spherical symmetry of the body, we conclude that

ϕ rð  Þ ¼  2Γ D=2ð  Þ  
πD=2-1 2 2D

Gm
r2

: (53)

Note that if D ¼ 3, the Newtonian potential is recovered. If D ¼ 4, the potential ϕ 
is a function of 1=r2. This behavior is incompatible with observations of gravitational
phenomena on long-distance scales, and therefore, it is necessary to compactify the
extra dimension to make the model phenomenologically viable.

3.3 Length scale and the hierarchy problem

The constants c and ℏ have been revealed by modern physics theories. In the study 
of gravitation, the gravitational constant G is also present. Using these three constants, 
we can construct the Planck unit system, whose basic units are Planck length lP,
Planck time tP, and Planck mass mP.We define these three units using these constants
as follows:

lP ¼
-------
Gℏ 
c3 

r 
¼ 1:61X 10-33cm , tP ¼ 

lP 

c 
¼

-------
Gℏ 
c 5

r
¼ 5:4X 10-44s (54)

and 

mP ¼
-----
ℏc 
G 

r 
¼ 2:17 X 10 -5 g: (55)

Considering that these quantities involve G associated with gravitation, ℏ with quan-
tum mechanics, and c with relativity, it is natural to think that these quantities define
a scale at which quantum gravity effects may be significant.

We now aim to show a relationship between these quantities that applies to a D-
dimensional space. In D dimensions, the gravitational constant GD has the dimension
of G, and this is expressed as

lDð  ÞD-2 ¼ G Dð  Þ  ℏ
c3

: (56)

From this equation, we can see that the value of lP would be an effective value derived
from the fundamental constant lD, defined in the ambient space [3, 11]. In a space 
containing an extra compact dimension with the topology of a circle of radius l, whose
dimension length is 2πl, the gravitational constants are related as follows:

G 5ð  Þ  

G 4ð  Þ  ¼ 2πl ¼ lc, (57)

where lc is the length of the extra dimension. The gravitational constants of ordinary 
4-D spacetime and five-dimensional space (one compact dimension) differ by a factor
proportional to the length of the extra dimension. We can generalize the above
expression for an n-dimensional space using the relation:
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G Dð  Þ  

G 4ð  Þ  ¼ 2πlð  Þ  D ¼ lcð ÞD-2: (58)

This assumes that the length of the extra dimension is the same. Combining (56) with 
the above equation, we can express lc in terms of lP in a 4-D space and the Planck
length in D-dimensions lD :

lc ¼ lD 
lD 

lc 

2 
D -4

: (59)

The hierarchy problem would be resolved if we admitted that the Planck length lP 
in a space with D extra dimensions was of the same order as the electroweak scale 
l D≈10-18 cm. With this condition, we obtain a relationship for the size of the extra
dimension lc and the number of dimensions of space:

lc ¼ 10-18 1015 2 
D -4: (60)

From the above relation, we observe that, in the case D = 5, that is, one extra 
dimension, lc ~ 1012 cm: Thus, a universe with only one extra dimension would not 
be compatible with this model, as such a dimension would already have been observed
in nature. On the other hand, considering a universe with six dimensions (two extra
dimensions), we would have lc ~ 0:01 mm. This is a distance at which Newtonian
gravitational laws are currently being tested.

We conclude, therefore, that possible deviations from the inverse-square gravita-
tional law could be interpreted as evidence for extra dimensions. Note that the greater 
the number of extra dimensions, the smaller the length of the extra dimension. For the
case of D ¼ 10, that is, six extra dimensions, as suggested by the string theory [12], 
the size would be lc≈10-13 cm, which is still much larger than the Planck length.
Hence, these models are also known as long-scale extra dimension models.

4. The Randall-Sundrum models

The Randall-Sundrum (RS) models [4, 5] are also brane-world models. Compared 
to the ADD model, the (RS) models stand out for showing that the five-dimensional 
ambient space is not incompatible with experience. This is possible due to the ambient
space has a negative cosmological constant whose value is adjusted to the brane
tension.

There are two models, known as RSI and RSII. In the RSI model, there are two 
branes separated in the extra dimension, which is compact and finite. In the RSII
model, there is only a single brane, allowing the extra dimension to have infinite
length.

4.1 The R SI model

In the ambient space of the RSI model [4], there are two branes, making the extra 
dimension compact. The branes are located at two fixed points in the ambient space. 
The first brane has positive tension σ+ at z ¼ 0, and the second brane has negative
tension σ atz zc, where zc is the length of the extra dimension.
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The extra dimension is assumed to have the topology of the space S1=Z2, described 
as follows. Let θ∈ -π, π½  ]  be the coordinate labeling the points of the circle S1 . The 
topology S1=Z2 is obtained by identifying the points -θ and θ. Note that there are two
fixed points with respect to this identification: θ ¼ 0 and θ ¼ π. The branes are located
at these points.

The background metric for the RSI model is given by [13] 

ds2 ¼ a2 zð  Þημνdxμ dx ν - dz2, (61)

where ημν is the Minkowski metric in (1 + 3)-dimensional spacetime, and a zð Þ is the
so-called warp factor, given by

a  zð  Þ ¼  e-κ ∣z∣, (62)

where the constant κ is determined by solving Einstein’s equations. The behavior of
a z in S1=Z2 is illustrated below.

Now, let us consider the field equations for the ambient space to determine the 
value of κ: Einstein’s equations in the ambient space are

RAB - 1 
2 
gABR ¼ T AB, (63)

where TAB is the energy-momentum tensor of the source. It includes a term for the
cosmological constant Λ and the brane tension [4, 12]. 

TAB ¼ ΛgAB + 8πG 5ð  Þ  τAB, (64)

where τAB represents the brane’s energy content and is given by

τAB ¼ Tμν ¼ σg 5ð  Þ  
μν δ zð  Þ - σg 5ð  Þ  

μν δ z- zcð Þ,
TAz ¼ 0:

(
(65)

The expression (65) implies that there is no energy flux between the ambient space
and the brane. Using the metric (61) and the energy-momentum tensor (64), the 
Einstein equations are

-3 a0 

a 

(  )2

- 3 a00 

a 

(  )" #  

¼ 8πG 5ð  Þ  σδ zð Þ - σδ z- zcð Þ½ ] + Λ, (66)

Gμz 0, (67)

-6 a0 

a 
¼ Λ: (68)

The Eq. (67) is automatically satisfied, while Eq. (68) holds if 

κ2 ¼ - 1 
6 
Λ , (69)

which requires the cosmological constant to be negative for the metric (61) to solve 
Einstein’s equations. Examining Eq. (66) and integrating near z ¼ 0 over the interval 
ϵ< z< ϵ, and taking the limit ϵ 0, we find that the brane tension is given by
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σ2 ¼ - 3 
32π2G2 

5 
Λ: (70)

Note that we assume the brane has positive tension. If we take the solution at z ¼ zc,
the result will be the same.

4.1.1 The mass spectrum for gravitons

The process of linearizing gravity in the context of brane-world scenarios leads to 
determining the mass spectrum for gravitons. In this framework, a perturbation hμν in
the metric is considered, whose temporal evolution results in the following differential
equation:

h00 σρ 4κ2hσν a-2
∂
μ 
∂μ hσν 0, (71)

with κ defined appropriately (69). To solve the equation above, we will again use the 
method of variable separation. For this, we consider a solution of the type
hσν Ψ z Φσν x . Substituting this expression into (71), we obtain

Φσν x ∂2 
zΨ z Ψ z a-2

□Φσν x 4 κ2 Ψ z Φσν x 0, (72)

which leads to

Ψ00 zð  Þ - 4κ2Ψ zð  Þ +  C Ψ zð Þ ¼ 0, (73)

□Φσν CΦσν: (74) 

We will see that it is possible to show that the constant C can take positive values.
Thus, C m2, which allows us to rewrite (74) as 

□Φσν xð  Þ +  m2Φσν x ð Þ ¼ 0: (75)

We observe that this equation has the form of the Klein-Gordon equation for the field 
Φσν xð  Þ  with mass m. Since the field Φσν xð  Þ  is a function of the brane coordinates, we 
can interpret it as a graviton with mass m, that is, a linear perturbation of the metric,
for observers confined to the brane. Thus, for each allowed m, we have a field Φσν xð Þ,
referred to as a Kaluza-Klein mode. Eq. (73), in turn, takes the form:

Ψ00 zð  Þ - 4κ2Ψ zð  Þ +  m
2 

a 2
Ψ zð Þ ¼ 0: (76)

For m 0, we have a particular solution of the form:

Ψ zð  Þ ¼  C0e-2 κz: (77)

This solution is known as the zero mode m ¼ 0. Later, we will see that it is 
fundamentally important for recovering the four-dimensional behavior of the gravi-
tational field. If m 6¼ 0, we can make a coordinate transformation x ¼ m

κ e
κz. In this

case, Eq. (76) becomes 

d2 Ψ xð  Þ  
dx2 + 1 

x 
dΨ xð  Þ  
dx 

+ 1- 4
x2

Ψ xð Þ ¼ 0: (78)
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This equation is a Bessel equation for n 2, whose general solution has the form:

Ψ zð  Þ ¼  AJ2 
m 
κ 
eκz + BN 2

m
κ
eκz , (79)

where J2 zð  Þ  and N2 zð  Þ  are the Bessel functions of the first and second kinds, respec-
tively, of order 2, the following equation:

Ψ xð  Þ ¼  Cm J1 
m 
κ 

(  )
N2 

m 
κ 
eκz

(  )
-N1 

m
κ

( )
J2

m
κ
eκz

( )h
, (80)

where Cm is a normalization constant. For z zc, we have

J1 m 
κ e

κzc 

N1 
m 
κ e

κzc
(  ) ¼ 

J1 m
κ

N1
m
κ

( ) : (81)

The possible values of m are the roots of this equation, that is, the spectrum of
gravitons is provided by the set of solutions to this equation [14]. For the first 
solutions of (81), we have

m≃ κe-κzc : (82)

Note that the mass of the gravitons depends on the size of the extra 
dimension. In this case, if we choose a large κ and a small zc such that zcκ> 1, 
we observe that the mass of the first (KK) mode is very large m ~ κð Þ. Thus, 
exciting the first massive mode would require an enormous amount of energy,
which is beyond the reach of experiments. This explains why massive gravitons
have not been detected. Therefore, a spacetime with just one extra dimension
would be compatible with observational data at the energy scale of current particle
accelerators.

4.2 The RSII model

We know that, in the RSI model, there are two branes: one with positive tension
and another with negative tension. Now, for the RSII model [5], suppose we remove 
the brane with negative tension and send it to an infinite distance. This causes the 
extra dimension to no longer be compact and instead have infinite length. One direct
consequence of this is the absence of a discrete mass spectrum.

Under these circumstances, it would be expected that gravitons with small mass 
would be accessible at low energy levels, which would bring the theory into conflict 
with experience. However, we will see later that the existence of a normalizable zero
mode allows us to recover four-dimensional behavior over long distances.

4.2.1 The normalizable zero mode and continuous Kaluza-Klein modes

Let us return to Eq. (73), as we have seen that the KK modes satisfy this equation. 
To study the normalization of Ψ zð  Þ, we will use Sturm-Liouville theory. In this theory,
eigenfunctions associated with discrete eigenvalues are normalizable, while
eigenfunctions corresponding to continuous eigenvalues are normalizable in the dis-
tributional sense, that is, according to the Dirac delta.
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Assuming the eigenfunctions are finite for z ! ∞, it is possible to show that all
eigenvalues are non-negative [15]. Another important fact is the existence of a nor-
malizable zero mode. Indeed, if we consider m 0 in Eq. (76), we have

Ψ0 xð  Þ ¼  C0e-2κ ∣z∣ (83)

It is a fundamental point of this model that ψ0 is normalizable even for a non-compact
dimension, i.e., ∞< z<∞. In fact, we can impose

ð+∞

-∞ 
Ψ0 zð  Þj  j  2dz ¼ 1 (84)

which gives us C0 ¼
-----
2κ

p 
. For the KK modes, the normalized functions are

Ψm zð  Þ ¼
----
m 
κ 

r 
J1 m 

κ 
(  )

N2 
m 
κ e

κz
(  )-N1 

m 
κ 

(  )
J2 

m 
κ e 

κz
( )[

---------------------------------
J1 κ

m

( )2 +N1
κ
m

( )2q : (85)

4.2.2 The Green’ s function

To study the behavior of the gravitational field, the use of the Green’s function is 
necessary. If a specific event occurs at a point x!

