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Abstract

The interactions of charged particles with carbon nanotubes (CNTs) and graphene
layers may excite plasmonic modes in the two-dimensional electron gas that constitute
these shells. It has recently been proposed that plasmonic excitations could serve as an
innovative approach to short-wavelength, high-gradient particle acceleration. It may
transform current particle acceleration techniques and lead to new developments in high-
energy physics and related disciplines. In this chapter, we compare the excited wakefields
created by a charged particle traveling along a CNT and between two graphene layers. We
use a theory based on a linearized hydrodynamic model in conjunction with the Poisson’s
equation to describe the electronic excitations produced by a fast point-like charge. In this
model, surface plasmonic excitations are described by treating the electron gas as a two-
dimensional plasma with additional terms in the fluid momentum equation arising from
specific solid-state properties of the gas. Analytical expressions of the excited wakefields
are derived that, in the case of a single-walled CNT, may be related to the resonant
frequencies obtained from the dispersion relation. The dependence of the wakefields on
model parameters, such as particle velocity, tube aperture, distance between graphene
layers, friction parameter, and surface density, is analyzed.

Keywords: plasmonic excitations, wakefields, carbon nanotubes (CNTs), graphene,
hydrodynamic model

1. Introduction

Particle accelerators significantly influence science, industry, and the economy.
Traditional accelerators rely on RF technology, but their gradients are restricted to
around 100 MV/m due to a phenomenon known as surface RF breakdown [1, 2].
Several alternative approaches are being explored to overcome this limitation, includ-
ing dielectric laser accelerators and wakefield accelerators [3-7], as well as plasma-
based accelerators [8-12]. During the 1980s and 1990s, T. Tajima and others [13-15]
proposed solid-state wakefield acceleration using crystals as a potential technique to
achieve acceleration gradients on the order of TV/m. In Tajima’s initial proposal [13], a
longitudinal wakefield is generated by high-energy (~40 keV) X-rays, which are
injected into a crystal lattice at the Bragg angle, producing the Borrmann-Campbell
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effect [16, 17]. Similarly, ultrashort charged particle bunches can excite electric
wakefields, converting the energy loss of the driving bunch into an energy gain for a
properly injected witness bunch. However, the angstrom-sized channels of natural
crystals limit beam intensity acceptance and increase the dechanneling rate.

In this context, carbon-based nanostructures are considered promising candidates
for achieving extremely high gradients because of their exceptional thermal, mechan-
ical, and electronic properties. For example, studies have experimentally shown the
transport of 2 MeV He" ions [18] and 300 keV electrons [19] through carbon
nanotubes (CNTSs). As a result, CNTs can create wider channels in two dimensions
and achieve longer dechanneling lengths than natural crystals [20, 21]. Therefore,
carbon nanostructures, including CNTs [22-24] and graphene layers [25, 26], are
currently under investigation for wakefield acceleration.

The collective oscillation of the free-electron gas (often referred to as plasmons) on
carbon nanostructure surfaces (e.g., CNTs or graphene layers) can be responsible for
the excitation of wakefields. This wake effect is generated due to the interaction
between the driving bunch and the free electrons within these carbon nanostructures.
The electronic excitations on CNTs and graphene layers have been theoretically stud-
ied employing different approaches, for example, hydrodynamic models [27-38],
kinetic models [39-42], and molecular dynamics simulations [43, 44].

In this chapter, we have adopted the linearized hydrodynamic model (LHM) to
derive analytical expressions of the excited wakefields in multi-walled CNTs
(MWCNTs) and parallel graphene layers. In particular, a detailed study has been
conducted on the wakefields excited and the stopping power induced by a proton,
comparing a single-walled CNT with a radius of 2 and two graphene sheets separated
by a distance of 2a. The LHM is chosen for its simplicity and its excellent concordance
with the dielectric formalism in the random-phase approximation [28].

This chapter is organized as follows. Section 2 reviews the LHM for multi-layer
CNTs and graphene layers, providing general expressions for both longitudinal and
transverse wakefields excited by the interaction with a charged particle. Section 3
analyzes the dependence of the wakefields and the stopping power on model param-
eters, comparing a CNT with two graphene layers. Finally, a summary of the findings
of this study is presented in Section 4. Atomic units are used throughout the manu-
script, unless otherwise indicated.

