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This edited volume, Heat and Mass Transfer – From Fundamentals to Advanced 
Applications, brings together a series of contributions that address different aspects of 
heat and mass transfer, combining theoretical modeling with practical applications. 
The volume is divided into two thematic sections, reflecting the complementary roles 
of numerical analysis and real-world implementations in solving engineering problems. 
The first section, Numerical Methods and Analytical Approaches in Heat and Mass 
Transfer, focuses on computational techniques, simulation strategies, and analytical 
methods for studying thermal phenomena. These chapters are aimed at researchers 
and engineers working on mathematical modeling, algorithm development, and 
simulation of thermal systems:

• Thermal Conduction Fundamentals and Applications

• Numerical Methods and Computational Models with Python in Heat Transfer

• Numerical Modeling of Heat and Mass Transfer in the Processes of Oil Deposits 
Operation in a Deformable Environment

• Modern Dimensional Analysis Involved in Heat Transfer Problems

The second section, Engineering Applications of Heat and Mass Transfer, presents 
case studies and applications in fields such as electronics, wearable technologies, 
building physics, and industrial drying. These chapters demonstrate how thermal 
knowledge is applied in practice to improve performance, energy efficiency, and 
process control:

• Heat Transfer within MOSFET Nanotechnology

• Thermal Energy Conversion in Wearable Thermoelectric Generators

• Controlling Heat Transfer through Walls and Roofs to Regulate Indoor Temperature: 
Analysis Using HT-Flux Software

• Drying of Aqueous Films, an Application of Heat and Mass Transfer

The chapters in this volume offer a clear and structured view of current develop-
ments in heat and mass transfer. Readers will find both simulation tools and practical 
strategies that can be applied across various disciplines, including materials and 
electronics, as well as civil engineering and process technology. I want to thank all 
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Chapter 1

Thermal Conduction 
Fundamentals and Applications
Sandeep Chinta and Jatoth Heeraman

Abstract

Thermal conduction is a primary mode of heat transfer, occurring at the molecular 
level through the exchange of kinetic energy among particles through collisions and 
vibrations. Conduction is mostly seen in solids, although it also significantly occurs in 
fluids under certain circumstances. This chapter examines the basics of thermal con-
duction, emphasizing Fourier’s law, which correlates the rate of heat transmission with 
material characteristics, temperature gradients, and cross-sectional area. Theoretical 
and experimental methods for forecasting and measuring thermal conductivity are 
examined, emphasizing their significance in engineering applications. Principal subjects 
include the function of conduction in both steady-state and transient circumstances, 
thermal resistance in multi-layered systems, and the influence of material characteristics 
on heat transfer efficacy. Practical applications are analyzed, including thermal manage-
ment in electronic devices and the design of insulation and heat exchangers. Recent 
breakthroughs in materials, such as graphene and phase change composites, highlight 
their potential to improve thermal performance. This chapter emphasizes the need of 
enhancing conduction-based systems for greater energy efficiency and sustainability. 
Engineers may construct sophisticated systems for many purposes, such as renewable 
energy, electronics cooling, and building insulation, by comprehending thermal charac-
teristics and using innovative materials. The ideas presented here advance thermodynam-
ics and mechanical engineering, promoting novel solutions to current heat transfer issues.

Keywords: heat transfer, rate of conduction, conduction, heat transfer coefficient, 
thermal conductivity

1.  Introduction

Conduction heat transfer is a fundamental mode of heat transfer where thermal 
energy is transferred through a material without any movement of the material itself. 
This transfer occurs due to the interaction of particles at the molecular or atomic 
level, where energy is passed through collisions and vibrations. Conduction is most 
significant in solids, as their tightly packed particles facilitate efficient energy transfer. 
Conduction heat transfer is a basic way that heat moves, mainly happening in solids 
because of how molecules vibrate and transfer energy to nearby particles. Even though 
it does not work as well in fluids and gases, it can still be important in certain situations. 
Conduction happens because of a temperature difference, making thermal energy move 
from hotter areas to cooler ones, in line with the second law of thermodynamics [1, 2].
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The phenomenon is described by Fourier’s law of heat conduction, which relates 
the heat transfer rate to the material’s thermal conductivity, temperature gradient, 
and cross-sectional area. Materials with high thermal conductivity, such as met-
als, transfer heat more effectively, whereas insulating materials like wood or foam 
resist heat flow. Conduction plays a vital role in various engineering applications, 
including thermal insulation, heat exchanger design, and electronic cooling systems. 
Understanding conduction is crucial for optimizing energy efficiency and ensuring 
effective thermal management in mechanical and thermal systems. This makes it a 
key area of study in thermodynamics and mechanical engineering [3–5].

1.1 Heat transfer through conduction

Heat transfer through conduction is the process by which thermal energy is 
transferred between materials that are in direct contact or within a material. Energy 
exchange is facilitated by the kinetic interactions of particles, including elastic and 
inelastic collisions between atoms, as well as electron drift, in this mode of heat 
transfer that operates at the molecular level. The fundamental principle of conduc-
tion is that thermal energy is transferred from regions of higher temperature (higher 
energy) to regions of lower temperature (lower energy). Heat transfer does not occur 
when two regions are at the same temperature [6–8].

The vibrational energy of a material’s molecules is directly proportional to its 
temperature. Energy is exchanged as these molecules interact, establishing a pathway 
for heat transfer. Joseph Fourier established Fourier’s law, which mathematically 
describes this mechanism. Fourier’s law offers a prognostic framework for estimating 
the rate of heat transfer through conduction [9, 10].

1.2 Fourier’s law of heat conduction

The rate of heat transfer by conduction (Q ) is proportional to the cross-sectional 
area (𝐴𝐴) through which the heat flows and the temperature gradient (𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑) accord-
ing to Fourier’s law:

 
dTQ kA
dx

= −  (1)

where:

• Q: Heat transfer rate (W),

• k: Thermal conductivity of the material (W/m K),

• A: Cross-sectional area perpendicular to the direction of heat transfer (m2),

• d𝑇𝑇𝑇𝑇𝑇𝑇𝑇: Temperature gradient in the direction of heat transfer (K/m).

Thermal conductivity (𝑘𝑘) is a material property that quantifies the capacity 
of a substance to conduct heat. Effective conductors are materials with high ther-
mal conductivity, such as metals, while insulators are materials with low thermal 
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conductivity, such as wood or foam [11]. The thermal conductivity unit is typically 
denoted as W/m. K in the SI system.

1.3 Heat conduction conditions

Solids, liquids, and gases undergo heat conduction when a material medium is present 
to facilitate the transfer. Nevertheless, conduction is not possible in a vacuum, as there are 
no particles to transfer energy. In gases and liquids, convective heat transfer frequently 
eclipses conduction, particularly when heat input induces fluid expansion. This expansion 
generates density gradients that stimulate fluid motion, thereby improving heat transfer 
through convection, which is generally more efficient than conduction in fluids [12, 13].

An example of heat conduction is the time-dependent temperature variation at a spe-
cific location within a material. This frequently occurs when a system undergoes a sudden 
change in its boundary conditions, such as a decrease in temperature or an increase in 
heat flow, for instance. A sharp spike in temperature serves as an illustrative example 
of this phenomenon. Analytical solutions for heat conduction problems are frequently 
restricted to straightforward geometries and boundary conditions. Numerical techniques 
such as finite element analysis and finite difference methods are frequently necessary 
for addressing increasingly complex scenarios. Comprehend the mechanisms by which 
electronic devices transfer heat during operation, evaluate the energy performance of 
structures, and analyze the thermal responses of materials to pulsed heat sources all of 
which require a grasp of heat conduction. The effective operation of numerous systems 
relies on accurate predictions of temperature distributions during heat conduction [14].

1.4 Prediction and measurement of thermal conductivity

The thermal conductivity of solids and liquids is often ascertained by experimen-
tal techniques since theoretical estimations frequently lack the requisite accuracy for 
practical use. Conversely, the thermal conductivity of gases at moderate temperatures 
strongly corresponds with the predictions of the kinetic theory of gases. This theory, 
which conceptualizes gas molecules as particles in perpetual random motion, offers 
a robust theoretical foundation for comprehending heat transport in gases. The 
kinetic hypothesis posits that the thermal conductivity of gases is mostly determined 
by molecular collisions and the transmission of kinetic energy among molecules. At 
moderate temperatures, when gas molecules display predictable behavior, the kinetic 
theory provides reliable predictions that facilitate more exact computations of ther-
mal conductivity. This theoretical framework is especially efficient for gases under 
these circumstances, enabling more reliable calculations of their thermal characteris-
tics than for solids and liquids, which often need empirical data [15, 16].

1.5 Practical applications

Heat conduction concepts are extensively applied across various engineering 
disciplines. Heat transfer mechanisms and methods to enhance their performance are 
essential for improving energy efficiency and sustainability [17–19].

1.5.1 Design of electronic thermal systems

Reliable thermal management is essential for the performance of electronic equip-
ment. The demand for efficient cooling solutions is increasing due to the growing power 
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density and miniaturization of electronic components. Thermal interface materials, heat 
sinks, and microchannel heat sinks are commonly employed to manage heat produced by 
electronic components. Attention to material properties, geometry, and fluid flow char-
acteristics is crucial for the effective design of cooling systems. Electronic components 
are prevented from overheating and maintain reliable operation due to the high thermal 
conductivity of these materials, which facilitates effective heat transfer away from them. 
The design of electronic packaging significantly influences heat management. Optimal 
heat dissipation requires careful consideration of materials, component arrangement, 
and airflow pathways. Effective thermal management enhances the energy efficiency of 
electronic devices and concurrently boosts their reliability and lifespan [20, 21].

1.5.2 Building insulation

Heat conduction plays a critical role in building insulation, and insulation in 
buildings is engineered to reduce heat conduction from the interior to the exterior. 
This approach minimizes energy required for heating and cooling the building while 
ensuring a comfortable indoor temperature. Insulating materials characterized by low 
thermal conductivity, including fiberglass, cellulose, and polyurethane foam, effec-
tively reduce heat transmission [22, 23].

1.5.3 Heat exchangers

The purpose of a heat exchanger is to facilitate the transfer of heat between two 
fluids [24]. Heat exchangers depend on thermal conduction for their design and 
operation. Heat exchangers are extensively utilized in various applications, such 
as power generation, refrigeration, and air conditioning. Optimizing surface area 
for heat transfer, minimizing thermal resistance, and selecting materials with high 
thermal conductivity are critical design considerations for heat exchangers [25]. 
Recent advancements in materials science have resulted in notable enhancements in 
the efficiency of heat exchangers. Recent advancements include the development of 
novel alloys and composites. Enhanced thermal conductivity, corrosion resistance, 
and other advantageous properties of these materials enable the development of more 
efficient and smaller heat exchangers [26].

Microchannel heat exchangers have garnered significant attention owing to their 
elevated heat transfer rates and high surface area-to-volume ratio. Common applica-
tions for these devices encompass electronic cooling and high-power laser systems. 
Such applications require instances characterized by very high heat transfer rates. 
Various industries utilize heat exchangers to enhance energy efficiency and promote 
sustainability. Heat exchangers must be designed and optimized as part of this 
procedure.

2.  Literature review: Conduction heat transfer

The examination of conduction heat transfer includes a variety of material sys-
tems and engineering applications, with continuous research focused on improving 
thermal conductivity and maximizing heat transfer efficiency. This literature review 
presents a summary of significant findings from both recent and foundational 
works in the field, emphasizing advancements in materials, theoretical models, and 
applications [27].



7

Thermal Conduction Fundamentals and Applications
DOI: http://dx.doi.org/10.5772/intechopen.1009788

2.1 Enhancement of thermal conductivity

Gong et al. [28] investigated the improvement of heat transfer efficiency in ther-
mally conductive polymer composites through the reduction of interfacial thermal 
resistance. Their findings are consistent with the principles of conduction heat 
transfer and provide valuable insights for optimizing polymer composites in thermal 
applications. Dai et al. [29] illustrated the improvement of thermal conductivity in 
polymer composites via anisotropic graphene frameworks, marking a significant 
advancement for sophisticated thermal management systems. Tseng et al. [30] 
conducted a study on the integration of functionalized graphene oxide into polyimide 
nanocomposites, resulting in a notable improvement in thermal conductivity.

Xu [31] highlighted the significance of graphene-based materials in enhancing the 
thermal performance of thermal interface materials (TIMs) and epoxy composites, 
respectively, demonstrating their potential applications in contemporary electronics. 
Ming et al. [32] presented an innovative graphitization technique aimed at produc-
ing carbon fibers with exceptional thermal conductivity, thereby enhancing material 
performance in heat transfer applications. Jeong and Yu [33] conducted an analysis of 
the relationship between thermal conductivity and density in insulation materials, high-
lighting the significance of material properties in enhancing conduction heat transfer.

2.2 Thermal management in electronics

Li et al. [34] examined TIMs developed to improve conduction heat transfer in 
microprocessors, tackling significant challenges in thermal management through the 
integration of high thermal conductivity and elastic compliance. Zhang et al. [35] 
presented a multifunctional elastomer characterized by high thermal conductiv-
ity and electromagnetic wave absorption properties, emphasizing advancements 
in electronics cooling. Wingert et al. [36] conducted a comprehensive analysis of 
thermal transport in amorphous materials, emphasizing phonon interactions as a key 
mechanism for conductive heat transfer in semiconductors and similar materials.

2.3 Conduction in building and insulation materials

Tian et al. [37] conducted an analysis of the heat transfer coefficients associ-
ated with exterior wall insulation, highlighting the differences observed between 
theoretical predictions and empirical measurements. Their findings are essential 
for enhancing thermal performance in building materials. Jia and He [38] created 
a mathematical model to analyze heat transfer in refrigerated cargo holds on ships, 
highlighting the significance of choosing suitable insulating materials according to 
their thermal characteristics. Carson and Sekhon [39] presented precise models for 
assessing the thermal conductivity of particulate materials, delivering important 
insights for conduction heat transfer in multilayer insulation systems. Vėjelienė [40] 
and Abdou and Budaiwi [41] examined the influence of moisture content on the 
thermal conductivity of fibrous insulation materials, highlighting its significance in 
conduction and energy transfer within thermal applications.

2.4 Material design and theoretical models

Adepitan et al. [27] provided empirical data regarding the thermal conductivi-
ties of different insulating materials, highlighting the significance of experimental 
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validation in conduction research. Mirabolghasemi et al. [42] emphasized that 
advanced architected cellular materials attain improved thermal conductivity via 
distinctive structural designs, consistent with the principles of conduction heat 
transfer. Ji and Huang [43] investigated graded materials for the manipulation of 
thermal conductivities, providing valuable insights into the control of conduction 
mechanisms for engineering applications. Mavromatidis et al. [44] conducted a 
comprehensive analysis of multilayer insulation, highlighting the interaction between 
conduction and radiation.

2.5 Emerging trends in thermal materials

Wang et al. [45] investigated advancements in high thermal conductivity 
insulation materials to tackle heat accumulation challenges in compact electron-
ics, illustrating the significance of material innovations in thermal management. 
Yoshiizumi et al. [46] conducted an evaluation of the thermal properties of poly-
mer thin films, highlighting the distinctions in conduction performance between 
thin films and bulk materials. Lebelo [47] investigated the thermal stability of 
reactive materials and cylindrical pipes, respectively, offering valuable insights 
into the interplay of conduction, convection, and radiation in complex systems. 
Kobari et al. [48] emphasized the significance of minimizing radiative heat trans-
fer to improve insulation performance, thereby enriching the comprehension of 
conduction.

3.  Thermal conductivity

3.1 Significance of thermal conductivity

Thermal conductivity is essential in the heat transmission mechanisms of con-
duction and convection. In standard situations, natural convection often governs 
heat transfer in fluids; but, in certain constrained conditions, such as airspaces 
with restricted airflow, conduction may emerge as the predominant mechanism of 
heat transfer [49]. This is particularly applicable in smaller, confined areas when 
the temperature gradient inside the fluid is sufficiently steep to render conduc-
tion more relevant than convection, a phenomenon that was first undervalued. 
Comprehending this transition is essential in the design of thermal systems, since 
dependence only on convection for heat disposal may result in erroneous assessments 
of thermal performance [50]. The thermal conductivity of materials, which dictates 
their capacity for heat transmission, must be meticulously evaluated in applications 
where heat transfer mostly happens by conduction [51]. This encompasses the design 
of heat exchangers, insulation systems, and other systems where thermal efficiency 
is critical. An accurate understanding of thermal conductivity and its significance 
in heat transfer is crucial for improving these systems to achieve efficient thermal 
management [52].

3.2 Mechanism of heat transfer

Thermal conduction takes place at the molecular level as kinetic energy is trans-
ferred from regions of higher energy (hotter) to regions of lower energy (colder). 
Energy transfer occurs via molecular collisions and vibrations, with a temperature 
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differential being crucial for conduction to take place. Metals generally exhibit 
outstanding thermal conductivity as a result of their atomic structure. The materials 
possess free electrons that are not attached to any particular nucleus, enabling these 
electrons to move freely throughout the substance. During their movement, these 
free electrons convey energy through collisions with other electrons, ions, and nuclei 
within the metallic lattice. This phenomenon is similar to the mechanism of electrical 
conduction, which explains why many effective thermal conductors, like copper and 
aluminum, also serve as efficient electrical conductors.

3.3 Distinctive materials and their uses

Thermal conduction is a basic phenomenon in which heat energy is transferred 
through materials as a result of temperature gradients. Diverse materials have distinct 
heat conduction characteristics that make them essential for particular applications 
[53]. Diamond has remarkable heat conductivity, around five times that of copper, 
establishing it as one of the most effective thermal conductors. Moreover, its dielec-
tric strength, almost tenfold that of rubber, renders it optimal for use in heat sinks for 
electronic equipment necessitating strong thermal conductivity in conjunction with 
electrical insulation. In addition to diamond, copper is a commonly used substance, 
celebrated for its superior heat conductivity [54]. Copper is widely used in heat 
exchangers, radiators, and electronic cooling systems. Nonetheless, its lack of electri-
cal insulation restricts its use in devices that need both high heat conductivity and 
electrical isolation [55].

Silicon carbide (SiC) is distinguished by its superior thermal conductivity and 
remarkable resilience under harsh environments. These attributes render it essen-
tial in high-performance electronics, aerospace components, and power modules 
functioning at higher temperatures [56]. Novel materials such as graphene have 
remarkable possibilities in heat control. Graphene, known for its exceptional thermal 
conductivity and lightweight properties, is increasingly used in microelectronics, 
improved cooling systems, and high-speed computer devices where effective heat 
dissipation is essential [57]. This comprehensive discourse elucidates the varied 
characteristics of different materials, correlating them with heat conduction and their 
respective uses. This method emphasizes the significance of comprehending material-
specific features to improve thermal management in various sectors [58].

3.4 Applications of thermal conductivity

Comprehending and enhancing thermal conductivity carry significant implica-
tions across various sectors. In electronics, materials exhibiting high thermal conduc-
tivity are utilized for the effective management of heat dissipation in compact and 
high-power devices. In building insulation, materials with low thermal conductivity 
are crucial for reducing energy loss. In addition, the aerospace and automotive sectors 
utilize lightweight materials with customized thermal properties to improve thermal 
efficiency while maintaining structural integrity. Engineers can design systems and 
select materials that optimize heat transfer performance by utilizing the principles of 
thermal conductivity, thereby enhancing energy efficiency and thermal management 
in various applications [59, 60].

Thermal conductivity is essential in conduction heat transfer and also affects 
convection in certain situations. Materials exhibiting high thermal conductivity, includ-
ing metals and advanced composites, promote efficient heat transfer, while insulating 
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materials characterized by low conductivity inhibit energy loss. The examination and 
implementation of thermal conductivity play a crucial role in the progression of energy 
systems and the improvement of thermal performance in engineering solutions [61, 62].

An important part of many engineering tasks is conducting electricity, espe-
cially in systems that control heat. As an example, conduction is used to move heat 
between fluids in heat exchanges, which makes energy systems more efficient in 
fields like HVAC and power generating. To keep heat from escaping, insulation 
materials in factories and houses also use convection to their advantage. This helps 
save energy. In electronics cooling, heat is removed through conduction to keep 
sensitive parts working reliably. This keeps electronics from burning and makes 
them last longer. The thermal conductivity of the materials used in these situations 
is very important because it tells us how well they can move heat away from parts 
that make heat. For example, copper and aluminum, which have a high thermal 
conductivity, are used in heat exchangers to make the heat transfer process as 
efficient as possible. These cases show how important conductivity is for making 
engineering systems work better and be more reliable. References that support these 
uses will be included so that you can get a better idea of how conduction is used in 
real-life engineering [63, 64].

This study investigates solutions to conduction problems using both analytical and 
numerical methods. Accurate modeling and simulation of heat transmission in many 
materials and systems is made possible by these technologies, such as computational 
fluid dynamics (CFD) and finite element analysis (FEA). Because of its ability to 
optimize design and anticipate thermal performance, computational fluid dynam-
ics (CFD) has seen considerable use in the analysis of heat exchangers and thermal 
management systems. While numerical approaches are essential for handling compli-
cated, real-world conduction issues, analytical methods, such as calculating the heat 
conduction equation, provide precise answers for basic geometries. As an example, 
the methods used to fix conduction problems in heat exchangers are related to the 
topics covered in Ref. [65], which is about improving heat exchanger performance 
using CFD and ANN. The use of thermal conductivity measurements is also shown 
in Ref. [66], which is crucial for verifying the heat transport models used in these 
approaches. Engineers may create systems that control heat transport and increase 
energy efficiency by integrating analytical and numerical methods.

4.  Thermal resistances

Thermal resistance serves as an essential parameter for comprehending and 
measuring the resistance to heat transfer within a system. This method is especially 
effective in assessing the thermal performance of components, interfaces, and insula-
tion materials in engineering applications. Thermal resistance can be understood 
through an analogy to electrical resistance, where the movement of heat parallels the 
flow of current, and the temperature gradient facilitates this movement.

Thermal resistance is typically represented in units of K/W, indicating the tem-
perature increase per unit of heat transfer. The calculation can be performed using the 
following formula:

 th
TR
Q
∆

=  (2)
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In this context, 𝑅𝑅th represents the thermal resistance, Δ𝑇𝑇 denotes the temperature 
difference across the material or interface, and 𝑄𝑄 signifies the heat transfer rate.

4.1 The significance of thermal resistance in heat transfer

Thermal resistance plays a vital role in applications that involve multi-layered 
materials or systems featuring multiple thermal interfaces. This defines the efficiency 
of heat transfer through these layers or across interfaces. A lower thermal resistance 
signifies enhanced heat transfer capability, whereas a higher thermal resistance 
denotes increased insulation or resistance to heat flow.

4.2 Categories of thermal resistance

Thermal resistance can be classified according to its application and the physical 
characteristics of the materials or systems involved.

Material thermal resistance: This characteristic is intrinsic to a material and is asso-
ciated with its thermal conductivity “𝑘𝑘.” The thermal resistance for a homogeneous 
material with a thickness of 𝐿𝐿 is expressed as follows:

 =th
LR
kA  (3)

In this context, A represents the cross-sectional area through which heat flows.
Contact thermal resistance: This phenomenon takes place at the interface where two 

materials are in contact. Surfaces that may seem smooth often possess microscopic 
irregularities, which lead to air gaps and diminish heat transfer efficiency. Contact 
thermal resistance can be reduced by employing thermal interface materials (TIMs) 
such as thermal pads, greases, or adhesive bonding materials.

4.3 Applications of thermal resistance

Thermal resistance is essential in the design and optimization of thermal manage-
ment systems. Primary applications encompass:

Electronic devices: In electronic components, including CPUs and power modules, 
the thermal resistance of heat sinks, thermal interface materials, and packaging mate-
rials plays a critical role in determining the efficiency of heat dissipation. Minimizing 
thermal resistance is essential to avoid overheating and guarantee the reliability of the 
device [67].

Insulation systems: In the context of building materials and refrigeration systems, 
thermal resistance is a critical factor that determines the insulating performance of 
materials, thereby impacting energy efficiency and temperature regulation [68].

Practical illustrations of electronic thermal design include:
Composite materials: Advanced composite materials frequently exhibit customized 

thermal resistance characteristics to optimize insulation and heat transfer needs in 
aerospace, automotive, and industrial sectors [69].

Adhesive bonding materials: Adhesives utilized in thermal management systems 
are required to possess low thermal resistance to ensure efficient heat transfer across 
bonded interfaces, while also providing mechanical stability [70].
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4.4 Enhancing thermal resistance

To enhance thermal resistance, engineers concentrate on:

• Material selection: Selecting materials that possess suitable thermal conductivities 
to align with application specifications.

• Interface design: Reducing contact resistance through the application of thermal 
interface materials and achieving optimal surface finishes.

• Geometry and thickness: Modifying the dimensions and configurations of compo-
nents to optimize heat transfer and mechanical performance.

Thermal resistance is a key principle in the analysis of heat transfer and the design 
of engineering systems. Understanding and managing thermal resistance allow 
engineers to improve the performance and efficiency of systems in a range of applica-
tions, including electronics cooling, energy-efficient buildings, and advanced mate-
rial systems. The importance lies in guaranteeing reliability, safety, and sustainability 
within contemporary technological solutions [71].

5.  Theoretical background

5.1 Thermal conductivity

It is a key property that characterizes a material’s capacity to transfer heat in the 
presence of a temperature gradient under steady-state conditions. This property is 
essential in the application of Fourier’s law for heat conduction. It, as a transport 
property, signifies the rate at which energy is transferred through diffusion.

In heat transfer analysis, the boundary conditions, including temperature and 
heat flux on the material’s surface, play a crucial role in determining the system’s 
behavior. For instance, in steady-state thermal conduction problems, the tempera-
ture distribution within a material is heavily influenced by the prescribed surface 
temperature. Similarly, in transient heat conduction and convection analyses, 
accurate boundary conditions are essential to predict the time-dependent tempera-
ture changes and heat transfer rates. These conditions are fundamental in various 
engineering applications such as thermal insulation, electronics cooling, and heat 
exchanger design.

Figure 1 illustrates an experimental setup designed to measure the thermal 
properties of a sample material under controlled conditions. The system comprises 
the following key components:

Sample holder (A): The central section houses the sample material under investi-
gation, positioned between two conductive blocks to ensure uniform heat transfer.

Heater section (B): Positioned adjacent to the sample, this unit generates con-
trolled heat for thermal conduction experiments.

Cooling section (C): Includes cooling mechanisms (e.g., fins or coolant flow) to 
maintain ambient temperature on the other side of the sample.

Temperature measurement probes: Thermocouples or similar sensors embedded 
at various points to record temperature differentials across the sample and adjacent 
sections.
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Power supply (V, I): Provides a regulated electrical current and voltage to the 
heater for precise thermal control.

Ambient temperature indicator: Indicates the baseline environmental temperature 
during the experiment for calibration purposes.

This setup is ideal for studying heat transfer properties, evaluating thermal conduc-
tivity, or performing material characterization tests. The precise control of input power 
and detailed temperature measurement ensure reliable and reproducible results.

In heat transfer analysis, the boundary conditions, including temperature and heat 
flux on the material’s surface, play a crucial role in the study. The thermal boundary con-
ditions are essential for accurately characterizing the material’s thermal performance.

This graph illustrates, in Figure 2, the thermal conductivity values (in W/mK) of 
five different materials: Asbestos, P.O.P (Plaster of Paris), Hardboard, PVC wafer, 
and Paperboard. The x-axis represents the materials, while the y-axis indicates their 

Figure 1. 
Schematic diagram of the thermal conductivity measurement apparatus [20].

Figure 2. 
Thermal conductivity of material.
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thermal conductivity values. Among the materials, PVC wafer exhibits the highest 
thermal conductivity, significantly surpassing the others. In contrast, P.O.P shows 
the lowest thermal conductivity, indicating its better insulating properties. Asbestos, 
Hardboard, and Paperboard display moderate thermal conductivity values. The 
data suggests that PVC wafer is the least effective insulator, while P.O.P is the most 
effective.

The thermal conductivity of a substance is crucial for heat transmission and 
depends on factors such as microstructure, atomic structure, and the presence of 
impurities in the material. Crystalline materials exhibit superior thermal conductivity 
due to their high degree of organization, in contrast to amorphous materials. Grain 
boundaries and dislocations represent defects that can diminish heat conductivity 
through phonon scattering. Impurities can reduce heat conductivity by disrupting 
lattice vibrations. The thermal behavior of a material is influenced by factors beyond 
thermal conductivity, including density (ρ), specific heat capacity (c), and thermal 
diffusivity (α).

5.2 Thermal resistivity

Thermal resistivity is defined as the reciprocal of thermal conductivity, indicating 
a material’s opposition to heat transfer. This can be articulated as:

 =
1r
k  (4)

where:

• r represents the thermal resistivity measured in m K/W.

• k denotes the thermal conductivity expressed in W/mK.

This graph presents, in Figure 3, the thermal resistivity values (in mK/W) of five 
materials: Asbestos, P.O.P (Plaster of Paris), Hardboard, PVC wafer, and Paperboard. 
The x-axis lists the materials, while the y-axis indicates their thermal resistivity 
values. Paperboard shows the highest thermal resistivity, indicating superior insulat-
ing performance. P.O.P follows closely with a high resistivity value. In contrast, PVC 
wafer has the lowest thermal resistivity, highlighting its poor insulating capabilities. 
Asbestos and Hardboard exhibit moderate resistivity values. This data suggests that 
Paperboard and P.O.P are the most effective insulators among the materials tested, 
while PVC wafer is the least effective.

5.3 Thermal diffusivity

Thermal diffusivity is a significant characteristic of insulating materials that 
assesses the rate at which heat spreads through a material. The ratio of heat produced 
to the heat stored in the material is represented as follows:

 ρ
∝=

p

k
c  (5)
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where:

• k represents the thermal conductivity measured in W m−1 K−1,

• ρ  = density of material in kg/m3,

• cp = Specific heat capacity at constant pressure (J/kg K),

• α = Thermal diffusivity (m2/s).

The properties outlined are essential for the design and analysis of materials uti-
lized in heat transfer applications, particularly in the context of insulating materials.

Figure 3. 
Thermal resistivity of material.

Figure 4. 
Thermal diffusivity of material.
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This graph displays, in Figure 4, the thermal diffusivity values (in m2/s) of five 
materials: Asbestos, P.O.P (Plaster of Paris), Hardboard, PVC wafer, and Paperboard. 
The x-axis represents the materials, while the y-axis indicates their thermal diffusiv-
ity values. PVC wafer demonstrates the highest thermal diffusivity, suggesting its 
ability to quickly respond to temperature changes. In contrast, P.O.P exhibits the low-
est thermal diffusivity, indicating slower heat propagation. Asbestos, Hardboard, and 
Paperboard show moderate thermal diffusivity values, with Asbestos being relatively 
higher than the others. These results highlight PVC wafer as the most responsive 
material to thermal variations, while P.O.P is the least responsive.

5.4 Density

Density is an important attribute of insulating materials and is essential for 
comprehending their heat transmission properties and is represented in Figure 5. It is 
defined as the mass of a substance per unit volume and is mathematically expressed as 
presented in Eq. (6).

 ρ =
m
V  (6)

where:

• ρ represents the density of the substance in kg/m3,

• where m represents the mass of the substance in kg,

• V denotes the volume of the material in m3.

In the domain of thermal insulation, density affects the efficacy of insulating 
materials. Materials with higher density often possess superior thermal conductivity, 
facilitating more efficient heat transmission, while lower-density materials usually 
have enhanced insulating characteristics due to their capacity to retain air pockets.

Figure 5. 
Density of material.
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Density is directly correlated with the material’s thermal diffusivity (𝛼𝛼), as seen in 
Eq. (5), whereby the rate of heat conduction is influenced by the density of a material 
through the material.

The density of an insulating substance dictates the energy storage capacity per 
unit volume of the material. Low-density, high-porosity materials, such as foam-
based insulators, efficiently diminish heat transmission and are often used in applica-
tions necessitating substantial thermal resistance.

The significance of density in insulating materials is attributed to its interplay 
with other parameters, including thermal conductivity and specific heat capacity. 
An accurate assessment of density guarantees that the insulating material delivers 
maximum thermal efficiency for a specific application, including building envelopes, 
refrigeration systems, or electrical equipment.

Table 1 displays the thermal properties of various insulating materials, including 
thermal conductivity (k), thermal resistivity (R), and thermal diffusivity (α). The val-
ues presented in the table were obtained through standardized experimental methods:

Thermal conductivity (k): Measured using the steady-state method, typically 
through a guarded hot plate or heat flow meter, to determine how well the material 
conducts heat.

Thermal resistivity (R): Calculated as the reciprocal of thermal conductivity 
(R = 1/k), representing the material’s resistance to heat flow.

Thermal diffusivity (α): Determined using transient techniques, such as the laser 
flash method, which measures the speed at which heat spreads through the material.

6.  Conclusion

This chapter provides a comprehensive overview of the concepts and practical 
applications of heat conduction. Various methods for measuring and predicting 
thermal conductivity have been investigated, including an analysis of Fourier’s law, 
which governs heat transfer in conductive materials. The significance of under-
standing steady-state and heat conduction conditions, as well as the concept of heat 
resistance in multi-layered systems, has been highlighted. Material properties such 
as specific heat capacity, thermal diffusivity, density, and thermal conductivity have 
been analyzed for their impact on heat transfer efficiency. Real-world applications of 
thermal conduction include heat exchangers, electronic thermal design, and building 
insulation.

This chapter emphasizes the enhancement of conduction-based systems to 
achieve improved energy efficiency and overall sustainability. Through mastery of 

Material Thermal conductivity (k) 
(W m−1 K−1)

Thermal resistivity (R) 
(m K W−1)

Thermal diffusivity (α) 
(×10−7 m2/s)

Asbestos 0.1717 5.8244 0.1352

P.O.P 0.1733 5.7709 1.2332

Hardboard 0.4197 2.3828 2.6861

PVC wafer 1.6499 0.6061 7.1883

Paperboard 0.2047 4.8852 1.9083

Table 1. 
Computed thermal properties of insulating materials.
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fundamental principles of thermal conduction and application of advanced materials 
and design strategies, engineers can develop intricate thermal management systems 
that tackle contemporary challenges and contribute to more sustainable future. The 
continuous advancement in material science and design methodologies is essential 
for enhancing thermal systems across various applications, such as renewable energy 
production, electronic cooling, and building insulation. Incorporating these advance-
ments is essential for achieving substantial improvements in energy efficiency and 
reducing the environmental impact of diverse technologies.
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Chapter 2

Numerical Methods and
Computational Models with Python
in Heat Transfer
Fabián A. Ortega-Quintana

Abstract

This chapter describes the most used numerical methods for solving engineering
problems involving heat transfer mechanisms (conduction, convection, and radia-
tion). It also presents simple computational models for solving these problems using
Python, a language increasingly popular in industry, research, and education. The
chapter covers problems involving nonlinear algebraic equations, systems of
nonlinear algebraic equations, ordinary differential equations, and systems of ordi-
nary differential equations of dynamic systems, as well as partial differential equa-
tions in both dynamic and static systems. Finally, it presents a specific methodology
for identifying parameters in a common heat transfer model.

Keywords: nonlinear equations, ordinary differential equations, partial differential
equations, Python, non-steady state, heat transfer mechanism

1. Introduction

Numerical methods in heat transfer are essential for solving complex problems
that cannot be easily addressed using analytical methods. For example, the Newton–
Raphson and the Fixed-Point methods are used to solve equations or systems of
algebraic equations that are typically nonlinear. On the other hand, the Finite Differ-
ence Method discretizes partial differential equations on a grid of points, facilitating
the resolution of heat conduction problems in one, two, or three dimensions. Finally,
the Euler and the Runge–Kutta methods are numerical integration techniques used to
solve ordinary differential equations, allowing the modeling of the temporal evolution
of temperature in dynamic systems. These numerical methods are powerful tools that
enable engineers and scientists to obtain approximate and accurate solutions for heat
transfer problems in a wide range of applications. This work demonstrates typical heat
transfer problems and the algorithms of these numerical methods using Python, a
fundamental tool for solving numerical engineering problems. Python offers signifi-
cant advantages for numerical methods due to its simplicity and ease of use, extensive
standard library, and highly active community. Its portability across different plat-
forms and integration with other languages make it versatile. Additionally, Python’s
productivity-enhancing features and wide-ranging applications make it an ideal
choice for implementing numerical methods.
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2. Nonlinear equation and system of equations

2.1 Nonlinear equation

One of the problems often encountered in heat transfer is finding roots x ∗ð Þ
of equations of the form f xð Þ ¼ 0, where f xð Þ is a real function of a variable x.
These functions are either polynomials in x or transcendental functions
containing trigonometric, exponential, or logarithmic terms of the independent
variable.

For example, in the calculation of steady-state heat conduction in a steam pipe, the
problem is to calculate the insulation thickness for a given heat flow. The function, in
terms of the diameter (D), that is normally obtained, has the following mathematical
structure:

f Dð Þ ¼ a ln Dð Þ þ b
D
þ c ¼ 0 a, b and c are constantð Þ (1)

There are different numerical methods to find the roots or zeros of these equations.
Unfortunately, there is no general algorithm that works for all eqs. [1]. Below, some of
the most popular algorithms that allow calculating the real roots of f xð Þ will be
presented.

2.1.1 Fixed-point method or successive substitutions

If we have a general equation f xð Þ ¼ 0, to find a real root, using the fixed-point
method, the following steps are applied [1]: 1. This equation is transformed into an
algebraic expression of the form x ¼ g xð Þ. 2. An initial value (x0) is defined. 3. Once
x0 is known, g xð Þ is evaluated at x0. The result of this evaluation is denoted as x1. 4. If
x0=x1 the process ends, if not, a second evaluation of g xð Þ is carried out, but now at x1,
the result is denoted as x2, that is, g x1ð Þ ¼ x2. 5. This operation is repeated until xnþ1 ¼
xn or the difference between them is less than a value set (tolerance, TOL) by the user,
that is, xnþ1 � xnj j≤TOL:

Example 1: A stainless-steel pipe with a thermal conductivity (ksteel) of 50 W/m°C
transports saturated steam at 110°C (T∞1). The outer diameter of the pipe (D2) is
0.0508 m, while the inner diameter (D1) is 0.0475 m. The pipe is surrounded by an
environment with a temperature of 30°C (T∞2). The pipe is to be insulated with
fiberglass (kfiber ¼0.045 W/m°C) such that the heat losses (q) are 30 W per linear
meter of pipe (L). Calculate the insulation thickness, ( D3 �D2ð Þ=2), required, if the
internal (h∞1) and external (h∞2) convective heat transfer coefficients are equal to
2000 W/m2°C and 10 W/m2°C, respectively.

This problem is solved with the steady-state heat transfer equation (Eq. (2)) con-
sidering four (4) thermal resistances: two (2) conductive resistances (pipe and insu-
lating material) and two (2) convective resistances (saturated steam and environment
surrounding the pipe).

q ¼ T∞1 � T∞2

1
πD1Lh∞1

þ
ln D2

D1

� �

2πksteelL
þ

ln D3
D2

� �

2πkfiberL
þ 1

πD3Lh∞2

(2)
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Rearranging (Eq. (2)) gives (Eq. (3)) whose structure is like (Eq. (1)):

1
2πkfiber

� �
ln D3ð Þ þ

1= πh∞2ð Þ
� �

D3
þ T∞2 � T∞1ð Þ

q0
þ 1
πD1h∞1

þ
ln D2

D1

� �

2πksteel
� ln D2ð Þ

2πkfiber

2
4

3
5 ¼ 0

(3)

where: q0 ¼ q
L:

To apply the fixed-point method to (Eq. (3)), there are two options to solve for D3,
which are shown in (Eq. (4)) and (Eq. (5)) and obtained by simply solving eq. 3. The
method can be applied to both equations. What is not guaranteed is that the method
will converge for both mathematical structures.

D3 ¼ � b
a ln D3ð Þ þ c

(4)

D3 ¼ e
�1

a
b
D3
þc

� �
(5)

where:

a ¼ q0

2πkfiber
, b ¼ q0

πh∞2
, c ¼ T∞2 � T∞1ð Þ þ q0

πD1h∞1
þ

q0 ln D2
D1

� �

2πksteel
� q0 ln D2ð Þ

2πkfiber:
To solve the eqs. (4) and (5), we start with an initial value, which intuitively would

be the value of D2. Possibly, of Eq. (4) and Eq. (5), only one of them converges to a
real value, or none of them converges to a real solution, or both converge to real
solutions, in any case, these values must be analyzed. The algorithm, programmed in
Python and solved in Google Colab (https://colab.research.google.com), is shown
below for both equations (Table 1).

For (Eq. (4)): For (Eq. (5)):

#Start: Fixed-Point Method
import numpy as np # Importing the numpy library
for numerical operations
import matplotlib.pyplot as plt # Importing the
matplotlib library for plotting

# Inputs
D1 = 0.0475 # Internal diameter of the pipe [m]
D2 = 0.0508 # External diameter of the pipe [m]
Ta1 = 110 # Temperature of saturated steam [°C]
Ta2 = 30 # Ambient temperature [°C]
k_steel = 50 # Thermal conductivity of steel [W/m°C]
k_fiber = 0.045 # Thermal conductivity of fiberglass
[W/m°C]
ha1 = 2000 # Internal convective coefficient [W/m^2°
C]
ha2 = 10 # External convective coefficient [W/m^2°
C]
q_L = 30 # Heat flow per unit length of pipe [W/m]

# Initial value of D3 [m]
D30 = D2

#Start: Fixed-Point Method
import numpy as np # Importing the numpy library
for numerical operations
import matplotlib.pyplot as plt # Importing the
matplotlib library for plotting

# Inputs
D1 = 0.0475 # Internal diameter of the pipe [m]
D2 = 0.0508 # External diameter of the pipe [m]
Ta1 = 110 # Temperature of saturated steam [°C]
Ta2 = 30 # Ambient temperature [°C]
k_steel = 50 # Thermal conductivity of steel [W/m°C]
k_fiber = 0.045 # Thermal conductivity of fiberglass
[W/m°C]
ha1 = 2000 # Internal convective coefficient [W/m^2°
C]
ha2 = 10 # External convective coefficient [W/m^2°
C]
q_L = 30 # Heat flow per unit length of pipe [W/m]

# Initial value of D3 [m]
D30 = D2
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Figure 1 shows the convergence of the fixed-point method applied to Eq. (4) and
Figure 2 shows the convergence of the fixed-point method applied to Eq. (5); the
method converges in a few iterations.

The two previous results converge on real solutions, however, the first
solution is not a logical result for the physical description of the pipe, since D3 <D2.
Therefore, the second solution of D3 would be the indicated answer to obtain
the required insulation thickness: Thickness ¼ D3�D2ð Þ=2 ¼ 0:02382 m 2:38 cmð Þ.

The main limitation of the fixed-point method is its convergence. This method
requires that the iteration function is appropriately chosen and meets certain condi-
tions, such as continuity and the existence of a fixed-point. If the function is not
contractive in the interval of interest, the method may not converge to a solution, or it
may converge very slowly. Additionally, the fixed-point method only guarantees
convergence to a single solution, making it less suitable for problems with multiple
solutions [1, 2].

For (Eq. (4)): For (Eq. (5)):

# Calculations of a, b, and c
a = q_L / (2 * np.pi * k_fiber)
b = q_L / (np.pi * ha2)
c = (Ta2 - Ta1) + q_L / (np.pi * D1 * ha1) + q_L * np.log
(D2 / D1) / (2 * np.pi * k_steel) - q_L * np.log(D2) / (2
* np.pi * k_fiber)

# Number of iterations for calculating the root of f
(D3)
iterations = 2000
D3_values = [] # List to store D3 values for each
iteration

for i in range(iterations):
D3 =�b / (a * np.log(D30) + c) # Calculate new D3
value
D3_values.append(D3) # Store the D3 value
D30 = D3 # Update D30 for the next iteration

# Display the value of the real root of f(D3)
print(‘The value of D3 [m] is:’)
print(D3)

# Plot the convergence
plt.plot(range(iterations), D3_values, marker = ‘o’)
plt.xlabel(‘Iterations’) # Label for the x-axis
plt.ylabel(‘Value of D3 [m]’) # Label for the y-axis
plt.title(‘Convergence of Fixed-Point Method’) # Title
of the plot
plt.grid(True) # Enable grid
plt.show()

# Calculations of a, b, and c
a = q_L / (2 * np.pi * k_fiber)
b = q_L / (np.pi * ha2)
c = (Ta2 - Ta1) + q_L / (np.pi * D1 * ha1) + q_L * np.log
(D2 / D1) / (2 * np.pi * k_steel) - q_L * np.log(D2) / (2
* np.pi * k_fiber)

# Number of iterations for calculating the root of f
(D3)
iterations = 2000
D3_values = [] # List to store D3 values for each
iteration

# Iteration for calculating the root of f(D3)
for i in range(iterations):
D3 = np.exp.(�(1/a)*(b/D30 + c)) # Calculate new
D3 value using fixed-point method
D3_values.append(D3) # Store the D3 value
D30 = D3 # Update D30 for the next iteration

# Display the value of the real root of f(D3)
print(‘The value of D3 [m] is:’)
print(D3)

# Plot the convergence
plt.plot(range(iterations), D3_values, marker = ‘o’)
plt.xlabel(‘Iterations’) # Label for the x-axis
plt.ylabel(‘Value of D3 [m]’) # Label for the y-axis
plt.title(‘Convergence of Fixed Point Method’) # Title
of the plot
plt.grid(True) # Enable grid
plt.show()

Python returns the following solution: The value of
D3 [m] is: 0.002352770727297743

Python returns the following solution: The value of
D3 [m] is: 0.09843970725382402

Table 1.
Fixed point method codes for Eq. (4) and Eq. (5), respectively.
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2.1.2 Newton-Raphson method

The Newton-Raphson algorithm is

xiþ1 ¼ xi � f xið Þ
f 0 xið Þ (6)

With example 1, the Newton-Raphson method is applied, for this case,
(Eq. (1)) is:

f D3ð Þ ¼ a ln D3ð Þ þ b
D3

þ c ¼ 0 (7)

Figure 1.
Convergence of the fixed-point method applied to Eq. (4).

Figure 2.
Convergence of the fixed-point method applied to Eq. (5).
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This (Eq. (7)) has a derivative equal to:

f 0 D3ð Þ ¼ a
D3

� b
D3

2 (8)

Therefore, applying the Newton-Raphson algorithm we have:

D3iþ1 ¼ D3i �
f D3ið Þ
f 0 D3ið Þ (9)

To calculate the value of the diameter D3, we start with the initial value D2 as was
done in the fixed-point method.