0 
in space at a time t0 (in our case on the 

brane), the Green’s function provides the influence of that event at a point x! at time t.
Considering the behavior of the linearized gravitational field, we must study the
inhomogeneous solution:

∂
2 
z - 2  2κ2 - 2κδ zð  Þ( )+ a-2

□ 4ð  Þ  
h i

hμν ¼ Σμν: (86)

The new term Σμν acts as a source for hμν. Thus, according to the Green’s formalism,
the solution of (86) can be expressed as

hμν ¼
ð 
dz0d4 x0G  x, z; x0 , z0ð Þ (87)

where G  x, z; x0, z0 is the Green ’s function, satisfying the equation:

∂
2 
z - 2  2κ2 - 2κδ zð  Þ( )+ a-2□ 4ð  Þ

h i
G  x, z; x0, z0ð Þ ¼  δ4 x- x0ð Þδ z- z0ð Þ: (88)

From this equation, we can construct the Green’s function using the method of
separation of variables, which leads us to

□Φσν -m2Φσν ¼ 0 (89)

Ψ00 zð  Þ - 2  2κ2 - 2κδ zð  Þ( )
Ψ zð  Þ +  m

2

a2
Ψ zð Þ ¼ 0 (90)

The Sturm-Liouville theory provides us with a very important result. For func-
tions, the complete set of eigenfunctions forms a complete basis that satisfies the same
boundary conditions as the eigenfunctions [16]. For Eq. (89), the eigenfunctions are
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plane waves of the form 1 
2πð  Þ4 e-kμxμ 

, with kμk
μ ¼ m2. For Eq. (90), the eigenfunctions 

are given by

u0 zð  Þ ¼
-----
2κ 

p 
e-κ∣z∣ (91)

um zð  Þ ¼
----
m 
κ 

r 
J1 m 

κ 
(  )

N2 
m 
κ e

κz
(  )-N1 

m 
κ 

(  )
J2 

m 
κ e 

κz
( )[

---------------------------------
J1 κ

m

( )2 +N1
κ
m

( )2q (92)

It is then seen that the functions 1 
2πð  Þ4 e-kμxμ 

um zð  Þ  constitute a basis for functions
defined in five dimensions. In this basis, the Green’s function can be expressed as

G  x, z; x0, z0ð Þ ¼
ð 

d4 k 
2πð  Þ4 b0ku0 zð  Þeikx +

ð 
d4 k 
2πð  Þ  4 dm, bmkum zð Þeikμxμ : (93)

The coefficients bmk and um can be determined via Eq. (88), from which it is possible 
to show that the time-independent Green’s function [5] is 
given by

G  x, z; x0, z0ð Þ ¼ - 1 
4π 

1 
R 

(  )
κe-2κ z+z0ð  Þ +

ð∞ 

0 
dm, um z0 ð Þ - 1

4π
e-mR

R

( )
, (94)

where R ¼ ∣x! - x!
0 
∣. Note that, because the zero mode m ¼ 0 is normalizable, we 

recover the Newtonian case where the potential decreases inversely with distance. For
the massive modes, the Green’s function decreases exponentially with distance.

Now, suppose we have a particle localized on the brane at z ¼ 0 [4]. The Green’s 
function evaluated at another point on the brane z0 0 is

G  x, x0ð  Þ ¼ - κ 
4πR

- 1 
4πR 

ð∞ 

0 
dm, u m 0ð Þ½ ]2e-mR, (95)

where um 0ð  Þ are the eigenstates evaluated at z0 ¼ 0. Thus, if we want to calculate the 
gravitational potential for a point far from the brane, we assume R> κ-1. Since in (95) 
the exponential is decreasing, the integral is significant only for m<m ∗ , where m ∗ is
proportional to 1

R.

mR<m ∗R ~ 1 (96)

From these conditions, it follows that, in the integral in (95), we can consider m≪ κ. 
This allows us to expand the Bessel functions for small arguments. It can be shown
that, to first approximation, for m=κ, we have

um 0ð  Þ½  ]2 ¼ m
π2κ

: (97)

Substituting (97) into (95), we find the Green’s function in the following form:

G  x, z; x0, z0ð Þ ¼ - κ 
4πR 

1- 1 
π2κ 2R2 : (98)

This Green’s function represents the gravitational potential of a massive object 
located on the brane. We observe that the Green’s function due to the zero mode
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provides the four-dimensional gravitational potential at long distances [5]. The KK 
modes provide a correction to the potential.

5. Conclusions 

In this chapter, it was possible to analyze the main theories of extra dimensions as 
well as their fundamental importance for the construction of unification theories, such 
as string theory, for example. We also observed the experimental difficulties in 
detecting these dimensions, considering their extremely small scale. It is expected
that, over the years, with technological advancements, particularly in atomic spec-
troscopy and specifically in neutron interferometry techniques, evidence of extra
dimensions in our Universe may be detected.
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Chapter 4

Thermodynamics of a 
Supersymmetric Oscillator 
Jishad Kumar 

Abstract 

The thermodynamic properties of a supersymmetric (SUSY) oscillator are ana-
lyzed within the framework of the canonical ensemble. Analytical expressions for the 
heat capacity and entropy are derived and subsequently studied in their asymptotic 
limits. It is demonstrated that the specific heat of the SUSY oscillator adheres to the 
third law of thermodynamics at low temperatures and satisfies the classical 
equipartition theorem in the high-temperature regime. This occurs despite the pres-
ence of a fermionic component, represented as a two-level system, within the SUSY 
oscillator. Notably, the specific heat of the fermionic subsystem vanishes at both zero 
and very high temperatures. The heat capacity of the SUSY oscillator exhibits a 
distinct peak at an intermediate temperature as the system approaches the low-
temperature limit, a behavior reminiscent of that observed in a fermionic (two-level) 
system. Furthermore, the case of an electron in a magnetic field is examined in detail, 
revealing the supersymmetric nature of the system when the spin of the electron is 
incorporated into the analysis. The spontaneous breaking of supersymmetry in the 
Landau model is discussed in the context of an additional confinement potential, 
characterized by a harmonic oscillator frequency. 

Keywords: supersymmetry, quantum mechanics, oscillator, Landau model, 
Fock-Darwin model, thermodynamics 

1. Introduction 

Thermodynamics encapsulates the fundamental properties that physical systems 
exhibit in thermal equilibrium. Established in the nineteenth century by pioneers such 
as Robert Mayer and Hermann Helmholtz, it introduced the principle of energy 
conservation, which encompasses the equivalence of work and heat [1]. The frame-
work of thermodynamics is founded on its core concepts, entropy, temperature, and 
the three laws governing state variables, which allow an independent and compre-
hensive description of system dynamics. Unlike classical mechanics and electrody-
namics, which have evolved substantially over the past century, thermodynamics has 
maintained its foundational structure and robustness. The interplay of thermody-
namics with statistical physics introduces an intriguing dimension, particularly for 
microscopic systems. Statistical physics bridges the macroscopic and microscopic 
realms, deriving emergent macroscopic properties from atomic structures and
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microscopic dynamics, such as temperature, pressure, and material constants. These 
emergent properties are hallmarks of many-body systems, arising from the interac-
tions of numerous particles (atoms or molecules), and are typically absent in individ-
ual microscopic systems. Statistical physics offers powerful methods to predict and 
analyze properties like specific heat by linking microscopic parameters, such as 
interparticle interaction energies, to macroscopic thermodynamic quantities. 

Incorporating probabilistic frameworks into physics, pioneered by statistical 
mechanics, finds its foundation in the fundamental concept of entropy. The term 
entropy was formally introduced by Clausius in 1865 [2] and later extended through 
Maxwell’s innovative “Gedankenexperiment” in 1878 [3]. Maxwell also proposed the 
term Statistical Mechanics. The unification of thermodynamics and statistical physics 
culminated in the development of statistical thermodynamics, epitomized by the 
Boltzmann-Planck formula for entropy [4], S ¼ kB lnW, W representing the thermo-
dynamic probability), and Boltzmann’s ergodic hypothesis [5], independently refined 
by Josiah Willard Gibbs [6], the progenitor of ensemble theory. In classical mechanics, 
the evolution of a system in phase space is deterministically defined once the initial 
conditions of its coordinates and momenta are specified. However, thermodynamics 
and statistical physics focus not on tracking specific trajectories but on understanding 
averaged behaviors over extended timescales and spatial regions. These timescales, 
much longer than the microscopic state transitions, render direct trajectory-based 
calculations infeasible because of the sheer complexity arising from interparticle 
interactions and environmental influences. Statistical mechanics solves this challenge 
through ensembles: collections of identically prepared systems, each occupying an 
allowed state of the evolving system. The probability distribution of states within an 
ensemble mirrors the probabilities observed along the actual trajectory of the system. 
This equivalence enables ensemble averaging to replace time averaging, thereby sim-
plifying calculations. The fundamental assumption that ensemble and time averages 
yield identical results underpins the principle of ergodicity, a cornerstone of statistical 
mechanics. 

The advent of quantum theory, introduced by Max Planck, marked a paradigm 
shift in physics, fundamentally transforming its underlying principles. This revolu-
tionary development inevitably influenced classical statistical mechanics, which 
underwent significant restructuring to incorporate quantum concepts. A key innova-
tion was the principle of indistinguishability of identical particles, which necessitated 
a complete overhaul of the formalism of statistical mechanics. Despite these profound 
changes, the foundational concept of ergodicity remained intact in the quantum 
domain. The microcanonical and canonical ensembles persisted with minor adjust-
ments, while the grand canonical ensemble emerged as a novel addition to the for-
malism. The probabilistic nature of wave mechanics added a new dimension to the 
statistical framework. In classical statistical mechanics, the statistical character arises 
primarily from the system’s many particles. In quantum mechanics, this is augmented 
by the probabilistic interpretation of quantum states. Together, these aspects led to a 
comprehensive reformulation of ensemble theory, culminating in introducing the 
density matrix—a quantum mechanical counterpart of the classical phase-space den-
sity function. The concept of the density matrix was first introduced by Landau [7], 
subsequently formalized by von Neumann [8], and later refined by Dirac [9–11]. The 
density matrix not only preserves the statistical essence of classical mechanics but 
also, encapsulates the inherently probabilistic nature of quantum systems, establishing 
a robust framework for studying quantum statistical mechanics. This reformulation 
allowed for the seamless integration of quantum phenomena into the statistical
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description of physical systems, bridging the gap between classical and quantum 
regimes. 

Building on these preliminary historical insights, this chapter analyzes the statisti-
cal thermodynamics of a supersymmetric (SUSY) oscillator, a simplified yet insightful 
model derived from quantum field theory. Before delving into the SUSY oscillator, we 
begin with a detailed review of the well-established bosonic and Fermionic oscillators. 
The thermodynamic properties of these systems, particularly their specific heat and 
entropy, are examined comprehensively, with careful attention given to their behav-
ior in both the low- and high-temperature limits. The chapter starts with an introduc-
tion to the thermodynamic quantities of interest, providing the foundation for the 
following discussions. Next, the bosonic and Fermionic oscillators are analyzed in 
detail, and their thermodynamic properties are thoroughly explored. Building on this 
groundwork, we transition to studying the supersymmetric oscillator, examining its 
thermodynamic behavior and highlighting the distinctions introduced by supersym-
metry. Subsequently, we discuss a real-world example of supersymmetry in the con-
text of an electron in a magnetic field, incorporating the effects of Zeeman splitting. 
This example illustrates the manifestation of supersymmetry in a physical system and 
its impact on observable quantities. The chapter addresses two cases where super-
symmetry is broken, offering insights into the mechanisms and implications of SUSY 
breaking in physical systems. The chapter concludes with a summary of the key 
findings and their broader impact, and the references follow thereafter. Through this 
systematic exploration, the chapter aims to provide a comprehensive understanding 
of the thermodynamic behavior of the supersymmetric oscillator and its relevance to 
real-world systems, emphasizing the profound influence of supersymmetry in statis-
tical thermodynamics. 

2. Thermodynamic quantities of interest 

Within the framework of the canonical ensemble, most practical scenarios involve 
controlling the temperature of a system rather than its energy. The canonical ensem-
ble describes a system with a fixed number of particles that can exchange energy with 
its surrounding environment, often referred to as a heat bath. When a system is in 
thermal equilibrium with a much larger heat bath, it is maintained at a fixed temper-
ature. In such cases, the system’s energy is not constant but instead fluctuates around a 
well-defined average value. The magnitude of these fluctuations is small compared to 
the average energy of the system. Consequently, probabilities for states with different 
energies need to be determined. The Boltzmann factor governs these probabilities, 
e-E=kBT, where E is the energy of a given microscopic state, kB is the Boltzmann 
constant, and T is the absolute temperature. 

