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Abstract 

The interaction between charged particles and graphene layers can lead to the 
collective oscillation of free electrons within the graphene shell, resulting in electro-
magnetic modes. These plasmonic modes offer strong potential for enabling ultra-high 
acceleration gradients in particle acceleration systems. Their behavior can be effec-
tively explored using both particle-based simulations and analytical modeling 
approaches. This chapter begins by introducing the linearized hydrodynamic model, 
which provides an analytical framework for describing the plasmonic modes excited 
by a point-like charge interacting with graphene layers. In this model, the free elec-
tron gas at the layers is treated as a plasma, governed by the linearized continuity and 
momentum equations with different solid-state properties such as the interactions 
with acoustic modes, a quantum correction, and the scattering due to ionic-lattice
charges. Subsequently, the plasmonic excitations obtained from the hydrodynamic
model are compared with those derived from PIC simulations performed with the
WarpX code. While the hydrodynamic model offers analytical insight into the excita-
tion of plasmonic modes, the PIC simulations provide a more comprehensive treat-
ment of nonlinear and collective effects. The comparison reveals consistent trends in
mode structure but highlights differences in amplitude and spatial results. The analy-
sis highlights key similarities, distinctions, and constraints between the two
approaches. Overall, the study provides meaningful insight into how graphene layers
could be harnessed to improve particle acceleration methods, potentially driving
future innovations in high-energy physics and related disciplines.

Keywords: linearized hydrodynamic model, particle-in-cell (PIC) simulations, 
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1. Introduction 

Particle accelerators are indispensable tools across multiple sectors, including sci-
entific research, industrial applications, and national security [1, 2]. They have been at 
the forefront of high-energy physics studies for over half a century and serve as
critical components in technologies such as synchrotron radiation sources and free
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electron lasers [3, 4]. Additionally, their role in medicine is well-established, particu-
larly in cancer treatments such as radiotherapy and hadrontherapy [5]. Despite their 
advantages, conventional accelerators that rely on radio frequency (RF) systems face 
limitations, with achievable gradients capped at approximately 100 MV/m due to
surface RF breakdown [6, 7]. To address these constraints, researchers are exploring 
innovative alternatives, including dielectric laser accelerators and wakefield accelera-
tors [8–12], as well as plasma-based acceleration methods [13–17], which have the 
potential to overcome the current technological limitations and unlock new opportu-
nities in particle acceleration.

Plasma Science – Current Developments, Applications, and Future Directions

Tajima and Cavenago [18] in 1987 and Chen and Noble [19, 20] in the 1990s 
introduced the concept of solid-state wakefield acceleration, leveraging the ion lattice 
structure of crystals as a promising approach to achieve acceleration gradients on the 
order of several TV/m. In this method, longitudinal wakefields could be excited 
within the crystal by either X-rays or charged particle bunches traveling through it.
Despite its potential, this technique is limited due to the angstrom-scale channels
present in natural crystals, which restricts beam intensity acceptance and contributes
to high dechanneling rates. Overcoming these technical challenges is essential to
unlocking the full capabilities of crystal-based solid-state wakefield acceleration.

In this context, carbon-based nanostructures are undergoing extensive research as
the promising candidates for wakefield acceleration [21–27]. Their unique design, 
with broader apertures compared to crystals, provides a significant advantage by 
addressing the angstrom-scale constraint inherent to natural crystals, paving the way
for more efficient acceleration mechanisms.

In particular, since the discovery of graphene by Novoselov et al. in 2004 [28], 
these carbon nanostructures have garnered extensive attention for its potential appli-
cations across numerous fields, including energy storage, biotechnology, medical 
science, electronics, optics, and THz technology. Their remarkable electrical,
thermo-mechanical, and optical characteristics have made them a highly versatile
material for innovative technological and scientific advancements [29]. As a 
result, both the vibrational [30–32] and electronic properties [33–35] of graphene 
layers have been widely explored using both theoretical approaches and experimental
techniques.