# Start: Newton-Raphson Method
import numpy as np # Importing the numpy library for numerical operations
import matplotlib.pyplot as plt # Importing the matplotlib library for plotting

# Inputs
D1 = 0.0475 # Internal diameter of the pipe [m]
D2 = 0.0508 # External diameter of the pipe [m]
Ta1 = 110 # Temperature of saturated steam [°C]
Ta2 = 30 # Ambient temperature [°C]
k_steel = 50 # Thermal conductivity of steel [W/mK]
k_fiber = 0.045 # Thermal conductivity of fiberglass [W/mK]
ha1 = 2000 # Internal convective coefficient [W/m^2K]
ha2 = 10 # External convective coefficient [W/m^2K]
q_L = 30 # Heat flux per unit length of pipe [W/m]

# Initial value of D3 [m]
D3i = D2

# Calculations of a, b, and c
a = q_L / (2 * np.pi * k_fiber)
b = q_L / (np.pi * ha2)
c = (Ta2 - Ta1) + q_L / (np.pi * D1 * ha1) + q_L * np.log(D2 / D1) / (2 * np.pi * k_steel) - q_L * np.log(D2) /
(2 * np.pi * k_fiber)

# For loop for Newton's Method
iterations = 100
# The number of iterations in a numerical method is chosen by balancing desired accuracy with
computational efficiency.
#A convergence criterion stops iterations when the change between successive solutions is below a defined
tolerance.
#Additionally, a maximum number of iterations is set to prevent infinite loops if convergence is not
achieved, based on experience and preliminary tests.
D3_values = [] # List to store D3 values for each iteration

for i in range(iterations):
yi = a * np.log(D3i) + b / D3i + c # Calculate the value of the function at D3i
dyi = a / D3i - b / D3i**2 # Calculate the derivative of the function at D3i
D3i = D3i - yi / dyi # Newton's Method equation to update D3i
D3_values.append(D3i) # Store the D3 value
if abs(yi) <= 0.000001: # Check for convergence.
#A convergence stopping criterion in a numerical method is usually defined as a condition that
evaluates whether the differences

#between successive iterations are sufficiently small. A common criterion is to compare the norm of the
difference between the
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#solutions of consecutive iterations with a small threshold (tolerance).
D3 = D3i # Assign the converged value to D3
break

# Display the value of the real root of f(D3)
print('The value of D3 [m] is:')
print(D3)

# Plot the convergence
plt.plot(range(len(D3_values)), D3_values, marker='o')
plt.xlabel('Iterations') # Label for the x-axis
plt.ylabel('Value of D3 [m]') # Label for the y-axis
plt.title('Convergence of Newton-Raphson Method') # Title of the plot
plt.grid(True) # Enable grid
plt.show()
# End

Python returns the following response: The value of D3 [m] is: 0.098439707253824
Figure 3 shows the convergence of the Newton-Raphson method applied to

Eq. (7); the method converges in four iterations, less than in the fixed-point method.
The main limitation of the Newton-Raphson method is its dependence on a good

initial guess. If the initial guess is not close to the actual solution, the method may not
converge or may converge on an incorrect solution. Additionally, the method can fail if
the derivative of the function is zero or very small at any point in the iteration, as this
can cause the method to diverge. It is also sensitive to functions with multiple roots and
may oscillate or fail to converge if the function is not sufficiently smooth. When the
Newton-Raphson method converges, results are obtained in relatively few iterations.
However, sometimes the Newton-Raphson method does not converge, this can occur if
there is no real root, if the root is an inflection point, or if the initial value is very far
from the root wanted and some other region of the function traps the iteration [1, 2].

Nevertheless, the Newton-Raphson method offers several advantages over the
fixed-point method, including faster convergence, less dependence on the initial
guess, and applicability to a wider range of nonlinear functions. While the fixed-point
method requires careful selection of the iteration function and often converges slowly,

Figure 3.
Convergence of the Newton-Raphson method applied to Eq. (7).

33

Numerical Methods and Computational Models with Python in Heat Transfer
DOI: http://dx.doi.org/10.5772/intechopen.1009917



Newton-Raphson’s use of the function’s derivative allows for more precise approxi-
mations and quicker convergence. Additionally, Newton-Raphson can handle com-
plex functions and systems of nonlinear equations, improving stability and
convergence rates compared to the basic fixed-point method [2].

2.1.3 Nonlinear equations. Modified Newton-Raphson method through the fsolve function

The Python function fsolve uses the modified Newton-Raphson method to find the
roots of a function. This iterative method employs both the function and its derivative to
locate the zeros of a nonlinear function fsolve is robust and capable of handling systems of
nonlinear equations and unidimensional functions. The modified Newton-Raphson
method, an enhanced version of the basic method, incorporates additional techniques to
improve convergence and robustness. Commonmodifications include adjusting the deri-
vative calculation or using advanced numerical methods to address issues when the deri-
vative is small or zero. Another modification involves using a relaxation factor, which
reduces the iteration step size to prevent oscillations or divergence. The modified New-
ton-Raphson method is particularly useful for functions with constraints or complex
behavior, as it improves stability and convergence rates compared to the basic method
[1, 2].

The fsolve function is used to find the root of a transcendental equation f(x) = 0. The
simplest syntax for this function is fsolve(fun, x0), where fun is the name of the function
whose roots are being determined and x0 is an initial value, as close to the root as
possible [3]. Below is the Python code for applying the fsolve function and Python
returns the following response: The root of f(D3) in [m] is: 0.098440.

#Start fsolve function
# Import necessary libraries
import numpy as np
from scipy.optimize import fsolve
import matplotlib.pyplot as plt

# Inputs
D1 = 0.0475 # Internal diameter of the pipe [m]
D2 = 0.0508 # External diameter of the pipe [m]
Ta1 = 110 # Steam temperature [°C]
Ta2 = 30 # Ambient temperature [°C]
k_steel = 50 # Thermal conductivity of steel [W/mK]
k_fiber = 0.045 # Thermal conductivity of fiberglass [W/mK]
ha1 = 2000 # Internal convective coefficient [W/m^2K]
ha2 = 10 # External convective coefficient [W/m^2K]
q_L = 30 # Heat flux per unit length of pipe [W/m]

# Calculations of a, b, and c
a = q_L / (2 * np.pi * k_fiber)
b = q_L / (np.pi * ha2)
c = (Ta2 - Ta1) + q_L / (np.pi * D1 * ha1) + q_L * np.log(D2 / D1) / (2 * np.pi * k_steel) - q_L * np.log(D2) /
(2 * np.pi * k_fiber)

# Define the function whose root you want to find
def f(D3):
return a * np.log(D3) + b / D3 + c

# Initial value of D3 [m]
D30 = D2
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# List to store D3 values for each iteration
D3_values = []

# Define the function to track iterations
def iter_function(D3):
D3_values.append(D3[0])
return f(D3)

# Finding the root using fsolve with full_output option to track iterations
root = fsolve(iter_function, D30, full_output=False)

# Display the value of the root
print(f'The root of f(D3) in [m] is: {root[0]:.6f}')

# Plot the convergence
plt.plot(range(len(D3_values)), D3_values, marker='o')
plt.xlabel('Iterations') # Label for the x-axis
plt.ylabel('Value of D3 [m]') # Label for the y-axis
plt.title('Convergence of fsolve Method') # Title of the plot
plt.grid(True) # Enable grid
plt.show()
#End

Figure 4 shows the convergence of the fsolve function applied to Eq. (7); the
method converges in six iterations, less than in the fixed-point method.

2.2 System of equations

A system of several equations with several unknowns can be represented like this:

f1 x1, x2, x3, … , xnð Þ ¼ 0

f2 x1, x2, x3, … , xnð Þ ¼ 0

fn x1, x2, x3, … , xnð Þ ¼ 0

(10)

where each of the functions fi x1, x2, x3, … , xnð Þ, for 1≤ i≤n, is linear or nonlinear.

Figure 4.
Convergence of the fsolve function method applied to Eq. (7).
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In this section, these systems will only be solved with the Python fsolve
function. For this purpose, the methodology will be illustrated with the following
example.

Example 2: Hot gases from a combustion furnace flow through a square
chimney made of concrete (kconcrete =1.4 W/m°C). The flow section of the chimney is
0.2 m x 0.2 m, and the wall thickness is 0.2 m. The average temperature of the hot
gases in the chimney is Ti = 300°C and the average convection heat transfer coeffi-
cient inside the chimney is hi = 70 W/m2°C. The chimney loses heat from its outer
surface to the ambient air at To = 20°C by convection with a heat transfer
coefficient of ho = 21 W/m2 °C and to the sky by radiation. The emissivity of the
outer surface of the wall is ϵwall=0.9 and the effective sky temperature is
estimated to be 260 K. Using the finite difference method, with Δx = Δy = 0.1 m
and taking full advantage of symmetry, determine the temperatures at
nodal points of a cross-section and the rate of heat loss for a 1 m long section of
the chimney.

The solution to this problem is given in Ref. [4]. The system of
nonlinear equations obtained by applying the finite difference methodology is
reproduced here:

T1 � T2 þ T3 þ 2865ð Þ
7

¼ 0

T2 � T1 þ 2T4 þ 2865ð Þ
8

¼ 0

T3 � T1 þ 2T4 þ T6ð Þ
4

¼ 0

T4 � T2 þ T3 þ T5 þ T7ð Þ
4

¼ 0

T5 � T4 þ T8ð Þ
2

¼ 0

T6 �
T2 þ T3 þ 456:2� 0:3645x10�9T4

6

� �
3:5

¼ 0

T7 �
2T4 þ T6 þ T8 þ 912:4� 0:729x10�9T4

7

� �
7

¼ 0

T8 �
2T5 þ T7 þ T9 þ 912:4� 0:729x10�9T4

8

� �
7

¼ 0

T9 �
T8 þ 456:2� 0:364x10�9T4

9

� �
2:5

¼ 0

(11)

where T1, T2, … , T9 are the values of the temperatures at the nodes of the mesh
defined for solving the problem.

The Python file for calculating the roots of this system of equations is:

#Start: systems of linear or nonlinear equations
# Import necessary libraries

import numpy as np
from scipy.optimize import fsolve
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# Define the system of equations as a function
def F(x):
return [

x[0] - (x[1] + x[2] + 2865) / 7, # Equation 1
x[1] - (x[0] + 2 * x[3] + 2865) / 8, # Equation 2
x[2] - (x[0] + 2 * x[3] + x[5]) / 4, # Equation 3
x[3] - (x[1] + x[2] + x[4] + x[6]) / 4, # Equation 4
x[4] - (x[3] + x[7]) / 2, # Equation 5
x[5] - (x[1] + x[2] + 456.2 - 0.3645e-9 * x[5]**4) / 3.5, # Equation 6
x[6] - (2 * x[3] + x[5] + x[7] + 912.4 - 0.729e-9 * x[6]**4) / 7, # Equation 7
x[7] - (2 * x[4] + x[6] + x[8] + 912.4 - 0.729e-9 * x[7]**4) / 7, # Equation 8
x[8] - (x[7] + 456.2 - 0.364e-9 * x[8]**4) / 2.5, # Equation 9

]

# Initial guess for the variables (temperature values T(i))
x0 = [300, 300, 300, 300, 300, 300, 300, 300, 300]

# Solve the system of equations using fsolve
x, infodict, ier, mesg = fsolve(F, x0, full_output=True)

# Define the variable names for the solution
solution = ['T1', 'T2', 'T3', 'T4', 'T5', 'T6', 'T7', 'T8', 'T9']

# Store the solution values
values = x

# Calculate the residues
residues = F(x)

# Show results using structured labels
print('Answer:')
for var, val, res in zip(solution, values, residues):
print(f'{var} = {val:.6f} °C, Residue = {res:.6e}') # Print each variable with its value
and residue

# Print temperature values in a structured format
print(f'\nThe temperature values are:')
for var, val in zip(solution, values):
print(f'{var}: {val:.2f} °C')

# Show convergence information
if ier == 1:
print(f"\nConverged successfully in {infodict['nfev']} function evaluations.") # Print
success message

else:
print("\nThe solution did not converge.")

#End

Answer:
T1 = 551.208098°C, Residue = 1.136868e-13
T2 = 535.634737°C, Residue = 0.000000e+00
T3 = 457.821950°C, Residue = �5.684342e-14
T4 = 434.434898°C, Residue = 5.684342e-14
T5 = 384.899584°C, Residue = 0.000000e+00
T6 = 411.209905°C, Residue = �7.668177e-11
T7 = 359.383322°C, Residue = �5.798029e-12
T8 = 335.364269°C, Residue = 3.677769e-11
T9 = 315.188749°C, Residue = 1.142553e-11
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The temperature values are:
T1: 551.21°C
T2: 535.63°C
T3: 457.82°C
T4: 434.43°C
T5: 384.90°C
T6: 411.21°C
T7: 359.38°C
T8: 335.36°C
T9: 315.19°C

Converged successfully in 15 function evaluations.

2.3 Ordinary differential equations (ODE). Numerical solution of ODE, initial
value problem

A differential equation contains a dependent variable and its derivatives
with respect to one or more independent variables. Many differential equations arise
from applying the principles of conservation of mass and energy in engineering
processes [5]. In this section, ordinary differential equations are solved with the initial
value problem by numerical methods. To illustrate this, the following problem is
presented:

Example 3: A metal sphere is surrounded by a convective environment and its
initial temperature is very high (lower than the melting point of the metal) such that
radiation is considered. The sphere has a homogeneous initial temperature T 0ð Þ ¼ Ti

and will be cooled in contact with air that is at the temperature T∞. The mathematical
model of heat transfer in a non-steady state, if no appreciable temperature gradients
occur within the sphere, is as follows [4]:

ρVcp
dT tð Þ
dt

¼ �hAs T tð Þ � T∞
� �� ϵσAs T tð Þ4 � Tsurroundings

4� �
(12)

Assuming the surroundings are in equilibrium with the air surrounding the sphere,
then T∞ ¼ Tsurroundings, therefore:

ρVcp
dT tð Þ
dt

¼ �hAs T tð Þ � T∞
� �� ϵσAs T tð Þ4 � T∞

4� �
(13)

Eq. (13) is a nonlinear first-order ordinary differential equation, which makes
finding an analytical solution, either extremely difficult or impossible with existing
transcendental functions. Therefore, we rely on numerical methods to solve it.

This problem will be solved with the following values: ρ ¼ 8933 kg=m3;
V ¼ 4:189x10�6 m3; cp ¼ 385 J= kg Kð Þ; h ¼ 10 W=m2K; As ¼ 0:00126 m2;
T∞ ¼ 30°C ¼ 303,15 K; ϵsphere ¼ 0:15; σ ¼ 5:67 x 10�8 W

m2K4 (Stefan � Boltzmann
constant). The initial value of Temperature is: T 0ð Þ ¼ Ti ¼ 1000 K.

Eq. (14) is derived by substituting all the parameters in Eq. (13) and separating all
terms except for the first-order derivative of temperature:

dT tð Þ
dt

¼ 0:271413� 8:745852x10�4T tð Þ � 7:4383x10�13T tð Þ4 (14)
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The most used numerical methods, Euler and Runge-Kutta, for this problem are
outlined below.

2.3.1 Euler’s method

This method is the simplest to solve an initial value ODE problem. Euler’s algo-
rithm is summarized in (Eq. (15)):

ynþ1 ¼ yn þ h f xn, yn
� �

(15)

where h is the integration step of the differential equation, f xn, yn
� �

is the evaluation
of the derivative at the current instant n, yn is the value of the dependent variable at
the current instant n, and ynþ1 is the value of the dependent variable at the next
instant nþ 1 [6]. Euler’s algorithm for the sphere in example 3 is expressed as follows:

Tnþ1 ¼ Tn þ h 0:271413� 8:745852x10�4Tn � 7:4383x10�13Tn
4� �

(16)

with the initial condition: T 0ð Þ ¼ 1000 K
The problem will be solved with one step of h=0.01 until the temperature value of

the sphere is close to the air temperature (steady state condition). The computational
model in Python is as follows and Figure 5 shows the graphical solution.

# Start: Euler's Method
import numpy as np
import matplotlib.pyplot as plt

# Initial condition, step size, and simulation time
t = [0] # Initialize time array with start time t(0)
T = [1000] # Initialize temperature array with initial temperature T(0)
h = 0.01 # Step size for the Euler method
tsimula = 10000 # Total simulation time in seconds

# Define the function f, representing dT/dt
def f(t, T):
return 0.271413 - 8.745852e-4 * T - 7.4383e-13 * T**4 # Differential equation

# Simulation loop
for i in range(int(tsimula / h)):
T.append(T[-1] + h * f(t[-1], T[-1])) # Calculate the next temperature using Euler's algorithm
t.append(t[-1] + h) # Update the time vector with the next time step

Figure 5.
Temperature response using methods for solving Eq. (17): Euler, Runge-Kutta, and solve_ivp function.
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# Plot temperature versus time
plt.plot(t, T, '-k', linewidth=4) # Plot temperature (T) against time (t)
plt.title('Euler\'s Method') # Set plot title
plt.xlabel('Time [s]') # Set x-axis label
plt.ylabel('Temperature [°K]') # Set y-axis label
plt.grid(True) # Display grid
plt.show() # Show the plot
# End

Euler’s method, though simple and easy to implement, has significant limitations in
terms of accuracy and stability. It is particularly unsuitable for stiff differential equa-
tions due to its sensitivity to step size, leading to cumulative errors and inaccurate
results. These limitations make more advanced methods like Runge-Kutta preferable
for more complex problems [1].

2.3.2 Runge-Kutta method

The Euler method is a straightforward numerical approach for solving ordinary
differential equations by taking linear steps based on the slope at the current point,
but it can accumulate significant errors over larger intervals due to its simplicity. On
the other hand, the fourth-order Runge-Kutta method enhances accuracy by using
multiple intermediate points and weighted averages within each step, leading to a
much more precise approximation of the solution with less error accumulation.
Although the Runge-Kutta method is more computationally demanding, its ability to
balance accuracy and efficiency makes it a preferred choice in many scientific and
engineering applications over the simpler Euler method [1].

The fourth-order Runge-Kutta algorithm is summarized in (Eq. (17)):

ynþ1 ¼ yn þ
h f1 þ 2f2 þ 2f3 þ f4ð Þ

6
(17)

where:

f1 ¼ f tn, yn
� �

f2 ¼ f tn þ h
2
, yn þ

h
2
f1

� �

f3 ¼ f tn þ h
2
, yn þ

h
2
f2

� �

f4 ¼ f tn þ h, yn þ hf3
� �

:

Furthermore, h is the integration step of the differential equation, f xn, yn
� �

is the
evaluation of the derivative at the current time n, yn is the value of the dependent
variable at the current time n and ynþ1 is the value of the dependent variable at a later
time nþ 1 [1].

Returning to the sphere problem solved in the section on Euler’s method, we have
the following Python file that applies the fourth-order Runge-Kutta method. Python
returns the solution shown in Figure 5.
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# Start: Runge-Kutta Method
import numpy as np
import matplotlib.pyplot as plt

# Initial condition
t = [0] # Initial time [s]
T = [1000] # Initial temperature [K]
h = 0.01 # Step size [s]
tsimula = 10000 # Total simulation time [s]

# Define the function f, representing dT/dt
def f(t, T):
return 0.271413 - 8.745852e-4 * T - 7.4383e-13 * T**4

# Simulation loop using Fourth Order Runge-Kutta method
for i in range(int(tsimula / h)):
k1 = f(t[i], T[i]) # Compute first slope (k1)
k2 = f(t[i] + h / 2, T[i] + h * k1 / 2) # Compute second slope (k2)
k3 = f(t[i] + h / 2, T[i] + h * k2 / 2) # Compute third slope (k3)
k4 = f(t[i] + h, T[i] + h * k3) # Compute fourth slope (k4)

t.append((i + 1) * h) # Increment time by step size
T.append(T[i] + h * (k1 + 2 * k2 + 2 * k3 + k4) / 6) # Compute next temperature value

# Plot Temperature versus Time
plt.plot(t, T, '-k', linewidth=4)
plt.title('Fourth Order Runge-Kutta')
plt.xlabel('Time [s]')
plt.ylabel('Temperature [K]')
plt.grid(True)
plt.show()
# End

For advanced heat transfer applications involving ordinary differential equations
(ODEs), there are several alternative numerical solvers to consider, such as the
Adams-Bashforth-Moulton Method, which is a predictor-corrector method combining
the Adams-Bashforth and Adams-Moulton techniques for improved accuracy; the
Backward Differentiation Formulas (BDF), which are implicit methods particularly
useful for stiff ODEs; the Bulirsch-Stoer Method, known for its high accuracy through
polynomial extrapolation; Gear’s Method, specialized for stiff ODEs by adjusting step
size and order for stability and accuracy; and the Runge-Kutta-Fehlberg Method, an
adaptive Runge-Kutta method with dynamic error control and step size adjustment
for efficient and accurate ODE solutions. The reader is invited to consult the different
bibliographic sources that discuss these topics [1, 2].

2.3.3 Solve_ivp function

Python has built-in functions such as the solve_ivp function (among others). The
default numerical method used in Python’s solve_ivp function is RK45. This method is a
variant of the Runge-Kutta method of order 5(4), which is an explicit method for
integrating ordinary differential eqs. [3]. solve_ivp function is highly popular because
of its versatility, providing a unified interface to multiple integration methods for
solving ODEs, and its adaptive step size control enhances efficiency and accuracy. In
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contrast, the fixed-step Runge-Kutta method, while simpler, maintains a constant step
size throughout the integration process, which can lead to inefficiencies and larger
errors, especially in stiff or complex ODE systems. Despite being computationally
lighter, the fixed-step approach lacks the flexibility and adaptive precision of solve_ivp,
making it less suitable for advanced applications requiring high accuracy [3]. There-
fore, another way to solve the above problem is by using this function as shown below:

# Start: Numerical Solution using solve_ivp function
import numpy as np
import matplotlib.pyplot as plt
from scipy.integrate import solve_ivp

# Initial condition and simulation time
tsimula = [0, 10000] # Simulation interval [a, b] in seconds
T0 = 1000 # Initial temperature value in Kelvin
# Define the function f, representing dT/dt
def f(t, T):
return 0.271413 - 8.745852e-4 * T - 7.4383e-13 * T**4

# Solving the system of differential equations using solve_ivp
sol = solve_ivp(f, tsimula, [T0], t_eval=np.linspace(tsimula[0], tsimula[1], 1000))
# Plot the temperature response over time
plt.plot(sol.t, sol.y[0], '-k', linewidth=4)
plt.grid(True)
plt.title('Temperature Response using solve_ivp function')
plt.xlabel('Time [s]') # X-axis label
plt.ylabel('Temperature [K]') # Y-axis label
plt.show()
# End

Python returns the solution shown in Figure 5.

2.4 System of ordinary differential equations

The methods seen in the previous sections are extended to be applied to systems of
ordinary differential equations. Next, through an example, the application of the
fourth-order Euler and Runge-Kutta algorithms will be shown, as well as the solve_ivp
function [3].

Example 4: We have a perfectly mixed jacketed tank where a mass mt of fluid A is
heated. A fluid B enters and exits the jacket with a constant flow. It is assumed that
there is no heat loss to the surroundings, the specific heat of the fluids is constant and
the temperature of the fluid entering the jacket is constant.

The dynamic model showing the evolution of temperature in fluids A and B is:

dTt tð Þ
dt

¼ UA Tc tð Þ � Tt tð Þ
� �
mtcp,t

For the fluidAð Þ (18)

dTc tð Þ
dt

¼ UA Tt tð Þ � Tc tð Þ
� �
mccp,c

þ _mc Tin � Tc tð Þ
� �

mc
For the fluid Bð Þ (19)

where: Tt tð Þ : the temperature of the fluid in the tank, [K]; Tc tð Þ : the temperature of
the fluid in the jacket, [K]; Tin : The temperature of the fluid at the jacket inlet, [K];
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U :overall heat transfer coefficient [W/m2K]; A :heat transfer area [m2]; mt :mass of
fluid in the tank [kg]; mc :mass of fluid in the jacket [kg]; _mc :mass flow of fluid in the
jacket [kg/s]; cp,t : specific heat of fluid in the tank [J/kgK]; cp,c :specific heat of fluid
in the jacket [J/kgK].

2.4.1 System of ordinary differential equations. Euler’s method

Euler’s algorithm, for this case, is as follows [6]:

ynþ1 ¼ yn þ h f xn, yn, zn
� �

(20)

znþ1 ¼ zn þ h g xn, yn, zn
� �

(21)

The Python file for the proposed problem is:

# Start: Euler Method - ODE Systems
import numpy as np
import matplotlib.pyplot as plt

# System parameters
U = 500 # Overall heat transfer coefficient [W/m²�K]
A = 1.0 # Heat transfer area of the jacket [m²]
m_t = 100 # Mass of the fluid in the tank [kg]
C_p_t = 4184 # Specific heat of the fluid in the tank [J/kg�K]
m_c = 50 # Mass of the fluid in the jacket [kg]
C_p_c = 4184 # Specific heat of the fluid in the jacket [J/kg�K]
dot_m = 0.1 # Mass flow rate of the fluid in the jacket [kg/s]
T_in = 373 # Inlet temperature of the fluid to the jacket [K]

# Initial conditions
T_t0 = 300 # Initial temperature of the fluid in the tank [K]
T_c0 = 350 # Initial temperature of the fluid in the jacket [K]

# Simulation time
tsimula = [0, 10000] # Simulation interval [s]
# Define the function f, i.e., dT/dt
def f(t, T):
T_t, T_c = T
dT_t_dt = (U * A * (T_c - T_t)) / (m_t * C_p_t) # Rate of change of temperature in the tank
dT_c_dt = (U * A * (T_t - T_c)) / (m_c * C_p_c) + (dot_m * (T_in - T_c)) / m_c # Rate of change of
temperature in the jacket. A '*' was added here.
return [dT_t_dt, dT_c_dt]

# Simulation loop using Euler's method
h = 0.01 # Step size
t = np.arange(tsimula[0], tsimula[1], h) # Time array for the simulation interval
T_t = np.zeros(len(t)) # Array to store temperature in the tank over time
T_c = np.zeros(len(t)) # Array to store temperature in the jacket over time
T_t[0] = T_t0 # Initial temperature of the tank at t=0
T_c[0] = T_c0 # Initial temperature of the jacket at t=0

for i in range(1, len(t)):
dT_t_dt, dT_c_dt = f(t[i-1], [T_t[i-1], T_c[i-1]]) # Compute the rate of change of temperature at the
previous step
T_t[i] = T_t[i-1] + h * dT_t_dt # Update temperature of the tank
T_c[i] = T_c[i-1] + h * dT_c_dt # Update temperature of the jacket
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# Plot the response
plt.plot(t, T_t, label='T_t (Tank)')
plt.plot(t, T_c, label='T_c (Jacket)')
plt.grid(True)
plt.title('Dynamic Model of a Batch Stirred Tank with External Jacket (Euler´s method)')
plt.xlabel('Time, [s]')
plt.ylabel('Temperature, [K]')
plt.legend()
plt.show()
# End

Python returns the solution shown in Figure 6.

2.4.2 System of ordinary differential equations. Runge-Kutta method

The fourth-order Runge-Kutta algorithm, for this case, is as follows
[6]:

ynþ1 ¼ yn þ
h k1 þ 2k2 þ 2k3 þ k4ð Þ

6
(22)

znþ1 ¼ zn þ h l1 þ 2l2 þ 2l3 þ l4ð Þ
6

(23)

where:

k1 ¼ f tn, yn, zn
� �

; l1 ¼ g tn, yn, zn
� �

k2 ¼ f tn þ h
2
, yn þ

h
2
k1, zn þ h

2
l1

� �
; l2 ¼ g tn þ h

2
, yn þ

h
2
k1, zn þ h

2
l1

� �

k3 ¼ f tn þ h
2
, yn þ

h
2
k2, zn þ h

2
l2

� �
; l3 ¼ g tn þ h

2
, yn þ

h
2
k2, zn þ h

2
l2

� �

k4 ¼ f tn þ h, yn þ hk3, zn þ hl3
� �

; l4 ¼ g tn þ h, yn þ hk3, zn þ hl3
� �

Figure 6.
Temperature response using methods for solving Eqs. (18) and (19): Euler (A), Runge-Kutta (B), and solve_ivp
function (C).
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The Python file to solve the problem is:

# Start: Runge-Kutta Method - ODE System
import numpy as np
import matplotlib.pyplot as plt
from scipy.integrate import solve_ivp
# System parameters
U = 500 # Overall heat transfer coefficient [W/m²�K]
A = 1.0 # Heat transfer area of the jacket [m²]
m_t = 100 # Mass of the fluid in the tank [kg]
C_p_t = 4184 # Specific heat of the fluid in the tank [J/kg�K]
m_c = 50 # Mass of the fluid in the jacket [kg]
C_p_c = 4184 # Specific heat of the fluid in the jacket [J/kg�K]
dot_m = 0.1 # Mass flow rate of the fluid in the jacket [kg/s]
T_in = 373 # Inlet temperature of the fluid to the jacket [K]
# Initial conditions and simulation time
T_t0 = 300 # Initial temperature of the fluid in the tank [K]
T_c0 = 350 # Initial temperature of the fluid in the jacket [K]
tsimula = [0, 10000] # Simulation interval [s]
# Define the function f, representing the system of ODEs
def f(t, T):
T_t, T_c = T # Unpack temperature values for the tank and jacket
dT_t_dt = (U * A * (T_c - T_t)) / (m_t * C_p_t) # Rate of change of temperature in the tank
dT_c_dt = (U * A * (T_t - T_c)) / (m_c * C_p_c) + (dot_m * (T_in - T_c)) / m_c # Rate of change of
temperature in the jacket
return [dT_t_dt, dT_c_dt] # Return derivatives as a list

# Simulation loop using the fourth-order Runge-Kutta method
h = 0.01 # Step size
t = np.arange(tsimula[0], tsimula[1], h) # Time vector
T_t = np.zeros(len(t)) # Initialize temperature array for the tank
T_c = np.zeros(len(t)) # Initialize temperature array for the jacket
T_t[0] = T_t0 # Set initial temperature of the tank
T_c[0] = T_c0 # Set initial temperature of the jacket

for i in range(1, len(t)):
k1 = np.array(f(t[i-1], [T_t[i-1], T_c[i-1]])) # Compute first slope (k1)
k2 = np.array(f(t[i-1] + h/2, [T_t[i-1] + h*k1[0]/2, T_c[i-1] + h*k1[1]/2])) # Compute second slope (k2)
k3 = np.array(f(t[i-1] + h/2, [T_t[i-1] + h*k2[0]/2, T_c[i-1] + h*k2[1]/2])) # Compute third slope (k3)
k4 = np.array(f(t[i-1] + h, [T_t[i-1] + h*k3[0], T_c[i-1] + h*k3[1]])) # Compute fourth slope (k4)
T_t[i] = T_t[i-1] + (h/6) * (k1[0] + 2*k2[0] + 2*k3[0] + k4[0]) # Update temperature
in the tank
T_c[i] = T_c[i-1] + (h/6) * (k1[1] + 2*k2[1] + 2*k3[1] + k4[1]) # Update temperature in the jacket

# Plot the response
plt.plot(t, T_t, label='T_t (Tank)')
plt.plot(t, T_c, label='T_c (Jacket)')
plt.grid(True)
plt.title('Dynamic Model of a Batch Stirred Tank with External Jacket (Runge-Kutta method)')
plt.xlabel('Time, [s]')
plt.ylabel('Temperature, [K]')
plt.legend()
plt.show()
# End

Python returns the solution shown in Figure 6.
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2.4.3 System of ordinary differential equations. Solve_ivp method

Another way to deal with the above problem is to use the solve_ivp function as
shown in the following file [3]:

# Start: solve_ivp method - ODE system
import numpy as np
import matplotlib.pyplot as plt
from scipy.integrate import solve_ivp
# System parameters
U = 500 # Overall heat transfer coefficient [W/m²�K]
A = 1.0 # Heat transfer area of the jacket [m²]
m_t = 100 # Mass of the fluid in the tank [kg]
C_p_t = 4184 # Specific heat of the fluid in the tank [J/kg�K]
m_c = 50 # Mass of the fluid in the jacket [kg]
C_p_c = 4184 # Specific heat of the fluid in the jacket [J/kg�K]
dot_m = 0.1 # Mass flow rate of the fluid in the jacket [kg/s]
T_in = 373 # Inlet temperature of the fluid to the jacket [K]
# Initial conditions
T_t0 = 300 # Initial temperature of the fluid in the tank [K]
T_c0 = 350 # Initial temperature of the fluid in the jacket [K]
# Simulation time
tsimula = [0, 10000] # Simulation interval [s]
# Define the function f, i.e., dT/dt
def f(t, T):
T_t, T_c = T
dT_t_dt = (U * A * (T_c - T_t)) / (m_t * C_p_t)
dT_c_dt = (U * A * (T_t - T_c)) / (m_c * C_p_c) + (dot_m * (T_in - T_c)) / m_c
return [dT_t_dt, dT_c_dt]
# Solve the system of differential equations
sol = solve_ivp(f, tsimula, [T_t0, T_c0], t_eval=np.linspace(tsimula[0], tsimula[1], 1000))
# t_eval specifies the time points where the solution is computed.
# It's an array of times at which the solution is desired,
# which allows for more precise control over the output intervals.

# Plot the response
plt.plot(sol.t, sol.y[0], label='T_t (Tank)')
plt.plot(sol.t, sol.y[1], label='T_c (Jacket)')
plt.grid(True)
plt.title('Dynamic Model of a Batch Stirred Tank with External Jacket')
plt.xlabel('Time, [s]')
plt.ylabel('Temperature, [K]')
plt.legend()
plt.show()
# End

Python returns the solution shown in Figure 6.

2.5 Partial differential equations (PDEs)

Differential equations are formed by partial derivatives of functions that depend
on several variables. Despite the complexity of PDEs, there are numerical methods
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proposed to solve cases that are very useful in engineering [5]. In this section, the
cases of parabolic PDEs and elliptic PDEs will be discussed.

If the PDE is the second order of the form

a1
∂
2u
∂y2

þ 2a2
∂
2u

∂x∂y
þ a3

∂
2u
∂x2

þ a4
∂u
∂x

þ a5
∂u
∂y

þ a6uþ a7 ¼ 0 (24)

is classified as a parabolic PDE if the value of the discriminant a22 � a1a3 ¼ 0 and
elliptic PDE if the value of the discriminant a22 � a1a3 <0.

2.5.1 PDE: Solutions by the finite difference method (FDM)

The Finite Difference Method (FDM) is widely used due to its simplicity,
grid-based approach, flexibility, and computational efficiency. It is easy to
understand and implement, making it accessible for various users. The
grid-based approach is intuitive for solving partial differential equations, and
FDM can adapt to different problems and boundary conditions. Additionally,
FDM provides a balance between accuracy and computational cost, and
its extensive use in practice means there is a wealth of resources and literature
available.

The Finite Difference Method (FDM) should be used over the Finite Element
Method (FEM) and Finite Volume Method (FVM) when simplicity and computa-
tional efficiency are key considerations, and the problem involves regular geometries
with structured grids. FDM is particularly suitable for solving partial differential
equations (PDEs) in problems such as heat conduction, fluid flow, and wave propa-
gation, where the domain and boundary conditions are straightforward. Unlike FEM
and FVM, FDM is easier to implement, especially for problems with simple boundary
conditions, making it a preferred choice for quick, less complex analyses. However,
FDM is limited to structured grids and may not handle complex geometries as effec-
tively as FEM and FVM, which offer greater flexibility for irregular meshes and
conservation law applications.

The finite difference method consists of replacing the numerical derivation for-
mulas in the differential equation to be solved. The method consists of constructing a
recurrence equation that through a pivoting process will provide a series of equations
that will be solved by a specific method [5].

2.5.2 Parabolic PDE

To apply the FDM in a parabolic PDE, the one-dimensional heat transfer equation
shown below will be taken [4]:

∂
2u
∂x2

¼ 1
α

∂u
∂t

(25)

on the domain 0≤ t≤ tf and 0≤ x≤ 1.
The initial and boundary conditions are: u x, 0ð Þ ¼ f xð Þ, 0≤ x≤ 1ð Þ; u 0, tð Þ ¼ g0 tð Þ,

u 1, tð Þ ¼ g1 tð Þ, 0≤ t≤ tfð Þ.
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To create a grid in the FDM, first define the problem domain and discretize it into
a grid by dividing the domain into equal intervals. In one spatial dimension, this
involves dividing the interval x0, xf

� �
into n subintervals, creating n + 1 grid points

where solutions will be calculated. The distance between each grid point, or incre-
ment, is denoted as Δx. If the problem also depends on time, select a time step Δt and
divide the time interval t0, tf

� �
into m subintervals, creating m + 1 time points, as

shown in Figure 7. This discretization converts differential equations into algebraic
equations that can be solved at each grid point, allowing the problem’s solution to be
approximated across the entire domain.

To apply the FDM to the Eq. (25), the domain t is divided into m sections and the
domain x into n sections such that Δt ¼ tf=m and Δx ¼ 1=n. Therefore, the interior
points are given by tj ¼ jΔt j ¼ 1, 2, … ,m� 1ð Þ and xi ¼ iΔx i ¼ 1, 2, … , n� 1ð Þ. The
solution at point xi, tj

� �
is represented as ui,j. The points involved in the calculations at

time steps j� 1, j and jþ 1 are shown in Figure 7.
Partial differential terms can be approximated by finite differences such as:

∂u
∂t

ffi 1
Δt

ui,jþ1 � ui,j
� �

(26)

∂
2u
∂x2

ffi 1

Δxð Þ2 ui�1,j � 2ui,j þ uiþ1,j
� �

(27)

By replacing the partial differential terms by the finite differences, we obtain a
linear system of equations for u at the node points:

ui,jþ1 � ui,j ¼ αΔt
Δxð Þ2 ui�1,j � 2ui,j þ uiþ1,j

� � ¼ r ui�1,j � 2ui,j þ uiþ1,j
� �

(28)

where r ¼ αΔt
Δxð Þ2. Solving for ui,jþ1, we have

ui,jþ1 ¼ r ui�1,j þ 1� 2rð Þui,j þ ruiþ1,j i ¼ 2, 3, … , n� 2ð Þ (29)

u1,jþ1 ¼ r g0,j þ 1� 2rð Þu1,j þ ru2,j i ¼ 1ð Þ (30)

un�1,jþ1 ¼ r un�2,j þ 1� 2rð Þun�1,j þ rg1,j i ¼ n� 1ð Þ (31)

The above procedure is known as an explicit scheme. For the solution to be stable,
it is required that r≤0:5.

Figure 7.
Mesh of the domain of x and t.
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Example 5: The temperature distribution in a bar of unit length is given by:

∂
2T
∂x2

¼ 1
α
∂T
∂t

(32)

0≤ t≤ tf ,ð0≤ x≤ 1Þ

The initial condition is given by T x, 0ð Þ ¼ 120°C and the ends are kept at 20°C on
the left side and 0°C on the right side of the bar, that is, T 0, tð Þ ¼ 20 and y T 1, tð Þ ¼ 0
(0≤ t≤ tfÞ. Make the temperature profile graph on the bar for: tf ¼ 750,
α ¼ 1:0x10�4 m2=s, m ¼ 80, n ¼ 1000. The Python file to solve the one-dimensional
heat conduction equation with these values is given below:

# Start: Parabolic PDE
import numpy as np
import matplotlib.pyplot as plt
from mpl_toolkits.mplot3d import Axes3D

def parabolic_pde(f, g0, g1, tf, n_x, n_t, alpha):
# Inputs
h = 1 / n_x # Length of subintervals in x
d = tf / n_t # Length of subintervals in t
r = alpha * d / h**2 # Stability parameter r, should be less than 0.5
print(f'The value of r is: {r}') # Print the value of r

# Vectors of variables x and t
x = np.linspace(0, 1, n_x + 1)
t = np.linspace(0, tf, n_t + 1)

# Initial and boundary conditions
T = np.zeros((n_t + 1, n_x + 1))
T[0, :] = f(x) # Initial condition: T(x,0)=f(x)
T[:, 0] = g0(t) # Boundary condition at x=0: T(0,t)=g0(t)
T[:, -1] = g1(t) # Boundary condition at x=1: T(1,t)=g1(t)

# Check stability condition
if r >= 0.5: # Ensure that the stability condition is satisfied
raise ValueError('r must be <= 0.5')

# Solve the PDE using the finite differences explicit method
for k in range(n_t):
T[k + 1, 1:-1] = r * T[k, :-2] + (1 - 2 * r) * T[k, 1:-1] + r * T[k, 2:]

# Plot results in 3D
X, Y = np.meshgrid(x, t)
fig = plt.figure()
ax = fig.add_subplot(111, projection='3d')
surf = ax.plot_surface(X, Y, T, cmap='viridis')

# Add color bar to show temperature scale
cbar = fig.colorbar(surf, ax=ax, shrink=0.5, aspect=5)
cbar.ax.set_ylabel('Temperature [°C]', fontsize=10)

ax.set_xlabel('Length [m], x', fontsize=10)
ax.set_ylabel('Time [s], t', fontsize=10)
ax.set_zlabel('Temperature [°C], T(t,x)', fontsize=10)
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plt.tight_layout() # Adjust margins for better layout
plt.show()

# Plot contour results
fig2, ax2 = plt.subplots()
CS = ax2.contour(X, Y, T, levels=6)
ax2.clabel(CS, inline=True, fontsize=10)

# Add color bar to contour plot
cbar2 = plt.colorbar(CS, ax=ax2, shrink=0.8)
cbar2.ax.set_ylabel('Temperature [°C]', fontsize=10)

ax2.set_xlabel('Length [m], x', fontsize=10)
ax2.set_ylabel('Time [s], t', fontsize=10)
plt.tight_layout() # Adjust margins for better layout
plt.show()

return T

# Define functions for initial and boundary conditions
f = lambda x: 120 # Initial condition: T(x,0)=f(x)
g0 = lambda t: 20 # Boundary condition at x=0: T(0,t)=g0(t)
g1 = lambda t: 0 # Boundary condition at x=1: T(1,t)=g1(t)

# Problem parameters
n_x = 80 # Number of subintervals in x
n_t = 1000 # Number of subintervals in t
tf = 750 # Final time
alpha = 1.0e-4 # Thermal diffusivity [m^2/s]

# Call the function to solve the parabolic PDE
T = parabolic_pde(f, g0, g1, tf, n_x, n_t, alpha)
#End

Python returns the value of r: The value of r is: 0.31999999999999995.
Additionally, Python displays the temperature profile graph and the contour plot

of the response surface in Figure 8:

Figure 8.
Temperature distribution in the bar.
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2.5.3 Elliptic PDE

To apply the FDM on an elliptic PDE, consider Laplace’s eq. [5]:

∂
2u
∂x2

þ ∂
2u
∂y2

¼ 0 (33)

on the domain x0 ≤ x≤ xf and y0 ≤ y≤ yf . The boundary conditions are:

u x0, y
� � ¼ qx0 y

� �
, u xf , y

� � ¼ qxf y
� �

u x, y0
� � ¼ qy0 xð Þ, u x, yf

� � ¼ qyf xð Þ

The domain x is divided into m sections and the domain y is divided into n sections
such that Δx ¼ xf � x0ð Þ=m and Δy ¼ yf � y0

� �
=n.

Second derivatives are replaced by central difference approximations
as follows:

∂
2u
∂x2

����
i,j
ffi 1

Δxð Þ2 uiþ1,j � 2ui,j þ ui�1,j
� �

(34)

∂
2u
∂y2

����
i,j
ffi 1

Δy
� �2 ui,jþ1 � 2ui,j þ ui,j�1

� �
(35)

where ui,j is the value of the function at the point xi ¼ x0 þ i Δxð Þ and
yi ¼ y0 þ j Δy

� �
.

For each interior point xi, yi
�

) with 1≤ i≤m� 1 and 1≤ j≤n� 1, the following
finite difference equation is obtained:

1

Δxð Þ2 uiþ1,j � 2ui,j þ ui�1,j
� �þ 1

Δy
� �2 ui,jþ1 � 2ui,j þ ui,j�1

� � ¼ 0 (36)

where ui,j ¼ u xi, yi
�

).
Solving ui,j from this equation gives:

ui,j ¼
Δy
� �2

2 Δy
� �2 þ Δxð Þ2
n o uiþ1,j þ ui�1,j

� �þ Δxð Þ2

2 Δy
� �2 þ Δxð Þ2
n o ui,jþ1 þ ui,j�1

� �
(37)

u0,j ¼ qx0 yj
� �

, , , um,j ¼ qxf yj
� �

ui,0 ¼ qy0 xið Þ ui,n ¼ qyf xið Þ

Example 6: A two-dimensional square plate is subjected to prescribed boundary
conditions as shown in Figure 9. Calculate the temperature distribution on the plate
using Laplace’s equation for heat transfer.

The equation of the system is

∂
2T
∂x2

þ ∂
2T
∂y2

¼ 0 (38)

on the domain 0≤ x≤0:2 and 0≤ y≤0:2.
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The boundary conditions are: T 0, y
� � ¼ 0; T 0:2, y

� � ¼ 0; T x, 0ð Þ ¼ 0; T x, 0:2ð Þ ¼
500

To solve this problem the Python file shown below is used. Python returns the
response shown in Figure 10.

# Start: Elliptic PDE
import numpy as np
import matplotlib.pyplot as plt

def elliptic_pde(qx0, qxf, qy0, qyf):
# Dimensions of the plate in x and y axes
x0 = 0 # Initial coordinate value on the x-axis
xf = 0.2 # Final coordinate value on the x-axis
y0 = 0 # Initial coordinate value on the y-axis
yf = 0.2 # Final coordinate value on the y-axis

# Input parameters
m = 40 # Number of divisions in the x domain
n = 40 # Number of divisions in the y domain
critico = 1e-8 # Convergence criterion
kmax = 10000 # Maximum number of iterations
delta_x = (xf - x0) / m # Increment in the x-axis
x = np.linspace(x0, xf, m + 1) # x vector
delta_y = (yf - y0) / n # Increment in the y-axis
y = np.linspace(y0, yf, n + 1) # y vector

Figure 9.
Two-dimensional square plate.