The system is assigned a temperature in the canonical ensemble, and all accessible 
states are allowed to occur with probabilities weighted by the Boltzmann factor. This leads 
to introducing the partition function, an ensemble-averaged quantity central to 
connecting statistical mechanics to thermodynamics. The partition function is defined as: 

Z ¼ 
X 

all microscopic states 

e-βE microscopic statesð Þ  , (1)

where β ¼ 1= kBTð  Þ. While the partition function does not have a direct physical 
interpretation, it is the foundation for deriving thermodynamic properties.
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Once the partition function is known, various thermodynamic quantities can be 
computed. The free energy, which is a fundamental thermodynamic potential, is 
given by: 

F kBT ln Z: (2) 

The internal energy, or the ensemble-averaged energy, is obtained as: 

U ¼ - ∂ 
∂β 

ln Z : (3)

The entropy of the system is expressed as: 

S ¼ kB ln Z- β 
∂ 
∂β 

ln Z : (4)

Finally, the specific heat at constant volume is derived from the internal energy or 
entropy as: 

CV ¼ -kBβ2 
∂U 
∂β 

, (5)

or equivalently: 

CV ¼ -β 
∂S 
∂β 

: (6)

These equations provide the necessary tools for calculating thermodynamic prop-
erties, including specific heat, which is a key observable in understanding energy 
distribution among the various modes of a system. Specific heat measurements are 
particularly valuable, as their variation with temperature reveals insights into how 
energy is partitioned among a solid’s vibrational, rotational, and other energy-
absorbing modes. Additionally, these measurements help correlate other material 
properties, such as thermal expansion, with the underlying lattice structure and 
vibrations. Specific heat at constant volume, CV , is especially significant because of its 
direct connection to the internal energy, offering a microscopic perspective on the 
system’s structure. 

Thermodynamics provides a macroscopic description of actual physical systems in 
thermal equilibrium with a heat bath. Its simplicity and robustness lie in its ability to 
describe the dynamics of physical systems independently through quantities such as 
entropy, temperature, and the three fundamental laws of thermodynamics [12]. How-
ever, thermodynamics attains greater depth and versatility when combined with statisti-
cal mechanics. Statistical mechanics bridges the microscopic and macroscopic worlds by 
deriving emergent macroscopic properties from a system’s atomic structure and micro-
scopic dynamics. These emergent properties, such as temperature and pressure, are 
characteristic of many-body systems and typically do not manifest in isolated microscopic 
systems. By connecting microscopic information, such as particle interactions, to macro-
scopic properties, statistical mechanics enhances thermodynamics’ explanatory and pre-
dictive power, leading to the discipline of statistical thermodynamics.

This paper focuses on the thermodynamics of a supersymmetric (SUSY) oscillator. 
The simple harmonic oscillator is one of the most fundamental and extensively
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studied models in physics, owing to its exact solvability and elegant mathematical 
structure. This model underpins the explanation of numerous phenomena across 
various domains of physics and other scientific disciplines. The supersymmetric har-
monic oscillator extends the standard model by incorporating both bosonic and fer-
mionic variables, serving as a prototypical example of supersymmetry and its 
associated algebra [13, 14]. Supersymmetry, a theoretical framework interchanging 
bosons and fermions, is a novel spacetime symmetry significantly influences quantum 
field theory. In supersymmetric quantum mechanics, the Hamiltonian of a system 
remains invariant under the transformation of bosonic into fermionic variables and 
vice versa. The relevance of supersymmetry extends beyond quantum mechanics to 
high-energy physics and cosmology. It plays a vital role in string theory, where it was 
first introduced, and has since been integrated into supergravity theories [15]. Super-
symmetry, commonly abbreviated as SUSY, offers profound insights into unresolved 
questions in particle physics, string theory, and cosmology, establishing itself as a 
cornerstone of modern theoretical physics. This chapter explores the statistical ther-
modynamics of the SUSY oscillator, aiming to elucidate its rich mathematical struc-
ture and physical implications within the broader context of supersymmetric 
quantum mechanics. 

3. Bosonic and fermionic oscilators 

The Hamiltonian of a one-dimensional quantum harmonic oscillator with a natural 
vibrational frequency ω can be elegantly expressed using the creation (a† 

B) and anni-
hilation (aB) operators, which satisfy specific commutation relations. The subscript B 
is introduced to denote “Bosonic” operators for clarity, as analogous operators will be 
defined later for the fermionic case. In terms of these operators, the Hamiltonian of 
the Bosonic oscillator is written as [16]: 

HB ¼ ℏω a† 
BaB þ 1 

2 
¼ ℏω NB þ 1

2
, (7)

where NB ¼ a† 
BaB is the number operator. The creation and annihilation operators 

obey the commutation relation

aB, a
† 
B - ¼ 1, (8)

and act on the eigenstates ∣nB of the number operator as follows: 

a† 
B∣nBi ¼

-------------
nB þ 1

p 
∣nB þ 1i, (9) 

aB∣nB
-----
nB 

p 
∣n B 1 : (10)

The eigenstates of the number operator are given by: 

∣nBi ¼ 
1-------
nB!

p a† 
B 

(  )nB ∣ 0iB, (11)

where ∣0iB is the vacuum state, satisfying aB∣0iB ¼ 0. When the Hamiltonian acts on 
the eigenstates, the energy eigenvalues are given by:
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HB∣nBi ¼  nB þ 
1 
2 

ℏω∣nBi , (12)

with corresponding energy eigenvalues: 

En ¼ nB þ 
1 
2 

ℏω : (13)

These eigenvalues are quantized and separated by intervals of ℏω, with a nonzero 
minimum energy E ¼ 1 

2ℏω, referred to as the zero-point energy. The symmetric nature 
of the Hamiltonian reflects the bosonic statistics, where the associated operators 
satisfy commutation relations. 

For fermionic systems, which inherently exhibit antisymmetry, the operators obey 
anti-commutation relations instead of commutation relations. The Hamiltonian of a 
fermionic oscillator with frequency ω is defined as Ref. [17]: 

HF ¼ 
ℏω 
2 

a† 
FaF - aFa

† 
F 

( )
, (14)

where the subscript F denotes “Fermionic” operators. If the operators aF and a† 
F were 

to obey commutation relations similar to the bosonic case, the Hamiltonian would 
reduce to:

HF ¼ -ℏω 
2 

, (15)

implying no dynamics. To account for the inherent antisymmetry of fermions, the 
operators are instead defined to satisfy anti-commutation relations: 

aF, aF½  ]þ ¼ 0, (16)

a† 
F, a

† 
F þ ¼ 0, (17)

aF, a
† 1: (18)F 

These anti-commutation relations imply that the system follows 
Fermi-Dirac statistics, which is reflected in the eigenvalues of the number 
operator: 

NF a† 
FaF, N2 

F NF, NF NF 1 0: (19)

This indicates that the eigenvalues of NF are restricted to 0 or 1, consistent with the 
Pauli exclusion principle. The Hamiltonian of the fermionic oscillator then takes the 
form: 

HF ¼ ℏω NF - 1 
2 

: (20)

If ∣nF is an eigenstate of NF, then: 

NF∣nFi ¼ nF∣nFi, nF ¼ 0, 1: (21)
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The ground state ∣0 , with no quanta, satisfies: 

NF∣0i ¼ 0 ) HF∣0i ¼ -ℏω 
2 

∣0 i, (22)

while the excited state ∣1 , with one quantum, satisfies: 

NF∣1i ¼  ∣1i  )  HF∣1i ¼  
ℏω 
2 

∣1i: (23)

The fermionic creation and annihilation operators act as follows: 

aF∣0i ¼ 0, (24)

a† 
F∣0i ¼ ∣1i , (25)

a† 
F∣1i ¼ 0 : (26)

Thus, the Hilbert space of a fermionic oscillator is two-dimensional. Notably, the 
ground state energy of a fermionic oscillator has the opposite sign compared to that of 
a bosonic oscillator. While the Hamiltonian for a bosonic oscillator can be expressed in 
terms of classical position and momentum variables, no direct classical analog exists 
for fermions. Constructing a classical Lagrangian for a fermionic oscillator requires 
anti-commuting classical variables, known as Grassmann variables, which are exten-
sively studied in mathematics [18]. 

Finally, the fermionic oscillator, resembling a two-level system, has energy eigen-
values: 

E0 ¼ -ℏω 
2 

, E1 ¼ ℏω 
2 

: (27)

4. Supersymmetric oscillator 

A supersymmetric oscillator, serving as a foundational model in quantum 
field theory, represents the unification of a bosonic and a fermionic oscillator, 
both oscillating at a natural frequency ω [19, 20]. Conceptually, this system 
consists of one boson and one fermion confined within a harmonic potential, oscillat-
ing collectively at the same frequency ω. The bosonic component possesses an infinite 
ladder of energy eigenstates, whereas the fermionic component is restricted to two 
discrete energy eigenstates, corresponding to occupation numbers of nF ¼ 0 and 
nF ¼ 1. The supersymmetric oscillator is an elegant toy model that combines funda-
mental principles of quantum mechanics, thermodynamics, and symmetry into a 
unified framework. It provides insights into key features of supersymmetry, including 
vacuum energy cancelation, degeneracy in energy states, and the role of supercharges 
in the symmetry algebra. Its simplicity and mathematical richness make it an ideal 
testing ground for exploring theoretical predictions of supersymmetric quantum 
mechanics.

The Hamiltonian of the supersymmetric oscillator is expressed as: 

HS ¼ HB þHF ¼ ℏω a† 
BaB þ a†FaF , (28)
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where the subscripts S, B, and F denote supersymmetric, bosonic, and fermionic 
components, respectively. Using the number operators NB ¼ a† 

BaB and NF ¼ a† 
FaF, the 

Hamiltonian can be re-expressed compactly as:

HS ℏω NB NF : (29)

The energy eigenstates of the system are eigenstates of both NB and NF. Let us 
define these states as: 

∣NB,NFi ¼ ∣NBi⊗ ∣NFi, (30)

where: 

NB∣nBi ¼ nB∣nBi, nB ¼ 0,1,2, … (31)

NF∣nFi ¼  nF∣nFi, nF ¼ 0, 1 : (32)

When the Hamiltonian acts on these eigenstates, the corresponding energy eigen-
values are: 

HS∣nB, nFi ¼ EnB,nF ∣nB, nFi ¼ ℏω nB þ nFð Þ∣nB, n Fi: (33)

This leads to the energy spectrum: 

En ¼ ℏωn, n ¼ nB þ nF : (34)

A distinctive feature of the supersymmetric oscillator is the absence of zero-point 
energy. Unlike a typical quantum harmonic oscillator, whose ground state has energy 
E0 ℏω=2, the ground-state energy of the supersymmetric oscillator vanishes: 

E0,0 ¼ 0, where aB∣0i ¼ 0, aF∣0i ¼ 0 : (35)

This vanishing of the ground-state energy is a hallmark of supersymmetry. The 
positive zero-point energy of the bosonic ground state, E0 

B ¼ ℏω=2, is exactly canceled 
by the negative vacuum energy of the fermionic ground state, E0 

F ¼ -ℏω=2. This 
phenomenon is not merely a coincidence but rather a direct consequence of the 
supersymmetry of the system. Canceling vacuum energy has profound implications in 
quantum field theory, particularly in addressing the cosmological constant problem.

Beyond the ground state, all energy eigenstates exhibit a two-fold degeneracy. For 
any bosonic quantum number nB, there exist two states with identical energies: ∣nB, 1i 
and ∣nB þ 1, 0i. In other words, one state corresponds to nF ¼ 0 with nB ¼ n, while the 
other corresponds to nF ¼ 1 with nB ¼ n- 1. This degeneracy reflects the pairing of 
bosonic and fermionic states, a characteristic feature of supersymmetric systems. This 
pairing ensures that every energy level (except the ground state) contains a bosonic 
and a fermionic component. This symmetry plays a crucial role in the theoretical 
consistency of supersymmetric models, where the equal number of bosonic and fer-
mionic degrees of freedom ensures the cancelation of quantum anomalies.

