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Preface

Fourier Transform is among the most powerful mathematical tools used in various
scientific and engineering disciplines. From its origins in solving heat conduc-
tion problems to its modern applications in signal processing, spectroscopy, and
quantum mechanics, Fourier analysis has revolutionized the way we understand
and interpret complex data. Beyond Signals — Exploring Revolutionary Fourier
Transform Applications is a comprehensive volume that brings together leading
experts to discuss its diverse and groundbreaking applications across multiple
domains.

This book explores the theoretical foundations and practical implementations of
Fourier Transform techniques, highlighting their role in solving contemporary
scientific challenges. It is structured to provide an in-depth understanding of Fourier
methods in areas such as material characterization, biomedical imaging, nanotech-
nology, and computational modeling. Each chapter presents an analysis of cutting-
edge developments, demonstrating how the Fourier Transform enables precision in
diagnostics, enhances data analysis, and facilitates technological advancements in
various research fields.

A key feature of this volume is its interdisciplinary approach, bridging funda-
mental mathematics with applied sciences and engineering. Chapters dedicated

to signal processing discuss advanced audio and visual data analysis techniques,
while those focused on spectroscopy and imaging illustrate how Fourier Transform
aids in extracting critical information from complex physical systems. The book
also delves into its applications in nanomaterials, where Fourier-based techniques
play an essential role in characterizing structural and optical properties at the
atomic level.

This work is intended for researchers, engineers, and graduate students seeking a
deeper understanding of Fourier analysis and its applications beyond conventional
signal processing. By bringing together leading experts in the field, Beyond Signals —
Exploring Revolutionary Fourier Transform Applications provides a valuable resource
for those interested in leveraging Fourier Transform methodologies for scientific
innovation and technological progress.
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Chapter1

A ATR-FTIR Study of Extracted
Bioapatite from Archaeological
Bone

Antonio Martinez Cortizas and Olalla Lopez-Costas

Abstract

Extracted bioapatite (BAp) from archaeological skeletal remains is used in studies
reconstructing diet, mobility, and lifestyle of past human populations. Despite this,
few investigations have researched extracted BAp, although some of them suggest
that chemical extraction may alter BAp structure and composition. Here, we apply
attenuated total reflectance-Fourier transform infrared (ATR-FTIR) spectroscopy
on BAp extracted from archaeological bones: 29 human individuals of two medieval-
postmedieval necropolises and 30 non-humans from Roman and medieval times, all
from northwestern Spain. Statistical treatment includes principal component analysis
(PCA) on (i) selected peaks (dPCA) and (ii) whole spectrum (tPCA). Extracted BAp
shows the characteristic vibrations of the main components of a non-stoichiometric
apatite, as well as other minor vibrations related to labile components. PCA results
are also consistent in revealing the structural and compositional features of BAp,
although tPCA results correlate better to BAp IR indices and properties than dPCA
results. Significant differences in BAp spectral signal were found between human
and non-human bone, collections (i.e., necropolises), human groups (non-adults vs.
adults), human bone type (long bones vs. ribs), and non-human groups (bovine vs.
ovicaprid). Thus, extracted BAp also retains crucial information that could be related
to pre- and postmortem modifications of bone.

Keywords: ATR-FTIR, archaeological bone, bioapatite, yield, carbonate content,
C stable isotopes

1. Introduction

Bioapatite (BAp) is the main mineral component of bone and other human skel-
etal remains and may represent up to 70% of the bone mass [1]. BAp is widely used in
osteoarchaeological research to provide information on both ante- and postmortem
characteristics. For example, the isotopic composition of BAp is used to reconstruct
diet (8°C in carbonates), specifically to distinguish intake of marine/terrestrial
resources and C3/C, plants complementing the collagen isotopic study (e.g., [2]). The
isotopic composition of BAp in teeth and/or bones (8'°0 in carbonates) also con-
stitutes one of the most preferred approaches to paleomobility due to its relation to
rainfall water (e.g., [3]), and it did not decrease in popularity despite the use of bone
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BAp has recently been criticized due to potential postmortem alterations (e.g., [4]).
Indeed, many studies are focused on understanding postmortem changes in bone
(i.e., diagenetic alterations, e.g., [5-10]). Finally, in other studies, extracted BAp is
used to address physiological changes related or not with disorders (e.g., [11, 12]) and
to better understand changes in paleopathological bone composition, for example, if
infectious diseases could interfere with *C dating [13].

Despite the large amount of literature that is based on extracted BAp, some
investigations do not recommend the use of extracted BAp to research aspects related
to mineral structure, degree of order, maturity, and crystallinity, as the chemical
extraction may introduce significant modifications [1, 14]. They recommend the
direct use of the spectral information obtained in bulk bone despite they also agree
that overlapped vibrations from different components, as those arising from collagen,
introduce uncertainty in the calculation of peak intensities, areas, and ratios (i.e., IR
indices). In some cases, mathematical subtraction of the collagen spectrum—after
multiplication by an ad hoc coefficient—is recommended to account for/correct
the collagen signal [14]. This is also problematic, as it has already been shown that
collagen undergoes diagenetic changes that result in decreased absorbance in the
amide region (1900-1200 cm™") and increased absorbance in the proteoglycan region
(1200-800 cm™) [15], both overlapping with the phosphate and carbonate absor-
bances. In fact, Grunewald et al. [1] already indicated that collagen subtraction must
be made with the spectrum of the collagen extracted on the same bone sample. Some
investigations use a combination of synthetic apatite samples and archaeological bone
samples, but many of them rely on a small (3-10 samples) subset of archaeological
bone samples, which may hamper the strength of the conclusions.

To our knowledge, not many systematic investigations have been performed on
extracted BAp to determine the extent of the changes introduced by the extraction
procedure. Here, we apply attenuated total reflectance-Fourier transform infrared
(ATR-FTIR) to characterize the BAp from archaeological bone in order to address its
composition and structure. We extracted BAp from 29 human individuals belonging
to two medieval-postmedieval necropolises from northwestern (NW) Spain and 30
animal bones from Roman and medieval times, as well as two recent samples (one
from cow and one from pig). Statistical treatment includes principal component
analysis (PCA) on (i) selected peaks (based on the second derivative spectra, dPCA)
and (ii) on whole spectrum (tPCA). Our aims are: (i) to determine the characteris-
tics of the extracted BAp and compare them with previous investigations on non-
extracted (i.e., bulk bone) BAp, (ii) relate the IR indices and principal components to
chemical properties of BAp, and (iii) determine if the extracted BAp retains differ-
ences in composition between and within the collections analyzed: human vs. non-
human, archaeological sites collections (both for humans and non-humans), different
types of bone (ribs vs. long bone), human groups (i.e., non-adults vs. adults), and
non-human group (i.e., bovids vs. ovicaprid).

2. Material and methods (skeletal collections, analytical procedures, and
previous data)
2.1 Collections and samples

The studied collections belong to two archaeological areas placed in NW Spain.
Human samples were obtained from the inside-wall area of Pontevedra, a medieval
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village by the sea. Skeletons were found in two funerary areas, one placed surrounding
San Bartolomeu O Vello church (SB) and the other in Santa Maria A Maior church (STM),
approximately 100 m from the other. Same type of soil and climatic conditions may have
affected skeletons from SB and STM despite changes related to microscale taphonomy
and weathering. Animal samples belonged to different archaeological surveys done in
medieval Pontevedra. In addition, we have added another collection found in A Lanzada
site (buried in sand dune), also by the sea and placed 20 km away. Human samples are
presumably ascribed to late medieval-postmedieval period (most from thirteenth to
fifteenth centuries). Animal samples from Pontevedra may have had the same chronol-
ogy, while animal samples from Lanzada would be earlier (first to seventh centuries).
Samples were taken mostly from long bones using the remains of previous stud-
ies of collagen extraction for paleodiet published elsewhere [16-18]. Due to ethical
reasons, we avoided new sampling since BAp extraction is a destructive method.

2.2 Bioapatite extraction and properties (yield, carbonate content, and 5"°C)

BAp was extracted following Garvie-Lok et al. [19] protocol with modifications
by Lépez-Costas et al. [20]. Bone fragments were ultrasonic cleaned at least 5 times
at 5 minutes each in ultrapure water type 1. Then, fragments were dried at 25 degrees
all night and keep them in a low-humidity environment. Bone fragments were then
finely milled using a mill Resch MM 301 and finishing the process with a hand mortar.
Here, 250 mg of milled bone was placed in falcon tubes together with 10 ml of 2.5-3%
aqueous sodium hypochlorite. Samples were slowly (10 rpm) and continuously
homogenized using a rotor during four sets of 24 h each to completely remove the
organic fraction. The samples were then rinsed five times with ultrapure water type
1 before adding 10 ml of 0.1 M of acetic acid and leaving them for 4 h at room tem-
perature. The acid was rinsed again five times with ultrapure water, and samples were
transferred to Eppendorf tubes in order to be frozen and freeze-dried. All processes
took place at clean lab facilities of the research group EcoPast in the Universidade de
Santiago de Compostela, by strict measurements of anti-contamination [18].

Carbon isotope ratios in carbonate from BAp were measured using a Europa
Scientific 20-20 IRMS by adding phosphoric acid and measuring CO, by continuous
flow-isotope ratio mass spectrometry (CF-IRMS) at Iso-Analytic Inc. Reference mate-
rials were used NBS-18, NBS-19 are distributed by the international atomic energy
agency (IAEA) as inter-laboratory comparison standard materials as well as internal
or external standards. Analytical error was + 0.2%o or less. Carbonate content (%)
and 8"C,,, of human samples were previously published for paleodiet reconstruction
[18]; the same data for animals has not been published.

Addressing the quality of BAp and especially the impact of diagenetic changes
in isotopic fingerprints (§"C.,;) is key to prove the reliability of diet reconstruc-
tion. Bone BAp yield has been proposed as a reliable method for quality control in
stable isotope analyses [21]. However, the range of good bone condition is quite
wide (20-60%), and there is no clear consensus in literature about the relationship
between BAp properties and yield. Carbonate content has been also used to detect the
incorporation of exogenous carbonate (not removed by the acetic acid step) or the
loss of structural carbonate [22]. However, beyond those facts, it is truly important
to understand to what extent compositional/structural changes in BAp influence the
isotopic signal, i.e., if there is a fractionation derived from postmortem modifications.
If proven, the lack of fractionation will support the use of bone BAp to reconstruct
aspects of the antemortem that are so important in osteoarchaeological research.
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2.3 ATR-FTIR

The BAp samples were analyzed by attenuated total reflectance Fourier trans-
form infrared spectroscopy (ATR-FTIR). We used Cary 630 spectrometer (Agilent
Technologies) equipped with a diamond crystal. Spectra were acquired in the mid-
infrared (MIR) region (4000-400 cm™) with a resolution of 4 cm™. Every sample
spectrum was computed after background correction and 100 scans. Baseline correc-
tion, second derivative calculations, and calculation of peak areas were done using
the spectroscopy add-on widgets of the Orange data mining software [23], while the
R {andurinha] package was used to determine peak locations (i.e., wavenumber) [24].

We also calculated a number of IR indices which are assumed to reflect the
abundance of the main BAp components and the degree of structural order and
crystallinity:

* Carbonate relative to phosphate: C/Pi (using maximum peak intensities) and C/
Pa (using peak areas) [1].

* Type of carbonate substitution: B-type (BPI, substitution for PO,) and A-type
(API, substitution for OH) [25].

* Relative abundance of the substitutions: C/C (A-type/B-type) [25].

* Presence of amorphous carbonate: AC (high crystalline apatite versus poorly
crystalline apatite phosphates) [12].

* Degree of structural order and crystallinity of the BAp: IR splitting factor
(IRSF), IRSF [25, 26], full width at half maximum (FWHM) of the main phos-
phate absorbance peak (FWHM) [1], and mineral maturity index (MMI) [27].

2.4 Statistical methods

Principal components analysis was performed on the correlation matrix and
with varimax rotation on (i) selected peaks of the BAp spectra (APCA) and (ii) the
whole spectra in the fingerprint region (1700430 cm™). In the second case, the
spectra of the samples are in the columns and the wavenumbers on the rows, i.e., we
use the transposed matrix (tPCA). This way of performing the PCA is efficient in
decomposing the spectrum of every sample in a number of scores’ spectra that are
related to the compounds present in the samples. Loadings are assigned to the samples
and reflect the proportion of the spectral variance of each sample that is related to
each compound. This approach has proved to be efficient in extracting MIR spectral
information on environmental samples [28, 29], and its application is described in
detail elsewhere [30].

To check for significant differences between human and non-human bone BAp,
archaeological sites, human groups (non-adults vs. adults), human bone type, and
non-human group (bovids vs. ovicaprid), we use non-parametric statistics due to the
relatively small number of samples in the groups. The Mann-Whitney U test was used
when comparing two groups, and the Kruskal-Wallis test for more than two groups.
Multilinear regression models were also computed in stepwise mode. All statistical
analyses were performed with IBM SPSS Statistics v29.0.2.
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3. Results

3.1 Bioapatite properties: Yield, carbonate content, and isotopic composition
( 813(: )

Data on the BAp properties that are used to correlate with MIR data can be found
in Table 1. Yield shows high average values for all samples, being above 40% except
for the non-human bones of A Lanzada, which have low BAp recoveries. Yield is
also low and variable for the fresh bone samples, possibly related with larger organic
compounds content due to better preservation than archaeological samples (e.g.,
lipids). The average carbonate content in the archaeological samples (5.6-9.1%) is
comparable to values found in previous investigations [1, 18, 31, 32]. Regarding C
isotopic composition (8"°C in carbonate), results related to Pontevedra necropoleis
were already published for paleodiet reconstruction [18], being variation in humans
from STM larger than human individuals from SB. Those are compatible with diets
rich in C4 plants and marine resources, a fact that agrees with previous studies on
collagen [16, 17].

3.2 ATR-FTIR of bioapatite extracted from archaeological skeletal remains

The spectra of the analyzed samples as well as the average second derivative
spectrum can be found in Figure 1. The accompanying table in the figure provides
the range, mode, bonds implicated and corresponding vibrational modes, based on
literature [1, 14, 31-41]. The identified vibrations mostly correspond to the main
components of the BAp, phosphate and carbonate, but vibrations from OH and
adsorbed water are also identified.

For the phosphate group, the samples showed the vibrational modes of the apa-
titic environment, with the highest absorbance intensities corresponding to the v;
(1019 cm™?) and the doublet of the v, (600 and 559 cm™!) modes. The v, mode has
also shoulders at 576 and 1030 cm ™. Vibrational modes 14 (960 and 1113 cm™) and v,
(472 cm™) show moderate to low-intensity values. Low absorbances were found for
peaks 615, 535 (non-apatitic HPO,*")518, and 498 cm™ (1,PO,).

As for the carbonate, absorbances of both B-type (1472, 1452, 1420, 1411, and
874 cm™) and Al-type (1549 cm™) substitutions (for PO, and OH, respectively)
show moderate to low intensities, and correspond to the v, and v; vibrational modes

Site Yield (%) Carbonate (%) 8C (%0)

H.SB 475 £ 10.1 (36.0-64.9) 6.8 0.7 (5.6-76) —11.70 + 0.82 (~12.65 to —10.56)
H.STM 46.1 +13.6 (5.0-61.6) 71+11(4.8-9.1) —12.60 + 0.97 (—14.69 to —10.87)
FLZ 5.8 +27 (3.0-12.6) 77 +0.87 (6.6-9.1) —11.33 + 1.04 (—12.43 to —10.47)
F.STM 50.5 +12.5 (17.8-64.4) N.A. N.A.

FRB 4.7-20.0 N.A. N.A.

H: human, F: non-human, SB: San Bartolomé, STM: Santa Mavria, LZ: A Lanzada, RB: fresh bone, and N.A.: data
not available.

Table1.
Average, standard deviation (+), and range (in parenthesis) for the values of the properties of the extracted
bioapatite samples.
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Wavenumber (cm™)

1600 1400 1200 1000 800 600 400
Range Mode Assignation
*Oq § 1111-1118 1113 HPO 2
-g' 3 £ = 1090-1100 1090 viPO,
T = t 1030-1034 1030 VPO,
o nc'lm < 1012-1025 1019 v4PO,
8 8 0 956-962 960 v4PO,
2 = g = 615621 615 Non-apatitic PO,
di, = gn 600-602 600 VPO,
= 93 = ? 572-578 576 v,P04
g 2% 3 = o 4
© A ® 5 569-661 559 V4O,
526-537 535 Non-apatitic HPO,*
510-510 518 VPO,
490-505 498 VPO,
470-473 472 VPO,
1539-1552 1549 CO, Al-type
1508-1519 1510 CO, A2-type
1493-1504 1498 CO4A2-type
1469-1472 1472 v,CO; B-type
1448-1456 1452 v3CO0; B-type
1418-1422 1420 B-type + non-apatitic
1407-1415 1411 V40, B-type
870-876 874 v,C0y, B-type + HPO,2
639-654 645 OH bd
629-639 628 OH bd
1630-1650 1636 HOH deformation
684-695 688 H,0 libration mode
665-673 667 H,0 libration mode

1600 1400 1200 1000 800 600 400
Wavenumber (cm-7)

Figure 1.

Mid-infrared spectva of the analyzed samples, grouped by archaeological collection, and (veversed) average
second derivative spectrum for the fingerprint vegion (1900—450 cm™). A: human samples from San Bartolomé,
B: human samples from Santa Maria, C: non-human samples from A Lanzada, D: non-human samples from
Santa Maria, E: non-human fresh bone samples. The table to the right synthesizes the main vibrations identified,
indicating the range and mode for the position of each peak and the corresponding bond and vibration mode.

of CO;. The presence of labile, A2-type, carbonate is suggested by small peaks (1510
and 1498 cm™) in the second derivative spectrum (Figure 1).

A small shoulder in the 650-620 cm™ region suggests the presence of hydroxyl
ions typical of the BAp (i.e., hydroxylapatite); while low-intensity absorbances
between 690 and 660 cm™, as well as 1636 cm ™}, correspond to libration and defor-
mation modes of water.

3.3 IR indices of bioapatite

As indicated in the material and methods section, a number of IR indices were
calculated based on the literature. These indices are assumed to reflect the abundance
of carbonate relative to phosphate (C/Pi and C/Pa), the degree of B-type (BPI), and
A-type (API) carbonate substitutions, their relative abundance (C/C), the presence of
amorphous carbonate (AC), and the degree of structural order and crystallinity of the
BAp (ISRF, FWHM, MMI). Values for these indices are represented in Figure 2.
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Figure 2.

Values of the IR indices calculated for the analyzed samples. C/Pa is not represented because it is highly corvelated
(r 0.99) to C/Pi—see below. H: human, F: non-human, SB: San Bartolomé, STM: Santa Maria, LZ: A Lanzada;
RB: fresh bone.

Most of the indices show highly significant differences between human and
non-human BAp compositional and structural properties. Human bones have higher
values for IRSF (p < 0.01), MMI (p < 0.01), and C/C (p < 0.01), while values are
lower for C/P (both C/Pi and C/Pa, p < 0.01), API (p < 0.01), BPI (p < =0.01), AC
(p < 0.01), and FWHM (p < 0.01). The two necropolises also differ significantly:
San Bartolomé has higher values for IRSF and the A/B ratio, but lower for C/P, API,
and BPI than Santa Marfa. The type of bone analyzed in the humans’ sample only
shows significant differences for C/C (long bones showing higher values than ribs,

p = 0.04), and FWHM (long bones showing lower values than ribs, p = 0.04). While
the human groups (non-adults, women, and men) only show significant differ-
ences for MMI (p < 0.01), with non-adults having lower values than adults (whether
women or men).

As for the non-human bone samples, A Lanzada ones have higher values for C/C
(p <0.01), AC (p < 0.01), and FWHM (p < 0.01), but lower values than those of
Santa Maria for MMI (p < 0.01). No differences were found when comparing bovid
and ovicaprid bones. BAp extracted from fresh non-human bone shows values
comparable to those of the BAp extracted from archaeological non-human bone
(Figure 2).

Overall, the IR indices are highly correlated (r > 0.7, r < —0.7) between them
(Table 2). The indices related to carbonate content (C/Pi, C/Pa) and type of substitu-
tion (BPI, API) show very large positive (r > 0.9) correlations between them and
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negative correlation with the A-type/B-type ratio (C/C; r < —0.8). The IR indices
related to BAp structural order and crystallinity show high negative correlations
(IRSF vs. FWHM and MMI with FWHM vs. MMI) or moderate positive correlations
(IRSF vs. MMI). Also, these IR indices are highly correlated to the IR indices related to
carbonate content and type of substitution: IRSF is negatively correlated to C/P (C/Pi
and C/Pa), API, BPI, and AC, and positively correlated to C/C; while FWHM shows
the opposite, but lower correlation coefficient values (Table 2).

3.4 Synthetic signals: Principal component analyses (IPCA and tPCA)

For the PCA on the standardized absorbance intensities (dPCA), we selected 26
peaks related to phosphate, carbonate, hydroxyl, and water vibrational domains.
Five components account for 95.8% of the total variance. The first component, dCpl,
accounts for 35.7% of the MIR spectral variance and shows large (>0.7) positive
loadings for almost all the carbonate absorbances (1549, 1510, 1498, 1472, 1452, 1420,
1411, and 874 cm™), and moderate to high (0.5-0.7) loadings for water vibrations
(1636 and 688 cm™?!) and non-apatitic PO4 (615 cm™Y), and a moderate negative
loading for v,PO, (1030 cm™Y) (Table 3). Thus, dCpl reflects total carbonate content
of BAp. The dCpl scores show that almost all BAp samples from human bones have
negative values, indicating lower carbonate content, while most of the non-human
samples have positive scores indicating higher carbonate content (Figure 3A). The
two samples from fresh non-human bone (F.RB) plot between the non-human
archaeological samples and are also enriched in carbonate.

The second component, dCp2, accounts for 26.1% of the variance. Large positive
loadings correspond to the main absorbances of the v;(960 cm ™), v, (472 cm™),
and v, (518 and 498 cm™) of phosphate, as well as non-apatitic HPO,* (535cm™)
(Table 4). Water HOH deformation (1636 cm™?), A-type carbonate substitutions
(1549 cm™), and the 1,CO; (B-type) have moderate positive loadings, while v;PO,
mode (1019 and 1030 cm™) has moderate negative loadings. The component reflects
changes between the non-apatitic (positive loadings) and apatitic phosphate envi-
ronment. The dCp1/dCp2 projection provides a clear picture of BAp composition
(Figure 3A). Most BAp samples from human bone tend to cluster together in the
lower left quadrant of the dCp1/dCp2 projection, i.e., they have lower carbonate
content but higher phosphate content (larger intensities of the main phosphate peak).

MMI C/Pi C/Pa API BPI Cc/C AC FWHM
ISRF 0.68 -0.86 -0.81 -0.79 -0.79 0.77 -0.63 -0.82
MMI —-0.58 —-0.52 -0.52 —0.50 043 -091 —-0.86
C/Pi 0.99 0.95 0.95 -0.79 0.56 0.77
C/Pa 0.94 0.96 -0.83 0.49 0.68
API 0.99 -0.81 045 0.70
BPI —-0.86 042 0.65
C/C -0.31 -0.44
AC 0.87

Table 2.
Correlation (Pearson’s correlation coefficient) between the calculated MIR indices of the human and non-human
archeological bone samples.
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WN dCp1 dCp2 dCp3 dCp4 dCp5
1636 HOH deformation 0.67 0.65 —-0.06 0.28 0.03
1549 CO; Al-type 0.69 0.64 -0.05 0.28 0.07
1510 CO; A2-type 0.90 0.37 -0.05 0.20 0.02
1498 CO; A2-type 0.93 0.32 0.02 0.16 -0.01
1472 1,CO;3 B-type 0.93 0.33 0.04 0.15 —-0.04
1452 v3CO; B-type 0.91 0.37 0.09 0.13 —-0.03
1420 B-type + non-apatitic 0.94 0.29 0.04 0.13 -0.06
1411 1;,CO; B-type 0.94 0.30 0.05 0.11 —0.05
874 1,CO; B-type + HPO, 0.70 0.61 0.27 0.15 -0.07
688 H,0 libration mode 0.62 0.34 0.61 -0.22 -0.12
960 vPO, 0.47 0.79 0.16 017 -0.02
535 Non-apatitic HPO,> 041 0.87 0.22 0.14 —0.04
518 vPO4 0.44 0.86 0.19 017 -0.07
498 PO, 048 0.82 0.24 0.16 -0.07
472 PO, 0.23 0.92 -0.07 0.24 —-0.02
1030 v3PO, -0.52 -0.59 -0.40 0.21 —0.04
1019 v3PO4 -048 -0.64 -0.39 -0.36 0.02
667 H,0 libration mode 0.47 0.25 0.74 -0.29 -0.11
645 OH bd -0.14 0.15 0.94 -0.18 0.05
628 OHbd -0.24 0.11 0.95 -0.12 -0.05
615 Non-apatitic PO, 0.54 0.25 0.64 0.37 0.08
600 PO, 0.28 0.11 0.80 041 0.14
559 vPO4 -0.16 -0.19 0.74 0.01 0.63
576 PO, 042 0.08 0.69 048 -0.09
1113 PO, 0.22 0.35 -0.29 0.85 0.06
1090 vPO, 0.22 0.32 0.05 091 -0.05
Table 3.

Loadings (dPCA) of the selected absorbances of the bioapatite in the five extracted principal components.

Only two samples from Santa Maria are slightly enriched in carbonates. For the
non-human bones, all BAp samples from A Lazada (F.LZ, Figure 3A) have positive
dCp2 scores (i.e., higher relative contribution of the non-apatitic PO,), while samples
from Santa Maria (F.STM, Figure 3A) have negative or slightly dCp2 positive scores
(i.e., higher apatitic PO4 content). Thus, dCp2 mainly accounts for differences in the
non-human BAp and separates samples of the Roman necropolis (lower phosphate
content) from those of the Medieval necropolis (higher phosphate content).

The third component, dCp3, accounts for 21.0% of the MIR spectral variance
and shows large to moderate positive loadings for the OH bending vibrations (645
and 628 cm™), water libration mode (667 cm™), and v,PO, vibrations (600, 576, and
559 cm™"). Positive loadings are also shown by the H,0 libration mode at 688 cm™.
The component can be related to changes in the degree of hydroxylation (i.e., very
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Projections of the APCA components extracted on the main peak absorbances of the extracted bioapatite.

1
dCp1

2

ISRF MMI C/Pi C/Pa API BPI c/C AC FWHM
dCpl -0.73 -0.44 0.92 0.94 0.88 091 -0.79 0.37 0.56
dCp2 —-0.44 -0.45 0.34 0.24 0.38 0.29 -0.09 0.47 0.65
dCp3 -0.23 -0.07 011 0.07 -0.18 -0.17 0.15 0.23 0.20
dCp4 -0.09 -0.61 0.07 0.08 0.01 0.01 —0.05 0.71 0.36
dCp5 0.31 -0.02 —0.02 0.01 —0.08 -0.09 0.17 —0.06 —-0.06
tCpl 0.82 0.75 —0.80 -0.71 -0.74 -0.68 044 -0.76 -0.95
tCp2 -0.83 -0.75 0.79 0.70 0.73 0.67 -045 0.76 0.95
tCp3 -0.11 0.48 0.20 0.22 0.19 0.20 -0.19 -0.58 -0.21
tCp4 -0.34 -0.13 0.57 0.67 0.59 0.67 -0.71 0.09 0.09
tCp5 0.16 0.05 -0.05 -0.06 0.25 0.19 —-0.03 -0.19 —-0.03
Table 4.

Correlation (Pearson’s correlation coefficient) of the APCA and tPCA components with the IR indices used to
characterige bioapatite degree of order, crystallinity, carbonate content, and maturity.

10



A ATR-FTIR Study of Extracted Bioapatite from Archaeological Bone
DOI: http://dx.doi.org/10.5772/intechopen.1007941

large loadings of the OH bending) of the BAp, amount of adsorbed water, and the
v4PO, domain (related to BAp crystallinity). The scores of the component indicate
that it is related to the specific nature of a few samples of the Santa Maria necropolis
(Figure 3B) which have lower dCp3 scores.