Figure 10.
Temperature distribution and two-dimensional plate surface contour.
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# Squared increments
delta_x_squared = delta_x**2
delta_y_squared = delta_y**2
delta_xy_squared = 2 * (delta_x_squared + delta_y_squared)

# Ratios used in the iterative solution
Ratio_x = delta_x_squared / delta_xy_squared
Ratio_y = delta_y_squared / delta_xy_squared

# Initialization of the temperature matrix T
T = np.zeros((n + 1, m + 1))

# Boundary conditions
for k in range(n + 1):

T[k, 0] = qx0(y[k]) # Left boundary
T[k, -1] = qxf(y[k]) # Right boundary

for k in range(m + 1):
T[0, k] = qy0(x[k]) # Bottom boundary
T[-1, k] = qyf(x[k]) # Top boundary

# Iterative solution using the finite difference method
for k in range(kmax):

T0 = T.copy()
for i in range(1, m):

for j in range(1, n):
T[j, i] = Ratio_y * (T[j + 1, i] + T[j - 1, i]) + Ratio_x * (T[j, i + 1] + T[j, i - 1])

# Check for convergence
if k > 1 and np.max(np.abs(T - T0)) < critico:

break

# Plot results in 3D
X, Y = np.meshgrid(x, y)
fig = plt.figure()
ax = fig.add_subplot(111, projection='3d')
surf = ax.plot_surface(X, Y, T, cmap='viridis')
# Add color bar to show temperature scale
cbar = fig.colorbar(surf, ax=ax, shrink=0.5, aspect=5)
cbar.ax.set_ylabel('Temperature [°C]', fontsize=10)

# Set axis labels, ticks, and title
ax.set_xlabel('x [m]', fontsize=10)
ax.set_ylabel('y [m]', fontsize=10)
ax.set_zlabel('T(x,y) [°C]', fontsize=10)
ax.set_title('Temperature of the plate for 0 <= x <= 0.2 and 0 <= y <= 0.2', fontsize=10)

# Set axis ticks to increments of 0.05
ax.set_xticks(np.arange(x0, xf + 0.05, 0.05))
ax.set_yticks(np.arange(y0, yf + 0.05, 0.05))

plt.tight_layout() # Adjust margins for better layout
plt.show()

# Plot contour results
fig2, ax2 = plt.subplots()
CS = ax2.contour(X, Y, T, levels=8)
ax2.clabel(CS, inline=True, fontsize=10)

# Add color bar to contour plot
cbar2 = plt.colorbar(CS, ax=ax2, shrink=0.8)
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cbar2.ax.set_ylabel('Temperature [°C]', fontsize=10)
# Set axis labels, ticks, and title
ax2.set_xlabel('x [m]', fontsize=10)
ax2.set_ylabel('y [m]', fontsize=10)
ax2.set_title('Temperature of the plate for 0 <= x <= 0.2 and 0 <= y <= 0.2', fontsize=10)
# Set axis ticks to increments of 0.025
ax2.set_xticks(np.arange(x0, xf + 0.025, 0.025))
ax2.set_yticks(np.arange(y0, yf + 0.025, 0.025))

plt.tight_layout() # Adjust margins for better layout
plt.show()

return T, x, y

# Definition of functions for boundary conditions
qx0 = lambda y: 0 # Boundary condition for x, left side
qxf = lambda y: 0 # Boundary condition for x, right side
qy0 = lambda x: 0 # Boundary condition for y, bottom side
qyf = lambda x: 500 # Boundary condition for y, top side

# Call the function to solve the elliptic PDE
T, x, y = elliptic_pde(qx0, qxf, qy0, qyf)
# End

2.6 Parametric identification in ordinary differential equations (ODE)

Parametric identification is valuable because it enables the determination
of model parameters based on experimental data, ensuring accurate system simula-
tions and predictions. This is crucial in fields such as control systems and
engineering. Alternative methods include nonparametric identification, which
uses techniques like neural networks without assuming a specific model structure;
Bayesian identification, which incorporates prior knowledge and uncertainties for
probabilistic parameter estimation; and gray-box modeling, which combines known
physical laws with data-driven approaches to identify unknown parameters. These
methods provide flexibility, depending on the problem’s requirements and
constraints [1, 2, 5].

Below is described, through an example, the application of a specific optimization
method for the parametric identification of a heat transfer mathematical model. In
this example, a Python optimization routine is used.

Example 7: A metal body is heated by an electric resistor (3 W) and is surrounded
by a fluid at 23°C. The mathematical model that represents the phenomena that occur
during this heating process is eq. (39):

mCp
dT tð Þ
dt

¼ UA T∞ � T tð Þ
� �þ ϵbodyσA T∞

4 � T tð Þ4
� �þQ (39)

The model parameters are: Initial temperature (T0Þ ¼ 23°C; ambient temperature
(T∞Þ ¼ 23°C; heat source (Q Þ ¼ 3 W; specific heat (CpÞ ¼ 500 J=kgK; surface area
(A) = 1.2 x 10�3 m2; mass (m) = 0.004 kg; Stefan-Boltmann constant (σ) = 5.67 x
10�8 W/m2K4; in addition, Table 2 shows the experimental values of the temperature
of the metallic body during the heating time. The objective of this problem is to find
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the values of U and ϵbody from the experimental data and the mathematical model
using nonlinear optimization techniques.

To solve this problem, the Python file shown below is used. In this code, curve_fit
is used as an optimization routine [4]. This function facilitates the adjustment of a
curve to a set of data using the nonlinear least squares method. Entering initial
parameter values is optional using curve_fit. The adjustment produces a set of param-
eters that describe the resulting curve.

# Start: Parametric Identification
import numpy as np
import matplotlib.pyplot as plt
from scipy.optimize import curve_fit
from scipy.integrate import odeint

# Experimental data
time = np.array([0, 25, 50, 75, 100, 125, 150, 175, 200, 225, 250, 275, 300, 325, 350, 375, 400, 425, 450, 475,
500])
xdata = np.array([296.15, 329.51, 355.26, 374.6, 388.78, 398.99, 406.22, 411.30, 414.82, 417.27, 418.95,
420.11, 420.90, 421.44, 421.81, 422.07, 422.24, 422.36, 422.44, 422.50, 422.54])

# Inputs
A = 1.2e-3 # Surface area [m^2]
m = 0.004 # Mass [kg]
cp = 500 # Specific heat capacity [J/kgK]
sigma = 5.67e-8 # Stefan-Boltzmann constant [W/m^2K^4]
Q = 3 # Heat input [W]
Ta = 23 + 273.15 # Ambient temperature [K]

# Mathematical model
def model(x, t, U, E):
return (U * A / (m * cp)) * (Ta - x) + (E * A * sigma / (m * cp)) * (Ta**4 - x**4) + Q / (m * cp)

# Function to integrate the model
def integrate(time, U, E):
x0 = 296.15 # Initial temperature [K]
x = odeint(model, x0, time, args=(U, E))
return x.flatten()

# Fit function for curve_fit
def fit_func(time, U, E):
return integrate(time, U, E)

# Optimization routine to find the best parameters U and E
params, params_covariance = curve_fit(fit_func, time, xdata, p0=[1e-5, 1e-5])
# Optionally, you can provide an initial guess for the parameters U and E, here: p0= [1e-5, 1e-5].

t [s] 0 25 50 75 100 125 150 175 200 225 250

T [°C] 296,2 329,5 355,3 374,6 388,8 399,0 406,2 411,3 414,8 417,3 419,0

t [s] 275 300 325 350 375 400 425 450 475 500

T [°C] 420,1 420,9 421,4 421,8 422,1 422,2 422,4 422,4 422,5 422,5

Table 2.
Experimental data on heating of the metal body.
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# Print the optimized values of U and E
print(f"The optimized value of U is: {params[0]}")
print(f"The optimized value of E is: {params[1]}")

# Plot results

t = np.linspace(0, 500, 100)
x = odeint(model, 296.15, t, args=(params[0], params[1]))
plt.plot(time, xdata, 'ko', label='Experimental data') # Experimental data points
plt.plot(t, x, 'k', linewidth=2, label='Fitted model') # Fitted model curve
plt.ylabel('Temperature, [K]')
plt.xlabel('Time [s]')
plt.legend()
plt.show()
# End

Python returns the following response: “The optimal value of U is:
9.965518003635731” and “The optimal value of ϵbody is: 0.9032070092490586”. In addi-
tion, Python returns Figure 11which shows experimental data and the fitted curve.

3. Conclusion

Numerical methods in heat transfer are essential for solving complex problems
that cannot be easily addressed using analytical methods. Commonly used methods
include the Newton-Raphson Method, Fixed-Point Method, Finite Difference Method
(FDM), Euler Method, and Runge-Kutta Method. These techniques offer robust tools
for achieving accurate solutions to heat transfer problems in diverse applications,
which were exemplified in this chapter.

In the chapter, various numerical methods used in heat transfer are compared,
highlighting their differences in terms of accuracy, computational efficiency, and
stability. The fixed-point method is simple but can be slow and does not always
converge, whereas the Newton-Raphson method is faster and more accurate but relies
on a good initial estimate. The finite difference method is efficient for problems with
regular geometries but may be less accurate for complex geometries. The Euler and

Figure 11.
Curve fitting to experimental data by curve_fit.
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Runge-Kutta methods are used to solve ordinary differential equations, with the
Runge-Kutta method being more accurate and stable than Euler’s method, although
more computationally expensive. Finally, Python’s solve_ivp function offers a versa-
tile and accurate solution for systems of differential equations, adapting the step size
to improve efficiency and accuracy. Stability is crucial in solving heat transfer equa-
tions because it ensures that numerical solutions do not diverge and remain signifi-
cantly meaningful over time.

Nomenclature

A heat transfer area (m2)
As surface area of sphere (m2)
Cp specific heat (J/kgK)
cp specific heat of metal sphere (J/kg K)
cp,c specific heat of fluid in the jacket (J/kgK)
cp,t specific heat of fluid in the tank (J/kgK)
D1 inner diameter of the pipe (m)
D2 outer diameter of the pipe (m)
D3 outer diameter of the insulation (m)
h∞1 internal convective heat transfer coefficient (W/m2°C)
h∞2 external convective heat transfer coefficient (W/m2°C)
hi average convection heat transfer coefficient inside the chimney

(W/m2°C)
ho convection heat transfer coefficient outside the chimney (W/m2°C)
kconcrete thermal conductivity of concrete (W/m°C)
kfiber thermal conductivity of fiberglass (W/m°C)
ksteel thermal conductivity of steel (W/m°C)
L pipe length (m)
m Metal body mass (kg)
mc mass of fluid in the jacket (kg)
_mc mass flow of fluid in the jacket (kg/s)
mt mass of fluid in the tank (kg)
q heat losses (W)
Q heat source (W)
T tð Þ Sphere temperature (K)
T 0ð Þ or Ti initial value of Temperature of the sphere (K)
Ti average temperature of the hot gases in the chimney (°C)
Tin temperature of the fluid at the jacket inlet (K)
Tc tð Þ temperature of the fluid in the jacket (K)
To ambient air temperature (°C)
Tsurroundings Air temperature surrounding the sphere (K)
Tt tð Þ temperature of the fluid in the tank (K)
T∞1 saturated steam temperature (°C)
T∞2 environment temperature (°C)
tf final processing time (s)
U overall heat transfer coefficient (W/m2K)
u represents the temperature variable (°C or K)
V volume of the metal sphere (m3)
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Greek letters
α thermal diffusivity (m2/s)
ϵbody emissivity of the metal body (dimensionless)
ϵsphere emissivity of the metal sphere (dimensionless)
ϵwall emissivity of the outer surface of the wall of the chimney (dimen-

sionless)
ρ density of the metal sphere (kg/m3)
σ Stefan-Boltzmann constant (W/m2K4)
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Chapter 3

Numerical Modeling of Heat
and Mass Transfer in the
Processes of Oil Deposits
Operation in a Deformable
Environment
Rasulov Mahir, Jalalov Garib and Sinsoysal Bahaddin

Abstract

In this chapter, a hydrodynamic model that allows taking into account the
heat and mass transfer process in a theoretical study of oil field development is
proposed. It is known that in solution of a nonlinear equations of the mathematical
model describing the filtration process, points “localization”, interior discontinuity,
etc., that requires an accurate approach at creation numerical methods. In
connection, three different finite-difference schemes that can correctly reflect
such physical properties are proposed. The first of the proposed finite difference
schemes allows for the calculation of the technological parameters of the
exploitation using homogeneous schemes that do not take into account the physical
properties in the equations, but its application to solving practical problems can
lead to certain inaccuracies. To overcome this drawback and make the right
decision when solving practical problems, an effective finite difference scheme in the
class of generalized functions is proposed. Based on the proposed algorithms,
computer tests were carried out on real and laboratory data. This model allows for
determining the technological parameters of the exploitation, as well as the actual
exploitation life.

Keywords: mass-heat transfer, deformable collector, weak solution, finite differences
in a class of generalized functions, auxiliary problem

1. Introduction

During the development of oil reservoirs, the fluids contained in them may
acquire a temperature different from the natural temperature of the reservoirs.
Temperature changes in productive reservoirs may be caused by various reasons,
depending on the nature of the filtration of natural fluids and the type of artificial
thermal impact on productive reservoirs during the application of a particular devel-
opment technology.
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Three main groups of reasons leading to non-isothermal filtration conditions can
be distinguished [1].

• The action of thermodynamic effects during the movement of reservoir fluids in
a porous medium

• barothermal effect (Joule-Thomson and adiabatic expansion effects);

• geothermal gradient;

• effect of phase transformations (during the release of dissolved gas, paraffin
precipitation, etc.);

• gravitational effect.

During field development, various combinations and combinations of the
above processes arise, which leads to a non-isothermal nature of filtration.
Thermal impact on the formation changes themain filtration parameters: fluid viscosity,
capillary forces, rheological properties of moving agents, etc. In this case, displacement
coefficients, phase permeabilities, etc., change, as a result of which the temperature
factor significantly affects both the current filtration characteristics and the final oil
recovery. When considering the hydrodynamics of non-isothermal filtration processes,
the use of differential equations is no longer sufficient. In this case, a new unknown
variable appears – temperature T, and the characteristics of the fluid (its density ρ and
viscosity coefficient η) change along with T: ρ ¼ ρ p,Tð Þ, η ¼ η p,Tð Þ: To close the
system of equations, it is necessary to additionally involve an equation that determines
the change in fluid temperature in time and space. This equation can be obtained by
writing down the law of conservation of energy (the first law of thermodynamics) for a
reservoir system. But the reservoir rocks and the fluids saturating them have different
thermodynamic and rheological properties. Therefore, when writing this law, it is
necessary to introduce two temperatures: the temperature of the liquid T and the
temperature of the skeleton Tsk.

General considerations show that the difference between the temperatures of the
liquid and solid phases during filtration should quickly disappear due to the huge heat
exchange surface between the fluids and the skeleton, so that the temperatures can be
considered equal [1].

Experience in oil field development shows that the complexity of the
physical processes that occur during the exploitation of the fields highlights the need for
a comprehensive new scientific approach in the creation of technological schemes. The
most important direction of these studies is the study of the mechanisms of mass
transfer of hydrocarbons and the transition between phases, taking into account
changes in pressure and temperature during the filtration of fluid in the formation. It is
important to take into account the impact of pressure and temperature changes in the
development of hydrocarbon fields on the performance.

Suppose that a circular oil reservoir with a deformed porous medium of
height H is exploited by a well with production Q and with radius rc: Suppose
that the permeability in the reservoir changes according to the law k ̅ pð Þ ¼
ak 1þ αk p� ps

� �� �
, where αk and ak are positive constants calculated from field

or laboratory data. The pressure in wellbore and contour of layer is pc and pk,
respectively.
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Determinate the dynamical distribution of the pressure and temperature functions
in the reservoir under these conditions is reduced to found to solution the following
system of equations, [1–7]1

β ∗ ∂p
∂t

¼ 1
r

∂

∂r
k pð Þ
μ

r
∂p
∂r

� �
, rc ≤ r≤ rk, t>0 (1)

Cpl
∂T
∂t

¼ ρf Cf
k pð Þ
μ

∂p
∂r

∂T
∂r

þ ε
∂p
∂r

� �
þ ηρf Cf

∂p
∂t

, rc ≤ r≤ rk, t>0 (2)

p r, 0ð Þ ¼ pc, rc ≤ r≤ rk (3)

T r, 0ð Þ ¼ Tc, rc ≤ r≤ rk (4)

p rk, tð Þ ¼ pk, t>0 (5)

2πk pð ÞH
μ

r
∂p
∂r

� � ����
r¼rc

¼ Q þ C
∂p
∂t

����
r¼rc

, t>0 (6)

T rk, tð Þ ¼ Tk, rc ≤ r≤ rk: (7)

When setting problems (1)–(7), the following physical assumptions are made:

• The well is complete according to its opening degree and character, that is, the
well was drilled along the entire height of the oil field, as shown in Figure 1,

• Oil filtration obeys Darcy’s law and it is non-isothermal,

• The pressure at the bed boundary is constant,

1

The first equation is the filtration equation obtained using the law of conservation mass equation and

Darcy’s law, which expresses the filtration rate, and the second equation expresses the energy of the layer

the derivation of this is given in Appendix A.

Figure 1.
Model of the layer.
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• The initial natural distribution of temperature along the layer is stable,

• The temperature of the fluid and porous medium is the same at any point in the
layer,

• Heat transfer in the radial direction of the layer is negligible compared to the
convective heat transfer,

• Influence of temperature changes in layer is not taken into account to the
parameters defining of porous medium and fluid,

• The variation of the permeability parameter of the layer based on the
deformation of the collector is expressed by a well-known empirical
formula.

It is clear that it is impossible to find an analytical, that is, exact, solution to this
problem. In this case, approximate methods of solution are necessary. One of the most
universal approximate methods of solution is the finite difference method. The appli-
cation of this method and the results obtained are closely related to the geometric
structure of the region. In the case under consideration, the fact that the region itself is
radial creates certain difficulties in applying the finite differences method. Therefore,
we first smooth the region of the problem under consideration by substituting x ¼ r2

4,
and simultaneously perform a dimensionless transformation in the system of equa-
tions. After performing these operations, the question under consideration takes the
following form:

∂p
∂τ

¼ ∂

∂x
x
k pð Þ
μ

∂p
∂x

 !
, xc ≤ x≤ xs, τ>0, (8)

p x, 0ð Þ ¼ p0, xc ≤ x≤ xs, (9)

4πk pð ÞH
μ

x
∂p
∂x

� ������
x¼xc

¼ ~Q þ ~C
∂p
∂τ

� �����
x¼xc

, (10)

p xs, τð Þ ¼ ps, τ>0, (11)

∂T
∂τ

¼ ~A
k pð Þ
μ

x
∂p
∂x

∂T
∂x

þ ~B
∂p
∂x

� �
þ ~D

∂p
∂τ

, xc ≤ x≤ xs, τ>0, (12)

T x, 0ð Þ ¼ T0, (13)

T xs, τð Þ ¼ Ts: (14)

Here,

τ ¼ k0
μ0r2kβ

∗ t, r0 ¼ rc
rk
, rs ¼ rk

rk
,

~Q ¼ μ0
Hk0pk

Q, ~C ¼ C
Hr2kβ

∗ ,
~A ¼ ρf Cf pkβ

∗

CSpl
, ~B ¼ pkε

Tk
, ~D ¼ ηρf Cf pk

CplTk
:
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As it is seen that one of the equations is nonlinear parabolic with respect to the
pressure function, and the other is hyperbolic with respect to the temperature function.

It is clear that the localization effect exists in the solution of the nonlinear parabolic
type equation that theoretically describes the pressure propagation process in the
reservoir [8–10]. This means that there is such a number T0 and points x ¼ l tð Þ by
t≥T0 p l tð Þ, tð Þ ¼ 0:

Here x ¼ l tð Þ denotes the front of distribution of pressure function. It is clear that
at the points x ¼ l tð Þ, ∂p

∂x does not exist. In this case, the points x ¼ l tð Þ become

discontinuity points of the second kind for ∂
2p
∂x2, which we will call interior discontinuity

points.
As it is note above in processes expressed by such equations, the support

of the solution can propagate over a finite distance in a finite time.
Mathematically, this means that the solution to the problem has weak
discontinuity points of second type, that is, supp

x
p x, tð Þ ¼ xc < x≤ l tð Þ, t>0f g, [4, 9].

In order words, the distribution of the pressure has the nature of localization. The
localization effect present in the pressure function affects also the dynamic distribu-
tion of the temperature field. In other words, the temperature front extends over a
finite distance in a finite time. This violates the smoothness of the both pressure and
temperature functions. Hence, the classical solutions to the considered problem
may not exist.

Before applying the finite difference method to problems (8)–(12), it can be
written as follows,

∂p
∂τ

¼ ∂w x, tð Þ
∂x

,

∂ T � ~Dp
� �

∂τ
¼ ~Aw x, tð Þ ∂

∂x
T þ ~Bp
� �

,

w x, tð Þ ¼ � k pð Þ
μ

x
∂p
∂x

:

Since � k pð Þ
μ x ∂p

∂x from a physical point of view, it represents the flow fluid than the
w x, tð Þ is continuous function. Taking into account the above properties of the both
functions p x, tð Þ and T x, tð Þ, we will introduce the following auxiliary system of
equations [11–15]. Let, D ∙ð Þ ¼ ∂ ∙ð Þ=∂x and if we apply D�1(∙) to both sides of the
system of equations, we get

∂

∂τ

ðx
xc
p ξ, τð Þdξ ¼

ðx
xc
w ξ, τð Þdξ, (15)

∂

∂τ

ðx
xc

T ξ, τð Þ � ~Dp ξ, τð Þ� �
dξ ¼

ðx
xc

~Aw ξ, τð Þ ∂

∂ξ
T ξ, τð Þ þ ~Bp ξ, τð Þ� �

dξ: (16)

System of (15) and (16) we shall say as auxiliary equations as it is seen from system
of Eqs. (15) and (16), the functions p x, tð Þ and T x, tð Þ outgoing in it can be discontin-
uous functions, which is an advantage before (8) and (12). Thus, the domain of the
functions p and T included in Eqs. (15) and (16) is extended up to class of weak
solutions.
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2. Finite difference scheme

For the problem under consideration, three different finite difference schemes
were constructed:

• Homogeneous finite differences schema,

• Hybrid finite differences schema,

• Finite differences schema in the class of discontinuous functions.

Above, we noted that solutions nonlinear parabolic type equations have some
properties that solutions linear equations do not have in differential equations: locali-
zation, a finite velocity movement of the front line of the excited region, etc. In the
literature, there are schemes in which finite difference schemes are constructed at the
nodes of the network without taking into account the features of the equations, and
solutions are obtained using standard formulas [16, 17].

2.1 Homogenous implicit scheme for pressure and temperature

Now, we cover the region xc, xs½ � � 0,T½ Þ by the following grid with a step of hx
and hτ, as

Ωhx,hτ ¼ xj ¼ xc þ jhx, j ¼ 0, 1, … , n; τk ¼ khτ, k ¼ 0, 1, 2, …
� �

:

The problem (8)–(14) at any points xj, τk
� �

of the grid Ωhx,hτ is approximated by
the following finite difference scheme as

Pj,kþ1 ¼ Pj,k 1� γ Rjþ1
2
xð ÞKjþ1

2
þ Rj�1

2
xð ÞKj�1

2

� �h i
þ γRjþ1

2
xð ÞKjþ1

2
Pjþ1,k

þγRj�1
2
xð ÞKj�1

2
Pj�1,k, j ¼ 1, 2, … , n� 1, k ¼ 0, 1, 2, …ð Þ

(17)

Pj,0 ¼ 1, j ¼ 0, 1, … , nð Þ, (18)

γ1
4πk P0,kð Þ

μ
P1,k � P0,kð Þ � γ1 ~Q ¼ ~C P0,kþ1 � ~C P0,k, (19)

Pn,k ¼ 1, τ>0, (20)

Tj,kþ1 ¼ Tj,k þ γ ~Axi
k Pj,k
� �
μ

Pjþ1,kþ1 � Pj,kþ1
� �Tjþ1,k � Tj�1,k

2
þ γ~ABxi

k Pj,k
� �
μ

Pjþ1,kþ1 � Pj,kþ1
� �2 þ γ1 ~D Pj,kþ1 � Pj,k

� �
, j ¼ 1, 2, … , n� 1; k ¼ 0, 1, 2, … ,ð Þ,

(21)

Tj,0 ¼ 1, j ¼ 0, 1, 2, … , nð Þ, (22)

T0,k ¼ 1, k ¼ 0, 1, 2, … ,ð Þ (23)

Here γ ¼ hτ
h2x
and the network functions Pj,k and Tj,k are approximate values of

functions p xj, τk
� �

and T xj, τk
� �

at an arbitrary points xj, τk
� �

of the network Ωhx,hτ ,
respectively. As can be seen, (17)–(23) is a classical explicit scheme and has
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O h2x þ hτ
� �

order of approximation accuracy. It can be easily shown that this scheme is
consistent. The for γ ≤0:5 convergence of this scheme is proven in [18], which also
undergoes by computer tests conducted numerous.

2.2 Hybrid finite difference scheme

Since the solution of the nonlinear parabolic type equation has a localization effect,
the classical solution of the Eq. (1) may not exist [8–10]. As stated, it is clear that the
properties of the order of differentiability of function p x, tð Þ is one unit less than the
order of differentiability required of Eq. (1) from the solution. This does not allow us
to solve the Eq. (8) by finite difference method. For this reason, account into consid-
eration (15) instead of Eq. (8), we will use the following equation:

∂

∂τ

ðx

xc

p ξ, τð Þdξ ¼ x
k pð Þ
μ

∂p x, τð Þ
∂x

� xc
k pð Þ
μ

∂p x, τð Þ
∂x

�����
x¼xc

, (24)

∂T
∂τ

¼ ~A
k pð Þ
μ

x
∂p
∂x

∂T
∂x

þ ~B
∂p
∂x

� �
þ ~D

∂p
∂τ

, xc ≤ x≤ xs, τ>0, (25)

As can be seen, in this case, we use the integro-differential Eq. (24) for the
pressure function equivalent to (1). The problem for this system of Eqs. (24) and (25)
we will call the first auxiliary problem.

As can be seen, Eq. (8) does not include the second derivative of the function
p x, tð Þ with respect to x, which does not exist. Thus, there is no difficulty in applying
the finite difference method to Eq. (8).

For Eqs. (24) and (25), the following finite difference scheme is proposed

P i,kþ1 ¼ P i,k �
Xi�1

j¼1

P j,kþ1�P j,k
� �þ 1

μ

hτ
h2x

xi k P i,kð Þ P i,k � P i�1,kð Þ � xcμ hτ
4πΗ hx

~Q þ ~C
P0,kþ1 � P0,kð Þ

hτ

� �
,

(26)

Tj,kþ1 ¼ Tj,k þ γ ~Axi
k P j,k
� �
μ

P jþ1,kþ1 � P j,kþ1
� �Tjþ1,k � Tj�1,k

2
þ γ ~ABxi

k P j,k
� �
μ

P jþ1,kþ1 � P j,kþ1
� �2 þ γ1 ~D P j,kþ1 � P j,k

� �
, j ¼ 1, 2, … , n� 1; k ¼ 0, 1, 2, … ,ð Þ:

(27)

The initial and boundary conditions for system of Eqs. (26) and (27) are

P xi, 0ð Þ ¼ ps, i ¼ 0, 1, 2, … , n, (28)

P xn, τkð Þ ¼ ps, k>0 (29)

Ti,0 ¼ 1, i ¼ 0, 1, 2, … , nð Þ, (30)

T0,k ¼ 1, k ¼ 0, 1, 2, … ,ð Þ: (31)

As can be seen, (26)–(31) is explicit scheme and also has O h2x þ hτ
� �

order of
approximation accuracy. It can be easily shown that this scheme is consistent. In
addition to Eq. (24) is conservative that shows own advantage. The for γ ≤0:5 con-
vergence of this scheme that also undergo by computer tests conducted.
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2.3 Finite differences schema in a class of generalized function

The above-mentioned localization property of the pressure, that is, a finite
velocity movement of the front line of the excited region function, also
violates the smoothness of the function expressing the temperature in the layer. In
other words, the temperature, as a function of pressure, spreads over a finite distance
in a finite time. Under these conditions, we can no longer apply in directly finite
difference method to Eq. (2). Therefore, in this section, instead of (2), we will
use Eq. (16).

Therefore, in this section, we will construct a difference scheme for the following
system of equations

∂

∂τ

ðx

xc

p ξ, τð Þdξ ¼ x
k pð Þ
μ

∂p x, τð Þ
∂x

� xc
k pð Þ
μ

∂p x, τð Þ
∂x

�����
x¼xc

,

∂

∂τ

ðx

xc

T ξ, τð Þ � ~Dp ξð , τÞ� �
dξ ¼ ~A

k p ξ, τð Þð Þ
μ

ξ
∂p ξ, τð Þ

∂ξ
T ξ, τð Þ þ ~Bp ξð , τÞ� ���x

ξ¼xc
�

�~A
ðx

xc

∂

∂ξ

k p ξ, τð Þð Þ
μ

ξ
∂p ξ, τð Þ

∂ξ

 !
T ξ, τð Þ þ ~Bp ξ, τð Þ� �

dξ,

In order to construct a finite differences scheme for (32), we will act as follows.
First, let us write this equation in the following form

∂

∂τ

Xi
j¼1

ðxj

xj�1

p ξ, τð Þdξ ¼ x
k pð Þ
μ

∂p x, τð Þ
∂x

� xc
k pð Þ
μ

∂p x, τð Þ
∂x

�����
x¼xc

:

After using the rectangular formula, we can write the following finite difference
scheme for the last equation

hx
hτ

Xi
j¼1

P j,kþ1 � P j,k
� � ¼ xi

k p xi, tkð Þð Þ
μ

P i,k � P i�1,kð Þ
hx

�

1
4πΗ

~Q þ ~C
P0,kþ1 � P0,kð Þ

hτ

� �
:

From here, we get

Pi,kþ1 ¼P i,k �
Xi�1

j¼1

P j,kþ1�P j,k
� �þ 1

μ

hτ
h2x

xi k P i,kð Þ P i,k � P i�1,kð Þ � xcμ hτ
4πΗ hx

~Q þ ~C
P0,kþ1 � P0,kð Þ

hτ

� �
:

(32)

The finite difference equivalent for Eq. (33) is obtained in a similar
manner
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T ξi, τkþ1ð Þ ¼ T ξi, τkð Þ þ ~D
Xi
j¼1

P ξj, τkþ1

� �
� P ξj, τk

� �h i
�
Xi�1

j¼1

T ξj, τkþ1

� �
� T ξj, τk

� �

þ hτ
h2x

~A
k P ξi, τkð Þ
� �

μ
ξi P ξiþ1, τkð Þ � P ξi, τkð Þ� �

T ξi, τkð Þ þ ~BP ξi, τkð Þ� �

�~A
hτ
hx

μ

4πH
~Q þ ~C

P ξi, τkþ1ð Þ � P ξi, τkð Þ
hτ

� �����
x¼xc

T ξi, τkð Þ þ ~BP ξi, τkð Þ� ���
ξ¼xc

�
~Ahτ
μh2x

Xi
j¼1

k P ξjþ1, τk
� �� �

ξjþ1 P ξjþ2, τk
� �

� P ξjþ1, τk
� �� �n

�k P ξj, τk
� �� �

ξj P ξjþ1, τk
� �

� P ξj, τk
� �� �o

T ξj, τk
� �

þ ~BP ξj, τk
� �� �

i ¼ 1, 2, … , n; k ¼ 0, 1, 2, … ,ð Þ:
(33)

As in the previous sections, the initial and boundary conditions for the system of
Eqs. (32)–(33) have the form (28)–(31).

Schemes (32) and (33) are explicit schemes and also have O h2x þ hτ
� �

order of
approximation accuracy. It can be easily shown that this scheme is consistent. In
addition to Eqs. (32) and (33) are conservative and show own advantages. The for
γ ≤0:5 convergence of this scheme is also undergone by computer tests conducted.

3. Analysis of calculation results of the computer calculations

Computer tests were carried out based on algorithms (17)–(23) and by given
physical parameters, assuming that the absolute permeability of the formation obeys
the law k ̅ pð Þ ¼ ak 1þ αk p� ps

� �� �
[19].

Figure 2.
Time dependence graphs of the dynamic viscosity of the wellbore pressure drop at the specified value of
μ ¼ 0:5∙10�4mPa∙s, and at different values of permeability; (1) k ¼ 0:005∙10�12 m2, 2ð Þ k ¼ 0:01∙10�12 m2,
(3) k ¼ 0:05∙10�12 m2:
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Under computer tests using the proposed algorithms, only the influence of various
parameters on the change in bottomhole pressure and temperature with respect to
time was studied. However, the physical interpretation of the results obtained is
briefly given in the corresponding captions of figures.

Figures 2–11 showed the time dependence graphs of the thermophysical and
filtration-capacity parameters of the fluid temperature at the well bore. It is clear that
the change in pressure in the oil reservoir occurs only due to the well, which in turn
leads to a change of temperature in the reservoir. Figures 2 and 3 showed the time
dependence graphs of the pressure and the fluid temperature at the wellbore,

Figure 3.
Graphs of time dependence at different values of viscosity at the specified value of permeability
k ¼ 0:05∙10�12 m2, and at different values of viscosity: (1) μ ¼ 1∙10�10mPa∙s, (2) μ ¼ 0:5∙10�10mPa∙s, (3)
μ ¼ 0:7∙10�10mPa∙s:

Figure 4.
Graphs of time dependence of the temperature drop at the output of the layer at the specified of value
μ ¼ 0:7∙10�4mPa∙s, and at different values of permeability: (1) k ¼ 0:01∙10�12 m2, 2ð Þ k ¼ 0:005∙10�12 m2

and (3Þ k ¼ 0:05∙10�12m2.
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respectively. These results show that the change in pressure in the well does not
depend on the thermobaric parameters but only on the parameters of the filtration
capacity (Table 1).

Temperature anomaly is observed when changes in the value of the Joule-
Thomson` coefficient more dramatically affect the distribution of the temperature
field over time (Figure 6). In the variant under consideration, with an increase in the
value of the parameter ε, the difference between the temperature drops is about 70–
75% compared to approximate 0:1

°C
MPa.

As can be seen from the graph of the dependence of the temperature drop at the
outlet of the formation on the deformation coefficient (Figure 8), the deformation

Figure 5.
Graphs of the time dependence of the temperature drop at the output of well bore for a given value k ¼
0:05∙10�12m2 and for different viscosity values: (1) μ ¼ 1∙10�10 mPa∙s, (2)
μ ¼ 0:5∙10�10mPa∙s, 3ð Þ μ ¼ 7∙10�10mPa∙s.

Figure 6.
Graphs of time dependence of the temperature drop at the outlet of the layer at the given value of the Joule-
Thomson coefficient ε ¼ 0:4

°C
MPa and at different values of the specific heat capacity of the liquid: (1)

Cfluid ¼ 1500 J
kg∙°C, (2) Cfluid ¼ 1850 J

kg∙°C , (3) Cfluid ¼ 2100 J
kg∙°C.
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process in the rock during the development of the formation has an insignificant
effect on the temperature anomaly.

Using the algorithm written for system of Eqs. (32) and (33) within initial and
boundary conditions of (28) and (31), carry out computer test and count up the
distribution of the pressure function along the layer at a given value of time has been
analyzed using and the obtained result is shown in Figure 11.

As can be seen from the figure, the propagation speed of the pressure function in
the scheme written in the class of generalized functions by comparison is closer to the
physical propagation speed (Figure 12).

Figure 7.
Graphs of the dependence of the temperature drop at the output of the formation at the given value of heat capacity
of the liquid Cfluid ¼ 1880 J

kg∙°C and at the different values of the Joule-Thomson effect: (1) ε ¼ 0:1
°C
MPa, (2)

ε ¼ 0:3
°C
MPa, (3) ε ¼ 0:4

°C
MPa.

Figure 8.
Dependence of the pressure drop at the outlet of the formation on the well deformation factor: (1) the case αk ¼ 0;
(2) the case αk ¼ 1.
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Some of the materials presented in this work have been partially published in the
works [20, 21].

4. Conclusions

• A hydro-thermodynamic model of the process of heat and mass transfer formed
in the conditions of nonstationary filtration of a liquid in a porous medium layer
with a deformed collector is proposed and algorithms for numerical solutions are
developed. The effect of the parameters included in the model to exploiatation
process has been studied.

Figure 9.
Dependence of the temperature drop at the outlet of the layer on the deformation factor: (1) the case αk ¼ 0, (2)
the case αk ¼ 1.

Figure 10.
Dependence of the pressure drop at the outlet of the formation on the coefficient of impact of the wellbore volume:
(1) the case C ¼ 0; (2) the case C ¼ 1.
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Physical quantities Numeric values

β ∗ 1:0∙10�4

k 0:05∙10�12

μ 7:0∙10�10

rc 0:1

rk 0:2∙102

Cpl 1800

Csr 1:8∙103

Cf 1:5∙103

ρf 8:5∙102

m 0:2

ε 0:4

pk 40:2

pc 40.2

Tk 65

H 15

Q 1:157∙10�4

ak ¼ Aþ Bpk � C pqor A ¼0.832, B ¼ 0:8147∙10�2, C = 0.0023

pqor 96.6

η 1, 5∙10�2

Table 1.
Values of physical parameters utilised in computer tests.

Figure 11.
Dependence of the temperature drop at the outlet of the formation on the coefficient of impact of the wellbore
volume: (1) the case C ¼ 0; (2) the case C ¼ 1.
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• Based on the results of numerical calculations, it was found that the
thermophysical and filtration-capacity parameters have different effects on the
distribution of pressure and temperature areas in the formation, which are
important to consider in solving practical problems related to field development,
including well thermometry.

• The proposed algorithms correctly reflect the dynamic distribution of pressure
and temperature functions in the considered problems in principle, which allows
for determining the technological parameters accurately. However, the results
obtained using a homogeneous difference scheme show that the speeds of the
numerical (mathematical) fronts of the pressure and temperature functions are
greater than the speed of the physical front (CFL condition), which means that
the time of exploiatation of layer ends faster.

• A hybrid finite difference scheme, the results obtained show that the speed of the
numerical front of the pressure distribution is less rather than the speed of the
numerical front of pressure propagation in the previous scheme proposed. This
change, in turn, reduces the motion temperature front.

• Finally, the last third finite difference scheme, that is, the finite difference
scheme proposed in the class of generalized functions, shows that the speeds of
movement of the fronts of the pressure and temperature functions are closer to
the natural physical speed of propagation of movement. This confirms that the
time exploitation of a layer is longer and ensures that it can bring high profits.

Nomenclature

β ∗ elastic capacity coefficient of the reservoir 1
MPa

� �
k permeability coefficient μm2½ �
μ dynamic viscosity mPa∙s½ �
rc radius of the well m½ �

Figure 12
Distribution of the pressure function along the layer at a given value of time
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rk radius of the layer m½ �
t time variable s½ �
Cpl volumetric heat capacity of the reservoir J

m3∙K

� �
Csr specific heat capacity of the rock J

kg∙K

h i

Cf specific heat capacity of the fluid J
kg∙K

h i

ρf density kg
m3

h i

m porosity
ε Joule-Thomson coefficient K

MPa

� �
η coefficient of adiabatic expansion K

MPa

� �
pk reservoir pressure MPa½ �
Tk reservoir temperature K½ �
H reservoir thickness m½ �
Q well debit m3

s

h i

C borehole influence coefficient m3

MPa

h i

A. Derivation of the energy equation for a single-phase
filtration flow

The energy balance equation in formations taking into account various factors was
considered by Chekalyuk [1].

For a one-dimensional fluid flow in the direction of the x-axis in a cylindrical
element of length dx and cross-sectional area ω, the relationship expressing the energy
balance for the fluid-porous medium system has the form [1]:

d U þMð Þ ¼ δA εð Þ þ δQ εð Þ, (A1)

where U is the internal energy of a certain volume of fluid and skeleton, M is the
energy of the fluid in the field of potential forces, δQ εð Þ is the amount of heat received
by the volume under consideration from the outside; δA εð Þ is the work done on it by
external forces, written as

d U þMð Þ ¼ ∂

∂t
mρuþ 1�mð Þρckuck þmρgz½ �ωdxdt (A2)

where m is the porosity; ρsk is the density of rock grains; z is the elevation mark; u
and usk are the internal energy of a unit mass of liquid and skeleton, respectively.

The heat flow vector in this case can be expressed as

q ¼ ρuw� λ
∂T
∂x

(A3)

Heat enters through sections x and leaves through section xþ dx. Therefore

δQ εð Þ ¼ � ∂q
∂x

dxωdt ¼ ∂

∂x
λ ∂T � ρuwð Þωdxdt: (A4)
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The work of external forces δA εð Þ performed during movement from section x to
position x + dx, consists of the work of the pressure forces δA εð Þ

p and the force of

gravity δA εð Þ
g , which are respectively equal to:

δA εð Þ
p ¼ p xð Þw xð Þ � p xþ dxð Þw xþ dxð Þ½ �ωdt ¼ � ∂

∂x
pwð Þ dxωdt;

δA εð Þ
g ¼ ρ xð Þgz xð Þw xð Þ � ρ xþ dxð Þgz xþ dxð Þw xþ dxð Þ½ �ωdt ¼ � ∂

∂x
ρgzwð Þdxωdt:

From here we find:

δA εð Þ ¼ � ∂

∂x
ρwþ ρgzwð Þωdxdt: (A5)

Substituting (A2), (A4) and (A5) into equality (A1) and canceling out ωdxdt, we
obtain

∂

∂t
mρuþ 1�mð Þρskusk þmρgz½ � ¼ ∂

∂x
λ
∂T
∂x

� ρuw� pw� ρgzw
� �

: (A6)

Using the continuity equation for a one-dimensional flow in the form

∂ mρð Þ
∂t

þ ∂ ρwð Þ
∂x

¼ 0,

Eq. (A6) is transformed as follows:

∂ mρuð Þ
∂t

þ ∂ ρuwð Þ
∂x

¼ u
∂ mρð Þ
∂t

þ ∂ ρwð Þ
∂x

� �
þmρ

∂u
∂t

þ ρw
∂u
∂x

¼ ρ m
∂u
∂t

þ w
∂u
∂x

� �
;

∂ ρwð Þ
∂x

¼ ∂

∂x
p
ρ
ρw

� �
¼ p

ρ

∂

∂x
ρwð Þ þ ρw

∂

∂x
p
ρ

� �
¼ p

ρ

∂ mρð Þ
∂t

þ ρw
∂

∂x
p
ρ

� �
;

∂

∂t
mρgzð Þ þ ∂

∂x
ρgzwð Þ ¼ ρgw

∂z
∂x

:

In addition, the last equality takes into account the condition of stationarity and
homogeneity of the gravitational field: ∂ gzð Þ

∂t ¼ 0, g ¼ const:
After these transformations, Eq. (A6) takes the form

mρ
∂u
∂t

þ ∂

∂t
1�mð Þρsk usk½ � þ ρgw

∂z
∂x

þ ρw
∂

∂x
uþ p

ρ

� �
� p

ρ

∂ mρð Þ
∂t

¼ ∂

∂x
λ
∂T
∂x

� �

(A7)

Taking into account that

mρ
∂u
∂t

� p
ρ

∂ mρð Þ
∂t

¼ mρ
∂

∂t
uþ p

ρ

� �
� ∂ mpð Þ

∂t

enthalpy is introduced
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i ¼ uþ p
ρ

(A8)

and the internal energy of a unit volume of the solid skeleton of the rock is
expressed proportionally to its temperature

1�mð Þρsk usk ¼ cskT, (A9)

where csk � volumetric heat capacity of the skeleton [J/(m3 K)], and (A7) is
represented as

mρ
∂i
∂t

þ csk
∂T
∂t

þ ρgw
∂z
∂x

þ ρw
∂i
∂x

� ∂ mpð Þ
∂t

¼ ∂

∂x
λ
∂T
∂x

� �
: (A10)

The total differential of enthalpy in variables p and T is written in the form

di ¼ cp dT þ εidpð Þ, (A11)

where cp is the isobaric heat capacity of the fluid cp ¼ ∂i
∂T

� �
; εi is the Joule-Thomson

coefficient.
From equality (A11) we find:

∂i
∂t

¼ cp
∂T
∂t

þ εi
∂p
∂t

� �
;
∂i
∂x

¼ cp
∂T
∂x

þ εi
∂p
∂x

� �
:

Substituting these expressions into (A10), we obtain, after transformations, the
desired energy equation for a one-dimensional filtration flow:

cp
∂T
∂t

þ ρwcp
∂T
∂x

þ εi
∂p
∂x

þ g
cp

∂z
∂x

� �
�mρcp ηs

∂p
∂t

¼ ∂

∂x
λ
∂T
∂x

� �
(A12)

Here, it is taken into account that the porous medium is non-deformable,
that is, ∂m

∂t ¼ 0 and the following notations are introduced: cπ ¼ mρcp þ csk—
heat capacity of the saturated porous medium; ηs ¼ 1

ρcp
� εi—adiabatic cooling

coefficient.
Eq. (A12) expresses the fact that the change in temperature of the skeleton-fluid

system cπ ∂T
∂t

� �
is determined by the following factors:

1.convective heat transfer ρwcp ∂T
∂x ;

2. throttling effect ρwg ∂z
∂x

3.the transformation of the potential energy of the gravity field into thermal
ρwg ∂z

∂x ;

4. the effect of adiabatic cooling �mρcpηs
∂p
∂t

� �
;

5. thermal conductivity ∂

∂x λ ∂T
∂x

� �
:
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Eq. (A11) can be generalized to the case of three-dimensional flow:

cp
∂T
∂t

þ ρcpw
! ∇T þ εi∇pþ g!

cp

 !
�mρcp ηs

∂p
∂t

¼ div λ∇Tð Þ:
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Chapter 4

Modern Dimensional Analysis
Involved in Heat Transfer Problems
Ioan Száva,Teofil-Florin Gălățanu and Ildikó-Renáta Száva

Abstract

This chapter introduces a simplified and efficient approach to dimensional analy-
sis, namely the so-called modern dimensional analysis (MDA). MDA is a simple, safe
and user-friendly version of the dimensional methods that are currently widely appli-
cable to several engineering problems, such as heat transfer, load-bearing capacity, as
well as fire protection of buildings. MDA provides a unique and very simple way to
obtain the complete Model Law (ML), which governs the prototype-model correla-
tion. The inferred ML, based on the results of experimental investigations performed
exclusively on the attached reduced-scale model, will predict the behaviors of the full-
scale prototype. Through its facilities, MDA makes sure to attach the most suitable
and flexible model to the prototype and thereby: to obtain in the best manner the
required information regarding the given prototype. In this chapter, the currently
used dimensional methods are described one by one, along with their advantages and
limitations; the MDA principle, with its indisputable advantages; its main stages;
useful applications of MDA in the field of heat transfer, as well as a series of conclu-
sions of the authors based on more than 25 years of experience in the application of
this very efficient and user-friend method. Section 2 describes the advantages and
limitations of the geometric analogy, similarity and classical dimensional analysis,
while Section 3: MDA with its main stages and advantages compared to the rest of the
classical methods. By comparing them, the reader can confirm or deny the correctness
of the authors’ claim regarding the remarkable efficiency of MDA.