Supersymmetry is characterized by fermionic operators, known as supercharges, 
which generate transformations between bosonic and fermionic states. For the super-
symmetric oscillator, the supercharges are defined as: 

Q1 a† 
BaF, Q2 a† 

FaB: (36)
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These supercharges commute with the Hamiltonian: 

Q1,HS½ ]- ¼ 0, Q2,HS½ ]- ¼ 0, (37)

indicating that Q1 and Q2 are conserved quantities and act as symmetry generators. 
The supercharges transform bosonic states into fermionic states and vice versa while 
annihilating the ground state: 

Q1∣0i ¼ 0, Q2∣0i ¼ 0: (38)

Therefore, Q1 and Q2 define conserved quantities of the system and would corre-
spond to the generators of symmetries in the theory. Supercharges act on the paired 
states by transforming a bosonic state to a fermionic state and vice versa. The only 
exception is the ground state, which is annihilated by the supercharges. This is a 
typical situation for the supersymmetric system. There exist models in which one has 
a supersymmetry algebra, but the ground state has nonzero energy. In these models, 
within the language of quantum field theory, the ground state is not supersymmetric, 
and therefore, the model is not supersymmetric or in other words, supersymmetry is 
spontaneously broken. The anti-commutator of the supercharges gives the Hamilto-
nian: 

Q1,Q2½ ]þ ¼ 
1 
ℏω 

H S, (39)

forming a graded Lie algebra, which elegantly combines commutators and anti-
commutators [21]. This algebra underpins the structure of supersymmetric quantum 
mechanics. Certainly, Eqs. (36), (37) and (39) indicate that, Q1, Q2 and HS constitute 
an algebra that involves both commutators and anti-commutators. This algebra is the 
graded Lie algebra [21]. This algebra has a beautiful consequence, namely, if the 
ground state is invariant under the supersymmetry transformations (i.e., Q1∣0i ¼ 0 ¼ 
Q2∣0i and 0jHSj0h i ¼ ℏω 0jQ1Q2 þ Q2Q1j0h i ¼ 0), then the ground state vanishes in 
supersymmetry theory. Q2 is a hermitian conjugate of Q1. We noticed that, since the 
Hamiltonian is a total square of a hermitian operator, all its states have nonnegative 
energies. The thermodynamic properties of the supersymmetric oscillator are derived 
from its canonical partition function. Given the energy eigenvalues En ¼ ℏωn , the
partition function is:

Z ¼
X1 
nF 0 

X∞ 

nB 0 

e-βℏω nBþnFð Þ  ¼ eβℏω þ 1 
eβℏω - 1 

¼ coth 
β ℏω
2

: (40)

The partition function can calculate internal energy, entropy, and specific heat. 
The internal energy is: 

U ¼ - ∂ 
∂β 

ln Z ¼ ℏω 
sinh βℏ ω

: (41)

The entropy is: 

S 
kB 

¼ ln Z- β ∂ 
∂β 

ln Z ¼ ln coth βℏω 
2 

þ βℏωð  Þcosech βℏωð Þ: (42)
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The specific heat is: 

CV 

kB 
¼ βℏωð  Þ2 cosech βℏωð  Þcoth β ℏωð Þ: (43)

Alternatively, specific heat can be written as 

CV 

kB 
¼ 2 βℏωð  Þ2 eβℏω 

e2βℏω 1 
e2βℏω þ 1 
e 2βℏω 1

: (44)

The behavior of the specific heat and the entropy of a supersymmetric oscillator 
concerning temperature is shown in Figure 1. As the temperature T ! 0, the specific 

heat of the supersymmetric oscillator CV 
kB 
≈2 ℏω 

kBT 

(  )2 
e-

ℏω 
kBT. This shows that the specific 

heat falls exponentially to zero twice as fast as the simple quantum oscillator. On the 

other hand, at very high temperatures, the specific heat goes like 1þ ℏω 
kBT 

(  )2 
, which is 

the square of the corresponding value of the heat capacity of a quantum oscillator at 
high temperatures. The anomalous peak at a certain temperature when the supersym-
metric oscillator approaches low temperatures clearly shows the fermionic type of 
behavior. Therefore, the supersymmetric oscillator satisfies the third law of thermo-
dynamics at low temperatures and satisfies the classical equipartition theorem at high 
temperatures. The entropy vanishes exponentially (≈βℏωe-βℏω) at very low tempera-
tures and approaches infinity at very high temperatures. The supersymmetric oscilla-
tor exemplifies the deep interplay between quantum mechanics, thermodynamics, 
and symmetry. Its unique energy spectrum, vanishing ground-state energy, and 
paired degeneracy illustrate fundamental aspects of supersymmetry. Furthermore, its 
thermodynamic behavior provides insights into how supersymmetric systems bridge 
quantum and classical regimes. The model continues to be a cornerstone in theoretical 
physics, offering a platform for exploring more complex supersymmetric theories.

Figure 1. 
The behavior of the (a) specific heat and (b) the entropy with respect to the dimensionless temperature kBT=ℏω,  is  
plotted here. For a reference, the behaviors of the bosonic and fermionic oscillators are plotted. The thick curve 
represents the bosonic oscillator, the dashed one represents the fermionic oscillator, and the dotted one represents the 
supersymmetric oscillator. For a bosonic oscillator, the specific heat is given by the formula CV=kB ¼ 
βℏω=2ð Þ2 Cosech2 βℏω=2ð Þ and that of a fermionic oscillator is CV=kB ¼ βℏω=2ð Þ2 Sech2 βℏω=2ð Þ. The entropy of a 
bosonic oscillator is given by S=kB ¼ βℏω=2ð Þcoth βℏω=2ð Þ - ln 2sinh βℏω=2ð Þ½ ]  and that of a fermionic oscillator 
is given by S=kB ¼ - βℏω=2ð Þtanh βℏω=2ð Þ þ  ln 2cosh βℏω=2ð Þ½ ].
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5. Electron in a magnetic field: Example of supersymmetry in a real 
system 

As a supplementary discussion, we now turn our attention to the celebrated prob-
lem of an electron in a magnetic field, commonly referred to as the “Landau problem” 
[7, 22]. This problem has become a cornerstone in condensed matter physics, primar-
ily due to the pioneering contributions of Lev Landau, who laid the foundation for 
understanding the diamagnetism of free electron gases. The Landau problem is also 
essential for exploring quantum Hall effects, magnetic oscillations, and other phe-
nomena involving charged particles in a magnetic field. Here, we investigate this 
problem’s supersymmetric structure when the electron’s spin angular momentum is 
incorporated into the analysis. The Hamiltonian for a nonrelativistic electron moving 
in a uniform magnetic field is expressed as: 

H ¼ 1 
2m 

P- e 
c 
A 

2 
, (45)

where m is the mass of the electron, P is the canonical momentum, e is the charge, c is 
the speed of light, and A is the magnetic vector potential associated with the external 
magnetic field B ¼ ∇x A. For simplicity, we assume that the magnetic field is uni-
form and aligned along the z-axis (B ¼ Bẑ). Consequently, the electron’s motion is 
confined to the xy-plane, while the magnetic field introduces a Lorentz force that 
causes the electron to undergo circular motion.

To simplify the problem, we define two operators: 

a ¼
----------
c 

2eℏB 

r
Px þ iPy
(  )

, a† ¼
----------
c 

2eℏB 

r
Px - iP y
( )

, (46)

which satisfy the commutation relation: 

a, a† ¼ 1: (47)

In terms of these ladder operators, the Hamiltonian can be written as: 

H ¼ ℏωc a†aþ 1 
2 

, (48)

where ωc ¼ eB mc is the cyclotron frequency, representing the angular frequency of the 
electron’s circular motion. The position and momentum operators are related to the 
ladder operators through:

Px ¼ px -
eyB 
2c 

, Py ¼ py þ exB 
2c 

: (49)

When the spin angular momentum of the electron is incorporated, the Hamilto-
nian gains an additional term representing the interaction between the spin and the 
magnetic field: 

H ¼ ℏωc a†a þ 
1 
2

- ge 
2mc 

S
! . B!, (50)
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where S
! 
is the spin angular momentum operator, and g is the Landé g-factor. For a 

magnetic field aligned along the z-axis, S
! 

B
! 

SzB, and we use:

Sz ¼ ℏσz 
2 

, (51)

where σz is the Pauli spin matrix. The Hamiltonian then becomes: 

H ¼ ℏωc a†aþ 
1 
2
- g 
4 
σz : (52)

For g ¼ 2, the supersymmetric structure of the problem emerges clearly. The 
ground state with σz ¼ þ1 has precisely zero energy. The ground state with σz ¼ -1 
and the first excited state with σz ¼ þ1 become degenerate, forming paired states that 
are characteristic of supersymmetric systems. To explore this structure further, we 
introduce an operator:

Q ¼
-------
1 
2m 

r 
σxPx þ σyPy
( )  

, (53)

whose square is the Hamiltonian: 

Q2 ¼ H: (54)

The operator Q can be expressed in matrix form as: 

Q ¼
-------
1 
2m 

r 
0 Px - iPy 

Px þ iPy 0 

( )
¼

--------
ℏωc 

2 

r
0 a† 

a 0 

( )
: (55)

The operator Q acts as a ladder operator, raising the Landau level and the 
spin simultaneously or lowering both. Importantly, Q commutes with the 
Hamiltonian: 

Q,H½  ] ¼ 0, (56)

indicating that Q does not alter the energy of the state. As a result, each Landau level 
exhibits degeneracy between the two spin states, forming pairs ∣ii and Q∣ii. However, 
the lowest Landau level with spin-up is:

ψL 
0 

0 
, (57) 

is annihilated by Q and remains nondegenerate. It also has precisely zero energy, 
consistent with supersymmetric systems: 

H Q2 0: (58) 

To further elucidate the supersymmetric structure, we define fermionic 
operators:
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f̂ 
† ¼ σ̂þ ¼ 

0  1  

0  0  
, f̂ ¼ ^ σ- ¼ 0 0

1 0
, (59)

where σ̂± ¼ 1 
2 σx ± iσy . Using these operators, the Hamiltonian in Eq. (52) can be 

rewritten as: 

H ¼ ℏωc a†a þ 
1 
2 

þ ℏωc f̂ 
† ̂
f - 1

2
, (60)

or equivalently: 

H ¼ ℏωc a†aþ ̂f 
† ̂  f : (61)

This reformulation highlights the resemblance of the problem to a supersymmetric 
oscillator, where the Hamiltonian is a combination of bosonic and fermionic contribu-
tions. 

The thermodynamic properties of the system are determined from the partition 
function. For an electron in a homogeneous magnetic field, the partition function is 
given by: 

Z ¼ G 
1 
2 
Cosech 

βℏωc 

2 
, (62)

where: 

G ¼ mωcA 
2πℏ 

, (63)

is the degeneracy factor, and A is the area in the xy-plane. This term does not depend 
on temperature and thus does not directly affect thermodynamic properties. When 
spin is included, the partition function becomes: 

Z ¼ Gcoth 
βℏωc 

2 
: (64)

This partition function resembles that of a supersymmetric oscillator, with ω 
replaced by ωc. For example, the specific heat is:

CV ¼ kB 
βℏωc 

2 

2 

Cosech2 βℏωc 

2 
: (65)

Figure 2 illustrates the specific heat behavior for an electron in a magnetic field, both 
with and without spin. These results demonstrate the supersymmetric nature of the 
system when spin is taken into account. The analogy with the supersymmetric 
oscillator further solidifies the profound connection between quantum mechanics and 
supersymmetry.
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Figure 2. 
(a) The behavior of the specific heat of an electron in a magnetic field with respect to the dimensionless temperature 
kBT=ℏωc is plotted. The dotted curve includes spin, and the solid curve omits spin. (b, c, d) The specific heat for 
different cyclotron frequencies ωc ¼ 0:04ω0, 0:4ω0, and 4ω0, respectively. The thick curve represents the case 
without spin, and the dashed curve includes spin. 