2. Linearized hydrodynamic model

In this section, the LHM is used to describe excitations produced by a single
charged particle on carbon nanostructure surfaces, for example, MWCNTs or
graphene layers. Within this framework, the delocalized electrons of the carbon ions
are considered as a free-electron gas distributed uniformly over the surface (consid-
ered infinitesimally thin), with the homogeneous density per unit area 7. We con-
sider that a driving point-like charge Q is moving parallel to the z-axis with a constant
velocity v, that is, with coordinates rq(t) = (xo,7,,vt), neglecting energy losses. The
homogeneous electron gas will be perturbed by the driving charge Q, producing a
perturbation in the homogeneous electron gas on the surfaces, which can be regarded
as charged fluids (confined to the surfaces) with velocity fields u; (r]-, t) and surface
density n(xj,t) = no + n;(x;,¢), where r; are the coordinates of a general point at the
jth surface and 7;(rj, ) is its perturbed density per unit area. In the LHM, u; and »; are
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considered relatively small perturbations. For the analysis of wakefield dynamics,
ionic motion can be neglected [45, 46], since the timescale for ionic movement is
much slower than that of electrons, owing to the significantly larger mass of carbon
ions compared to electrons.

In the LHM, electronic excitations on the surfaces are described by the continuity
equation and the non-relativistic momentum-balance equation at each surface:

@‘Fnovj +ui(x;,t) =0, @
Ju; rj,t @ /)7
% = Vi®(1) = Vi (5,2) + -V (977 0550)] = 7oy (5.0) @

where we have retained only the first-order terms in #; and w;. In these equations, V;
differentiates only tangentially to the jth surface and @ is the electric scalar potential.
The sum of four different contributions is considered in Eq. (2). The first term on the
right-hand side represents the force applied to the electrons on the jth surface due to
the tangential component of the electric field. The total electric potential is the solu-
tion to the Poisson equation in free space and can be written as ® = @ + ®;,q, where
Dy = ﬁ is the Coulomb potential produced by the driving charge, and ®j,q is the
potential resulting from the perturbation of the electron fluids:

Dpq(r, 1) = —Z szrjm (3)

; e =5

The second and third terms correspond to components of the internal interaction
force within the electron gas. Specifically, the second term accounts for potential
coupling with acoustic modes with a = v%/2 (vp = (27n0)"/? is the Fermi velocity of
the two-dimensional gas), while the third term describes single-electron excitations in
the electron gas with = 1/4. The final term represents a frictional force on the
electrons resulting from scattering with the charges of the ionic lattice, where y
denotes the friction coefficient. Additionally, it serves as a phenomenological param-
eter to describe the broadening of the plasmon resonance in the excitation spectra of
various materials [47].

2.1 Carbon nanotubes

In this case, we consider an MWCNT composed of N concentric cylinders with
radii a1 <ay < -+ <ay [48], as illustrated in Figure 1.

Thus, in Egs. (1)-(3), we use cylindrical coordinates, and, consequently, V; =

pL a_(zp +22,1 = (a,9,2), dzrj = a;dpdz and the position of the driving particle is
7

ro(t) = (r0, @g,vt). Egs. (1)-(3) can be solved by performing a Fourier-Bessel (FB)
transform, whose definition for an arbitrary function f is:

flp,z,t) = i Jw d Jw d—weik‘z*im"’*i‘”tf(m,k,a)). 4)

M=—o00 J —00 (271')2 —oo 277:

The FB transform of the Coulomb potential created by the driving point-like charge
and the induced potential are given, respectively, by [24]:
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Figure 1.
(a) Schematic of a charge Q moving parallel to the z-axis inside an MWCNT with N = 3 cylinders. (b) Schematic
of the hexagonal lattice of a triple-walled CNT.

éo(r, m,k,w) =27Qg(r,ro;m,k)é(w — kv)e*"m"’o, (5)
g (r,m, by @) Zg r,a;m, k)ajni(m, k, o), (6)
j=1

where 6 is the Dirac delta, g(r, s m, k) = 47l (k|rmin|) Km (k|rmax|) with
Tmin = Min(r,7’), ymax = max(r,7’) and I,,,(x) and K,,,(x) are the modified Bessel func-
tions of integer order .