Keywords: heat transfer, dimensional analysis, prototype-model correlation, fire
protection, load-bearing capacity, experimental validation

1. Introduction

In-depth knowledge of the heat transfer phenomenon is important not only from a
theoretical point of view but also from a practical point of view, such as the fire
resistance of the buildings. Fire resistance represents the time in which the involved
structural element maintains its intended function during the action of fire. Starting
from this aspect, engineers looked for different ways of approaching the heat transfer
in the resistance elements of the structures, in order to predict the propagation of heat
in them as accurately, simply and safely as possible.

In the present case, the focus is only on the heat transfer in the structural elements,
without touching the theoretical elements specific to the heat transfer. It is well-
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known that as the temperature rises, the load-bearing capacity of these structural
elements decreases significantly, which will lead to their premature deterioration,
before the people and material goods in these buildings can be saved.

The main factors on which fire resistance depends must be specified, such as they
are: the load-bearing capacity or mechanical strength (the ability to maintain the
initial structural integrity of the building during a real or simulated fire), the integrity
of involved materials, or their tightness (their ability to stop both the heat and flames
through the involved structure subjected to fire), thermal insulation quality/perfor-
mance of the used/involved materials (their capacity to limit as much as possible the
growing of the temperature on the unexposed side of the structural element).

Subsequently, based on this information, the most effective fire protection solutions
for buildings can be developed. In this field, but not only, nowadays, it has become very
widespread to replace experimental investigations on real parts (prototypes) with those
carried out on parts attached to them, made on a convenient scale, called models.

There is no reference to a specific way of selecting fire protection solutions with
the help of MDA, but only to the fact that, based on the results of heat propagation
along the structural elements, MDA helps to obtain a precise (predicted) map of the
thermal fields, and based on them, the decision can be made regarding the most
efficient type (solution) of the thermal protection.

Thus, with the help of dimensional methods, which provide model-prototype
correlations through the ML, it becomes possible to replace expensive, cumbersome
and difficult-to-repeat investigations on the prototype with sets of experimental mea-
surements performed strictly on the attached model.

The correlation of the measurement data obtained on the model with the prototype
behavior prediction is carried out with the help of MLs of different dimensional methods.

It should be noted that the MLs are not identically/uniquely/defined by the differ-
ent dimensional analysis methods, obviously depending on the assumptions accepted/
realized. Obviously, the more accurately the model reflects the behaviors of the
prototype, the closer these elements of MLs are to reality.

In the following, the different dimensional methods currently used will be criti-
cally analyzed, which offer solutions to approach the propagation of heat that could
flow in structural elements.

2. The currently used dimensional methods

2.1 Geometric analogy and similarity theory

In the beginning, the geometric analogy (GA) was used, which assumes a strict
geometric similarity between the prototype and model, which significantly restricted
its applicability only to simple cases, less applicable to the heat transfer problem [1].

Subsequently, similarity theory (ST) was developed, which, even though it still
imposed a geometric similarity, provided solutions for a wider range of problems [2–
5]. This was possible, both by the assumption of functional similarity (i.e., similar
processes/phenomena occur in the prototype and in the model at similar points and
times) and by introducing scale factors, defined for each σ variable involved, in the
form of ratios constants, that is

Sσ ¼ σ2
σ1

�ð Þ (1)

where always σ2 refers to the model and σ1 to prototype.
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Also, to the best of the authors’ knowledge, problems such as nonlinear or tran-
sient heat transfer phenomena being particularly complex can only be solved with the
help of real dimensional analysis, analyzed in the following.

2.2 Classical dimensional analysis

For the analysis of complex phenomena, such as that of thermal transfer in struc-
tural elements, based on Buckingham’s π theorem, hereafter called Classical Dimen-
sional Analysis (CDA), was developed and thoroughly analyzed in the specialized
literature [5–19].

In principle, CDA uses a finite number of πj, j ¼ 1, … , n dimensionless variables,
which constitute the so-called ML and substitute the set of real variables related to the
analyzed phenomenon.

2.3 Shortcoming of the classical dimensional analysis

Even if at first sight CDA would represent the solution for the relevant and
efficient analysis of complex phenomena, such as that of heat transfer, we still have to
highlight some significant shortcomings, which place this method in the field of the
difficult and difficult to achieve by common engineers/specialists.

The first major set of shortcomings results from the very way of obtaining this set
of the πj, j ¼ 1, … , n dimensionless variables, which constitute ML.

As is known, this ML can be obtained either:
By direct use of Buckingham’s π theorem.

• Through equations with partial differences, which will process the analytical
relationship(s) related to the analyzed phenomenon.

• A convenient grouping of the variables from the relations that describe
the phenomenon is carried out in order to obtain the set of dimensionless
variables.

All these cases require/presuppose a thorough knowledge of higher mathematics,
but also of the analyzed phenomenon, which for ordinary engineers/specialists is a
difficult criterion to fulfill.

Regarding the first approach, that is, the direct application of Buckingham’s theo-
rem, the following shortcomings appear:

• As is well known, in Buckingham’s theorem, the set of variables on which the
phenomenon depends is defined for the first time. From this crowd, in rather
chaotic way (depending on the previous experience of the researcher, or simply
involuntary), those variables are chosen (which in MDA we will define, based on
a unique-, and rigorous protocol, as independent variables, and which we will
place in matrix A, as will be seen in Section 3.1), with the help of which the set of
dimensionless variables will be determined, based on the rest of variables in the
next step.

• Depending on the exponents of independent variables dimensions (named the
primary dimensions, as will be defined in Section 3.1), for the rest of the variables
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(which we will define as dependent variables and which will constitute in MDA
the matrix B), by solving a system of linear equation, will be determined the
corresponding exponents and with their help: the desired/required
dimensionless groups; further clustering of these dimensionless entities will
eventually produce ML.

• The CDA does not allow the direct highlighting of the independent variables, that
is, their conscious placement in the matrix A, precisely defined in MDA.
Consequently, CDA cannot ensure the design of flexible models (perfectly
adaptable to the intended purpose), that is, models that, based on a protocol of
experimental measurements, provide as simple-, safe-, repeatable-, and at a
minimal cost the data necessary for the adequate description of the behaviors of
the prototype.

• In addition, CDA does not allow the direct introduction into matrix B (so into the
set of dependent variables and, thus, into the dimensional set, defined in Section
3.1) of the similarity criteria (or dimensionless standard products) Re, Nu, Gr,
etc., which can be included between the elements of ML only either by using
their theoretical defining relations or by a rather laborious grouping of the given
independent variables. In the latter case, determining the powers/exponents to
which these independent variables must intervene requires additional effort on
the part of the user.

• The determination of the exponents of the independent variables in order to
obtain the ML terms, according to the authors’ best knowledge, is done only by
the traditional and rather laborious method of solving the system of linear
equations, while in MDA, how we will observe in Section 3.1, it results directly,
without complicated calculi, based on a simple and straightforward protocol.

• Compared to this, in MDA, if the main goal is pursued in the determination of
these similarity criteria (Re, Nu, Gr, etc.), then, also based on the unique
protocol, the set of independent variables will be chosen accordingly.

In the case of the other two approaches in obtaining the ML, the following diffi-
culty can be mentioned, namely:

• The methods of forming dimensionless groups based on existing analytical
relations, which describe the analyzed phenomenon, limit from the beginning the
possible number of these elements (i.e., dimensionless groups), which again
contributes to obtaining incomplete MLs.

Also, the identification of this set of πj, j ¼ 1, … , n dimensionless variables are
always accompanied by:

• quite chaotic approach, uncertain, difficult and dependent on the previous
experience of the respective specialist;

• obtaining full ML only in completely and completely particular cases, precisely
because of the few analytical relations we have at our disposal, as well as the way
in which Buckingham’s theorem is applied;
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• the impossibility of ensuring a correlation of the maximum model-prototype
flexibility, so necessary for simple, safe, repeatable experimental investigation
and at a minimum price of cost per model;

• by the flexibility of the model in relation to the analyzed prototype, we mean
finding that solution, that is, that set of independent variables, which ensures the
design of a model as simple as possible, useful and with rigorously repeatable
experimental investigations;

• the impossibility of eliminating those variables, which have a negligible influence
on the respective phenomenon;

• the impossibility of prior selection of those variables that can define an optimal
model, that is, the independent variables defined in a unique and safe manner in
MDA (see Section 3.2);

• the number of differential equations, respectively, relations in general, that
describe the studied phenomenon, is limited, and therefore, obtaining the
complete ML is difficult to achieve;

• obtaining the complete ML, in the case of phenomena of great complexity, such
as in the case of the heat transfer phenomenon and fire protection, requires in
most cases a larger number of dimensionless variables from where the desired
ML can be finally obtained.

In the authors’ opinion, due to these disadvantages, CDA remains a more theoret-
ical than a practical engineering method (one that is easy to use).

In order to illustrate the application of CDA in thermal problems, a study related to
the behavior of RC beams is provided in [20].

In this sense, the author of [20] presents an interesting and original fluid-to-fluid
modeling technique in order to model a thermal-hydraulic phenomenon in a working
fluid (usually water) by using a special modeling fluid (usually a member of the Freon
family). In order to convert the obtained experimental results from Freon (the assigned
model) to water (the prototype), the author defined several dimensionless groups,
starting from the influencing factors of thermal equilibrium. By applying Buckingham’s
theorem, were established the main dimensionless groups, the comparison of the
predicted and calculated values as well as the obtained uncertainty. The so-obtained and
validated ML was applied to other fluids with promising results. The single remark of the
authors of this chapter refers to the little bit of a complicated modality/manner in obta-
ining the demanded ML in comparison with the MDA protocol, as presented in Section 3.
This ML can be obtained more easily by predefining the entire set of the influence vari-
ables, from where those that have a major influence on the development of the experi-
ments expected on the attached model can be selected. Later, based on the single and
simple protocol, by applying the MDA, all the elements of the ML will be easily result.

3. Modern dimensional analysis (MDA)

Compared to these, the dimensional analysis protocol developed by Szirtes in
works [21, 22], hereinafter referred to as modern dimensional analysis (MDA), will
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practically eliminate all the shortcomings of previous methods, which can be easily
demonstrated, based on the careful analysis of its stages, (in Section 3.1) and its
below-presented facilities (in Section 3.2).

3.1 Calculation steps

First of all, all the variables are chosen, along with their dimensions, which could
influence, to a greater or lesser extent, the analyzed phenomenon. It should be men-
tioned from the beginning that the protocol developed in papers [21, 22] ensures the
automatic elimination of variables that do not influence the given phenomenon,
which will be detailed later in the analysis of the dimensional set.

From this set of variables, a set of 3… 6 variables is chosen, which are directly
related to the experimental measurements, which will be performed exclusively on
the model attached to the prototype. These variables will be called independent vari-
ables, and the dimensions that describe them are primary dimensions.

Bearing in mind that there are nine base units in the International System, only
four of which (length, mass, time and temperature) can currently be associated with
heat transfer, even if dimension-splitting facilities are used. The dimension splitting is
recommended to be applied only with reference to length, because that with mass is
particularly dangerous, offering relationships that do not fully satisfy the principles of
dimensional analysis [21, 22].

Consequently, in the limiting case (in the best case), we will have a
maximum of six primary dimensions mx,my,mz, kg, s, t

� �
, and correspondingly, a

square matrix A with six independent variables and six primary dimensions, so a
6x6 matrix, which is based on the protocol elaborated in the references [21, 22],
must necessarily be non-singular, otherwise the basic relation offered by these
references cannot be applied, that is, det Aj j 6¼ 0. Moreover, a similar condition, even
if not expressly noted, also appears in the CDA, where a linear system of equations
must be solved in order to obtain the exponents of the predefined primary
dimensions.

The authors, in the framework of theoretical analysis and experiments on the
phenomenon of heat transfer, respectively, of fire protection, used the two variants of
independent variables, which they presented in Section 4.

Although the authors have not analyzed nonlinear heat transfer problems, one
does not see how more variables and dimensions could be involved in the formation/
constitution of the A matrix.

In these particularly complex cases, such as those of nonlinear phenomena, the set
of independent variables must be chosen very carefully, and the authors are sure that
a properly chosen matrix A can solve and must be large enough to describe these
nonlinear phenomena as well.

In this sense, it can be mentioned that the author of the contributions [21, 22]
solved non-stationary heat transfer problems based on the use of graphs and nomo-
grams with coordinates formed from the elements (and their combinations) of the
deduced ML, that is, with dimensionless variables, without exceeding this number of
maximum six independent variables.

Practically, for the selection of independent variables, in addition to the fact that
they ensure an optimal experimental investigation of the model, only one condition is
imposed, namely the matrix A, formed by the exponents of these primary dimensions,
must be invertible, so a square matrix with det Aj j 6¼ 0.
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If this condition is not fulfilled and we are sure that the chosen independent vari-
ables will be the ones that offer an optimal model (so the most flexible from the point
of view of the experiences expected exclusively on the attached model), then by
changing a line or row we will be able to obtain the desired condition, that the matrix
A is non-singular, that is, invertible. The condition that the matrix A, of the indepen-
dent variables, be invertible is absolutely necessary, as well as in solving a system of
linear equations, something that is also done tacitly in CDA to establish the exponents
of the variables involved in obtaining the ML.

A remarkable property of these independent variables, which is completely lacking
in the rest of the previously presented dimensional methods (i.e., GA, ST and CDA), is
that their magnitudes can be chosen a priori, both for the prototype and model.

The following major aspects can be easily observed, namely: it becomes possible
not only to choose a model as flexible as possible but also to develop a protocol of
experimental investigations on the model as suitable as possible for the intended
purpose (production facilities, tests as simple, safe and repeatable as possible and, last
but not least, material and human conditions as favorable as possible).

The rest of the variables, for example, n as a number, will constitute the set of
dependent variables, and matrix B, formed by the exponents of the primary dimen-
sions of these dependent variables; matrix B can also include several variables with
similar dimensions, so without restrictions, as in the case of matrix A.

The size of the dependent variables is chosen a priori only for the prototype, and for
the model, they will result exclusively from the ML elements deduced. It should be
noted that, among these dependent variables, a limited number refer to the prototype,
precisely those whose determination by direct experiment on the prototype would raise
particular difficulties and, in fact, for which this dimensional analysis is carried out.

In the case of the latter variables, the quantities related to the model are chosen a
priori, and for the prototype, they will result from the deduced ML. This variable
selection protocol is specific to MDA and is mandatory in all cases to obtain the
expected results. There is NO alternative or other way to adjust this protocol.

Matrices B and A by completing with a specially defined C ¼ � A�1 � B� �T
matrix,

respectively, with an D � Inxn unitary matrix of order n form the dimensional set
defined in the papers [21, 22] and presented in Table 1. In the expression of matrix C,
the exponent (�1) refers to the inverse matrix, and (T) to the transposed matrix. The
n lines, defined from the corresponding lines of matrices D and C, provide a single and
simple calculation of the elements of the complete ML, if we carefully selected a priori
the complete set of variables, which have a certain influence on the analyzed phe-
nomena.

In this sense, to further illustrate the protocol described in the papers [21, 22], let
us assume that ten H1,H2, … ,H10ð Þ variables were identified for the analyzed phe-
nomenon, of which four H7,H8,H9,H10ð Þ main variables with g1, g2, g3, g4

� �
dimen-

sions, respectively, n ¼ 6 H1,H2, … ,H6ð Þ dependent variables.
Matrix B is colored yellow, matrix A green, matrix D red, and C purple.

3.2 Useful notes

• If in the special matrix C, on the column of one of the H7,H8,H9,H10ð Þ main
variables, all a1::… d6ð Þ values are zero, then that variable is insignificant for the
analyzed phenomenon and must be replaced by another (so it is automatically
eliminated from the set of variables initially chosen).
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• An element of the complete ML, for example π3, is obtained based on the
relation (2)

π3 ¼ H3ð Þ1 � H7ð Þa3 � H8ð Þb3 � H9ð Þc3 � H10ð Þd3 ¼ 1, (2)

where some of the a3, … , d3ð Þ exponents can be positive, negative or even.
zero, which is why the final expression of π3is a usual algebraic fraction;

• Next, we will perform:

◦ Replace the H variables with their SH scale factors;

• The scale factor of the demanded H3 variable is expressed, that is,

SH3 ¼
1

SH7ð Þa3 � SH8ð Þb3 � SH9ð Þc3 � SH10ð Þd3
¼ H3,2

H3,1
, (3)

where H3,2 it refers to the model, and H3,1 to the prototype, regarding the H3 depen-
dent variable;

Depending on the type of thisH3 variable (whether it refers to the prototype or the
model), one of the magnitudes is known (was chosen) a priori, and the other will
result from this element of the ML, how was mentioned/specified above:

• Applying this protocol to the all six H1,H2, … ,H6ð Þ dependent variables, in the
end the full (complete) ML will result, which in the rest of the aforementioned
dimensional methods can only be obtained in very, very particular cases.

3.3 The main advantages of MDA

Taking into consideration the previously described protocol, as well as those illus-
trated in the papers [21, 22], the following main (net) advantages of MDA over the
rest of the dimensional methods can be formulated as follows:

Dimensions H1 H2 H3 H4 H5 H6 H7 H8 H9 H10

B g1 A

g2

g3

g4

D π1 1 0 0 0 0 0 C

π2 0 1 0 0 0 0

π3 0 0 1 0 0 0 a3 b3 c3 d3

π4 0 0 0 1 0 0

π5 0 0 0 0 1 0

π6 0 0 0 0 0 1

Table 1.
The dimensional set.

90

Heat and Mass Transfer – From Fundamentals to Advanced Applications



• The method does not require thorough knowledge neither in higher mathematics
nor in the field of the analyzed phenomenon, requiring only the highlighting of
the variables, together with their dimensions, with potential influence on the
phenomenon.

• In addition, in the case of the other methods, the selection of independent and
dependent variables is not simple and safe, but neither is the exclusion of those
with minimal influences; here, at MDA, they are solved directly based on the
unique and fast protocol.

• MDA provides, based on an easy, secure (safe)-, and unique protocol to always
guarantee full (complete) ML, expert for cases where the obtained dependent
variables will not be dimensional expressions and, consequently, cannot be
included in the matrix B, based on the MDA protocol described above; in these
cases, these variables (more exactly: these dimensionless variables) will be
subsequently added to the existing/inferred ML, thus through an empirical
adjustment. In practice, as will be shown below, these are only a few special cases.

• In addition, in the case of the other methods, the selection of independent and
dependent variables is not simple and safe, but neither is the exclusion of those
with minimal influences; here at MDA, they are solved directly based on the
unique and fast protocol.

• Regarding the accuracy of MDA compared to the rest of the dimensional
methods, if the same elements of ML were obtained, then we have no difference.
If, however, a more appropriate (more flexible) ML was obtained with MDA,
then the latter provides a better approximation of the results (thus predicting the
behavior of the prototype) by means of the ML obtained with MDA.

• From the previous experience of the authors, they could find practically only one
limitation of MDA, namely: if even with dimension splitting, we will not obtain
dimensional expressions that are adaptable as elements of matrix B, then for
them, we will not be able to apply the facilities offered by MDA. Such highlighted
cases were:

Péclet dimensionless number, along the direction Pey ¼ Re y � Pry my

mx
� mx
my

¼ 1.

Stanton dimensionless number, along with directions

Stx ¼ Nux
Pex

¼ Nux � 1
Pex

m2
x

mz �my
�mz �my

m2
x

¼ 1

Stz ¼ Nuz
Pez

¼ Nuz � 1
Pez

m2
z

mx �my
�mx �my

m2
z

¼ 1 (4)

when further adjustments such as their subsequent inclusion in ML are recommended
based on their theoretical definitional relations.

What the authors mean by model flexibility, explanations were given in Section
2.3, and the net advantages of MDA compared to the rest of the dimensional methods
are summarized in Section 3.2.

In the authors’ opinion, the MDA practically eliminates the drawbacks of tradi-
tional methods. As will be shown in Section 4, the authors performed multiple high-
accuracy experimental validations of the deduced model laws based on their own
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conceived and developed electric test bench. The obtained experimental results,
which will be shown, offer a practically total correspondence of the predicted and
effective measured values of different variables from the considered prototype.

It allows, due to its special flexibility, the deduction from the general case of some
useful particular cases, together with the related simplified models, intended for the
analysis of some aspects of great finesse.

It also allows, in order to obtain an ML as simple as possible and with a minimum
number of πj, j ¼ 1, … , n elements while preserving the complexity of the analyzed
phenomenon, the merging of some variables into a new one, respectively, their divi-
sion, that is, dimensional division, mainly applicable for length and less for mass.

• For the general case, to illustrate the efficiency of combining variables, let us
consider the following situation:

◦ At first, the effective dimensions of the cross-section appear in matrix A
(e.g., a and b for a rectangular section, or a, b and t for a rectangular-tubular
section) when the geometric similarity between the prototype and model is a
mandatory condition.

◦ If, however, instead of the actual dimensions, one introduces as an
independent variable the Atr area of the cross-section, then the condition of
geometric similarity disappears, and it will be possible to choose cross-
sections of different shapes for the prototype, respective model.

◦ A much more effective substitution from an engineering point of view is the
introduction of the IzG second order of moment of inertia for the cross-section,
which more faithfully describes the strength-stress state of the analyzed
structural element than its cross-sectional area; so here, too, the condition of
geometric similarity will disappear, ensuring the choice of different types of
cross-sections for the prototype and model, being imposed only the condition
with reference to the adequate (corresponding) SIzG ¼ IzG,2

IzG,1
¼ const:, where the

index (2) refers to the model and (1) to the prototype.

◦ Going further, if the E Young modulus of elasticity is chosen as an
independent variable, and then the prototype and the model can be made
(manufactured) of different materials chosen favorably, especially from the
point of view of the future experimental investigations that will be
performed exclusively on the attached model; in this case, the imposed and
unique condition will be obvious SE ¼ E2

E1
¼ const:.

◦ If one combines these last two variants, that is, E � IzG the stiffness module is
considered as a new independent variable, then neither the shape, the
dimensions, nor the material must be identical in the prototype, and in the
assigned model, the only condition imposed being obvious
SE�IzG ¼ E2�IzG,2

E1�IzG,1 ¼ const:; here, then, is what MDA offers special flexibility,
which is its exclusive property.

◦ Regarding dimension splitting, mainly applied for length, different
(separate) mx,my,mz

� �
length scales can be imposed along x, y and z axis
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directions, which provides not only reduction (diminishing) of the elements
number of ML but also greater flexibility with respect to the attached model;
in Chapter 4, this useful aspect will be illustrated.

◦ If in the desire to simplify the model and follow some particular aspects,
then by neglecting/omitting a number of dependent variables from the
initial/original Dimensional Set, the rest of the initially inferred ML elements
(i.e., corresponding to the remaining dependent variables) remain
unchanged.

◦ The order in which the variables, as well as the involved primary
dimensions, are arranged in a matrix (A or B) does not influence the final
expressions of the ML elements.

◦ In the case of the heat transfer phenomenon, especially in the case of fire
protection problems, an important (significant) variable that is
recommended to be chosen as an independent one is the ς shape factor,
defined by the relation (5)

ς ¼ Alat

V
¼ P

Atr

1
m

� �
, (5)

where Alat represents the lateral area of cross-section;
V represents the volume of the bar;
P represents the perimeter of the cross-section, respectively.
Atr represents the transversal area of the cross-section.
Choosing it as an independent variable offers multiple advantages in the design of

particularly efficient and flexible models when the condition of geometric similarity
disappears, and it becomes possible to attach models with different cross-sections-
compared to the prototype, the imposed condition being

Sς ¼ ς2
ς1

¼ const: (6)

In Chapter 4, based on the authors’ own research, the main variables that influence
the heat transfer phenomenon, as well as the fire protection issues, will be analyzed.
Among these is the Q heat-amount and the corresponding _Q heat rate, as well as the
t, orΔt temperature or the required heating regime.

4. Applications of MDA

To illustrate the great efficiency of MDA, the authors have carried out a series of
theoretical research, validated by numerous high-precision experimental investiga-
tions, presented in detail in the papers [23–26].

In this regard, to understand the meaning of this somewhat unusual statement, of
“high efficiency,” the reader is kindly requested to consult the previously mentioned
papers, that is, [23–26]. Just in case, these remarkable results, which justified the
authors to state this, will be briefly presented below.

First, the conduct of tests in the past, especially on prototypes, was based either on
special air-conditioned rooms or on the involvement of large furnaces (usually heated
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by gas), which raises a number of shortcomings in material, repeatability, but also
highly qualified people involved in these investigations.

Considering the fact that the to be deduced ML had to be applied not only to
thermally unprotected structural elements but also to those covered with different
types of thermo-protective layers (primarily on intumescent paints), the authors
performed a series of high-precision tests. The purpose of these tests was to elucidate
whether the direction of application of the heat flow on thermally protected structural
elements influences or not the size of the thermal conductivity coefficient in the
applied thermal protection layer. As is known, usually, this thermal flow is introduced
from the outside by means of installations such as special chambers or gas ovens, but
the method presents numerous disadvantages, as mentioned before.

If this type of heating could be replaced with one inside the structural element,
with the help of specially designed electrical installations, then not only would it
increase the efficiency of investigations and reduce costs, but it would also ensure
repeatability – but also greater precision in monitoring the amount of heat or the
corresponding thermal flow, used for this purpose of heating the respective structural
element. After carrying out two types of heating of a specially designed element (i.e.,
in a classic oven, respectively, by direct heating with an electric current), it was found
that the values differ by less than 1%, that is,

λ ¼ 0:11021
W

m � K , or
W

m�0C for heating insideð Þ, (7)

λ ¼ 0:1089
W

m � K , or
W

m�0C for heating from outsideð Þ, (8)

Consequently, even if it might seem curious at first sight, the second method, that
is, heating from inside with electric current, presents itself as a better alternative. The
authors, based on these results, designed, built and tested an original mobile electric
stand (testing bench), three-phase, at 380 V, and with a power of 7 kWh, which can
be placed in any ordinary room. This stand presents adequate thermal insulation, that
is, during contact in the working area (where the structural element is heated at the
natural scale or the models made at the scale 1:2, 1:4 or 1:10) of temperatures of the
order of 6000C, around the stand, at a distance of 0:5m, the maximum temperature
does not exceed 500C.

Also, with the help of a specially designed electronic system, temperature stabili-
zation of the order of 500… 6000C, based on an original self-adjustment/learning
protocol, the initial thermal oscillations compared to the expected nominal values are
of 10… 150C, and after 3-4 oscillation cycles, they stabilize at the expected nominal
value. Along the structural element (rectangular-tubular bar) subjected to heating/
testing, whether it was the prototype or the attached models, they were mounted on
all four sides, with the help of miniature screws, thermal-resistances type PT 100-402,
with terminals 0.150 m long, with the measurement range of �70… þ 5000C

� �
. The

average value of the reading of the four thermal resistances at a certain level/height
represented the value taken into account for further calculations. The prototype was a
segment of a real pillar of an industrial hall, from which a segment of 0.40 m was
taken, and according to the geometric analogy models were designed and made on a
scale of 1:2, 1:4, and 1:10, respectively. All elements were heated under identical
conditions, and for the corresponding times (necessary for the establishing of the
homologous times), reaching the same temperatures served as reference points. The

94

Heat and Mass Transfer – From Fundamentals to Advanced Applications



number of these thermal resistances was large enough for a proper evaluation of the
temperature distribution along these tested elements. The heating of all these ele-
ments was carried out at their base, and the achievement of stabilized thermal regimes
was taken into account, when at the level of the last thermal resistance (from the
upper end) for 120 s, the thermal oscillations did not exceed (0.2…0.3) 0C.

A number of combinations were made, considering the same element as either a
prototype or a model. The results of all measurements, which could finally provide
either the heat flow or the amount of heat introduced into the tested structural
element, were divided into three categories, namely [26]:

• directly measured data, corresponding to the case in which they were linked to a
variable of matrix A, that is, they corresponded to an independent variable;

• calculated data, corresponding to the case of variable of matrix B (of the
dependent variables), when an element of the ML is applied to determine them,
respectively;

• reference data, if they served as data used for comparison with those obtained by
calculi with the ML

After careful calculi and checks, practically all values of these two defining vari-
ables (Q and _Q) for further experimental investigations overlapped in all cases of
prototype-model pairs, regardless of whether they were thermally unprotected or
thermally protected. This was also true for the correlated SQ and S _Q scales factors.

Apart from these, the rest of the variables involved in the experimental measure-
ments were obviously verified, with a margin of error below 2:5%.

Based on these results, the authors can state that MDA ensures adequate accuracy,
accompanied by the reduction of the calculi time and the design time of the ML.

Along with the advantages offered by this original electric stand, experimental
investigations can be ensured at a low cost and with reproducibility corresponding to
the subsequent statistical evaluation of the measurement data.

Thus, in [25], both the conditions for carrying out experimental investigations as
precise and repeatable as possible, as well as the variables that must be included in the
analyzed unprotected and thermally protected structural elements (usually with intu-
mescent paints, but not only), were defined. The related experimental measuring
stands were also designed and tested under high-precision conditions.

The paper [23] presents the results of theoretical investigations regarding the
structural elements of bars with full circular sections, in two versions, that is, not
thermally protected and with a thermo-protective layer. MLs were deduced for two
cases of great interest, and the facilities offered by them in terms of designing the
most flexible models, on which the experimental investigations are to be carried out,
were analyzed.

In the papers [24, 26], the authors present, for the case of straight bars with
rectangular-tubular (hollow) sections, the results of their theoretical research on the
deduction of two useful ML variants, but also the results of experimental measure-
ments to validate these MLs.

In the following, some useful details are provided to those in the field, in the
authors’ hope that this new approach, through MDA, will gain greater spread and
applicability both in the field of theoretical heat transfer studies and especially in the
efficiency of the fire protection approach.
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A careful analysis of the heat transfer problem in the general case of thermal
protected rectangular-tubular cross-sectional beams, depends on the following main
variables: heat Q Jð Þ, time τ sð Þ, heat rate _Q ¼ dQ

dτ Wð Þ, constant-pressure specific heat of
air cp J

0C�kg
� �

, density (steel, air, paint/insulating material) ρ kg
m3

� �
, thermal conductivity

(steel, paint coat) along directions x, y, z λx, λy, λz W
0C�m
� �

, specific heat capacity (steel,
air) C J

0C

� �
, velocity normal to the plane where the shear stress is developed w0

m
s

� �
with

its ∇w0 gradient, dynamic viscosity of air along directions x, y, z ηx, ηy, ηz
kg
m�s
� �

, thermal

diffusivity of air along directions x, y, z ax, ay, az m2

s

� �
, Prandtl number of air along

directions x, y, z Prx, Pry, Prz �ð Þ, kinematic viscosity of air along directions x, y, z

νx, νy, νz m2

s

� �
, convection heat transfer coefficient along directions x, y, z

αnx, αny, αz W
m2�0C
� �

, Reynolds number of air along directions x, y, z Re x, Re y, Re z �ð Þ,
volume of beam or paint coat V m3ð Þ, thickness of the paint along directions y, z
δy, δz mð Þ, beam’s dimensions Lx,Ly,Lz mð Þ, lateral area (x-z) of the beam A0

lat m2ð Þ,
cross-sectional area of the beam Atr m2ð Þ, lateral area (x-y) of the beam A00

lat m2ð Þ,
gravitational acceleration g m

s2
� �

, shape factor ς ¼ Alat
V ¼ P

Atr

1
m

� �
, cross-sectional

perimeter P mð Þ, coefficient of volume expansion (steel, air) β 1
0C

� �
, temperature varia-

tion ΔT Kð Þ or Δt 0Cð Þ, Grasshoff number along x direction Grx �ð Þ, Nusselt number
along directions x, y, z Nux,Nuy,Nuz �ð Þ, Biot number along directions x, y, z
Bix,Biy,Biz �ð Þ, Fourier number along directions x, y, z Fox,Foy,Foz �ð Þ, Péclet
number along directions x, y, z Pex,Pey,Pez �ð Þ, Stanton number along directions
x, y, z Stx, Sty, Stz �ð Þ.

These variables, according to the author’s opinion, can be divided into:

• The independent variables, that is, Lz,Q, τ,Δt, ς, λx steelð Þ, respectively,
Lz, _Q, τ,Δt, ς, λx steel
� �

and which will be located in matrix A;

• Dependent variables, which ensure that the experimental measurements are
performed under the most favorable conditions (obviously only on the attached
model), which are Lx, δy steel,Ly,A0

lat, δz steel,A00
lat,Atr, _Q

� �
, respectively

Lx, δy steel,Ly,A0
lat, δz steel,A00

lat,Atr,Q
� �

;

• The dependent variables related to the usual theoretical calculation, that is,

•
cp air,Cair,Csteel, ax air, ay air, az air, ρair, ρsteel, λy steel, λy steel,
νx air, νy air, νz air, αnx steel, αny steel, αnz steel, ηx air, ηy air, ηz air, βair=steel

 !
;

• The related similarity criteria (the so-called heat transfer correlations), that is
Crit01,Crit02,Crit03, Prx air, Pry air, Prz air,
Grxair, Fox air, Foy air, Foz air, Re x air, Re y air, Re z air

� �
,

where Crit01,Crit02,Crit03ð Þ represent those dimensionless quantities, which had
identical/similar expressions and, consequently, the same element of ML, were
merged into one entity, that is,
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Crit01 ¼ Nuz ¼ Pez ¼ Biz ¼ m2
z

mx �my
(9)

Crit02 ¼ Nux ¼ Pex ¼ Bix ¼ m2
x

mz �my
(10)

Crit03 ¼ Nuy ¼ Sty ¼ Biy ¼
m2

y

mx �mz
(11)

• The variables, which describe the intumescent paint layer properties or of the
other types of thermo-protective layers, that is,

ρpaint, λx paint, λy paint, λz paint, αnx paint, αny paint, αnz paint, δy paint, δz paint
� �

It should also be noted that the authors focused only on variables that are directly
related to the experimental investigations, both for unprotected-, and thermally
protected structures.

The rest of variables, that is, those of the theoretical calculi, respectively,
related to the similarity criteria, were included in the Dimensional Set only in
order to illustrate how easily these variables can be expressed with the help of
the set of independent variables chosen, respectively, to be included in the ML
thus defined.

It is obvious that, for their establishment on the basis of experimental
investigations, the set of independent variables must be reconsidered, that is, the
composition of the matrix A; consequently, the elements of the resulting matrix B
will also be modified. However, at present, the authors do not have any objective in
this sense.

Among these variables, in order to constitute the Dimensional Set, the following
were selected as independent variables, namely:

I. Lz,Q, τ,Δt, ς, λx steelð Þ

II. Lz, _Q, τ,Δt, ς, λx steel
� �

In the first case (I.), the heat, and in the second (II.), the heat flow represents the
amount of heat introduced into system (in the respective bar/beam).

The two cases (I., II.) were chosen in order to provide researchers with an easier/
more convenient option in terms of monitoring the heating of the respective struc-
tural element, either by tracking the amount of heat or the heat flow. From the point
of view of accuracy, there are no differences between them, if their monitoring was
carried out with the same accuracy.

Apart from these, they intervene: Lz one of the lengths, τ time, the Δt thermal
regime imposed by the heating rate, the ς shape factor, as well as the λx steel thermal
conductivity of the steel in the x direction.

Regarding the advantages of these sets of independent variables, taking into
account those mentioned in Section 3, the following clarifications can be made:

• Choosing one of the length LZ ensures, at the specialist’s request, that the length
scale along the other two x and y directions are identical or different from the one
along the z-direction.
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• The amount of heat introduced into the bar, both in the prototype and in the
model, can be different or identical by choosing the appropriate SQ ¼ Q2

Q1
¼ const:

scale factors, respectively, S _Q ¼ _Q2
_Q1
¼ const:;

• The τ heating time also contribute to ensuring good flexibility of the attached model.

• The thermal regime imposed by Δt also provides significant advantages, because
its SΔt ¼ Δt2

Δt1 ¼ const: scale factor ensures thermal regimes favorable to the model
compared to those of the prototype.

• Analyzing these variables, it can be concluded that even if the model is heated to
lower temperatures or subjected to milder/reduced thermal regimes, based on the
scale factors and ML, a fairly accurate prediction of the behavior of the prototype
becomes possible.

• From the combined prototype-model research of the authors [24, 26], it emerged
that if the model was heated to at least 4000 C, then the prediction of the
behavior of the prototype, even at temperatures of the order of 800… 9000C
could be obtained with a smaller margin of error 3.5%.

• This margin of accuracy of 3.5% resulted from the use, in the authors’ previously
mentioned contributions, of conventional diagrams, where corresponding to
different nominal heating temperatures of the tested structural elements (prototype,
respectively, models at different scales), these curves, starting from, began to
overlap under the error of 3.5%. It refers to the percentage of temperature remaining
compared to the nominal one expected at the base of the respective tested element,
which was precisely this conventional length. Since the temperature curves will
practically coincide at temperatures above, it can be stated that the corresponding
thermal regimes but also those related to the state of deformation, will present
approximations, if not overlaps of at least this order of magnitudes.

• Since the authors only analyzed steel structural elements of the type of tubular-
rectangular bars, they could not verify their validity for other types of materials.
It is certain, however, that the ML remains valid for other types of materials since
the corresponding variables are among the independent variables used in the two
variants I and II.

• Regarding the analysis of other structural configurations, we can state that if the
model attached to the prototype will be of the same structural configuration, and
the single component elements (of the size of those in the model) subjected to
tests will have identical or similar thermal regimes to those of the spatial model
attached to the prototype, then we can expect to obtain a similar accuracy.

• Regarding the choice of the λx steel thermal conductivity of the steel as an
independent variable, with this, the model can be made/manufactured of a
material different from the prototype, the imposed condition being the known
one Sλx steel ¼ λx,2

λx,1
¼ const:

Obviously, depending on the theoretical or practical purpose pursued, other vari-
ables can be chosen as independent variables, but for the authors of this chapter, the
applicative part, related to the problem of fire protection, was of interest.
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It should also be mentioned that, in the above-mentioned works of the authors,
they only looked at the calculation of the elements of ML corresponding to the
realization of relevant experimental analysis, both of unprotected-, and thermally
protected structural elements; the rest of the elements of ML (those related to some
theoretical calculations, respectively, to the establishment of similarity criteria), are
just an illustration of how, for a certain set of independent variables, all these rela-
tionships useful for a complex analysis can be determined as simply and uniformly as
possible.

As was mentioned, if we propose such a theoretical investigation, then,
taking into account the variables whose influence is decisive for these cases, they will
be included in the set of independent variables, obviously, with the only mandatory
condition, that the matrix A thus constituted is invertible, so a square matrix with
det Aj j 6¼ 0.

To illustrate the application of these two sets of independent variables, some useful
results for those in the field are presented below.

For case I, the matrix A, formed by the exponents of the Lz,Q, τ,Δt, ς, λx steelð Þ
variables, leads to the form shown in Table 2.

In this table mx,my,mz
� �

it refers to dimension splitting of the length mentioned
above, actually to obtain a best-fit ML. To perform a relevant experimental analysis,
the authors suggest that matrix B consists of the variables mentioned/chosen in
Table 3.

By performing the adequate protocol, based on relations (2) and (3), finally one
can obtain the corresponding ML, that is:

π1 ¼ _Q � Q�1 � L0
z � Δt0 � τ1 � λ0x ot � ς0 ¼

_Q � τ
Q

¼ 1 ) S _Q � Sτ
SQ

¼ 1 ) S _Q ¼ SQ
Sτ

(12)

π2 : SAtr ¼
SLz

Sς
(13)

π3 : SA0
lat
¼ SQ � SLz

SΔt � Sτ � Sλx steel

(14)

π4 : SA00
lat
¼ SQ

SΔt � Sτ � Sλx steel � Sς
(15)

π5 : SLx ¼
SQ

SΔt � Sτ � Sλx steel

(16)

Dimensions Lz Q τ Δt ς λx steel

mx 0 2 0 0 0 1

my 0 0 0 0 �1 0

mz 1 0 0 0 0 0

kg 0 1 0 0 0 1

s 0 �2 1 0 0 �3

oC 0 0 0 1 0 �1

Table 2.
Matrix A for the case I.
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π6 : SLy ¼
1
Sς

(17)

π7 : Sδy steel ¼
1
Sς

(18)

π8 : Sδz steel ¼ SLz (19)

From a careful analysis of relations (12)–(19), it can be seen that, in the case of
choosing similar materials and testing conditions for the prototype and the
model, these expressions are significantly simplified, as will be detailed below. The
mentioned simplifications will be valid for all involved scale factors without other
changes.

Also, if one wishes to accept the same scale of all lengths, as defined by SLz , then
some independent variables in matrix B, listed in Table 3, can simply be ignored. In
this sense, for the case of the rectangular-tubular cross-section, the square-tubular one
represents a special case without the need to derive another ML.

Similarly, for the second case (II.) Lz, _Q, τ,Δt, ς, λx steel
� �

, they are defined one at a
time:

• The independent variables (see Table 4)

• The relevant variables for the experimental investigations (see Table 5)

• The corresponding elements of ML, offered by relations (20)–(27)

π1 ¼ Q � _Q
�1 � L0

z � Δt0 � τ�1 � λ0x steel � ς0 ¼ Q
_Q � τ ¼ 1 ) SQ ¼ S _Q � Sτ (20)

π2 : SAtr ¼
SLz

Sς
(21)

π3 : SA0
lat
¼ S _Q � SLz

SΔt � Sλx steel

(22)

π4 : SA00
lat
¼ S _Q

SΔt � Sλx steel � Sς
(23)

Dimensions Lx δy steel Ly A0
lat δz steel A00

lat Atr _Q

mx 1 0 0 1 0 1 0 2

my 0 1 1 0 0 1 1 0

mz 0 0 0 1 1 0 1 0

kg 0 0 0 0 0 0 0 1

s 0 0 0 0 0 0 0 �3

oC 0 0 0 0 0 0 0 0

Table 3.
Matrix B with the experimental part.
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π5 : SLx ¼
S _Q

SΔt � Sλx steel

(24)

π6 : SLy ¼
1
Sς

(25)

π7 : Sδy steel ¼
1
Sς

(26)

π8 : Sδz steel ¼ SLz (27)

Regarding the applicability of the elements of ML to other materials, the answer is
affirmative, since the independent variables include the coefficient of thermal con-
ductivity, so that these relations can be generalized with reference to the material of
the structural element.

Regarding the structural configuration, if the experimental investigations to which
the model will be subjected are manufactured with a structure having the same
configuration as the prototype, again, the elements of ML can be applied.

In addition, one can mention the following:

• If one has identical materials for prototype and model, then relation (28)

Sαnx steel ¼ Sαnr steel ¼ Sλx steel ¼ Sλr steel ¼ Sρsteel ¼ SCsteel ¼ Sβsteel ¼ 1 (28)

brings further simplifications;

Dimensions Lz _Q τ Δt ς λx steel

mx 0 2 0 0 0 1

my 0 0 0 0 �1 0

mz 1 0 0 0 0 0

kg 0 1 0 0 0 1

s 0 �3 1 0 0 �3

oC 0 0 0 1 0 �1

Table 4.
Matrix A for the case II.

Dimensions Lx δy steel Ly A0
lat δz steel A00

lat Atr Q

mx 1 0 0 1 0 1 0 2

my 0 1 1 0 0 1 1 0

mz 0 0 0 1 1 0 1 0

kg 0 0 0 0 0 0 0 1

s 0 0 0 0 0 0 0 �2

oC 0 0 0 0 0 0 0 0

Table 5.
Matrix B with the experimental part.
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• Identical conditions of experimental investigations lead to the simplifications
provided by the relation (29)

Scp air ¼ SCair ¼ Sax air ¼ Sar air ¼ Sρair ¼ Sηx air
¼ Sηr air ¼ Sνx air ¼ Sνr air ¼ Sβair ¼ 1 (29)

• If the same type of thermal protection layer was used under identical conditions,
then relation (30) should be considered

Sρpaint ¼ Sλx paint ¼ Sλr paint ¼ Sαnr paint ¼ 1 (30)

• Finally, accepting the same scale of all lengths, relation (31) will lead to other
major simplifications of ML, such as among others, that the dependent variables
related to the initially defined A0

lat,A
00
lat,Atr

� �
areas and their scale factors can be

completely ignored/omitted from the analysis.

SLx ¼ SLy ¼ SLz ¼ ct: (31)

Obviously, in the case of materials with different properties along certain directions
or in anisotropic ones, this simplification must be reconsidered and will be applied with
caution only based on preliminary experimental investigations regarding the influence
of these inhomogeneities in behavior. In the case of non-uniformly heated structures,
the same non-uniformities should be kept as much as possible in the model under
experimental investigation with those of the analyzed prototype, even though both
time, temperature/thermal regime, and heat (or input heat flux) are independent vari-
ables, so that they can be chosen a priori for both the prototype and the model.

Of course, based on the experience gained by those in the field, they will be able to
improve this dimensional analysis based on the principles of MDA established in
works [21, 22].

5. Additional facilities of MDA

The question can rightly be asked whether these results of MDA, that is, inferred
ML, obtained for simple structural elements can be extended to complex structures
such as buildings, but not only.

The inferred ML can be extended to complex structures if:

• consist of those types of structural elements (identical configurations) that have
been tested for the validation of the ML;

• their materials are the same as those of the model subjected to validation tests, at
least in type, that is, homogeneous, isotropic or orthotropic;

• the test conditions are identical to those of the model.

The answer is favorable, especially due to the fact that MDA also operate, based on
the assumption of functional similarity, with phenomena that occur in homologous
times in homologous points of the prototype and the attached model.

In this sense, given the fact that, among the independent variables of the approach
proposed by the authors, in Section 4, there are both the τ time, t0 temperature (or the
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temperature difference related to the Δt0 thermal regime imposed in the two struc-
tures), and the Lz geometric dimension, based on some conveniently chosen scale
factors, the homologous points, the homologous times, but also the temperatures (as
studied phenomenon) that will be reached in the homologous points of the two
structures (prototype, respectively, model) can be easily identified.