Wakefields in graphene can be generated by the collective oscillation of the free 
electron gas confined to the layer surface, commonly known as plasmons, which are
induced by passage of the driving bunch [26, 36]. The study of plasmon excitations on 
graphene surfaces has attracted significant attention, both experimentally [37–39] and 
theoretically [36, 40–47]. Experimentally, electron energy loss spectroscopy (EELS) 
has been employed to study these electronic excitations in both single-layer and
multilayer graphene. In particular, Kinyanjui et al. [37] discovered that π plasmons in 
free-standing graphene monolayers exhibit a linear dispersion, in contrast to the 
parabolic behavior observed in graphite, an observation that aligns with theoretical
predictions for a two-dimensional Dirac electron gas. Wachsmuth et al. [38] explored 
the collective electronic excitations in free-standing single-layer graphene and found 
that, for finite momentum transfers, the experimental electron energy-loss spectra 
agree well with time-dependent density-functional theory (DFT) calculations—pro-
vided that crystal local-field effects are considered. Regarding the multilayer
graphene, Eberlein et al. [39] showed that while monolayer graphene lacks the 
~4.6 eV out-of-plane plasmon seen in graphite, this mode reappears in bilayer and
trilayer graphene, revealing how plasmonic features, including peak positions and
amplitudes, evolve with layer number and interlayer separation.
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On the other hand, theoretical investigations have employed various methodolo-
gies, including a kinetic model [40], the random phase approximation (RPA) [41], 
molecular dynamics simulations [42], DFT studies, and hydrodynamic models
[36, 43–47]. For instance, the kinetic model developed by Fermanian Kammerer and
Méhats [40] captures the transport of electrons in a graphene layer by solving a 
Boltzmann-type equation, proposing an algorithmic realization and giving analytic
justification of the model. Allison et al. [41] used the RPA to study stopping and image 
forces on charges near doped graphene. Their results highlight the role of interband
excitations at high speeds and complex friction behavior at low speeds. Loche et al.
[42] used molecular dynamics to study hydrated ion interactions with graphene sur-
faces. They found that non-electrostatic repulsion and van der Waals attraction dom-
inate at short and intermediate distances. Crucially, nonlinear dielectric effects
emerge near the surface, challenging standard electrostatic models. Polini et al. [48] 
developed a Kohn-Sham-Dirac DFT framework for graphene, showing that exchange-
correlation effects increase with carrier density and significantly influence nonlinear
screening, particularly in the presence of charged impurities and electron-hole pud-
dles. Shu et al. [49] used time-dependent DFT to study high-frequency plasmons in 
nitrogen-doped graphene nanostructures. They found enhanced optical absorption 
and tunable plasmon resonances in the visible and ultraviolet range, offering a prom-
ising route for nanoscale plasmonic devices beyond the terahertz regime. Regarding
the hydrodynamic models, Radović et al. [36, 43, 44] employed them, both one- and 
two-fluid, to investigate the interaction of fast charged particles and dipoles with 
graphene and supported 2D electron gases. Their studies revealed the emergence of 
dynamic polarization forces, directional image and stopping forces, and velocity-
dependent torques on dipoles. They also demonstrated the formation of oscillatory
wake effects in the induced charge density and potential when particle speeds
exceeded plasmon excitation thresholds. These findings highlight the rich collective
response of graphene-like systems to external perturbations. Li et al. [45] used a 
quantum hydrodynamic model to study the charged particle interactions with double-
layered 2D electron gases. They found oscillatory wake effects in the induced potential 
and double peaks in stopping and image forces due to plasmon hybridization. These
results highlight key differences compared to single-layer systems. Borka et al. [46] 
developed a dielectric response model, using a 2D two-fluid hydrodynamic model, for 
multilayer graphene and studied energy loss of fast electrons. They found that total 
energy loss decreases with increasing kinetic energy and scales with the number of
layers. Plasmon peak shifts were also observed at lower energies, revealing layer-
dependent polarization effects. Chaves et al. [47] used a hydrodynamic model to 
study plasmonic wakes induced by moving charges near graphene. They identified a 
transition from Mach-type to Kelvin-type wakes and introduced a tunable Froude
number. Their findings suggest new mechanisms for generating and controlling
graphene plasmons.