6. Examples of supersymmetry breaking 

6.1 Introduction of a confinement to the Landau model 

With the introduction of a confinement frequency into the problem, we observe a 
profound change in the behavior of the energy spectrum of an electron in a magnetic 
field. Specifically, the ground state energy of the electron can no longer be zero under 
any chosen values of the Landé g-factor or the spin projection σz. This arises naturally 
when a symmetric and isotropic two-dimensional parabolic confinement is intro-
duced, described by the potential: 

V  x, yð  Þ ¼  
1 
2 
mω2 

0 x
2 þ y 2

( )
, (66)

where m is the mass of the electron, and ω0 is the confinement frequency. This 
harmonic potential confines the electron within the xy-plane and modifies the quan-
tized energy levels induced by the magnetic field. Such a model is physically relevant 
in systems like quantum dots, where the electron motion is confined to a plane and 
subjected to an external magnetic field.
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The total Hamiltonian of the system, incorporating both the magnetic field and the 
parabolic confinement, is given by: 

H ¼ 
1 
2m 

px -
eyB 
2c 

(  )2 

þ py þ 
exB 
2c 

(  )2
[ ]  

þ 
1 
2 
mω2 

0 x2 þ y2
( )

, (67)

The first term accounts for the electron’s kinetic energy in the presence of a Lorentz 
force, and the second term represents the parabolic trapping potential. This Hamilto-
nian is widely known in the literature as the Fock-Darwin model [23, 24]. The eigen-
values of the Hamiltonian in Eq. (67) lead to the energy spectrum: 

εn1,n2 ¼ ℏ
------------------------
ω2 
0 þ 

ωc 

2 

(  )2
r 

n1 þ n2 þ 1ð Þ þ  
1 
2 
ℏωc n1 - n2ð Þ, (68)

where ωc ¼ eB mc is the cyclotron frequency, and n1, n2 are quantum numbers associated 
with the motion in the xy-plane. This energy spectrum exhibits several unique and 
important features:

• Two-dimensional harmonic oscillator: In the absence of the magnetic field 
(ωc ¼ 0), the energy levels reduce to those of a two-dimensional isotropic 
harmonic oscillator:

• Landau levels: When the parabolic confinement is absent (ω0 ¼ 0), the energy 
levels correspond to the Landau levels of a free particle in a magnetic field:

• Transition regime: For intermediate values of ω0 and ωc, the energy spectrum 
represents a hybrid of the harmonic oscillator and Landau quantization. This 
regime is particularly interesting for systems like quantum dots, where both 
magnetic quantization and confinement play a significant role. 

εn1,n2 ℏω0 n1 n2 1 : 

εn1,n2 ¼ ℏωc n1 þ 1 
2

:

To analyze the Hamiltonian further, we introduce the quantum mechanical opera-
tors [25]: 

a± ¼ 1 
2l 

x∓iy½  ] - l 
2 

∂x∓i∂ y
[ ]

, (69)

where l ¼
-----
ℏ 
mω 

q 
is the Fock-Darwin length, a characteristic length scale determined by 

the effective frequency ω ¼
---------------
ω2 
0 þ ω2 

c 
4 

q
. These ladder operators simplify the analysis of 

the Hamiltonian, which can be rewritten as:

H0 ¼ a† 
þaþ þ 

1 
2 

ℏΩþ þ a†-a- þ 1 
2 

ℏ Ω-, (70)

where the effective frequencies Ω and Ω are defined as:
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Ωþ ¼ Ωþ ωc 

2 
, Ω- ¼ Ω- ω c

2
, (71)

and Ω ¼
---------------
ω2 
0 þ ω2 

c 
4 

q
. 

The energy eigenvalues are now expressed a 

εnþ,n- ¼ nþ þ 
1 
2 

ℏΩþ þ n- þ 
1 
2 

ℏ Ω-, (72)

where nþ, n- ¼ 0,1,2, … . This representation clearly shows the splitting of energy 
levels due to the combined effects of confinement and the magnetic field.

From Eq. (74), it is evident that the ground state energy of the system is: 

ε0,0 ¼ ℏ 
2 

Ωþ þΩ-ð Þ  : (73)

Unlike the case of a pure Landau quantization, where the ground state energy can 
vanish for specific spin configurations (g ¼ 2, σz ¼ þ1), the presence of the parabolic 
confinement ensures that the ground state energy is always nonzero. In the limit of a 
strong magnetic field (ωc ≫ω0), the confinement potential becomes negligible, and 
the energy levels approach the Landau levels: 

εnþ,n-≈ℏωc nþ þ 1 
2 

: (74)

This limit highlights the transition between confinement-dominated and magnetic 
field-dominated regimes. 

The total partition function of the system can be expressed as: 

Z ¼ 1 
2 
csch 

βℏΩþ 

2 
csch 

βℏΩ-
2 

cosh 
βℏωc 

2 
, (75)

where β ¼ kBTð  Þ-1 is the inverse temperature. This expression incorporates contribu-
tions from both the orbital motion (via Ωþ and Ω-) and the spin degree of freedom 
(via ωc). The thermodynamic quantities, such as internal energy, entropy, and specific 
heat, can be directly derived from the partition function. For example, the specific
heat is given by:

CV ¼ kBβ2 
∂
2 

∂β2 
ln Z: (76) 

The Fock-Darwin model provides a robust framework for understanding the 
behavior of electrons in two-dimensional systems under the simultaneous influence of 
magnetic fields and confinement potentials. Its energy spectrum bridges two limiting 
cases: the two-dimensional harmonic oscillator and the Landau quantization. Includ-
ing a parabolic confinement introduces a nonzero ground state energy, which funda-
mentally alters the thermodynamic properties of the system. This model finds direct 
applications in the study of quantum dots, where the interplay between confinement 
and magnetic quantization determines the electronic properties. It also serves as a
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testing ground for understanding mesoscopic systems’ transition between classical 
and quantum regimes. Furthermore, the parallels between the Fock-Darwin model 
and supersymmetric oscillators underscore the deep connections between symmetry 
and the physical properties of quantum systems.

6.2 Jaynes-Cumming model: Mixture of bosonic modes and spin 

Another fascinating example of supersymmetry breaking arises when we consider a 
system where a two-level system (a “fermionic oscillator”)  is  coupled  to  a  bosonic  
oscillator. This configuration resembles the supersymmetric oscillator because it incor-
porates a two-level system, analogous to a spin operator, and an oscillator exhibiting 
bosonic modes. Such a system is commonly called the Jaynes-Cummings mod el [26]. This 
model plays a pivotal role in quantum optics and cavity quantum electrodynamics, 
describing the interaction between light (bosonic modes) and matter (two-level atomic 
systems). The Hamiltonian for the Jaynes-Cummings (JC) model is expressed as: 

HJC ¼ ℏω a†a þ 1 
2 

þ 1 
2 
εσz þ λ aσþ þ a †σ-

( )
, (77)

where: 

• a† and a are the creation and annihilation operators for the bosonic field with 
frequency ω ,

• σz, σ , and σ are the Pauli operators describing the two-level fermionic system,

• ε is the energy spacing of the two-level system,

• λ is the coupling strength between the bosonic and fermionic modes, a

• σ± ¼ 1 
2 σx ± iσy are the raising and lowering operators for the two-level system.

The first term in HJC represents the energy of the bosonic oscillator, the second 
term corresponds to the energy of the two-level system, and the third term captures 
the interaction between the bosonic field and the two-level fermionic system. The 
energy spectrum of the Jaynes-Cummings model is given by: 

E± 
n ¼ nþ 

1 
2 

ℏω± Δn 

2
, (78)

where: 

Δn ¼
-------------------------------
δ2 þ 4λ2 nþ 1ð  Þ

q 
: (79)

Here, δ ¼ ω- ε is the detuning factor, which measures the mismatch between the 
bosonic field frequency ω and the two-level system’s energy splitting ε.

Eq. (78) reveals that the interaction between the bosonic and fermionic compo-
nents results in a splitting of the energy levels. This coupling breaks the supersymme-
try of the system in a significant way:
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• Ground state energy: Unlike the supersymmetric oscillator, where the ground state 
energy is precisely zero, the ground state energy of the Jaynes-Cummings model 
is nonzero due to the coupling λ. 

• Energy splitting: The coupling introduces a term proportional to Δn, which 
modifies the degeneracy of the energy levels and disrupts the balanced pairing of 
bosonic and fermionic states. 

Thus, the interaction between the spin (fermionic mode) and the bosonic oscillator 
explicitly breaks the supersymmetry of the system. The Ja ynes-Cummings model 
provides a quantum mechanical description of light-matter interactions. It describes 
how a quantized electromagnetic field (bosonic mode) interacts with a two-level atom 
(fermionic mode). This coupling lies at the heart of phenomena such as Rabi oscilla-
tions, vacuum Rabi splitting, and quantum state transfer between light and matter. 

Interestingly, the model suggests an inherent Bose-Fermi duality as it combines 
bosons in light quanta and fermions in the form of two-level systems. This duality 
hints at a hidden supersymmetry in the system. However, as shown above, the super-
symmetry is spontaneously broken by the interaction term involving λ. Although 
supersymmetry is broken in the generic Jaynes-Cummings model, it can be restored 
under specific conditions. Studies have shown that supersymmetry can re-emerge 
when the model parameters satisfy certain integer relationships [27, 28]. For example: 

• Special tuning of parameters: If the coupling strength λ, detuning δ, and bosonic 
frequency ω are fine-tuned to satisfy specific ratios, the degeneracies in the 
energy spectrum may be restored.

• Symmetry in the interaction: Supersymmetry is restored when the interaction term 
aligns symmetrically with the intrinsic energy scales of the bosonic and fermionic 
subsystems. 

These findings highlight the interplay between symmetry breaking and restoration 
in coupled quantum systems, demonstrating the delicate balance required to preserve 
supersymmetric structures. The Jaynes-Cummings model provides a striking example 
of supersymmetry breaking in a physical system. The model describes light-matter 
interactions at a fundamental level by coupling a two-level fermionic system to a 
bosonic mode. The nonzero ground state energy and modified energy spectrum 
underscore the spontaneous breaking of supersymmetry. However, the hidden Bose-
Fermi duality and the possibility of restoring supersymmetry through specific param-
eter tuning reveal the deep connections between quantum optics, supersymmetry, 
and the fundamental description of light-matter interactions. This model, therefore, 
serves as a vital bridge between theoretical concepts in supersymmetric quantum 
mechanics and practical applications in quantum information, quantum computing, 
and cavity quantum electrodynamics. Its rich structure inspires advancements in 
understanding quantum systems at the interface of light and matter. 

7. Conclusion 

In this chapter, we have conducted an extensive study of the thermodynamic 
properties of the supersymmetric oscillator, exploring its behavior in various
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temperature regimes and its connections to supersymmetric quantum mechanics. The 
results of this study provide deep insights into the role of supersymmetry in physical 
systems and its influence on thermodynamic quantities. One of the key findings is the 
specific heat behavior of the supersymmetric oscillator. At very low temperatures, the 
specific heat vanishes exponentially, consistent with the third law of thermodynamics. 
This rapid decay highlights the suppression of accessible microstates as the tempera-
ture approaches absolute zero, a hallmark of quantum systems with well-separated 
energy levels. At high temperatures, the specific heat asymptotically approaches its 
classical equipartition value, confirming the crossover from quantum to classical 
behavior. Notably, the supersymmetric oscillator exhibits an anomalous peak in its 
specific heat at intermediate temperatures, similar to a two-level or single spin system. 
This feature reflects the fermionic component’s contribution to the oscillator’s ther-
modynamics, emphasizing the interplay between the bosonic and fermionic degrees 
of freedom inherent in supersymmetric systems. 

Beyond the supersymmetric oscillator, we have explored the problem of an elec-
tron in a magnetic field, commonly known as the Landau problem. When the elec-
tron’s spin angular momentum is considered, the system naturally acquires a 
supersymmetric structure. This surprising result underscores the fundamental nature 
of supersymmetry in quantum systems with balanced fermionic and bosonic contri-
butions. However, including a confinement frequency, such as that in the Fock-
Darwin model, breaks the supersymmetry of the system. This breaking arises from 
introducing an additional potential that lifts the degeneracy between the bosonic 
and fermionic contributions, leading to a nonzero ground state energy and a 
modified energy spectrum. We have also examined the Jaynes-Cummings model, a 
paradigmatic system in quantum optics that describes the interaction between a two-
level atomic system and a quantized bosonic field. The Jaynes-Cummings model 
resembles the supersymmetric oscillator, incorporating both bosonic and fermionic 
degrees of freedom. However, our analysis shows that supersymmetry does not exist 
in this model under generic conditions. The Jaynes-Cummings model’s interaction 
between the bosonic and fermionic components introduces an energy splitting that 
breaks the pairing of bosonic and fermionic states. Consequently, the ground state 
energy of the Jaynes-Cummings system is nonzero, indicating spontaneous breaking 
of supersymmetry. Interestingly, supersymmetry can be restored under specific 
tuning of the model parameters, where the degeneracies of the energy spectrum 
are recovered. 