The fourth component, dCp4, accounts for 11.2% of the MIR spectral variance.
Two peaks in the high wavenumber domain [1] region, 1120-1080 cm ™ region, have
large positive loadings in this component and correspond to non-apatitic, acidic
phosphate (1113 cmY), and PO, (1090 cm™). The dCp4 scores show a relatively
large spread both in human and non-human BAp samples suggesting variations in the
abundance of non-stoichiometric apatite. Even more, the two non-human collections
behave differently, with A Lanzada having higher scores than Santa Maria and the
BAp of the fresh bone samples.

The fifth component, dCp5, accounts for 1.2% of the MIR spectral variance and
only captures some secondary variations of the 559 cm™ peak, which may be related
to variations in the v,PO, vibrational domain. The scores also show a relatively
large spread in both human and non-human samples, although San Bartolomé and
A Lanzada are more homogeneous than the Santa Marfa human and non-human
samples.

It is interesting to note that in all dPCA projections, the non-human fresh bones
samples plot between those of the non-human archaeological samples and close
together, reflecting a quite homogeneous BAp.

BAp from human bones has significantly lower score values than BAp from non-
human bones for the first three principal components (dCpl, dCp2, and dCp3), i.e.,
it has lower carbonate content, higher signal of the apatitic environment, and lower
degree of hydroxylation. Between the human samples differences are only found for
dCp2, with San Bartolomé bones having lower values (i.e., apatatic phosphate) than
bones from Santa Maria. No differences exist between bone types and human groups
for any of the components. As for the non-human bone, differences are significant
for carbonate content (dCpl), apatitic environment (dCp2), and acidic phosphate
content (dCp3), A Lanzada having higher values for the apatitic signal and acidic
phosphate content, and lower for the carbonate content than bone from Santa Marfa.
No differences are found between bovine and ovicaprid bones.

To extract as much information as possible of the MIR spectral signal of the BAp
samples, we also performed a principal components analysis on the transposed data
matrix (tPCA), using the fingerprint region (1700-420 cm™) of the samples’ spec-
tra— contrary to bone MIR spectra, in extracted BAp the region between 4000 and
1900 cm™ has very low absorbance and no distinctive peaks. Six principal compo-
nents account for more than 99% of the MIR spectral variance of the samples. The
first component, tCpl, shows a scores’ spectrum record dominated by the phosphate
maximum absorbance at 1019 cm™ (v3PO, domain) and the doublet at 600 and
559 cm™*(v4PO, domain), with a small contribution of the 1090 cm™ (v;PO, domain)
peak (Figure 4). The component seems to reflect the content of well-ordered/crys-
talline BAp. Samples from human bone have higher loadings than those from non-
human bone, with variability within the two groups as Santa Maria necropolis has
higher heterogeneity than San Bartolomé, and A Lanzada non-human samples have
lower loadings than most of those from Santa Maria, but comparable values to the
BAp of the fresh non-human bones.
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Figure 4.
Scores’ spectra (left) and loadings of the bioapatite samples (vight) resulting from the tPCA analysis.

The scores’ spectrum of the second component, tCp2, shows large values for
phosphate absorbances: maxima at 1044 and 952 cm™* (both 1,PO, mode) 574, 544,
511 (v4PO,), and 470 cm ™! (1,PO,); and for carbonate absorbances: 1500-1415 cm ™
(15C0O;) and 874 cm™; with a small contribution of the HOH deformation mode of
(adsorbed) water. The component reflects both the carbonate content of the BAp and
changes in the width of the main phosphate peak, as well as secondary peaks in the
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short wavenumbers not related to tCpl. The distribution of the loadings in the samples
is the opposite to that shown by tCpl: lower values of the BAp from human bone than
those of non-human bone; much lower in San Bartolomé than in Santa Maria human
bone, and higher in A Lanzada non-human bone compared to Santa Maria non-
human bone. Again, A Lanzada has closer values to the fresh non-human bone.

The third component, tCp3, shows a scores’ spectrum dominated by peaks of phos-
phates at 1001 cm™ and 554 cm™, and a small contribution from the carbonate region
(1500-1400 cm ™) (Figure 4). This component also shows significant negative peaks of
phosphate (1090, 1030, 602, and 567 cm™). It most likely reflects the relative contribution
of the non-stoichiometric components (positive values) and stoichiometric components
(negative values). The most remarkable feature in the loadings’ distribution is the higher
values shown by bones from Santa Marfa necropolis, non-human ones in particular.

In the fourth component, tCp4, the MIR signal is dominated by carbonate, with
peaks (1474 and 1403 cm™) at both sides of the typical carbonate doublet (1450 and
1415 cm™), and the peak at 870 cm ™. Peaks on the phosphate regions are located at
1103, 1080, 1047, 967, 608, and 578 cm™". Negative peaks correspond to phosphate
(1139, 958, 557, 5321, and 470 cm™) and OH (634 cm™?). The component may thus be
related to the abundance of carbonate B-type substitutions versus phosphate content
and BAp hydroxylation. As with the previous component, positive loadings are shown
by bones from Santa Maria necropolis with higher values in the non-human samples.

The fifth component, tCp5, reflects changes in the signal of the phosphate compo-
nent. Positive scores occur at 1116, 1006, 973, 920, 527, and 466 cm™%; while negative
scores occur at 1090, 1044, 598, and 565 cm ™. Moderate negative values also occur
at 632 cm ™, related to OH. The component is related to the balance between poorly
crystalline apatite and crystalline, stoichiometric apatite. The tCp5 loadings show that
this component is essentially related to a few (non-adult) human individuals of the
Santa Maria Necropolis.

The loadings of the tPCA components exhibit significant differences between
human and non-human bone BAp for tCpl, tCp2, and tCp3. Humans have a higher
content of well-ordered/crystalline apatite (tCpl), lower carbonate and less ordered
apatite, and lower non-stoichiometric components than non-human bone BAp. The
only significant difference between human necropolises was found for tCp2, with
higher values (i.e., less ordered apatite) in Santa Maria than in San Bartolomé. No sig-
nificant differences are observed for type of bone or human group. In the non-human
bones, four tPCA components have significant differences: BAp from A Lanzada
bones has lower content of well-ordered/crystalline apatite and B-type carbonate
substitutions, but higher carbonate content and less ordered apatite.

The two PCA approaches followed here seem to be consistent in showing the
characteristics of the extracted BAp. In fact, almost all components are highly corre-
lated: dCpl is positively correlated to tCp4 (r = 0.78) and tCp2 (r = 0.54) and nega-
tively correlated to tCpl (r = 0.55); dCp2 is positively correlated to tCp2 (r = 0.76)
and negatively correlated to tCpl (r = —0.77); dCp3 is negatively correlated to tCp5
(r = —0.89); and dCp4 is negatively correlated to tCp3 (—0.85). dCp5 is the only dPCA
component that shows no significant correlation to the tPCA components.

3.5 Relation between PCA signals, MIR indices and bioapatite properties

Apart from the consistency in the PCA approaches, another line of validation
is to compare (i.e., correlate) them to the IR indices widely used in the literature,
and to BAp properties relevant to osteoarchaeological research. Highly significant
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correlations are observed between the PCA components and the IR indices, except for
dCp3 (i.e., hydroxylation), dCp5 (1,PO, domain), and tCp5 (i.e., non-stoichiometric
apatite) (Table 4). dCpl (carbonate) is highly correlated to the carbonate ratios
(positive: C/P, API, BPI; negative: C/C) and the IRSF, and moderately correlated

to FWHM. dCp2 (non-apatitic vs. apatitic phosphate) is moderately correlated to
FWHM and dCp4 (non-stoichiometric) is highly correlated to AC and moderately
(negative) correlated to MMI.

Of the tPCA, the first two are highly, and inversely, correlated so the correlation
pattern with the IR indices is the opposite. tCpl shows positive and high correlation
with IRSF, and MM]I, and negative correlation to C/P, API, BPI (moderate), and AC.
tCp3 is negatively correlated to AC; and tCp4 is highly (negative) correlated to C/C,
and moderately (positive) correlated to C/P, API, and BPI. Overall, the structure of
correlation is stronger for the tPCA than for the dCPA, although the latter correlates
better to the carbonate indices and the former with the apatite structural order and
crystallinity.

Table 5 synthesizes the correlations between the IR indices and the principal com-
ponents with bioapatite yield, carbonate content, and carbon isotopic composition
(8"C). Bioapatite yield is positively (moderate) correlated to tCpl and negatively cor-
related (moderate) with FWHM (negative), and dCp2 (negative). Carbonate content
shows much higher correlation, the single largest one with the C/C ratio (negative),

Yield (%) Carbonate (%) §3C (%0)
ISRF 0.46 —0.68 -0.20
MMI 0.49 -0.39 -0.16
C/Pi -0.37 0.66 0.37
C/Pa -0.28 0.69 0.36
API -0.34 0.61 0.33
BPI -0.26 0.69 0.27
C/C 0.06 -0.84 0.00
AC -0.48 0.29 0.20
FWHM —0.65 0.39 0.34
dCpl -0.21 0.68 0.38
dCp2 —0.52 0.09 0.19
dcp3 -0.35 0.04 017
dCp4 -0.09 013 0.01
dCp5 0.04 -0.34 0.17
tCpl 0.67 —-0.40 -0.36
tCp2 -0.67 043 0.35
tCp3 0.06 013 0.09
tCp4 0.24 0.54 0.00
tCp5 0.04 -0.15 0.03

Tables.
Correlation (Pearson’s correlation coefficient) of the APCA and tPCA components, and the IR indices with the
chemical properties of the bioapatite.
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but positive moderate correlations are also observed for C/P, API, BPI, and dCpl. No
clear correlation is found between carbon isotopic composition and any of the indices
or principal components.

The moderate to low correlation of the IR indices and PCA components with BAp
properties suggest, as expected, that they are not dependent on only one aspect of the
BAp structural characteristics for all the human and non-human samples analyzed
here. Thus, we performed a multivariate, linear, regression analysis (MVLR) to
test if a combination of BAp indicators is efficient in fitting the observed values of
BAp yield, carbonate content and C isotopic composition. In this exercise, we used
stepwise regression to determine the minimum number of variables needed to model
the properties. We calculated regression models for all variables together (IR indices
and PCA components), and separately (IR indices, dPCA components and tPCA
components).

A synthesis of the models can be found in Table 6. In line with the low correlation
found between the C isotopic composition and the IR indices and PCA components,
no significant MVLR models were found for this property. For BAp yield, the best
model (R 0.85) included carbonate IR indices (API, BPI, C/C) and PCA components
(dCp1 and tCpl). Based on the normalized regression coefficients (Table 6), higher
yields are correlated to higher B-type carbonate content, phosphate content, and bet-
ter ordered/higher crystallinity of BAp. The IR indices and tPCA components alone
also produce high correlation models, but lower than the combination of variables.
While the dPCA components showed a modest fitting ability for yield.

As for carbonate content, a combination of the C/C index, tCp3, and tCp5 resulted
in a regression model with a very high correlation (R 0.90) and low error of the esti-
mate (5-9% of the maximum and minimum observed carbonate content) (Table 6).
Higher carbonate contents are associated to lower A-type carbonate substitutions,
higher content of non-stoichiometric components (tCp5), and lower content of
poorly crystalline components. High correlation models were also found when using
the IR indices and the tPCA components. As it was found for BAp yield, the dPCA
components provided a moderate fitting model for carbonate content.

4. Discussion
4.1 Structural properties of the extracted bioapatite

One of the aims of this investigation was to determine the structural characteris-
tics of the extracted BAp, as it regards to the MIR signal. Three main lines of evidence
can be used to determine the extent of similarity in the characteristics of extracted
BAp in comparison with those inferred from bulk bone: (i) the vibrational character-
istics shown the MIR spectrum; (ii) the values of the IR indices typically used to infer
aspects related to mineral maturity, order of the apatite lattice, and crystallinity; and
(iii) relationship to relevant BAp properties, as BAp yield, carbonate content, and
carbon isotopic composition (§"°C).

The spectra of the BAp extracted from human and non-human bones show
the characteristic phosphate vibrational modes: v; (960 em™), v, (472 cm™), v,

(1019 cm™), and v, (the 600 and 559 doublet, and shoulders at 1030 and 576 cm™);
the carbonate vibrational modes: v, (870 cm™), and v5 (doublet at 1411 and

1452 cm™); a vibration related to OH (small shoulder at 628 cm™), and the deforma-
tion mode of adsorbed water (small shoulder at 1636 cm'). Much less obvious, but
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detected by the second derivative, smaller absorbances were found also for phosphate:
1113, 615, and 535 cm ™, related to HPO;* ions, and 518 and 498 cm™ that correspond
to the PO, v, mode; carbonate: 1472, 1452, and 1420 cm™, of the B-type substitutions,
1549 cm ™’ of the A-type substitutions, and at 1510 and 1498 cm ™ that can be associ-
ated to A2-type carbonate (i.e., labile CO; ions). No evidence was found for secondary
calcite (i.e., no peak at 712 cm™Y). Thus, in this regard, the extracted BAp shows all
the characteristic components of non-stoichiometric hydroxylapatites typical of bone
(e.g., [37] and references therein).

The range of values for IRSF (3.40-5.04) and MMI (3.41-4.94) in archaeologi-
cal bone BAp are higher than those obtained for BAp of non-human fresh bone
(3.36-3.40 and 3.14-3.22 respectively). For the other indices, the fresh bone values
(C/Pi0.17-0.20; C/Pa 0.16-0.18; API 0.29-0.34; BPI 0.31-0.36; A/B 0.94-0.94; AC
0.91-0.92; FWHM 90-95) are well within the range of archaeological samples (C/Pi
(0.08-0.33), C/Pa (0.09-0.31), API (0.19-0.47), BPI (0.17-0.51), C/C (0.83-1.18),
AC (0.81-0.93), and FWHM (56-112) for IRSF and MMI. Thus, mineral maturity and
crystallinity of BAp from archaeological bone seem to be higher than those of fresh
bone, which is in agreement with previous studies (e.g., [14]). The values for the other
indices fall within the range found in previous investigations of archaeological bone
[10, 14, 25, 42-48]. They are also similar to values found for medieval collections of
NW Spain [18], although in other studies in the same area values found for C/P and
BPI are higher and values of MMI lower than those of the present study [49]. The
consistency between the IR indices, i.e., the large and significant correlations between
most of them (Table 2) also supports the consistency of the spectral information of
the extracted BAp. As crystallinity/lattice order (IRSF, FWHM) and mineral maturity
(MMI) increase, the proportion of B-type carbonate substitutions also increases, but
the carbonate-to-phosphate ratios decrease.

Regarding the third line of evidence, the correlation between the spectral prop-
erties of the extracted BAp is in general moderate, except for the C/C ratio that
shows that total carbonate content increases as the relative content in B-type CO;
substitutions increase in relation to A-type substitutions. The MVLR models show
a good fitting for BAp carbonate content (Table 6) and suggest that it is the result
of complex interactions. For example, up to four tPCA components are necessary to
obtain a good fitting, and these components are related to the phosphate content and
crystallinity (tCpl), carbonate content and apatite lattice disorder (tCp2), relative
contribution of non-stoichiometric/stoichiometric components, and predominance
of B-type CO; substitutions. Interestingly enough, no correlation or MVLR model
accounted for a significant proportion of the C isotopic composition of the samples,
indicating that changes in carbonate content, whether substituting for PO4 or OH,
or as labile CO;, do not affect the isotopic signature, which may correspond to that of
the individual when alive. In a previous investigation, we also showed that collagen
C isotopic composition was independent of collagen diagenetic transformations [15].
Thus, at least for the collections studied by us, compositional and structural changes
undergone by the organic and the inorganic components of the bone do not seem to
affect the C isotopic composition.

4.2 Archeological implications

Differences were observed in BAp structure between long and short bones,
specifically between femur and ribs. Long bones BAp shows a higher degree of
structural order and maturity, as well as more CO; for OH substitution. Traditionally,
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Osteoarcheology has assumed that femora display slower turnover rates than other
bones, being a large part formed during adolescence [50]. Therefore, antemortem
differences related to bone turnover could explain the observed differences in BAp
maturity. Despite the promise of this assumption, non-adults also display similar
differences, and their youngness makes the turnover hypothesis less likely. In addi-
tion, a recent study suggested that rib bone remodeling could be also a slow process
[51]. Both bone types, ribs and femora, are traditionally analyzed in isotopic studies.
Femora are normally selected in those studies performed in collections with poor
preservation or in comingle remains. In a previous research regarding elemental
analyses, we found that ribs were more altered by diagenesis than femur or crania
[52], as also observed by other authors [53, 54]. In this case, changes in structural
order could be here related to diagenetic modifications after inhumation. However,
antemortem variation cannot be ruled out.

The researched collection seems also to play an important role in the BAp compo-
sition. LZ collection, composed in this case by fauna, shows higher OH substitution,
lower amorphous carbonate and higher structural order, but lower maturity than
STM. LZ is a site by the sea and fauna were found in Arenosol (i.e., sand dune) with
biogenic carbonate, a soil environment that promotes less intense diagenetic changes
[52]. The LZ maturity is more similar to the fresh bone; therefore, the soil environ-
ment, less aggressive to skeletal remains, could be behind the observed differences. In
the same way, the BAp from humans collected in SB site displays higher crystallinity
and has lower carbonate (in relation to phosphate) than humans from STM site. Both
parameters covary in our dataset. SB humans are also more homogeneous, probably
due to the fact that all were found in the same survey (S.16), while STM humans
were excavated surrounding the church in areas with different soil conditions. The
relationship between the BAp parameters and indices and the site the bones belonged
to is a promising tool for museums and old collections, when the information regard-
ing location is lost. A wider study using skeletons from different soil conditions could
help to address the potential of ATR-FTIR in reconstructing diagenetic conditions of
the collection when this information is lost.

Finally, the bioarchaeological characteristic shows that the larger differences in BAp
spectral (ATR-FTIR) properties is the species, non-human vs. human. Faunal and human
BAp were different in all IR indices. Human samples present higher values in several
indices related to the structure of BAp including crystallinity (IRSF), maturity (MMI),
and relative proportion of carbonate substitution type (C/C). This fact is persistent inde-
pendently of the age of the individual (human non-adults also present differences with
fauna) or the collection they belong to (LZ and STM non-human samples were different
from human ones). In addition, human samples seem to have lower carbonate content
(lower C/P, API, BPI), a relatively higher amount of B-type carbonate (lower C/C), higher
content of amorphous carbonate (lower AC), and more crystalline structure (higher IRSF
and MMI). All these facts point to a structural and compositional difference between
non-human and human BAp. This is an interesting aspect to be applied in archaeological
and forensic sciences, since in both cases being able to differentiate human bones is key
to several studies. In a chapter related to the field study in Forensic Anthropology, we
recently indicated the importance of rapid identification of human from non-human
bones in order to stop or continue the search for missing persons [55]. ATR-FTIR can
be used as a quick and relatively cheap option to address the species of bone fragment.

An additional note is related to the already mentioned lack of correlation between BAp
structure and §"C, indicating that observed changes do not seem to influence the isotopic
fingerprint that is normally used to reconstruct diet.
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5. Concluding remarks

When compared with published data on BAp structural and chemical properties
inferred from bulk bone ATR-FTIR analyses, our data on extracted BAp shows a large
similarity. The vibrational modes of the major and minor components of BAp are
present in the spectra of the extracted BAp and the values obtained for the IR indices
fall within the range of those published for non-extracted BAp. It is also remarkable
that correlation to properties like yield and carbonate content show similar trends to
bulk bone BAp.

Regarding the application of chemometric statistical techniques (i.e., PCA), our
results indicate that both dPCA applied on a selection of bands and the tPCA applied
on the whole fingerprint region produce consistent, highly correlated synthetic
variables. These variables are highly correlated with the IR indices and can be used
to model BAp carbonate content and BAp yield. But the tPCA provides better cor-
relations and has the advantage that the components are interpreted based on scores’
spectra, which are more intuitive and provide better spectral information.

Extracted BAp is also shown here as a valuable tool to explore differences between
bone types, conditions on site and, more important, to distinguish human from non-
human samples. Open debates are still ongoing on how to specifically undertake antemor-
tem vs. postmortem influence in archaeological bone composition, BAp study is opening
an interesting world of opportunities in both Archeological and Forensic Sciences.

Due to the complexities of the BAp composition, we suggest that future studies
should be based on a combination of techniques (FTIR, XRD, elemental, and isotopic
analyses) and must include a larger number of samples from different soil/geochemi-
cal environments, if we are to be able to separate antemortem from postmortem
transformations of the BAp structure and composition.

Finally, we recommend the use of extracted BAp from bone in osteoarchaeological
studies, since the extraction produces no-change in its structure and composition.
However, the consistency with the type of analyzed bone is important since we have
detected slight intra-skeletal variations. The lack of isotopic fractionation (5"C in car-
bonates) in relationship to postmortem alteration of BAp composition and structure
supports the use of isotopic composition to reconstruct diet, even in cases of poorly
preserved remains. We also think that this work opens an unexpectedly very interest-
ing field in zooarchaeological studies since our results point out that BAp fingerprints
the species. Even, forensic applications could be implemented to quickly discard small
bone fragments as non-human.
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Chapter 2

Approximation of Uniform Almost
Periodic Functions by Inclusions
and Integrals

Talbakov Farkhodjon Makhmadshoevich

Abstract

The paper examines some issues of approximation of almost periodic Bohr func-
tions from partial sums of the Fourier series and Marcinkiewicz means, when the
Fourier exponents (function spectrum) of the functions under consideration have a
limit point at infinity. The question of the deviation of a given function f (x) from its
partial sums of the Fourier series is investigated, depending on the rate at which the
value of the best approximation by a trigonometric polynomial of limited degree tends
to zero. Here, when determining the Fourier coefficients, instead of the function
under consideration, some arbitrary, real, continuous function is taken @;(¢) (6> 0),
which in a given interval is equal to one, and in other cases is equal to zero. Next, an
upper estimate for the deviation of an almost periodic function in the sense of Bohr by
Marcinkevich means is established in a similar manner.

Keywords: uniform almost periodic functions, Fourier series, spectrum of a function,
Fourier coefficients, limit point at infinity, Marcinkiewicz means, trigonometric
polynomial, best approximation

1. Introduction

Let L,(1<p < oo) be the space of measurable functions f (x, y), of period 2 for each
variable, with norm

2r 2 P

£, =< | [ Foenpasy b <

0

and whenp = oo

IFll, = vraisuplf(x,9)] <=

The Fourier series of this function has the form
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k=0 1=0

where the coefficients of this series are determined by the formulas

Ay j(x,y) = ap; coskx cosly + by, sinkx cosly
+Cpm cOskx sinly + dy, ., sinkx sinly(k,1 <1),

Apo(x,y) = 1(ﬂkoCOSkx + b0 sinkx ),

1
Aoy(x,y) = (uo cosly +coysinly),
1
Ao,o = Zﬂo,o.

In 1964, Martsinkevich [1] investigated the issue of deviation of sums of the form

on(f3%,9) = (n+1)” Zskk(f %,9)s

where S;. . (f;x,y) is the partial sum of order k for each of the variables of the
Fourier series of the functionf(x,y) €L, (1<p < o). In particular, he pointed out that
if f(x,y) is continuous over the set of variables x, y, then the estimate holds

Ru(f)r. = If(x.9) = ou(f32.9)l, — O (n — o0).

In the work of Zhizhiashvili [2], some estimates were obtained about the rate at
which the quantity tends to zero

Ra(f)y, = [£(69) — oa(f52:9)l, (1<p <oo).

Behavior of the deviation of a function of two variables f (x,y) € L, (1<p <o)
from sums of the form

W, (f;x,9)=1-7) ZrkSkk

for 0 <7 <1and r — oo and were studied in the work of Tabersky ([3] p. 310).
Some clarifying assessments of the results of Zhizhiashvili and Tabersky are given in
the work of Timan and Gaimnazarov [4] in 1972.

Timan and Ponomarenko [5] investigated the question of the behavior of the
quantity

Ru(fsv), = ‘f(x y)— 1)

D ur(f3x.9)
k=0

for classical triangular matrices { ﬂk,n}
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A

==k <n;
{/‘k,n} { Ay ”

0,k>n.

For quantity (1), an upper bound is given in [6], and a lower bound for this
quantity is established in [4]. In [5], some estimates from the works of L.V.
Zhizhiashvili [2] and R. Taberski [3] were also refined. And also for any natural r in
[7] exact order equalities for a triangular matrix were obtained

(k+1) -7 .
{uk,n}={ (n+1) ks )
0,k>n.

It has been established that if f(x,y) €L, and {y,,,, }are defined in the form of a
triangular matrix (2), then the inequality

n

Ru(f3 V)Lp <¢(n+1)7" Z v+ 1)771Ev,v<f)Lp’

v=0
Where
Eouf)y, = inf [F(6,9) ~ Tuu@y)]l,
23

T, is the trigonometric polynomials of order not higher than n in each of the
variables, and the constant ¢, depends only on r.

Iff(x,y) €L, (1<p<oo) and {y, } are defined by relation (2), then in ([2],
pp. 549-550), estimates were obtained using continuity modules, that is,

Ru(f3v)L, <cpi (a),(:) (f, %) + o (f; %)Lp> ,

Ly

Where

1 2
op (fiw)y, = sup |ALf ], o (fiu)y, = ;\@HAEJ L
su 4

Ih| <u

k
ahaf =3 (0F ()l by,
v=0

k
AF =D (=) <’j) f(x,y +vh)(@u>0,kEN),
v=0

Cpk is a constant depending on p and k.
For 1<p < oo in [5], the following results were also obtained:

@) SMpaR,(f5 1), @, MR (f5 1),
where M,,, is a constant depending on p and k;
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b. Ru(fi)y, <@ (3 1), + o (3 D),
e If eey) = Wil Fixplly, <ep (@l (F51=7),, + o (Fi1 -7, )5
d. o (f31=7),, <My fx,3) = Wa(f52.9)]|,;

e. i (f31—7), <M|If(x,y) = Wi(f5%.)]l,,.

In the work of Khasanova [7], they obtained analogues of the above results on the
behavior of deviations of functions of two variables f (x, y), given on the plane from the

integral means of their Fourier transforms in the metric of the space L, (R*) (1<p < o).
Letf(x,y) €L, (R?) be the space of measurable functions f (x,y) for which

I£1lL, :{ J J If(x,y)lpdxdy} <oo,

and almost everywhere, there is a Fourier transform

F(t,2) :l

> Joo wa(u,v) exp(—i(tu + zv))dudv,

where F(t,z) €1, (R?) (}% —&—L—; = 1).

For o> 0, consider the partial sums

So‘,d(f;X,y) = J J F(t,z)ei<tx+z}')dtdz

y

(2

{ T A(t,u)dt + I A(t, —u)dt + ] A(u,z)dz + ] A(—u,z)dz] 3)

—u —u —u

Suulf32,y)du,

I
Ot |

where

A(t,z) = F(t,z)e ™),
82 (fsx,y) = J At w)de + J Alt, —u)dt + J A(u,2)dz + J A(—u,5)dz.
We investigate the order of behavior of the deviation value

Ror(f)r, = If(x:y) = Uor(f3:9) 1, (4)
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where
(2 ur .
Ussf (x,y) = J<1 - ;) Suu(f3%,9)-
0

The following statements hold [7]:
Theorem A. If f €L, (R*) (1<p <2), then the estimate holds

1 1 2.1
RMGQ%S%kGi(ﬁE> +@kﬁ?%>

Ly

where ¢, is a constant that depends only on p and k.
Theorem B. Let f(x,y) €L, (R*) (0 <p <2). Then, it holds

y 1
o (£13) SMyRealf), 0 =1.2)
P

M, is a constant that depends only on p and k.

From Theorems A and B, it follows that if the conditions of Theorem B hold, then
for any natural k, the estimate

1 ) 1
Ru,k (f; )Lp Scp,k (w]il) (f, ;) + wl(e )(f, ;)Lp> .