Alternatively, plasmon excitations can be characterized using particle simulations 
that account for particle motion. Within this framework, particle-in-cell (PIC) codes
have proven to be a powerful tool for modeling these excitations, albeit with certain
limitations [50]. From this point onward, we highlight a few relevant studies that 
employed PIC approaches to investigate the plasmonic and electronic properties of
two-dimensional materials such as graphene and related systems. In 2019, Sangwan
et al. [51] investigated the interaction of a 10 PW laser with a fully ionized planar
carbon target using the open-source PIC code EPOCH [52]. Their simulations demon-
strated that carbon ions can be accelerated to energies on the order of GeV for a target
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thickness of approximately 120 nm, indicating that this configuration is suitable for 
producing C6þ ions for hadrontherapy applications. In 2023, Bontoiu et al. [22] 
employed the PIConGPU [53] code to simulate laser-driven electron acceleration in 
ionized graphene layers, uncovering a novel collective self-injection mechanism, 
referred to as catapult acceleration, which arises from edge plasma oscillations and
enables the generation of field gradients reaching several TV/m. More recently, in
2025, Lei et al. [54] have demonstrated, through 3D particle-in-cell simulations
performed in WarpX [55], the feasibility of using nanostructured carbon nanotube 
forests for ultra-compact plasma-based accelerators driven by relativistic electron 
beams, revealing two efficient mechanisms (surface plasmon leakage and bubble
wakefields) that enable PeV-level particle acceleration and are compatible with the
current experimental capabilities.

Plasma Science – Current Developments, Applications, and Future Directions

Recent advances in hydrodynamic modeling have demonstrated the effectiveness 
of these approaches in capturing nonlocal and quantum effects in plasmonic systems,
particularly at nanometric scales. For instance, Ciracì et al. [56] formulated a macro-
scopic hydrodynamic model that incorporates essential quantum mechanical features 
of electron behavior in metals, including the influence of nonlocal response and
boundary conditions. In this context, Toscano et al. [57] developed a self-consistent 
hydrodynamic model that accounts for electron spill-out effects, enabling the accurate 
prediction of size-dependent surface resonance shifts in metallic nanostructures.
Their results show good agreement with both experimental data and more advanced
quantum methods, while maintaining significantly lower computational cost.

Given the demonstrated applicability and predictive accuracy of the linearized 
hydrodynamic model (LHM) in capturing key plasmonic and electronic phenomena 
at the nanoscale, the motivation of the present work is to compare the excited
wakefields predicted by the LHM [26] with PIC simulations performed with WarpX, 
discussing the similarities and discrepancies between both approximations.

This chapter is organized as follows. Section 2 examines the LHM, presenting 
general formulations for the longitudinal and transverse wakefields induced by the 
interaction of a point-like charged particle moving parallel to graphene layers. Section 
3 describes the model that we consider in the PIC simulations for modeling the
graphene layers. Then, Section 4 compares the results obtained from the simulations
with the LHM, discussing the similarities and limitations in Section 5. Finally, Section
6 provides a summary of the key findings of this study.

2. Linearized hydrodynamic model

In this study, a linearized hydrodynamic theory is utilized to examine the excitations 
caused by a single-charged particle in graphene layers [26]. This model assumes N 
graphene layers positioned parallel to each other on planes y1 ≤ y2 ≤ … ≤ yN,  with  each  
layer considered to have a negligible thickness. The delocalized electrons associated with 
carbon ions are treated as a two-dimensional free electron gas (Fermi gas), constrained 
to the surface of the jth layer with an initial uniform surface charge density n0j.

We analyze the motion of a point-like charge Q traveling with a constant velocity v
along the z-axis (see Figure 1). At any time t, the position of the moving charge is 
r0 tð  Þ ¼  x0, y0, vt

( )
. The uniform electron gas on each layer, which will be perturbed by 

the interaction with the driving charge Q, is modeled as a charged fluid. This fluid is 
characterized by a velocity field uj rj, t

( )
and a surface charge density n rj, t

( )
,

expressed as n0j nj rj, t . Here, rj x, yj, z refers to a specific point on the jth
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layer, and nj rj, t
(  )  

represents the perturbed density per unit area. Under the linearized 
hydrodynamic framework, it is assumed that both the perturbed densities nj and the 
velocity fields uj are small perturbations. Moreover, since the electronic fluid is con-
fined to each graphene layer, the normal component of the velocity fields uj is zero on
the graphene surfaces. Additionally, given that the motion of carbon ions is much
slower compared to that of electrons due to their significantly larger mass, ionic
motion can be disregarded when analyzing wakefield dynamics [58, 59]. 

Excitation of Wakefields in Graphene Layers: PIC Simulations vs. Hydrodynamic Model
DOI: http://dx.doi.org/10.5772/intechopen.1014652

Figure 1. 
(a) Scheme of the considered charge Q traveling parallel to the z-axis in the considered system composed of N ¼ 2
graphene layers. (b) Schematic model of the hexagonal lattice of two graphene layers.