Regarding the convenient choice of scale factors, the following major elements can
be noted from the authors’ experience:

• for length, SL must be chosen so that the model obtained is:

◦ large enough (to allow the placement of an adequate number of thermal
resistances or thermocouples);

◦ found in the range of standardized structural elements (e.g., in the case of
profiles I, U, Z etc.);

• suitable for tests with acceptable power consumption:

◦ for example, if the heating of the structural element with electric current is
applied, a too bulky model requires a bulky installation with high energy
performance, which would require a significant material effort; in addition,
the thermal inertia would be too high, so stabilizing the temperature of the
heated model would raise problems;

◦ if the model were miniature, then the temperature monitoring conditions
would be more difficult, but also an excessive influence of environmental
factors on the temperature and its stability;

• for the temperature, ST, this temperature of the model should be as close as possible
to that of the prototype, but at least 400… 4500C, so that based on some curves with
conventional scales (such as those used by the authors, TΨ � LΨ) the best forecast of
the temperature of the prototype is obtained; obviously, a higher thermal regime of
the testedmodel also imposes additional fire protection conditions for the installation
and the premises where the experiment will be carried out;

• for the material, Sλ, the same type of material is preferred, if the dimensions for
the model are found among the standardized structural elements; also, even if
another material is chosen for the model, it should be of the same type (isotropic,
orthotropic, etc.), with fairly predictable values for λ with increasing
temperature, otherwise additional adjustments of the behaviors of the model
with the temperature variation will be required;

• for the Sς shape factor, models whose heating takes place on an identical number
of sides to those of the prototype are preferred; the values will result according to
the accepted dimensions of the model;

• for SQ or S _Q , these Q or _Q values, related to the model, must not lead to structural
changes in the material, nor to changes in the load-bearing capacity of the model
(if it will be subjected to combined thermal and mechanical stresses);

• for time, Sτ, these exposure times of the model depend on the previous factors,
and based on some preliminary tests, the optimal heating times can be found;
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• in any case, to be able to identify the homologous times of the model with the
prototype, stabilization times are recommended (to reach some imposed/
predefined nominal temperatures).

The specialist only needs to add a t ∗0 temperature to the dependent variables, for
which, the corresponding element in the ML, can be subsequently applied to the three
directions x, y and z, that is, to define the behavior in this sense, that is, the temperatures

t ∗x , t ∗y , t ∗z
� �

of some homologous points of the structural elements in the 3D space.

Thus, the first time the appropriate model is chosen for the prototype, respec-
tively, the time-, temperature-, and length scale factors are defined.

If it is a spatial structure, such as the resistance structure of a building or an
industrial hall, taking into account temperature regime define by St0 ¼ t0,2

t0,1
¼ const: the

scale factor, then high-precision measurements will be made/performed on the
corresponding model, still being a spatial structure, with similar shape/form to the
prototype (having the same number of pillars and crossbars, disposed similarly).

At the beginning of Section 4, the thermal regime monitoring protocol was
presented with the help of PT 100-402 thermal resistances, which the authors previ-
ously calibrated individually with the help of precision thermocouples. With the help
of these calibration curves the measurement results were corrected accordingly.

Without caring out the actual deduction of the corresponding element of the ML
for this t ∗0 temperature, it will finally result, depending, for example, on the imposed
Δt0 thermal regime), the relation (32):

πk ¼ t ∗ð Þ1 � Δt0ð Þ�1 ¼ 1 ) t ∗ ¼ Δt0 )
) St ∗ ¼ SΔt0 ; with t ∗ ¼ t ∗x , t

∗
y , t

∗
z :

(32)

This relation (32) is applicable in all homologous points of the two structures,
obviously in homologous times, defined by the Sτ ¼ τ2

τ1
¼ const: time scale factor.

It should be noted that relation (29) is an element of the extended ML and is not
proved/deduced in this section. It does not represent a new analytical relation, but,
according to the MDA protocol, is only a correlation between the independent (here)
and dependent variables involved (here), which was deduced according to relations
(2) and (3) of Section 3.1., so that finally it provides a model-prototype correlation
through ML.

Having the values from the results of the measurements carried out on the
attached model, that is t ∗x,2, t

∗
y,2, t

∗
z,2, the values of the homologous points of the proto-

type, that is, the probable t ∗x,1, t
∗
y,1, t

∗
z,1 temperatures of the corresponding points on the

real structure, will be simply obtained with the help of the relation (33)

t ∗2
t ∗1

¼ SΔt0 ) t ∗1 ¼ t ∗2
SΔt0

, forx, y, z: (33)

The relation (33) was used by the authors in steady-state conditions, but if precise
identification of the homologous times is made for the two structures (prototype and
model), then it also becomes applicable in the case of transient thermal phenomena.

Regarding the establishment of homologous times, the authors used in their previ-
ous investigations the times corresponding to reaching the same stabilized thermal
regimes, based on rigorous criteria previously presented in Section 4.
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In order to facilitate the identification of the homologous points on the two struc-
tures (prototype, respectively, model), it is proposed to introduce the L% conventional
length. By definition, it will represents the percentage of the Lx, Ly or Lz total length of
a certain elevation on the respective structural element (prototype or model). Thus,
according to the authors, it becomes easier to identify these homologous points.

In the analyzed case, being two symmetrical structures, of the same configuration,
the identification of the homologous points only requires the most accurate establish-
ment of the corresponding position relative to a certain on the model compared to the
prototype. If it were an asymmetric structure, then, as previously mentioned, both the
prototype and the model should have the same configuration (same type of geometric
asymmetry); otherwise, in the author’s opinion, such identification of homologous
points becomes impossible.

From the previous experience of the authors, as mentioned in Section 4, if the
model was tested at thermal regimes of at least 400°C, then with a maximum 3.5%
error, the behavior of the prototype can be predicted at 800… 900°C, which already
corresponds to real fire cases, or a little close by them.

6. Conclusions

• In order to study complex phenomena as simply and efficiently as possible, the
specialists in the field, together with mathematicians, have developed different
approaches. Among them, the various dimensional methods have gained special
importance.

• Taking into account the fact that both thermal transfer in structural elements and
the issue of fire protection of buildings made from them are phenomena of great
complexity, in this chapter, the authors have made a synthesis and a critical
analysis of the dimensional methods currently used in these fields, highlighting
their advantages and disadvantages (limits/shortcomings).

• Geometric analogy is a very simple and easy approach, but it has two major
limitations: the mandatory condition of geometric similarity and the small
number of dimensionless relations/groups, which can be obtained by
normalization from the available variables.

• The Similarity Theory allows solving somewhat more complicated problems by
assuming functional similarity but has geometric similarity as a mandatory
condition.

• The Classical Dimensional Analysis in the first approach is the solution for the
analysis of complex phenomena, which operates with numerous dimensionless
groups. However, it has a number of major shortcomings, such as: the three
cumbersome ways of establishing these dimensionless groups; the impossibility
of directly selecting, based on an unique protocol, the independent variables that
will define both the attached model and its test conditions, and thus: the design of
a flexible model; the impossibility of directly introducing the criteria relations
(similarity criteria) into the Dimensional Set and thus obtaining a complete set of
independent variables, to be fully expressed as a function of the chosen
independent variables; the rather cumbersome determination of the exponents of
the independent variables to deduce the ML; the reduced number of analytical
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relations that describe the analyzed phenomenon, from which the elements of the
ML can be deduced, that is, of the set of dimensionless variables; obtaining the
complete ML is achieved only in particular cases; in conclusion, in the opinion of
the authors, CDA remains a much more theoretical than simple engineering
method within the reach of anyone.

• Compared to these, the MDA brief presented, but hopefully under conditions of
immediate applicability, provides a safe-, simple-, and accessible way for all
researchers and engineers in the field.

• Based on what was analyzed and illustrated in Sections 3 and 4, MDA practically
eliminates all the shortcomings of the other dimensional methods and represents,
in the opinion of the authors, an accessible, engineering method.

• Thus, after presenting the principles governing the MDA for the case of the
thermal transfer phenomenon in steel structural elements, the method of
obtaining two MLs is illustrated with reference to the steel beams with a
rectangular hole cross-section in unprotected-, and thermally protected versions,
whose applicability and the validation by high-accuracy experimental
measurements was verified by the authors.

• After deduction of these two MLs, the authors carried out detailed experimental
investigations, detailed in Section 4. The purpose of these investigations was a
rigorous validation of the two MLs, when on four elements, made at the scale of
1:1, 1:2, 1:4 and 1:10, measurements of the basic quantities governing heat
transfer were made. In this sense, the four structural elements tested had either
the role of a prototype or a model, with similar heating tests being performed,
with the monitoring of the involved parameters. Regarding the three categories
of data (directly measured, calculated, respectively, reference data), at _Q and Q,
respectively, their S _Q and SQ scale factors, a perfect overlap of them was
obtained, while for the rest of the variables involved in the experimental
measurements, an error margin below 2.5% was obtained; in [26] the authors
detailed these measurements. In the case of extending these MLs to spatial
structures (model and prototype to a four-compartments industrial hall), by
means of conventional TΨ � LΨ diagrams, where heating of the attached model
was done/performed to at least 4000C, the margin of error was 3.5%.

• In this sense, based on the previous experience of the authors, the simplest ways
to obtain flexible models are presented, which also ensure rigorous-, repeatable-,
simple-, and safe experimental measurements on the attached model.

• Useful details are provided on how, with the help of variable merging (variable
combining) and variable splitting, respectively, those in the field can obtain MLs
as simply and safely as possible.

• It should also be emphasized that the detailed step-by-step analysis of independent
as well as dependent variables will be of great help to those who are just beginning
to apply this simple and safe method in engineering practice, that is, MDA.

• Although in this chapter, the ML elements related to the theoretical aspects, the
criterion elements (parameters), respectively, those related to the thermal
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protection layers are not analyzed, they can be found in the previous works of the
authors [23–26].

• An important aspect, according to the authors, is also related to how these MLs
can be applied to 3D structures, based on the hypothesis of functional similarity,
with phenomena occurring at homologous times in homologous points of the
prototype and the attached model; this last aspect comes to underline the net
advantages of MDA over the rest of the dimensional methods.

• To the best of the authors’ knowledge, these detailed aspects of the heat
transfer problem in structural members such as rectangular-tubular cross-
sectional steel bars, based on MDA principle, have not been presented by
other authors.

The variables that can have an influence on the heat transfer in the beam with
rectangular or rectangular hole section (Table 6).

Variable

Symbol/formula Dimension

Heat* (J) Q J ¼ N �m ¼ kg�mx
s2 �mx ¼ kg�m2

x
s2

Heat rate (W) _Q ¼ dQ
dτ W ¼ J

s ¼ kg:m2
x

s3

Time (s) τ s

Density kg
m3

(steel, air, paint/
insulating material)

ρ kg
m3 ¼ kg

mx �my �mz

Constant-pressure

specific heat of air J
K�kg
� � cp ¼ 1

m � dQdt 1
kg � J

K ¼ 1
kg � kg�m

2
x

s2 �K ¼ m2
x

s2 �K ;

Specific heat capacity

(steel, air) J
K

� � C ¼ dQ
dT

J
K ¼ kg�m2

x
s2 �K

Thermal conductivity
(steel, paint coat), along directions x,y,z
W
K�m
� �

λx W
mx �K ¼ kg�mx

s3 �K

λy W
my �K ¼ kg�m2

x
my �s3 �K

λz W
mz �K ¼ kg�m2

x
mz �s3 �K

Thermal diffusivity of air, along directions
x,y,z (m2/s)

ax ¼ λx
ρ�cp ¼

1
ρ � 1

cp
� λx mx �my �mz

kg � s2 �Km2
x
� kg�mx

s3 �K ¼ my �mz

s

ay ¼ λy
ρ�cp ¼

1
ρ � 1

cp
� λy mx �my �mz

kg � s2 �Km2
x
� kg�m2

x
my �s3 �K ¼ mx �mz

s

az ¼ λz
ρ�cp ¼

1
ρ � 1

cp
� λz mx �my �mz

kg � s2 �Km2
x
� kg�m2

x
mz �s3 �K ¼ mx �my

s

Velocity **(m/s) w0
m
s

Dynamic viscosity of air, along directions x,

y,z kg
m�s
� � ηx ¼ τ0,x

∇w0
¼ τ0,x � 1

∇w0
¼ F0,x

Axy
� 1
∇w0

kg
s2 �my

� 1
1=s ¼ kg

s�my

ηy ¼ τ0,y
∇w0

¼ τ0,y � 1
∇w0

¼ F0,y

Azy
� 1
∇w0

kg
s2 �mz

� 1
1=s ¼ kg

s�mz

ηz ¼ τ0,z
∇w0

¼ τ0,z � 1
∇w0

¼ F0,z
Ayz

� 1
∇w0

kg
s2 �my

� 1
1=s ¼ kg

s�my
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Variable

Symbol/formula Dimension

Kinematic viscosity of air, along directions
x,y,z (m2/s)

νx ¼ ηx
ρ ¼ 1

ρ � ηx mx �my� �mz

kg � kg
s�my

¼ mx �mz
s

νy ¼ ηy
ρ ¼ 1

ρ � ηy mx �my �mz

kg � kg
s�mz

¼ mx �my

s

νz ¼ ηz
ρ ¼ 1

ρ � ηz mx �my �mz

kg � kg
s�my

¼ mx �mz
s

Prandtl dimensionless number of air, along
directions

Prx ¼ νx
ax
¼ νx � 1

ax
mx �mz

s � s
my �mz

¼ mx
my

Pry ¼ νy
ay
¼ νy � 1

ay
mx �my

s � s
mx �mz

¼ my

mz

Prz ¼ νz
az
¼ νz � 1

az
mx �mz

s � s
my �mx

¼ mz
my

Reynolds dimensionless number, along
directions

Re x ¼ w0,x �lx
νx

¼ w0,x � lx � 1
νx

mx
s �mx � s

mx �mz
¼ mx

mz

Re y ¼ w0,y �ly
νy

¼ w0,y � ly � 1
νy

my

s �my � s
mx �my

¼ my

mx

Re z ¼ w0,z �lz
νz

¼ w0,z � lz � 1
νz

mz
s �mz � s

mx �mz
¼ mz

mx

Convection heat transfer coefficient, along
directions x,y,z *** W

K�m2

� � αny W
m2 �K ¼ kg�m2

x
s3 � 1

mx �mz �K ¼ kg�mx
s3 �mz �K

αnz W
m2 �K ¼ kg�m2

x
s3 � 1

mx �my �K ¼ kg�mx
my �s3 �K

αnx W
m2 �K ¼ kg�m2

x
s3 � 1

mz �my �K ¼ kg�m2
x

mz �my �s3 �K

Thickness of the paint coat, along
directions x,y,z (m)

dy ¼ δy my

dz ¼ δz mz

Volume of bar or paint coat (m3) V m3 ¼ mx �my �mz

Area of the bar cross-section (m2) Atr my �mz

Lateral area (x-z) (m2) A0
lat mx �mz

Lateral area (x-y) (m2) A00
lat mx �my

Bar dimensions (m) Lx mx

Ly my

Lz mz

Shape factor (m�1) ς ¼ Alat
V ¼ P

Atr
; P is the cross-

section perimeter

1
my

Gravitational acceleration (m/s2) g m
s2 ¼ mx

s2

Temperature variation: (K) ΔT K

Coefficient of volume expansion
(steel, air)
(K)

�1

β 1
K

Nusselt dimensionless number, along
directions

Nux ¼ αx �lx
λf ,x

¼ αx � lx � 1
λf ,x

kg�m2
x

s3 �my �mz �K �mx � s3 �K
kg�mx

¼ m2
x

mz �my

Nuy ¼ αy �ly
λf ,y

¼ αy � ly � 1
λf ,y

kg�mx
s3 �mz �K �my � my �s3 �K

kg�m2
x
¼ m2

y

mz �mx

Nuz ¼ αz �lz
λf ,z

¼ αz � lz � 1
λf ,z

kg�mx
s3 �my �K �mz � mz �s3 �K

kg�m2
x
¼ m2

z
mx �my

Grashof dimensionless number, along
direction

Grx ¼ g�β�Δt�l3ζ
ν2ζ

¼ g � β � Δt � l3x � 1
ν2x

mx
s2 � 1

K � K �m3
x � s2

m2
x �m2

z
¼ m2

x
m2

z
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Nomenclature

a thermal diffusivity (m2/s);
A area (m2);
Bi Biot number;
cp constant-pressure specific heat (W/(m2 K);
C heat capacity (J/K);
F force (N);
Fo Fourier number;
g gravitational acceleration (m/s2);
Gr Grashof number;
l, L length (m);
Nu Nusselt number;
P perimeter (m);
Pe Péclet number;
Pr Prandtl number;
Q heat (J);
_Q heat rate (W);

Variable

Symbol/formula Dimension

Péclet dimensionless number, along
directions

Pex ¼ Re x � Prx mx
mz

� mx
my

¼ m2
x

mz �my

Pey ¼ Re y � Pry my

mx
� mx
my

¼ 1****

Pez ¼ Re z � Prz mz
mx

� mz
my

¼ m2
z

mx �my

Biot dimensionless number, along
directions

Bix ¼ αx �lx
λs,x

¼ αx � lx � 1
λs,x

kg�m2
x

s3 �my �mz �K �mx � s3 �K
kg�mx

¼ m2
x

mz �my

Biy ¼ αy �ly
λs,y

¼ αy � ly � 1
λs,y

kg�mx
s3 �mz �K �my � s

3 �my �K
kg�m2

x
¼ m2

y

mz �mx

Biz ¼ αz �lz
λs,z

¼ αz � lz � 1
λs,z

kg�mx
s3 �my �K �mz � s3 �mz �K

kg�m2
x
¼ m2

z
my �mx

Stanton dimensionless number, along
directions

Stx ¼ Nux
Pex

¼ Nux � 1
Pex

m2
x

mz �my
� mz �my

m2
x

¼ 1****

Sty ¼ Nuy
Pey

¼ Nuy � 1
Pey

m2
y

mz �mx
� 1 ¼ m2

y

mz �mx

Stz ¼ Nuz
Pez

¼ Nuz � 1
Pez

m2
z

mx �my
� mx �my

m2
z

¼ 1****

Fourier dimensionless number, along
directions

Fox ¼ ax �τ
l2x

¼ ax �Δτ
l2x

¼ ax � Δτ � 1
l2x

my �mz

s � s � 1
m2

x
¼ my �mz

m2
x

Foy ¼ ay �τ
l2y

¼ ay �Δτ
l2y

¼ ay � Δτ � 1
l2y

mx �mz
s � s � 1

m2
y
¼ mx �mz

m2
y

Foz ¼ az �τ
l2z

¼ az �Δτ
l2z

¼ az � Δτ � 1
l2z

mx �my

s � s � 1
m2

z
¼ mx �my

m2
z

*It is considered to be numerically equal to the dimension of work; the work is conventionally considered as a product

between a force having the direction along the beam, Fx Nx ¼ kg:mx
s2

� �
and the displacement along the same direction x

(mx);**The velocity w0 is normal to the plane where the shear stress is developed; ∇w0 represents its gradient;***When the
beam is protected (insulated) by a paint coat, then: α0nf ¼ αny and α00nf ¼ αnz;****Therefore it cannot be used in the
Dimensional Analysis.

Table 6.
Variables that can have an influence on the heat transfer in the beam with rectangular or rectangular hole section.
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Re Reynolds number;
St Stanton number;
t,T temperature (K);
V volume (m3);
w velocity (m/s);
S _Q , SLz , SΔt, Sτ, Sλx steel , Sς scale factor corresponding to the sizes indicated in the

index.

Greek symbols

α convection heat transfer coefficient (W/(m2 K));
β coefficient of volume expansion (K)�1;
δ thickness (m);
Δ variation;
η dynamic viscosity (kg/ ms);
λ thermal conductivity (W/(m K));
ν kinematic viscosity (m2/s);
ρ density (kg/m3);
ς shape factor (m�1);
τ time, shear stress (s, N/m2);
∇ Nabla operator.

Subscripts

x, y, z directions.
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Chapter 5

Heat Transfer within MOSFET 
Nanotechnology
Oussama Zobiri and Abdelmalek Atia

Abstract

FET (field effect transistor) is the backbone of today’s semiconductor electronics. 
The concept of metal oxide semiconductor field effect transistor (MOSFET) was 
proposed by Julius Edgar Lilienfeld and the electrical characterization and math-
ematical theory in Bell Telephone Laboratories. In recent years, the MOSFET minia-
turization has been gaining considerable interest. As the size of the device decreases 
(nanoscale), the heat generated influences the efficiency of the device. In addition 
to the rapidly increasing semiconductor industries, which have secure significant 
percentage of the global market, the need to trace back and follow up the progress 
is quite an essential work which has been carried out time to time. There have been 
many thermal studies to improve the operation of the device. This chapter reviews 
and assesses several of the extraction studies currently used to determine the value 
of temperatures and heat fluxes in nanoelectronics devices versus thermal transfer 
characteristics.

Keywords: thermal transfer, MOSFET, theory, nanotechnology, device

1.  Introduction

Miniaturization of integrated circuits (IC) and the present trend toward nanoscale 
electronics have led to incredible levels of integration in recent years, with hundreds 
of millions of semiconductors packed on a chip surface no larger than a few square 
centimeters. The metal oxide semiconductor field effect transistor (MOSFET) is the 
most widely used form of insulated gate field effect transistor (FET), found in a wide 
variety of electronic circuits. Controlling the electrical current flowing through this 
gadget is crucial [1–3].

The feature size of electrical devices in modern integrated circuits is equal to 
or less than the mean free path of the phonon, which serves as the foundation for 
transistors [1, 2, 4, 5]. This reduction in size has an impact on MOS transistors, and 
the MOSFET channel region is now smaller than the phonon mean free path [6]. The 
research on thermal transfer within the nano-MOSFET is crucial for demonstrating 
the devices’ thermal stability and efficiency when analyzing integrated circuits made 
up of transistors [7, 8]. The Joule effect can produce extremely high heat in ultra-small 
semiconductor devices because the device’s operating power cannot be decreased 
below a specific threshold [9, 10]. Additionally, MOSFET devices’ switching times 
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surpass the silicon’s phonon relaxation time, which is less than hundred picoseconds 
[5, 11–16]. As a result of the restricted relaxation period of heat carriers, it is com-
mon knowledge that the Fourier law can be significantly altered when applied to the 
micro- to nanoscale of heat transfer [17]. The Boltzmann transport equation (BTE) 
and Monte Carlo (MC) solution methods were employed to examine the thermal 
transfer mechanisms in structures ranging from meso- to macro-scale [18]. The 
mesoscale method generates statistical data (the particle distribution function) in 
sub-continuum media resulting from particle movement (vibration), subsequently 
allowing for the determination of macro-scale physical variables through the aggrega-
tion of functional distributions [19–21]. The nano-MOSFET exhibits an additional 
heat source in addition to the Joule effect. This source, which is represented as a 
temperature jump boundary condition, originates from the phonon-wall collision at 
the MOS transistor interface [9, 12–15, 22].

Although most of these investigations based on macroscopic models, many 
numerical and theoretical predictions of thermal behavior inside nano-MOSFETs 
have been reported [11–15, 23]. These models appear to require extra terms, such 
as single and dual phase lag, in order to produce respectable results. Thus, the goal 
in this work is to evaluate the ability of the proposed mesoscopic thermal model 
based on the lattice Boltzmann equation to forecast nano-heat transport processes to 
those of macroscopic models. The advantage of this paradigm is that no new terms 
are required on the one hand. In contrast, the lattice Boltzmann method (LBM) is 
thought to be a more efficient method for investigating thermal transfer inside struc-
tures than macroscopic methods, particularly in nanostructures [10, 24, 25]. This is 
because the media is sub-continuum (not continuous) in the presence of phonons 
(particle vibration) and collisions between them [4, 16, 26–28]. The objective of this 
study is to evaluate and review a number of the extraction studies that are presently 
employed to ascertain the value of temperatures and heat fluxes in nanoelectronics 
devices in relation to thermal transfer characteristics.

2.  MOSFET

2.1 A traditional MOSFET

As illustrated in Figure 1, a MOSFET device consists of a channel linking the 
source to the drain, a gate on top of the channel, and a gate oxide (insulator) between 
the gate and the channel, which prevents the electrical current from the gate to the 
channel where the gate oxide serves as the dielectric layer so that the gate can sustain 
as high as MV/cm transverse electric field in order to strongly modulate the conduc-
tance of the channel [9, 31].

2.2 Silicon-on-insulator (SOI) MOSFET

It is similar to a regular MOSFET, but a layer of insulator (SiO2) is added to decrease 
current leakage from the drain/source junction to the substrate (Figure 2) [33]. The 
insulation layer introduces a lower coupling capacitance from the conducting chan-
nel to the substrate compared to typical MOSFETs [34]. It observed that employing 
SOI MOSFET reduces power dissipation by up to 66% when compared to traditional 
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MOSFETs. And, for the same power dissipation, up to 35% improvement in operating 
frequency can be obtained [ 35 ]. SOI has the advantage of making it easier to isolate 
electrically a device from the rest of the integrated circuit, resulting in increased pack-
ing density. Furthermore, the area of source and drain junctions is greatly reduced, 
resulting in lower parasitic capacitances. Finally, the depletion width restricted by the 
thickness of the Si body; thus, it is usually assumed that SOI reduces short channel 
effects unless source-to-drain coupling through channel and box cannot be ignored. The 
properties of SOI devices improve as the body thickness reduced. Fully depleted ultra-
thin-body SOI (FD UTB SOI) regarded as one of the most effective scaling options [ 36 ]. 
Another advantage of SOI is that it facilitates development of new device concepts [ 37 ].  

  Figure 1.
  Conventional MOS device [ 29 ,  30 ].          

  Figure 2.
  SOI MOSFET [ 30 ,  32 ].          
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   2.3 Double gate MOSFET 

 These devices include two gates (  Figure 3  ) that allow current to pass  via  two chan-
nels while concurrently managing the charge in the silicon body layer, as the name 
implies. Both the front and the back end have two gates. A charge coupling exists 
between the front and rear gates [ 38 ].  

   2.4 Multi-gate MOSFET 

 A metal oxide semiconductor field effect transistor with more than two gates, such 
as three gates (  Figure 4  ), is referred to as a multi-gate MOSFET or multi-gate field 
effect transistor (MuGFET). The additional gates enable control over the charge flow 
in the channel [ 39 ].  

  Figure 4.
  Tri-Gate MOS [ 30 ,  31 ].          

  Figure 3.
  Double gate transistor [ 30 ,  32 ].          
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   2.5 Surrounding gate MOSFET 

 Controlling the charge flow in the channel is the primary issue with the devices men-
tioned above. Therefore, a surround gate MOSFET, as illustrated in   Figure 5  , can be used 
to improve channel control. The channel is completely enclosed by the gate in surround 
gate devices. It resembles a fin field effect transistor (FinFet) in some way. It offers more 
accuracy in addition to improved control over the charge flow in the channel [ 39 ].  

    3.  Semicoductor materials 

Si material : The electronics and solar photovoltaic industries employ high-purity 
polycrystalline silicon, sometimes known as multicrystalline silicon, and polysilicon, 
as raw materials [ 40 ]. 

GaAs material : Gallium arsenide (GaAs), a semiconductor with a direct band gap, 
has a zinc alloy crystal structure. Gallium arsenide is used to make solar cells, laser 
diodes, infrared light-emitting diodes, microwave-integrated circuits, monolithic 
microwave-integrated circuits, and optical windows [ 41 ]. 

Ge material : The atomic number of the chemical element germanium is 32, and 
its symbol is Ge. It is shiny, hard-brittle, grayish-white, and has a silicon-like appear-
ance. It is a metalloid in the carbon group that is chemically comparable to two of 
its group neighbors, silicon and tin. Like silicon, germanium, and oxygen naturally 
combine to form complexes [ 42 ]. 

GaN material : Gallium nitride (GaN) is a sensitive semiconductor used in photovol-
taic cells that power satellites and radiation-hardened military and space applications. 
It is useful for power amplification in the microwave spectrum since it can operate at 
greater temperatures and voltages than GaAs transistors [ 43 ]. GaN exhibits great poten-
tial and may be found in alloys used in photodiodes, some junction field effect transis-
tors (JFETs), and modulated-doping field effect transistors (MODFETs) devices [ 43 ].  

  4.  The reduction of feature size 

 With hundreds of millions of semiconductors arranged on a chip area no big-
ger than a few square centimeters and the smallest lateral device feature sizes 

  Figure 5.
  Surrounding gate MOSFET [ 30 ,  32 ].          



Heat and Mass Transfer – From Fundamentals to Advanced Applications

120

approaching 10 nm, electronics have reached the nanoscale [2]. However, comple-
mentary MOSFET technology is now used to create over 90% of integrated circuits. 
The MOSFET has seen innumerable improvements and unimaginable miniaturiza-
tion. Figure 6 illustrates how the feature size has decreased almost exponentially [45].

5.  Moore’s law

Scaling technologies to improve overall performance while consuming less 
energy and costing less money is what the semiconductor industry wants. Greater 
speed, greater density, reduced power consumption, reduced form factor, reduced 
bill of materials, enhanced functionality, and more are some of the metrics 
that can be used to evaluate the performance of the individual components and 
the finished chip. In the past, dimensional scaling was enough to generate the 
performance merits described above; however, this is no longer the case. Tools, 
processing modules, and material qualities are some of the major barriers to 
further scaling. Gordon Moore, the Chief Executive Officer CEO of Fairchild 
Semiconductor and later a co-founder of Intel, used the economics of the inte-
grated circuit to estimate the number of transistors in the chip. He projected in 
1965 that the IC would treble annually for the next decade. More transistors imply 
a lower cost per transistor since “the cost per component is nearly inversely linked 
to the number of components,” according to Moore. He updated his forecast in 
1975, pointing out that going forward, the number of transistors will quadruple 
every 2 years. Moore’s law, which was widely used from 1975 until 2015, gives an 
extremely accurate estimate of how many transistors could fit on a single inte-
grated circuit [45]. Moore’s second law predicts that the capital cost of creating ICs 
will noticeably grow over time, in contrast to Moore’s first law, which states that 
the price of ICs decreases as the number of constituents increases. Costs associated 

Figure 6. 
Feature size as a function of time [44].
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with manufacturing, testing, and research and development rise dramatically with 
each successive chip generation [46]. In 2015, Gordon Moore asserted, “as invest-
ments increase and businesses slow down their rate of innovation, Moore’s Law 
looks to be coming to an end.”

However, thanks to advancements like artificial intelligence AI-based devices, 
application-specific integrated circuits (ASICs), and quantum computing, non-sili-
con computing is gradually gaining market dominance. Recent advancements in the 
realm of computing have the potential to result in notable increases in efficiency [47].

6.  Heat transport in micro/nanostructure

It makes sense that there are two different approaches to treating heat transport at 
the micro and nanoscales: theoretical and experimental [48]. There are three catego-
ries of theoretical approaches: macroscopic, mesoscopic, and microscopic.

6.1 Microscopic methods

The primary concept of the microscopic approach is numerically solving the basic 
dynamic equations to directly simulate the motion and interactions of atoms in solids. 
Newton’s equation, which forms the basis of the molecular dynamics simulation 
approach, was solved within the context of classical mechanics. On the other hand, 
the Schrödinger equation is resolved using the first-principle approach in the quan-
tum mechanical framework [35, 49, 50].

6.2 Mesoscopic methods

Kinetic modeling based on the phonon Boltzmann equation or its variants, 
such as the equation of phonon radiative transport, is referred to as mesoscopic 
approaches. The complex collision term in the Boltzmann equation makes solving 
it difficult. A full solution and a single mode relaxation time approximation are 
the two main schools of thinking. Complicated numerical iteration or an ab initio 
variational method are required for the complete answer. Despite the use of empirical 
parameters, which are frequently modified from experimental data, the single mode 
relaxation time approximation is more favored due to its simplicity. The phonon 
Boltzmann equation has been solved using the Monte Carlo method, particularly for 
heat transport at the micro and nanoscale [16, 51].

6.3 Macroscopic methods

Successful attempts have been made to establish the macroscopic approach for 
micro- and nanoscale heat transmission concurrently with the advancements of 
microscopic and mesoscopic methods. The generalized heat transport equations 
that underpin the macroscopic approach can describe heat transport across a broad 
range of scales, including the so-called ballistic regime and the so-called phonon 
hydrodynamic regime, in addition to the traditional diffusive regime where Fourier’s 
law is applicable. The phonon hydrodynamics model is one of the known macroscopic 
techniques that spreads over a long period [52, 53].

Figure 7 provides a summary of all these techniques. Atomic-scale informa-
tion is provided by the microscopic approach, statistical information (the particle 
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Model Formula References

Ballistic-Diffusive Equation (BDE) ττ ∇ ∂∂ ∂
+ = ∇∇ − + +

∂ ∂ ∂

2

2
b v vm m

m
q q qT T k T

t t C C C C t
[54–56]

Single phase lag (SPL) 2

2
v vq qT T k T

t t C C C t
ττ ∂∂ ∂

+ = ∆ + +
∂ ∂ ∂

[56, 57]

Dual phase lag (DPL) 2

2 Ä v v
t

q qT T k kT T
t t C C C t C t

ττ τ∂∂ ∂ ∂
+ = + + + ∆

∂ ∂ ∂ ∂
[56, 58]

Poisson equation (Fourier law) ( )ρ ∂
=∇ ∇ +

∂
.p v

Tc k T q
t

[59]

Boltzmann transport equation (BTE)
τ

∂ −
+ ∇ = −

∂
.

eqg g gv g
t

[3, 16, 60]

Table 1. 
Mathematical models for heat transport in multi-structure device.

distribution function) is produced by the mesoscopic method, and only a few state 
variables are used by the macroscopic method for continuum medium [10, 48]. 
Table 1 presents the mathematical mascroscale models for heat transport in nano-
structure devices.

Where T is the temperature, τ is the relaxation time, k denotes the thermal con-
ductivity, C is volumetric heat capacity, cp refers to specific heat capacity at pressure 
constant, and qv is the volumetric heat generation, whereas Tm is the temperature to 
the diffusive part τt is the relaxation time of temperature, g is the distribution func-
tion, geq is the equilibrium distribution function, ρ is the density, t denotes the time, v 
is the velocity, and qb is the ballistic heat flux.

Cattaneo and Vernotti [61, 62] Individually proposed the single phase lag (SPL), a 
novel concept based on the Fourier law. Because the heat flux vector occurs after the 
temperature gradient, this equation adds a temporal delay between the two, which 
is known as the relaxation time. Tzou [63] suggested a novel dual phase lag (DPL) 

Figure 7. 
Current methods in heat transport science [48].
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model for thermal transfer in nanostructures, in which the temperature gradient 
may experience the heat flux vector or the heat flux vector may come before the 
temperature gradient. Chen [64] introduces the ballistic-diffusive equation (BDE), 
another non-Fourier heat transport model. The Boltzmann transport equation (BTE) 
served as the basis for this model. The BDE model, according to the study, provides a 
reliable estimate of the thermal transport in the nanomaterials. Zhang et al. [65] used 
a 2D MEDICI simulator to examine the temperature distribution in a multi-layered 
silicon-on-insulator (SOI) MOSFET structure. The findings demonstrated that the 
new SOI structure could successfully replace the traditional buried dioxide SOI and 
reduce the self-heating effect. Yang et al. [5] investigated two-dimensional thermal 
transport in a MOSFET device using the ballistic-diffusive heat conduction equation 
(BDE). The outcomes of the traditional Boltzmann equation aligned with their find-
ings. Ghazanfarian and Abbassi [66] used the DPL approach with a temperature jump 
boundary condition (TJBC) to investigate the heat transport in a simplified MOSFET. 
It was reported that the analytical and numerical results agreed well. Furthermore, 
they stated that the 2D outcomes might be accurately predicted by integrating the 
suggested temperature boundary condition type into the DPL approach. Nasri et al. 
[14] investigated the thermal behavior of a nanoscale MOS transistor device with a 
temperature jump condition of type using the DPL equation. The application of the 
temperature jump condition has been shown by the researchers to increase semi-
conductor-oxide layer collisions at the interface, resulting in an increase in hotspots 
within the nanodevice. Sinha et al. [67] presented a novel phonon transport technique 
for non-equilibrium phonon distributions in silicon devices that are nanoscale and 
about 100 nm in size. They showed a phonon emission spectrum electron-phonon 
scattering from independent non-Fourier Monte Carlo simulation and managed the 
isotropic dispersion via all phonon locations.

A theoretical method utilizing the Boltzmann transport equation has been devel-
oped by Xu and Liqiu [68]. In another study, Xu and Li [69] suggested an analytical 
BTE model for describing the heat transfer in a MOSFET device. Chen and Weng [70] 
have shown a slip condition and jump model based on the Beskok–Karniadakis slip 
law both analytically and numerically and observed that the condition played a major 
influence in the microchannel’s emerging region. Barletta and Zanchini [71] investi-
gated numerically if hyperbolic heat transfer and the local equilibrium hypothesis are 
compatible using the CV model. Sverdrup et al. [72] used the 2D phonon Boltzmann 
transport equation (BTE) to study the heat transport in the silicon area of a silicon-
on-insulator (SOI) transistor. They discovered that, in comparison to the Fourier’s law 
forecast, the anticipated peak temperature is over 160% higher. Rezgui et al. [54, 55] 
suggested using a ballistic-diffusive equation to examine the transmission of nano-heat 
in MOSFETs. According to their research, the effective thermal conductivity decreases 
as the Knudsen number rises. The findings of this investigation are consistent with the 
BTE’s findings. Belmabrouk et al. [73] used the BDE and Cattaneo-Vernotte models; 
researchers examined the effect of thermal boundary resistance on thermal transport 
and found that lowering thermal boundary resistance can improve heat conduction 
at interfaces. A study [54, 55] investigating the ballistic-diffusive phonon transport 
along the germanium/silicon interface reported that the temperature jump happens 
in the interface because of phonon-wall interactions and the surface roughness effects 
on the interfacial thermal transfer. Analysis of the electrothermal transport involved 
in the FinFET device was carried out by Rezgui et al. [74]. Lower electron mobility, 
a high dielectric constant oxide, and lower thermal resistance at the interface could 
maximize the device’s nano-thermal behavior under a stronger electric field.
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To reduce the heat generated in the transistor device, other designs have been 
proposed. Jiang et al. [75] proposed a method for estimating the SiC MOSFET’s junc-
tion temperature using the dynamic threshold voltage. They experimentally assessed 
the suggested dynamic threshold voltage calculation circuit using double-pulse testing, 
and the results showed that the SiC transistor’s dynamic threshold voltage changes 
linearly with junction temperature. Belkhiria et al. [76] suggested using oxide materi-
als with a high dielectric constant in the structure of a partially insulated transistor. 
The scientists discovered that using an Al2O3 layer helps lessen self-heating in partially 
insulated transistors and that a notable decrease in temperature rise is attained during 
high-power operation. Ghasemi and Mozaffar [77] created a unique SOI transistor 
that, using the suggested scheme, was able to completely remove heat. In the buried 
oxide layer, a T-shaped 4H-SiC area was formed. In comparison to conventional SOI 
devices, this novel design had a greater cut-off frequency, a shorter delay time, and a 
higher direct current transconductance. It was also able to absorb heat from the chan-
nel active and transfer it to the substrate zone. The vast area of graphene makes it an 
unacceptable candidate for MOS transistor systems because the zero-band graphene 
distance reduces the on-off current ratio by 2–20. The current ratio can be raised by 
forming graphene nanoribbons and shrinking the one-dimensional graphene layer. 
Graphene layer ribbon’s thermal properties are decreasing; however, there are a number 
of ideas for using this nanomaterial to advance a contemporary [78, 79]. Subrina et al. 
[80] used the COMSOL Multiphysics software to investigate heat transfer in silicon-on-
insulator (SOI) circuits. Both including and excluding graphene’s lateral heat spreaders 
were analyzed. They demonstrated how using graphene or graphene layers with an 
appropriate heat sink could greatly lower the temperature of the targeted hot spots.

7.  Conclusions

The fundamental ideas of nanoscale metal oxide semiconductor field effect transis-
tor (MOSFET) systems are presented in this chapter, along with an explanation of their 
significance and structure. The equations for analyzing the thermal behavior of these 
devices were no longer adequate, and it witnessed the amazing advancement in shrink-
ing their size so quickly that it was no longer visible to the human eye. Therefore, addi-
tional equation models such as BDE, SPL, and BTE are required to investigate these 
nanosystems. It briefly discussed the most significant and physically grounded semi-
classical and quantum transport methods at the moment. It is noteworthy that device 
simulation has attained a far greater level of maturity than process simulation because 
of these advancements. Actually, the fundamental physics up to the ballistic transport 
regime and the point at which quantum interference effects begin to dominate device 
behavior may be captured by particle-based device simulators. But in the end, both 
the engineering-oriented transport simulations and the complex physics-oriented 
electronic structure computations must be included in the modeling of nanoelectronic 
devices. Recently, there have been many scientific debates over transport theory, basis 
representation, and the actual use of a simulator that can describe a realistic device.

Acknowledgements

The current research is supported by the DZ General Directorate of Scientific 
Research and Technological Development.



Heat Transfer within MOSFET Nanotechnology
DOI: http://dx.doi.org/10.5772/intechopen.1008710

125

Author details

Oussama Zobiri* and Abdelmalek Atia
LEVRES Lab, Faculty of Technology, University of El Oued, El Oued, Algeria

*Address all correspondence to: zobiri-oussama@univ-eloued.dz

Conflict of interest

We wish to confirm that there are no known conflicts of interest associated with 
this publication.

Nomenclature

ASICs application-specific integrated circuits
BTE Boltzmann transport equation
CEO chief executive officer
DG double gate
FD UTB fully depleted ultra-thin body
FET field effect transistor
GaAs gallium arsenide
GaN gallium nitride
IC integrated circuit
LBM lattice Boltzmann method
MC Monte Carlo
MOSFET metal oxide semiconductor field effect transistor
SOI silicon on insulator
T temperature, K
τ relaxation time, s
k thermal conductivity, W/m.K
C volumetric heat capacity, J/m3.K
cp specific heat capacity at pressure constant, J/kg.K
qv volumetric heat generation, W/m3

Tm diffusive temperature, K
τt relaxation time of temperature, s
g distribution function
geq equilibrium distribution function
ρ density, kg/m3

t time, s
v velocity, m/s
qb ballistic heat flux, W/m2
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Chapter 6

Thermal Energy Conversion in
Wearable Thermoelectric
Generators
Diana Enescu

Abstract

Wearable thermoelectric generators (w-TEGs) convert body heat into electrical
energy, providing a continuous power source for small portable wearable electronics.
In the context of energy harvesting, w-TEGs contribute to providing usable electrical
energy from a source independent of external networks. The w-TEGs provide this
energy directly to small portable electronic devices, allowing them to operate without
needing external batteries or frequent recharging. This chapter discusses the princi-
ples and advancements in w-TEGs, focusing on their ability to convert body heat into
electrical energy. The main topics include the mechanisms of heat transfer—conduc-
tion, convection, radiation, and evaporation—within the human body and their role in
improving w-TEG performance. The chapter also includes aspects related to design
improvements, material innovations, and thermal management strategies to increase
energy conversion efficiency, and user comfort.

Keywords: wearable thermoelectric generators, energy harvesting, thermal
resistance, body heat conversion, heat transfer

1. Introduction

The human body has significant potential as an energy source, offering various
possibilities for energy harvesting, depending on mechanical aspects (linked to the
body movement) and thermal aspects (depending on the temperature of the body and
the surroundings).

The principle of harvesting energy from human body movement is based on the
fact that the amount of energy used by the body per day is 10.7 MJ [1]. The body
produces this energy by metabolising nutrients from food (proteins, carbohydrates
and fats). This amount is comparable to the energy stored in approximately 800 AA
batteries (2500 mAh each), weighing about 20 kg [2, 3]. The energy content of food is
generally 35–100 times higher than that of most batteries currently in use, depending
on the type of battery [4]. This means that most of the energy from food is released
into the environment as heat.

On the thermal side, wearable thermoelectric generators (w-TEGs) are devices
that can harvest and convert heat into electrical energy. The w-TEGs convert waste
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heat dissipated from the human body into electrical energy through the Seebeck
effect, a thermoelectric phenomenon where a temperature difference between two
materials generates voltage. The generated power comes from the difference in tem-
perature between the human body, typically at 37°C, and the temperature of the air
immediately surrounding the body [5].

The basic principle is based on the fact that the human body, acting as a constant
heat source, can serve as an energy source when paired with TEG devices.

The theoretical maximum efficiency of any system that converts body heat into
energy, such as a TEG, can be estimated using Carnot efficiency. The Carnot effi-
ciency estimates the theoretical upper limit of how efficiently any system can convert
heat into another form of energy, including electrical energy. In this case, the Carnot
efficiency related to the body provides the upper limit of efficiency based on the
temperature difference between a heat source (the human body) and a cold source
(the surrounding environment), being calculated as follows:

ηC body ¼
Tbody � Tsurr

Tsurr
(1)

The Carnot efficiency at a body temperature of 310 K (37°C) and the surrounding
environment temperature of 273 K (0°C) is 12% [2, 6, 7]. The Carnot efficiency refers
to the maximum amount of heat energy from the body that could theoretically be
converted into useful work under perfect conditions. It shows the limit beyond which
no energy conversion device can go.

The TEG devices operate far below the Carnot limit, and their performance is
determined by the properties of the thermoelectric material, described by the dimen-
sionless figure of merit, ZT. This parameter depends on three key material properties
(Seebeck coefficient α, electrical conductivity σ, and thermal conductivity k), along
with the mean absolute temperature T. The equation for ZT is expressed as:

ZT ¼ α2 � σ � T
k

(2)

where the mean absolute temperature T is calculated as the arithmetic mean between
the temperature at the hot side Th and the temperature on the cold side Tc. The term
α2 � σ, known as the power factor, is the main indicator of the thermoelectric material
performance. For optimal performance, a thermoelectric material needs to have high
power factor (which means that both α and σ are high) while maintaining low thermal
conductivity k.

The maximum conversion efficiency of the TEG depends on ZT and the tempera-
ture difference across the thermoelectric elements, ΔT ¼ Th � Tc.

ηmax ¼
ΔT
Th

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ZT

p
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ZT
p

þ Tc
Th

¼ ηC TEG �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ZT

p
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ZT
p

þ Tc
Th

(3)

where ηC TEG is the Carnot efficiency related to the TEG device, serving as a limit on
utilising waste heat for thermoelectric power generation [8]. The maximum theoreti-
cal efficiency of a TEG is directly affected by the temperature difference ΔT:

For converting body heat into electricity, the most effective thermoelectric mate-
rials are bismuth-based alloys combined with antimony, tellurium, or selenium [9].
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Typically, ZT ≈ 1 for these materials. Future advancements in materials could
improve TEG efficiency. The efficiency of TEGs depends on the temperature differ-
ence between the body and the surrounding environment. The greater the tempera-
ture difference, the higher the conversion efficiency, and similarly, a smaller
temperature difference results in lower conversion efficiency.