Ly

For p = o and k = 1, similar results were obtained in [9] and for the case of
periodic functions in [4].

2. Main results

Now we present the results of this section for estimating from above the deviation
of functions f(x) € B from Marcinkiewicz-type sums when the Fourier exponents
have a single limit point at infinity.

Let B(R) be the space of all bounded functions f(x) € B with norm

fllp = suplf(x)|
x€E€R

and the function f(x) € B has a Fourier series of the form

Fo)~ S Agexplite), s)

k=—o0

with odds

T—oo 2T
-T

T
A, = lim 1 Jf(x) exp(—idpx)dx,
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where numbers {4} are Fourier exponents that have a unique limit point at
infinity, that is (see, for example, ([10], p. 814) and ([11], p. 55)),

Ao =0,4_, = =4y, M/n| < M’”ﬁ-ﬂ’,}%ﬂﬂ = ©o.

Let us introduce into consideration

Se(f3%)g = Z And%(/ln)e””x,

] <o

where ®@,(t) €R is a continuous and even function such that ®;(0) =1, ®,(t) = 0
at [t| <o;

W,(t) € L(—00, 00), (6)

where

w,(u) = % J O, (t)e M dt.

First, we prove the following auxiliary statement, which has an independent char-
acter.
Lemma 1 [12]. If the function f (x) € B, then

So(f3x) = Us(f; g3x) = Jf(x +1)D,(¢)ds.
Proof. Let
£ = | flas st

Then, thanks to (6), we obtain that

oo

oGt = Fo < [P te0) £+ Dl Oldr <suplflo+5) — F)] | (0

The integral on the right side of the last inequality converges and
flx+t+7)—flx+1)<e.

Therefore, from the last inequality, it follows that the function f(x) € B.
Let D(4,) denote the Fourier coefficients of the functions f (x) € B, which corre-
spond to the exponents 4,. Then, we have
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T T o
1 Xy — i —idnx
T Jfa(x)e dx = > J J Fx + t)w, (t)e > dtdx
T —oo

o
_ - —idnX
= [ vty J Floe+t)e
—00 7T
— = —idyX
- v (2T J Flox +1)e dx)dt
o -T
oo 1 T+t
— - —i 0 (2+t)
[ weto <2T | e dx)dt
Zoo Tt
) 1 T+t
- —iAnX [, —1Ant
+ Jl//,,(t) <2T J f(x)e e dx) dt
—oo T4t
oo 1 T+t
_ i | L il
_ Jl//a(t)e <2T J Flx)e olx)dt.
—o0 ~T+t

The internal integral in the latter is the pre-limit expression of the Fourier coeffi-
cients of the function f(x). So, according to the Fourier inversion formula

J W, (t)e idt = Dg(A,).

Therefore, D(4,) = A, ®s(4,) and

fo’(x) = Z Anq)c(in)eﬂnx-

Mnlf(f

Since f (x) € B, the statement of the lemma follows from the latter.
Let B(R) be the space of all bounded functions f(x) € B with norm

1l = suplf (x)l.
x€ER
Let us consider the quantity

R(fsx) = [|Us(fs @3.x) —f (%)l 7)

Wherein

(pa(u)lﬂ,,, (t)dur (8)

T

Us(f;5x) = Jf(x +8)®,(t)dt, @,(t) = zi

o3
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where K, (t) = M,wg(u) is some absolutely integrable on the interval (0, o)
function for every fixed ¢ > 0 and such that

J |, (2)|dt = 1. 9

Depending on the speed of approaching zero E,(f) (¢ — oo) for cases when

1, |lu|<a (0<a<o);

G_|Z|,a<\u|<a; (10)

V(1) = @5 q(u) =
0, [u| >0,

Let us study the behavior of quantity (7).
It is known that [5] (see [5], p. 60, Theorem 1)

oo

J | D, ()|dt <C

—o00

oc+a

(11)

5
o—a

where C is a constant.
Theorem 1 [12]. Let f (x) € B(R) and the function ¢,(u) = ¢, ,(u) be defined by the
velation (10). Then, for any A (0 <A <a <o), the following estimate holds:

B ) (12)

R(f; <C
(fs9,)<C

where C is an absolute constant.
Proof. Let us write relation (9) in the form

T 1
J(I),,(t)dt =5-
0

Let us multiply both sides of the latter by f(x) and subtract the resulting equality
from (8) with ®,(¢) = ®,,(t), we will have

Doy(f3) = Us(fs03%) —f(x)

oo

- J (F(x + )4 4 (t) — f (%) Py 4 (t))dt

—o0

oo oo

= |[flx+2t) —f(x —1)]Dsa(t)dt — 2 Jf(x)(bm (t)dt =

0 0

= |[Fle+2) —flox =) = 2f ()| Do a(t)dt

0

= | Q(f;1)Psa(t)dt,
0
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where Q. (f3t) =f(x +1t) +f(x —t) — 2f (x).
Let
T, = Y. Ane"™* be the

[Am| <7

arbitrary trigonometric polynomial and 0 < A <a <o. Then (see ([12], p. 14),
Theorem 3),

Th(x) = J S° Tof (e + ) @palt).

|Am| <7

It is easy to show that, for the polynomial T's (x),
JQX(TA;f; 1)®, dt = 0.
0
Indeed, by virtue of estimate (9), we obtain
J O (T3 1)Py (1)t
0
= J[TA<X + 1) + Talx — 1) — 2TA(x)] @, (¢)dt
0
_ J Ta(x + )y ()t — J T (x)y 0 ()t
— Ta(x) — Ta(x) J ®, 4 ()t = 0
Means
Ay u(f3x) = JQX[(f — T);t]®, 4 ()dt. (13)
0

Let
[f(x) = Ta(x)[| = EA(f)g>

where T (x) is a trigonometric polynomial that provides the best approximation of
order A, then

1Qx[(f — Ta)stlllg = 4E,(f)- (14)

From (11), (14), and (13), estimate (12) follows. Theorem 1 is proven.
Theovem 2 [12]. Let f (x) € B. Then, the estimate is valid
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<M(n+1)" ZEA(f B (
B

’P(x) )Y ()
k=0

where M is a constant and

Ex(f3x)g = mf
)

3

|| <k

% Z A ezﬂ,,x

B

the value of the best approximation of the function f(x) by trigonometric polynomials of
degree not higher than A.
Proof. Let n € [2";2" + 1]. Then,

R.(f)p = Hf(x) —(+1)" Zn:Sk(f x)
k=0

n

(n+ 17 (Flx) = S(fsx)

B

k=0 B
m—12""1_1 n
=+ (F(x) = Sk(f3x)) +£(x) = Sof3%) + > (f(x) —
k=0 k=2 r=2m B
n—1 1 g
<mn+1)7" Loy 2 (f(x) = Silf3x))
v=0 k=2" B
+(n +1) 7 f(x) = So(f5x)g + (n+1)” Z(f
k=2" B
(15)
By Theorem 1, we have
utl_q
277 ) (%) = Selfx))|| SMEys 4(f)g (16)
k=2" B
D (%) = Sk(f5x)|| <M(n—2")Ey 1) (17)
k=2 B

Substituting (16) and (17) into (15), we obtain

Ru(f)p <M(n + 1)717”27:2”152"—1(1”)3 +(n+1) "Eo(f)g
v=0
+M(n+1) " (n — 2" Ep_4(f)g

Min 1) S 2Es 1)y + (04 1) Eolf),

n

+M(1’l+1 Ezm 1(f <M1 Vl+1 ZEk <M1 ﬂ+1) ZEk(f)B'
k=0
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This implies inequality (B), which completes the proof of Theorem 2.

An analogue of Theorem 2 for periodic functions was established in the work of
Timan and Ponomarenko [5], and for the class of almost periodic functions in the
sense of Bohr and Besicovitch in [6, 9-17].

Let B, (6> 0) denote the class of entire functions g_(x) of degree not higher than ¢
that are bounded on the entire real axis. Bernstein [7] established that, among the
functions from the class B, that provide the best approximation of the 2z-periodic
function f (x) on the entire real axis, there is a trigonometric polynomial of degree no
higher than o.

Analogs of the theorem of S.N. Bernstein for functions f(x) € B were obtained in
the works of Bredikhina [8, 13]. She proved that if a function f (x) € B with Fourier
series

f(x) ~ ZAkeilkﬁx,
k

where 4 are rational numbers and f is a real number, then among the functions
g,(x)€B, (6>0), for which

sup  [f(x) —g,(x)| = As(f), (18)

—o0 <X <00

there is a trigonometric polynomial of degree <o.
The space of uniform almost-periodic functions, denoted by B, is the closure of the
set of trigonometric polynomials

Tr(x) = Y Ape™,
=}

where Aj, are the Fourier coefficients, 4 is the spectrum of the function f(x) € B,
with norm

If x)l[p = suplf (x)|-

x€R
Let a function f(x) € B with an arbitrary spectrum {4}, have a Fourevied series
fle)~ Y Ape™, (19)
k=—o0

where the Fourier coefficients {A;} are defined as follows

T
Ay = M{f (x)e 4} = T]l_r};% Jf(x)e”"lkxdx.
-

Consider the following problem. Let the function f(x) € B. What are the necessary
and sufficient conditions for this function to belong to the class B,. The answer to this
question is given as follows.

Theorem 3. In order for f(x) € B to belong to the class of entire functions B, it is
necessary and sufficient that the condition
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| <o. (20)

Proof. Adequacy. Consider the function

Fupl) = j e+ Dy (0)d,

where

() = sina_btsinb+at
Pap ) = a —b)2 2 2 =

It is easy to show that the function f, , (x) is continuous and almost periodic.
Indeed, since [12] (see [12], p. 74)

T a+b
J |goa,b(t)|dt$A —|—Blnb —

where A and B are constants, then

Fuplo s 0 ~Fap@| < [t t40) =l )Mol <

< sup fle+t+71) —f(x+t)|<A +Blna+b>.

—c0 <X <00 b—a

This implies continuity and almost periodicity of the functionf, , (x) € B.
Letus puta = 1,b = 24. Then,

(t—x)4

fu® =2 [ 10 Sl il 1Y

(t —x)

or
fap(x) ~ Z Ay, exp(idex).
k=—o00

Hence, thanks to the uniqueness theorem [12] (see [12], pp. 65-67), it will be
fu,h(x) _)f(x)

Necessity. Let the function f(x) € B belong to the class B, and have a Fourier series
of the form (19). Then, for any natural r, the derivative of order r will be

oo

FO@) ~ > (ih) Apexp (idex).

k=—o0
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Using inequality S.N. Bernstein, we come to

)| < o7 suplf (x)| = o'«C.

It means
1 T 2
; ") ‘ PN
Him o “f (0)] dx < o7eC".
-T

From here, applying Bessel’s inequalities, we have

|/1k‘27|Ak|2 SGZV.C'Z(V — 1, 2, e ),

,
O

Ay <Co .

i (uu)

Therefore, for |4, | > o coefficients A, = 0. Theorem 1 is proven.

It is known [10] that, from the set of functions f(x) € B,, which provide the best
approximation of the functions f(x) € L,[—7, 7] on the entire real axis, one can find a
trigonometric polynomial of degree <o.

This statement is based on the fact that ifg_(f;x) € B,

sup|f (x) — g, (f5x)| = A,(f),

xXx€R

or

then the relations are valid uniformly over all x € R

1 n
V(x) o lk;ngg(x + 2kz)| <A(f), (21)
. 1 “
Jim g 3 e b 20) g+ 2} =0, 22)

where A,(f) is the best approximation of order o.
This result can be obtained if (21) and (22) are replaced by the relations

‘q)"(x) - Qa,N,n(x)’ SA(F(f);

where 6> 0; N,z are any natural numbers,

” 22N
@, (x) = 7—1[ J £+ 0F, ()t = hLN J Flx+ OF (0)de,
- —2zN
2zN
1
Qo) =5 | &l O, 01
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sin’(n+1)%
2(n+1)sin?t’

F, (t) =
and for all fixed n uniformly in x €R
l\lrillzo{Qa,N,n (x + 2”) - Qa,N,n(x)} = 0.

When establishing similar results for functions f (x) € B, a number of problems
arise. Firstly, additional conditions are imposed on the smoothness of functions, and
secondly, the Fourier exponents of such functions can lie densely everywhere, that is,
[6, 11, 12, 15-17]:

Ao =054 = g, |/1k‘ > |’1k+1|: (k =12, .. )’ k]im |’1k| =05

Ao = 0;/1_;e = —ﬂk, |ﬂk| < ‘ﬂk+1|, (k =1,2, ...),k}im |/1k| E B
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Chapter 3

Modeling Dynamic Relationships
between Energy Prices and
Inflation in Euro Area Using
Wavelets

Huthaifa Sameeh Alqaralleh and Alessandra Canepa

Abstract

In this chapter, we investigate the relationship between energy prices, economic
uncertainty, and inflation in Eurozone countries. To account for cyclicality in the
business cycle, the level of industrial production is also considered. We propose a
wavelet time-varying vector autoregression model (VAR) model to assess the trans-
mission of shocks across different time scales. The main findings of this analysis can
be summarized as follows. First, a significant correlation is found between energy
prices and inflation. Statistically significant periods of high correlation are detected
primarily during times of turmoil, such as the 9/11 terrorist attacks, the U.S.-led
invasion of Iraq in 2003, the global financial crisis, and the sovereign debt and
banking crises. Second, the impact of uncertainty shocks on energy markets appears
to be persistent. Third, energy prices serve as important shock transmitters, although
the magnitude of this transmission varies over time and across different frequencies.
Specifically, our estimation results suggest that energy price shocks are transmitted to
both industrial production and inflation, with the impact being most noticeable
around 8 months after the initial shocks. These results imply that while there is a pass-
through effect, the transmission of energy price shocks to the economic system in the
Eurozone is relatively slow.

Keywords: energy prices, inflation, economic uncertainty, wavelet time-varying
vector autoregression, wavelet coherence analysis

1. Introduction

Since the seminal work by Hamilton [1], in the literature, a great deal of
theoretical and empirical works has supported the view that energy price
shocks, especially oil price fluctuations, have negative impact on output and
inflation (see [2-10).

Against this background, the aim of this chapter is to investigate the dynamic
relationships between energy prices and inflation in the euro area. The euro area case
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is of particular interest since despite being is one of the most industrialized economic
regions in the world, energy production is largely undersized compared with the
amount of energy required for final consumption [11]. The European countries are
heavily dependent on crude oil imports, and the demand for natural gas has steadily
increased in the last 50 years. This high level of energy dependency leaves the euro
area exposed to energy price shocks. Accordingly, questions we address in this chapter
are: How do shocks to energy prices affect inflation and output in the euro area
countries? Also, the Covid-19 and the Ukraine conflict have highlighted the impor-
tance of accounting for economic uncertainty and geopolitical events when modeling
the relationship between energy prices and inflation. A related question is: To what
extent geopolitical events and economic uncertainty affect energy prices and
inflation?

With respect to the existing literature, we take a fresh look at the modeling issue
and apply the wavelet methodology to examine the relationships between the time
series under consideration in both the time and frequency domain. In the literature,
most of the related empirical works use linear or nonlinear models in conventional
time-domain framework to investigate the relationship between energy price and
inflation (e.g., [3, 11-17]).

In this chapter, we argue that existing studies on the relationship between
energy prices and inflation may suffer from two limitations. First, a possible short-
coming of time-domain specifications is that these models offer limited insights
into the time-varying features of the time series at hand. In the short run, energy
demand for both consumption and production is fixed, but in the medium to long
run, an increase in the relative price of energy may lead to substitution effects. As
a result, macroeconomic aggregates may become less vulnerable to energy shocks.

In this regard, wavelet analysis allows us to observe how these relationships change
over different time scales. Second, many previous theoretical models that focus

on the links between energy prices and inflation have been constructed under

the assumption that energy prices are strictly exogenous to macroeconomic
variables. This strong hypothesis seems at odds with reality, as growing empirical
evidence suggests that not only do energy prices affect the economic system, but
expansions in the business cycle also tend to raise energy prices, particularly oil
prices (e.g. [18]).

In this chapter, we address these possible shortcomings by combining the estima-
tion of time-domain specifications with the wavelet methodology. Wavelets are a
filtering method that decomposes the original series into different frequency compo-
nents, each accounting for the time series properties of a particular frequency
band. Wavelets have several interesting features; however, in our context, we are
particularly interested in three main properties. First, wavelets provide a decomposi-
tion of the series under consideration into several time series, each associated
with different time scales. This makes it possible to observe how the relationship
between two time series changes as a function of different time horizons. Second,
wavelets can handle nonstationary spells in the time series. This is a particularly
important property since macroeconomic time series are notoriously prone to struc-
tural breaks (e.g. [4], and the references therein). Third, wavelets are robust to regime
shifts and other discontinuities, such as isolated shocks in inflation series. Altogether,
these features suggest that wavelets may overcome potential limitations of the time
domain modeling framework and provide new insights into the dynamic relationship
between inflation and energy prices that the related literature has not yet fully
explored.
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The empirical analysis is conducted in two steps. In the first stage, we undertake
wavelet coherence and phase difference analysis simultaneously to analyze co-
movements and causality between inflation, economic uncertainty, and energy prices.
We are particularly interested in investigating how these relationships vary across
frequencies and over time. In addition, since energy prices also affect consumer
prices, we also consider industrial production as a proxy for output growth. This
allows us to control for business cycles fluctuations in the euro area countries.

Having analyzed the lead-lag relationships between the time series under consider-
ation, in the second stage of our investigation, we turn our attention to the transmission
of shocks that energy price fluctuations impose to the economy system in the euro zone
countries. With this target in mind, we build on Alqaralleh et al. [19] and use a proce-
dure that allows to investigate the transmission of shocks between the variables of
interest across different time scales. The authors propose to use the maximal overlap
discrete wavelet transform to decompose the time series under consideration compo-
nents associated with different time scale resolutions and use the obtained filtered series
to estimate a time varying vector autoregression model (VAR). The resulting procedure
not only is robust to structural breaks and nonstationarity, but it allows the variances of
the endogenous variables to vary via a stochastic volatility Kalman filter.

This work is closely related to previous studies, but it offers a fresh perspective of
several long-standing economic issues. First, although based on a different in meth-
odological approach, our chapter builds on the literature that analyses the relationship
between energy prices and economic fundamentals. Closely related works are Barsky
and Kilian [2]; Hooker [20]; De Gregorio et al. [3] and Kilian [18] where the impact of
oil prices on inflation is considered. Other studies have examined the impact of oil
prices on consumption (see [21]) and unemployment (see [22]). These works con-
centrate on the oil prices and generally show a negative effect of increasing oil prices.
In this chapter, we extend our interest to non-oil energy price, as well as liquid fuel
prices. In the literature, empirical works that include non-oil energy prices are less
frequent. However, electricity, gas, heat energy, and solid fuels are employed by
households for home heating, and domestic appliances and shocks to these prices
historically had a significant impact on the real economy. Also, most of these papers
make use of linear models to analyze the impact of energy price shocks on the
economic system (e.g. [4, 23-25]). In this chapter, we allow for time-varying param-
eters and nonlinearity.

Second, we build on the increasing number of works that relate geopolitical risk
and economic uncertainty to energy prices shocks. Much of the worlds’ energy
reserves are located in areas where political turmoil and violence have historically
restrained energy production and investment in the energy industry (e.g. Middle east
region for oil). Recently, political risks have jeopardized the energy supply from
energy rich nations outside regions considered at risk (e.g. Russia and Venezuela) (e.g.
[4]). Climate change is also increasingly a source of uncertainty. Hurricanes Rita and
Katrina that hit the Gulf Coast of the United States in 2005 provide a good illustration,
since they caused enormous disruption to energy production industry in the country
(e.g. [26]). It is therefore not surprising that the literature has investigated the rela-
tionship between energy price shocks and economic uncertainty (e.g. [7-9, 27]). In
this chapter, we build on this literature by considering spillovers between energy
prices and the economic policy uncertainty in the time-frequency domain.

Third, the proposed econometric framework builds on a growing literature that
uses vector autoregressive models allowing for time-varying volatility when analyzing
the effect of energy price shocks (i) on the macroeconomy (e.g. [28]), (ii) on the
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inflation pass-through, and (iii) on the economic uncertainty (see [27]). While we also
control for time-varying volatility and nonlinearity, our main focus is to examine how
the dynamic relationships between the variables under consideration change across
frequencies.

This chapter is organized as follows. Section 2 describes the data used in this
application. Section 3 deals with the wavelet coherence and phase differences empir-
ical investigation along with a brief explanation of the methodology under use. Section
4 describes the main model and presents the empirical results. Finally, Section 5 pre-
sents some concluding remarks.

2. Data

The data used in this study consist of monthly data starting from January 1997 to
August 2022 for aggregated data on the group of the 19 member states of the European
Union on energy prices, inflation rate, industrial production, and economic policy
uncertainty.

The inflation is a harmonized consumer price index, (INF;), and for the 19 mem-
ber states, the energy prices are a harmonized energy price index, (ENP;) that
includes electricity, gas, liquid fuels, solid fuels, heat energy, and fuels and lubricants
for personal transport equipment. To account for energy demand, the harmonized
industrial production index, (IP;), is also considered. Finally, to account for economic
uncertainty, we consider the European Economic Policy Uncertainty Index, (EEPU,),
suggested by Baker et al. [29]."

Figure 1 displays the evolution of the energy price index since 1997, along with the
other series under consideration. A visual inspection of Figure 1 reveals two common
structural breaks in the period under consideration, the first occurring in 2009 and the
second in 2020. The first break is clearly related to the global financial crisis that
occurred in the summer 2007. As it appears from the plot of the industrial production
and the inflation series, this period was preceded by a long period of economic
expansion. During this period, energy prices sharply increased and became substan-
tially more volatile. This surge was largely driven by oil price due to high demand
from China and the Middle East (see [4]).

The second break is related to geopolitical events such as the Covid-19 pandemic
and the Russian invasion of Ukraine. As it appears from Figure 1, when the pandemic
hit the world in 2019, the industrial production collapsed, and the sharp decline of
economic activity led to an abrupt decline of energy prices. The severity of the
recession pushed inflation and energy prices down. From summer 2020, however,
industrial production and energy prices started to recover, mainly due to strong

" Note that alternative measures of economic uncertainty are available. However, the EEPU index is a
comprehensive measure based on a range of indicators, including the frequency of newspaper references to
policy uncertainty. Specifically, the index tracks search results for articles containing terms related to
economic policy uncertainty. Since inflation is strongly influenced by economic policy uncertainty, the
EEPU index is the most appropriate for our application. Furthermore, Baker et al. [29] evaluated the EEPU
index against other news-based measures of uncertainty and found that it outperformed its competitors.
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Figure 1.

Monthly data for the harmonized the consumer price index velated to the 19 states members of the euro area,
harmonized energy price index, the harmonized industrial production index, and the European Economic Policy
Uncertainty Index.

demand following the easing of the lock downs. From Figure 1, it appears that the
industrial production increase was associated with a sharp increase of inflation in the
euro zone. Throughout the years 2020 and 2021, the strong economic recovery
increased energy demand, and by the summer of 2021, industrial production, energy
prices, and inflation levels were back to pre-pandemic levels. As it appears from
Figure 1, following the Russian invasion of Ukraine in February 2022, energy prices
and inflation sharply increased.

From Figure 1, it is clear that the EEPU index is able to replicate most of the
geopolitical events that increased economic uncertainty during the period under con-
sideration such as the 9/11 terrorist attacks, the U.S.-led invasion of Iraq in 2003, the
global financial crisis in 2008-2009, the Brexit referendum in June 2016 in the United
Kingdom, the Covid-19 pandemic outbreak in 2019, and the Russian invasion of
Ukraine in 2022. Overall, the EEPU index features two different regimes: a downward
trend from 1997 to May 2007 and a steady increase from June 2007 onward with the
index increasing sharply starting from the Covid-19 outbreak.

3. Energy prices and inflation dynamics
3.1 Wavelet coherence analysis

The purpose of this section is to briefly introduce the concepts and definitions in
relation to the wavelet analysis conducted in this study. For a detailed review of the
mathematical properties of wavelet, we refer the reader to the discussion in Percival
and Walden [30] or Gengay et al. [31].
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For the stochastic process y, the continuous wavelet transforms (CWT) is defined
as the following integral

W(z,s) = rwyt\/imw* (t:—T)dt, (1)

where s, 7 €R are functions of variables that denote the scale and the position,
respectively. The asterisk (*) denotes the complex conjugation function of the basic
wavelet

Wdﬂzj%W@Tq~ @)

In the literature, several wavelet functions have been used for the continuous
wavelet transform. In this application, we use the Morlet wavelet defined as

w(t) = nle wose T 3)

In Eq. (1), the wavelet y(¢) must satisfy the admissibility condition

wa@mzo, @)

and the orthogonality property

jmwwwhﬂ. )

To investigate the pairwise time-frequency relationship between two time series
i, and y;,, we can investigate the localized covariance by considering the cross-

wavelet transform defined as the product of transforms

Wy, (,5) = W,,_(1,5) W;Vj, (z,9). (6)

where the asterisk () denotes the complex conjugation function of Wy (z,s).
7

From Eq. (3), the squared wavelet coherence between y;, and y;, is given by

R*(z,s) =

52w 09)[ o
w

s(Emstea)s(ipwseol))

where S is a smoothing function for both time and frequency.

The expression in Eq. (7), which takes values between 0 and 1, can be interpreted
as a localized correlation coefficient in the time-frequency domain. In other words, as
it can be seen in Eq. (7), coherence is the ratio of two of the squared cross-wavelet
transform to the product of two single power spectrums, analogue to the squared of
the coefficient of correlation. Broadly speaking, coherence is a correlation measure
that indicates how strongly the two variables are related at business cycle frequencies.
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From the cross-wavelet transform, the pairwise lead-lag relationship and the sign
of the correlation between time series under consideration can be captured by using
the phase difference. The phase for wavelets shows any lag or lead relationship
between components and can be expressed as the ratio between the imaginary and the
real parts of a cross-wavelet transform and is given by

L mfsemae]

e o G o)

In Eq. (8) the two series are positively correlated if —7/2<p, 5, S 7/2, and negative

(8)

correlated otherwise. Moreover, if the phase difference is [0, #/2] and [—#, —7 /2], then
the first variable leads the second; however, if [—z/2, 0] and [r, 7/2], then the opposite
is true, and the second variable is leading.

3.2 Empirical results

The results of the wavelet coherence and the phase difference in Egs. (7) and (8)
are displayed in Figure 2(a—c). In these figures, the degree of which series move
together over the business cycle is represented by colors with deep red pointing at the
higher level of correlation and deep blue at the lowest. To facilitate the interpretation
the frequency component, given on the y-axis, it was converted into time units
ranging from 2 months to 64 months. Below we refer to as short-, medium-, and long-
run time horizons of less than 8 months, and above 16, respectively. In Figure 2(a-c),
the yellow contours indicate statistical significance of the wavelet coherence at 5%
significant level. In addition, the lead-lag relationship between inflation and the other
variables at hand are capture by the black arrows. In particular, arrows pointing /
and ./ indicate that inflation is leading, whereas arrows pointing to the left, \, and \,
indicate that inflation lagging. Also, the horizontal arrows with left and right direc-
tions point at positive and negative correlations, respectively.