Through these studies, we have demonstrated that while elegant and powerful, 
supersymmetry is sensitive to the details of system interactions and external condi-
tions. The spontaneous breaking of supersymmetry observed in the Landau problem 
with confinement and the Jaynes-Cummings model highlights the intricate balance 
required to maintain this symmetry. These findings underscore the broader implica-
tions of supersymmetry in quantum mechanics, statistical mechanics, and quantum 
field theory. The results presented in this paper provide a unified perspective on the 
thermodynamic and quantum properties of supersymmetric systems. They also reveal 
the connections between supersymmetric oscillators, electrons in magnetic fields, and 
light-matter interactions in quantum optics. These insights could be a foundation for 
further research into applying supersymmetric principles in mesoscopic systems, 
quantum technologies, and beyond. Future investigations could explore the restora-
tion of supersymmetry in broken systems and the potential realization of supersym-
metric quantum devices, opening new avenues for integrating symmetry concepts 
into experimental and applied physics.
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Chapter 5

Black Hole as an Information
Mirror
Xuanhua Wang 

Abstract 

Black holes, as described within the framework of effective field theory, radiate 
particles in thermal spectra, with temperatures proportional to the surface gravities on 
the event horizons. If a black hole forms from collapsing matter in a pure state, 
Hawking’s calculation suggests that the resulting radiation is in a mixed state by the end 
of the evaporation process, violating the unitarity of quantum mechanics. This contra-
diction led to a long-standing puzzle regarding information conservation in black holes. 
After the discovery of the AdS/CFT correspondence, it becamemore accepted that black 
hole dynamics should be unitary, even though concrete calculations were still lacking. 
Recent breakthroughs, particularly computations of radiation entropy using quantum 
extremal surfaces, have successfully demonstrated the conservation of von Neumann 
entropy during black hole evaporation, while quantum information theory has enabled 
the development of protocols for decoding information from Hawking radiation. How-
ever, challenges persist in understanding the precise mechanisms by which information 
from infalling matter becomes enc oded in radiation and how external observers might
retrieve it. Nevertheless, recent advances suggest these questions are becoming increas-
ingly tractable, offering valuable insights into the conditions and processes that enable
information recovery from black hole radiation.

Keywords: black hole information paradox, Hawking radiation, entanglement
entropy, unitarity, information decoding

1. Introduction 

Not long ago, black holes were often pictured as cosmic vacuums with singularities 
at their core—giant, dark objects that devour everything crossing their event hori-
zons, allowing no escape or return. However, this perspective has undergone a pro-
found transformation: black holes are no longer viewed solely as information
destroyers but, intriguingly, as mirrors that can reflect information back into the
universe in a changed form. In this chapter, we will delve into the fascinating and
evolving problem of black hole information.

The study of black holes is not only essential for cosmology but also instrumental 
for quantum gravity. Black holes provide an ideal platform to explore the intersection
of general relativity and quantum mechanics [1–4]. The black hole information para-
dox serves as a prime example of the apparent conflict between these two founda-
tional frameworks. Proposed by Stephen Hawking in the 1970s, the paradox stems
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from his groundbreaking discovery that black holes emit thermal radiation—now 
known as Hawking radiation— with a temperature determined by the event horizon’s
surface gravity [5–7]. This discovery implied that black holes, once thought to trap 
everything forever, could evaporate over time. If the matter that collapses into a black 
hole begins in a pure quantum state, the emitted thermal radiation seemingly carries 
no information about the initial state. By the time the black hole fully evaporates, the 
remaining mixed state would violate the principle of unitarity, which asserts that
quantum information must always be conserved. However, allowing information to
escape will require modification of the entanglement between the emitted radiation
and the black hole, which will cause a “firewall” on the horizon, violating equivalence
principle [8, 9]. This paradox raised one of the most profound and challenging ques-
tions in modern theoretical physics [10–12]. 

One critical aspect of the black hole information paradox is around the von Neu-
mann entropies of a black hole and its Hawking radiation. In an evaporating black 
hole, the emitted radiation remains entangled with the black hole itself, leading to an
increase in the radiation’s von Neumann entropy. This behavior seems to challenge the
Bekenstein bound, which states that the total entropy of a system cannot exceed the
entropy proportional to its boundary area [13–15]. Yet, calculations from effective 
field theory suggest the violation of this bound due to the monotonically increasing 
entropy in Hawking radiation. In 1993, Don Page introduced the Page curve, a theo-
retical prediction of how entropy evolves during black hole evaporation [16, 17]. 
Initially, entropy rises as radiation is emitted. However, if information is preserved, 
the entropy must eventually decline as the black hole nears complete evaporation,
revealing the encoded information. This characteristic behavior of entropy became a
central feature in understanding the paradox.

The debate on whether black holes conserve information gained public attention
with the famous Hawking-Preskill-Thorne bet [18]. Stephen Hawking and Kip Thorne 
bet John Preskill that information was irrevocably lost in black holes. In 2004, after 
significant theoretical developments, including insights from the AdS/CFT corre-
spondence, Hawking conceded the bet, acknowledging that information is likely
preserved during black hole evaporation.

A significant breakthrough emerged in recent years with the discovery of a gener-
alized gravitational entropy formula, which is also referred to as the “Island formula”
[19–21]. The formula introduces isolated regions—or “islands”—inside the black hole 
that contribute to the entanglement entropy at late stages of evaporation. Calculations
based on this formula have offered a robust demonstration of entropy conservation in
gravitational systems [22–27]. 

Closely tied to entropy conservation is the question of when information can be 
retrieved from black hole radiation. While logically this question assumes entropy 
conservation in black holes, it was addressed earlier than the Island formula through
arguments based on quantum information theory. Analyses suggest that after the Page
time, information can be extracted from Hawking radiation at close to the maximal
speed [28–30]. This finding effectively transforms a black hole from an information 
destroyer into an information mirror. Rapid advancements in quantum information 
science and quantum computing over the last decade have significantly influenced our 
understanding of fundamental physics. These developments also sparked much intel-
lectual curiosity about whether we could realistically decode information from
Hawking radiation if a black hole was created in a laboratory and all its radiations
were carefully collected. Consequently, various decoding programs were investigated
[31–38]. These studies using quantum information tools have provided
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tremendous new insights than previous anticipated and extended the horizon of our
understandings.

This chapter explores the historical context, key theoretical breakthroughs, and 
ongoing efforts to resolve the black hole information paradox. In Section 2, we discuss 
the calculation of the von Neumann entropy for black holes, along with the Island 
formula. Section 3 focuses on how quantum information theory can help address two
crucial questions about black hole information: When does information escape the
black hole? And how can we decode this information from the emitted radiation?
These discussions will shed light on the path toward a deeper understanding of black
hole information dynamics.

2. Entanglement entropy of black holes

While the second law of thermodynamics suggests a perpetual increase in the 
thermal entropy of any closed system, the von Neumann entropy of a quantum 
system is conserved under unitary evolution. This principle directly conflicts with 
Hawking’s radiation formula derived from effective field theory. For massive black 
holes, where effective field theory is expected to remain valid even near the event
horizon, this inconsistency became a focal point of research. Therefore, the computa-
tion of entropy is essential for the understanding of the problem. In this section, we
introduce the development in calculating the von Neumann entropy for gravitational
systems.

2.1 Ryu-Takayanagi formula and quantum extremal surface

The von Neumann entropy can be viewed as a quantum extension of the Shannon 
entropy, which measures the uncertainty associated with the states in a system or the 
amount of information one obtains once the state is known. For quantum systems, the
uncertainty arises from the entanglement with the outside. Therefore, the von Neu-
mann entropy measures the amount of entanglement a system has with external
systems [39]. The definition of von Neumann entropy is given by

S ρð  Þ ¼ -trρ log ρ, (1)

where ρ is the density operator of the system. For a pure system AB consists of A and 
its complement B ¼ A, the entropy satisfies S ρAð  Þ ¼ S ρBð  Þ  and represents the entan-
glement between the two systems. Since we usually consider black holes formed by 
pure-state matter for simplicity, the entropy of a black hole is also the entropy of its
radiation. Notably, to compute the von Neumann entropy, one has to know the
quantum state of the system beforehand. However, it is not easy to do in case of black
holes due to the lack of well-established theory of quantum gravity. The effective
theory calculation given by Hawking yields a thermal density matrix for the radiation:

ρ∝  ⊗  
ω, l,m 

X 

n 
nihnj  jω,l,mP ω, lð Þe-βωn

 !
, (2)

where P ω, lð  Þ  is the gray-body factor and n is the particle number [5–7]. Noticeably, 
the low-energy modes are nearly maximally entangled. This density matrix does not
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respect unitarity in the later stages of a black hole ’s evolution due to monotone
increase of entropy.

In conformal field theories, Ryu and Takayanagi proposed a new approach to 
compute entropy without relying directly on the exact density matrix [40, 41]. They 
demonstrated that the entanglement entropy of a region in the boundary CFT corre-
sponds to the minimal area of a homologous surface in the bulk, a relationship known 
as the Ryu-Takayanagi (RT) formula. The formula was explicitly calculated in specific
examples but conjectured as a more universal formula for the subsystem entangle-
ment entropy SA of CFTd + 1 given by

SA ¼ Area γAð  Þ  
4G dþ2

N

, (3)

where the manifold γA is the d-dimensional minimal static surface with the boundary 
∂A. This surface is also referred to as the RT surface (see Figure 1). This conjecture 
offers a geometric method for calculating entanglement entropy, bypassing the 
explicit use of the exact density matrix. Instead, the entropy is determined purely 
from the geometry. This key insight has played a significant role in addressing the
black hole information paradox and deepened our understanding of the relationship
between geometry and quantum information.

For quantum fields in gravitational backgrounds, such as those involving black 
holes, quantum corrections to the RT formula introduce an additional term
corresponding to the bulk entanglement entropy [19, 21]. This modified formula has 
been derived through various approaches, leading to an extension of the original RT 
prescription. Throughout our discussion, we will assume that a black hole and its 
radiation together form a pure state. In this case, the entropies of the black hole and its
Hawking radiation are identical, and we use these terms interchangeably. The modi-
fied entropy formula is given by [19–21, 41–43]. 

SvN ¼ min 
X 

extX 
Area Xð  Þ  
4GN 

þ Ssemi-cl ΣXð Þ , (4)

where X is the codimension-2 surface, ΣX is the region between the boundary of the 
region of interest and X, and Ssemi-cl ΣXð  Þ  is the entanglement entropy of quantum fields 
on ΣX in the semi-classical description where gravity is treated classically. The cutoff
surface marks the boundary beyond which gravitational effects are considered negli-
gible, and the spacetime geometry is treated as fixed. A demonstration of the surfaces
in an evaporating black hole is shown in Figure 2. The surface that extremizes the 
generalized entropy, defined by the expression inside the brackets of Eq. (4), is 
termed the quantum extremal surface. The quantum extremal surface can be viewed 
as an extension of the RT surface which includes corrections from quantum gravity.

This entropy formula is also referred to as the “island formula” in literature, 
particularly in the context of computing the entropy of Hawking radiation. When
computing the radiation entropy, the formula takes the form:

SvN Radð  Þ ¼  min 
X 

extX 
Area Xð  Þ  
4GN 

þ Ssemi-cl ΣRad∪ΣIslandð Þ , (5)

where ΣRad is the region outside cutoff surface and ΣIsland is the region inside the
quantum extremal surface. Notably, when computing the semi-classical entropy,
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Figure 1. 
An diagrammatic illustration of an RT surface in AdS3/CFT2. (a) AdS3 space in the global coordinate and CFT2 
living on its boundary. γA in red is the RT surface for the subsystem A. (b) The RT surface on a time slice is the
geodesic in AdS3, and it can be viewed as a holographic screen of the subsystem B. Figure from Ref. [41]. 

contributions from both the region inside the quantum extremal surface—the island 
region —and the region outside the cutoff surface must be included.

2.2 Derivation of the island formula

The most direct way to derive the formula is through the gravitational path inte-
gral and the replica trick. Here, we present a brief derivation of the gravitational
entropy formula. Interested readers can refer to Refs. [19, 23, 44] for detailed discus-
sions. In quantum field theory, the entanglement entropy can be calculated using the 
replica trick. Suppose we have n copies of the system, the entropy for a subsystem A
can then be written as [44]. 