Another important aspect of energy harvesting from the human body is under-
standing how heat is lost to the environment. There are two main ways this happens:
through direct heat transfer (sensible heat) and through evaporation (sweating, which
is latent heat). Sensible heat, also known as heat transfer caused by temperature
differences, refers to the exchange of thermal energy due to temperature changes
[10, 11]. Latent heat, often described as the transfer of heat during phase changes,
involves the transfer of thermal energy when a substance changes its state. This
includes heat absorption during vaporisation and heat release during condensation
[12]. However, TEG devices can only exploit the temperature difference related to
sensible heat, meaning that the heat lost through evaporation is wasted [2, 3]. In a
stationary state, about 60% of the body’s heat is lost through sensible heat transfer,
while 40% is released as latent heat via water vapour. When the body is in motion,
these proportions change, with around 35% of the heat lost through sensible heat and
65% through latent heat transfer due to increased sweating [3]. Under normal human
activity, the values of the sensible heat dissipation undergone by the human body are
in the range of 50–150 W/m2 [13].

Thermoelectric conversion devices operate within a maximum Carnot efficiency
range of 3.3–5.5% [14, 15]. For instance, when a person at rest generates 100 W of
total power, only 1.98–3.3 W of sensible heat can be converted to electricity, while
1.28 to 2.2 W of latent heat from evaporated moisture can be harnessed (as shown in
Table 1) [2, 3]. This highlights the importance of utilising both sensible and latent
heat simultaneously to optimise the TEG performance.

The wearable, flexible thermoelectric devices designed for skin heat harvesting are
divided into two categories: w-TEGs [16–18], which harvest sensible heat, and wear-
able moist-electric generators (w-MEGs), which harness latent heat from moisture
[19, 20]. In the context of wearable devices, “harvesting” energy from body heat

Activity Total
generated
power, W

Sensible
Heat

output, W

Latent
Heat

output, W

Energy
conversion
efficiency
range, %

Generated
power

(Sensible), W

Generated
power

(Latent), W

Seated at rest 100 60 40 3.3–5.5 1.98–3.3 1.32–2.2

Seated light work 120 65 55 3.3–5.5 2.15–3.58 1.82–3.02

Seated eating 170 75 95 3.3–5.5 2.48–4.12 3.14–5.22

Walking at
4.83 km/h

305 100 205 3.3–5.5 3.3–5.5 6.77–11.28

Heavy work
(lifting)

465 165 300 3.3–5.5 5.45–9.07 9.9–16.5

Athletics 525 185 340 3.3–5.5 6.11–10.18 11.22–18.7

Table 1.
The maximum theoretical output power from both sensible and latent heat for different activities (Adapted from
[2, 3]).
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refers to collecting energy for later use, while “harnessing” latent heat from moisture
implies directly using that energy as it is produced.

The wearable TEGs are particularly attractive because they offer portable, noise-
less, and sustainable energy generation. They work best when there is an optimal
temperature gradient between the body and the environment. By improving heat
transfer, the efficiency of energy conversion can be significantly enhanced, allowing
w-TEGs to power small devices like fitness trackers, medical sensors, and other
wearable electronics. The next section discusses the heat transfer principles in the
human body, highlighting their role in thermoregulation. Understanding these prin-
ciples is essential for optimising the performance of w-TEGs. Various physiological
mechanisms contribute to this process, ensuring continuous heat exchange that can be
used for energy generation.

2. Heat transfer principles in the human body

Heat transfer from the human body to the environment is important for thermo-
regulation. There are various physiological mechanisms which are coordinated
together. These mechanisms are:

• Insulation, which keeps a comfortable core temperature of the body, slowing
down the heat transfer from the body to the environment.

• Sweating, which leads to water evaporation and due to this phenomenon, the
body is cooled.

• Shivering, which produces heat through the contraction of the muscle.

• Vasodilation and vasoconstriction, which distribute heat throughout the body
and regulate blood flow.

The physiological mechanisms are the processes the body uses to regulate its
temperature. The human body keeps a core temperature of about 37°C, while the
room temperature range varies from 0–35°C [3]. When the body’s core temperature
decreases, the thermoregulation system activates physiological mechanisms like vaso-
constriction and shivering, which are useful to warm the body. Conversely, when the
body core temperature increases, the thermoregulation system activates physiological
mechanisms like vasodilation and sweating, which are useful to cool the body [21]. In
addition to these thermoregulatory mechanisms, the human body continuously gen-
erates heat through metabolic processes—the chemical reactions occurring within the
body’s cells. The intense chemical processes in the cells that help regulate the body’s
temperature at about 37°C while supporting essential body functions are collectively
known as metabolism. Metabolic heat is important for maintaining a stable internal
temperature of around 37°C, which is necessary for the body to function properly. The
ability of the body to keep this constant temperature, even when the environment
changes, is called homeothermy. Homeothermy is closely linked to the metabolic rate,
as the energy produced by the body through metabolism helps maintain this steady
temperature [22]. The metabolic rate, which is measured in metabolic equivalents
(Met), refers to the amount of energy the body uses. To better understand how the
body manages this temperature, it is important to understand the main mechanisms
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through which heat is transferred to the environment, such as conduction, convec-
tion, radiation, and evaporation.

2.1 Conductive heat transfer

Conductive heat transfer occurs when part of the body comes into direct contact
with a solid surface. The amount of heat transferred depends on several factors,
including the surface area in contact and the thermal properties of the solid material.
In steady-state conditions, the heat transfer can be estimated using the material’s
thermal conductivity and the temperature difference between the skin and the solid
surface. The rate of heat transfer through conduction can be expressed as:

_Qcond ¼ k � S � Tskin � Tsurfaceð Þ (4)

where k is the thermal conductivity in W/(m�K), S is the contact surface area between
the skin body and the solid surface, measured in m2, Tskin is the temperature of the
skin body in K, and Tsurface is the temperature of the solid surface in K.

In dynamic conditions, such as when the body touches surfaces with different
thermal capacities, heat transfer can be influenced by what is known as “thermal
inertia”. Thermal inertia describes how quickly a material can absorb or release heat
when its temperature changes. Materials with higher thermal inertia take longer to
change temperature and, therefore, will affect the skin temperature more slowly upon
contact. Depending on the size of the contact area and the thermal properties of the
material, conductive heat transfer can vary significantly, being greater in situations
where there is extended contact and the material has high thermal inertia, such as
when a person is lying down [7, 23, 24].

The human body releases the heat produced by metabolism through the skin and
lungs. This happens in two main ways: sensible heat (through convection and radia-
tion) and latent heat (through evaporation), as shown in Figure 1.

Sensible heat is the heat that causes a temperature change, which can be felt or
measured but does not involve a phase change. Sensible heat is transferred from the
skin to the environment and from the lungs to the environment through convection

Figure 1.
Heat transfer mechanisms from a resting person (Adapted from [25]).
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and radiation. Radiation is neglected in the lungs because the heat is transferred by
convection, as air is continuously moving in and out during breathing. The contribu-
tion of radiation is minimal due to the small surface area of the lungs and the limited
temperature difference between the lungs and the surrounding air, making it
insignificant compared to convection [25]. The following equations represent these
processes:

_Q sensible,skin ¼ _Qconv,skin þ _Qrad,skin (5)

_Qsensible,lungs ¼ _Qconv,lungs (6)

Latent heat is the energy used to evaporate water from the skin and lungs using
body heat. This energy is released when the water vapour condenses on cold surfaces.

Sensible heat transfer in the lungs occurs when the inhaled air is warmed,
depending on the rise in air temperature. Sensible heat loss from the skin depends on
factors like the skin’s temperature, the air around it, nearby surfaces, and the move-
ment of the air. Latent heat loss, on the other hand, is affected by howmoist the skin is
and the humidity of the air. The total rate of heat transfer expressed in W from the
body to the environment can be written as:

_Qbody,tot ¼ _Q sensible,skin þ _Q sensible,lungs

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

_Qsensible,tot

þ _Q latent,skin þ _Q latent,lungs

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

_Q latent,tot

(7)

2.2 Convective heat transfer

Convective heat transfer involves moving heat from the skin to the air around it.
The rate of heat transfer through convection from the skin to the ambient can be
represented by the following equation:

_Qconv ¼ hc � Sunclo � Tskin � Tamb
� �

(8)

where Tskin is the mean skin temperature, Tamb is the temperature of the ambient air
that refers to the temperature of the air immediately surrounding the body (is the dry-
bulb temperature of the air surrounding the occupant), Sunclo is the unclothed body
area that represents the surface area of the body that is not covered by clothing and is
exposed to the surrounding air, in m2, and hc is the convective heat transfer coeffi-
cient in W/(m2�K).

The convective heat transfer coefficient hc is defined as “the net sensible heat
transfer per unit area between a surface and a moving fluid medium per unit temper-
ature difference between the surface and the medium” according to the Standard ISO
13731:2001 [26].

When the temperature difference between the skin and the surrounding air
increases, heat is lost faster through convection. This happens because a high-
temperature difference makes the air move more, increasing the heat transfer.

The heat from the skin, when covered by clothing, is initially transferred to the
clothing and subsequently to the surrounding environment. Clothing works as insula-
tion and reduces both types of heat loss. Heat lost through respiration depends on
breathing rate, the volume of inhaled air, and environmental conditions affecting heat
loss through the skin. For a person wearing clothes, sensible heat is first transferred
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from the skin to the clothes and then from the clothes to the surrounding environment
[25]. The rate of heat transfer through convection from the outer layer of a clothed
body to the ambient can be described by the following equation:

_Qconv ¼ hc � Sclo � f clo � Tclo � Tamb
� �

(9)

where Sclo is the external surface of a clothed body in m2, f clo is the clothing area factor
defined as the “ratio between the surface area of the clothed body, including
unclothed parts, and the surface of the nude body” according to the Standard ISO
13731:2001. The clothing area factor is calculated using the equation:

f clo ¼ 1þ 0:3 � Iclo (10)

where Iclo represents defined in Standard ISO 13731:2001 as “the thermal insulation
from the skin surface to the outer clothing surface (considering enclosed air layers)”,
measured in clo units ( f clo ¼ 1 for the surface area of an unclothed body), where 1
clo = 0.155 (m2°C)/W [26].

Convective heat transfer from the skin or clothing happens when air movement
disturbs the insulating layer of air surrounding the body. This layer of air acts as a
natural insulator, slowing down heat loss. When the layer is thick and stable, it keeps
the body warm by reducing heat transfer. However, faster airflow makes this bound-
ary layer thinner and less stable, reducing its insulating effect and allowing more heat
to be lost. Convection from the skin or clothing can be classified into three types:

• Natural convection, which occurs when the air velocity, w is less than 0.2 m/s;

• Forced convection, which takes place when the air velocity, w exceeds 1.5 m/s;

• Mixed-mode convection, which occurs when the air velocity, w is between
0.2 m/s and 1.5 m/s [7].

When air flows over the human body, both natural and forced convection con-
tribute to heat transfer.

Natural convection flow is controlled by the Grashof number, a dimensionless
parameter that expresses the relationship between buoyancy forces and the viscous
forces acting on the fluid:

Gr ¼ g � β � Tskin � Tambð Þ � l3
ν2

¼ g � β � ΔT � l3
ν2

(11)

where g is the gravitational acceleration, m/s2, β is coefficient of volume expansion
in K�1 (for ideal gases, β ¼ T�1), l is the characteristic length of the geometry,
typically associated with the body height in m, and ν is the kinematic viscosity of the
air, m2/s.

The Grashof number is the key factor in determining if the fluid flow in natural
convection is laminar or turbulent. If the flow is laminar, the Grashof number is less
than 109; otherwise, if the flow is turbulent, the Grashof number exceeds this value
[25]. For a stationary, unclothed body with a temperature difference of approximately
8–10°C between the mean skin temperature and the ambient, the flow remains lami-
nar up to a height of 1 m and becomes turbulent around 1.5 m. As a result, various
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flow regimes occur due to natural convection at different heights, leading to varying
heat loss rates across different body parts [27].

Under natural convection and for a clothed body and an unclothed body, the
convective heat transfer coefficient hc is typically in the range of 3.1 to 5.1 W/(m2�K)
[7, 27, 28]. The general equation of the convective heat transfer coefficient for a
clothed body is:

hc ¼ αn � Tclo � Tamb
� �γn (12)

The general equation of the convective heat transfer coefficient for an unclothed
body is:

hc ¼ ϵn � Tskin � Tamb
� �γn (13)

where ϵn and γn are coefficients obtained from the literature under specific conditions
and analysis methods [28]. These coefficients reflect the posture and surface condi-
tions of the human body under natural convection, depending on whether the body is
clothed or unclothed, with differences between sitting and standing positions. The
values presented in [7] suggest that heat transfer is influenced by both posture and
contact with surfaces, highlighting the role of environmental factors and body con-
figuration in convective heat transfer processes.

In forced convection, significant research has focused on empirically determining
the convective heat transfer coefficients for the entire human body. In forced con-
vection, the Reynolds number assumes the same importance as the Grashof number in
natural convection. The Reynolds number (Re), which depends on air velocity and the
characteristic length related to the body, helps categorise convective flows. Its
expression is:

Re ¼ w � l
ν

¼ w � l � dair
μ

(14)

where w is the air velocity over the body surface, measured in m/s, μ is the dynamic
viscosity of the air in (Pa�s), and dair is the air density in kg/m3.

Recall that the Grashof number represents the ratio of buoyancy forces to
viscous forces acting on the fluid, making it important for natural convection. Mean-
while, the Reynolds number is the ratio between inertial and viscous forces on a fluid,
mainly used in forced convection [29]. A key criterion for distinguishing between
natural and forced convection is the Archimedes number (Ar). The Archimedes
number represents the ratio between the Grashof number and the square of the
Reynolds number:

Ar ¼ Gr
Re2

(15)

When Gr
Re2

is much greater than 1, natural convection prevails, and forced convection
can be neglected. In contrast, when Gr

Re2
is much less than 1, forced convection domi-

nates, and natural convection has a minor effect. However, when Gr
Re2

is near 1, both
natural and forced convection significantly influence the body’s heat transfer, mean-
ing that both mechanisms must be considered when analysing how heat is dissipated
from the skin [25].
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Mixed-mode convection for the human body refers to the combined effects of
natural and forced convection in heat transfer from the body to the ambient. It
typically occurs when the air velocity around the body is within the range of 0.2 m/s to
1.5 m/s, where neither natural nor forced convection is dominant. Mixed-mode con-
vection is particularly relevant in environments where airflow is not strong enough to
be fully dominated by forced convection. However, the airflow still has a significant
effect on the heat exchange between the skin and the surrounding air [30]. Several
factors determine the effectiveness of mixed-mode convection for the human body.
These include:

• Air velocity - the balance between natural and forced convection depends on air
velocity. If the air velocity increases beyond 0.2 m/s, forced convection (caused
by air movement) plays a more significant role alongside natural convection
(caused by warm air rising), resulting in increased overall heat loss from the
body. As air velocity increases, forced convection becomes more important,
gradually becoming the main mechanism. Once the air velocity exceeds 1.5 m/s,
forced convection becomes the dominant process, and natural convection
contributes less to the total heat transfer [30].

• Body posture and orientation - the effectiveness of mixed-mode convection also
depends on the posture and orientation of the human body. Studies by [28] have
shown that standing and seated postures, as well as body angles relative to
airflow, can modify boundary layer dynamics, impacting the balance between
natural and forced convection. A person standing up in mild airflow loses heat
more uniformly across the body than a seated person, where airflow may affect
certain body parts more than others, such as the legs or arms.

• Clothing and surface conditions - the presence of clothing can significantly modify
heat transfer in mixed-mode convection. Clothing acts as an additional barrier
that influences both natural and forced convection. According to the study by
[31], mixed-mode convection over clothed surfaces shows higher heat loss rates
than unclothed ones, particularly when air velocities are moderate. This happens
because the clothing fabric allows some air to pass through, which increases
forced convection. At the same time, it also permits natural convection to occur
within the space between the fabric and the skin.

• Environmental Conditions - Indoor environments with moderate air movement,
such as those caused by fans or Heating, Ventilation, and Air Conditioning
(HVAC) systems, typically exhibit mixed-mode convection. Understanding how
air movement and temperature differences impact the thermal comfort of
occupants is essential for designing spaces that provide a comfortable
environment. Both airflow and temperature gradients are crucial in ensuring
thermal comfort [27].

2.3 Radiative heat transfer

Radiative heat transfer in the human body involves releasing heat from the skin
through electromagnetic radiation, primarily within the infrared spectrum. This heat
transfer occurs due to the difference in temperature between the body and its envi-
ronment. When the skin temperature exceeds that of nearby surfaces or surrounding
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air, the body releases infrared radiation, carrying heat away and contributing to
thermal balance and comfort.

The rate of heat transfer through radiation from clothing to surrounding air can be
calculated using:

_Q rad ¼ hr � Sclo � f clo � Tclo � Tr
� �

(16)

where hr is the radiative heat transfer coefficient, and Tr is the mean radiation
temperature.

The radiative heat transfer coefficient hr is defined as “the net rate of heat
transfer per unit area by radiation between two surfaces, per unit temperature
difference between the surfaces” according to ISO 13731:2001 [26]. The
radiative heat transfer coefficient in W/(m2�K) is calculated using the following
formula:

hr ¼ 4 � ε � kB � Sr
SDU

� �
� 273:2þ Tclo þ Tr

2

� �3
(17)

where ε is the mean emissivity of the human body’s surface ranging from 0 to 1
(dimensionless), kB ¼ 5:67 � 10�8 W= m2 � Kð Þ is the Stefan-Boltzmann constant, Sr is
the effective radiation area of the human body in m2, and SDU is the DuBois body
surface area, “the total surface area of a nude person”, which is an estimation of the
total surface area of the human body based on height and weight. The formula of the
DuBois body surface area is expressed as [32]:

SDU ¼ 0:202 �m0:425 �H0:725 (18)

where m is the body weight in kg and H is the body height in m.
The mean radiant temperature, Tr reflects the combined effect of these surfaces on

radiative heat exchange with the human body. This temperature plays an important
role in assessing the thermal comfort of occupants in the indoor environment. The
mean radiant temperature Tr is defined as the “uniform temperature of an imaginary
black enclosure in which an occupant would exchange the same amount of radiant
heat as in the actual non-uniform enclosure” according to ISO 13731:2001 [26]. To
calculate the mean radiation temperature, each surface surrounding the human body
contributes to the radiative exchange based on the view factor, Fhuman body�i. The
view factor is a geometric quantity that does not depend on surface properties and
temperature. The mean radiant temperature Tr can be estimated using the following
formula [25]:

Tr ¼
XN
i¼1

Fhuman body�i � Ti (19)

where Fhuman body�i is the view factor defined as the fraction of the radiation leaving
the human body that strikes the surface i directly without being reflected or absorbed.
The view factor depends on the size, orientation, and distance of the surrounding
surfaces relative to the person. A larger, closer surface will have a higher view factor
than smaller, more distant surfaces, meaning this surface contributes more to the
radiative heat exchange with the human body. The view factor ranges between
0 and 1.
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• Fhuman body�i ¼ 1 means all radiation emitted by the human body reaches the
surface i;

• Fhuman body�i ¼ 0 means no radiation emitted by the human body reaches the
surface i.

2.4 Combined convective and radiative heat transfer

Total sensible heat loss can be calculated by combining both convective and radi-
ative heat losses from the outer surface of a clothed body. The equation of the total
heat transfer due to both convection and radiation from the clothed body can be
expressed as:

_Q ¼ htot � Sclo � Tclo � Top
� � ¼ Sclo � Tclo � Top

� �
1

hcþhr

¼ Sclo � Tclo � Top
� �

Rt,convþrad
(20)

where htot is the combined heat transfer coefficient for convection and radiation in
W/(m2�K) and Top is the operative temperature in K, which represents a weighted
average between the surrounding air and radiative temperatures.

The operative temperature is derived from the mean radiant temperature Tr, the
temperature of the ambient air Tamb, and air velocity over the body surface w. The
operative temperature is defined as the “uniform temperature of an imaginary black
enclosure in which an occupant would exchange the same amount of heat by radiation
plus convection as in the actual non-uniform environment”, according to the Standard
ISO 13731:2001 [26]. The operative temperature is calculated as:

Top ¼ hc � Tamb þ hr � Tsurr

hc þ hr
(21)

The mean radiant temperature significantly influences the operative temperature,
particularly in moderate thermal environments [33–35]. In moderate environments,
conditions are comfortable and stable, with temperatures, humidity, and air move-
ment at levels that feel natural and pleasant. Occupants in these conditions usually do
not feel too hot or cold, and the temperature difference is small [36]. When the
temperature difference Tsurr-Tamb is less than 4°C, and the air velocity w is less than
0.2 m/s, the operative temperature is computed as [34]:

Top ¼ 0:5 � Tamb þ Tsurr
� �

(22)

This equation is particularly used when hc ¼ hr. Under these conditions, Eq. (22)
gives a good estimate of the temperature that occupants feel in moderate environ-
ments.

Heat transfer through clothing involves the movement of the heat from the skin to
the outer surface of the clothing. The rate of heat transfer through clothing or total
sensible heat loss through clothing can be expressed as [25]:

_Q ¼ Sclo � Tskin � Tclo
� �
Rt,clo

(23)
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where Rclo is the thermal resistance of clothing in clo, where 1 clo ¼ 0:155 m2�°C
W .

The total sensible heat loss for the combined heat transfer phenomena can be
expressed as:

_Qsensible,skin ¼ Sclo � Tskin � Tclo
� �
Rt,tot

¼ Sclo � Tskin � Top
� �

Rt,clo þ Rt,convþrad
(24)

where Rt,tot is the total thermal resistance that combines the effects of conduction
through the clothing and convection and radiation from the outer surface of the
clothing to the surroundings of the human body, in m2�K

W .
Thermal resistance of clothing depends on the type and thickness of clothing.

Table 2 provides the values of typical insulation for different types of clothing in clo
units, along with their thermal resistance in m2�K

W .
The sweat on the body’s surface undergoes a phase-change process. Latent heat loss

occurs as a result of sweat evaporation and the movement of water through the skin’s
external surface. Furthermore, the evaporation process achieves its highest efficiency
when the skin is fully saturated with moisture [25]. The heat transfer rate (or latent/
evaporative heat losses) depends on the rate of sweat evaporation on the body surface
and the enthalpy of sweat vaporisation and indicates the level of moisture present on
the skin:

_Q latent,skin ¼ _msweat evap � i (25)

where _msweat evap is the rate of sweat evaporation on the body surface (skin), in
kg/s and i is the enthalpy of sweat vaporisation at the specified temperature or pres-
sure in J/kg.

During respiration, the air inhaled enters the lungs under ambient conditions,
while the exhaled air is saturated with moisture at a temperature close to the body’s
core temperature. As a result, the body loses heat through both sensible heat transfer
by convection and latent heat transfer due to evaporation from the lungs. The rate of
heat transfer or sensible heat loss through convection is described as follows:

_Qsensible,lungs ¼ _mair,lungs � cp,air � Texh � Tambð Þ (26)

where _mair,lungs is the mass flow rate of air through the lungs in kg/s; cp,air is the
specific heat capacity of air in J/(kg�K), and Texh is the temperature of the exhaled
air, in K.

The rate of heat transfer or latent heat loss through evaporation is described as
follows [25]:

Clothing type Clothing insulation Icl, clo Thermal resistance Rclo, m2∙K
W

Trousers, T-shirt, sweater, long-sleeve shirt 1.0 0.1550

Summer clothing 0.5 0.0775

Winter clothing 0.9 0.1395

Table 2.
Clothing insulation and Thermal resistance value for different types of clothing [25].
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_Q latent,lungs ¼ _mair,lungs � λ � uexh � uambð Þ (27)

where λ is the latent heat of vaporisation of water in J/kg, which is the amount of heat
required to convert one unit of mass of a liquid into vapour (or vapour into liquid) at
constant temperature and pressure without any change in the substance’s tempera-
ture; u is the humidity ratio, also known as specific humidity, which represents the
ratio of water vapour mass compared to the mass of dry air in an air mixture. It applies
to the exhaled air (uexhÞ and ambient air (uambÞ and is dimensionless.

For exhaled air, the moisture comes from water vapour released by the respiratory
tract, while for ambient air, it is influenced by the surrounding environmental
humidity [37]. The humidity ratio is expressed as:

w ¼ mmoisture

mdry air
(28)

where mmoisture is the mass of water vapour present in the air (the exhaled air in the
case of wexh, and the ambient air in the case of wamb) in kg, and mdry air is the mass of
dry air in kg.

In conclusion, convective and radiative heat transfer are important for under-
standing how the body loses heat through clothing. These processes depend on air
temperature, clothing properties, and the surrounding environment. By considering
these factors together, it is possible to understand better how to manage heat losses
and improve comfort in everyday situations.

3. Thermal interactions between human skin and wearable thermoelectric
systems

Knowledge of heat transfer principles in the human body is useful for assessing the
thermal interactions between human skin and wearable thermoelectric systems. For
this reason, it is important to analyse how these systems interact with the body’s
natural heat transfer mechanisms to regulate or harvest heat effectively.

Wearable thermoelectric generators (w-TEGs) operate by harvesting energy from
the temperature difference between the human body and the surrounding environ-
ment. This section explains the heat transfer processes in human skin (Section 3.1)
and their relevance to the operation of w-TEGs, as well as the analytical equations
governing heat transfer in w-TEGs (Section 3.2).

3.1 Analytical heat transfer in human skin

In developing analytical equations for heat transfer related to the interaction
between human skin and w-TEGs, the skin is modelled as a quasi-homogeneous struc-
ture with four distinct layers (the inner layer is the muscle, followed by the fat, dermis,
and the external layer is the epidermis). Each layer has a different thickness, δ and
unique thermal properties, including thermal conductivity. Figure 2 illustrates the
components of the w-TEG system (flexible substrate, the w-TEG embedded in the
filling material, the encapsulating layer, and the heat sink spreader) and the layers of the
human body. The heat flux, _Qh moves from the skin surface (Tskin ≈ 33°C) towards the
w-TEG, as indicated by the red arrow. The blue arrow represents the heat flux _Qc
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dissipated through the encapsulating layer and the heat sink to the ambient air
(Tamb ≈ 20 ÷ 25°CÞ.

The following equation governs the steady-state heat conduction through each
layer [38]:

d2Tj

dx2
¼ � _qmet þ _qperfusion

� �
� 1
kj

(29)

where Tj is the temperature of the skin layer j (with j ¼ 1 ÷ 5Þ, _qmet is the volumetric
heat generation rate by metabolism in W/m3, _qperfusion is the volumetric heat genera-
tion rate due to the blood perfusion in W/m3, and kj is the thermal conductivity of the
layer j (with j ¼ 1 ÷ 5Þ in W/(m�K).

The heat transfer associated with blood flow in tissues is expressed as:

_qperfusion ¼ Tcore � Tj
� � � dfluid � cp fluid � γ (30)

where Tcore is the core temperature in K, dfluid is the blood density in kg/m3, cpfluid is
the specific capacity of blood at constant pressure in J/(kg�K), γ ¼ _Vfluid �
Vtissue � Δtð Þ�1 in s�1 is the blood perfusion coefficient, representing the blood flow per
unit tissue volume over time, _Vfluid is the blood flow rate in a particular tissue in m3/s,
Vtissue is the volume of the tissue where blood flow occurs in m3 and Δt is the time
interval during which the blood flow is measured in s.

The perfusion coefficient γ is important for understanding localised blood circula-
tion and is used to regulate the body temperature. When the blood flow to the skin
increases, the process is called vasodilation, which enhances heat release from the
body. A reduction in blood flow is called vasoconstriction, minimising heat loss. Both
mechanisms are critical for keeping the thermal balance and ensuring proper physio-
logical function of the body [39].

In the thermal assessment of the fat and epidermis layer, the impact of blood
perfusion is neglected ( _qperfusion ¼ 0). For this reason, the steady-state heat conduc-
tion within the tissue layers becomes:

d2Tj

dx2
¼ � _qmet

kj
(31)

Figure 2.
Schematic representation of the w-TEG device showing the layered structure from the human body to the ambient
environment.
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For the fat and epidermis layers (j = 2;5), the solution of the temperature field
takes the form of a quadratic function:

Tj xð Þ ¼ � _qmet

kj
� x2 þ A1 � xþ A2 (32)

where A1 and A2 are the integration constants which are obtained from the boundary
conditions.

For the dermis layer (j = 3;4), the solution of the temperature fields is more
complex as it considers the effects of blood perfusion, which has an important role in
heat dissipation. The expression of the temperature field is an exponential function:

Tj xð Þ ¼ Tcore � ρfluid � cp fluid � γ
� ��1 � _qmet � er�x þ A3 � er�x þ A4 � e�r�x (33)

where A3, A4 are the integration constants which are obtained from the boundary
conditions and r is a parameter that depends on the tissue properties and blood
perfusion, defined as:

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρfluid � cp fluid � γ

kj

s
(34)

The integration constants A1, … , A4 for the fat, epidermis and dermis layers are
determined using the boundary conditions for the respective temperature distribu-
tions in these homogeneous tissues [38, 40]. These constants are directly influenced
by the thermal properties of the layers and the heat generation rates. Advanced
modelling techniques improve the integration of thermoelectric systems in wearable
applications. Wearable TEGs can significantly enhance energy harvesting efficiency
through optimised design and thermal management [40]. Section 3.2 introduces the
main equations and principles for steady-state heat transfer in w-TEGs, focusing on
thermal conductivities, temperature profiles, and heat flux calculations at different
device interfaces.

3.2 Analytical heat transfer equations for wearable thermoelectric generators

To assess the thermal behaviour of w-TEG, it is assumed that the thermoelectric
legs (P-type and N-type) have the same material properties and dimensions. This
assumption allows for calculating the simplified steady-state equations to obtain the
temperature distribution and the heat fluxes absorbed and released through the
device. Under this assumption, in the theoretical analysis, only the N-type thermo-
electric legs are written in the heat transfer equations [38, 40].

The steady-state temperature distribution in the thermoelectric legs is described by
the following equation (as shown in Figure 3):

d2TN

dx2
þ I2 � Rt N

KN � δ2TEGþfmat
¼ 0 (35)

where I is the electric current in the w-TEG in A, RN is the electric resistance of the
N-type thermoelectric leg in Ω, KN is the thermal conductance of the N-type thermo-
electric leg in W�K�1, Rt N is the thermal resistance of the N-type thermoelectric leg in
K�W�1 and δTEGþfmat is the thickness of the combined TEG and fill material in m.
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Unlike thermoelectric legs, Joule heating in metallic electrodes is negligible and,
therefore, not included here [38]. The electric current does not pass through the
flexible substrate, and the electric current, I is set to zero (I ¼ 0Þ. Under this condi-
tion, Eq. (35) simplifies to:

d2TN

dx2
¼ 0 (36)

The simplified representation of the thermal circuit depicted in Figure 3 is
described in [7, 38, 40]. The optimal thermal resistance for the thermal circuit can be
expressed as:

Rt opt ¼ 1

2 � Rt fmat
�1 þ Rt body þ Rt amb

� ��1 (37)

where Rt fmat is the parasitic thermal resistance introduced by the fill material, which
is connected in parallel with the overall thermal resistance of the w-TEG containing n
thermoelements of N-type and P-type, Rt body is the thermal resistance of the body,
and Rt amb is the thermal resistance of the ambient air in K�W�1.

The overall thermal resistance of the w-TEG system is:

Rt w�TEG ¼ 1
FF

� l
k � Sw�TEG

(38)

where FF is the fill factor, defined as the ratio of the total area of the thermoelectric
legs (SN þ SPÞ to the total surface area of the w-TEG system Sw�TEG, calculated as

Figure 3.
Illustration of the thermoelectric energy harvesting utilising body heat. The figure also depicts the thermal
equivalent circuit used in the theoretical analysis, where _Qh Peltier and _Qc Peltier represent the heat contributions due
to the Peltier effect on the hot and cold sides, respectively.
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FF ¼ SNþSP
Sw�TEG

; k is the total thermal conductivity of the thermoelectric legs (k ¼ kN þ kPÞ
inW/(m�K), Sw�TEG is the cross-sectional area of the thermoelectric legs in m2, and l is
the length of the thermoelectric legs in m.

The heat flux absorbed at the interface between skin and w-TEG, considering the
flexible substrate, is expressed as:

_Qh ¼
Tskin � Tflex

Rt eq 1
(39)

where Rt eq 1 ¼ Rt body þ Rt flex sub is the equivalent thermal resistance, Rt flex sub is the
thermal resistance of the flexible substrate, and Tflex is the temperature at the flexible
substrate in K.

The heat flux released through the encapsulating layer and the heat spreader at the
heat sink is defined as:

_Qc ¼
Tencapt � Tamb

Req 2
(40)

where Req 2 ¼ Rencap þ Rsin&spr þ Rt amb is the equivalent thermal resistance, Rencap is
the thermal resistance of the encapsulating layer, Rsin&spr is the thermal resistance of
the heat sink&spreader, Tencapt is the temperature of the encapsulating layer in K.

According to the principles of energy conservation under steady-state conditions,
the value of the heat flux across different layers (fat, dermis, epidermis, flexible
substrate, thermoelectric legs, encapsulating layer, and heat sink) does not change.
This condition is expressed as follows:

_Q layer δið Þ ¼ _Qnext layer δið Þ (41)

where _Q layer is the rate of heat transfer across a specific layer in W, _Qnext layer is the
rate of heat transfer across the adjacent layer in W, and δi is the thickness of the i-th
layer in m. Specifically:

_Qskin�w�TEG δskinð Þ ¼ _Q flex δð Þ (42)

_Q layer δencap
� � ¼ _Qw�TEGþfmat δw�TEGþfmatð Þ (43)

_Qw�TEGþfmat δw�TEGþfmatð Þ ¼ _Q spr δspr
� �

(44)

These expressions are useful for obtaining the temperatures at the hot and cold
sides of the w-TEG, as well as intermediate temperatures within the w-TEG layers. A
detailed discussion of the temperature distributions and heat flux expressions can be
found in [38, 40].

4. Performance of wearable thermoelectric generators

The performance of w-TEGs relies on harnessing the temperature gradient
between a heat source (i.e., the human body) and a heat sink (i.e., the ambient
environment). A theoretical assessment involves evaluating the power generated
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based on the principles of energy conservation. The output power of the w-TEG is
expressed as the difference between the net heat fluxes of the hot and cold sides:

Pout ¼ _Qh � _Qc (45)

By considering the contributions of the thermoelectric effects, the expression of
the output power is:

Pout ¼ n � αP � αNð Þ � Th � Tcð Þ � I � R � I2
2

¼ n � α � ΔT|fflfflfflfflfflffl{zfflfflfflfflfflffl}
Voc

� I � R � I2
2

(46)

where R is the electric resistance of the thermoelectric module, ΔT ¼ Th � Tc is the
temperature difference between the hot and cold sides of the w-TEG in K, Th is the
temperature of the hot side of the w-TEG in K, Tc is the temperature of the cold side
of the w-TEG in K,Voc is the open circuit voltage generated by the Seebeck effect in V, α
is the Seebeck coefficient of the thermoelements (αP of P-type thermoelement and αN of
the N-type thermoelement) in V�K�1, and n is the number of thermoelectric elements.

When a load resistance, RL is connected to the system, the output power is:

Pout ¼ RL � I2 (47)

By equating Eq. (46) with Eq. (47), it is obtained the expression of the electric
current:

I ¼ n � α � ΔT
Rþ RL

(48)

where R is the internal resistance in Ω.
Eq. (47) can be also written as:

Pout ¼ RL � Voc
2

Rþ RLð Þ2 (49)

Moreover, when R ¼ RL, the output power has the maximum value as:

Pout ¼ Voc
2

4 � RL
(50)

If the temperatures of the hot and cold sides are substituted in Eq. (47), a cubic
equation for the electric current is obtained [38, 40, 41]:

B1 � I3 þ B2 � I2 þ B3 � I þ B4 ¼ 0 (51)

where B1, B2, B3, and B4 are known coefficients, as presented in [7]. The solution of
this cubic equation provides the optimal current for a given load and temperature
difference, which is then used to calculate the output power.

Another parameter to evaluate the performance of the w-TEG is the maximum
power density:

Pd max ¼ ΔT2

4 � L � α
2 � FF
ρ

(52)
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where ρ is the electrical resistivity in Ω�m.
Pang et al. [42] analysed the output power density of the flexible TEG by varying

the fill factor FF and the thermoelectric element lengths. They found that increasing
the fill factor initially improves power density by lowering electrical resistance and
enhancing thermal conductance. However, after obtaining the optimal fill factor, the
temperature difference across the device decreases more significantly than the reduc-
tion in resistance, leading to a reduction in power density. The key parameters, such as
the load resistance, the fill factor, the thermophysical properties of the filler material,
and the thermal behaviour of the human skin, influence the performance of w-TEGs.

The performance of w-TEGs is also influenced by integrating flexible materials
that can adapt to dynamic human motion and improve personal comfort. Section 5
discusses the importance of flexibility in w-TEGs, highlighting their role in ensuring
adaptability to body movements, efficient heat harvesting, and user comfort.

5. Flexibility of wearable thermoelectric generators

The flexibility of w-TEGs is essential to harvest the maximum amount of wasted
heat from the body, as these devices must conform to the shape of the body [43].
Flexibility is also essential to w-TEGs for maintaining the wearer’s comfort and
maximising the efficiency of heat harvesting from the human body. Since w-TEGs are
intended to be worn directly on or near the skin, they must be able to adapt to the
natural movements of the human body without causing discomfort. A rigid w-TEG
would not only be uncomfortable but also reduce the contact area with the skin,
limiting its ability to absorb body heat effectively. Traditional TEGs cannot be used
effectively on curved surfaces due to their rigid structural components.

The following methods are used to achieve flexibility of w-TEGs:

• Designing TEGs with flexible substrates and electrodes [44] ensures adaptability
to the human body’s curved surfaces [45];

• Use of flexible thermoelectric materials as thermoelectric legs;

• Incorporating w-TEGs into textile clothing to enhance adaptability [43].

5.1 Designing TEGs with flexible substrates and electrodes

Wearable TEGs are designed to be placed on different parts of the human body
(e.g., wrist, forearm, legs, forehead, chest, etc). Wearable TEGs are typically designed
with rigid thermoelectric legs on a flexible substrate [46]. The flexible substrate is the
material on which the thermoelectric legs are mounted, providing structural support
and allowing the w-TEG to conform to the curved surfaces of the body. The choice of
flexible substrate material is important because a material with low thermal conduc-
tivity kflex sub increases the thermal resistance of the flexible substrate Rt flex sub
between the skin and the w-TEG. A higher Rt flex sub reduces the heat flux reaching the
w-TEG, _Q flex, which decreases the temperature difference between the TEG sides ΔT,
ultimately lowering the voltage and output power of the w-TEG. Sakamoto et al. [47]
introduced an experimental method to assess the thermal resistance of the interface
layer (TIM) placed when TEG is placed on a flat surface. TIM materials (i.e., BN-
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based ceramic paste and TSU700-H) effectively reduce thermal contact resistance,
enhancing TEG performance at medium temperatures. When the w-TEG is applied to
the curved skin area, the flexible substrate adjusts its shape by bending and deforming
to conform to the skin’s contours. Flexibility ensures better contact between the w-
TEG and the skin, enabling more efficient heat transfer despite the non-uniform
surface (Figure 4).

The shape and curvature of the skin can significantly influence the performance of
the w-TEG. For instance, the w-TEG must bend to match the skin’s curvature, which
results in non-uniform temperature distribution across the flexible substrate. The
material properties of the substrate, such as thickness and thermal conductivity, play
an important role in the w-TEG’s efficiency. To enhance performance, heat loss in the
flexible substrate must be minimised. Wang et al. [48] developed a numerical model
to study how the thickness δ and thermal conductivity of the flexible substrate affect
w-TEG performance on curved surfaces. Their study showed that using a thinner
flexible substrate with higher thermal conductivity improves heat transfer and voltage
generation of w-TEG for human body harvesting. Eom et al. [49] developed a flexible
TEG with a bracelet-like modular design that combines rigid inorganic materials with
polymer links and a copper heat sink. This design allows the TEG to conform to
surfaces like the wrist while improving heat transfer and efficiency. In their experi-
ments, the flexible TEG generates about 80 μW powered by human body heat during
light activity and usable output power even at rest. However, high thermal contact
resistance from thick copper electrodes limited w-TEG performance.

Electrodes play a key role in ensuring both electrical conductivity and flexibility in
w-TEGs. Kunag et al. [50] proposed an innovative heteromorphic electrode design
integrated with a heat sink to enhance heat dissipation at the cold side of w-TEG. The
design significantly improved the maximum output power, achieving a 44.1%
increase compared to conventional electrodes. Their work demonstrated the potential
of flexible TEGs with advanced electrodes for efficient energy harvesting, obtaining a
power density of 21.3 μW/cm2 under natural convection and 116.1 μW/cm2 with
forced convection, making them practical for wearable applications. Thinner,
flexible electrodes were identified as a solution to improve efficiency, highlighting
the need for improved flexible materials and design. Selecting electrode materials

Figure 4.
Illustration of the TEG structure positioned on a curved skin surface (Adapted from [48]).
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(e.g., conductive polymers and metal-based composite) with high electrical
conductivity and mechanical flexibility reduces resistive losses while ensuring user
comfort [51].

5.2 Flexible thermoelectric materials as thermoelectric legs

Flexible thermoelectric materials, such as conductive polymers or carbon-based
composites, are designed to maintain good thermoelectric performance while being
flexible enough to move with the body. The substrates, which are the base layers that
hold the thermoelectric elements, must also be flexible to ensure the entire device can
adapt to the wearer’s movements.

Wearable TEGs can be classified into two types: w-TEGs made from organic
materials that are naturally flexible, and w-TEGs made from inorganic bulk materials
with flexible design [52].

Flexible organic thermoelectric materials [53] are more comfortable and softer, but
their lower performance limits their ability to provide stable and long-lasting sensor
operation. Flexible organic materials use thin-film technologies like poly(3,4-
ethylenedioxythiophene):poly(styrenesulfonate), known as PEDOT: PSS [54, 55].
PEDOT:PSS is the most popular conducting polymer used in w-TEGs due to its ability
to maintain high Seebeck coefficients, facilitating efficient charge transport. PEDOT:
PSS can be exposed to air and moisture without significant degradation [53]. Other
conducting polymers include polyaniline (PANi), polypyrrole (PPY), polythiophene
(PTH), polyphenylenevinylene (PPV), and polycarbazoles (PC) [8]. Compared to
inorganic thermoelectric materials, these polymers have lower thermal conductivity,
which is advantageous for achieving a high dimensionless figure of merit ZT. Addi-
tionally, conducting polymers are lightweight, cost-effective, and easy to produce and
fabricate into various forms, such as thin films, fibres, coatings, or 3D shapes [8].
Most conducting polymers and their thermoelectric composites are P-type thermo-
electric materials because conventional N-type conducting polymers lack stability
when air exposure. This limitation significantly impacts the advancement of wearable
TEGs. The N-type conducting polymers are unstable when exposed to air, which
limits their use in w-TEGs. Improving the electrical conductivity of these materials is
key to increasing ZT. While some progress has been made, with ZT values, challenges
like air instability, difficult manufacturing processes, and low conductivity still exist.
Therefore, creating N-type conducting polymers that are stable in air, easy to process
in solution and exhibit high thermoelectric performance, remains a significant chal-
lenge [8].

Inorganic bulk materials have poor flexibility compared to organic thermoelectric
materials. Flexible substrates overcome the limited flexibility and comfort of inor-
ganic bulk materials. PDMS (polydimethylsiloxane) is a flexible, biocompatible
silicone-based polymer used in w-TEGs as a flexible substrate or encapsulation mate-
rial [56]. PDMS has low thermal conductivity and is used in designs where thermal
insulation is needed to maintain a temperature gradient across the thermoelectric
elements. PDMS is often used to encapsulate thermoelectric elements, protecting
them from environmental factors like moisture, dust, and mechanical damage. PDMS
is preferred due to its biocompatibility and non-toxic nature, making it safe for
prolonged skin contact. Furthermore, PDMS is resistant to many chemicals,
solvents, and environmental factors, ensuring satisfactory durability also in harsh
conditions [48].
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Moreover, thermoelectric materials can be divided into 1D, 2D and 3D types:

• 1D materials, like nanowires and fibres, have been widely researched but are not
fully developed for practical use, especially in the medical field, due to
unresolved challenges such as catalyst selection,

• 2D materials include thermoelectric thin films. Organic 2D materials, like
conducting polymers, are good candidates for flexible applications. Inorganic 2D
materials have some flexibility, making them promising for w-TEGs.

• 3D materials are primarily bulk semiconductors, such as bismuth telluride
(Bi2Te3), which remains the best thermoelectric material at room temperature
due to its high performance [52].

5.3 Incorporating w-TEGs into textile clothing

Integrating TEGs into textile clothing can help harvest body heat over a larger area,
converting it into electrical energy. Adding TEGs to fabrics does not significantly
reduce their power output. For example, a shirt with hidden TEGs placed between
fabric layers can generate between 0.5 mW and 5 mW, depending on the ambient
temperature (from 15 to 27°C). This demonstrates the potential for TEGs to provide
an efficient energy source for w-TEGs without compromising the functionality or
comfort of the clothing [57]. Du et al. [5] developed a fabric-based TEG by connecting
multiple PEDOT: PSS-coated fabric pieces in series. This fabric TEG has a 2D flat
structure that harvests heat along the in-plane direction. In real-life wearable applica-
tions, there is a temperature difference between the human body and the surrounding
environment, which causes heat flow to move perpendicularly to the skin. A 2D flat
TEG does not work well because it is parallel to the skin, preventing a temperature
difference from forming along its length. Wu and Hu [58] presented a novel design
for a w-TEG based on a 3D fabric structure as the substrate. This design enables the
generation of a temperature difference across the thickness of the fabric, which
improves its applicability for body heat harvesting in wearable systems. Chen et al.
[59] highlighted that textiles, due to their structures of fibres, yarns and fabrics, are
flexible, allow air to pass through, and are easy to shape. These characteristics make
them perfect for adding w-TEGs without affecting comfort. Khan et al. [49],
explained the advantages of fibre-shaped w-TEGs (i.e., flexibility, durability, and
ability to withstand bending and stretching), making them ideal for integration into a
textile material. To improve performance, Wu et al. [60] have applied techniques
such as Ag nanowire coating, which enhance infrared reflectivity and increase voltage
output by 35%. Furthermore, encapsulation helps to retain heat on the hot side,
ensuring stable operation during different activities, including sports and underwater
use. Other advancements include π-type thermoelectric modules made with alter-
nately doped carbon nanotube fibres, achieving a peak power density, Pd ¼
70 mW=m² at the temperature difference ΔT ¼ 44 K. Khan et al. [49] also noted
recent innovations, such as the large-scale production of hierarchically segmented
thermoelectric strings, which offer excellent stretchability (up to 100%), mechanical
stability, and washability. Despite their benefits—lightweight design, flexibility, and
scalability—fibre-based TEGs still face challenges, including low power density, com-
plex fabrication processes, and cost limitations.
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6. Conclusions

Wearable TEGs represent a promising technology for sustainable energy
harvesting, especially for wearable electronic devices. By utilising the natural heat
generated by the human body, w-TEGs can provide a reliable power source without
depending on external energy supplies. This chapter has provided an overview of the
basic principles and developments in this field. The main aspects include:

• The analysis of the mechanisms of conduction, convection, radiation, and
evaporation, highlighting their role in maintaining thermoregulation and
relevance to w-TEG functionality.