Figure 2a presents the estimation results of wavelet coherence and the phase
analysis for inflation and energy prices during the period under consideration.
Looking at the results from Figure 2a, it emerges that statistically significant patches
of high correlation are detected mostly during turmoil periods, such as the 9/11
terrorist attacks, the U.S.-led invasion of Iraq in 2003, the global financial crisis, and
the sovereign debt and banking crises. Moreover, high levels of coherency are mostly
observed in the long-run period, pointing to the fact that inflation is likely to respond
to economic fundamentals in the euro area. However, high coherency levels can be
noticed across all frequencies after the start of the Covid-19 pandemic and after the
Russian invasion of Ukraine in February 2022. Looking at the lead-lag relationships,
the causality between inflation in the euro area and energy prices shows some dis-
tinctive properties. From 1998 to 2004, energy prices lead inflation, mostly in the time
scale 32-64 months, although some causality appears in the short-run period short run
(i.e. 8-month frequency band). Similarly, from 2005 to 2012, energy prices led the
inflation series, but this time mostly in the 16-32 frequency band. During this period,
energy prices substantially increased due to demand pressure from OECD emerging
economies, China, and the Middle East in particular. High energy demand was not
matched by increase supply from OPEC countries. This supply tightness resulted in oil
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Figure 2.

a. Cross-wavelet transforms between inflation and energy prices in the euro avea. b. Cross-wavelet transforms
between inflation and industrial production in the euro avea. c. Cross-wavelet transforms between inflation and
EEPU index in the euro area.
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price boom which was suddenly disrupted with the onset of the global financial crisis
in 2008 (e.g. [4]). By contrast, the lead-lag relationship inverts, in the short- and
medium-run period, from 2013 to 2016, during the sovereign debt crisis when a
period of low inflation is observed (see Figure 1). In the wake of the global financial
crisis, inflation remained low and relatively stable, against the backdrop of the
sharpest economic downturn since the Great Depression. As inflation rates kept
undershooting 2% target in the euro area countries, the European Central Bank
embarked on an unprecedented monetary policy easing. The results in Figure 2a seem
thus to support the findings in Kilian [18], where it is suggested that there is a reverse
causality from macroeconomic variables to energy prices. Finally, from 2019 to 2022,
the energy prices significantly led the inflation in the euro area in the short- and
medium-run periods. The increase of geopolitical risk and economic uncertainty due
to the Covid-19 pandemic and the Russia’s invasion of Ukraine in February 2022 are
clearly visible in Figure 2a (see also Figure 2c).

Turning now to the relationship between inflation and industrial production,
Figure 2b indicates that a high level of coherency between inflation and
industrial production exists in the long-run period during times of economic
contractions such as the global financial crisis and the sovereign debt crisis. High
correlation levels can also be noticed at all frequency scales during the Covid-19 health
crisis and since the start of Russia’s invasion of Ukraine. Looking at the phase differ-
ences, the horizontal arrows indicate positive correlations between the two series with
the industrial production leading inflation in the short-, medium-, and long-run
periods.

Looking at Figure 3c, the red color of the wavelet coherency plot indicates that the
Asian financial crisis in 1997 had an impact on inflation over the medium- and long-
run periods. Similarly, periods of high correlation are observed during the period
2001-2003, the wake of the 9/11 terrorist attack. Deep red color also appears during
the global financial crisis period in 2006 but is particularly evident from the Covid-19
pandemic in 2019 onward.

Coming to the analysis of the phase differences, considering the lead-lag relation-
ships between inflation and the economic uncertainty index, from Figure 2c, it
appears that the uncertainty index was leading inflation around 2006-2012 in the
long-run period. However, the magnitude of the correlation between inflation and the
uncertainty index takes an unprecedented level since the start of the Russian invasion
of Ukraine, when high levels of correlations are observed across all the time scales
under consideration. Geopolitical disorders had a dramatic impact on energy prices
since February 2022. In this respect, Bjernland [32] reports that during the first 2
weeks of the war, Brent prices—the European oil benchmark—increased by more
than 25%. Likewise, at the end of March 2022, European gas prices were around 580%
higher than a year earlier. The impact of this huge energy prices increases along with
the high level of political uncertainty can clearly be seen in Figure 2c.

4. The transmission channel of shocks
The wavelet coherence analysis presented in the previous section illustrates how

inflation, energy prices, industrial production, and economic uncertainty interact
overtime and across frequencies. The wavelet coherency analysis revealed that there is
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Figure 3.

a. Total shock transmission To others in the short-, medium-, and long-run periods. b. Total shock transmission
FROM others in the short-, medium-, and long-run periods. c. Net total shock transmission in the short-, medium-,
and long-run periods.

strong correlation between inflation and the other variables under consideration, in
particular during turmoil periods. However, the strength of the relationship not only
changes across the business cycle, but also across frequencies. In general, high and
statistically significant correlations are found in the medium- and long-run periods,
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namely for fluctuations that last for more than 16 months. Concerning the shorter-run
movements, the wavelet coherence analysis highlights episodes where the links have
been temporarily stronger. From the analysis of lead-lag relationship, we can conclude
that energy prices lead inflation and industrial production at long-term movements;
however, for other time-frequency regions, the picture is less defined, with phase
differences oscillating between lag and lead, although the lead relationship seems to be
prevalent.

In this section, we turn our attention to the dynamic relations between the vari-
ables under investigation with a particular interest on the impact of unexpected
energy prices shocks on inflation. With this target in mind, we consider the wavelet
time-varying parameter vector autoregression (WTVP-VAR) procedure proposed in
the study by Alquarelleh et al. [19]. The authors suggest using the maximal overlap
discrete wavelet transform (MODWT) combined to a Bayesian time-varying VAR
model to investigate the propagation of shocks within the variables of interest over
different time scales. The implementation of the estimation procedure involves
undertaking two steps that are briefly described below.

4.1 First step: Discrete wavelet decomposition

In the previous section, the continuous wavelet transform was used to decompose
the stochastic processes under consideration. The CWT was obtained by convolving a
signal with an infinite number of functions, generated by translating (¢) and scaling
the Morlet scaling function. The resulting two-dimensional transform has parameters
that vary continuously. The advantage of CWT is that it delivers smoothly varying
local frequency and scales, and therefore, important signal features of the series are
easily detected. However, for the purpose of estimating a VAR model, a discrete
wavelet transform (DWT) needs to be used, as in this case, the decomposition pro-
vides a discrete representation of the signal in both the time and frequency domains.

The MODWT can be used to decompose the series under investigation into differ-
ent time scales as

y(1) = ZSm,dem,k () + de,kll/m,k () + Zdifl,kll/m—l,k @)+ .. + Zdl,ky/m—l,k (2),
T T T T
9

where ¢,,;, and y,, , are two basic functions that capture the low-frequency and
high-frequency oscillations of the series, respectively. In Eq. (9), m represents the
number of time scales, and k ranges from 1 to the number of coefficients in the
specified components. The coefficients s, , and d,,;, are the wavelet transform coeffi-
cients given by

st = [FO 01, (10)

* MODWT has often been used in the related literature since it has some desirable properties. For example,
the MODWT wavelet transform is shift invariant in the sense that circularly shifting the time series by any
amount will also shift the MODWT wavelet scaling and details coefficients by a corresponding amount.
Also, the MODWT details and smooth coefficients are associated with a zero phase filters and thus allow to
replicate feature of the original series in the multiresolution analysis. For more details see Percival and
Walden [30].
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o = Jf(t)y/m,k(t)dt form =1,2, ..M. (11)
defined as

m
=) o

Vg = 2" (578,

In Eq. (9), the transform coefficient s,,, represents the smooth coefficient that
captures the trend, whereas the detail coefficients s, , ...,s1, capture the higher
frequency oscillations. Therefore, the wavelet approximation of the original series can
be expressed as the smooth and the details signals

y,=SmM+Dy+Dy_1+ ... +Dim=1,..,.M (13)

where the frequency components Dy are listed in the order of increasingly finer
components, and Sy is a smooth coefficient that captures the deviation from the trend
(for details on the MODWT, see also [30]).

4.2 Second step: WTVP-VAR estimation

The multiresolution decomposition obtained in the first step allows us to analyze
impact of shocks at the short-, medium-, and long-term impact by shocks arising at
different time scales. With this target in mind, the filtered series obtained in the first
step are used to estimate the TVP-VAR model in the time-frequency framework. The
model can be written as follows

2y = P21+ €5 €|Froq ~ N(O, St)a (14)
vec(p,) = vec(P,_1) + vr, vs|Fr1 ~ N(O,Ry), (15)

!
where z; and z;_1 = |:yt71’ s ytfp} represent N X 1and P x 1 dimensional vectors,

respectively. f, is an N x Np dimensional time-varying coefficient matrix, ¢; is an N X
1 dimensional error disturbance vector with an N x N time-varying variance-
covariance matrix S;, vec(f,) and v, are sz x 1 dimensional vectors, and R; is an
N?p x N’p dimensional matrix.

For each frequency band, the model in Egs. (14) and (15) can be estimated by
Kalman filter allowing for time-varying variance covariance matrices, and the esti-
mated parameters can be used to calculate the generalized forecast error variance
decompositions (GFEVD) (see [27, 33, 34]). In particular, from the estimated param-
eters in Egs. (14) and (15), the general impulse response function (GIRF) can be
obtained by transforming the TVP-VAR using the Wold representation theorem to
obtain a TVP-VMA:

2 =Y L'WlLe j, (16)
=0
Zr = ZAitet—j, (17)
=0
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where L = [IN, e Op]/ isan Np x N dimensional matrix, W =
15 In(p-1)» On(p—1)xn ] is an Np x Np dimensional matrix, and Aj; is an N x N dimen-
sional matrix.

From Eq. (16), the generalized impulse response functions (GIRFs) and general-
ized forecast error variance decompositions (GFEVDs) can be calculated. For each
variable 7, the GIRF represents the reactions of all variables following a shock in 7 and
computed as follows

GIRF, (K 5] s Fr1 ) = E(yt+l<|€jt = ]t’Ft 1) — E(Yiik| Fr1), (18)
Ag 1Sy AK ot €t 5] t
;i (K) = 50t = 1/ Sjjits (19)
! V ]J ¢ \% ]J 4
Ak, S; €
vqﬁu()::_léiljii, (20)
Sjt

where y;, represents the GIRFs of variable j, K represents the forecast horizon,
9; the selection vector with one on the jth position and zero otherwise, and F; 1
the information set until ¢ — 1. Similarly, from Eq. (16), GFEVD can be computed as
follows:

K1 29

. Wy
;. (K) = W Z(Dl]t (K) =1and ZNW (K)=N (21)
j=1 j=

Eq. (21) can be used to estimate the influence that the j variable has on variable
i in terms of its forecast error variance share. By normalizing the variance
shares, one can explore how a shock to the i variable spills over to all the other
variables of the system through the total shock transmission index, which can be
constructed as

N ~
> s @i (K
Ct(1<) _ z,]—l,zaéljv Jt( )

*100. (22)
More interesting is to analyze the direction of the shock transmission due to
volatility spillover. The method under consideration considers three aspects of this

direction.
First, total shock transmission TO others, given as

ZZ:L#]' (i)ij»t (K)

Cinje(K) = SV & (K)

% 100. (23)

Eq. (23) gives information on how a shock to a variable i is transmitted to all the
other j variables. Similarly, we can calculate the total shock received FROM others,
which gives information on how shocks to the j variables are transmitted to the i
variable. This is given as

Zf\j 11'7&] 1] f(I<) *

100. (24)
Z] 1 l]t(1<)

Ci<—j,t (I() ==
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Last, by subtracting Eq. (23) from Eq. (22) to obtain the net directional shock
transmission as follows:

Cis(K) = Cijs(K) — Cij s (K). (25)

Eq. (25) illustrates the NET magnitude of the impact that i variable has on the
analyzed network. Thus, a positive value of Eq. (25) implies that the shock that the i
variable causes to the other variables within the network is greater than the one that
the network produces on i (i.e. the variable i is a net shock producer in the economic
system under consideration), whereas a negative value implies that shocks induced to
i by the network under consideration are greater than the ones caused by the i variable
to the network (i.e. the variable 7 is a net shock receiver).

4.3 Empirical results
4.3.1 Static analysis of multi-scale shock transmission

In Table 1, panels (a), (b), and (c), we report the estimation results for the
spillover effects defined in Eqs. (23) and (24) for the short-, medium-, and long-run
periods, respectively. The estimation results were obtained estimating a VAR(1)
model with lag order chosen on the base of the Schartz information criterion.

In Table 1, for each panel, the diagonal elements represent the intra-variable
spillovers obtained from the generalized forecast error variance decomposition
matrix. Conversely, the off-diagonal elements of the table report the 12-month step
ahead error variance that is explained by shocks to the other variables in the network.
Therefore, it is a measure of the extent to which each variable in the network receives
or transmits shocks within the network. In addition, in panels (a), (b), and (c), the
row sums labeled as “FROM?” (see Eq. (24)) report the total spillovers received by the
variable in the respective row. Similarly, the column sum, labeled as “TO” (see
Eq. (23)), reports the total spillovers transmitted by the variable in the respective
column. In the last row of each panel, the NET spillover is calculated as the difference
between each variable’s (off-diagonal) column sum and the same variable’s row sum
(see Eq. (25)).

Looking at the results in Table 1(a)-(c), we observe that no matter the time scale
under consideration, the own-series spillovers explain the highest shares of forecast
error variance, as the diagonal elements receive higher values compared to the off-
diagonal elements. The shares of intra-variable spillovers give important information
on shocks to the second moment of each variable of the WTVP-VAR and can be
interpreted as intra-variable uncertainty shocks. In this respect, comparing the diago-
nal elements of the estimation results presented in panels a), b), and ¢) gives us
information on the persistence of these intra-variable uncertainty shocks. For exam-
ple, from panel a) we can infer that shocks to inflation explain 72.99% of the average
12-month ahead forecast error variance in the short run, and therefore, inflation
shocks in the short run depend more on inflation uncertainty than the transmission of
shocks from the other variables in the system. However, this picture changes in the
medium- and long-run periods when the estimated impact of the intra-variable
uncertainty shock reduces to 42.5 and 20.7%, respectively (see panels (b) and (c)).
These results are in line with the seminal work by Cukierman and Meltzer [35] where
uncertainty about future inflation also affects the average rate of inflation (see, inter
alia, [1, 7, 8, 21]).
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EEUI IP ENP INF FROM

Panel A: Short term (< 8 months)

EEUI 88.35 5.02 3.58 3.06 11.65
IP 2.32 72.26 13.25 12.18 27.74
ENP 2.01 17.92 66.08 13.99 33.92
INF 1.61 16.07 9.33 72.99 27.01
TO 5.94 39 26.15 29.23 100.33
NET -571 11.26 —7.77 221

Panel B: Medium term (8-16 months)

EEUI 60.58 12.02 15.81 11.59 39.42
IP 9.55 42.55 33.77 14.14 57.45
ENP 10.45 29.31 4717 13.08 52.83
INF 4.64 29.15 23.72 425 57.5
TO 24.63 70.47 733 38.8 207.21
NET —14.79 13.01 20.47 —18.7

Panel C: Long term (over 16 months)

EEUI 46.47 20.34 23.22 9.97 53.53
IP 25.95 33.92 25.49 14.64 66.08
ENP 18.35 31.67 35.36 14.62 64.64
INF 19.62 33.13 26.55 20.7 79.3
TO 63.91 85.14 75.26 39.23 263.54
NET 10.38 19.06 10.62 —40.07

Note: The estimation results are based on a WTVP-VAR model with a lag length of order one and a 12-month-step-ahead
generalized forecast ervor variance decomposition. Short, medium, and long term is referved to as the obtained series from
the m-level multi-vesolution decomposition.

Table 1.
Shocks transmission by time scale.

Looking at the shares of intra-variable spillover of energy prices, from the fourth
column of Table 1, it appears that shocks to energy prices explain 66.08% of the
average 12-month ahead forecast error variance in the short-run period, and 47.17,
35.36% in the medium and long run, respectively, signaling that uncertainty shocks to
energy prices in the euro area are rather persistent. These findings may have impor-
tant implications for policymakers, since according to a well-established literature, the
negative contribution of energy price shocks to the economic activity is greater when
the persistence of energy price shocks is high, as it becomes more difficult for central
banks to stabilize the economy (see [36]). Similarly, from Table 1, it appears that
uncertainty shocks are rather persistent, since a shock that explains 88.35% of the
average 12-month ahead forecast error variance within the 8-month period still
explains 46.7% of the variability in the (up to) 32-month period.

Turning our attention at the off-diagonal elements of Table 1, looking at the fourth
column, we see that energy price shocks explain 9.33% of the 12-month-ahead forecast
error variance on inflation in the short run. However, in the medium- and long-run
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periods, these shares increase to 23.72 and 26.55, respectively. As expected, energy
price shocks also are transmitted to industrial production. However, the impact is
mostly felt in the medium-run period, when the spillover share is 33.77%. These
results imply that the speed of propagation of energy price shocks to the real economy
is relatively slow. In the short term, the ability of firms to react to energy price shocks
by substituting energy with other inputs is rather limited, and this could potentially
explain the estimated results in Table 1.

Coming to the spillover effects of energy price shocks to economic uncertainty,
from columns two and four, it appears that there is bidirectional relationship between
and economic uncertainty and energy price shocks. On one hand, energy price
shocks increase economic uncertainty, especially in relation to monetary policy
response. On the other hand, there is uncertainty in relation to the economic outlook
negatively investment and output, which in turn causes a reduction of output levels
and energy demand. Looking at the speed of propagation, from Table 1, it appears
that the transmission of uncertainty shocks reaches its maximum only after
16 months.

Turning to the impact of economic uncertainty, from column two, it appears that
there is an important spillover effect from economic uncertainty to the energy prices,
inflation, and industrial production. For example, a shock to the uncertainty index
explains 2.32% of the average 12-month-ahead forecast error variance of the industrial
production in the short run, 9.55% in the medium run period, and 25.95% in the long
run. Similarly, it explains 18.35 and 19.62% of the average shares of energy prices and
inflation in the long-run period.

Overall, the average “net” spillovers demonstrate that energy prices are net shock
transmitters in the medium and long run, but shock receivers in the short run. These
results support the view that the speed of the shock transmission to the economic
activity is relatively slow, as it takes more than 8 months for the pass-through effect to
the other variables of the system. On the opposite, the estimated “net” spillover results
for inflation highlight that inflation is a shock transmitter in the short run, but shock
receiver in the medium and long run. From column two, we can infer that shocks to
industrial production are also an important source of instability, since from the esti-
mated “net” effect, (see the third column in Table 1), it appears that the difference
between the directional spillover transmitted to other and the directional spillover
received from others is always positive, no matter the time scale into consideration.
Finally, looking at the “net” estimation results for the EEPU index, it is clear that the
economic system responds to geopolitical events and uncertainty in the economic
system, but the diffusion of a shock is rather slow, since the EEPU index becomes a
net receiver only after 16 months.

4.4 Dynamic analysis of multi-scale shock transmission

The average results in Table 1 provide important information on the transmission
channels of energy shocks and the propagation mechanism of these shocks throughout
the economic system. We now turn our attention to the time-varying interpretation of
the spillover plot based on the time-varying estimates of the various connectedness
measures. Here, we are particularly interested in investigating how geopolitical shocks
affect the variables under investigation.

Figure 3(a—c) present the results provided by the WTVP-VAR for the each of the
time series under consideration. In particular, Figure 3a provides, for each time
period, the estimated dynamic TO total directional spillover, where we look at the case
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where variable i transmits its shock to all other variables. Figure 3b plots, for each
time scales, the estimated results for the FROM dynamic total directional spillover,
where we look at the shocks that variable i receives it from the other variables in the
system. Finally, the time-varying results for the NET spillovers are presented in
Figure 3c. As before, a positive (negative) value in Figure 3c illustrates that variable i
is driving the network more (less) than being driven by it. Hence, variable i is a net
transmitter (receiver). Note that in the interest of brevity, the time-varying estima-
tion result for the “Total” has been omitted, but the results are available upon request.

According to the results plotted, we observe that the estimated time-varying spill-
over indexes are very responsive to downturn the economy activity and geopolitical
events. In general, the results in Figure 3 support the results from the wavelet coher-
ence analysis presented in Figure 2 and Table 1.

5. Conclusion

In this chapter, we assess the relationship between energy prices, economic uncer-
tainty, industrial production, and inflation in the euro area region. The main findings
of this application can be summarized as follows. First, significant correlation is found
between energy prices and inflation. Statistically significant patches of high correla-
tion are detected mostly during turmoil periods such as the 9/11 terrorist attacks, the
U.S.-led invasion of Iraq in 2003, the global financial crisis, and the sovereign debt and
banking crises. In particular, high coherency levels can be noticed across all frequen-
cies after the start of the Covid-19 pandemic and the Russian invasion of Ukraine in
February 2022. Looking at the lead-lag relationships, it is found that energy prices lead
inflation in most cases. However, patches of reverse causality are also detected, espe-
cially in the medium-run period. These results support the strand of literature
claiming that energy prices are endogenous with respect to macroeconomic conditions
(e.g. [2, 36, 37]). Endogeneity in our case refers to the fact that not only do energy
prices affect the economy, but there is also reverse causality from macroeconomic
aggregates to the price of energy.

Second, looking at the estimated shares of intra-variable spillovers of energy
prices, it appears that the impact of uncertainty shocks to energy markets is rather
persistent. These results have important implications for policymakers, since the
impact of energy price changes depends not only on their driving forces, but also on
their persistence and how they are absorbed by the economy. On the contrary, infla-
tion uncertainty is much less persistent, since shocks on inflation explain large part of
the average 12-month ahead forecast error variance in the short-run period, but much
less in the medium- and long-run periods.

Third, energy prices are important shock transmitters in the network of variables
under consideration. However, the magnitude of the transmission changes over time
and across frequencies. In particular, our estimation results suggest that energy price
shocks are transmitted to industrial production and inflation. However, the impact is
mostly felt after 8 months from the shocks in both cases. These results imply that
there is a pass-through effect, but the speed of propagation of energy price shocks to
the economic system in the euro zone is rather slow.

Finally, the estimation results suggest that geopolitical and economic uncertainty
are major shock transmitters. It appears that there is bidirectional relationship
between and economic uncertainty and energy price shocks. On one hand, energy
price shocks increase economic uncertainty, especially in relation to monetary policy
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response. On the other hand, uncertainty surrounding economic conditions negatively
affects firms’ investment and output decisions, which in turn causes a reduction of
output levels and a downward pressure on energy (see [38]). Also, the estimation
results from the WTVP-VAR reveal that the diffusion of a shock to the economic
system is rather slow, since the EEPU index becomes a net shock transmitter only
after 16 months from the shocks.
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Chapter 4

Schlomilch Series Based on Integral
Transtorms

Slobodan B. Trickovi¢ and Miomir S. Stankovic

Abstract

Schlémilch series was defined originally as a Fourier-type series expansion of twice
continuously differentiable function f (x) in the interval (0, z) in terms of the Bessel
function of the first kind, named after the German mathematician Oskar Schlomilch.
Instead of Bessel functions, some functions related to them may appear in the expan-
sion. Also, it is interesting to consider the series with an integral of the Bessel, Struve,
or related functions. In place of Bessel or associated functions, we can take a product
of these functions multiplied by a trigonometric function. We express the summation
formulas as series over the functions Riemann’s zeta or Dirichlet eta, lambda, and
beta. We can bring these series in closed form for some parameter o values in the
denominator.

Keywords: gamma function, Riemann and Hurwitz zeta function, Dirichlet eta,
lambda and beta function, harmonic numbers, hypergeometric function, Bessel and
Struve function, Fourier, Mellin and Hankel transform, Schlomilch series

1. Introduction

The Erdélyi-Kober operator of fractional order is defined by (see [1, p. 433])

1
P9 (p;2) :[ (1-2)"p(t)dt, Re a> —%, 1)
JO

and for @ = 0 and ¢ = cos, it yields Poisson’s integral representation of the Bessel
function J(z) (see [2, p. 224, entry 10.9.4 for v = 0])
! ~1/2
Jo(z) = J (1—1*)" 7" cos(zt)dr. (2)

0

Rusev used (1) to give a necessary and sufficient condition (see [1, Theorem 1.2]) for
a holomorphic function f(x) (a complex-valued function that is differentiable in the
vicinity of each point in a domain) to be represented by the series

Fo) =S a, (), 3)
n=1
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where v = 0. Rayleigh (see [3]) showed that the series Eq. (3) plays a significant role
in physics, and they are applicable when one investigates periodic transverse vibra-
tions uniformly distributed in direction through the two dimensions of the membrane.
Except for Bessel functions J,(nx), we can consider Struve H, (nx) and related
functions. Also, we can leverage their integrals designated with D, (nx), which present
integral transforms of these functions (see [4-6]). Thus, we deal with the series

Z&l"Dy(ﬂX)- (4)

In addition, we can take a product of these functions multiplied by the sine or cosine
function, that is,

oo

> a,g(ny)D, (nx) (5)

n=1

with g presenting one of these trigonometric functions. We call all these series the
Schlémilch-type series, and getting at summation formulas for them reduces to find-
ing its trigonometric series representation. So, one regards trigonometric series in a
broader sense as a fundamental goal of the investigation.

Apart from following its internal logic and laws based on axioms and abstract
notions, mathematics draws on appearances in the real world. To solve problems, it
develops its models and returns these solutions to the real world. In the process, it
achieves results that someone might use later but is not predictable when. The same
can apply to the material offered and presented here.

In paper [7], authors used a simple quantum mechanical model for obtaining new
infinite sums, including products of Bessel functions, applying our results from [8]
(Schlémilch-like infinite series [9]), as well as those containing generalized
hypergeometric functions, which, to the best of our knowledge, have not been calcu-
lated yet. One of the simplest solvable quantum mechanical models, also used in [10],
describes a particle of mass 7 moving in the infinite potential well.

1.1 Integral transforms

We recollect definitions and some basic properties of the integral transforms, and
we shall apply in the sequel.

An integral transform maps a function into another function space via integration,
where we manipulate some properties easily. The inverse transform generally maps
back the image to the original domain.

There are classes of problems that are not easy to solve in their original represen-
tations. An integral transform maps an equation from its domain into another one.
Solving the equation in the target domain can be much easier than handling a solution
in the original. Then, it maps back with the inverse of the integral transform.

A general integral transform 7 of a complex-valued function f (x) of a real variable

x is defined by
b

T{$(t);s) = J HOK(s,1)db, (©)

a
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providing that the above integral exists, s is a complex variable, K(s,t) a complex-
valued function, with 2 and b as are real numbers, where canbea = —oo,b = +o0. The
most used transforms of the form (6) are as follows:

1° FOURIER, if K (s,t) = \/%;em, a=—oo,b = +oo,
20 MELLIN, if K(s,2) = a = 0,b = +oo,
3° HankeL, if K(s,2) =t],(st), a = —oo, b = ~+oo.

One of the basic and useful properties of the integral transform 7 (is)

T{e1gh (1) + 25035} = 1T {1 (t);5} + 2T {y(1);5}- @)

for arbitrary constants c1, ¢,. The property (7) is called linearity.
1.1.1 The Fourier transform

The Fourier transform is defined (see [11])

00

F<s>=f{¢<x>;s}=j $ ()™ d. (®)

—o0

Suppose that ¢ and ¢’ are piecewise continuous on (—oo, o0), meaning that
both are continuous in any finite interval except possibly for a finite number of
jump discontinuities. Suppose further that |f| is integrable. Then, at each point x
where ¢(x) is continuous, the inverse Fourier transform one obtains is as follows
(see [12])

— 1 (= —ixs
P(x) = F HF(s);x} = ZJ F(s)e ™™ ds.

—oo

The Fourier sine and cosine transforms denoted by 7 (see [13]) are forms of
the Fourier transform that do not use complex numbers or require negative frequency.

1) = { oo } = T = [Can{ 7 L, ©

originally used by Joseph Fourier and still preferred in some applications, such as
signal processing.

Another way to define the Fourier sine and cosine transform can be as follows
(see [14]):

ro) = {5 =t = oo { D7 e a0

F.(w) cos wx
The Fourier sine and cosine transforms by Eq. (10) are self-inverse.

1.1.2 The Mellin transform

If an integrable function f (x) on (0, o0) is O(x~*) as x — 0+ and O(x "), where
b>1, asx — oo, then the Mellin transform of f (x) (see [15])
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09 = Migl)ss) = | x () ay
0
and its inverse transform of a function ¢(s)
c+ico
#) = M o) =5 w el a<e<h, (12)

is defined in the strip 2 < Re s<b (see [16]).
As far as the product of two functions goes, there holds (see [17])

M{g(x)g(x);s} = j:f-1¢<x>g<x>dx - j:of-lqs(x)M*l{p(s);x}dx

B 1 1) . Cc+ioco ,

1 ) oo (13)
I dtJ () e
0

27l Cc—ioo
1 c+ico

pls —)p@)dr (p(s) = M{g(x);x}),

27t c—ijoo

whereby the interchange of integrals is justified based on uniform convergence. So,
Eq. (13) tells us that the Meliin transform of the product of two functions is the
convolution of the individual Meliin transforms.