SA ¼ -trAρA log ρA ¼ - lim 
n 1 

∂n log trAρnA: (6)

Here, trAρn 
A can be computed on the n-fold cover of the original spacetime, where 

replicas of the original spacetime sheet glued together with a cut along A. This con-
struction is illustrated in Figure 3, where fields marked by the same colors are identi-
fied. From the figure, we can directly read

trA ρ
n 
A 

( ) ¼ Zn 

Z n
, (7)

where Zn is the n-sheet partition function. From Eq. (6), the entropy for quantum 
fields in region A can be expressed as

SA ¼ - lim 
n 1 

∂n logZn - n logZð Þ: (8)

For conformal fields living on general manifolds with nontrivial gravity or topol-
ogy, the total partition function includes both the gravitational contribution and the
partition function for the quantum fields:ð

Z ¼ Dge-SE g½  ]ZCFT, (9)
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Figure 2. 
Quantum extremal surface and island in the Penrose diagram for an evaporating black hole after the Page time. To 
compute the entropy of Hawking radiation outside the cutoff surface, one computes the surface that extermizes the
generalized entropy inside brackets of Eq. (4) and then minimizes the generalized entropy. Before the Page time, 
the quantum extremal surface that minimizes the generalized entropy shrinks to zero.

where SE g is the gravitational Euclidean action given by

SE g½  ] ¼ - 1 
16πG 

ð 
dxd ffiffiffigp 

Rþ … ð Þ þ boundary  terms
( )

: (10)

For simplicity, we will ignore higher curvature and boundary terms. Gravity is consid-
ered only near the classical saddle, and the saddle-point approximation gives ZGR∝e-SGR. 
To compute the entropy of fields on a gravitational background, we can instead consider 
its complementary region where no gravity effect is involved. To apply the replica trick, 
we require n copies of the original spacetime. In the gravitation regions, additional 
classical sa ddles may exist –most notably the “wormhole saddle” – on the n-cover
manifold ~Mn, as illustrated in Figure 4. While the manifold ~Mn is smooth everywhere, 
the orbifold defined by Mn ¼ ~Mn=ℤn has conical singularities with an opening angle 
2π=n. The integration of the Ricci scalar in Eq. (10 ) can be done on the orbifold Mn, 
which gives

ð 
dxd ffiffiffigp 

R ¼ 4π 1- 1=nð Þ
ð 
Σd-2

ffiffiffi
g

p
, (11)

where Σd-2 is the codimension-2 slice. This integral can be interpreted as being
performed on the cones near conical singularities [19]. Combining this with Eq. (6), 
we arrive at the generalized entropy formula:

Sgen ¼ Areacd¼2 

4GN 
þ Smatter, (12)
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Figure 3. 
Computing trAρn 

A by gluing n copies of the original spacetime sheet with a cut along A. The gluing is represented by
identifying the fields of the same colors. Figure from Ref. [44]. 

where Areacd¼2 denotes the area of the codimension-2 surface, and Smatter 
represents the entropy of the CFT, which depends on the positions of the conical 
singularities. In fact, Smatter now includes contributions not only from the fields 
in the non-gravitational regions but also from inside the wormholes, i.e., between
the conical singularities, due to the wormhole configurations. This result can be
shown explicitly by inserting twister operators at conical singularities. As a
consequence, this reproduces the semiclassical entropy Ssemi-cl ΣXð Þ as expressed
in Eq. (4). Here, the cutoff surface corresponds to the boundaries of the non-
gravitational regions. By extremizing Eq. (12), one can identify the quantum
extremal surface.

This simple derivation already demonstrates how including contributions 
from Euclidean wormholes in the gravitational path integral can influence the 
calculation of entropy. The diagrammatic representation of replica wormholes
and the orbifoldMn is illustrated in Figure 4. The configurations with wormholes 
are usually referred to as the “wormhole saddle,” while those without wormholes 
are referred to as the “Hawking saddle.” Generally, contributions f rom both saddles
need to be evaluated to determine which dominates in the computation of
entanglement entropy.

2.3 Entanglement entropy from the island formula

The gravitational entropy formula does not rely on the assumption of AdS/CFT 
correspondence and has been applied to the calculation of Page curves for black 
holes in spaces beyond asymptotically AdS, including both eternal and dynamic black
holes. For more details, interested readers can refer to Refs. [25, 27, 45–55]. In this 
subsection, we will briefly discuss the results of these calculations and their
implications.

The first step in obtaining the entropy of Hawking radiation is to compute the
generalized entropy:

Sgen ¼ Area ∂Ið  Þ  
4GN 

þ Smatter R∪Ið Þ, (13)
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Figure 4. 
An example of the covering manifold ~ℳn and the orbifold ℳn with n ¼ 3. The non-gravitational regions where 
the entropy of quantum fields is calculated are represented by two black curvy lines. The conical singular points are
at w1 and w2. Figure from Ref. [23]. 

where the second term corresponds to the entropy in the semi-classical 
approximation. After extremization, boundaries of the islands are found to 
either lie close to the event horizon or become trivial. For instance, the
Penrose diagram of an island saddle for a static charged black hole is shown
in Figure 5, where the island is the slice between the end points a- and aþ near
the horizon.

For an island saddle, the first term in the generalized entropy resembles the 
Bekenstein-Hawking entropy of a black hole. Since the union R∪I occupies most of the 
spatial region on the Cauchy slice and the total entropy on the slice is zero, the 
generalized entropy can be well-approximated by the Bekenstein-Hawking entropy of
the black hole. In the case of a trivial island, the generalized entropy reduces to the
semi-classical entropy of the radiation. To obtain the von Neumann entropy, one has
to select the minimal value between the Bekenstein-Hawking entropy and the semi-
classical entropy of the radiation.

What Eq. (4) implies for an initially pure-state black hole is that the entropy 
of the emitted Hawking radiation is determined by the semi-classical entropy 
at the early stage of its evaporation. Prior to the Page time, the quantum 
extremal surface is trivial and Hawking’s thermal radiation formula accurately 
computes the von Neumann entropy. During this phase, the entropy of Hawking 
radiation grows monotonically with time. However, after the Page time, the quantum 
extremal surfa ce shifts to around the event horizon of the black hole. This region,
isolated from the exterior radiation, is the entanglement island. Then, the
dominant contribution to the entropy arises from the area of this extremal surface,
which is approximately the Bekenstein-Hawking entropy. For an eternal two-sided
black hole, the von Neumann entropy of Hawking radiation saturates at a constant
value 2SBH after the Page time, as illustrated in Figure 5. In contrast, for an evaporat-
ing black hole, the entropy decreases monotonically until the black hole has
completely evaporated.

Interestingly, the Page curve derived from the island formula agrees with the result
originally obtained by Page through pure quantum mechanical arguments [16, 17]. 
This agreement, combined with insights from the AdS/CFT correspondence, suggests 
that black holes can be treated as ordinary quantum systems with unitary dynamics.
This perspective has spurred interest in integrating ideas and techniques from quan-
tum information into the study of black holes.
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3. Black holes as information mirrors

Black holes scramble quantum information rapidly [29, 30]. This feature 
motivates the representation of quantum dynamics inside a black hole by 
random unitary operations. Before the discovery of the quantum extremal surface,
Hayden and Preskill used this approach to investigate when information escapes a
black hole, assuming unitary dynamics inside a black hole [28]. They found that black 
holes essentially function as information mirrors, with infalling information being 
bounced back almost immediately upon reaching the event horizon. The discovery
opens a new avenue for studying black holes from the quantum information
perspective.

3.1 Hayden-Preskill thought experiment

In 2007, Hayden and Preskill demonstrated that information dropped into a black 
hole after the Page time can escape at an optimal rate, while information dropped in 
before the Page time can still escape shortly after the Page time. This finding was
surprising, as the rapid recoverability of information was unexpected. Despite the
astounding nature of this result, the argument and techniques behind it are remark-
ably straightforward, as we will explain in the following discussion.

One can imagine that Alice plans to destroy certain quantum information she holds 
by tossing her qubits M into a black hole. We assume that Alice’s qubits M are 
maximally entangled with Charlie’s qubits N, with ∣M∣ ¼ ∣N∣. The initial state of the
quantum memory is the pure quantum state

∣ΦiMN ¼ 1ffiffiffiffi
N

p 
X∣N∣ 

a 1 
∣aiM ⊗ ∣aiN: (14)

Bob, who intends to decipher Alice’s information from the Hawking radiation, has 
been collecting all the radiation emitted from the black hole since its formation. For an 
old black hole—one that has radiated away most of its initial mass—the system is 
nearly maximally entangled with its early radiation, denoted by E . Assuming Bob has
full knowledge of the black hole’s internal dynamics, which are modeled as a thorough
scrambling of the infalling information via a known unitary transformation, an
essential question arises: When will Bob be able to recover Alice’s information from
the Hawking radiation?

It is clear that when the whole black hole has evaporated unitarily, Bob will 
eventually retrieve Alice’s information. The key question is about the earliest time the
recovery becomes possible. The diagrammatic illustration of the setup is shown in
Figure 6, where E is the early radiation that Bob has collected since the beginning of 
the black hole’s formation, B is the black hole state after absorbing Alice’s subsystem 
M, R is the new radiation emitted after the absorption of M, and VB is the scrambling
unitary chosen randomly with respect to the Haar measure on U B .

To determine whether Bob has successfully recovered the information that Alice 
attempted to destroy, we examine the entanglement between Charlie’s system N and 
the remnant black hole B0 as more and more radiation is emitted. If Bob can extract a 
subsystem from the Hawking radiation that is maximally entangled with N, we can
conclude that he has recovered Alice’s quantum memory. To begin, we calculate the
distance between the system B0N and the unentangled state σN VB( )

⊗ B
0
=
ffiffiffiffiffiffiffi
∣B0∣

p
,
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Figure 5. 
An example of the island configuration (left) and the Page curve (right) for an eternal Reissner–Nordström black 
hole. The left figure shows the Penrose diagram of a charged black hole and its island after the Page time. The goal is 
to compute the entropy for the Hawking radiation on the two slices R- and Rþ. The island is represented by the red 
line between the ends a- and a þ near the horizon. On the right is the Page curve for the entropy. The dashed orange
line shows the linear growth of entropy past the maximal entropy 2SBH after the Page time tPage according to the
effective field calculation. The Island formula yields the blue solid line due to the dominance of the island saddle
after tPage. Figure from Ref. [54]. 

where σN VB is the reduced density matrix of system N after the scrambling opera-
tion VB, defined as

σ Nð  Þ ¼  TrRB0 N ⊗VB ρBN  N ⊗VB† : (15)

Here, the system B refers to the states just before entering VB, to which the scrambling 
is applied. The distance, averaged over the scrambling unitary VB, can then be esti-
mated as

d  NB0ð  Þ ¼
ð 
dVB σNB0 

VB( )- σN VB( )
⊗ B

0 
= 
ffiffiffiffiffiffiffi
∣B0∣

p|||||| ||||||2 

1 
≤ 

∣ NB∣
Rj j2 Tr ρNB( )2h i

, (16)

where the L1 norm is defined by Aj  j1 ¼ Tr 
ffiffiffiffiffiffiffiffiffi
A†A 

p 
. Since the system B is maximally 

entangled with NE, ρNB is maximally mixed in a system of dimension ∣B∣=∣N∣, which
gives

Tr ρNB( )2 ¼ ∣N∣ 
∣ B∣

: (17)

Assuming that Alice has tossed k qubits into the black hole and r qubits have been
radiated in the system R, the inequality Eq. (16) becomes 

ð 
dVB σNB0 

VB( )- σN VB( )
⊗ B

0 ffiffiffiffiffiffiffi
∣B0∣

p|||||||| 

|||||||| 

2 

1 

≤ Nj  j2 

Rj  j2 ¼ 2
2k

22r
¼ 22 k-rð Þ: (18)

This inequality shows that Charlie’s qubits N will become nearly completely 
disentangled from the black hole B0 as soon as only slightly more qubits in R are 
emitted from the black hole. When N becomes disentangled from the black hole, it
will be in maximal entanglement with ER. Then, decoding maps can be designed with
fidelity satisfying
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Figure 6. 
Hayden-Preskill thought experiment on information retrieval from an evaporating black hole. Initially, the black hole 
is maximally entangled with its earlier radiation E, and Alice’s qubits M are maximally entangled with Charlie’s 
qubits N. After M is absorbed into the black hole, the total system B undergoes a random unitary scrambling VB,  after  
which new radiation R is emitted and the remnant black hole is represented by B0. Figure from Ref. [28]. 

F  VB( )
≥ 1- σNB0 

VB( )- σN VB( )
⊗ B

0 ffiffiffiffiffiffiffi
∣B0∣

p|||||||| 

|| ||||||
1

: (19)

Averaging over the unitary VB, the fidelity satisfies F≥ 1- 2- k-rð  Þ. Therefore, Bob will 
be very confident that he can successfully recover the information Alice tried to
destroy shortly after he has collected a few more qubits than Alice tossed.