In this framework, the electronic excitations on graphene layers are governed by
the continuity equation

∂nj rj, t
(  )  

∂t 
þ n0j∇j . uj rj, t ¼ 0, (1)

and the momentum-balance equation of the electron fluid at each layer

∂uj rj, t
(  )  

∂t 
¼ ∇jΦ rj, t

(  )
-

αj 
n0j 

∇jnj rj, t
(  )þ 

β 
n0j 

∇j ∇2 
j nj rj, t

( )[ ]
- γjuj rj, t

( )
: (2)

In these equations, only the first-order terms in nj and uj are considered. The 
equations utilize the position vector r ¼ x, y, zð  Þ  and the differential operator 
∇ j ¼ x̂ ∂

∂x þ ẑ ∂

∂z, which operates exclusively within the tangential plane of the jth
graphene layer. Eq. (2) accounts for four distinct contributions. The initial term on the 
right-hand side describes the force acting on the electrons of the jth graphene layer, 
which results from the tangential electric field component induced by the moving 
charge Q and the associated perturbed densities. Here, Φ represents the electric scalar 
potential. The second term considers the potential interactions with acoustic modes, 
introducing the parameter αj ¼ v2 

F j=2, where vFj ¼ 2πn0j
( )1=2 is the Fermi velocity at

the jth layer. The third contribution corresponds to a quantum correction captured by
the parameter β ¼ 1

4. This correction emerges from the Von Weizsacker gradient term
in the equilibrium kinetic energy functional of the electron fluid [60], reflecting 
single-electron excitations in the gas. The final component represents a frictional force 
arising from electron scattering due to ionic-lattice charges, with γj as the damping 
coefficient for the jth layer. This coefficient can also serve as a phenomenological
parameter to describe the widening of plasmon resonance in the excitation spectra of
various materials [61].
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Eqs. (1) and (2) are interconnected through the Poisson’s equation in free space. 
The overall electric potential Φ is expressed as the sum of two components: 
Φ ¼ Φ0 þ Φind. The term Φ0 ¼ Q 

r- r0k  k  represents the Coulomb potential originating
from the driving charge Q . In contrast, Φind refers to the potential generated as a
result of the perturbations induced in the electron fluids:

Φind ¼
∑N 

j¼1 
Φj, Φj r, tð  Þ ¼ -

⎰ 
dx0dz0 

nj r0 j , t
⎛ ⎞

r- r0j
, (3)

where Φj is the electric potential created by the jth layer and r0 j ¼ x0, yj, z
0

⎛  ⎞  
are the

coordinates of a general point at the surface of the jth layer.
The LHM can be solved by applying a Fourier transform to the spatial coordinates 

in the xz-plane, R ¼ x, zð  Þ !  k ¼ kx , kzð Þ, as well as to the temporal variable, t ! ω.
This transformation is expressed mathematically as:

A R, y, tð  Þ ¼  1 
2π 3 

⎰ 
~A k, y,ωð Þe- i ωt-k .Rð Þd2kdω: (4)

The Fourier transform of the electric potential generated by the moving charge, 
~Φ0, and the induced electric potential due to the graphene layers, ~Φind, can be
expressed, respectively, as:

~Φ0 k, y,ωð Þ ¼  
2πð  Þ2 Qδ  ω-k . vð Þ  

k 
e- k y- y0j j, (5)

~Φind k, y,ωð Þ ¼ -
∑N 

j¼1 

2π 
k 
~nj k,ωð  Þe- k ∣y- yj∣, (6)

where we have defined k ¼ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 
k2 
x þ k2 

z 

√ 
. By using the continuity equation to substitute

and remove uj in Eq. (2), and applying the Fourier transform as defined in Eq. (4), the 
perturbed densities in Fourier space are connected through a system of N coupled
linear equations:

Sj k,ωð  Þ~nj k,ωð  Þ-
∑N 

l 1 
Gjl kð  Þ~nl k ,ωð Þ ¼ Bj k,ωð Þ, (7)

where we have defined the following functions:

Sj k,ωð  Þ ¼  ω  ωþ iγj - αjk 2 - βk4, (8)

Gjl kð  Þ ¼  2πn0jke- k∣yj - y l∣, (9)

Bj k,ωð  Þ ¼ - n0jk
2 ~Φ0 k, yj ,ω

⎛ ⎞
: (10)