As regards the Fourier transform Eq. (8), we have

F{p(¢'); —is} = Jio () ) dr = Jw P(eh)e” dt. (14)

—oo

After introducing the substitution x = ¢’ in Eq. (14), the latter integral becomes
0o dx 0o »
plx)x’ —== | Plx)r dx = M{g(x);s}. (15)
0 0

So, the formulas Eq. (14) and Eq. (15) connect the Fourier and Mellin transform.
The gamma function is actually the Mellin transform of ¢ %, that is,

I'(z) = J x leFdx = M{e7#;s}, Re 2>0, (16)
0

and e % in Eq. (16) is expressed through the Mellin inverse transform

c+ioo
e 1J [(s)z~ds, largz|<=. (17)

- ﬁ c—ioo 2
1.1.3 The Hankel transform

Hankel transforms, named after Hermann Hankel (1839-1873), a German mathe-
matician, are integral transforms whose kernels are Bessel or related functions, being
the reason they are sometimes referred to as Bessel transforms (see [4]). Originally,
the Hankel transform of order v of a function f (r) was defined by (see [13, 18])
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F,(s) = HAd(r);s) = j:r«p(r)h(sr) dr, (18)

where ], is the Bessel function of the first kind of order v with v> — 1. The famous
Hankel integral formula gives the inversion formula

) = HF6);7) = rsusr) j rd(r)], (s7) dr (19)
0

Sufficient but not necessary conditions for the validity of Eq. (18) and Eq. (19) are
as follows:

1. ¢(r) = O(r™%),r — oo where k> 3.
2. ¢'(r) is piecewise continuous over each bounded subinterval of [0, o).

3. ¢(r) is defined as 3 (p(r+) + Pp(r—)).

Inverting a Hankel transform of a function f(r) is valid at every point at which f (),
defined in (0, o), is continuous, is piecewise continuous, and of bounded variation in
every finite subinterval in (0, o0), and

4IO 7)|\/rdr < .

An alternative definition says that the Hankel transform of g(r) is
(see [19, p. 189])

— Holg0)is) = | g0V (o) Vordr (20)

The definitions Eq. (18) and Eq. (20) are related, since, if g(r) = f(r)/, then G,(s) =
F,(s)+/s. It means the Hankel transform defined this way is self-inverse

gr) = H, G, (s);r} = J:GD(S)]D(SV) Visrds. (21)

The obvious domain now has the condition [;°| g(r)|dr < oo, but this can be extended.
In the literature, some authors (see [4, 6]) use Eq. (20), that is, Eq. (21), as alternative
definitions of the Hankel integral transform.

We shall call all the integral transforms having as the kernel Bessel or related
functions the Hankel-type transforms. For instance, if we deal with Bessel or Struve
functions, we replace ¢, with J, or H,, and H,{¢(y); x} is B, (x) or S,(x), respectively,

that is,
(BN S = Lo {5 Lo

whereby in Eq. (22), we applied the original definition Eq. (18) of the Hankel
transform.
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1.2 Schlomilch series obtained from numerical series

We start with the partial fraction decomposition

m

p (=D" (-1"™"
- = (23)
=

2 2 2 2m—1(,,2 2 2k 1n2m—2k+1
n(n? +p?) pi(n?4p?) g nPpProT

which is easily proved by the mathematical induction method in #, distinguishing the
cases m = 2¢q and m = 2q + 1, and the proof amounts to factoring the expressions
P — n* o pH+2 4 pta2,

From the identity Eq. (23), there follows

ad (_1)” 1 m m —k o
. 24
21”2m(n2+p 2m 1Zn2+p ;PZM 2k+lz ( )
Relying on the summation formula ([20, p. 685, 6])
> (-0 1 oz
=_— — —csch(ap), (25)
;pz +n2 2p* 2p

from Eq. (24), we arrive at the summation formula

oo (_1)n—1p (_1)m+1 m zm 2k)
E m = ™ CSCh 77,']9 + E — Rep > O, (26)
—~ n2 (p2 + 7’!2) 2p2 — 2k+l

n—1
where 5 presents Dirichlet’s eta function 5(s) = Y - ; (_;)j .

Now, we can apply the inverse Mellin transform Eq. (12) to both sides of Eq. (26),
knowing that (see [5, p. 342, Eq. (12) and p. 343, Eq. (16)])

4f p [ cos(nlogx), O0<x<1
M {F2+n2’x}_{0, x>1 Rep>0, @
and
1 (Clogx) s
M‘l{—b;}z 10 0 2%%<1 Reus0, Rep>0.  (28)
P 0, x>1

From Egs. (27) and (28), we obtain the sum of the series

= cos(nlogx) & (=1)*n(2m — 2k)
D R D

20! log™x.

On the other hand, applying the Hankel transform Eq. (20) to the series Eq. (26),
recalling that (see [6, p. 22, Eq. (7) and p. 24, Eq. (20)])

nYHxH T

H{{pw% (102 + nz) 7”71}(x) — ml(,,_ﬂ(nx), neN, (29)
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where K,, —1< Re v<2Re u+ %, is the modified Bessel function of the second kind,
and

2Ty

3 1
Wm, —RCU—§<R8M<——, (30)

H{{p" ) = :

and calculating

H{{csch(ap)} = J:\/ﬁ]b(px)csch(np)dp = w%‘ch;, x| <m. (31)

We conclude that we have to take V= %, so 4 = 0 in Eq. (29) and, because of the
condition —Re v — 2 < Re u< —3, 1 there must be u = —1in Eq. (30). As a result, it is
necessary to set m = 0 in Eq. (26), and taking account of Eq. (31), one obtains

= - 1 [z x 1 [z 1 7
;( 1)" 'K (nx) = 5 thh2+2 w1\ x| <z. (32)

So, Eq. (32) presents the sum of the Schlémilch series over the modified Bessel
functions of the second kind K7, (x).

2. Series based on the Fourier sine and cosine transforms

An advantage of the proposed method for finding a summation formula of Schls-
milch-type series involving integral transforms lies in the dispensability of their prior
calculation; however, we can also obtain a new series by applying integral transforms.
First, by making use of the Fourier sine and cosine transforms Eq. (9), p. 3, we form
the series (see [21])

=\ (5)" T ((an — b)x)

Sa = 7 (33)
e (an —b)
1 0
where a = { } b= { },s:l,ors: —1.
2 1
Theorem 1.1 The summation formula for the series Eq. (33) is
oo k 2k+6
Fla — 2k — 8)x*
ST = —C “la) | o(2%k +5+1), (34)
Y e
where, according to Eq. (11), we have applied the Mellin transform
o(a) = M{p0)a) = [+ 00)0,
(35)

o2k +5+1) = M{P(y); 2% +5+1} = J (k45111500 4y
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The designation F in Eq. (34) stands for Riemann’s zeta function or Dirichlet’s
function: eta, lambda, and beta. We obtain all particular cases by reading the other
parameters from Table 1.

Proof. The method for obtaining summation formulas for Eq. (33) is based on
replacing T((an — b)x) with the right-hand side of Eq. (9) without previous calcula-
tion. As a result, the function sine or cosine, which we designate f, will appear in the
numerator. In addition, we assume the function |¢(y)| is integrable. Because of that
and the uniform convergence of the trigonometric series based on Dirichlet’s test (see
[22], p. 347) with respect to y € (0, o), we may interchange the order of summation
and integration

oo n—1

Sl [ srtan vy = [[op - L g, o

n= n=

applying afterward the formulas representing the trigonometric series as series in
terms of Riemann zeta and related functions (see [23]), with xy instead of x, we find
Eq. (34). Then, there remains still to apply the Mellin transforms Eq. (35) for a
specific function ¢. [J

Concerning the convergence regions of the series Eq. (34), they will be the same as
those in Table 1 because the four convergence regions of the right-hand side trigono-
metric series Eq. (36) are 0 <xy <27, 0< |xy| <z, 0<xy<m, 0< |xy| <%, andin
view of the parameter y being y € (0, o0), we have

2
O<y<éi 0<y<£—

=k 0<y<g, O<y<-=—— (37)

2II

so only x satisfying one of the conditions 0 <x <2z, |x| <7z, 0<x <z, |x| <3 ensures
that 0 <y < o0 in Eq. (37) or else, for values of x beyond these regions respectively, one
would have the restriction 0 <y <1.

In some cases, listed in Table 1, when the right-hand side series truncates
due to the vanishing of F functions, representation Eq. (34) takes on the
closed form

a b s ¢ F f 1 P Convergence region
1 0 sin 1 0
1 1 4 cos 0 1 O<x<2m
sin 1 0
-1 0 n cos 0 1 —r<x<”®m
2 1 sin 1 0
1 i A cos 0 1 O<x<m
sin 1 1
-1 0 p cos 0 0 —I<x<}
Table 1.

General formula and closed-form cases, a = 2m +p — 1.
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cx® P 2p(2m +p — 1)
202m+p— 2)!f<mn +g(p - 1))

+’”§:‘1 (=1)*F(2m — 2k +p — 1 — 5)x%+
(2k +5)!

T
S2m +p— 1=

(38)

@2k +65+1),
k=0

wherep =0orp =1andmeN.

Example 2.1 If we choose 2 = 1,b = 0,5 = 1 in Eq. (33), from Table 1, there
follows ¢ = 1, F = ¢, and taking f = sin, there must be a = 2m — 1, that is, p = 0,
T =S, and § = 1. For this choice of parameters, the series Eq. (38) becomes

ad S . 2m—2
S = Yt = (U g o 1)
" (39)
m—1 k
(=1)°¢(2m — 2%k — 2)x%+1
+k:0 2+ 1] @2k +2).

Consider the function ¢(y) defined as y(1 — yz)”_% for 0 <y <1land ¢(y) = 0 fory>1,
where Re v> — 1, (see [24, p. 69, entry 7]), where we take a = 1. Applying the
Fourier sine transform Eq. (9), p. 3, by virtue of ([2, p. 192, entry 11.5.1]), we find

1 1 4 1
S(x) = J (1 _yz)u—i sinxydy = J (1 _yz)v—7 sinxydy = ﬁr(zjz(t)zb)Hu(x) . (40)
0

00

0 2

where H, (x) denotes Struve’s function (see [25, entry 11.2.1]), and by virtue of (see
[26]), the right-hand side presents s, ,(x)/x* with Lommel functions s, , (x) (see [27,
entries 11.9.3 & 11.9.4]). Thus, we have

1 Y v+2m—2

m— 1 v+2k+1
I =LA R e Vetom 2k 2 ), (4
> |

n=1

and to determine ¢(2m — 1) and ¢(2k + 2) in Eq. (41), we read from (see [24, p. 311,
entry 28]), where we set 2 =2 and v + % instead of v

@(2m — 1) = M{g(y);2m — 1} %B(er},m}), v> 1t

2 2 2’
1 1 (42)
P(2k +2) = M{g(y); 2k +2} = EB(WFE,k +1>.
Using Eq. (42), we find
- axvtIm=2r |y —|—} (m 1
Zs,,,,,(nx) _ 2 2
L prtam=1 402m —2)'T'(v +m)
(43)

1 (—=1)*¢(2m — 2k — 2)x*+ 21D (y + %)

* 3
k=0 2412k + 1)I'T (y +k+ 5)

By Eq. (43), we obtain a finite sum of the series over Lommel functions.
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2.1 A more general case

We are dealing with the series containing one more parameter and

ST i’: (9)""'T((an — b)x) (44)

e T (an — b)zmﬂ’*l((an —b)* - a)z) ’

0
1
s = —1. After rearrangements, as with the series Eq. (33), we place the right-hand side
of Eq. (9) instead of T((an — b)x) in Eq. (44).

Theorem 1.2 The summation formula for the series Eq. (44) is

where weR, |w| #an—-b,meN, p=0orp =1, a:{;} b:{ },5:1, or

bﬂ'(l}
T _ 1 [sp(1-b) smsin’ = z(s+1)(b + )
SZ’”" Lo ™ gam 20? C(o) - 2wP sin rw (cos 2a T(wx)
_ . a1+ +w) o2 1)* P epy2ktp—2 B
Fsin 7241 +Ew —Zk Y @2k +p—-1)
k+p—1 i 2its
(—1YF(2k+p —1—2 — 5)x¥+
- 2j+6+1 s
; o) 92 +6+1)

(45)

where w €R, |w| #an — b, T(x) = { i(gc)) }, T(x) = {g(ic)) }, S(x), and C(x) are the

Fourier sine and cosine transforms of the functiong(y), and ¢(2k +p — 1) and
¢(2j + 6 + 1) present the Mellin transform
¢(2k +p —1) = Migly); 2k +p — 1},

@k +6+1) = M{g(y);2k +5+1}. (46)

The other relevant parameters are in Table 1, p. 8.
Proof. We rewrite Eq. (44), acting in the same manner as in the case of the
trigonometric series [29], replacing f with T, that is,

sT 1 (& ()" 'T((an b))
ntp—lo = om (nz; (an — h)pil((“” ~b)’ - wz)

(47)

m

) n 1T —b
Syl T Th),

k=1 n=1

and begin with the first series in Eq. (47). Setting m = 0 and using the Fourier sine or
cosine transform T'((an — b)x), p. 3 again, we find

) (S)n71
P - d
b ; (an — by ((an — b)? - w2) Jo J $0)f ((an = by)dy

) oo n—1 —bx
| (Z 6 (an ~ b)xy) ) o)

n=1 (an — by ((an —b)* — a)2>

(48)
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where f = sin orf = cos. So, relying on the summation formula for the trigonomet-
ric series Eq. (48) (see [28]), we find

b o

b Tw 00

- 2w?sinzw 0

where for brevity, we have introduced f, (xy) = f (oxy — Z (s + 1)(b + w)). Further,
we apply the well-known trigonometric formulas to the right-hand side trigonometric
function f, which we can rewrite in the form of

fla—p) =f(a)cosp ¥ f(a)sinp, (50)

with f = { sin } f= { Cio: } Treating the first integral in Eq. (49) as obtained from the
0S S
Fourier cosine transform C(x) in Eq. (9), p. 3, by setting x = 0, and making use of

Eq. (50), we get the following formula

T N ()" 'T((an — b)x) sp(1 —b)
ST = P20
. ; (an — by ((an b)Y —?) 20 ) 1
swsin' - s+ Db+ o) s+ 1k + ) o
2 (s @ _ . m(s )
© 2aP sinzw <C°s 2a Tlow)wsin == —— T(wx)) ’

where p = 0 or p =1, and T(wx) and T(wx) are the Fourier sine or cosine transforms
Eq. (9) corresponding to f (wx) and f (wx), respectively.

There remains to deal with the second sum in Eq. (47). So, we replace again
T((an — b)x) with the Fourier sine or cosine transform of a function g(y)

oo n 1

> (5)" T ((an — b
Z 2k+p 1 Z 2k+p 1J g)f((an —b)xy)dy, (52)

n=1 n=

and from (52), we have

o0 n 1 oo 2 n-1
Z T(( om—b)x): J ()" fllan =b)xy) g, (53)

n=1 2k+p ! 0 =1 (om - b)2k+p_l
We replace the right-hand side series in (53) with the closed-form trigonometric
series [30, p. 446], and after applying the Mellin transform, we obtain

i ) 'T((an —b)x)  cax® P 292k +p —1)
= R 1o fZ)Qf(kerr%(p 71))
(54)
P2 (1) Rk +p —1— 2 — 6
P ) —68)
+ Z VEE P2 +5+1).

By combining Eq. (47) with Egs. (51) and (54), we obtain Eq. (45). ]
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Example 2.2 Choosing ¢(y) = (1 —yz)”_% for 0<y<land ¢(y) = 0 and fory >1in
Eq. (9), setting sinxy and cosxy, respectively, then using correspondingly [2, p. 292,
entry 11.5.1] and [2, p. 224, entry 10.9.4], we obtain

oo ) 1 ) \/EF(er%) H, (x)
S(x) = L (1-5%) *sinxydy = Jo (1—y%)" sinxydy = 26 ,
2
- C var(v+ 3 )
Clx) = Jo (1-9%)" cosxydy = L (1-9%)" cosxydy = 20 .
2
(55)

By including the above function in the Mellin transform, the formula Eq. (45)
becomes

1
i S(nx) _ﬂ\/i_tr<l/+§> (o)
s n2=1(n2 — ?) B 4(§)”w2m+y X

1 —1)* pye2k—2 _1 )
+ZF< eo) (e (k=) oy
2m—2k+2 |
= @ Mk =2k +y) 2(2j+1)!1“(i+j+u)

— ctg(zw)H, (wx))
(56)

Replacing S(n:x) on the left-hand side of (56) with the corresponding expression in
Eq. (55) and taking into account the explanation after Eq. (40), we arrive at the
summation formula:

oo

Suv (nx) - T Su,u(wx)
;nszl(nz —w?)(nx)" 202 (C(a)x) ~ ctglr) (wx)” )

L —1)f 2 _1 , (57)
+ZF( *”) T $o (LI (% —2) — 2)

2m—2k+2 | .

~ @ 42k -2k +v) 2(2J'+1)!F<g+f+”>

Thus, by Eq. (57), the series over the Lommel functions of the first kind have been
represented as a finite sum.

Example 2.3 Now, we choose ¢(y) = y(1 —yz)bf% for0<y<land ¢(y) =0
for y > 1. In this case, we use [31, p. 437, entry 3.771.12.] and setting u =1,
we have

Clx)= | y(1—»*)" *cosxydx = H, 1(x). (58)

0 2I/+17 XY

[y 1 YR

On the other hand, we place first v 4 1 instead of v in [27, entries 11.9.3 and 11.9.4],
and then substituting v — 1 for y, we establish the relation
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(-1)" (g)z’”r(% F<v + g)

_51/71,1/+1(x) _ 1 i
v w+1 1
X vt mOFm+—Fm+v+§
2 2
r

oo m(x 2m+2
v vE (L0 > 1" () (59)
w+1 2 2) ~ ( 3) ( 5)
m=0(m+-|I'(m+v+=
2 2
v—1 1
V2! T v+ =
1 2 H, 1 (x)
w+1 X v
Eq. (59) implies
1 1
Clx) = Jy(l —9%) " cosxydx = —S—”_l’:;l(x) : (60)
0

Based on Eq. (60), settings = -1, T =C,a =2,b=1,m =0, andp = 0 in
Eq. (44), the series there reduces to the one over the Lommel functions,
that is,

o0 Zn — 1) = )5, 1,011((2n — 1)x)
(2n —1)x . (61)
a0 )

We obtain the left-hand side series sum from Eq. (51) for p = 0, and additionally, by
virtue of Eq. (60), taking account of (61), we find

i Y s, 1i1((27 — 1)x) _ ax"s,—1,+1(wx)
n=1 ( ((Zn 1)* — wz) 4(wx)" cos ?
1
. Va2r'r (1/ + 2) » (62)
H, .-
4cos 22 08 wa{e) 2v+1
2

So, by Eq. (62), we come to a finite sum of another Lommel functions series.

3. Series based on the Hankel-type integral transforms

Now, we are going to obtain the sums of the series

=5 n—1
P = ) (2;((_&12); b)x), a>0, v> —%, (63)

1 0 B, g’
where a = { } b:{ },5210r—1, ande(X):{ (x)} (pb(x):{] (x) },

2 1 S, (x) H, (x)
with B, and S, as the Hankel integrals Eq. (22), p. 6.
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Theorem 1.3 The summation of the series Eq. (63) is
a—1

cCrTX
ID

“:zq(a—;+fy(a+;+ly(ﬂi;w>¢W)

(64)
d IV E (g — — e — )yt 2e+d
+ (-1 Fla ”5% o) ov+2%+5+1),
#ﬂ?““ﬁ<k+1+i>%}+k+1+i>
where are ¢(a) and ¢(v + 2k + 6 + 1) are the Mellin transforms
o@ = | o0,
° (65)

p(v+2k+5+1) = J p(y)y %0 dy.
0

Proof. Inserting in Eq. (63), the Hankel integral Eq. (22), setting previously there
(an — b)x instead of x, we have

00

) n—1
=5 e [0 - b0

n=1

[ty

0 n

(66)

where ¢, is J, or H,. Replacing the right-hand series of Eq. (66) with the formula
[28, p. 22, Eq. (12)], changing there x to xy, we get

P — r) C”(%)ail
P 0 zr(a—v+1)r<a+v+1>f<ﬂ(a—v))
2 2 2
(67)
oo q4\k(xy v+2k+6 o o
+Z( 1) (z) . Fla—v—2k 65) 96 dy,
k=0 F<k+1+—>r<u+k+1+—>
2 2
T, 0 :
where ¢, = {H }6 = {1 } From (67), we obtain
a—1 o
I; = = J v k) dy
* anfa—v+1 a+v+1\ (zla—0)\ ),
T ()
iy W a2k o ry””k*‘sqﬁ(y)dy.
0

0 0
k—02”+2k+5r<i+1+5)r<u+k+1+§>

To calculate the integrals in (68), we apply the Mellin transforms of ¢(y) given by
Eq. (65). Thus, we arrive at Eq. (63). For other parameters, you can look up in
Table 1, p. 8.[]
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The formula Eq. (64) takes a closed form in the same cases as the formula
(28, p. 22, Eq. (12)].

Example 3.1 We choose in Eq. (22) ¢(y) = —y%)" * for 0 <y<1land ¢(y) = 0 for
y > 1. Since (see [31, p. 680]), we have

R e e A L B ic R  C)

So, we make use of Eq. (69) to deal with the series

oo n 1
B Z( L (nx) \/7 Z a+z _ (70)

n=1

Applying the general formula for the summation of the series over Bessel or Struve
functions (see [28]), where we take f = sin, a + %, and v — j instead of a and v,
respectively, for Eq. (70), we get

B cn/m(%) o VAF(a —v—2k)(5)"
Io = U+Z 2rk+ i (71)

© o 4r (a2 (et cos z(a— = JTv+k+1)

and the parameters s, ¢, F in (71) we read from Table 1, p. 8.

3.1 A more general series

Now, we consider the series

B S 6 Dillan—b

1
m ® 5 v> — = (72)
T an = b ((an ~ b) — 0?)

2)

wherea =2m —y,meN,weR, |w| #an—b,andu+v=1—p,withp =0 or
p = 1. The other parameters are the same as in Eq. (63).
We derive the formula for the summation of series Eq. (72), following the same
train of thought as in the case of the series Eq. (108), so we prove the theorem.
Theorem 1.4. The summation formula for the series Eq. (72) is

x)¥ swsin® 72
Ton- o = a)(zi’z+2 (;(l}(lﬂb—)f) plwt1) - 2(%) artr2 iin T (o)
n (_1)k+pc\/7_[x2k2+pr<k +P%1>
+;w 22 — 2+ p)ir (ke + v +2) kvt

o o0+1

k—14p (—1Yx¥F(2k —1—2j +p — 6 <] + ;)
5 p2j+v+6+2)| |,
j=0 \/5(2j+5)!1“<u+j+1+§)
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where Q, (wx) = D,(wx) cos 55 (s + 1) (b + @) — D, (wx) sin 72 +1)(b+w), D, =

B,) - =S, .
{S }Dyz{B }, with (v + 1), ¢(2k +v +p), and ¢(2j + v + 5 + 2) as the

Mellin transforms. The parameters 4, b, s, ¢, and F are in Table 1, p. 8.
Proof. We first replace D, ((an — b)x) with the Hankel integral, and then we inter-
change summation and integration

P ST o ) N e
R Y (i |, 79070, (an - by

) g ((an - by)
J0y¢(y) nZ:; (an — b))+ ((an —b)* — a)z) i

(74)

and referring to the summation formula of a more general series over Bessel or Struve
functions [23], on account of y + v =1 — p, we have

. bﬂ'a)
(%)D Sp(l_b)yui S sin 7

4 = ()
Som-suo = w22 21 +v) 20?47 sinzw v(exy)
-1
aY m (=12 c\/axP=2trr (e .
+ (7) w2k 2 e-+v+p—2
a)2m+2 _ ! E (75)
k=1 22k —2+p)Il k+u+2

o+1
ftip (—1Yx¥HOF(2k —1—2j +p — 6T ]+L
_ 2 y2j+v+5

= \/E(2j+5)!r(u+j+1+§>

where @, (wxy) = @, (wxy) cos £ (s + 1) (b + @) — ¢, (wxy) sin £ (s +1)(b + ),

“H,
@, = {{-DI } 9, = { ) } After substituting Eq. (75) for the right-hand side sum in

Eq. (74) and then integrating, we obtain Eq. (73). [J
Example 3.2 We choose ¢(y) = y* (1 —yz)y_%. In this case (see [31, p. 680]),

VAl +3)76)
26

Replacing the rightmost expression of Eq. (76) in Eq. (72) and settinga = 1,b = 0,5 =
—1,m = 0 and p = 1, which implies 4 + v = 0, we have

B,(x) = H{h(y);x} — j:y”(l )Y, ) dy = (76)

IB \/_F l/“v‘ Z(nzl B ) (77)

— 0 e v )

On the other hand, upon implementing Eq. (73), with D, = B, and the above param-
eters, we establish the relation with Eq. (77)
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I i( L ) L Y i Cak) JO S

o = n%(n "~ 2sinzw

Calculating the Mellin transform ¢(v + 2), it yields

1 ) B 1 ) 1/—% \/EF v+ 1
pv+2) = Ly( Pl(y)dy = Lyz 1-y")"dy = #@ﬁ) 79)
Based on Egs. (78) and (79), there holds
5 VAR (VA ) o)

O 4(5) w2 sin o A (1)

As a collateral result, we obtain the sum of another summation formula involving the
Bessel functions:

oo n—1 2 nx 2 (wx x\ 2
S 8 -

 n?(n T 20%Flsinaw 22N (y+1)

The left-hand side series in (81) is represented by a finite sum.

4. Product of the Fourier sine or cosine integral and a trigonometric
function

We shall consider here the series and their summation formulas

ITg — z‘”: (5)”1;;5(ﬁnb)_ab)x)g((an _ b)Z), (IER+, (82)

1 0
wherea = {2 }, b= { 1 } s =1or —1, the function g denotes sin or cos and

T(x) = { } { }, with T'(x) as the Fourier sine or cosine transform
Eq. (9), p. 3 ie.

T(x) = T{p(y);x} = j:as(y)f(xy) &. (83)

To find a sum of the series Eq. (82), we replace T((an — b)x) in the series Eq. (82)
with the Fourier sine or cosine integral, then providing that interchange summation
and integration is permissible [32], we come to the equality

=y Ol ”j PO (an ~ ixy) &y

(an —
" (84)

Joo i 0!7’1 - h)x)’)g((”m — b)Z) dy, aeR™.

(an — b)*

O

n=
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The following lemma confirms the equality Eq. (84).

Lemma 4.1 For an absolutely integrable function ¢(y) on y € (0, o), summation
and integration in Eq. (84) are interchangeable.

Proof. Let S,(x,y,%) denote the nth partial sum of the trigonometric series S(x, y,2)
on the right-hand side of Eq. (84), which is, according to Dirichlet’s test (see [22],
p- 347), uniformly convergent with respect to y € (0, o) as n approaches infinity, since
the partial sums S, (x,y,2) are uniformly bounded and the sequence 1/(an — b)”
monotonically tends to zero.