• A detailed discussion on the interaction of w-TEGs with the human body’s
natural heat transfer processes and the equations governing heat transfer in skin
and w-TEG devices.

• The importance of using flexible materials and innovative designs to ensure
comfort, adaptability, and efficiency in wearable applications.

By addressing aspects such as material optimisation, device flexibility, and energy
management, w-TEGs can potentially become a widely used solution for powering
wearable electronics.

Nomenclature

A integration constant
Ar Archimedes number (dimensionless)
cp specific heat capacity, J/(kg�K)
d density, kg/m3

Fhuman body view factor (dimensionless)
FF fill factor (dimensionless)
f clo clothing area factor, (dimensionless)
Gr Grashof number (dimensionless)
g gravitational acceleration, m/s2

H height, m
HVAC heating, ventilation, and air conditioning
λ latent heat, J/kg
h heat transfer coefficient, W/(m2�K)
i enthalpy, J/kg
I electric current, A
Iclo thermal insulation, clo
K thermal conductance, W�K�1

k thermal conductivity, W/(m�K)
kB Stefan-Boltzmann constant, kB ¼ 5:67 � 10�8 W= m2 � Kð Þ
l length, m
m mass, kg
_m mass flow rate, kg/s
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n number of thermoelectric elements
Pd power density, W/m2

PDMS polydimethylsiloxane
PEDOT:PSS poly(3,4-ethylenedioxythiophene):poly(styrenesulfonate)
Pout output power of the w-TEG, W
_Q rate of heat transfer, W
_q volumetric heat generation rate, W/m3

r parameter
R electric resistance, Ω
Rt thermal resistance, K�W�1

Rclo thermal resistance of clothing, clo
Re Reynolds number
S surface area, m2

t time, s
T mean absolute temperature, K
T absolute temperature, K
w-TEG wearable thermoelectric generator
u specific humidity (dimensionless)
Voc open circuit voltage generated by the Seebeck effect, V
_V volumetric flow rate, m3/s
V volume, m3

w velocity, m/s
Z figure of merit, K�1

Greek symbols

α Seebeck coefficient, V�K�1

β coefficient of volume expansion, K�1

γ coefficient
δ thickness, m
ε mean emissivity (dimensionless)
ϵ coefficient
η efficiency
μ dynamic viscosity of the air, Pa�s
ν kinematic viscosity of the air, m2/s
ρ electrical resistivity, Ω�m
σ electrical conductivity, S/m
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Chapter 7

Controlling Heat Transfer through 
Walls and Roofs to Regulate Indoor 
Temperature: Analysis Using 
HT-Flux Software
Leonardus Murialdo Fransislus Purwanto, Hermawan and 
Stephanus Evert Indrawan

Abstract

Building design is currently recognized as a significant contributor to energy 
consumption, accounting for 24.79% of the total energy used by society. This con-
sumption is projected to increase by 1% annually. Therefore, effective strategies for 
controlling heat transfer through walls and roofs must be considered and implemented 
in every building in humid tropical regions, such as Indonesia. This study consists of 
an introduction, research methods, literature review, object work analysis, and conclu-
sions. This study aims to provide practical solutions by utilizing HT-Flux software 
to calculate heat transfer through walls and roofs in humid tropical areas, thereby 
minimizing its impact on indoor temperature increases. The research adopts a descrip-
tive quantitative method, focusing on calculating heat transfer through walls and roofs 
using HT-Flux software based on finite element principles. The findings of this study 
serve as a guide for designing buildings in humid tropical regions that can reduce 
indoor air temperature increases, thereby lowering electricity consumption when air 
conditioning is used. By addressing this issue, the rise in electricity consumption can be 
effectively controlled and minimized. Key findings reveal that optimized wall and roof 
designs significantly reduce heat transfer, which, in turn, decreases indoor tempera-
ture fluctuations. These improvements result in a reduction in electricity consumption 
for air conditioning by up to 15–20%, depending on material selection and design 
modifications. The simulation also highlights the critical role of thermal insulation 
and reflective roofing materials in enhancing energy efficiency. This study provides 
practical guidance for designing energy-efficient buildings, ultimately contributing to 
sustainable energy management and mitigating the rise in electricity demand.

Keywords: HT-flux software, heat transfer, roof design, wall design, indoor air 
temperature

1.  Introduction

Buildings play a vital role in human life, serving as spaces for living, working, and 
various public activities. However, buildings are also among the largest contributors 
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to global energy consumption. A significant portion of this energy is used to maintain 
comfortable indoor temperatures, especially in regions with warm climates. One of 
the main factors influencing energy consumption in buildings is heat transfer through 
walls and roofs [1].

Uncontrolled heat transfer can lead to an increase in indoor temperature, forcing 
air conditioning systems to work harder to maintain comfort. This, in turn, requires 
higher electrical energy consumption. Besides increasing electricity usage, it also 
raises operational costs and exacerbates environmental impacts. Therefore, under-
standing and managing heat transfer through walls and roofs is essential for creating 
energy-efficient and environmentally friendly buildings [2].

Advancements in technology have made it easier to analyze heat transfer in build-
ings using software tools such as HT-Flux. This software enables accurate calculations 
based on finite element principles, providing detailed insights into how heat moves 
through wall and roof materials. Moreover, HT-Flux is simpler to use compared to other 
software, as research object designs can be imported directly from AutoCAD, and the 
calculation process is relatively faster despite using the same finite element model [3].

This study aims to analyze and propose solutions for controlling heat transfer 
through walls and roofs using HT-Flux software. The findings are expected to serve 
as a guide for building designers to create designs that minimize indoor temperature 
increases, reduce electricity consumption, and promote overall energy efficiency.

2.  Research methodology

This study adopts a quantitative approach to analyze heat transfer through walls 
and roofs and to develop effective solutions for its regulation. The data utilized 
include the thermal properties of materials, such as thermal conductivity, specific 
heat capacity, and thickness, which were obtained from literature and technical mate-
rial specifications. Environmental data, including external temperature, solar radia-
tion, and humidity, were also incorporated as input parameters for the simulation.

The simulation process was conducted using HT-Flux software based on the finite 
element method. Wall and roof models were constructed, accounting for variations 
in materials, layers, and environmental conditions, to calculate temperature distribu-
tion and heat flux. The simulation results were quantitatively analyzed to evaluate 
the impact of heat transfer on indoor temperature and to assess the effectiveness of 
different designs and materials in reducing heat transfer.

Validation was carried out by comparing the simulation outcomes with empirical 
data or findings from previous studies to ensure reliability. Based on the analysis, rec-
ommendations for thermally efficient wall and roof designs were formulated, empha-
sizing the reduction of indoor temperature fluctuations and energy consumption for 
cooling purposes. This approach aims to provide practical solutions for sustainable 
building design.

3.  Literature review

The control of heat transfer through walls and roofs is crucial in designing energy-
efficient buildings. Uncontrolled heat transfer can significantly increase the demand 
for cooling or heating, thus escalating energy consumption. Simulation tools such 
as HT-Flux provide an in-depth analysis of these processes, assisting in the creation 
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of energy-efficient building designs [4]. Heat transfer occurs through three primary 
mechanisms: conduction, convection, and radiation. Conduction refers to the flow 
of heat through solid materials, convection pertains to heat transfer via fluids such 
as air, and radiation involves the transfer of energy through electromagnetic waves. 
Materials with low thermal conductivity, such as polyurethane-based or mineral fiber 
insulation, effectively minimize heat transfer through walls and roofs [5]. Reflective 
coatings applied to roofs are also instrumental in reducing thermal radiation [6]. 
Architectural design significantly influences heat transfer control. Elements such 
as window placement, building orientation, and the incorporation of green roofs 
are pivotal strategies. Green roofs, for example, have been shown to reduce surface 
temperatures substantially, thereby reducing the cooling load in buildings as low as 
2.7°C [7, 8]. Advances in building materials, such as the utilization of Phase Change 
Materials (PCM), which absorb and release thermal energy at specific temperatures, 
also contribute to maintaining stable indoor temperatures [9]. Furthermore, nano-
technology-derived materials like aerogel offer exceptionally low thermal conductiv-
ity with minimal material thickness, making them highly efficient thermal insulators 
[10]. HT-Flux is a software tool designed to simulate heat transfer in building struc-
tures. Utilizing the finite element method, HT-Flux provides a detailed analysis of 
the temperature distribution and heat flux in building components, especially in the 
depiction of heat distribution that cannot be done with manual calculations. Studies 
confirm that HT-Flux delivers accurate simulations when compared to field measure-
ments, with an average deviation of less than 5% [11]. In building design, HT-Flux is 
employed to evaluate the thermal performance of new materials, assess the effective-
ness of insulation and ventilation strategies, and identify hotspots within buildings 
for further optimization [12]. Several case studies highlight the effectiveness of 
HT-Flux in achieving energy-efficient building designs. For instance, simulations 
using HT-Flux have shown that PCM-based wall insulation significantly reduces heat 
flux, lowering cooling energy requirements [13]. Similarly, reflective roof coatings 
have been proven to decrease indoor temperatures during summer months. However, 
challenges remain, such as the high costs of advanced thermal insulation materials 
and emerging technologies like PCM and aerogel. Moreover, the durability of these 
materials under extreme environmental conditions continues to be an active area of 
research. Future prospects include the integration of thermal simulations with artifi-
cial intelligence to optimize building designs automatically. Additionally, leveraging 
real-time data from thermal sensors can enhance simulation accuracy and allow for 
dynamic adaptation to environmental changes. In conclusion, the control of heat 
transfer through walls and roofs is essential for improving building energy efficiency. 
Software tools like HT-Flux provide a robust platform for analyzing and optimizing 
heat transfer, supporting the development of sustainable and energy-efficient build-
ing designs.

4.  Measurement of research objects

The buildings observed in this study were selected based on the following struc-
tural variations:

1. Walls constructed with half-brick thickness (15 cm).

2. Walls constructed with full-brick thickness (30 cm).
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3. Ground-floor walls.

4. First-floor walls.

5. Walls with glass windows.

6. Walls with wooden windows.

7. Unplasticized polyvinyl chloride (UPVC) roofs without ceilings.

8. UPVC roofs with ceilings.

9. Clay tile roofs without ceilings.

10. Clay tile roofs with ceilings.

The dimensions and types of materials are those that are often used in Indonesia, 
which has a humid tropical climate and has strong sun exposure.

For the measurement process, the following instrument was used:

1. A digital thermometer/hygrometer (Lutron HT3004) to measure air temperature. 
For humidity measurement range with a range of 10–95% and a temperature mea-
surement range of 0–60°V. This tool has been calibrated by the Lutron vendor

2. Digital Doppelthermometer Voltcraft 302 K/J for wall surface temperature 
measurement. The measurement of the wall surface temperature is around 0 to 
250°C. This tool has been calibrated by the Voltcraft vendor

The measurement results are presented in the following diagram (see Figure 1).

5.  Starting the simulation with HT-flux software

The HT-Flux software, developed by HT-Flux Engineering GmbH in Austria, is 
capable of calculating heat flow, U-value, Ψ value, fRsi value, and extreme tempera-
ture value, all of which are used in heat transfer calculations. These calculations are 
essential for analyzing heat transfer through walls and roofs, which significantly 

Figure 1. 
Outdoor air temperature, exterior wall surface temperature, interior wall surface temperature, and indoor air 
temperature for the east and west walls.
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impact thermal comfort within buildings and efforts to optimize energy usage in trop-
ical regions for artificial conditioning. Heat leakage into the building increases indoor 
temperatures, leading to higher energy consumption to reduce these temperatures.

This program provides features for adding materials with data inputs for λ (ther-
mal conductivity), μ (water vapor diffusion resistance factor), ρ (density), and Cp 
(specific heat capacity). Additionally, external and internal temperature data can 
be modified, including inputs for temperature, humidity, heat transfer resistance, 
and the orientation of the measured object. This change in temperature affects the 
heat transfer output because the temperature is adjusted to the local climate of each 
place, for example, in humid tropical areas that are different from those in subtropical 
climates. This input data can be arranged as in Figure 2.

6.  Calculations on various wall shapes with HT-flux analysis

In heat transfer calculations, strict attention must be given to the U-value. The 
lower the U-value in a building’s construction, the greater the influence of external 
heat entering the building. A U-value calculation involves determining the overall 
thermal transmittance of a wall, accounting for the thermal resistances of its layers. 
For instance, consider a wall with three layers: an exterior brick layer (thermal resis-
tance 0.25 m2K/W), insulation (1.50 m2K/W), and interior plaster (0.10 m2K/W). 
The total thermal resistance (Rtotal) is the sum of individual resistances:

Rtotal = 0.25 + 1.50 + 0.10 = 1.85 m2K/W. The U-value is the reciprocal of the total 
resistance: U = 1/R_total = 1/1.85 ≈ 0.54 W/m2K. This value indicates the rate of heat 
transfer through the wall, emphasizing its insulation performance. However, calcula-
tions related to thermal bridges must also be considered, as they are often neglected 
in tropical regions. Thermal bridges signify significant heat leakage from the exterior 
to the interior of a building, which substantially affects indoor comfort. Thermal 
bridges are indeed critical points of heat transfer that can impact indoor comfort and 
energy efficiency. In our study, we explored specific strategies to mitigate thermal 
bridging, including (1) incorporating continuous insulation to minimize gaps in the 
building envelope, (2) using thermally broken materials at junctions and connections, 
such as windows and door frames, (3) designing with optimized structural details to 
reduce conductive pathways, and (4) applying advanced insulating materials, such as 
aerogels, in challenging areas. These strategies aim to enhance thermal performance 
and ensure a more consistent indoor environment.

Figure 2. 
Data input in HT-Flux that can be set up with local climate data adjustments.
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Thermal comfort calculations in tropical regions are frequently overlooked 
because the issue of heat often only results in unmet thermal comfort, and the prag-
matic solution tends to involve installing air conditioning systems without consider-
ing the associated increase in energy consumption. This is particularly concerning in 
tropical regions where buildings are exposed to high levels of solar radiation.

This study tests several wall and roof configurations to observe heat transfer and 
its effects on indoor spaces. Calculations are conducted using HT-Flux software to 
analyze temperature gradients and thermal bridges occurring in various building 
constructions, as follows:

6.1 Half-brick wall

A half-brick wall with a thickness of 15 cm, inner and outer plaster layers of 1.5 cm 
each, and a 10 cm brick core were evaluated by inputting external and internal air 
temperatures. The temperature distribution and conductive heat flux in this wall type 
show that it has a limited ability to hinder heat transfer into the building.

The wall under analysis consists of a 15 cm thick half-brick layer as the main 
material, complemented by inner and outer plaster layers, each 1.5 cm thick, and an 
additional 10 cm brick layer. This wall structure is designed to reduce heat transfer 
between the external environment and the indoor space.

Heat transfer through the wall occurs due to the temperature difference between 
the outside air and the indoor environment. Materials like bricks have moderate 
thermal conductivity, approximately 0.72 W/mK, which allows heat to pass through 
at a controlled rate. The plaster layers, although thinner, have a thermal conductiv-
ity of about 0.5 W/mK [14], further contributing to the thermal resistance. The 
total wall thickness, approximately 28 cm, provides sufficient thermal resistance to 
maintain indoor temperature stability. The plaster layers, while thinner compared to 
the brick layer, contribute to the overall thermal resistance of the wall by providing 
an additional barrier to heat transfer. With a thermal conductivity of approximately 
0.5 W/mK and a typical thickness of around 10–20 mm, these layers have a relatively 
small individual resistance. However, when combined with other materials in the wall 
assembly, they play a cumulative role in reducing heat flow. By slowing down the rate 
of heat transfer, the plaster layers enhance the overall thermal performance of the 
wall, complementing the insulating properties of the thicker brick layer.

As shown in the simulation (as seen in Figure 3), the temperature distribution 
across the wall forms a gradient, with higher temperatures on the outside gradually 
decreasing toward the inside. This indicates that the wall effectively reduces heat flow 
from the external environment into the indoor space. With this structure, indoor 
temperatures can remain stable even when outdoor temperatures fluctuate.

The thermal efficiency of this wall is particularly beneficial for enhancing indoor 
thermal comfort and reducing energy consumption for heating or cooling [15]. 
To further improve efficiency, additional insulation layers could be considered, 
especially in environments with significant differences between outdoor and indoor 
temperatures [16].

6.2 Full-Brick Wall

The total thickness of the full-brick wall is 30 cm, comprising 1.5 cm outer and 
inner plaster layers and a 27 cm brick core. This wall construction demonstrates 
increased thermal resistance and effectively reduces heat transfer through the wall.
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The wall structure in question consists of a total thickness of 30 cm, which 
includes an outer plaster layer (1.5 cm), an inner plaster layer (1.5 cm), and a brick 
layer (27 cm). This configuration represents a single-brick wall, commonly used in 
construction for thermal and structural efficiency.

Heat transfer occurs due to the temperature difference between the external envi-
ronment and the indoor space. The materials used in this wall have distinct thermal 
properties:

• Brick is the primary material, with a thermal conductivity of approximately 
0.72 W/mK, known for its moderate ability to conduct heat [14].

• Plaster, though thinner, has a thermal conductivity of around 0.5 W/mK, 
contributing additional resistance to heat flow [15].

The simulation, as illustrated in the accompanying image, shows the temperature 
gradient across the wall, as seen in Figure 4. Higher temperatures on the outer surface 
gradually decrease toward the inner surface, indicating that the wall effectively 
reduces heat transfer from the external to the internal environment. This reduction in 
heat transfer helps maintain a more stable indoor temperature.

The thermal resistance of the wall is enhanced by the combination of materials 
and their respective thicknesses. While the brick layer provides the majority of the 
wall’s structural and thermal performance, the plaster layers play a significant role in 
minimizing thermal bridging and enhancing the overall resistance to heat flow.

This wall structure is efficient for moderate climate conditions, as it offers a 
balance between structural strength and thermal performance. However, in extreme 
climates, additional insulation layers could further improve its energy efficiency by 
reducing heating or cooling loads [18]. Such enhancements would align with modern 
energy-saving practices and provide long-term cost benefits.

6.3 Half-brick wall with wooden frames and glass windows

Heat transfer through glass significantly contributes to heat penetration from out-
side to inside the building. Proper sealing at the junctions between wooden frames and 

Figure 3. 
Heat flux distribution on a half-brick wall.
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brick walls can prevent heat leakage. However, to minimize heat transfer through the 
connection between glass and frames, sealants must be applied to prevent heat ingress.

This study investigates the heat transfer characteristics of a wall system compris-
ing a half-brick wall with integrated wooden frames and glass windows, as illustrated 
in the provided simulation image as in Figure 5. The analysis evaluates how different 
materials in the wall system contribute to heat transfer, focusing on their thermal 
properties and their impact on overall energy efficiency.

The primary component of the wall is a half-brick layer, approximately 12.5 cm 
thick. Bricks are known for their moderate thermal conductivity, typically rang-
ing from 0.60 to 0.75 W/mK, depending on their density and composition [16]. In 
this configuration, the brick wall acts as a thermal barrier, slowing the heat transfer 
from the external environment to the indoor space. However, its performance can be 
affected by the presence of thermal bridges, such as wooden frames and glass windows.

Wooden frames, which are commonly used for structural and esthetic purposes, 
exhibit lower thermal conductivity compared to bricks, with values typically around 
0.15 W/mK [17]. While wood provides some resistance to heat transfer, it can create 

Figure 5. 
Heat flux distribution on a wall with wooden frames and glass windows.

Figure 4. 
Heat flux distribution on a full-brick wall.
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thermal bridges due to its direct contact with both the external and internal surfaces. 
These thermal bridges may allow localized heat transfer, slightly reducing the thermal 
performance of the overall wall system.

The glass windows in this configuration are key elements influencing heat transfer. 
Glass typically has a higher thermal conductivity than both bricks and wood, approxi-
mately 0.8–1.0 W/mK [18]. This makes windows a potential weak point in the wall 
system for resisting heat flow. However, the inclusion of modern glazing technologies, 
such as double-glazed or low-emissivity (low-E) glass, can significantly improve 
thermal insulation by trapping air or gas layers between glass panes, thereby reducing 
heat transfer. The effectiveness of these technologies depends on the specific type of 
glass and coating used.

The temperature distribution, as shown in the HT-Flux simulation, reveals the 
interaction between these materials. Higher temperatures on the external surface 
gradually transition to lower temperatures inside the building. The presence of 
wooden frames and glass windows introduces localized variations in the temperature 
gradient, highlighting the need for careful material selection and design to optimize 
thermal performance.

This wall system’s thermal performance is suitable for moderate climates but could 
be enhanced for extreme conditions. Adding insulating materials around wooden 
frames and utilizing advanced glazing solutions for windows are effective measures 
to reduce heat loss or gain. Such improvements can significantly reduce energy 
consumption for heating or cooling, aligning with sustainability goals in modern 
construction [19].

To further optimize the thermal performance of similar wall systems, the follow-
ing strategies are recommended:

• Insulation: Integrating insulation materials, such as polyurethane or mineral 
wool, within the brick wall or around wooden frames.

• Advanced Glazing: Adopting triple-glazed or low-E glass to minimize heat 
transfer through windows.

• Sealing: Ensuring airtight sealing between the wooden frames and brick wall to 
prevent air leakage, which can compromise energy efficiency.

6.4 Second-floor brick wall meeting a concrete floor slab

At the junction between a second-floor brick wall and a concrete floor slab, proper 
adhesion must be ensured to prevent heat transfer into the building. Figure 6 illus-
trates the deflection of isotherm lines at the wall-slab interface due to differences in 
thermal resistance and highlights the critical areas at the junction that require atten-
tion to prevent heat leakage.

This analysis examines the heat transfer characteristics in a two-story brick wall 
structure with a concrete slab intersection, as depicted in the provided simulation. 
The study focuses on the thermal interaction between brick walls and concrete, 
evaluating their roles in heat transfer and the implications for energy efficiency.

The brick wall, with a typical thermal conductivity of 0.60–0.75 W/mK, serves as 
the primary thermal barrier for the building envelope [20]. Its moderate conductivity 
allows it to resist heat flow effectively, maintaining a stable indoor temperature. The 
concrete slab, on the other hand, has a higher thermal conductivity, ranging from 1.2 to 
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1.8 W/mK, depending on its density and aggregate composition [21]. This higher con-
ductivity makes the slab a potential thermal bridge at the junction with the brick wall.

The intersection between the brick wall and the concrete slab is a critical point 
for heat transfer. Concrete’s higher thermal conductivity facilitates heat flow, poten-
tially compromising the overall thermal resistance of the wall system. This effect is 
exacerbated if the intersection is not properly insulated, leading to localized heat 
loss or gain. The HT-Flux simulation shows temperature gradients indicating heat 
flow through the wall-slab interface (in Figure 6). These gradients highlight the 
importance of thermal breaks or insulation at the junction to mitigate heat transfer. 
Materials like extruded polystyrene or aerogels can be used to create a thermal barrier 
at this point [22].

Addressing the thermal bridging at the wall-slab interface is essential for energy 
efficiency. Proper insulation at the junction can significantly reduce heat loss, 
improving indoor thermal comfort and reducing energy consumption for heating or 
cooling. For optimal results, the design should also ensure airtight construction to 
minimize air leakage.

6.5 Ground-floor brick wall

Similar to the second-floor wall junction, attention should be given to the connec-
tion between the wall and the floor on the ground floor. The deflection of isotherm 
lines at the junction marks a weak point. Proper adhesion systems and mortar must 
be employed to prevent heat leakage from outside into the building. The deflection 
of isotherm lines at a junction indicates areas of uneven heat flow, which can signify 
thermal bridges. These weak points disrupt the uniform distribution of temperature 
across the building envelope, leading to increased heat loss in colder conditions 
or unwanted heat gain in warmer conditions. As a result, the building’s thermal 
efficiency is compromised, requiring more energy to maintain indoor comfort. 
Additionally, such deflections can cause localized temperature drops, potentially 
leading to condensation and moisture-related issues. Addressing these weak points is 
essential to improving thermal performance and reducing energy consumption.

The thermal performance of a ground-floor brick wall is a critical factor in 
regulating indoor temperatures and ensuring energy efficiency. The wall in this 

Figure 6. 
Heat flux distribution at the second-floor wall and concrete floor slab interface.
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analysis consists of standard bricks with an approximate thermal conductivity of 
0.60–0.75 W/mK [23]. This material offers moderate resistance to heat transfer, 
providing a balance between structural integrity and thermal insulation.

Ground-floor walls are subject to unique thermal dynamics due to their interaction 
with both external air and the foundation. Heat transfer in such walls occurs primar-
ily via conduction through the brick material and convection at the surfaces. The 
interface between the wall and the ground presents a potential thermal bridge, as the 
soil or foundation materials often have varying thermal properties [24]. To minimize 
thermal bridges at the wall-ground interface, it is recommended to use foundation 
materials with low thermal conductivity, such as extruded polystyrene (XPS) or rigid 
foam insulation. These materials provide effective insulation, reducing heat transfer 
and improving overall thermal performance at the junction. The HT-Flux simulation 
illustrates the temperature gradients across the wall, showing how heat is conducted 
from the exterior to the interior (as in Figure 7). The analysis highlights the impor-
tance of minimizing heat transfer at the wall’s base, where ground contact can lead 
to thermal losses. Incorporating a layer of insulation, such as rigid foam boards or 
polyurethane, at the base can significantly enhance thermal resistance and reduce 
energy consumption.

Optimizing ground-floor brick walls involves selecting appropriate materials 
and addressing thermal bridging at the foundation. These measures improve indoor 
comfort and contribute to energy efficiency in buildings.

6.6 Clay tile roof and wall construction

In the construction of clay tile roofs and walls, a uniform heat distribution is 
observed across the roof, with the upper side of the roof showing higher temperatures 
compared to the underside. The heat flux diagram at the roof-wall junction highlights 
areas of significant heat distribution and heat ingress through these joints. The heat 
effect on the walls influences heat propagation through the wooden structures at the 
edges of the roof construction.

In this construction, as shown in Figure 8, all areas exhibit elevated temperatures. 
The heat influence from the roof is particularly dominant, affecting the entire struc-
ture due to high solar radiation exposure in tropical regions.

Figure 7. 
Heat flux distribution at the ground-floor wall.
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Figure 9. 
Heat flux distribution in UPVC roof and wall construction.

6.7 UPVC roof and wall construction

UPVC roofing typically has a lower slope angle compared to clay tile roof con-
structions. This results in a more uniform distribution of heat across the roof, with 
significantly high temperatures throughout the structure.

Controlling heat transfer through walls and roofs is a crucial aspect of design-
ing energy-efficient buildings. The use of materials such as UPVC (Unplasticized 
Polyvinyl Chloride) for walls and roofs offers advantages in thermal insulation. 
UPVC’s low thermal conductivity helps reduce heat transfer between the external and 
internal environments of a building. Thermal analysis using software like HT-Flux, 
as depicted in the simulation image, provides a deeper understanding of temperature 
distribution in building elements as shown in Figure 9. The simulation results demon-
strate that utilizing UPVC walls and roofs significantly impacts indoor temperatures, 
especially in tropical environments with high solar radiation. HT-Flux facilitates the 
visualization of how these materials act as effective thermal barriers, maintaining 
indoor temperature stability [25]. The application of UPVC also supports energy 

Figure 8. 
Heat flux distribution in clay tile roof and wall construction.
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efficiency by reducing the load on air conditioning systems. This study highlights 
essential insights for architects and engineers in designing sustainable and energy-
efficient buildings. A detailed understanding of heat distribution through simulation 
enables the optimization of designs tailored to specific environmental conditions.

6.8 Clay tile roof and wall construction with gypsum ceiling

The addition of a gypsum ceiling beneath the roof construction significantly 
reduces indoor heat. This ceiling acts as an insulator, slightly lowering temperatures 
beneath the roof and creating a differentiated heat distribution within the roof 
structure. However, the roof-wall junction remains a critical area requiring thermal 
insulation to prevent heat ingress into the building.

The selection of materials for walls, roofs, and ceilings plays a critical role in con-
trolling heat transfer and maintaining indoor thermal comfort. Clay roof tiles, often 
used in traditional and modern construction, provide excellent thermal insulation due 
to their natural composition and high thermal mass. When combined with a gypsum 
ceiling, which is lightweight and has low thermal conductivity, the system effectively 
reduces heat transfer into the interior space, as shown in the HT-Flux simulation [26].

HT-Flux, a specialized software for thermal analysis, enables the visualization of 
temperature distribution across building elements (as in Figure 10). The simulation 
results demonstrate the effectiveness of clay roof tiles in dissipating heat and the role 
of the gypsum ceiling in further insulating the indoor environment. This combination 
is particularly beneficial in regions with high solar radiation, ensuring indoor thermal 
comfort and reducing reliance on air conditioning systems.

The integration of clay tiles and gypsum ceilings not only supports energy effi-
ciency but also enhances the durability and sustainability of the building. This study 
highlights the importance of selecting materials with complementary thermal proper-
ties to optimize building performance, particularly in tropical climates.

6.9 UPVC roof and wall construction with gypsum ceiling

After installing a gypsum ceiling, heat distribution becomes more uniform, and 
a reduction in roof temperature is observed. However, the lower slope angle of the 

Figure 10. 
Heat flux distribution in clay tile roof and wall construction with gypsum ceiling.
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UPVC roof limits significant heat reduction, as the smaller air cavity beneath the roof 
provides less insulation and is unable to effectively resist heat transfer.

The combination of UPVC (unplasticized polyvinyl chloride) roofing and gyp-
sum ceilings offers significant advantages in thermal insulation for buildings. UPVC 
roofing sheets exhibit low thermal conductivity, effectively reducing heat transfer 
and maintaining cooler indoor temperatures during hot weather conditions. This 
characteristic minimizes the reliance on air conditioning systems, leading to energy 
savings [27].

Gypsum ceilings further enhance thermal performance due to their inherent heat-
resistant properties. The non-combustible core of gypsum boards contains chemically 
combined water, which, when exposed to high heat, is slowly released as steam, 
effectively retarding heat transfer. This mechanism contributes to maintaining indoor 
thermal comfort by acting as a barrier against external heat [28].

Utilizing HT-Flux software for thermal analysis allows for precise simulation 
of temperature distribution across building elements, as shown in Figure 11. The inte-
gration of UPVC roofing and gypsum ceilings, as depicted in the simulation, demon-
strates a synergistic effect in reducing heat ingress, particularly beneficial in regions 
with high solar radiation. This combination not only enhances occupant comfort but 
also contributes to the overall energy efficiency of the building.

In conclusion, the strategic use of UPVC roofing in conjunction with gypsum 
ceilings presents an effective solution for controlling heat transfer in buildings. 
Employing tools like HT-Flux for detailed thermal analysis aids architects and 
engineers in optimizing building designs for improved energy performance and 
sustainability.

6.10  Clay tile roof and wall construction with gypsum ceiling and roof thermal 
insulation

Adding thermal insulation materials, such as Styrofoam and glass wool, within the 
air cavity of the roof structure has not resulted in a significant temperature reduction 
in either clay tile or asbestos roofing. This is evident in the heat distribution depicted 
in Figure 12. The roof-wall junction remains the area with the highest heat transfer, 
emphasizing the need for enhanced insulation in these critical junctions.

Figure 11. 
Heat flux distribution in UPVC roof and wall construction with gypsum ceiling.
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The combination of clay roof tiles, gypsum ceilings, and thermal insulation in roofs 
presents an effective solution for controlling heat transfer in buildings. Clay roof tiles 
are known for their high thermal mass, which helps dissipate heat from solar radia-
tion and reduces its transmission to the interior. Adding a gypsum ceiling, which is 
lightweight and has excellent thermal resistance, further enhances the insulation. To 
improve this system, the inclusion of thermal insulation beneath the roof tiles acts as an 
additional barrier, effectively reducing heat transfer and ensuring indoor comfort [29].

HT-Flux software simulations, as illustrated, highlight the benefits of this material 
configuration. The clay tiles dissipate heat efficiently, while the thermal insulation 
and gypsum ceiling prevent heat from penetrating the living space. This setup is 
particularly beneficial in tropical and arid regions, where managing solar heat gain 
is critical. By integrating roof insulation, cooling loads can be significantly reduced, 
contributing to lower energy consumption and improved thermal comfort [30].

This study emphasizes the importance of combining materials with comple-
mentary thermal properties. By leveraging advanced thermal simulation tools like 
HT-Flux, architects, and engineers can optimize building designs for energy effi-
ciency and sustainability, addressing the growing demand for climate-responsive 
construction solutions.

7.  Conclusion

This research has demonstrated the critical role of walls and roofs in controlling 
heat transfer and regulating indoor temperatures, utilizing HT-Flux software for 
analysis. The strength of HT-Flux lies in its rapid calculations, ease of integrating 
temperature and material data inputs, and the clarity of its output, which makes the 
results more comprehensible. The findings emphasize the importance of material 
selection, design configurations, and thermal properties in ensuring effective thermal 
performance of building envelopes. By analyzing various material layers, thicknesses, 
and thermal gradients, this study provides insights into optimizing heat flow control 
to achieve energy efficiency and indoor comfort.

A key insight from this analysis is the significance of the thermal resistance of 
materials. Walls and roofs with higher thermal resistance slow down the rate of heat 

Figure 12. 
Heat flux distribution in clay tile roof and wall construction with gypsum ceiling and roof insulation.
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transfer, maintaining stable indoor temperatures despite external fluctuations. For 
example, multi-layered walls composed of plaster and bricks, as well as insulated 
roofs, effectively reduce heat flow, thereby minimizing energy demands for cooling 
during the dry season and heating during the wet season in humid tropical regions.

The study also highlights the role of thermal gradients in evaluating heat transfer. 
Simulations using HT-Flux software enable the visualization of temperature changes 
across various wall and roof layers. These gradients provide valuable information 
for designing construction elements that resist external heat flow while maintaining 
the desired indoor thermal conditions. Proper material combinations, such as dense 
bricks paired with insulation, help create a barrier that reduces heat transmission and 
optimizes energy efficiency.

Moreover, the findings underline the importance of layer thickness in thermal per-
formance. Increasing the thickness of materials with low thermal conductivity, such 
as insulation or plaster, significantly enhances the ability of walls or roofs to resist 
heat transfer by up to 7% compared to unprotected counterparts. Conversely, thinner 
layers or the absence of insulation compromise the thermal efficiency of the system, 
leading to a 15–17% increase in energy consumption and discomfort in maintaining a 
stable indoor environment.

Roof design strategies also emerge as a critical aspect of heat transfer control. 
Roofs, being directly exposed to solar radiation, require special attention to their 
materials and structural design. The application of reflective coatings, insulation, or 
green roof systems can drastically reduce heat absorption, minimizing heat transfer 
into the building. These solutions are particularly crucial in tropical and arid climates, 
where roofs account for a significant portion of heat gain.

Additionally, the study emphasizes the need for dynamic thermal performance 
evaluation. The use of HT-Flux software provides a clear understanding of how vari-
ous construction scenarios respond to changing external conditions. This approach 
allows designers and engineers to simulate real-world conditions, identify weaknesses 
in thermal envelopes, and make data-driven decisions to enhance performance. 
Visualizing heat flow and thermal gradients adds another layer of precision in evalu-
ating and improving building designs.

The practical applications of these findings are extensive. Developers and archi-
tects can leverage insights from HT-Flux simulations to design buildings with opti-
mized energy consumption and thermal comfort. Homeowners and facility managers 
can implement retrofitting measures, such as adding insulation or reflective coatings, 
to improve the performance of existing structures. Policymakers can use this data to 
establish building codes and standards that promote energy-efficient construction 
practices, ultimately contributing to sustainability goals.

Despite its clear benefits, this study acknowledges limitations in its scope. The 
simulations were conducted under controlled conditions, which may not fully account 
for variables such as moisture ingress, air leakage, or material degradation over time. 
Future research could expand on these aspects to provide a more comprehensive 
understanding of real-world performance. Additionally, integrating other software 
tools or experimental validation could strengthen the conclusions and broaden the 
applicability of the findings.

In conclusion, controlling heat transfer through walls and roofs is fundamental to 
regulating indoor temperatures and achieving energy efficiency. The analysis using 
HT-Flux software has demonstrated how material selection, layer configuration, and 
design strategies can synergistically enhance the thermal performance of building 
envelopes. By adopting these principles, stakeholders in the construction and design 
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industry can create sustainable, energy-efficient buildings that meet modern comfort 
standards while minimizing environmental impact. As the demand for energy-
efficient solutions grows, the insights from this study serve as a valuable resource for 
advancing sustainable construction practices and improving the overall quality of the 
built environment.
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Drying of Aqueous Films, an
Application of Heat and Mass
Transfer
Rodolphe Heyd, Julie Fichot, Driss Lahboub,
Abderrahim Bakak, Christophe Josserand and
Marie-Louise Saboungi

Abstract

Understanding the drying behavior of thin aqueous films is critical for a wide
range of applications, from coatings and cosmetics to pharmaceutical and biotechno-
logical processes. In this chapter, we develop a systemic framework to model the
isothermal and isobaric drying of thin aqueous films in the absence of a convective
boundary layer. Special emphasis is placed on the pivotal role of water activity, which
directly governs the interfacial vapor pressure, evaporation kinetics, temporal evolu-
tion of film thickness, and final film composition. The study combines experimental
observations, theoretical modeling, and numerical simulations to provide a detailed
description of mass transport, interfacial dynamics, thermodynamic effects, and
phase change phenomena involved in the drying process. The water-glycerol mixture
is employed as a model system due to its well-characterized physicochemical proper-
ties and its relevance to a wide range of industrial formulations. The predictive
capabilities of the model are validated against gravimetric measurements, which
highlight the impact of solute enrichment on drying dynamics. This integrated
framework offers a powerful predictive tool for the rational design of drying processes
in multicomponent aqueous systems.

Keywords: drying, thin films, aqueous solutions, water chemical activity,
advecto-diffusion equation, boundary immobilization method

1. Introduction

The drying of thin films composed of complex solutions is a ubiquitous phenome-
non in a wide range of natural and industrial processes, spanning from coating tech-
nologies to pharmaceutical and cosmetic applications. It involves competing physical
mechanisms—mass transfer, interfacial dynamics, thermodynamics, and phase
change—whose interplay governs both the evolution of concentration profiles and the
final structure of the film. Despite its technological importance, a detailed under-
standing of these mechanisms and accurate prediction of film behavior remain major
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challenges, due to the inherent complexity of multicomponent systems and associated
nonideal effects.

Evaporation and solvent exchange profoundly influence the structuration of sys-
tems during drying. This effect is particularly pronounced in membranes, cosmetic
films, and coatings, where drying can lead to the formation of blisters, perforations, or
cracks [1–3]. Similarly, in cellular, plants, and animal biology as well as medicine,
water transfer plays a critical role in maintaining cellular equilibrium [4].

While evaporation phenomena have been extensively studied from both theoreti-
cal and experimental perspectives, particularly for water droplets [5–7], less attention
has been devoted to more complex systems such as colloidal suspensions, solutions,
gels, and nonspherical geometries.

Two common drying regimes can be distinguished: one where mass transfer is
governed by an external boundary layer due to forced convection over the film and
another where no convective boundary layer is present. This latter case—despite its
significant practical relevance—remains underexplored and is the focus of this study.

In thin-film configurations, mass diffusion, phase change dynamics, thermody-
namics (through the chemical fugacity or activity of water), and viscoelastic relaxa-
tion phenomena (when present) coexist, interact, and compete to determine the
drying kinetics and the final morphology of the dried film.

In this context, the development of predictive models capable of coherently
describing the drying of complex solutions as thin films is a major scientific and
technological challenge. A systemic approach, integrating the coupled effects of dif-
fusion, evaporation, interfacial dynamics, and thermodynamics, is essential to eluci-
date the critical drying regimes and guide the rational design of controlled processes.

The water-glycerol mixture has been selected in this study as a representative model
system, due to its well-characterized physicochemical properties, its industrial rele-
vance, and the richness of its transport and evaporation behavior. Through an approach
combining experimental observations, theoretical modeling, and numerical resolution, a
detailed analysis of the mechanisms governing the isothermal and isobaric drying of this
system without a convective boundary layer is proposed in this work.

Figure 1 presents a conceptual diagram summarizing the main physical phenom-
ena involved during the drying of complex aqueous thin films. It highlights the com-
peting processes—mass diffusion, thermodynamic effects (water chemical activity),
viscoelastic relaxation, and phase change dynamics—and their collective role in con-
trolling the interfacial dynamics, drying kinetics, and final properties of dried films.

This work thus aims to establish a systemic understanding of isothermal and
isobaric drying of thin complex-solution films in the absence of a boundary layer. It
also seeks to identify the key parameters governing evaporation kinetics and to lay the
groundwork for the development of predictive models applicable to more elaborated
multicomponent systems.

The modeling approach presented here can be applied, for example, to the iso-
thermal and isobaric drying of:

• pure water thin films (see Section 3 and references [8, 9]);

• aqueous solution films modeled with water-glycerol mixtures (see Section 4);

• cosmetic thin films containing biocompatible polymers [10];

• biological thin films containing sugars [11–13].
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The remainder of the chapter is organized as follows. Section 2 presents the exper-
imental setup developed for the controlled study of isothermal and isobaric drying of
aqueous thin films. Section 3 introduces a model for the drying of pure water films
and compares the modeling results with experimental data. Section 4 extends the
model to aqueous solution films. Finally, the conclusions and perspectives are
outlined.

2. Experimental approach

The drying dynamics of thin aqueous films occur over relatively short timescales
(ranging from several minutes to a few hours) and are highly sensitive to ambient
perturbations, such as temperature and humidity fluctuations. Therefore, a precise
study of the drying process requires specific experimental precautions to ensure full
environmental control throughout the experiment. It is generally not possible to
accurately study the drying of aqueous films under ambient laboratory conditions or
even inside conventional climatic chambers, as these are often ventilated in ways that
are difficult to regulate.

2.1 Dedicated environmental chamber

The setup illustrated in Figure 2 was specifically designed to enable the in situ
preparation of thin aqueous films and the controlled study of their drying under

Figure 1.
Systemic modeling of the isothermal, isobaric, and boundary layer-free drying of complex aqueous thin films
reveals that mass diffusion, water activity-driven thermodynamics, viscoelastic relaxation, and phase change
dynamics collectively control interfacial evolution, drying kinetics, and the final film properties.
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well-defined temperature and humidity conditions while avoiding macroscopic air
movement [14].

Brief description of the environmental chamber:

• The chamber, made from polymethyl methacrylate (PMMA) panels, can tightly
enclose all the instrumentation necessary for the gravimetric study of thin film
drying in a controlled atmosphere.

• A perforated floor supports the instruments (balance, preparation stage, sensors,
and chemical solutions) while allowing for the regulation of the relative humidity
inside the chamber via saturated saline solutions placed underneath. Circulating
fans are used to accelerate vapor pressure homogenization within the chamber
before experiments begin. The fans are switched off prior to measurements to
prevent uncontrolled forced convection.

• An external heating/cooling system (not shown) enables regulation of the
ambient temperature within the chamber. A simple radiative shield is employed
to limit external thermal radiation and minimize greenhouse effects inside the
enclosure.

• Miniature environmental sensors (cms) monitor the vapor partial pressure pintw
and the temperature T near the film/air interface, while additional sensors (cma)
monitor the environment far from the film. All measurements are managed
remotely via sealed communication ports.

2.2 Embedded heating system

In some cases, it is necessary to precisely control the temperature of the film
during drying. A flexible solution involves using thin-film resistive heaters attached
directly to the substrate supporting the film. These heaters raise their own tempera-
ture through Joule heating, thereby controlling the temperature of the film.

However, regulating film temperature via heating elements can be particularly
delicate when using high-precision balances. Any mechanical linkage between the

Figure 2.
Schematic of the environmental chamber designed for the controlled drying of thin aqueous films. Key components:
cms = miniature surface environmental sensor; cma = miniature environmental sensor; sat. saline sol. = saturated
saline solution. Access pathways to the internal volume are omitted for clarity.
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measurement plate and external elements (such as the power supply or control elec-
tronics) introduces potential errors in mass measurements m tð Þ. Furthermore, using a
radiative heating source (e.g., an infrared lamp) would be imprecise and still require
instrumentation attached to the sample holder.

To overcome these issues, an autonomous embedded heating device powered by a
miniature battery has been developed. This device is directly placed on the balance
without any mechanical coupling and can control the film temperature very precisely.
The design is shown in Figure 3.

Brief description of the embedded heating system:

• The film temperature is imposed using a thin resistive heating element (hf) glued
onto an insulating substrate.

• A thin copper plate (cp) is interposed between the heating element and the film
to homogenize the temperature.

• A miniature temperature sensor, attached to the top face of the film support,
monitors the film surface temperature Tsup.

• This temperature signal is sent to a miniature controller (e.g., Minco type), which
adjusts the Joule heating current iJ tð Þ accordingly.

• The entire system (controller + battery + heater) weighs less than 180 g, making
it compatible with standard analytical balances (dynamic range of 220 g).

2.3 Illustrative experimental results

Figure 4 presents typical drying curves obtained using the heating system of
Figure 3 and the environmental chamber of Figure 2, for substrate temperatures Tsup

of 298 K, 303 K, and 308 K. As expected, the substrate temperature significantly
affects the drying kinetics: the higher the temperature difference Tsup � T∞ (where
T∞ is the ambient temperature away from the film), the faster the drying process.
This is mainly attributed to the increase of the saturation vapor density ρsatw with
temperature at the film interface.