It is important to highlight that Eq. (7) can be reformulated into a matrix repre-
sentation:
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M ~n! 
B
! 
, Mjj Sj -Gjj, Mij -G ij i j : (11)

Consequently, the resonant frequencies of the collective modes in the electron 
fluids are derived by solving the eigenvalue equation det Mð Þ ¼ 0, under the condition
γj ¼ 0. After determining ~nj by solving Eq. (7), the perturbed charge densities and the 
resulting electric potential are computed using the Fourier transform definition,
Eq. (4). Specifically, by exploiting the symmetry characteristics of the real and imag-
inary components of ~nj with respect to k, the perturbed charge densities and the
induced electric potential can be formally expressed as:

nj R, y, tð  Þ ¼  
4 
2π 3 

⎰∞ 

0 

⎰∞ 

0 
Re ~nj k, y, kzvð Þeikz ζ[ ]

cos kxxð Þdkxdkz, (12)

Φind R, y, tð  Þ ¼  4 
2π 3 

⎰∞ 

0 

⎰∞ 

0 
Re ~Φind k, y, kzvð Þeikz ζ[ ]

cos kxxð Þdkxdkz, (13)

where the comoving coordinate ζ ¼ z- vt is defined. Finally, the induced wakefields 
are obtained by evaluating the corresponding partial derivatives of the electric poten-
tial:

Wx R, y, tð  Þ ¼ -
∂Φind 

∂x 
, Wy R, y, tð  Þ ¼ -

∂Φind 

∂y 
, Wz R, y , tð Þ ¼ -

∂Φind

∂z
: (14)

3. PIC simulations

PIC simulations are widely employed to model plasma behavior, with a particular 
focus on the self-consistent dynamics of charged particles and electromagnetic fields
[50]. Traditionally, the medium in PIC simulations is represented as a free electron gas 
accompanied by a neutralizing ionic background. However, contemporary PIC codes
increasingly incorporate ionization models, such as the Ammosov-Delone-Krainov
(ADK) model [62], enabling the simulation of ionizable atoms. This enhancement 
provides a more dynamic and realistic depiction of the medium, especially in scenar-
ios where ionization plays a crucial role, such as high-intensity laser-plasma interac-
tions [63]. 

These simulations begin with electrons randomly positioned to match a prescribed 
density profile. At every time increment, Maxwell’s equations are solved to obtain the 
electromagnetic fields, which then guide the motion of each electron via the Newton-
Lorentz equation. Notably, the movement of electrons induces localized currents that
modify the fields in the next iteration. As a result, PIC codes are capable of tracking
the trajectories of individual electrons dynamically over time.

Due to their versatility, PIC simulations can be computationally intensive. To 
mitigate this challenge, macroparticles, representing multiple electrons or positive 
ions, are often employed. Conventional PIC methods, however, are not well-suited for 
incorporating solid-state effects, such as lattice interactions and inter-band transi-
tions. Additionally, certain complex physical phenomena, such as collisional effects,
are frequently neglected due to their significant computational expense [50]. Never-
theless, PIC codes are highly effective for modeling extremely fast phenomena (on the 
order of sub-femtoseconds) and small-scale interactions (nanometer-level) involving
large ensembles of charged particles. This makes them particularly valuable for
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studying laser and beam interactions with plasmas, particularly in ultra-high-gradient
particle acceleration and plasmon excitation [50]. 

Plasma Science – Current Developments, Applications, and Future Directions

Over the past decade, various PIC codes, for example, EPOCH [51, 52, 64], FBPIC 
[21, 65, 66], OSIRIS [67, 68], PIConGPU [22, 53, 69], SLIPs [70–72], Smilei [73–76], 
and WarpX [27, 54, 55, 77], have been extensively used to simulate laser wakefield 
acceleration (LWFA) and plasma wakefield acceleration (PWFA) in carbon
nanostructures.

Among these codes, WarpX stands out as arguably the most comprehensive PIC 
code currently available. It not only incorporates the essential features of other codes
but also introduces innovative functionalities, such as dynamic load balancing for
CPUs and GPUs and advanced mesh refinement capabilities [55]. These features 
significantly improve the computational efficiency and memory usage, which is crit-
ical for large-scale simulations involving laser- and beam-plasma interactions. For
example, a comparative study [78] demonstrated that WarpX achieved the lowest 
execution times and memory consumption among several PIC codes in 2D(3v) laser-
driven ion acceleration scenarios. Although the choice of code may depend strongly 
on the problem being solved and the computational resources available, these perfor-
mance advantages make WarpX particularly well-suited for studies involving laser-
and beam-plasma interactions, which are central to our work.