Depending on the choice of parameters, there are four regions. In the case, for
a=1,b=0,s =1, we have {(x,7)|0 <y|x| <z,y|x| <z <27 — y|x|}, whence there eas-
ily follows

2t —z
||

z P 3
0<y<m, y< , 0<y<m. (85)
It is through (x,z) belonging to K1 = {(x,2), x| <z|,x| <z<2z—|x||}
that the inequalities Eq. (85) ensure the interval 1<y < o. Obviously, (x,z) € Ky
implies 0 <y <1 as well. Similarly, the other convergence regions are
Ky = {(x,2), |x| <z, |x|-r<z<m—|x|}, fora =1,b = 0,5 = —1,

Kz = {(x,2), |x| < %, |x| -r <z <z—|x|}, fora =2,b = 1,5 = 1, and
Ky ={(x,2), x| <% |x|-% <z< Z—|x|}, fora =2,b =1,s = -1
Further, for each M > 0, we have

FMxz) =5 & ((ak - b))J $(y)f (ak — b)ey) dy

=t (ak — b)*
M " (s)* 'f ((ak — b)xy)g((ak — b)z) (s
“Jy (ak — b’ dy'

Because of uniform convergence nlirn Sn(%,9,2) = S(x,9,2), we may interchange the

signs for limit and integral in Eq. (86)

M

lim F,(0,,2) = | OIS 5,3,5)dy = j PSRy (87)
1M 1M

Taking account of |¢(y)| being integrable and S, (x, y,2) uniformly bounded, there

exists € > 0 such that

j:(ﬁ(y)sn(x,y,z) &

<r|¢<y>| 18u(6,952)|dy < j bO)dy.  (88)
0

sine

The improper integral on the left-hand side of the inequality Eq. (88) is uniformly
convergent with respect to 7, which implies

lim F,(M, x,2) = quﬁ(y)Sn(x,y,z) dy. (89)
M—eo 0

In other words, this limit exists independently of 7, which allows to swap the
limits:
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lim lim F,,(M,x,2) = lim limF, (M, x,z2) J P(»)S(x,y,2) (90)

N—OM—o0 M—o00ft—00
Applying Eqgs. (90), (89) and (87) to Eq. (86) gives rise to Eq. (84), making there the
interchange of integration and summation legitimate. []
Relying on the preceding lemma, we can determine a sum of the series Eq. (82),

that is, there holds.
Theorem 1.5 The summation formula for the series Eq. (82) is

> fa—1
IZ;’g _ ‘L'Cﬂﬂa Z<2k d>za12kdx2k+d¢(2k+d+1)
+

o a\k _ _ k= (] + & . .
Y (=1)"Fla — 2 — ) < _y ) g AT (2 1 d + 1),
: j

wheref:{iions }d:{(l)}, {;é}a:{f}h:{;‘: } andz=-1,0=1

only if f =g = sin, and otherwise,7 =1, v =0, p(2k +d + 1) and ¢(2j +d + 1)
present the Mellin transforms of ¢(y), that is,

(o1

o2k +d+1) = meZkerqb(y) dy, @2j+d+1)= ryzf+d¢(y)dy. (92)
0 0

Proof. We rely on the summation formula for the product of two trigonometric
functions [23] with z instead of y and xy instead of x so that we can use it as a sum for
the right-hand side series in Eq. (84). Afterward, by applying integration and taking
account of Mellin transform Eq. (92), we obtain Eq. (91). ]

As for the convergence regions, we follow the same line of reasoning as that for the
series Eq. (33), p. 8, and find that they are those on p. 16.

4.1 Closed-form cases

2
Closed-form cases of the formula Eq. (91) ensure if @ = { " } h= { C_OS },
2m —1 sin

so one obtains

nlfﬂ—r (_1)7ﬂ*722m—r—l—zk—dx2k+d¢(2k +d+1)
mer ) 2m—r—1—2k —d)!(2k +d)!

m—r k—v e+6—2j—d yo2j+d :
PRl g SIS0 d 1)
e (CUE@m r =k =0)) g @kt o)

s {8 o= (1} 7o o (o2 -

—1,v =1onlyiff =g = sin; otherwise, r = 1,» = 0. So, if we set » = 0, there must
be i = cos, and for r = 1, we have to take 2 = sin.

Example 4.1 We choose ¢(y) = (1+y) " for 0<y<1and ¢(y) = 0 fory>1in
Eq. (9). From Eq. (93), fora =1,b = 0,and s = 1, we take c = 1and F = ¢, and for

(93)

kol

Il

(=]
-
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f = sin andg = cos, there follows § = 1 and d = 1. Additionally, for m = 2, we
choose r = 1, and take 2 = sin, so we have

1 .
I§’°°s _ Z cosan ¢(y sinnxydy — Z cosan sinnxy dy

3 3
n=1 n n=1 n 0 1 +y

1
£(2 —2k) 2k +1
:—fzx ) +
" Zo 2k+1 Zo<2j+1

(94)
)zz’”f‘x21'+1¢(2j +2),

with ¢(s) as the Mellin transform of f (x). In this case, we express it through the
digamma function designated as y (see [33, p. 14, entry 2.7])

o) =3(v(5) ~v(3) v =T 95)

Taking account of (see [2, p. 137, entry 5.4.15])

1 - 2
y/<n+—>——y—log4+ =, (96)
2 Z2k 1

from Egs. (95) and (96), we find

p(2)=1- log2
1 3 .
P2 +2)= ( <]+ >_V/(7+1)> (97)
:%(I—I]+%—I'IJ) :H2j+1—I'Ij— Ing,

where H, =y + w(n + 1) denotes the nth harmonic number. So, using Eq. (97), for
I§’ “* in Eq. (94), one obtains

22 gz o«

S,cos _ X _ © 8 _
I = (5 6log?2) x<4 2+6>(log2 1). (98)

This way, we represent the series Eq. (91) for the specific parameters as a finite sum.

4.2 Limiting value cases

5 .
However, if a = { " } h = { s } in Eq. (91), one should take a limit.
2m —1 cos

Choosing the same parameters as in the previous example, and a = 2m, on the left-
hand side, we have

2. cosnz (! sinnxy
L0 = J dy. 99
2m ; nm o 1 +y y ( )

However, since # = sin, we are not permitted to replace immediately & with 2m, m €N,
on the right-hand side of Eq. (91), we have to take a limit, but split beforehand both series
in two, up to k = m — 1 and from k = m. Firstly, we are dealing with
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mlliag—1
im | — % Z < )z"_zk_zx%“(p(Zk +2)

a—2m zr(a) sin ”—zak:() 2k +1 (100)

m— 1 _ _ k (2k+1 L
{(a 1) 2%—2 . 2+1, (5

+ 27T (21 +2) |,

; (2% + 1)t JZ ( 2j+1 )
and designating CID;), (%, 2z) the limiting value of (100), there holds
—y» 1 m=1/2m—1
1) (-1 2m—2k—1,_ 2k _ _
O w2) = G kz( , )»c 2 (Hy, — logz)p(2m — 2)
- (101)

22 (1 (2m - 2k — 1) & <2k +1
0

+ 22U ¥ (2) + 2),
2 k) 2j+1> P +2)

j=

As for the remainder of the first series in Eq. (91), by Eq. (97),
we find

o (a—1)...(a_2m)g...(a_2k_1 (g)zkﬂ

lim E
a—2m

fe=m (—1)"T'(a)(2k 4+ 1)! sin(a — 2m)

T (Hye11 — Hy, — log?2)

2
m—1_2m—1 oo x) Ze+1

=" = 3

@m)! = <2k - 1) (Han

— Hj, — log2)

2m
() e @)™
- (zm)' = <2]€ + 1) (H2k+1 - Hk)

2m

—1)" 2m+11 2 2
L1 log F2<1,1,3;m+1,m+3;x>.
3

22(2m + 1)! 2 2" 2?2
(102)
If cpgf,ﬁ (x,2) denotes the last line expression, we obtain
_ 2%+1
_1)m 122m_1 oo (&)
5 = o) o) ( 3 Hop1 — H
2m Zm(x Z) + ( ) + (zm)' P % +1 ( 2k+1 k)
2m (103)
oo k 22252 +1
+ C2m — 2k — H,i.1 — H; — log2).
;ﬂ ]:ZO e — 2] 2]+1) ( 2j+1 J g )

Introducing a new index# = k — m + 1 in the second series and relying on the relation
(27)7¢(1—2n) = (=1)"2(2n — 1)!¢(2n), Eq. (103) becomes
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()"t (™

Z

@m) &~ <2k + 1) (Has — H)

Ig;,fos — oV (x,2) + d%f), (x,2) +

2m

>

2m

e (2 4 13,0 1, log2)
+2(=1) ; (5,) @ - 3 2n+2m—2-2)2 +1)

j=0

(104)

We split the second series of (104) in two, and the part containing — log 2, we bring to
the closed form

-1 mlO 2 m—1 2m—1 i '
D) (x,2) = ((27)1)_1)%22((1‘127;11 — log2n) k0< %41 g2y

m2 2m —1)! k(2 +1 o
+ —q)ym et (2m =1 ¢2m —2%k —1 2y
2 U 12 541

1 2m—1 [ o1 _ X —3Z _pl(1 _X—Z

> (27) (g (1 2m, 145~ ) C(1-2m1-"7)

, x+z , x+z
—|—C(1—2m,1+ ”)—C(l—Zm,l— = )),

(105)

where {(s,a) is Hurwitz’s zeta function. Thus, by adding (105), we can write
Dy (x,2) = @gﬁl (x,2) + @gfy)l (x,2) + d)gr)l (x,2) and arrive at the following summation
formula:

IS5 = By (x,2) + (—1)" 22"

o (g)zku(zk +1—2m)!(Hy1 — Hp)
(zez_;n (2 +1)!
oo Z\n n+m—1 (,_C)2j+l (HZ‘ H) (106)
z j+1 — 11
+2n; (ﬂ) (2n — 1)1 (2n) Z (2n+2m —2 - 2))1(2j + 1)!>.

j=0

The sum of the series Eq. (82) is not a closed-form expression; nevertheless, this is
another way of representing the series (106).

4.3 A more general series

We consider here a series of the form

(5)%11 ((an —b)x)
IT*g—E n—>b)z), a€N, 107
e n=1 (an — b)a ((an — b)2 — wz)g((ﬂt ) ( )

1 0
where a = {2} b= {1 },slor—l,wER, |w| # an —b, and T(an — b)x) is the

Fourier sine or cosine integral Eq. (9).
We shall consider now the series Eq. (107) for a =2m +p — 1,m €N, where p
equals 0 or 1, that is,
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me 5 Tl an — bixg(an — b)) 108)

e T (an — b)zmﬂ’*l((an —b)* - a)z) ’

where w| # an —b,m € Ny.
Theorem 1.6 The summation formula of the series Eq. (108) is

s b m Tg

- mw I
Tg _sp(1—-b) swsin’ & Yeip1
Linip—10 = Spmiz T(0) =5y sin ry@o @ T(@xy) = kE 1: oz (109)

where nglw is the sum of Eq. (108) for m = 0 and Izk+p , is the sum of Eq. (93) for

m=kandr=1-p.
Proof. Relying on the decomposition similar to Eq. (23)

1

m
WP (n? — @?)  pmir1 n2 ;me 2k+2n2k+p 1

(110)

where p equals 0 or 1. We proclaim 7 a summation index running over positive
integers and, making use of Eq. (110), obtain the relation

= 1 1 & 1 " 1 = 1
=— — . 111
;::1 W12 — @2) | @2 n; W02 — ?) Lt BT LBy (111)

Multiplying Eq. (110) by T'(nx)g(nz), then taking an — b instead of #» and
implementing (111), we represent Eq. (108) as a difference of two series

.~ T((an —b)x)g((an — ((an — b)x)g((an — b)z)
n=1 (an — b)2m+p_1((an - b)z - ) K& Z (an — b)Y~ ( an —b)* — a)z)

& - -b
_szm zk+zz Lan )2(k(f:1 )Z)'

k=1

(112)

If I;f 1, and I;k‘ipf1 stand for two right-hand side series of Eq. (112), respectively, we

rewrite the series Eq. (108) as follows:

ITf m IT,g

Tg _ plo 2ke+p—1
IZM+p—1,w oo Z w2m—2%+27 (113)
=1

That means, we first consider the series Eq. (108) for m = 0, and then apply the
formula Eq. (93), putting there 2k + p — 1 in place of 2m — 7.

So, by setting Fourier sine or cosine integral Eq. (9) in the first series, after
interchanging summation and integration, we have

[ (i 6" "f ((an ~ byylg((an b>z>) o) 1)

skl
= (an — b)P_1<(an AT wz)

r—lLo

We replace the above series with the formula [28] for the trigonometric series,
where we take xy instead of x and z instead of y. Note that convergence regions for this
series are those on p. 16. Thus, taking account of Eq. (9), we have
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b Tw
Ipil’m B Jo (f(O) 202 2a¥ sinzw)f( y)8,(2) | bly)dy
(115)
Sp(l —l’)) Sﬂ'Sinb@
= 10— et @ T (@),

whereg, (z) =g(wz — £ (s + 1)(b + w)), and Eq. (115) presents the first two terms on
the right-hand side of the formula Eq. (109).
Now, we use the closed-form formula Eq. (93), replacing » with 1 — p and m with
k, but taking the running index j instead. Thus, the sum of the second right-hand side
series in Eq. (112) is Izk Lyt Thereby, we obtain Eq. (109). ]
Example 4.2 Choosing T(x) = C(x), g(y) =y, for 0<y <1, g(y) = 0 fory > 1,
zi,g— sin,m=2,p =0,s =—1,a =1,b = 0 in Eq. (109), there has to be
= 0, F = n, so we obtain

. oo (_1)n—1 1
Igfm = 27 sin nz[ y cosnxydy
2

2
(7)Y (116)
167 mx lnz+327r X inz 32n z _4 77,'22.'+Z3+.X‘ZZ
=—sin=-s cos = sin = — —— sin z——+—+—.
x 2 2 2 2 x? 2 6 6 4

This way, by Eq. (116), we obtain a finite sum of the Schlémilch series over a product
of the sine series and the Fourier cosine transform.

5. Product of the Hankel integral and a trigonometric function

Here, we construct a new series by multiplying the Hankel integral transform and
a trigonometric function, which means we consider the series [34].

Pe=y (S)nl(gfa((_a Z)Z PP g((an b)), aer?, (117)

1
Hankel-type integrals B, (x) or S, (x) defined by Eq. (22).
Theorem 1.7 For 6 = a — v, the summation formula for the series Eq. (117)

1 0
where a = {2} b= { }, s=1or—1, g = sin org = cos, and, D,(x) denotes the

0-1-2k—d, 2k td (k n d+1

e T | e i(ff—l >Z
a o
v 2F(0)h<?)k:0 % +d r(y+k+1+§>

@

(118)

) ) d+
Ye+6—2j—d y 2+dy [ ;
(—1>kF<a—2k—6>“<2k+5>z ¥ F(” 2 >q>

d 2 |>
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ween = {5 fr={ b= (TPt o= TP {in )

7= —1,and v = 1only iff =g = sin; otherwise, 7 = 1 and » = 0. The parameters
a,b,s,c, F and convergence regions K1, K3, K3, K4 are on p. 16, and ®; =
@(w+2k +d+2)and ®; = ¢(v+2j +d + 2) are the Mellin transforms.

Proof. To find the sum, we do not first calculate the integral D(x), but place
Eq. (22) in Eq. (117) instead. Afterward, we rely on interchanging summation and
integration, so the procedure of obtaining a summation formula for the series
Eq. (117) reduces to finding a sum of the series over a product of the Bessel or Struve
function and a trigonometric function, sine or cosine, that is,

oo n—1 _ oo
I7¢=%" 2 (ag,i<6_lnb)ab)z) Joyd)(y)%((an —b)xy)dy
n=1

oo oo n—1 _
- (Z oL S an - b)xy))ym) @,

0 \n=1

(119)

with ¢, as a Bessel ], or Struve function H,. By confirming uniform convergence of

the right-hand series in Eq. (119) with respect to y € (0, e0), we shall justify Eq. (119).

For this purpose, we use an integral representation of the Bessel or Struve function

cos

[2, p. 224, entry 10.9.4] where v> — %, @, = {]PUI } f= { . } Further, we place it
Y sin

instead of ¢, in the right-hand side series of Eq. (119), then we may interchange

integration and summation

2(3)" ()" gl(an —b)z) Jl ayw-l
Su¢ = : = (1—12)" 7 ((an — b)xyt)dt
1\ (an — D)
/al (u + §> 1 0

! v ()" ((an — b)xyt)g((an — b)z)
(1-2)" = d
vl (1/ + 1) JO n=1 (an —b)

because the last series uniformly converges with respect to y € (0, o) (see the right-
hand series in Eq. (84), p. 16). So, the convergence regions of the series Eq. (117) are
discussed on p. 16, where y ought to be replaced by z.

We are referring now to [23], p. 356, Eq. (4.1), which is the sum of the right-hand
series in Eq. (119), and change there y to 2 and x to xy. For a — v = o, we have

(120)

Z,

d+1
N - Zo'flfﬂefd.X.Zkerl—* (k + >
SPg — MZ o1 2 v+2k+d
o or 2% +d d g
2r(o)h(5) 3 r (U k14 5)

(121)

g2kt5-2—d (xy)”+2j+dr <] + d ;L )

d
F(l/+]'+1+2)

So, by replacing the right-hand side of Eq. (119) with S%¢ from (121), after some
rearrangements, we obtain Eq. (118). ]
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5.1 Closed-form cases

The formula Eq. (118) is brought in closed form if 6 = a — v €Ny
and the function F vanishes. So, for 6 = 2m — p, m €Ny, withp =1lorp =0, it
becomes

d+
6—1-2k—d ,.2k+d
(J—C)DT m—1 6—1 Z X F<k+T>
2 (Dl

oTl
v | ar( ( )i\ 2% +d r(k+u+1+%l>
it (122)
2k+6—2—d . 2j+d .
+’”Zl VoF(o— 2k — 8) bt (2 +5\ 5 xﬁr(”T)q)
— (2k 4 6)! =\ 2j+d . d ik
j= F]+y+1+§

with the Mellin transforms ®; = ¢(v + 2k +d + 2),®; = @(v+ 2j +d + 2). All the
parameters are the same as for the formula Eq. (118).

Example 5.1 By choosing D, = B, and g = sin, there hastobe ¢, =], andf = cos,
which impliesd = 0 and § = 1, 2 = sin becausef #g.Fora =2,b =1,s = -1, itis
necessary to be ¢ = 0,and F = . Further, let ¢ = 2 and ¢(y) = " for 0 <y <1and
¢(y) = 0 for 1<y < oo. From Eq. (122), we obtain

> (—1)"'B,((2n — 1)x) sin(2n — 1)z z(%)'n
IB sin _ ( — 2 s 12
S (n— 1) @rveprery
with (x,2) € K4. On the other hand, from [6, p. 22, (8)], we derive
1
B.(x) = [ 7, )
2/4+11—* 1+U+ﬂ (124)

xnt1 Suu-1(x) = KHH Spt1(%) + e (1/ = y) >

where S, , is the Lommel function (see [27, entry 11.9.5]) and y + v> — 2. Taking
Eq. (124) to Eq. (123), we obtain

i )" sin fﬁ; Y2 (04 )], (21— 1%)Sp0 120 — 1)

xl/+ﬂ+1zﬂ,

2224 v+pu(v+1) (125)

o122 = 1)x)S,11,((22 = 1)x)) =
2ﬂ+1r(1 +2 —; 'u) > (—1)" "sin(2n — 1)z

xr(” 5 a ) = (@

To determine the sum of the trigonometric series, we refer to Table 1 for
s=-1,a=2,b=1,f = sin,a = p + v + 4. So, we find the formula
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n oo

” Ysin(2n — 1)z “Bu+v—2%k+3) 5y
Z ﬂ+1/+4 Z; 2k+1) 2 (126)

Thus, we finally obtain the sum of Eq. (125), which is brought in closed form if y +
vis an even integer greater than —4 because f vanishes at negative odd integers. So, in
this case, the sum of Eq. (125) is

xV il r 2;t+1rw(1 + 1/+ﬂ il ﬂ U — 2+ 3) szJrl

127
224+ v+ v +1) x I (5E) (2k +1)! (127)

n=1

Example 5.2 Leta =1, b = 0, and s = —1in Eq. (117), implyingc = O and F = #.
For D, = B,, there must be f = cos and d = 0. Further, if we takeg = cos then 5 =0

and i = cos because f = g. We choose v =1, ¢(y) =y (1 —yz)_l/z, and m = 2. So,
applying Eq. (122), we find

Z"’: (—1) ! cosng th/z(”xy) dy
n=1

n9/2 0 /1 7),2
a/x  (7n* 77:222 2t x? x’2? Txt (128)
- TrE L T R ),
90 3 6 15 5 450

()

where |x| <z and |x| — 7 <z <7z — |x|, that is, the K, region, p. 16.

We have emphasized that it is not necessary to calculate the integrals (22) to find
the sum of the series Eq. (117). Besides, there are good chances one might not do this
elementarily. However, based on [4, entry 4.33, p. 38], we find

J L)
0

_Tp ("X _
= _210/2(2), v> — 1. (129)

Putting Eq. (129) with v = % in Eq. (128) gives rise to the summation formula

- "y 1/4( x) cos nz  \x (7r* r’e? 2t a’x? X% Tx
nZ 7 e (%‘T*E‘f*Tus—o) (130)

This way, we obtain by Eq. (130) a closed form of a series over square Bessel
functions.

5.2 Limiting value cases

On the other hand, we cannot immediately set 2z = sin and « —v = 2m or h = cos
and @ — v =2m — 1, and m €N, in the formula Eq. (118), because the first term of
Eq. (118) has zero as a divisor, so we have to deal with a limiting value and replace
first  — v with ¢ and then take a limit 6 — 2m or 6 — 2m — 1.

Example 5.3 We choose,a =2,b =1,s =1,s0c¢ = %, F =, and for ¢, = H,, we set
f = sin, and afterg = cos, we have § = 1,d = 1,k = sin. Finally, by taking ¢(y) =
y ¥ for 0<y<1land ¢(y) = 0 for y>1, we find
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M

~Su((2n = 1)x) &)vx 202y et 1)
zn—1" cos(2n 1)z = i ’”’Z %+1)

n=1 4 (o) sin -0 2k+3)r<k+u+;>
(’Zc)y - Mo —2k—1) i<2k+1) 2 x T+
ke FNTEL g4+ 3)
(131)

To determine a limiting value for the series Eq. (131), we are acting so that we split
both series in two, up to k = m — 1 and from k = m. Thus, we first deal with the limit

NIR

lim | —%——
o=\ 4T (6) sin ?kzo

)”\/,—[ m—1<0_1 ) 5022, 2k+1pp)
(

2k +1 2k+3)l“(k+v+§)
(132)

(azc)”m 1 k (2k+1 2% YxY 11
\/7: Z 2k + 1 Z i ( ’

=0 =o\Z+1 2j+3)F<j+u+%>

and by bringing the corresponding fractions to the same denominator, we obtain a
value, which we designate with Ly, (x, 2)

A\ VL | m— oy — m —
T ] S .
NG (2k+3)r(y+k+3)(2m 2% 2)(2k+1).
2"’2:2 2(2m — 2k —1) zk:<2k+1) 2%~ 2x7j)
+ >
k=0 2k+1 N2+ 1 (2j+3)F<j+u+;>

(133)

with H,, as the nth harmonic number.
Further, we shall find a limiting value for the rest of the first series

i ( ”+1\/_ Z anzkfzxzkk!
2%k +1

0—=2m 4 ¢in 7F ]"(y-}-k +g)

Let R(x,2) denote the obtained limiting value in Eq. (134), then we have

x\ 1 om—2 ) ,_ n
() =" (m 3—m), X (135)

RZm(X,Z) :F(I/'F%)\/_ I — 2 |;;n 2) Z2n
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The relation Eq. (135) can be rewritten through a hypergeometric function, that is,

(_1)m+1 v+2m+1 F2 (1 1, 3im + 2,1/—|—m +2, z2>

136
2 (2m + 37T (v + m +3) (136)

Ry (x,2) =
Taking into account Eq. (136) and Eq. (133), the series Eq. (131) is now as follows:

> S,((2n — 1)x)
S,,cos __ v . _
ry v+2m T ; (271 — 1)(1 COS(ZVL 1)Z LZm(x,z) +R2m(x,Z)

Z —1)*202m — 2%k — 1) i(ZkH) 2] (137)
\/_ e+t E\g+1 (2j+3)1“<j+v+;>

Again, as with Eq. (106) concerning the series Eq. (82), the formula Eq. (137) offers

. . S, cos
another representation of the series I Yom -

On the other hand, in view of (see [24, Section 11.2, entry(3)]), we find

(L BN A : P 1C))
Su(x)—Ly1 H, (xy)dy = \/7;13(1/ T x (138)

The identity Eq. (138) implies

Z ”2<( " _UiZm) cos(2n — 1)z =
= (2n

(139)
f: w-1((2n = 1)x) cos(2n — 1)z.

+2m—+1
(2n —1)*
n 1

Thus, the sum of the Schlémilch series over a product of the Hankel integral and a
trigonometric function Eq. (139); one can also determine as a difference between a
trigonometric series (see [30]) and a series over a product of Struve’s and a
trigonometric function (see [23]).
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Chapter 5

Evolutionary and Nature-Inspired
Algorithms for Disaster-Resilient
Networks

Bidyarani Langpoklakpam and Lithungo K. Murry

Abstract

Disaster management system necessitates efficient and resilient communication
networks to ensure effective emergency response and recovery efforts. Disasters pose
significant challenges to communication infrastructures, often leading to breakdowns
in communication networks and disrupting rescue and relief efforts. In recent years,
metaheuristic algorithms have emerged as a promising solution for optimizing
various aspects of disaster scenarios. In this paper, we investigate the use and appli-
cation of metaheuristic algorithms for addressing various optimization problems
that arise during emergency operations. The key challenges in disaster management
design, including victim localization, routing, coverage, and resource allocation, are
discussed. This study also discusses the strengths and limitations of different meta-
heuristic algorithms for disaster scenarios. Finally, it highlights recently developed
models and future research directions in the application of metaheuristic algorithms
for disaster area network optimization.

Keywords: disaster management, metaheuristic algorithm, evolutionary algorithm,
coverage, resource allocation

1. Introduction

Natural and man-made disasters affect millions of people globally, often result-
ing in loss of human life and significant damage to infrastructure and property. In
recent years, the frequency and severity of such events have highlighted the critical
importance of effective disaster management strategies. Most disasters are unforeseen
occurrences that cause large numbers of fatalities, property damage, devastation of
the environment, and significant effects on society [1]. In the event of such disasters,
the ground network infrastructure and road connectivity frequently experience
significant disruptions, making it extremely difficult to conduct efficient search and
rescue missions [2]. When a disaster occurs, the most critical challenge is to promptly
establish initial communication with affected victims who are trapped or inacces-
sible to rescue teams. Emergency responders can act quickly and effectively when
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they have efficient emergency management strategies and response protocols, which
can help prevent a crisis from escalating [3]. Designing a suitable model for rescuer
assignment is crucial to efficiently allocate rescuers to evacuees injured in real-time,
considering the dynamic and hazardous environment. However, these tasks are
NP-hard because of the dynamic environments and complex relationships between
pedestrian movement and information dissemination, which involve minimizing the
overall potential cost of the rescue operation [4]. In recent times, researchers have
explored metaheuristic algorithms for disaster management, showing significant
promise in addressing challenges in disaster applications.

Optimization, a field at the intersection of mathematics and computer science,
explores methodologies and techniques for discovering the optimal solution to a given
optimization problem. Applying mathematical programming approaches to large-
scale problems can be challenging and time-consuming. In response, over the past
decades, numerical optimization techniques, particularly metaheuristic algorithms,
have gained widespread adoption for addressing real-world problems [5].

Metaheuristic algorithms (MAs) are a subset of heuristic methods, employ
iterative processes that explore the entire problem space using various heuristic
approaches. In contrast to traditional algorithms, metaheuristic algorithms are
usually inspired by theoretical and empirical sources, they frequently mimic biologi-
cal or natural phenomena [6]. These algorithms are flexible enough to be designed,
integrated, or adjusted to fit particular problem domains. By utilizing stochastic
techniques, these algorithms methodically navigate intricate search spaces, offering
benefits related to resilience and worldwide search abilities [7]. The challenges in
disaster management are classified as localization, routing, coverage, and resource
allocation. These challenges can be defined as optimization problems, where
researchers seek to achieve the best possible results with limited resources. The
objective functions can either be optimally maximized or minimized. Various types of
objectives for disaster management are illustrated in Figure 1.