After eliminating w; in Eq. (2) by using the continuity equation and applying the
FB definition, the FB transform of the perturbed densities can be calculated by solving
the system of N coupled linear equations:

Si(m, k, )n;(m, k, ) — Z i1(m, k) (m, k, 0) = Bj(m, k, ), @)

where the following functions have been defined:

Sj(m, k,w) = w(w +iy) — a(k2 + mz/ajz) — ﬂ(kz + mz/a]?>2, (8)
Gu(m, k) = noay (kz + mz/ajz)g(aj,az;m,k), 9)
Bi(m,k,w) = —nqg <k2 +m2/a]-2)<i>o(aj,m,k,a)). (10)

It is worth noting that Eq. (7) can be expressed as the following matrix equation:
- = .
Mn = B, ]VI]] = S] — ij, Mz] = _Gij (Z 75]) (11)

Therefore, the resonant frequencies of the collective excitations in the electron fluids
can be obtained by solving the eigenvalue equation det(M) = 0 for y = 0. Once the
FB of the perturbed densities has been obtained, the induced potential can be
calculated as:

2 +o0 ) +oo ~ )
®ipq(r,t) = e’m‘/’J Re @iy (r,m, k, kv)e’kg] dk, (12)
m—=—o0
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where ®;,q can be obtained using Eq. (6) and the comoving coordinate { = z — vt has
been defined. The induced longitudinal and transverse wakefields can be determined
by calculating the corresponding partial derivatives: W, = —0,®jyq and
W, = —0,®inq.

If we consider a single-walled CNT with radius @ = 44, the FB transform of the
perturbed density can be obtained from Eq. (7) as:

—27Qn (k* +m? [a?)g(a,vo; m, k)5(w — kv)e "0
D, (k, ®) ’

1 (m, ey ) = (13)

with Dy, (k, w) = w(w +iy) — w2 (k), where

(k) = a(k? +m?/a?) + p(* + m*/a®)" + Qla’ (k* +m*[a®) Ky (kla|) L (kla]) (14)
are the plasmon dispersion curves and Q, = \/4xng/a is the plasma frequency. The
FB transform of the electric potential is @ind(r, m,k,w) = —g(r,a;m, k)an,(m,k, ). As
Eq. (5), implies @ = kv, the condition for plasma resonance is obtained when k,,v =
(k) (i.e., when D,, (ky,, k,yv) = 0 for y — 07). It is worth noting that the
wakefields can be approximately calculated analytically in terms of the roots k,, if y —
07 [23, 48].

2.2 Graphene layers

In this case, we consider N parallel graphene layers at planes y, <y, <--- <y, [26],
as illustrated in Figure 2.

Hence, in Egs. (1)-(3), we use Cartesian coordinates and, consequently,
V; = f(% + i%, T = (x,yj,z), and dzrj = dxdz. The LHM can be solved similarly to

the case of MWCNTs, although in the present case we have to use a Fourier transform
with respect to coordinates in the xz-plane, R = (x,2) — k = (k. k;), and time,
t — w, which is defined by

1 ~ .
AR,y,t) = w JA(k,y, w)c’*’(“’t*k'R)dzkdw. (15)

The Fourier transform of the electric potential created by the driving charge ®( and
the induced electric potential created by the graphene layers ®;,4 are, respectively,
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Figure 2.

(a) Schematic of a charge Q moving parallel to the z-axis in a system with N = 3 graphene layers. (b) Schematic
of the hexagonal lattice of the graphene layers.
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where we have defined k = |/k2 4 k2. If the continuity equation is utilized to elimi-
nate u; in Eq. (2) and the Fourier transform definition is applied, Eq. (15), the Fourier

transform of the perturbed densities is related by the system of N coupled linear
equations:

Si(k, o)it;(k, w Z (k)i (k, @) = Bj(k, w), (18)

where the following functions are defined:

Si(k, ) = w(w +iy) — ak? — pk*, (19)
Ga(k) = 2anoke ¥, (20)
Bi(k,w) = —nok*®, (k,yj, a)) . (21)

It is important to note the similarity with the expressions obtained in the
MWCNTs case: Egs. (7)-(10). In particular, Eq. (18) can be expressed as the matrix
Eq. (11), and, consequently, the dispersion relations may be obtained by solving the
eigenvalue equation det(M) = 0 for y = 0. Once the #%; have been obtained by solving
Eq. (18), the perturbed densities and the electric potential can be determined by
utilizing the definition of the Fourier transform, Eq. (15). In particular, by leveraging
the symmetry properties of the real and imaginary parts of #; in k, the perturbed
densities and the induced potential can be expressed as:

nj(R,y,t) = %L Jo Re [ﬁj(lc,y,kzv)eikz‘:] cos(kyx)dk,dk., (22)
®;4(R,y,1) = %J J Re [&)ind(l(,y,kzv)eikzc] cos(kyx)dkydk., (23)
(27)” Jo Jo

where the comoving coordinate { = z — vt has been defined, as in the case of an
MWCNT. Finally, the induced wakefields can be determined by calculating the
corresponding partial derivatives:

a(Dind

a(I)ind
Wx(R,Jh t) - - ax ) Wy(R,ya t) - — )