The aqueous films corresponding to the curves in Figure 4 were all prepared with
similar initial compositions and geometrical characteristics (initial thickness
e0 ¼ 30μm) and were deposited on identical glass substrates under the same ambient
conditions: RH∞ ¼ 43% and T∞ ¼ 298 K, where RH∞ is the relative humidity of

Figure 3.
Schematic of the heating device integrated onto the analytical balance platform, with: hf = heating film;
cp = copper plate.
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ambient air far from the liquid film and T∞ denotes the uniform temperature of the
film as well as that of the surrounding environment, since the drying process is
assumed to be isothermal.

Due to their small initial thickness, the drying dynamics are relatively fast (5–
13 minutes), requiring continuous gravimetric monitoring. Notably, a residual water
mass mres

W 6¼ 0 remains trapped in the polymer matrix after drying, due to molecular
interactions between water and the hydrophilic polymer (polyvinyl alcohol, PVA)
used in these films.

3. Mathematical model for the drying of a pure water film

3.1 Problem formulation and assumptions

We consider the isothermal and isobaric evaporation of a planar liquid water film
(denoted as W) in the absence of forced convection both within the film and at the
liquid/gas interface with the surrounding humid air mixture (composed of water
vapor (w) and dry air (da), see Figure 5). Both (w) and (da) are treated as ideal gases,
and the dissolution of (da) into the liquid water is neglected.

The liquid film, characterized by a surface area Σ and an initial thickness s0 � s 0ð Þ,
is assumed to be spread over a sufficiently wetting substrate, such that wetting effects
can be neglected during most of the drying process. The film temperature T is
maintained constant and equal to that of the surrounding atmosphere, for example,
using the embedded heating device described in Section 2.2.

Figure 4.
Typical drying curves obtained for thin aqueous films (containing a water-soluble polymer) with very similar
initial compositions and geometrical characteristics (thickness e0 ¼ 30 μm), under identical extreme conditions
(ambient relative humidity RH∞ ¼ 43% and temperature T∞ ¼ 298 K), deposited onto identical substrates
(glass slides). Only the substrate temperature Tsup differs between samples. A residual water mass mres

W remains
trapped within the polymer matrix at the end of the drying process.
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The case where evaporation occurs without any forced convection near the liquid/
gas interface at z ¼ s tð Þ is the focus of the present mathematical modeling (see
Figure 5a and b). In this configuration, the temporal evolution of the water mass
mW tð Þ in the liquid film is governed solely by diffusion and free convection of water
vapor in the stagnant humid air above the film. Neglecting edge effects, the mass
transport within the humid air is considered one-dimensional, and the molar fractions
yw and yda depend only on the vertical position z and time t.

3.2 Governing equations

Amass balance for the water vapor (w) species across an infinitesimal slab of thick-
ness dz in the gas mixture leads to the following advection-diffusion equation (ADE):

∂yw
∂t

þ v ∗ tð Þ ∂yw
∂z

¼ D0
∂
2yw
∂z2

, for z∈ s tð Þ,Lcð Þ (1)

where:

• D0 is the molecular diffusion coefficient of water vapor in air,

• Lc is the height of the drying chamber,

• v ∗ tð Þ is the average molar velocity of the gas phase, given by:

v ∗ tð Þ ¼ �D0
1

1� ysw

∂yw
∂z

����
z¼s tð Þ

(2)

Figure 5.
Drying of a pure water film: (a, b) without forced convection; (c) with forced convection near the film.
Temperature is regulated via an embedded heating device (see Figure 3, not shown). δw: mass transfer boundary
layer under forced convection.
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Due to the assumptions of ideal gas behavior, constant pressure, and temperature, the
total molar concentration c ¼ p=RT is constant.

Boundary and initial conditions:

• At z ¼ Lc, the vapor molar fraction is set to yw Lc, tð Þ ¼ yLc
w ,

• At the moving liquid/gas interface z ¼ s tð Þ, the mole fraction of species (w) in the
gas mixture is dictated by temperature and its chemical fugacity in the liquid
film, thereby enforcing the boundary condition at the interface yw s tð Þ, tð Þ ¼ ysw tð Þ,

• Initially, the vapor molar fraction is uniform: yw z, 0ð Þ ¼ yLc
w for s 0ð Þ< z⩽Lc.

In addition, a jump condition must be introduced to link the mass loss from the
liquid film to the vapor flux at the moving boundary z ¼ s tð Þ.

The total molar flux Φ ∗ ,t
w of water leaving the liquid phase is given by:

Φ ∗ ,t
w ¼ J ∗ ,tw s tð Þ, tð Þ � ezΣ (3)

where J ∗ ,tw is the total molar flux vector for water vapor at the interface, given by:

J ∗ ,tw s tð Þ, tð Þ ¼ cywv
∗ tð Þ � cD0

∂yw
∂z

����
z¼s tð Þ

ez (4)

Using the conservation of mass and assuming no dissolution of dry air, the evolution
of the interface position s tð Þ is governed by:

_s tð Þ ¼ �Mwc
ρLW

v ∗ tð Þ (5)

where ρLW is the mass density of liquid water and Mw is the molar mass of water.
Substituting v ∗ tð Þ, we obtain the jump condition:

_s tð Þ ¼ MwpD0

ρLWRT
1

1� ysw

∂yw
∂z

����
z¼s tð Þ

(6)

3.3 Numerical solution using front immobilization

To facilitate the numerical resolution, the moving boundary problem is
transformed via a change of variables:

x ¼ z� s tð Þ
Lc � s tð Þ (7)

mapping the physical domain z∈ s tð Þ,Lcð Þ into a fixed domain x∈ 0, 1ð Þ.
Defining vw x, tð Þ ¼ yw x Lc � s tð Þð Þ þ s tð Þ, tð Þ, the advection-diffusion equation

becomes:

∂vw
∂t

¼ D0

Lc � s tð Þð Þ2
∂
2vw
∂x2

þ 1� xð Þ_s tð Þ � v ∗ tð Þ
Lc � s tð Þ

∂vw
∂x

(8)
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with updated boundary and initial conditions:

vw 0, tð Þ ¼ ysw tð Þ, vw 1, tð Þ ¼ yLc
w , vw x, 0ð Þ ¼ yLc

w (9)

and jump condition:

_s tð Þ ¼ MwpD0

ρLwRT
1

1� ysw
� �

Lc � s tð Þð Þ
∂vw
∂x

����
x¼0

(10)

A fully implicit finite-difference scheme on a uniform grid xi is used to solve the
system numerically (see Appendix A). The discrete problem at each time step can be
written in matrix form, and the evolution of s tð Þ is computed accordingly.

3.4 Common approximations

In the modeling of evaporation-driven mass transport in humid air, several classi-
cal approximations are frequently used to simplify the advection-diffusion problem.
These approximations are evaluated below in the context of thin-film drying.

3.4.1 Stationary approximation (SA)

The stationary approximation assumes that:

• The vaporization front remains fixed at s tð Þ ¼ s0,

• The advection-diffusion equation has reached a stationary regime, meaning time
derivatives can be neglected.

Under these conditions, an analytical expression for the water vapor molar fraction
ySAw zð Þ in the gas phase can be derived:

ySAw zð Þ ¼ 1� 1� ys0w
� � 1� yLc

w

1� ys0w

� � z�s0
Lc�s0

(11)

The corresponding time evolution of the film thickness is linear:

sSA tð Þ ¼ s0 þ pet (12)

where the drying rate pe is:

pe ¼ � pMwD0

RTρLW Lc � s0ð Þ ln
1� yLc

w

1� ys0w

� �
(13)

3.4.2 Quasi-stationary approximation (QSA)

The quasi-stationary approximation relaxes the fixed-front assumption:

• The vaporization front s tð Þ is allowed to move with time,

• The advection-diffusion equation has reached a stationary regime, meaning time
derivatives can be neglected.
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In this case, the vapor molar fraction and the film thickness evolve according to:

yQSAw zð Þ ¼ 1� 1� ysw
� � 1� yLc

w

1� ysw

� � z�sQSA tð Þ
Lc�sQSA tð Þ

and

sQSA tð Þ ¼ s0 � Lc � s0ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2pet

Lc � s0

s
� 1

 ! (14)

This approximation captures the moving interface more accurately and will be shown
to perform much better than SA, especially over extended drying periods.

3.4.3 Instationary approximation for an infinite cell (ICA)

This instationary approximation assumes:

• The drying chamber height is infinite Lc ! ∞,

• The front is stationary s tð Þ ¼ s0,

• The full time-dependence of the advection-diffusion equation is: retained.

The water vapor molar fraction is then given analytically by (see [15], Chapter 20):

yLc,∞
w z, tð Þ ¼ ys0w

1þ erf ξð Þ 1þ y∞w
ys0w

erf ξð Þ � 1� y∞w
ys0w

� �
erf

z� s0ffiffiffiffiffiffiffiffiffiffiffi
4D0t

p � ξ

� �� �
(15)

where ξ is a solution of the following nonlinear algebraic equation:

ξ ¼ 1ffiffiffi
π

p ys0w
1� ys0w

1� y∞w=y
s0
w

1þ erf ξð Þ e
ξ2 (16)

This approach can be useful to describe the very initial stages of drying (short times)
but becomes increasingly inaccurate as time progresses, because it neglects both front
movement and chamber size effects, making it unsuitable for practical thin-film
configurations.

In the following sections, the results from the full numerical model will be com-
pared to those obtained using these approximations, in order to quantify their validity
domains.

3.5 Applications and main results

3.5.1 Materials and methods

The mathematical model presented earlier is applied to the isothermal (T ¼ 298:15
K) and isobaric (p ¼ 1 atm) drying of thin pure water films. The liquid films
are prepared using ultrapure water (MilliQ, Millipore Corporation, Bedford, MA)
and deposited on filter paper substrates (Whatman grade 93, pore size 10 μm)
with an exchange area Σ ¼ 56 mm2. The drying chamber height is set to
Lc ¼ 3:45 mm.
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Experimental mass loss measurements are performed gravimetrically using a high-
precision analytical balance (ABJ 220-4NM, Kern). The experimental results are then
compared to predictions from:

• The full numerical model (referred to as Model),

• The stationary approximation (SA) and the quasi-stationary approximation
(QSA).

Boundary conditions:

• The molar fractions ysw and yLc
w are deduced from the water activity aw

measured using a precision miniature thermo-hygrometric sensor (SHT85,
Sensirion).

• Water activity relates to vapor pressure through:

aw ¼ pw
psatw Tð Þ ¼ yw

p
psatw Tð Þ (17)

where psatw Tð Þ is the saturation vapor pressure of pure water at temperature T,
retrieved from ASHRAE standard tables [16].

Water vapor diffusion coefficient: The diffusion coefficient D0 is evaluated using the
Marrero-Mason correlation [17]:

D0 T, pð Þ ¼ 1:87 � 10�10T2:072 pref
p

� �
(18)

with T the temperature in K, p the pressure in Pa, and pref ¼ 101325 Pa.

3.5.2 Temporal behavior

Thanks to the numerical model, it is possible to examine the behavior of
the system at extremely short timescales—much shorter than the characteristic diffu-
sion time τ0 ¼ s20=D0 — which are inaccessible experimentally due to gravimetric
limitations.

Figure 6 illustrates two extreme temporal regimes observed for an initial thickness
s0 ¼ 539μm (with τ0 ≈ 12 ms) and a total drying duration of about 52 minutes.

Short-time behavior (t≪ τ0).
At very early times (see Figure 6a):

• The full numerical model (Model) and the instationary approximation (ICA) are
in excellent agreement.

• However, both the stationary (SA) and quasi-stationary (QSA) approximations
fail to correctly describe the vapor concentration profile.

Thus, SA and QSA cannot be used to model the initial transient phase.
Long-time behavior (t≫ τ0).
At longer times (see Figure 6b):
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• The ICA becomes inaccurate because it neglects the moving front and the finite
size of the chamber.

• In contrast, both the Model and the QSA approximation correctly capture the
quasi-linear vapor profile across the gas phase.

Moreover, the vapor molar fraction profile becomes almost perfectly linear during
most of the drying process. This allows for the use of coarser spatial discretizations in
the numerical solution, substantially reducing computational cost.

A useful approximate expression for the vapor molar fraction at long times can be
deduced from the preceding discussion:

yw z, tð Þ ¼ yLc
w � ysw

Lc � s tð Þ z� s tð Þð Þ þ ysw (19)

The evolution of the evaporation front s tð Þ is a key feature for validating the model.
Figure 6c shows that:

• the stationary approximation (SA) significantly underestimates the drying time,
due to neglecting the progressive increase of Lc � s tð Þ,

• the Model and the QSA approximation both provide an excellent match with
experimental measurements across the entire drying period.

Consequently, in the remainder of the study, only the full Model and the QSA will
be used to describe thin-film drying under the present conditions.

Figure 6.
Temporal evolution during the drying of a pure water film. (a and b) Water mole fraction profiles yw z, tð Þ; (c)
Evaporation front position (or liquid film thickness). The physical parameters (Lc, D0, ysw, y

Lc
w , p, T) are identical

for the three approaches (Model, SA, and QSA).
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3.5.3 Drying of thin pure water films

The experimental validation of the model is performed by comparing gravimetric
drying data of pure water films to the model predictions, under strictly controlled
isothermal (T ¼ 298:15 K) and isobaric (p ¼ 1 atm) conditions, without any convec-
tive boundary layer.

3.5.3.1 Experimental results

Figure 7 presents the drying curves for two pure water films deposited on filter
paper supports. Both films have comparable geometrical characteristics: same surface
area Σ ¼ 56 mm2; same chamber height Lc ¼ 3:45 mm; very similar initial thicknesses
s0 ¼ 539 μm and s0 ¼ 514 μm.

3.5.3.2 Analysis and discussion

3.5.3.2.1 Drying kinetics

Figure 7a and b show the evolution of the film thickness s tð Þ over time. Key
observations are as follows:

• The water activity aLc
w of the ambient vapor phase is confirmed as a critical

parameter governing the drying kinetics in the absence of a boundary layer,

• Only the Model and QSA approaches accurately predict the drying dynamics
throughout the entire experimental time domain,

• As expected, the film exposed to the lower ambient humidity (lower aLc
w ) dries

significantly faster.

3.5.3.2.2 Quality of the approximations

The stationary approximation (SA) consistently underestimates the total drying
time. This is because its drying rate pe, derived from a fixed front assumption, does

Figure 7.
Isothermal (T ¼ 298:15 K) and isobaric (p ¼ 1 atm) drying of pure water films (Σ ¼ 56 mm2, Lc ¼ 3:45 mm):
(a) s0 ¼ 539 μm, aLc

w ¼ 0:05; (b) s0 ¼ 514 μm, aLc
w ¼ 0:72.
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not account for the progressive increase of the gas phase thickness Lc � s tð Þð Þ, which
progressively slows down the evaporation rate.

The QSA correctly incorporates this effect and therefore provides an excellent
match to experimental observations.

3.5.3.2.3 Influence of the substrate

At late stages of drying (approximately 52 min for aLc
w ¼ 0:05 and 160 min for

aLc
w ¼ 0:72), a slight slowing down of the evaporation rate is observed. This effect is

attributed to interactions between the porous filter substrate and the remaining liquid,
not accounted for in the current model or in the QSA approximation.

3.5.3.2.4 Mass transfer coefficients

Even though no convective mass boundary layer is present, it is still possible to
define an instantaneous mass transfer coefficient hXm tð Þ relative to any transported
quantity X, using the relation ΦX

m tð Þ ¼ hXm tð ÞΣ Xs
w � XLc

w

� �
. In the case of the vapor

molar fraction yw, the analytical expression becomes:

hywm tð Þ ¼ MwD0p
RT

1
Lc � s tð Þð Þ 1� ysw

� � (20)

This result will be particularly useful for modeling the drying of aqueous solutions in
the next section.

3.5.3.2.5 Simplified linear model

As highlighted earlier, the vapor molar fraction profile in the gas phase becomes
quasi-linear for most of the drying period τ0 ≪ t⩽ts. Thus, for practical purposes, the
following simplified expression for yw z, tð Þ is highly accurate:

yw z, tð Þ≈ yLe
w � ysw

Lc � s tð Þ z� s tð Þð Þ þ ysw (21)

This approximation enables efficient numerical resolution with low computational
cost, without compromising accuracy. Figure 8 compiles these results and displays the
spatial profile of the water mole fraction arising from the isothermal and isobaric
drying of a pure water film.

4. Extension to the drying of aqueous solutions

The model previously developed is now extended to the drying of an aqueous film
containing a fully miscible and very low-volatility solute, such as glycerol (or, e.g., a sugar
or a polymer), whose vapor fraction can be neglected in the gas phase above the film.

4.1 Generalization of the model

We still consider isothermal and isobaric drying without a convective boundary
layer, but now, the liquid phase contains a solute, glycerol (Gl), perfectly miscible
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with water (W) at all proportions. Glycerol is widely used across industries—from
food processing to chemical manufacturing and heat transfer applications—where it
provides an environmentally friendly, biodegradable alternative to ethylene glycol.
The well-documented physical properties of both water and glycerol make the water-
glycerol mixture an ideal model system for studying the drying of binary liquid films.

The liquid mixture forming the thin film is now denoted (W) + (Gl). Given the
extremely low volatility of glycerol compared to water, the vapor phase above the film
consists exclusively of water vapor (w) and dry air (as), and is denoted (w) + (as).

As drying progresses, the molar concentration xGl of glycerol within the liquid
phase increases, giving rise to mass transport phenomena within the liquid film.
Following Hennessy et al. [18], we assume that Fickian diffusion is the sole mode of
mass transport within the liquid phase. Moreover, given the relatively close values of
the densities of the solvent (ρLW ¼ 997 kg=m3, from [16]) and the solute
(ρGl ¼ 1258 kg=m3, from reference [19]), we neglect variations in the liquid mixture
density ρL, assuming it remains constant throughout drying. Volume effects are also
neglected.

Since the liquid composition evolves during drying, the chemical fugacity f of
water changes accordingly and must be computed at each instant to evaluate the
evaporative flux at z ¼ s tð Þ. Local thermodynamic equilibrium is assumed at the mov-
ing interface z ¼ s tð Þ between water (W) in the liquid phase and water vapor (w) in
the gas phase, expressed as:

fW T, pð Þ ¼ f w T, pð Þ, at z ¼ s tð Þ (22)

Assuming ideal behavior for gases (w) and (as), the gas mixture (w) + (as) follows the
Lewis-Randall rule, allowing f w T, pð Þ ¼ pw ¼ ywp, where yw is the mole fraction of
water vapor in the gas phase.

For the liquid mixture, the water fugacity fW T, pð Þ is expressed as:

fW T, pð Þ ¼ xWγW T, pð Þf ∗
W T, pð Þ (23)

Figure 8.
Water molar fraction profiles (yw and xW, blue lines) for a thin pure water film (W) undergoing isothermal and
isobaric drying without a convective boundary layer, at an intermediate time satisfying τ0 ≪ t< ts. Spatial and
molar fraction scales are not preserved for clarity of graphical representation.
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where xW and γW are the mole fraction and activity coefficient of water in the liquid
phase (W) + (Gl), respectively. The fugacity f ∗

W of pure water at temperature
T and pressure p is equal, under typical drying conditions, to the saturated vapor
pressure psatw Tð Þ:

f ∗
W T, pð Þ ¼ psatw Tð Þ (24)

Thus, at the interface z ¼ s tð Þ:
yw ¼ xWγW

psatw

p
(25)

The water activity aW in the liquid can thus be defined as aW ¼ xWγW , and recalling
that the vapor phase activity is aw ¼ pw

psatw
, we deduce:

aW ¼ aw or equivalently pw ¼ aWpsatw (26)

Thus, at constant drying temperature, the partial pressure pw of water vapor—and
hence the volatility of water—at the interface decreases as the water activity aW in the
liquid diminishes. Consequently, aW at the interface becomes a key parameter
governing the drying kinetics of aqueous solutions.

4.2 Modeling the chemical activity of water

The chemical activity ai of a component ið Þ in a liquid mixture characterizes the
intensity of chemical interactions between the molecules of ið Þ and those of the other
components present. For a pure liquid, the reference activity a ∗

i is set to unity, a ∗
i ¼ 1.

The presence of solutes jð Þ 6¼ ið Þ generally leads to a decrease in the chemical activity
ai of ið Þ within the mixture: 0≤ ai ≤ a ∗

i ¼ 1.
The chemical activity ai of a constituent in a liquid mixture mainly depends on the

temperature T, the nature of the components, and the composition xif g, where xi is
the mole fraction of ið Þ: ai ¼ ai T, xif gð Þ.

4.2.1 Types of chemical activity models

There are primarily four approaches to determine ai T, xif gð Þ: experimental mea-
surements, descriptive modeling (based on empirical data), predictive modeling (based
on theoretical considerations), and molecular simulations (e.g., molecular dynamics).

Descriptive or predictive approaches typically involve expressing the molar excess
Gibbs free energy gE of the liquid mixture as a function of temperature and composi-
tion: gE ¼ gE T, xif gð Þ.

Among the commonly cited approaches (see, e.g., [20, 21]), two main categories
are generally distinguished: descriptive approaches and predictive approaches. The
following lists present representative examples of each category.

• Descriptive: Van Laar, Margules, Flory-Huggins lattice models, Non-Random
Two-Liquids (NRTL) [22], and UNIversal QUAsi-Chemical (UNIQUAC) [23],

• Predictive: UNIQUAC Functional-group Activity Coefficients (UNIFAC) [24]
and Modified UNIFAC [25].
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In this study, the chemical activity of water in the (W) + (Gl) system is modeled
descriptively using the NRTL approach, based on experimental data reported by Zaoui
et al. [26].

4.2.2 Predictive NRTL modeling

The Non-random Two-Liquids (NRTL) model was originally proposed by
Prausnitz and Renon in 1968 [22]. It is a descriptive model characterized by several
parameters (initially three for a binary mixture), whose values are determined by
fitting experimental data for a given liquid system. The molar excess Gibbs-free
energy gENRTL is expressed, for a mixture of M components, as (see [20]):

gENRTL ¼ RT
XM
i¼1

xi

P
jτjiGjixjP
jGjixj

(27)

with:

Gij ¼ exp �αijτij
� �

and Gii ¼ 1

τij ¼ Aij þ
Bij

T
; αij ¼ αji ; τii ¼ 0

������
(28)

where Aij, Bij, and αij are adjustable interaction parameters.
The activity coefficient γi of component ið Þ is related to gENRTL via:

ln γi ¼
1
RT

∂gENRTL

∂xi

� �

T,p,xj 6¼i

(29)

From the NRTL model, the explicit expression of ln γi becomes:

ln γi ¼
PM

j¼1xjτjiGjiPM
j¼1xjGji

þ
XM
j¼1

xjGijPM
k¼1xkGkj

τij �
PM

m¼1xmτmjGmjPM
k¼1xkGkj

 !
(30)

For a binary system Wð Þ þ Glð Þ (M ¼ 2), Eqs. (27) and (30) simplify as:

gENRTL ¼ x1x2RT
τ21G21

x1 þ x2G21
þ τ12G12

x2 þ x1G12

� �

ln γ1 ¼ x22 τ21
G21

x1þx2G21

� �2
þ τ12G12

x2 þ x1G12ð Þ2
" #

ln γ2 ¼ x21 τ12
G12

x2þx1G12

� �2
þ τ21G21

x1 þ x2G21ð Þ2
" #

���������������

(31)

where component (1) corresponds to water (W) and component (2) to glycerol (Gl).
Thus, for the binary system (W) + (Gl), five NRTL parameters must be determined
from experimental data: AWGl, AGlW, BWGl, BGlW, and αWGl ¼ αGlW.

Within the framework of the NRTL model, the water activity aW ¼ xWγW in the
binary mixture (W) + (Gl) is given by:
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aW ¼ xW exp 1� xWð Þ2 τGlW
GGlW

xW þ 1� xWð ÞGGlW

� �2

þ τWGlGWGl

1� xWð Þ þ xWGWGlð Þ2
" #( )

(32)

where the parameters AWGl, AGlW, BWGl, BGlW, and αWGl are obtained from the work
of Song et al. [27] based on experimental data from Zaoui et al. [26].

Figure 9 shows the variation of the water activity aW as a function of the water
mole fraction xW for different temperatures. It is observed that while aW varies
significantly with xW , it remains relatively insensitive to temperature over the range
T ∈ 273:15, 353:15½ � K.
4.3 Setting up the equations

The key elements of the modeling considered in this section are schematically
illustrated in Figure 10.

4.3.1 Assumptions and governing equations

The study of isothermal and isobaric drying of a pure water film (presented in
Section 3) showed that the molar fraction yw of water vapor in the gas phase above the
film can be approximated by a quasi-stationary linear profile during the drying period
τ0 ≪ t< ts, as shown in Figure 10:

yw z, tð Þ ¼ yLc
w � ysw tð Þ
Lc � s tð Þ z� s tð Þð Þ þ ysw tð Þ, for z∈ s tð Þ,Lcð � and τ0 ≪ t< ts (33)

where τ0 is typically less than one second, and ts represents the total drying time, often
ranging from several minutes to several hours. Therefore, it will now be assumed that
τ0 ¼ 0.

Assuming that the liquid mixture density ρL remains constant, it is more conve-
nient to describe mass transport within the film using volume fractions ϕW and ϕGl of
water and glycerol, respectively, rather than molar fractions.

Figure 9.
Evolution of the water activity aW in the (W) + (Gl) mixture as a function of the water mole fraction xW for
different temperatures.
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Under the assumption of purely diffusive transport within the liquid film, the
evolution of the water volume fraction ϕW is governed by the nonlinear diffusion
equation, as shown in Figure 10:

∂ϕW

∂t
¼ ∂

∂z
D ϕWð Þ ∂ϕW

∂z

� �
, for z∈ 0, s tð Þð Þ and 0< t< ts (34)

where D ϕWð Þ ¼ D0
Wχ ϕWð Þ is the mutual diffusion coefficient, with D0

W ¼ 10�9m2=s
and χ ϕWð Þ a function of ϕW , adjusted from the experimental data of D’Errico et al.
[28] at T ¼ 298 K:

χ ϕWð Þ ¼ 0:015þ 0:528ϕW

1:11� 0:58ϕW
(35)

The diffusion Eq. (34) is accompanied by an initial condition and two boundary
conditions:

• Initial condition: At t ¼ 0, the film is assumed homogeneous, with a uniform
initial water volume fraction:

ϕW z, 0ð Þ ¼ ϕ0
W ¼ 1

1þ V0
Gl=V

0
W

(36)

where V0
W and V0

Gl are the initial volumes of water and glycerol, respectively.

• Boundary condition at the substrate (z ¼ 0): due to the impermeable nature of the
substrate, a no-flux Neumann condition applies:

∂ϕW

∂z

����
z¼0

¼ 0 (37)

Figure 10.
Schematic representation of the molar fraction profiles of water xW and vapor yw (blue lines) for a thin aqueous
film (W) + (Gl) subjected to isothermal and isobaric drying, without boundary layer, at a time t satisfying
τ0 ≪ t< ts. Spatial and molar fraction scales are not respected for clarity.
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A boundary condition must also be formulated at the moving interface z ¼ s tð Þ,
together with an evolution equation for the interface position.

A local mass balance for water at z ¼ s tð Þ gives the following jump condition:

_mW sð Þ ¼ Φd,m
W sð Þ �Φt,m

w sð Þ (38)

with: _mW sð Þ ¼ Σ_sρLWϕW , where Σ is the liquid/gas interface area; Φd,m
W >0 is the diffu-

sive mass flux of water within the liquid; and Φt,m
w >0 is the total advective-diffusive

mass flux of water vapor in the gas phase.
Using Fick’s first law and assuming negligible variation in the liquid density:

Φd,m
W sð Þ ¼ �DρLWΣ

∂ϕW

∂z

����
s tð Þ

(39)

The vapor flux Φt,m
w can be expressed as Φt,m

w ¼ ρLWJΣ, where J is the evaporation rate
at the interface z ¼ s tð Þ. Thus, the jump condition at z ¼ s tð Þ reads:

�D ϕWð Þ∂ϕW

∂z

����
s tð Þ

¼ J þ _sϕW sð Þ (40)

Different expressions for the evaporation rate J have been proposed in the literature.
Okuzono et al. [29] adopted a constant value J ¼ J0 in the absence of skin formation at
the interface z ¼ s tð Þ, whereas Hennessy et al. [18] proposed a formulation of the form
J ¼ k ϕW � ϕe

W

� �
, where ϕe

W is the water volume fraction reached by the liquid film at
equilibrium with the surrounding gas atmosphere, and k is a constant mass transfer
coefficient. In the approach of Hennessy et al. [18], the parameters k and ϕe

W are
adjusted based on experimental data.

In the present approach, the evaporative rate J is expressed based on the vapor
mass transport modeling above the film exposed in Section 3:

J ¼ pD0MW

ρLWRT
ysw � yLc

w

Lc � s tð Þð Þ 1� ysw
� � ¼ hywm

ρLW
ysw � yLc

w

� �
(41)

where D0 is the binary diffusion coefficient of water vapor in air, MW the molar mass
of water, p the total pressure, and hywm the mass transfer coefficient. At the interface, ysw
is computed from the local equilibrium assumption:

ysw ¼ xsWγW xsW
� � psatw

p
(42)

where γW xsW
� �

is evaluated using Eq. (32), and xsW is deduced from the volume
fraction ϕs

W via:

xW ¼ MGlρLWϕW

MGlρLWϕW þMWρLGl 1� ϕWð Þ (43)

Note that J depends both on the interface composition ϕs
W and the instantaneous film

thickness s tð Þ. It should also be pointed out that, within the present modeling
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framework, there is strictly no parameter requiring experimental adjustment for the
case shown in Figure 5a, and only one parameter—the domain length Lc—for the case
in Figure 5b. This represents a major advantage of the present approach compared to
that of Hennessy et al. [18].

A mass balance for glycerol at z ¼ s tð Þ leads to a second jump condition. Given the
negligible volatility of glycerol:

_s tð ÞϕGl ¼ �D
∂ϕGl

∂z

����
s tð Þ

(44)

Using the binary nature of the mixture, this gives a second conservation relation
for ϕW :

�D ϕWð Þ∂ϕW

∂z

����
s tð Þ

¼ �_s tð Þ 1� ϕWð Þ (45)

Subtracting Eq. (40) from Eq. (45) yields the evolution equation for the
interface:

_s tð Þ ¼ �J (46)

which is nothing else than the overall water balance for the aqueous film.
It is also necessary to examine the global mass balance for glycerol, which is

conserved within the film at all times: mGl tð Þ ¼ mGl 0ð Þ, or equivalently:

ρLGlΣ
ðs tð Þ
0

ϕGl z, tð Þdz ¼ ρLGlΣϕ
0
Gls0 (47)

Recalling that the liquid mixture is binary, this global conservation of glycerol can be
rewritten in the form of the following integral equation:

s tð Þ ¼ 1� ϕ0
W

� �
s0 þ

ðs tð Þ
0

ϕW z, tð Þdz (48)

where s0 ¼ s 0ð Þ and ϕ0
W ¼ ϕW z, 0ð Þ ¼ cste. At equilibrium (end of drying), it is found

from Eq. (48) that the equilibrium thickness se satisfies:

se
s0

¼ 1� ϕ0
W

1� ϕe
W

(49)

which provides a useful consistency check for numerical solutions.

4.3.2 Synthesis of the equations and immobilization of the moving front

Due to the highly nonlinear nature of the problem, no exact analytical solution is
known to describe the complete drying dynamics across the entire time range. Con-
sequently, a numerical resolution is necessary.

To simplify solving the problem, the moving front is immobilized by introducing
the change of variable x ¼ z=s tð Þ, with x∈ 0, 1ð Þ.
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Applying this transformation to the diffusion Eq. (34) and using the chain rule, the
governing equations become:

s2 tð Þ ∂ϕW

∂t
¼ D0

W
∂

∂x
χ ϕWð Þ ∂ϕW

∂x

� �
þ xs tð Þ_s tð Þ ∂ϕW

∂x
for x∈ 0, 1ð Þ and 0< t< ts

∂ϕW

∂x

����
x¼0

¼ 0 and D0
Wχ ϕWð Þ∂ϕW

∂x

����
x¼1

¼ s tð Þ_s tð Þ 1� ϕW 1, tð Þ½ �

_s tð Þ ¼ �J ϕs
W tð Þ, s tð Þ� �

and χ ϕWð Þ ¼ 0:015þ 0:528ϕW

1:11� 0:58ϕW

(50)

A finite element discretization of type ℙ1 (linear elements) is used to solve the system
(50) numerically. Time discretization is performed using an implicit scheme to ensure
stability given the stiffness and non-linearity of the problem. The finite element
method is preferred over finite difference schemes here, primarily due to its superior
ability to accommodate complex boundary conditions. This choice ensures both
numerical robustness and accurate enforcement of the physical constraints inherent to
the modeled system.

The results of the numerical resolution are presented in the next section for various
thin aqueous films containing different initial glycerol fractions.

4.4 Results and discussion

The modeling framework presented in the previous sections has been applied to
the numerical study of the isothermal and isobaric drying of thin binary aqueous films
composed of water (W) and glycerol (Gl). The liquid is assumed to behave as a
Newtonian fluid, with drying conditions that do not promote the formation of a
viscoelastic skin at the interface.

Under these assumptions, and for simplicity, the variation of the diffusion coeffi-
cient DW with composition is neglected, setting:

DW ϕWð Þ≈DW ϕ0
W

� � ¼ D0
Wχ ϕ0

W

� �
(51)

4.4.1 Mass biot number and drying regimes

In this context, it is useful and possible to define a mass Biot number Bim, which
compares the internal resistance Rd

W for diffusive transport within the liquid film
(Rd

W ¼ ΔϕW=Φd,m
W ) to the resistance Rt

w for external mass transfer in the gas phase
(Rt

w ¼ Δϕw=Φt,m
w ). The Bim number can thus be expressed as:

Bim ¼ Rd
W

Rt
w
¼ Φt,m

w =Δϕw

Φd,m
W =ΔϕW

≈
hywm psatw s
ρLWpDW

(52)

Note that Bim evolves during drying and a small Bim ≪ 1 indicates that the internal
distribution of matter within the film remains approximately homogeneous.

The films studied here share the same physical characteristics as those considered
previously in Section 3, except for the presence of an initial nonzero glycerol fraction.
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4.4.2 Drying of films with small initial glycerol fractions

We first examine the case of thin films containing small initial volume fractions of
glycerol ϕ0

Gl (less than 20%).
In this case, the mass Biot number Bim remains below 0.20 throughout drying,

suggesting that the assumption of homogeneous concentration fields within the film is
acceptable. The matter balances established in Section 4.3 then reduce to the following
system of ordinary differential and algebraic equations:

_s tð Þ ¼ �J ϕW tð Þ, tð Þ and s tð Þ ¼ s0
1� ϕ0

W

1� ϕW tð Þ (53)

where s0 ¼ s 0ð Þ and ϕ0
W is the initial water volume fraction.

This nonlinear system must be solved numerically.
Figure 11 presents the numerical results for a film with initial thickness s0 ¼

544 μm and initial glycerol volume fraction ϕ0
Gl ¼ 4% (corresponding to Bim ≤0:18).

Other physical parameters are identical to those used in the pure water film study
(Section 4.3).

From Figure 11a, it is observed that the model (solid line) captures very well the
experimental measurements (symbols), particularly at the beginning and end of dry-
ing. Notably, the model accurately reflects the slowdown in drying kinetics due to the
increasing glycerol concentration at the end of drying. Furthermore, the solutions (red
dashed line) obtained using the simplified system (53) perfectly coincide with the full
numerical solution of the PDE system (50), as expected given the low Bim values
(see Figure 11b).

Once fully dried, the film contains glycerol and a residual mass of water mres
W 6¼ 0

trapped by the glycerol, given by:

mres
W ¼ ρLWΣseϕe

W (54)

Figure 11a reveals an excellent quantitative match between the measured value of se
and that predicted by the model (dashed horizontal line). This agreement underscores

Figure 11.
Isothermal (T ¼ 298:15 K) and isobaric (p ¼ 1 atm) drying of a thin aqueous film initially containing 4%
glycerol (ϕ0

Gl ¼ 4%) and aLc
w ¼ 0:05. (a) Temporal evolution of the film thickness; (b) temporal evolution of the

mass Biot number Bim.
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the critical role of water chemical activity aW in the modeling framework, enabled by
the incorporation of a physically sound expression for the activity coefficient γW .

4.4.3 Drying of films with high initial glycerol fractions

We now consider films with initial glycerol volume fractions exceeding 20%.
Figure 12 shows the simulation results for a film with s0 ¼ 869μm, ϕ0

Gl ¼ 40%,
T ¼ 298:15 K, p ¼ 1 atm, Lc ¼ 3:45 mm, and aLc

w ¼ 0:05.
Figure 12a shows the immobilized water content profile ϕW x, tð Þ within the liquid

film at different times t. For more than half of the drying time (ts≈140 min), the profile
remains nonuniform, which is consistent with a mass Biot number Bim that is not
negligible compared to unity (see Figure 12b). Figure 12c reveals that the mass Biot
number becomes negligible only during the final stages of drying, that is, for t> ts=2.

It can be concluded that, unlike in the previous case, it is no longer valid to assume
homogeneous composition across the film here, as shown by Figure 12a and b.
Figure 12c demonstrates that using the simplified ODE system (53) leads to a
poor prediction of the drying kinetics, thus requiring resolution of the full PDE
system (50).

4.4.4 Influence of initial glycerol content on drying time and residual water

The drying time ts is defined as the time required for the film to reach its equilib-
rium thickness se. Predicting ts as a function of the initial film composition is of
primary importance, especially when drying extends over several hours.

Figure 12.
Isothermal (T ¼ 298:15 K) and isobaric (p ¼ 1 atm) drying simulation of a thin aqueous film with initial
glycerol fraction ϕ0

Gl ¼ 40% and aLc
w ¼ 0:05. (a) Immobilized profiles of ϕW; (b) temporal evolution of Bim; (c)

temporal evolution of film thickness.

206

Heat and Mass Transfer – From Fundamentals to Advanced Applications



Table 1 summarizes the computed drying times and residual water mass fractions
for different initial glycerol fractions ϕ0

Gl, considering the same initial mass of water
m0

W ¼ 29:13 mg. For each case presented in Table 1, the computed value of the ratio
se=s0 agreed with the Eq. (49) to within better than 0.1%, indicating strong numerical
convergence and mass conservation of the implemented model.

Figure 13 reveals that the drying time ts increases linearly with ϕ0
Gl for low initial

glycerol contents (ϕ0
Gl < 20%). Beyond this threshold, a nonlinear increase is observed,

reflecting the increasing influence of water-glycerol molecular interactions within the
film. A similar behavior is found for the residual water fraction.

ϕ0
Gl (%) ts (min) mres

W =m0
W �10�3� �

1 51 0.25

2.5 55 0.7

5 62 1.45

7.5 68 2.16

10 76 2.97

15 92 4.72

20 112 6.67

25 135 8.92

30 162 11.5

35 194 14.4

40 234 17.8

45 284 21.8

50 351 26.7

Table 1.
Computed drying times ts and residual water mass fractions mres

W=m0
W for various initial glycerol volume fractions

ϕ0
Gl, with aLc

w ¼ 5%, Lc ¼ 3:45 mm, p ¼ 101325 Pa, and T ¼ 298:15 K.

Figure 13.
Evolution of drying time ts (circles) and residual water fraction mres

W=m0
W (squares) as a function of initial glycerol

volume fraction ϕ0
Gl, for a

Lc
w ¼ 5%, Lc ¼ 3:45 mm, p ¼ 101325 Pa, and T ¼ 298:15 K.
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5. Conclusion

This work establishes a systemic framework for analyzing the isothermal and
isobaric drying of thin aqueous films in the absence of a convective boundary layer. By
combining experimental observations, theoretical modeling, and numerical simula-
tions, we have demonstrated that mass diffusion, interfacial dynamics, thermody-
namics via water activity, and phase change phenomena collectively govern the
drying kinetics and the final architecture of the film.

A key finding of this study is the pivotal role of water activity in the drying
process. By directly determining the vapor pressure at the liquid-gas interface, water
activity controls the intensity of the evaporative flux, the dynamics of the evaporation
front, the overall drying time, and the amount of residual water trapped within the
dried film. Its gradual evolution—driven by solute enrichment during drying—
emerges as a critical lever for predicting and tuning the behavior of complex aqueous
films.

The water-glycerol mixture, used here as a model system, proved particularly well-
suited for exploring these mechanisms. Owing to its well-documented physicochemi-
cal properties and its ability to reproduce behaviors typical of industrial formulations,
this binary system enabled the validation of the proposed approach while maintaining
a generality that can be extended to other multicomponent aqueous systems of prac-
tical relevance.

The model developed in this work accurately captures the coupled dynamics of
evaporation and composition evolution, providing a robust predictive tool for the
design and optimization of drying processes across diverse application fields such as
functional coatings, cosmetics, pharmaceuticals, and biomaterials.

Future research directions include extending the present framework to more com-
plex systems—such as aqueous solutions of water-soluble polymers, sugars, or salts—
some of which may exhibit additional phenomena such as viscoelastic relaxation,
phase separation, or mechanical instabilities, with the aim of developing a unified and
predictive understanding of complex film drying under real-world conditions.

Appendix

The numerical resolution of Eq. (8) is performed using an implicit finite difference
scheme with a uniform spatial mesh, defined as xi ¼ iδx, for i ¼ 1, 2,⋯,Nx � 1, where
δx ¼ 1=Nx. Time is discretized as tn ¼ nδt, with n ¼ 0, 1,⋯,Nt.

The notations

vni � vw xi, tnð Þ, sn � s tnð Þ, _sn � _s tnð Þ (A1)

are used for brevity.
The solution column vector at time tnþ1, denoted as

vnþ1� � ¼ vnþ1
1 , vnþ1

2 ,⋯, vnþ1
Nx�2, v

nþ1
Nx�1

h it
, (A2)

is expressed from the known vector vn½ � at time tn through the following matrix
form:

vnþ1� � ¼ ABCnð Þ�1 � L� snð Þ2 vn½ � � CLnþ1� �n o
(A3)
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where CLnþ1� �
is the column vector incorporating Dirichlet boundary conditions at

x ¼ 0 and x ¼ 1:

CLnþ1� � ¼ An
1v

nþ1
0 , 0,⋯, 0,Cn

Nx�1v
nþ1
Nx

h it
, (A4)

and ABCnð Þ is a tridiagonal square matrix of size Nx � 1ð Þ � Nx � 1ð Þ given by:

ABCnð Þ ¼

Bn
1 Cn

1 0 ⋯ 0 0

An
2 Bn

2 Cn
2 ⋱ ⋮ ⋮

0 An
3 Bn

3 ⋱ 0 0

⋮ ⋱ ⋱ ⋱ ⋱ 0

0 ⋯ 0 An
Nx�2 Bn

Nx�2 Cn
Nx�2

0 ⋯ 0 0 An
Nx�1 Bn

Nx�1

0
BBBBBBBB@

1
CCCCCCCCA
: (A5)

The matrix coefficients are defined as:

An
i ¼ �αD0 1� ξni δx

2D0

� �
,

Bn
i ¼ 2αD0 1þ L� snð Þ2

2αD0

" #
,

Cn
i ¼ �αD0 1þ ξni δx

2D0

� �
,

(A6)

with

α ¼ δt

δxð Þ2 , ξni ¼ 1þ βLw � iδx
� �

L� snð Þ_sn, (A7)

and the dimensionless parameter

βLw ¼ ρLwRT
pMw

: (A8)

The discretization of the jump condition together with the time evolution relation sn ¼
_snδtþ sn�1 leads to an analytical expression for the film thickness at tn:

sn ¼ 1
2

Lc þ sn�1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lc þ sn�1ð Þ2 þ 4

D0δt
βLwδx

vn0 � vn1
1� ysw

� Lcsn�1

 !vuut
2
4

3
5: (A9)

A Python code developed by the authors is available upon request to numerically solve
the algebraic system (A3).

Abbreviations

A0 initial or reference value of A
ai activity of species i in a mixture
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a ∗
i activity of pure species i

azw water activity in humid air, at a specific position z
Bim mass Biot number
c molar concentration of the humid air (mol/m3)
da dry air
D mutual diffusion coefficient (m2=s)
D0 molecular diffusion coefficient of water vapor in air (m2=s)
DW diffusion coefficient of water in aqueous solutions (m2=s)
e0 initial film width (m)
fW ,f w fugacities of water in the liquid and gaseous phases, respectively
gE molar excess free energy (J/mol)
hXm mass transfer coefficient relative to X (kg � s�1 �m�2 � X�1)
i tð Þ, iJ tð Þ electric current intensities (A)
J evaporation rate (m/s)
Lc height of the drying chamber (m)
Mw,MW molar mass of water (kg/mol)
mW tð Þ mass of water in the liquid film at time t (mg)
mres

W residual mass of water in the dry film (mg)
_mW tð Þ mass flow rate of water (kg/s)
p pressure (Pa)
pe drying rate (m/s)
pw partial pressure of water (Pa)
psatw saturated water vapor pressure (Pa)
R ideal gas constant (J �mol�1 � K�1)
RH relative humidity (%)
RH∞ relative humidity far from the liquid film (%)
Rd
W

internal resistance for water diffusive transport within liquid films (s/
kg)

Rt
w resistance for external water transport in humid air (s/kg)

s tð Þ,s0 liquid/gas interface position and initial value (m)
t, ts time and drying time (s)
T temperature (K)
Tsup temperature of the film support (K)
u∞ air velocity outside the boundary layer (m/s)
v ∗ average molar velocity of the gas phase (m/s)
Vi volume of species i (m3)
W,W water in the liquid state
w,w water in the vapor state
xi,yi mole fraction of species i in a liquid mixture and in a gaseous mixture,

respectively
xzi ,y

z
i mole fraction of species i at a specific position z, in a liquid mixture and

in a gaseous mixture, respectively
yLc,∞
w mole fraction of water vapor when Lc ! ∞
δw mass transfer boundary layer under forced convection
γi activity coefficient of species i in a mixture
Φ ∗ ,t

w total advective-diffusive molar flux of water leaving the liquid film
(mol/s)

Φt,m
w total advective-diffusive mass flux of water vapor in the gas phase (kg/s)
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Φd,m
W

diffusive mass flux of water within the liquid film (kg/s)
ϕW volume fraction of water in the liquid mixture
ϕ0
W ,ϕe

W initial and equilibrium volume fractions of water, respectively
ρLW ,ρGl,ρL densities of liquid water, liquid glycerol and liquid mixture, respectively

(kg/m3)
ρsatw density of saturated water vapor (kg/m3)
τ0 diffusion time (s)
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