This study aims to present a thorough analysis of metaheuristic algorithms devel-
oped for disaster management system. The paper begins by presenting an overview
of MAs and explored the problems involved in emergency and relief operations using
MAs. Furthermore, this work provides the strengths and limitations of employing
metaheuristic algorithms in disaster management. Additionally, recent optimization

Types of objectives for disaster ‘

management
Minimizing Maximizing
= Economic loss * Coverage of disaster area
Transportation cost + Scope of Search & Rescue

Accessibility of aid
Infrastructure restoration
Communication resilience
Resource utilization efficiency

* Response time

» Positioning error
Use of additional hardware's
and infrastructure

* Energy consumption

Figure 1.
Various types of objectives for disaster management system.
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strategies and hybrid techniques developed using MAs for disaster management are
also included in the study. We explore the current status of MAs in disaster manage-
ment and discuss future directions that may be explored. This paper highlights the
significance of MAs for emergency and disaster management by providing insights
into the benefits and challenges of MAs.

In the following sections of the paper, we first classify metaheuristic algorithm
types into five categories, as outlined in Section 2. Following this, we explore the
recent studies in MAs designed to address post-disaster challenges, which are
elaborated in Section 3, and hybrid optimization algorithms in Section 4. Section 5
provides the limitations and discussion of the literature review. Section 6 describes
the benefits and limitations. Finally, Section 7 discusses the conclusion and future
challenges uncovered through this study.

2. Classification of metaheuristic algorithm

Metaheuristics are algorithmic frameworks used across various optimization prob-
lems, often requiring minimal modifications to adapt to specific problem instances.
In this section, MAs are classified into evolutionary algorithm (EA), physical-based
algorithm (PA), nature-inspired algorithm (NA), swarm-based algorithm (SA), and
miscellaneous algorithm (MA) as shown in Figure 2.
2.1 Evolutionary algorithm

Evolutionary algorithms (EAs) represent a class of modern heuristic search

techniques, leveraging the concept of “survival of the fittest” from natural

" Classification of J

metaheuristic
‘ algorithms
| T | — 1
Evolutionary Physical-based Nature-inspired Swarm-based ‘ ‘ Miscellaneous ‘
algorithm algorithm algorithm algorithm algorithm
Genetic - —  Bat Algorithm ([ baricls swarm Teaching )
Harmony Search 2 i
Algorithm & Optimization I - Learning-based
2 Optimization
. Differential —  Simulated | Cuckoo Search (T e
i Annealin, Algorithm olony P -
Evolution g T Optimization || F_ll'e_Fle ‘
L T ‘ Optimization
| Evolutionary | Gravitational |- Grey Wolf Optimizer }
Strategies Search Algorithm | Glgtv'“’“‘m ‘ J SR ‘
. § | b | Optimization
Evolutionary | Black Hole — Krill Head Algorithm Optimization -
Programming Algorithm ‘ Art giclm Bee | _: e
. CAM TR TS |— olony . E
K e | Memetic {— Whale Optimization ‘ __ Optimization § Inspired Algorithm
Programming Algorithm == —— ;
Artificial Immune ﬂ Fish Swarm | | Brain Storm
L Shuffle Frog- [~ System Algorithm Optimization |  Optimization
leaping Algorithm ~
Flower Pollination { Crow Search
Algorithm | Optimization

Figure 2.
Classifications of metaheuristic algorithms.
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evolution. These algorithms mimic natural processes like genetic inheritance

and the Darwinian struggle for survival [8]. Evolutionary-based metaheuristic
algorithms, such as genetic algorithms (GA) [9], differential evolution (DE) [10],
evolutionary strategies (ES) [11], evolutionary programming (EP) [12], and
genetic programming (GP) [13], are inspired by principles of natural evolution and
genetics. In disaster area network, EAs can be used to optimize resource alloca-
tion strategies and routing protocols for communication networks. Moreover, EAs
can handle multi-objective optimization problems effectively, balancing multiple
criteria such as minimizing response time, maximizing resource utilization, and
minimizing costs.

The EAs optimization process typically involves initializing a population of
potential solutions, evaluating each solution’ fitness based on an objective function,
selecting candidates for reproduction based on their fitness, and creating offspring
through recombination or crossover. Offspring then replace some candidates in the
current population, maintaining a constant population size. This iterative process
continues until a termination criterion is met, such as reaching an optimal solution
or running out of computational resources. The steps involved in EAs are shown in
Figure 3.

EAs maintain a population of potential solutions, inspiring diversity and reducing
the likelihood of getting trapped in local optima. It is crucial for disaster relief opera-
tions where multiple feasible strategies may need to be evaluated.

2.2 Physical-based algorithms

Physical metaheuristic algorithms are a class of optimization techniques inspired
by physical processes and phenomena found in nature. These algorithms simulate
physical processes to guide the search for optimal solutions in complex optimization
scenarios. The primary key sources of inspiration for this subcategory are gravity, the
big bang, black holes, galaxies, and fields [14]. Some popular physical metaheuristic
algorithms include harmony search (HS) [15], simulated annealing (SA) [16], gravi-
tational search algorithm (GSA) [17], Black Hole Algorithm (BHA) [18], memetic
algorithm (MA) [19], and shuffle frog-leaping algorithm (SFA) [20]. Physical-based
optimization can optimize the positioning of communication nodes or facility loca-
tions by considering factors such as population distribution, accessibility, terrain

Selection
Initialization —— Evaluation Recombination
T Evolutionary l
Generational
Cycle
Termination ¥ Mutation

N P

Replacement

Figure 3.
Steps involve in evolutionary algorithm.
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features, and infrastructure availability. Moreover, these techniques can dynamically
distribute resources to regions with the most critical requirements by continuously
monitoring parameters such as signal strength, traffic volume, and changes in
network topology.

2.3 Nature-inspired algorithm

Nature-inspired algorithms are computational approaches that draw inspiration
from concepts found in biological systems, ecological systems, and evolutionary
mechanisms. These techniques are increasingly applied in disaster management to
address challenges such as localization, resource allocation, routing, and communica-
tion recovery [21]. Bat Algorithm (BA) [22], Cuckoo Search Algorithm (CSA) [23],
Gray Wolf Optimizer (GWO) [24], Flower Pollination Algorithm [25], Whale optimi-
zation [26], Krill Head Algorithm (KHA) [27], Artificial Inmune System (AIS) [28]
are some popular nature-inspired algorithms. Several problems have been effectively
tackled by these algorithms in a variety of domains, such as engineering, finance,
robotics, optimization, and data mining. These algorithms use the inherent intel-
ligence of nature like the swarming behavior of birds or the foraging behavior of ants
to provide effective and efficient solutions for complex problems. Moreover, these
techniques can optimize resource allocation, load balancing, reduce the effects of
disasters, enhance responder coordination and communication, and quickly deliver
vital services to impacted populations.

2.4 Swarm intelligence

The term “swarm intelligence” describes the collective behavior of self-organizing,
decentralized systems that are modeled after social insect colonies like termites, ants,
and bees. Problems like routing, optimization, and decision-making can be resolved
by swarm intelligence systems without the need for explicit coordination or central-
ized control. Many MAs have been influenced by SI; for example, Particle Swarm
Optimization (PSO) [29], Ant Colony Optimization (ACO) [30], Glowworm Swarm
Optimization (GSO) [31], Artificial Bee Colony (ABC) [32], Fish Swarm Algorithm
(FSA) [33], Crow- Search Algorithm (CSA) [34]. Swarm-based optimization algo-
rithms can facilitate optimal resource allocation in disaster areas, including the
deployment of Unmanned Aerial Vehicles (UAVs) for relaying messages and establish-
ing ad hoc networks. By considering factors such as network coverage and energy
consumption, these algorithms can help maximize communication range and reliabil-
ity while minimizing resource usage. These algorithms can optimize search patterns,
identify high-priority locations based on survivor likelihood, and adapt to dynamic
environments.

The SI algorithms involve several key steps as shown in Figure 4. The initial steps
involve determining the swarm’s parameters, such as its number of populations,
positions, velocities, and other relevant features. The objective function that needs to
be optimized is also specified. The fitness of each swarm member is then determined
by evaluating its present solution based on this objective function. Following evalu-
ation, individuals adjust their positions or solutions, guided by principles inspired
by social insects’ behavior, such as following pheromone trails or social interactions
within the neighborhood. Termination criteria are defined to determine when the
algorithm should stop its iteration, such as reaching a maximum number of iterations
or achieving a certain fitness level. After the termination requirements are met, the
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Initialize population

l

Evaluate fitness function

l

Stopping
criteria?

l Yes

Return the global best
solution

No
— Update and move agents

Figure 4.
Steps involve in SI algorithm.

final positions or solutions found by the swarm are analyzed to derive insights from
the optimization process.

Swarm-based algorithms balance exploitation (using promising solutions) and
exploration (widely searching the solution space). In disaster management, this
balance is critical because responders must simultaneously investigate different
approaches while exploiting effective solutions promptly.

2.5 Miscellaneous algorithms

Similar algorithms draw inspiration from nature, such as artificial intelligence
concepts, game theory, human behavior, mathematics, and political strategies.
Teaching-Learning Based Optimization (TLBO) [35], Brain Storm Optimization
(BSO) [36], Firefly Algorithm (FA) [37], Football Game Inspired Algorithm (FGIA)
[38], Search and Rescue Optimization (SRO) [39] have been utilized in disaster
management. Applications such as pattern recognition, network routing, clustering,
and decision-making have been tackled by these algorithms. These techniques can be
effectively applied to address various optimization challenges and enhance network
performance in disaster scenarios.

3. Metaheuristic algorithms for disaster management

Metaheuristic algorithms use in disaster management systems is enumerated in
this section. The problems are classified under four major areas as follows.

3.1 Localization
One of the most challenging tasks during or after a disaster scenario is localization

of victims. Rescue teams can concentrate their efforts more effectively by reducing
response times when the precise location of the victim is known. Effective victim
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localization minimizes the time and resources required for search and rescue opera-
tions, as shown in Table 1.

3.2 Routing

In disaster environments, certain characteristics such as signal attenuation
and short-term communication links among rescue crews contribute to frequent
route disruptions as well as unreliable end-to-end services. Efficient routing in
disaster-affected networks maximizes the effective use of scarce resources such
as battery power, bandwidth, and processing capacity while guaranteeing reliable
data transmission between nodes and central points, such as command center or
relief coordination center. Table 2 shows a summary of papers addressing routing
problem.

3.3 Coverage

Coverage extension plays a vital role in disaster management by ensuring that
communication networks can reach more affected areas, enhancing the resilience of

Ref. Year  Typesof MA Description of use

[40] 2019 PSO Proposed a localization algorithm that combines boundary-based
optimization with PSO to locate target UAV nodes efficiently. This
methodology achieves lower localization error and higher localization
accuracy by analyzing noise parameters that are uniformly distributed with
respect to distance and environment.

[41] 2020 PSO Describes swarm interaction and includes artificial potential functions
to support swarm attraction toward victims and collision avoidance,
considering the complex and hazardous terrain. The outcomes show how the
algorithm allows the rescue team to successfully identify possible victims and
avoid collisions.

[42] 2020 GA A genetic algorithm-based intelligent search system is utilized to identify
signal strength variations between distress signals and drones, improving

tracking accuracy.
[43] 2021 GWO Devised a range-free distributed localization algorithm for UAV networks.

This method incorporates the bounding cube approach to enhance sampling
efficiency, thereby reducing the computational load. This approach reduces
distance estimation errors and improves efficiency, facilitating rapid
convergence.

[44] 2022 PSO Proposed a Hierarchical-Reference-PSO to enhance the global search
capabilities by evaluating sub-fitness functions of particles. In contrast to
traditional PSO, where a combination of local best and global best positions
is utilized, HRPSO employs a reference best position to guide particle
movements. The suggested approach shows less complexity and localization
error, providing a more accurate and efficient solution for UAV localization
tasks.

[45] 2023 SSA The trilateration method is used to estimate the centroid around a specific
target node, and Salp swarms are then implemented around the centroid to
improve the accuracy of the solution.

Table 1.
Summary of papers for localization problems using MAs.
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Ref.

Year

Types of MA

Description of use

[46]

2012

ACO

An ACO optimization is employed to identify the most efficient
routes for firefighting and search and rescue missions within
buildings. This method and its variations are highly effective at
quickly finding the best routes in networks.

[47]

2018

ACO

Introduce a novel ACO-based algorithm that integrates the
concept of a virtual central depot to accommodate the multi-depot
scenario.

[48]

2019

Squirrel Search
Algorithm (SSA)

An enhanced Squirrel Search Algorithm (SSA) for multicast
routing is proposed by focusing computation only inside the
destination-oriented zone, it effectively minimizes computation
time while satisfying constraints such as energy, delay, and packet
loss.

[49]

2020

ACO

Devised a hybrid ACO approach where particles serve as
operators, expanding the search scope for viable depots and
subsequently assigning clients to them. This enables ants to

determine the vehicle routes that are most effective and balanced
for each selected depot.

[50]

2020

DE

An adaptive selection mutation-constrained DE algorithm
is presented to select individuals based on their fitness and
constraints and explores the most promising candidates among
the selected individuals to guide the mutations. This approach
maintains exploration capabilities while improving exploitation.

[51]

2021

PSO

Proposed an enhanced PSO incorporating Variable Neighborhood
Search that determines the best next-hop routing depending on
factors like distance between nodes and the Base Station (BS) and
link reliability, ensuring reliable and timely data transmission to
the BS.

[52]

2022

Non-Dominated
Sorting Genetic
Algorithm-II
[NSGA-II], PSO

A mixed integer linear programming (MILP) model is introduced
to optimize the routes for emergency vehicles and minimize
both the service completion time and the number of patients
experiencing worsened conditions due to delayed medical care.

[53]

2023

CSO

Develop an enhanced CSO-based multi-hop routing for choosing
the optimal path. This method computes fitness functions to
increase network lifetime and energy efficiency using a variety of
input variables.

Table 2.

Summary of papers for routing problems using M As.

communication infrastructure during disasters, and facilitating timely response and
recovery actions, as shown in Table 3.

3.4 Resource allocation

Disasters often result in widespread damage and disruption, necessitating the
rapid mobilization of resources such as SAR operation, equipment, and supplies to
affected areas. Effective resource allocation in disaster management is essential for
optimizing response efforts, maximizing efficiency, minimizing losses, enhancing
coordination and collaboration, and adapting to dynamic conditions as shown in

Table 4.
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Ref.

Year

Types of MA

Description of use

(54]

2012

ACO

Investigates the coverage problem using Ant Colony-Based Scheduling
Algorithm. The algorithm uses positional information to assess each
sensor’s coverage and initializes the pheromone field based on these
assessments. Ants prioritize sensors with more coverage, leveraging

sensor capabilities to systematically optimize solutions.

(55]

2019

ABC

A UAV-Artificial Bee Colony (U-ABC) algorithm is used for determining
the optimal flight positions for each UAV-BS, improves coverage and
maximize network throughput within disaster areas.

[56]

2019

PSO

Allows the UAV-BS to find the optimal UAV altitude using PSO by
moving straight from its starting position to the ideal position in a single
maneuver, improving coverage while consuming less time and energy.

(571

2020

GOA

Proposed a Grasshopper Optimization Algorithm (GOA)with the aim

of maximizing the information derived from assessing areas and roads

while simultaneously maximizing total coverage in damaged areas and
roads.

2021

Ant Lion
Optimization
(ALO)

Presented a coverage enhancement strategy utilizing the Ant Lion
Optimization (ALO) algorithm by reallocating antlions and dynamically
reducing their numbers and a continual randomly generated boundary
shrinkage factor is added.

[59]

2022

PSO

An enhanced PSO model is designed to investigate the most efficient
allocation of SAR resources considering various constraints on ship and
aircraft base station configurations. The experimental findings indicate

that the model effectively optimizes coverage area while allocating
maritime rescue resources.

2023

GWO

Suggested using K-means initialized GWO to deploy 3D ultra-dense small
cells (UBS) in order to maximize the number of user equipment served in
the disaster area, guaranteeing the fulfillment of data rate requirements
for each UE while ensuring that the number of covered UEs does not
exceed each UBS’ capacity limit.

Table 3.

Summary of papers for coverage problems using MAs.

Year

Types of MA

Description of use

2012

PSO, SA

Introduces an enhanced PSO algorithm for shelter allocation and
incorporates SA to improve search efficiency and avoid local optima.
In Guangzhou City, Chinas Zhuguang Block, the suggested algorithm
is demonstrated to be effective in allocating earthquake emergency
shelters.

[62]

2019

NSGA-II, PSO

NSGA-II and Modified Multiple-Objective PSO, are suggested to
minimize the overall cost and the scarcity of relief supplies while
optimizing the distribution of facilities. Data from relief bases in the
first area of Tehran city are used to validate the proposed model.

2020

DE, NSGA-II

A Multi-Objective Optimization (MOO) problem is defined to identify
optimal SAR strategies and efficiently schedule resource allocation. This
methodology enables emergency response quickly and efficiently.

(64]

2020

PSO

Introduces an evolutionary PSO algorithm, incorporating a particle
coding scheme and evolutionary operations aligned with the geospatial
edge services chain model and presents a fitness evaluation model that
considers multiple geospatial edge services characteristics on the edge

nodes.
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Year

Types of MA

Description of use

2020

GA

Presents a novel approach for post-disaster emergency resource
allocation, using GA to address the uncertainties and complexities that
occur in rescue operations.

[66]

2021

PSO

PSO and variable neighborhood search are suggested in order to
tackle the mixed integer programming model focused on time-cost
considerations in the presence of uncertainty.

[67]

2021

PSO

An enhanced PSO algorithm has been introduced, leveraging multi-
agent theory and evolutionary population dynamics. This approach
optimizes response operations and resource utilization, reducing both
time and losses.

(68]

2021

Shuffled Shepherd
Optimization
(SS0)

Shuffled shepherd optimization (SS0) with a dynamic-window method
algorithm is employed to minimize the frequency of recharging or
replacement of sensors. This approach considers static and dynamic
objects in the environment to prevent collisions and improve energy
efficiency during data collection, movements, and transmission.

[69]

2021

DE

While traditional DE relies on random search during the mutation stage,
leading to limited exploitation capability, an Exponential Selection-
based Differential Evolution (ERDE) introduces exponential selection.
This strategy improves the direction of mutation and increases the
effectiveness of exploitation by increasing the chance of selecting
superior individuals.

2022

NSGA-II

Multi-objective vibration damping optimization and NSGA-II are used
for combined emergency preparedness and response decision-making.
The model’s objectives are to arrange emergency shelters or depots in
the best possible locations and make it easier for relief vehicles to move
between disaster sites and these shelters.

[71]

2022

GA

Suggested Elite-preserved Genetic Algorithm (EGA) to optimize the

allocation of emergency resources in maritime situations, aiming to

enhance efficiency by considering factors such as economic benefits,
response time, and safety index.

2023

JSA

An enhanced Jellyfish Search Algorithm (JSA), which mimics the
foraging behavior of jellyfish and is utilized for quick and effective
distribution and logistics. During the jellyfish search process, a Cauchy
strategy is employed to determine the internal motion’s moving
distance, enhancing global search capabilities and avoiding local
optimal solutions.

(73]

2023

PSO

Proposed a clustering model for optimal target-region allocation using
PSO where each affected person is represented as a particle and the
fitness function is defined by minimizing the average distance and

standard deviation, ensuring that all particles converge to cluster centers
by adjusting their positions according to the global best fitness.

Table 4.

Summary of papers for resource allocation problem using MAs.

3.5 Other metaheuristic algorithms

Some new MAs for disaster management are suggested in this section. In recent
years, researchers have studied numerous approaches like SRO, TLBO, and Smart Flower
Optimization (SFO) and have shown them to be effective and efficient in solving similar
kinds of problems, as shown in Table 5. These new metaheuristic algorithms still have
scope for improvement, making significant enhancements in disaster applications.

104



Evolutionary and Nature-Inspired Algorithms for Disaster-Resilient Networks
DOI: http://dx.doi.org/10.5772/intechopen.1006175

Ref. Year  Typesof MA Description of use

[74] 2017 SRO Proposed a novel Swarm Robotics SRO using robots with environmental
awareness for search and rescue missions in disaster sites. The locations of the
survivors act as the global best solutions, with one robot distinguished as the
master and others as slaves. The outcomes show improved convergence speed
and quality of the solutions.

[75] 2021 SRO Introduced a novel Chaotic SRO-based multi-hop data transmission by
incorporating chaotic principles into the conventional SRO algorithm,
designed to enhance energy efficiency and prolong the network lifetime.

[76] 2022 PSO An innovative approach called Reward-based Reinforcement Learning
integrating Particle Swarm Optimization (R-RLPSO) is proposed for real-time
rescue operations in 3-D underwater environments and provides cost-
effectiveness and quick response.

[77] 2022 SFO Presented a new MA for efficient UAV path planning in a shorter period of
time. Two growth strategies are used in this approach to control the movement
of immature flowers, and particle positions are updated through mathematical

modeling.

[78] 2023 TLBO A discrete-TLBO is employed to minimize the average completion time for all
SAR teams. The algorithm creates a two-phase local search method to enhance
the solution after producing an initial task scheduling sequence for every
rescue team.

[79] 2023 SRO Designed a heuristic crossover approach with the fundamental SRO technique
to enhance convergence speed while preserving population diversity during
the optimization procedure, ensuring high convergence speed and enhancing
path planning effectiveness.

[80] 2023 ACO Introduces an improved ACO algorithm to enhance the discovery of a mobile
search object exhibiting Markovian motion, optimizing search success within
ashort time and limited resources. This improved algorithm achieves search
trajectories with higher success rates in shorter times.

Table 5.
Summary of papers using new MAs for disaster management.

4. Hybrid metaheuristic algorithms

A hybrid optimization algorithm is a technique that combines multiple optimi-
zation techniques to solve a given problem. By leveraging the features of different
algorithms, hybrid optimization aims to improve solution quality, convergence speed,
and robustness, particularly for complex and challenging optimization problems.
Table 6 provides a summary of papers using hybrid MAs.

5. Limitations and discussion

According to the results of the literature review, MAs are still in the early stages
of development in tackling post-disaster problems like localization of victims and
coverage extension problems. There has been limited research explored to overcome
these challenges. MAs often require careful parameter tuning to achieve optimal
performance, a process that can be both time-consuming and problem-specific
process. Thus, future research should prioritize long-term disaster recovery, leverag-
ing hybridization and machine learning algorithms.
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Ref. Year Types of MA Description of use
[81] 2014 Biogeography- A biogeography-based optimization (BBO) algorithm is integrated
Based Optimization ~ with the DE mutation operator to improve exploration capabilities and
(BBO), DE adopt a local ring topology within the population to prevent premature

convergence. This approach reduces the weighted time required to
deliver all necessary supplies to the target area.

[82] 2016 DE, PSO A multi-objective hybrid DE and PSO algorithm is proposed to generate
aset of Pareto solutions aimed at minimizing the use of rescue vehicles
as well as the extinguishing time in combating forest fires, considering

limited resources.

[83] 2018 AIS, ACO A hybrid algorithm is designed to address the routing problem of
emergency vehicle scheduling for grain transportation by assessing
crowd density and performs non-dominated sorting of the population
in the ACO phase, minimizing the distribution time of vehicle
scheduling.

[84] 2018 NSGA-II, ACO Employs a hybrid algorithm to investigate the emergency rescue vehicle
dispatch problem in order to generate more effective initial solutions
that minimize rescue times, delay costs, and maximize lifesaving utility.

[85] 2019 PSO, HSA Devised an enhanced hybrid method for selecting cluster heads and
relay nodes, incorporating a novel fitness function that considers
energy efficiency and communication link quality. This approach

extends network coverage and network lifetime by optimizing multi-
hop routing.

[86] 2022 BSO, SA Addresses the routing problem by integrating the Brain Storm
Optimization (BSO) algorithm with Large Neighborhood Search
(LNS) and simulated SA techniques. BSO generates an initial solution
through K-means clustering, where a cluster center is chosen randomly
and updated. These solutions are further optimized using LNS, which
involves splitting and regrouping individuals using “destroy” and
“repair” operators to improve their quality.

[87] 2023 GWO, DE Designed a hybrid algorithm to maximize GWO’s exploitation potential
where the alpha wolf explores its surroundings, with the beta and delta
wolves closely following the alpha’s movements. Moreover, DE gains
from a strategically integrated rank-based mutation technique that
increases its potential for exploitation.

Table 6.
Summary of papers using hybrid M As for disaster management.

The common MAs, such as Genetic Algorithm (GA), Simulated Annealing
(SA), Particle Swarm Optimization (PSO), and Ant Colony Optimization (ACO),
employ strategies that allow for comprehensive and more efficient exploration
of solution spaces. These algorithms use mechanisms like randomization and
probabilistic decision-making to escape local optima and cover more solution
space quickly. GA and PSO can optimize the logistics of resource distribution by
finding the best routes and schedules, considering constraints like road conditions
and supply availability, and thereby minimizing cost and time. MAs, including
ACO and SA, are effective in solving network routing problems and evacuation
route planning considering dynamic factors. Some research has developed hybrid
approaches by combining various metaheuristic approaches in order to provide
better solutions.
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6. Benefits and challenges

Metaheuristic algorithms offer several benefits when applied to disaster scenarios,
leading to more effectiveness and efficiency in disaster response and recovery efforts.
MAs algorithms can efficiently explore large solution spaces and find near-optimal
solutions within reasonable timeframes. This efficiency is crucial in time-sensitive
disaster situations where quick decision-making is necessary to save lives and mini-
mize damage. Moreover, MAs can handle noisy, incomplete, or uncertain parameters
in disaster scenarios, ensuring reliable decision-making even in challenging condi-
tions. MAs can handle MOO problems by generating a set of Pareto-optimal solutions
that represent trade-offs between competing objectives, enabling decision-makers to
explore and select the most suitable solutions based on their preferences and priorities.

While metaheuristic algorithms offer promising solutions for optimization
problems in disaster management, it also faces several challenges. MAs generally have
several parameters that need to be tuned to achieve optimal performance. Finding the
right parameter settings for a specific disaster management problem can be challeng-
ing and may involve extensive experimentation. Many disaster management problems
involve multiple conflicting objectives, such as minimizing cost, maximizing resource
utilization, reducing energy, and maximizing coverage. MAs need to balance these
conflicting objectives and find a set of solutions that represent trade-offs between
them, which can be challenging.

MAs often rely on data to inform decision-making processes. During disaster
scenarios, data may be limited, incomplete, or of poor quality due to infrastructure
damage, communication breakdowns, or other challenges. As a result, the effective-
ness of MAs can be compromised, leading to suboptimal solutions. Moreover, most
computational experiments are usually performed on test problems that are generated
at random; very few studies use real-world data for testing.

Quick decisions must be made during emergency situations. In order to reduce the
effects of disasters and save lives, decision-makers frequently need to act quickly and
find solutions in real time. However, many MAs require considerable computational
time to converge to a solution, making them less suitable for time-critical decision-
making. Different metaheuristic algorithms have varying levels of computational
complexity. Some metaheuristic algorithms have complex operations and require a
significant number of iterations to converge to adequate solutions. This complexity
contributes to higher computational costs, especially when dealing with high-dimen-
sional optimization problems or problems with complex constraints.

7. Conclusion and future perspectives
7.1 Summary of key findings

Natural disasters pose significant causes of human lives and damage to infra-
structure and property. The application of metaheuristic algorithms has increasingly
addressed the complexity associated with managing these disasters. This study
discusses an overview of recent research developments in metaheuristic optimization
for disaster management. We have discussed various emergency and disaster relief
problems using MAs and hybrid optimization techniques. Recent research on the
utilization of MAs for disaster management offers faster and more effective solutions.
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Compared to conventional methods, MAs are more effective at quickly exploring vast
solution spaces, have inherent adaptability to uncertainty and randomness, are robust
against noise, and have scalability to high dimensions. Therefore, they are highly suit-
able for addressing emergency and disaster relief operations. This study shows the key
findings and benefits of MAs in enhancing network coverage, optimizing resource
utilization, and minimizing response time and cost in emergency and disaster relief
operations.