(24)

acI)in
W.(R,y,t) = — azd'

3. Results and discussion

The objective of this research is to compare the wakefields excited inside a CNT
with radius 2 with those excited between two graphene sheets separated a distance 2z,
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Figure 3.

Schematic of a charge Q moving along the z-axis in (a) a CNT with radius a and (b) two graphene layers at
planesy, = —aandy, = a.

that is, the geometries depicted in Figure 3. Unless otherwise indicated, it is assumed
that the surface electron densities can be approximated by the electron-gas density of
a graphite sheet: ng = n, = 1.53 x 10*m~2 [28, 49].

The roots k,, provided by the plasma resonance are crucial in describing the
behavior of the wakefields in a CNT. For this reason, this section begins with a
detailed analysis of the dispersion relation of a CNT, comparing it with the dispersion
relations of two graphene layers.

3.1 Dispersion relation

Figure 4 shows the dispersion curves w,,(k), Eq. (14), for several angular-
momentum modes at different CNT radii: (a) 2 = 1 nm and (b) 2 = 2 nm. The
resonant wavenumbers k,, occur where the kv line intersects with the dispersion
relation w,, (k). Consequently, as the driving velocity increases, the resonant
wavenumber k,, (if it exists) decreases. The fundamental mode 7 = 0 is the only one
that may not satisfy the plasma resonance condition at sufficiently high velocities.
From Eq. (14), it is evident that plasma resonance cannot be achieved if v < /a =
vr/+/2 and that the dispersion curves increase if the surface density 7, increases. For
completeness, the dispersion curves for two graphene layers separated a distance of 22

(a) 25 == (b)25

CNT:a=1nm (m=0)
~—--CNT:a=1nm (m=1)

~—=-CNT: a =1 nm (m = 2) | ——CNT:a=2nm (m=2)
Bi-layer: 42 = —y; = —1 nm Bi-layer: g2 = —gh = -2 nm
| -—=-kv (v = 0.05¢) —==-kv (v = 0.05¢)
0
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
k(A k(A
Figure 4.

Plasmon dispersion relations w,, (k) for different modes m for a CNT with (a) a = 1 nm and (b) a = 2 nm. The
resonances R, are the intersection of a kv line (plotted for v = 0.05¢) with the dispersion curves w,, (k). For
comparison, we include the dispersion relations for two graphene layers sepavated by a distance of 2a.
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are also included, which are given by w. (k) = /@] + A, where w? = ak® + pk* +
27nok is the dispersion relation of a single graphene layer and A = 2zngke 17!
describes the electrostatic interaction between both layers. It can be observed that
they resemble the fundamental mode w (k) of the CNT, especially as a increases
because the interaction term A decreases exponentially with the separation between
layers.

3.2 Excited wakefields

For the sake of simplicity, in the following calculations, it is considered that the
point-like charged particle is a proton (i.e., Q = 1) traveling along the z-axis. Conse-
quently, the fundamental mode wq (k) is the only mode that contributes to the wake-
field excitation in the CNT. The integrals in Egs. (22) and (23) require a finite value of
y for proper convergence. Therefore, a value of y = 10 ?a.u.~4.13 x 10s~! will be
used in all cases.

Figure 5 compares the longitudinal wakefield W and the transverse wakefield W,
in the y{-plane in a CNT and two graphene layers, respectively. It can be seen that the
wakefields are similar, although the wakefield intensity is lower in the graphene
layers. Additionally, the wakefields diminish rapidly behind the driving particle in the
case of the graphene layers, unlike in the case of the CNT, where they hardly decrease.
The friction coefficient y causes an exponential decay of the wakefields behind the
driving particle, but a sufficiently small value has been chosen so that it is not notice-
able in these cases. The reason for the rapid decay in the graphene layers is that the
wakefields spread out in the plane of the layers (i.e., the xz-plane), whereas in the case
of the CNT, the wakefields are confined within the tube. To observe this, Figure 6

(a) 2
2
2
1 4 _
E)
2o 0 0
= +
= | 2
2
-2 7 2 :
2 1 10 5 o W.(GV/m) 20 45 -0 5 o W, (GV/m)
¢ (nm)
| “”2
2
ﬂ of 0
E =
2
_2 2 A A
2 “ -10 0 W.(GV/m) 20 .45 -0 5 0 W, (GV/m)

um) ¢ (nm)

Figure 5.