From the calculations above, we can readily conclude that if Alice dropped k qubits 
into the black hole after the Page time, Bob only needs to wait until the black hole has 
emitted approximately O kð  Þ  qubits to recover the information with appreciable con-
fidence. Apparently, the time it takes is negligible compared to the Page time or the
lifetime of the black hole; thus, a black hole essentially functions as an information
mirror, reflecting back infalling information almost as soon as it enters the black hole.

Moreover, the above result has a correspondence in the quantum extremal surface 
formulation. From the calculation of entanglement entropy, it is known that the 
boundary of an entanglement island after Page time lies approximately on the event 
horizon. Therefore, if we toss information into the black hole, it will not significantly
alter the island structure, assuming its energy is much less than the black hole’s mass.
As information inside quantum extremal surfaces is interpreted as effectively encoded
in the radiation via entanglement wedge reconstruction [26, 56, 57], analogous to the 
holographic screen of the RT surface in Figure 1, the information can be retrieved 
almost immediately after reaching the horizon. Remarkably, this reasoning from the 
gravity side aligns with the quantum information argument presented above, where
black hole dynamics are modeled as a random unitary.

3.2 Information decoding from black holes

In the previous subsection, we have seen that information dropped into a black 
hole after the Page time can, in principle, be quickly decoded from the Hawking
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radiation. In this subsection, we will show explicitly how to decode the information 
starting with the decoding protocol proposed by Yoshida and Kitaev [31]. With an 
explicit decoding protocol, one may simulate the information recovery from black 
hole radiation by running the algorithm on quantum computers and testing it in
practice!

3.2.1 Yoshida-Kitaev protocol

The Yoshida-Kitaev decoding protocol is based on the Hayden-Preskill thought 
experiment. The idea is to prepare a similar auxiliary system and perform a
corresponding scrambling unitary, such that the information initially stored in the
entanglement between R and A in Figure 7 is shifted to the entanglement between R 
and a corresponding output state of the same dimension, R0.

On the left panel of Figure 7, the Hayden-Preskill thought experiment is illus-
trated. Alice’s qubits, which are maximally entangled with R, are isometrically 
embedded into the quantum state A. Here, ∣ξi ¼  IR ⊗Ξαð Þ∣EPRiRα, where Ξ : α ! A is 
an isometric embedding of Alice’s qubits α. The outputs of the random unitary U are 
the new radiation D , represented by the red arrow, and the remnant black hole C. The
goal for Bob is to perform an operation V on subsystems D and B0 to recover the EPR
state ∣EPRiRR0 . The explicit decoding algorithm is shown in the right panel of Figure 7. 
The operations in the circled shaded region correspond to the operation V shown in
the left panel.

In this decoding protocol, Bob has to measure the output state on the joint 
subsystem ∣DD0i. Assuming U is a Haar-random unitary gate, Bob can only success-
fully decode the information if the projection onto ∣EPRiDD0 is realized. However, the
probability of a successful EPR projection is

PEPR≈ 
1 

dAdR 
þ 

1 
d2 
D 
≤ 

1

d2R
, (20)

Figure 7. 
The Yoshida-Kitaev decoding protocol for executing the information retrieval procedure from an evaporating black 
hole. The Hayden-Preskill thought experiment is shown in the left panel. Initially, the black hole B and its 
Hawking radiation B0 are maximally entangled. Alice’s qubits, which are maximally entangled with R, are 
embedded isometrically into the quantum state A. After the random unitary U, the new radiation D is emitted, 
represented by the red arrow, and the remnant black hole C remains. Bob will perform an operation V on the
systems D and B0 to recover the information. In the right panel, an explicit algorithm is presented. Bob will prepare
primed systems and project D and D0 onto the EPR state. If the projection is successful, Bob will successfully decode
the information, and the subsystems R0 and R will form an EPR state. Figure from Ref. [31].
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which means that even if enough radiation is collected by Bob, the chance of success-
ful decoding will not be much better than pure guessing, except that he will know 
when he gets the information correctly. Fortunately, this problem of selecting a
particular state is a well-known issue in quantum information theory and can be
solved by methods such as Grover’s search algorithm [58]. By implementing such 
search algorithms, the EPR projections can be replaced by the search protocols, and 
the problem of a low success probability can be avoided. Therefore, one could decode
the information with significantly higher confidence.

3.2.2 Horowitz-Maldacena model and decoding in effective descriptions

The decoding protocol discussed in the previous subsection is implemented on the 
modes in the boundary theory, where effective modes inside the black hole are 
excluded. In this description, no information paradox is present, and the entangled 
Hawking pairs generated near the horizon are not considered. However, in the effec-
tive field theory, black holes emit mixed-state radiation entangled with partner modes
inside the horizon. This effective description, originally thought to be valid in the
weak gravity regime, contrasts with the unitary description from boundary theories.
The Horowitz-Maldacena (HM) proposal [59] attempts reconciliation by imposing a 
final-state boundary condition at the singularity, enabling information escape via 
quantum teleportation. However, it faces challenges, including causality violations
and inconsistency with the Page curve [60, 61]. Recent refinements reinterpret infor-
mation transfer as non-isometric encoding. By including a scrambling unitary 
followed by a nonunitary projection onto a fixed state, one can show that this simple 
picture can reproduce the Island formula initially obtained through the gravitational 
path integral. The reason for its success may be related to the fact that the Haar
average in a finite-dimensional Hilbert space can be seen as a projection into a sub-
space P of the replica Hilbert space used for computing Renyi entropies [62, 63]. 
Moreover, decoding protocols similar to the Yoshida-Kitaev protocol have been 
applied to the final-state projection model to test information recoverability in the
model [36]. In contrast to the original Hayden-Preskill thought experiment, where 
only unitary dynamics are present, whether information is still conserved when a 
large portion of modes are reduced through the non-unitary projection process is no
longer obvious. The information conservation in the modified final-state projection
model has been explicitly shown, and the decoding protocols have been tested on
quantum computers.

The diagrammatic illustration of the decoding strategy is shown in Figure 8. 
The black hole is formed from a pure state ∣ψ0if . A and A0 represent the 
subsystem Alice tossed into the black hole and its entangled counterpart, respectively. 
r denotes the infalling modes inside the black hole, while R represents the Hawking 
radiation maximally entangled with r. After the application of a random unitary U—

which can also be interpreted as a mapping to the fundamental picture—redundant
modes must be projected onto a fixed state using operators such as h0jP to conserve
entropy. Finally, B and R0 represent the remnant black hole and the new radiation,
respectively.

Compared to the original Hayden-Preskill protocol, the ingoing modes r 
and the projection h0jP are explicitly included in this framework. Interestingly, 
for black holes that have existed longer than their Page time, the EPR projections
as required in the Yoshida-Kitaev protocol are no longer necessary in this model
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Figure 8. 
The Hayden-Preskill thought experiment for the modified final-state projection model. The model is presented in 
the left half of the diagram, and the right half shows the decoder. The black hole is formed by the pure state ∣ψ0if .  A  
and A0 represent the subsystem Alice tossed into the black hole and its entangled subsystem, respectively. r represents 
the infalling modes inside the black hole, while R represents the Hawking radiation that is maximally entangled
with r. After the random unitary U, which is also viewed as the mapping to the fundamental picture, redundant
modes must be projected onto a fixed state by operators such as h0jP to conserve entropy. B and R0 represent the
remnant black hole and the new radiation, respectively. Figure from Ref. [38]. 

due to the annihilation of the majority of modes inside the black hole by the local
projections.

4. Conclusions 

The progress in understanding black hole information is a monumental achieve-
ment in theoretical physics, combining insights from quantum field theories, gravity, 
and quantum computing. The discovery of the Page curve—and its agreement with 
the principles of unitary quantum evolution—supports that information is conserved 
during black hole evaporation. The Island formula not only provides a computational 
tool of entropy but also reveals a deeper entanglement structure underlying the late-
time behavior of black holes. Its results align with results derived from quantum
information arguments: information is not lost inside black holes but delicately
encoded in the Hawking radiation and released shortly after the Page time. This
synthesis of gravitational and quantum information perspectives not only helps
resolve the long-standing paradox but also opens new avenues for understanding the
fundamental nature of spacetime and quantum gravity.

In this chapter, we explored the connections between gravity, quantum mechan-
ics, and quantum information theory in addressing black hole information problems. 
Beginning with the Ryu-Takayanagi formula, we derived the Island formula from 
gravitational path integrals, offering a generalized framework for computing the 
entanglement entropy of black holes and their radiation. We demonstrated its effec-
tiveness in calculating the entropy of Hawking radiation and explored its implications 
for both static and evaporating black holes. Moving beyond gravitational formulation, 
we examined how concepts and tools from quantum information theory, exemplified
by the Hayden-Preskill thought experiment and Yoshida-Kitaev algorithm, shed light
on how information can be extracted from Hawking radiation in simple quantum
qubit models. We also applied the decoding protocol to the final-state projection
models, showing that information is conserved even when states falling into the black
hole are projected nonunitarily onto local states, thus extending the scope of effec-
tively unitary descriptions. These studies also provide a quantum algorithm approach
for simulating the information recovery from black holes on quantum computers.
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In addition to the gravitational path integral and quantum information formalisms 
discussed in the previous subsections, many other qubit models have been proposed as
alternative and effective descriptions of black hole entanglement dynamics. For a non-
exhaustive list, see [37, 59, 64–69]. For example, Wang et al. [37] explores potential 
connections between Page transitions in the entanglement entropy and quantum-to-
classical transitions in quantum measurements, where the state purification in the late
stage of Hawking radiation is interpreted as an effective measurement. In [64], non-
local gravitational degrees of freedom are proposed as a mechanism for allowing
information to escape from the black hole.

Despite these advances, several questions remain. Though the generalized entropy 
formula is consistent with unitarity, the microscopic mechanism behind these results
is not entirely transparent [70–72]. Questions on the physical meaning of the Euclid-
ean wormholes, the smoothness of horizons, and the exact quantum state of Hawking 
radiation are examples where the Island formula has not provided fully satisfying 
explanations. Furthermore, since the Island formula corroborates Hawking’s effective
field calculations before the Page time, it is unclear why Hawking’s radiation formula
fails afterward. The avoidance of firewalls within this framework is also not entirely
transparent.

The collaboration between black hole physics and quantum information science 
has yielded fruitful results for both fields. As technology advances and theoretical
understanding continues to evolve, future investigations may bring more surprising
insights into the quantum nature of black holes.
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General relativity and quantum mechanics are the twin pillars of modern physics, yet their 
unification remains one of the deepest open problems in science. This volume explores the 

fertile territory where these frameworks meet, the semiclassical frontier, asking what can be 
reliably calculated when quantum fields propagate on curved spacetime and when gravity 

affects quantum systems. The contributions survey quantum field theory in curved spacetime, 
black hole thermodynamics, and the black hole information paradox, including recent work on 
entanglement islands and Page curves. They analyze gravitational phase shifts in matter-wave 
interferometry, quantum effects in realistic black hole environments, and the role of entropy 
and entanglement in semiclassical gravity. The book also reviews theoretical extensions such 

as extra-dimensional models of the hierarchy problem and supersymmetric systems that 
illuminate vacuum energy cancellations and the structure of quantum spectra. A recurring 

theme is that entropy and entanglement appear across seemingly disparate contexts, including 
Hawking radiation, quantum extremal surfaces, interferometry, and supersymmetric toy 

models, suggesting that these concepts lie at the heart of any future theory of quantum gravity. 
Throughout, the chapters emphasize explicit, worked calculations such as phase-shift formulas, 

entropy prescriptions, and partition functions that readers can follow, modify, and apply in 
their own research. Aimed at advanced students and researchers, this volume offers a rigorous, 
self-contained overview of current tools at the quantum–gravity interface. It does not claim a 

final theory, but it does provide a clear map of the questions that can now be posed precisely, the 
methods available to address them, and the experimental and observational arenas, from atom 

interferometry to black hole imaging, where semiclassical ideas can be tested.


	Quantum Theory Meets Gravity - From Curved Spacetime to Black Hole Information
	Contents
	Preface
	Chapter 1 - Quantum Field Theory in Curved Spacetime: An Introduction to Gravity’s Impact on the Double-Slit Experiment
	Chapter 2 - Perspective Chapter: Dynamics and Quantum-Gravitational Interactions in Plasma-Surrounded Kottler-Schwarzschild-Kiselev Spacetimes: Theoretical framework and Experimental Validation
	Chapter 3 - Perspective Chapter: Gravity inExtradimensional Space
	Chapter 4 - Thermodynamics of aSupersymmetric Oscillator
	Chapter 5 - Black Hole as an Information Mirror