7.2 Future research directions

Considering the challenges, the following aspects highlight the future develop-
ment of MAs in disaster management:

* Hybrid and adaptive algorithms: Researchers can investigate the development of
hybrid optimization tools that combine metaheuristic algorithms with artificial
intelligence, aiming to improve solutions and reduce computation time by effec-
tively balancing exploration and exploitation. Hybrid algorithms have proven
effective in solving a wide range of planning and scheduling problems, but their
potential for use in emergency optimization issues remains to be explored.

* Real-world applications and case studies: There are currently very few publicly
available benchmark problems in this field. More standard test suites and
advanced simulation tools for evaluating and analyzing different MAs must be
developed. In order to validate the effectiveness of these algorithms, more case
studies and real-world applications should be conducted and using feedback loop
mechanism from real-world implementations to continuously improve and adapt
the algorithms.

* Multi-objective optimization and decision support: The utilization of multi-
objective optimization techniques is expected to provide significant benefits for
studies focused on optimizing disaster relief operations. Utilizing Pareto fronts
to illustrate trade-offs between different objectives so that decision-makers can
choose the best-balanced solutions.

The study has identified research gaps and suggests potential future research
directions. Additionally, it highlights the necessity for further real-world applications
to validate the applicability of these proposed approaches in uncertain emergency
scenarios.
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Chapter 6

MDWT: A Modified Discrete
Wavelet Transformation-Based
Algorithm for Image Fusion

Gargi ]. Trivedi

Abstract

In this paper, we propose a novel method for image fusion that utilizes a modified
version of the discrete wavelet transform (DWT). The proposed algorithm enhances the
standard DWT-based techniques by introducing several modifications to the traditional
DWT algorithm. We use the modified DWT algorithm to decompose the source images
into different sub-bands, which are then combined using a fusion strategy to produce a
high-quality fused image. Experimental results demonstrate that our proposed algo-
rithm significantly outperforms traditional DWT-based and PCA-based methods,
achieving higher average values in key image quality metrics such as peak signal-to-
noise ratio (PSNR), structural similarity index (SSIM), and feature similarity index
(FSIM). Specifically, the MDWT method achieved an average PSNR of 30.8 dB, SSIM of
0.880, and FSIM of 0.860, indicating superior image quality. Our study highlights the
potential of the modified DWT algorithm to enhance the performance of image fusion
techniques, making it an attractive option for researchers and practitioners in the field.

Keywords: image fusion, discrete wavelet transform (DWT), modified discrete
wavelet transform (MDWT), fusion strategy, transform domain fusion, multimodal
Image processing

1. Introduction

Image fusion is the process of combining two or more images of the same scene,
acquired from different sensors or modalities, into a single composite image that
provides more information than the individual images alone [1-3]. It has a wide range
of applications in various fields, such as remote sensing, medical imaging, surveil-
lance, and robotics. One of the most popular techniques for image fusion is based on
the discrete wavelet transform (DWT) [4].

In recent years, significant research has focused on DWT-based image fusion tech-
niques due to their effectiveness. However, traditional DWT-based methods suffer from
limitations such as shift variance and poor directional selectivity. To address these
issues, researchers have proposed various modifications to the DWT algorithm. For
example, the redundant DWT (RDWT) reduces shift variance by adding redundant
wavelet coefficients [5], and the dual-tree complex wavelet transform (DT-CWT)
improves directional selectivity by using two DWTs with different orientations [6-8].
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Additionally, different fusion strategies have been explored to enhance DWT-
based image fusion. The pulse-coupled neural network (PCNN) is one such strategy
that enhances the saliency of the fused image by simulating neuronal behavior in the
visual cortex [9]. Despite these advances, traditional DWT-based methods remain
widely used, indicating a need for further improvements in accuracy and efficiency.

Recent advancements in biomedical image fusion have significantly enhanced the
accuracy and effectiveness of diagnostic and therapeutic processes [10-13]. One
notable State of the Art (SOTA) approach is the use of explainable deep learning for
diagnosing Alzheimer’s disease [14, 15]. In this method, researchers utilize positron
emission tomography (PET) and magnetic resonance imaging (MRI) to generate
fused images that provide a comprehensive view of the brain’s structure and function.
The integration of PET and MRI images allows for a more accurate detection of
Alzheimer’s disease by highlighting both the metabolic changes and anatomical fea-
tures of the brain. This approach not only improves diagnostic accuracy but also
provides interpretability, which is crucial for clinical decision-making [16].

Another innovative approach in biomedical image fusion involves the use of pixel-
level fusion with vision transformers for early detection of Alzheimer’s disease [17,
18]. Vision transformers, which have shown remarkable performance in various
image processing tasks, are employed to fuse images at the pixel level, capturing
intricate details and correlations between different modalities [19]. This method
enhances the precision of the fused images, leading to improved early detection of
Alzheimer’s disease. The ability to detect subtle changes in the brain at an early stage is
critical for timely intervention and treatment, making this approach highly valuable in
clinical settings [16, 20].

Additionally, Pareto optimized adaptive learning with transposed convolution has
been explored for the classification of Alzheimer’s disease. This method optimizes the
fusion process by balancing multiple objectives, such as accuracy and computational
efficiency, through adaptive learning techniques. The use of transposed convolution
allows for the generation of high-resolution fused images, which are essential for
detailed analysis and accurate classification. This approach demonstrates the potential
of advanced machine learning techniques in enhancing biomedical image fusion,
providing robust tools for the diagnosis and monitoring of Alzheimer’s disease and
other neurological conditions [10, 21].

These SOTA techniques highlight the ongoing advancements in biomedical image
fusion, emphasizing the importance of integrating multiple imaging modalities and
leveraging advanced machine learning algorithms to improve diagnostic accuracy and
clinical outcomes [22, 23]. The continued development of these innovative methods is
expected to play a crucial role in advancing the field of medical imaging and
healthcare [24, 25].

In this paper, we propose a novel algorithm for image fusion using a modified
version of the discrete wavelet transform (DWT) that addresses the limitations of
traditional DWT-based methods. Our algorithm improves directional selectivity and
reduces shift variance, providing a more accurate representation of the source images.
We employ a fusion strategy based on the weighted average concept, which enhances
the performance of image fusion algorithms. Experimental results demonstrate that
our proposed algorithm achieves superior visual quality and objective evaluation
metrics compared to other state-of-the-art image fusion techniques.

The paper is organized as follows: the Introduction section provides an overview of
the proposed method for image fusion and its potential applications. The Materials
and Methods section describes the modified DWT algorithm, including enhancements
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for improved directional selectivity and reduced shift variance, and explains the
fusion strategy used to combine the sub-bands. The Experimental Analysis section
covers key parameters, selection criteria, the influence of parameters, and system
information, followed by a quantitative analysis and statistical analysis of the experi-
mental results. The Results and Discussion section presents the experimental results
and compares the proposed method’s performance with other state-of-the-art tech-
niques using objective evaluation metrics. Finally, the Conclusions section summa-
rizes the key findings, highlights the potential of the modified DWT algorithm for
advancing image fusion techniques, and discusses future research directions.

2. Methods

To achieve high-quality image fusion, various mathematical and computational
techniques have been employed. Principal component analysis (PCA) and the discrete
wavelet transform (DWT) are two widely used approaches due to their capability to
preserve significant features of the source images. However, these methods have
limitations in handling complex structures or achieving optimal performance metrics.
In this study, we introduce a modified discrete wavelet transform (MDWT), an
enhancement to the traditional DWT, to overcome these challenges and improve
fusion quality.

2.1 Principal component analysis (PCA) for image fusion

Principal component analysis (PCA) is a statistical method used to transform a set
of correlated variables into a set of uncorrelated variables called principal components
[26]. For image fusion, PCA is utilized to combine the information from multiple
images into a single image that retains the essential features of the input images.
Initially, the input images are converted into column vectors and concatenated to
form a data matrix. The covariance matrix of this data matrix is then computed to
understand the variance and correlation between different images. The eigenvalues
and eigenvectors of the covariance matrix are calculated, where the eigenvectors
represent the principal components, and the eigenvalues indicate the amount of
variance captured by each principal component. The principal components are sorted
based on their eigenvalues in descending order, and the top components that capture
the most variance are selected. Finally, these selected principal components are com-
bined to form the fused image, ensuring that it contains significant information from
the input images. This process effectively reduces the dimensionality of the data
while preserving the most significant features, making PCA a powerful tool for
image fusion applications where enhanced image quality and information content
are critical [2, 27].

2.2 Discrete wavelet transform

The discrete wavelet transform (DWT) is a widely used technique for signal and
image processing [2, 4]. It decomposes a signal or image into different frequency
bands, allowing for efficient compression, noise reduction, and feature extraction.
The DWT operates by recursively dividing the signal into two halves and then apply-
ing wavelet filters to each half, resulting in two sets of coefficients: approximation
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coefficients (low-frequency components) and detail coefficients (high-frequency
components) [25].

N-1
Gtk = O Mo Cikxasn)
n=0
1
Nt (1)
dj+1,k = Z En - Cj,k><2+n
n=0

where c(j ) represents the approximation coefficients at level j and position k, d; i)
represents the detail coefficients at level j and position k, h, and g_ represent the
scaling and wavelet coefficients, respectively, and N is the length of the filters.

The inverse DWT can be used to reconstruct the original signal from the approx-
imation and detail coefficients by convolving the coefficients with the inverse
wavelet filters.

2.3 Modified discrete wavelet transformation

The proposed modified discrete wavelet transformation (MDWT) algorithm
introduces modifications to the traditional DWT to enhance directional selectivity and
reduce shift variance. This involves using a different wavelet function and incorpo-
rating a novel fusion strategy.

Here is a step-by-step algorithm for the proposed method of image fusion using
modified DWT (Figure 1).

2.3.1 Input
Two input images, I; and I, which are to be fused.
2.3.1.1 Preprocessing

Before MDWT decomposition, the input images are preprocessed to enhance their
quality. This includes image resizing and histogram equalization.

MDWT

. MDWT Final Images
Decomposition

Reconstruction

Source Images

MDWT

Pre-processing J |||

wn
11
o

Fu

Image

Uy

L

MDWT

Image 2 Pre-processing

Figure 1.
Block diagram of modified discrete wavelet transformation (MDWT).
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2.3.1.2 Image vesizing

Ensures the two input images are of the same size and resolution.
Ioue = imresize(Iiy, [M, N]) where I I, is the input image, I,y is the output image
after resizing, and I,y is the desired size of the output image.

2.3.1.3 Histogram equalization

It is performed to enhance the contrast of the input images. This is done by
stretching the intensity values of the input images to cover the full dynamic range of
the display device. The stretching function is applied to the pixel values of the input
images using the following mathematical equation:

Iin (1, ]) — min(Iin)

Iou .: j) = .
(i) max(Ili,) — minI;y,

x 255 2)

where Iiy (i, j) is the pixel value of the input image at position (i, j) before histogram
equalization, Iy (i, j) is the pixel value of the input image at position (i, j) after
histogram equalization, and min(lj,) and max(I;,) are the minimum and maximum
pixel values of the input image, respectively. The output of the preprocessing step is
two preprocessed input images that are of the same size and resolution and have
enhanced contrast. These preprocessed input images are then used as inputs to the
modified DWT algorithm for image fusion.

2.3.2 MDWT decomposition

Preprocessed input images are decomposed using a modified DWT algorithm that
utilizes a specific wavelet function. Using following equation.

Wi = % [

1 . .
_ i L_ . H
Vitk = VA {Hk =G fy }

where IjL and IjH are the low-pass and high-pass components of the input signal at

Hj 1" + G} - Iﬂ
(3)

scale j, respectively. HL and GL are the modified scaling and wavelet coefficients,
respectively, at scale j and position k. W and Vj, 1 are the approximation and detail
coefficients at scale j and j + 1, respectively. The decomposition results in a set of sub-
bands for each input image, including low-frequency and high-frequency sub-bands.

2.3.3 Fusion rule

Apply a fusion rule to the coefficients to obtain the fused coefficients at each scale.
A commonly used fusion rule is the weighted average rule, which can be expressed
mathematically as follows:

(4)

{ Cfi = W1 -Cpj+Wa-Cp
dei = wy - dyi +wy-dyy
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where c¢; and dg; denote the fused approximation and detail
coefficients, respectively, at level I, and w; and w; are the weights assigned to
each input image.

2.3.4 MDWT reconstruction

Apply the inverse modified DWT to the fused coefficient to obtain the fused image
F. The inverse transform can be expressed mathematically as:

N N
F = Zl Ci- 271+ Zl df)i 271 (5
1= 1=

where N is the maximum level of decomposition. For example, fuse sub-bands
using weighted average rule is, AF = (A1 + A2) /2, HF = (H1 + H2) / 2, VF = (V1 + V2)
/2,DF = (D1 + D2)/2.

The reconstruction of an image from its modified DWT coefficients is performed
by applying the inverse modified DWT (IMDWT) algorithm. The IMDWT algorithm
is the inverse of the modified DWT and is used to reconstruct the original signal from
its decomposition into sub-bands at different scales.

The IMDWT algorithm starts with the highest-scale detail coefficients and itera-
tively combines them with the approximation coefficients to obtain the reconstructed
image. The process is repeated at each scale until the original image is reconstructed.
The mathematical equation for the IMDWT can be represented as:

=W (6)

1
by =5 (Wi + Vi) )
I=IDWT(I}, I, ..., Ij) (8)

where Ij is the approximation coefficient at the highest scale J, Wj, and Vj,; are the
modified DWT coefficients at scale j and j + 1, respectively. I; is the reconstructed
image at scale j and IDWT represents the inverse modified DWT operation. The
reconstruction process involves adding the scaled version of the detail coefficients at
each scale to the approximation coefficients at the same scale to obtain the
reconstructed image at that scale. The reconstructed image at the highest scale is the
approximation coefficient at that scale, and the reconstructed image at the lowest
scale is the original image. The reconstructed fused image is then further processed to
improve its visual quality and sharpness.

Perform inverse DWT to reconstruct the fused image, F = IDWT (AF, HF,
VF, DF).

2.3.5 Post-processing

Apply any necessary post-processing steps, such as contrast enhancement or noise
reduction, to the fused image F. The post-processing step involves two main opera-
tions: contrast enhancement and unsharp masking.

Apply Gaussian filter with variance = 10 and size = 5to F.
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2.3.5.1 Contrast enhancement

It is performed to increase the overall contrast of the fused image. This is done by
stretching the intensity values of the fused image to cover the full dynamic range of
the display device. The stretching function is applied to the pixel values of the fused
image using the following mathematical equation:

Fin(i,j) — min(Fin)
max(F;,) — minFj,

Fout(i: ]) = x 255 (9)

where Fi, (i, j) is the pixel value of the fused image at position (i,j) before contrast
enhancement, Fo (i, j) is the pixel value of the fused image at position (i,j) after
contrast enhancement, and min(F;,) and max(Fj,) are the minimum and maximum
pixel values of the fused image before contrast enhancement, respectively.

2.3.5.2 Unsharp masking

It is performed to enhance the sharpness of the fused image. This is done by
subtracting a blurred version of the fused image from the original fused image and
adding the result to the original fused image [5]. The blurred version of the fused
image is obtained by convolving the fused image with a Gaussian filter. The unsharp
masking operation can be represented mathematically as:

Fout = Fin + k(Finf 1:"blur> (10)

where Fy, is the input fused image, Fy,, is the blurred version of the fused
image, and k is a user-defined parameter that controls the strength of the
sharpening effect.

Finally, the fused image is post-processed to remove any artifacts or noise that may
have been introduced during the fusion process. This may include steps such as
smoothing, sharpening, or edge enhancement.

2.3.6 Output

The output of the proposed method is a single fused image that combines
the information from the original input images in a way that enhances their
features and improves their visual quality and returns the fused image F as the
final output.

3. Experimental analysis

This section describes the detailed experimental setup and the evaluation process
for the proposed modified discrete wavelet transform (MDWT) image fusion method.
It includes the selection and influence of key parameters, the criteria for their selec-
tion, and the system specifications used for the experiments. The section also presents
the quantitative analysis of the method’s performance using various metrics and
compares the results with other existing methods. Additionally, statistical analysis is
provided to substantiate the performance claims.
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3.1 Key parameters, selection criteria, influence of parameters and system
information

We use the “db2” wavelet for its good balance between time and frequency local-
ization. A Gaussian filter with a variance of 10 and a size of 5 is used in preprocessing
to achieve blurring, enhancing feature extraction. The fusion rule is a weighted aver-
age based on spatial frequency information, combining sub-bands to improve the
representation of salient features. The choice of wavelet affects the decomposition’s
ability to capture image details. The “db2” wavelet offers a balance suitable for med-
ical image fusion. Blurring with a Gaussian filter enhances the robustness of the fusion
process by reducing noise and irrelevant details.

The proposed method for image fusion using modified DWT was evaluated using
three different datasets. Experimental analyses were conducted using MATLAB
R2021a on a PC equipped with an Intel i7 processor running at 144 Hz and 16 GB of
RAM. Datasets of input images were taken from med.harvard.edu/AANLIB (The
Whole Brain Atlas, n.d.). The output images generated by the proposed method were
compared to the output images generated by two other image fusion methods: the
traditional DWT-based method and the PCA-based method.

3.2 Quantitative analysis

The performance of the proposed MDWT-based image fusion method was evalu-
ated using several metrics:

3.2.1 Peak signal-to-noise ratio

Peak signal-to-noise ratio (PSNR): Measures the quality of reconstructed images
compared to the original ones. Higher PSNR indicates better image quality [28].
It is defined as:

L2
PSNR =10 - 1 o
08 10 (MlN 22612;161((1(1,]) - K(i’j))z >

Where, L is the maximum possible pixel value of the image (e.g., 255 for an 8-bit
image) and MSE is the mean squared error between the original image I and the
compressed image K.

3.2.2 Structural similarity index (SSIM)

Evaluates the perceived quality of the image by comparing luminance, contrast,
and structure between the fused image and the reference image. The SSIM index is
calculated on various windows of an image. Values closer to 1 indicate higher
similarity.

(prpy + C1) (2045 + C3)

(uﬁ +py A+ Cl) (s§ +02+ Cz) -

SSIM(x,y) =
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3.2.3 Feature similarity index

Assesses the similarity between images based on low-level features. Higher feature
similarity index (FSIM) values suggest better preservation of salient features.

 TicaPColi) - Sm(i)
FSIM =5 CaPCall)

(13)

Where, PCy, is the maximum PC value between the two images at the i-th location,
Sm(i) is the similarity measure at the i-th location, which combines PC and GM
similarity measures.

Sm(i)_< 2PC,()PC, (i) + T, )( 2GM; (i)GM, (i) + T ) as)

PC,(i)* + PCy(i)* + T1/ \GM;(i)* + GMy(i)* + T,

Where, PC;(i) and PC,(i) are the phase congruency values of the two images at the
i-th location, GM; (i) and GM; (i) are the gradient magnitudes of the two images at the
i-th location, Ty and T, are constants to avoid instability.

These metrics were chosen because they provide a comprehensive assessment of
the fused image quality, considering both pixel-level accuracy and perceptual quality.

3.2.4 Statistical analysis

To substantiate the claims of superiority, a detailed statistical analysis was
conducted. The mean and standard deviation of PSNR, SSIM, and FSIM were calcu-
lated for each method across the datasets. 95% confidence intervals were computed
for the mean values of the metrics to assess the precision of the estimates. Paired t-
tests were conducted to compare the performance of MDWT with the other methods.
A p-value less than 0.05 was considered statistically significant.

4. Experimental results and discussion

This section presents the results of the experiments conducted to evaluate the
performance of the proposed modified discrete wavelet transform (MDWT) image
fusion method. It includes a comparison of image quality metrics such as PSNR, SSIM,
and FSIM across different fusion techniques. The section also discusses the computa-
tional efficiency and robustness of the proposed method, highlighting its advantages
over traditional methods. Visual analysis of fused images is provided to support the
quantitative results. The statistical significance of the improvements is also discussed,
providing a comprehensive evaluation of the proposed method.

4.1 Quantitative analysis

The experimental results are summarized as follows:

Table 1 provides a comparative analysis of the average PSNR, SSIM, and FSIM
values for different image fusion methods, including PCA, traditional DWT, and the
proposed MDWT. The MDWT method shows the highest average PSNR value of
30.8 dB, indicating superior image quality compared to PCA and traditional DWT,
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Method PSNR 95% CI SSIM 95%CI FSIM 95% CI
(dB) (PSNR) (SSIM) (FSIM)

PCA 285+12 [28.2,28.8] 0.850 + 0.020 [0.846, 0.854] 0.830 + 0.015 [0.827, 0.833]

DWT  292+1.0  [29.0,29.4] 0.860 £ 0.018 [0.857, 0.863] 0.840 & 0.013 [0.838, 0.842]

MDWT 30.8+1.1 [30.6, 31.0] 0.880 + 0.017 [0.877, 0.883] 0.860 + 0.014 [0.858, 0.862]

Table 1.
Average PSNR, SSIM, and FSIM for different methods.

Comparison t-value p-value
MDWT vs. PCA (PSNR) 6.73 < 0.001
MDWT vs. DWT (PSNR) 4.85 < 0.001
MDWT vs. PCA (SSIM) 8.12 < 0.001
MDWT vs. DWT (SSIM) 5.34 < 0.001
MDWT vs. PCA (FSIM) 7.29 < 0.001
MDWT vs. DWT (FSIM) 5.78 < 0.001
Table 2.

Paired t-test vesults.

which have average PSNR values of 28.5 and 29.2 dB, respectively. The 95% confi-
dence intervals for PSNR further confirm the robustness of the MDWT method, as its
range [30.6, 31.0] is significantly higher than those of PCA and DWT.

Similarly, the SSIM and FSIM values for MDWT are also higher, with average
values of 0.880 and 0.860, respectively. This demonstrates that MDWT not only
preserves structural and feature similarity better than the other methods but also
maintains consistent performance across different datasets, as indicated by the
narrower confidence intervals.

Overall, the results highlight the effectiveness of the MDWT method in achieving
higher image fusion quality, making it a more reliable and superior choice for medical
image fusion applications compared to PCA and traditional DWT methods.

Table 2 presents the results of paired t-tests comparing the performance of the
proposed MDWT method with PCA and traditional DWT in terms of PSNR, SSIM,
and FSIM. The t-values and corresponding p-values indicate the statistical significance
of the differences observed between the methods.

All p-values are less than 0.001, showing that the improvements in PSNR, SSIM,
and FSIM by MDWT over both PCA and DWT are statistically significant. The high t-
values further substantiate the substantial differences in performance. For instance,
the t-value of 6.73 for MDWT vs. PCA (PSNR) and 4.85 for MDWT vs. DWT (PSNR)
highlight the superior image quality achieved by MDWT.

In terms of structural similarity (SSIM), MDWT again demonstrates a significant
improvement over PCA and DWT, as evidenced by t-values of 8.12 and 5.34, respec-
tively. Similarly, for feature similarity (FSIM), MDWT outperforms PCA and DWT
with t-values of 7.29 and 5.78.

These statistical results confirm that MDWT offers significant enhancements in
image fusion quality, making it a more effective method compared to PCA and
traditional DWT (Table 3).
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Methods PCA DWT MDWT
Time (in seconds) 1.2 1.8 0.9
Table 3.

The average amount of time it takes to compute different fusion techniques.

CT image

MRI Image

Figure 2.
Visual quality analysis of fused images from different approaches for dataset 1.

Based on these results, modified DWT is the fastest method, followed by PCA and
DWT, respectively. This demonstrates the efficiency and speed advantage of modified
DWT over PCA and DWT for image fusion.

The results indicate that the proposed MDWT method significantly outperforms
both the traditional DWT-based method and the PCA-based method across all met-
rics. The improvements are statistically significant, as evidenced by the p-values from
the paired t-tests. The higher mean values and narrower confidence intervals for
MDWT suggest that it provides more consistent and superior image fusion quality.
The image quality metrics used for evaluation included peak signal-to-noise ratio
(PSNR), structural similarity index (SSIM), and feature similarity indexing method
(FSIM). The results of the experiment showed that the proposed method
outperformed the other two methods in terms of all three metrics.

4.2 Qualitative analysis

In this section, we evaluate the visual quality of fused images produced by differ-
ent methods, focusing on their effectiveness in preserving critical details and features
from the original images. Also presents a comparative analysis of the visual quality
parameters obtained from the fusion methods under consideration.

Figure 2 presents the results of fusing CT and MRI brain images using three
different methods: PCA, DWT, and MDWT. The comparison aims to evaluate the
effectiveness of each method in preserving significant features and details from the
original images. The fused image produced by PCA shows moderate detail preserva-
tion but exhibits blurring and loss of finer features. The DWT-based fusion method
retains more details compared to PCA, but still loses some high-frequency information
and introduces slight noise. In contrast, the proposed MDWT method excels in pre-
serving both high and low-frequency details, with sharper edges and better contrast,
thereby achieving higher overall visual quality.

Figure 3 illustrates the results of fusing MRI and PET brain images using three
different methods: PCA, DWT, and MDWT. The purpose is to assess each method’s
effectiveness in preserving critical features and details from the original images. The
fused image produced by PCA exhibits moderate detail preservation but suffers from
noticeable blurring and loss of finer features. The DWT-based fusion method retains
more details compared to PCA but shows some loss of high-frequency information
and introduces minor noise artifacts. In contrast, the MDWT method demonstrates

127



Beyond Signals — Exploring Revolutionary Fourier Transform Applications

MRI image PET Image

PCA

Figure 3.
Analyzing the visual quality of fused images from different approaches for dataset 2.

MRI image SPET Image PCA

Figure 4.
Analyzing the visual quality of fused images from different approaches for dataset 3.
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Figure 5.
Comparison of quality parameters for various fusion methods.

superior preservation of both high and low-frequency details, with enhanced edge
sharpness and improved contrast, resulting in superior overall visual quality.

This Figure 4 shows the results of fusing MRI and single photon emission computed
tomography (SPECT) images using three different methods: PCA, DWT, and MDWT.
The visual quality of the fused images is compared to evaluate the effectiveness of each
method in preserving important features and details from the original images. The fused
image using PCA shows moderate preservation of details but suffers from some blurring
and loss of finer features. The DWT-based fusion retains more details compared to PCA,
but some high-frequency information is still lost, and the image appears slightly noisier.
The fused image using the proposed MDWT method demonstrates superior preservation
of both high- and low-frequency details, with clearer edges and better contrast, resulting
in higher overall visual quality.

We performed a comparison of the three methods on a dataset of 50 image pairs
with a resolution of 512 x 512 pixels. The average values of each quality matrix for each
method are in the bar chart as follows. This would provide an intuitive and easy-to-read
visualization of the performance comparison between the three methods (Figure 5).

5. Conclusions and future scope

The proposed method for image fusion using modified DWT has shown promising
results in terms of image quality, computational efficiency, and robustness to noise.
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The MDWT method achieved an average PSNR of 30.8 dB, which is higher compared
to PCA (28.5 dB) and traditional DWT (29.2 dB). Similarly, the SSIM and FSIM values
for MDWT were superior, with averages of 0.880 and 0.860, respectively, compared
to PCA and DWT. These improvements are statistically significant, with p-values less
than 0.001, confirming the superior performance of MDWT. Additionally, MDWT
demonstrated computational efficiency, with an average computation time of 0.9 sec-
onds, making it faster than both PCA and traditional DWT methods.

Future research can explore the use of the proposed method in various applications
such as remote sensing and surveillance. Further optimization can reduce computa-
tional complexity and improve robustness to noise. Evaluating the performance on a
larger dataset with more diverse images will validate its effectiveness across a broader
range of scenarios. Additionally, extending the method to handle multi-spectral
images and videos, which are increasingly important in many practical applications,
could be beneficial. Overall, the proposed method has the potential to make a signif-
icant contribution to the field of image fusion and its future applications.
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