Im%;lced wakefields (a) W and (b) W, in the y{-plane for a proton traveling on the z-axis with a velocity v = 0.05¢
within a CNT with vadius a = 1 nm. In (c) and (d), we consider two graphene layers located at y, = —y, = a. In
both cases, the friction parameter isy = 10 3 a.u.~4.13 x 10357, The wakefield W is zero in the y(-plane. The
proton is indicated with a black point and the CNT wall and the graphene layers with black lines.
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Figure 6.

Induced wakefields (a) W, and (b) Wy in the x{-plane for a proton traveling on the z-axis with a velocity v =
0.05¢ within two graphene layers located at y, = —y, = a. The wakefield W, is zero in the x{-plane. The proton
is indicated with a black point.

depicts the wakefields W, and W, in the x{-plane in the bi-layer configuration. Due
to the cylindrical symmetry of the CNT, the wakefields W, and W in the x{-plane are
identical to the wakefields W, and W,, respectively, in the y{-plane, that is, the
wakefields depicted in Figure 5(a) and (b). This difference in wakefields is highly
significant for particle acceleration purposes. In CNTs, there are regions where a
witness beam experiences both acceleration and focusing simultaneously. However, in
the bi-layer configuration, if acceleration and focusing are achieved in the y{-plane
(xC-plane), then there would be defocusing in the x{-plane (y¢-plane).

For completeness, Figure 7 shows the perturbed density 7 /79 in the CNT and the
graphene layer. Due to the symmetry, the perturbed density depends only on ¢ in the
CNT and 71 = n, in the bi-layer configuration. Similar to the wakefields in the x(-
plane, the perturbed density spreads out in the graphene layers. It is worth noting that
the perturbed densities satisfy 71 <o, as assumed in the linearized hydrodynamic
model.

Figure 8 shows the induced longitudinal wakefield W in the z-axis in order to
study the effect of each parameter: the driving velocity v, the CNT radius a (separa-
tion between layers 2a), and the surface density #7,. It can be observed that the
wavelength of the wakefield increases with the velocity, whereas the intensity of the
wakefield decreases for low velocities and for high velocities, that is, there is an
optimal velocity for which the wakefield intensity is maximum. Moreover, the wave-
length of the plasmonic excitations increases with the velocity v. As can be seen in

4
(b) 10 R i
]
5
g -
5
‘ -5
-10
2 15 -0 5 0 5 o9y A% A & 0o ™m/m
¢ (nm) ¢ (nm)

Figure 7.

(a) Normalized perturbed density n, /n, for a proton traveling on the z-axis with a velocity v = 0.05¢ within a
CNT with radius a = 1 nm and two graphene layers located at y, = —y, = a. In (b) we show the perturbed
density in the layer plane, that is, at y, = —a. Due to symmetry, the perturbed density in both layers is identical.
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Figure 8.

Longitudinal wakefield W, along the z-axis for a proton traveling on the z-axis for diffevent (a)-(b) velocities v,
(¢)-(d) CNT radii a or separation between layers 2a and (e)-(f) surface density no. In all cases, unless otherwise
indicated in the corresponding legend, the following parameters are used: v = 0.05¢, a = 1 nm, n, = ng. Solid lines
indicate the CNT case (left column) and dashed lines the bi-layer configuration (vight column).

Figure 8(c) and (d), the intensity of the wakefields increases as & diminishes (this
behavior is consistently observed in the graphene layers, but for CNTs the intensity
decreases for very small radii; see Figure 11). Finally, Figure 8(e) and (f) illustrate
that the intensity of the wakefields decreases for low and high surface densities, that
is, there is an optimum density (in this case, no~n,). The wavelength of the wakefields
decreases with the surface density. The dependence of the wavelength on velocity and
surface density can be directly deduced from the dispersion relation. As the velocity
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decreases (or surface density increases), the value of the resonant wavenumber k
increases, leading to a decrease in wavelength (1 ~ 2z/k¢). Finally, it is observed that,
in general, CNTs produce more intense wakefields that do not decay rapidly and have
longer wavelengths compared to graphene layers.

3.3 Maximum wakefield and stopping power

This section is dedicated to comparing the maximum longitudinal wakefield
excited along the z-axis (W) in the CNT and in the bi-layer configuration. For
completeness, we will examine the stopping power, which refers to the energy loss of
a channeled particle per unit path length caused by the collective electron excitations.
This magnitude can be calculated as

S=—QW, |y, (25)

and exhibits a behavior similar to that of the excited longitudinal wakefield amplitude
[24]. Figure 9 depicts W' and the stopping power as a function of the driving
velocity for different values of 4. Both the CNT and the bi-layer configuration exhibit
qualitatively similar behavior: W,'** decreases as the parameter a increases. In both
cases, the maximum is reached at a similar velocity (slightly lower in the CNT). In the
CNT, a larger wakefield (approximately twice as large) can be obtained, but it
decreases more rapidly at high velocities compared to the graphene layers. It is also
observed that W"** and the stopping power have a very similar trend, except at very
low velocities where W' tends to a finite value and the stopping power to zero. In
fact, at these very low velocities, no plasmonic excitation (i.e., an oscillating wake-
field) occurs, and the wakefield is only generated near the driving particle [35, 36].

Figure 10 shows W7*** and the stopping power as a function of the driving velocity
for different surface densities 79. Again, both configurations (CNT and graphene
layers) exhibit qualitatively similar behavior. It is interesting to note that the maxi-
mum of W7'** and the stopping power shift to higher velocities with the surface
density, although their peak values remain approximately constant.

Finally, Figure 11 analyzes W** and the stopping power as a function of 4. It is
observed that in graphene layers, these magnitudes increase as the layers are closer
together, whereas for CNTs, it exists an optimal radius.

(a) (b) 4

8 —a=0.5nm
a=1nm
—a=2nm 3

¢ o

> =

] > 2

5 4 S

& "
2 1
0 T T D e —-oTes i 2 za=zz 0 e ==ssrad
0 0.05 01 0.15 02 0 0.05 0.1 0.15 0.2

vle vle

Figure 9.
(a) Maximum longitudinal wakefield W?'** and (b) stopping power as a function of the driving velocity for
different values of a. Solid lines indicate the CNT case and dashed lines the bi-layer configuration.
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(b) 1

Figure 10.

(a) Maximum longitudinal wakefield W™ and (b) stopping power as a function of the driving velocity for
different values of the surface density n, for a = 1 nm. Solid lines indicate the CNT case and dashed lines the bi-
layer configuration.
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Figure 11.

(a) Maximum longitudinal wakefield W7'** and (b) stopping power as a function of the CNT radius a (layers
separated a distance 2a) for different values of the driving velocity. Solid lines indicate the CNT case and dashed
lines the bi-layer configuration.

4. Conclusions and outlook

The linear hydrodynamic model has been revisited to derive general expressions
for the electric wakefields excited by a point-like charge in carbon nanostructures, in
particular MWCNT and parallel graphene layers. The excitation in a CNT with radius
a has been compared in detail with that between two graphene layers separated by a
distance of 24.

As the wakefields of a CNT are closely related to the dispersion relation, the
dispersion curves have been initially plotted. It has been observed that the bi-layer
configuration exhibits two dispersion curves that resemble the dispersion relation
wo (k) of the CNT, especially as a increases.

Subsequently, the excited wakefields have been compared in a specific case. It has
been observed that in the plane perpendicular to the graphene layers (i.e., the yz-
plane), the fields qualitatively resemble each other, except that the wakefields decay
with distance in the bi-layer case. The rapid decay in the graphene layers occurs
because the wakefields spread out in the plane of the layers (i.e., the xz-plane),
whereas in the case of the CNT, the wakefields are confined within the tube structure.
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Thus, a witness beam could experience acceleration and focusing in a CNT, whereas in
the graphene layers, it would be focused in one plane and defocused in the perpen-
dicular plane.

Finally, the maximum excited longitudinal wakefield along the z-axis and the
stopping power have been studied. These magnitudes exhibit qualitatively similar
behavior in both the CNT and the graphene layers, with the exception that in the CNT
there is an optimal radius (i.e., a radius that maximizes these magnitudes), whereas in
the graphene layers, these magnitudes increase as the separation decreases.

In summary, the excitation of very intense wakefields in carbon nanostructures
has been demonstrated, which could pave the way for new applications in particle
acceleration or radiation sources.
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