For instance, Maffini et al. [77] utilized WarpX to investigate laser-driven particle 
acceleration within a fully ionized homogeneous carbon foam. This foam was com-
bined with a fully ionized aluminum foil, featuring a 0.05 μm-thick ionized hydrogen 
layer on the rear surface to mimic contaminants. Their findings revealed that MeV 
protons generated through this setup could achieve particle-induced X-ray emission
with performance metrics comparable to those of conventional sources. Additionally,
WarpX has been widely adopted in a series of studies published throughout 2025,
addressing beam-plasma and laser-plasma interactions in nanostructured media. Lei
et al. [54] demonstrated that microstructured carbon nanotube forest channels can 
sustain ultra-high accelerating gradients exceeding 100 TeV/m, enabling compact
beam-driven particle accelerators. Chu et al. [79] showed that multiple plasma chan-
nels allows controlled emission of betatron radiation from high-charge electron
beams. Moreover, Lei et al. [27] found that leaky surface plasmons in nanostructured 
carbon nanotubes can drive efficient wakefield acceleration, offering a novel mecha-
nism for compact accelerator design.

It is important to clarify that no internal modifications were made to the WarpX 
code for this study. Instead, WarpX was selected precisely because it inherently
supports the simulation of complex plasma phenomena relevant to our work, includ-
ing beam-plasma interaction and high-gradient acceleration.

In this work, graphene layers will be modeled as layers filled with a uniformly 
distributed, pre-ionized cold plasma of carbon ions and electrons. In the PIC simula-
tions, the layers will be centered at plane y ¼ yj with a wall thickness wt and a 
volumetric density nVj ¼ n0j=wt in order to ensure that the number of free electrons 
within the jth layer with surface density n0j in the LHM is equal to the number of free
electrons in the wall thickness wt. We will assume that the initial uniform surface
electron density of each layer in the LHM can be estimated as n0j ≡ n0 ¼ 1:53⨯ 1020

m- 2 [80, 81], corresponding to one π electron and three σ electrons per carbon atom. 
Moreover, we will consider a driver proton beam with a total charge Q ¼ 1000e and a 
Gaussian distribution with root mean square (RMS) sizes σx ¼ σy ¼ σz ¼ 3 nm, mov-
ing equidistantly between two graphene layers. We have chosen such a small driver
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beam size to ensure that it can be approximated as a point-like charge, as in the LHM,
since the separation between layers is considerably larger than the beam’s dimensions.
Figure 2 presents a schematic representation of the simulated geometry.
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Figure 2. 
(a) Scheme considered for the PIC simulations, which consists of a Gaussian proton driver beam (with RMS 
σx ¼ σy ¼ σz) with a total charge Q propagating along the z-axis with a velocity v. The driver beam travels 
between two plates, centered at y1 and y2, with a wall thickness wt and a free electron volume density nV ¼ n0=wt.
The plates are assumed to be infinitely extended in the xz-plane with a pre-ionized cold plasma of carbon ions and
electrons. (b) Scheme of the meshed simulation domain indicating the driver in red and the graphene layers in blue
(the mesh resolution has been reduced to 32 32 32 for clearer visualization).

The simulation domain was defined as xmax ¼ ymax ¼ - xmin ¼ - ymin ¼ 75 nm and 
zmin ¼ 2σz - 200 nm, zmax ¼ 2σz with a spatial resolution of 256⨯ 256⨯ 256 Yee mesh. 
In other words, the meshed simulation domain (in nm) is - 75, 75½ ] ⨯  - 75, 75½ ]
200- σz, σz½ ] with the following spatial step sizes along each axis: Δx ¼ Δy ¼ 150=256
nm and Δz ¼ 200=256 nm (see Figure 2(b)). In the z-direction, a comoving window 
traveling at velocity v is employed, that is, moving together with the driver beam. The 
driver beam is initially centered at position z ¼ 0, that is, close to the rear boundary 
zmax of the computational box, to ensure it remains within the domain and to accom-
modate the wakefield oscillations induced behind the driver within the simulation 
domain. The simulations span a total duration of 9.5 fs, using 5000 intermediate time 
steps, corresponding to a time step of 1.9 as. The choice of time step (1.9 as) was 
guided by the need to resolve the fastest physical processes involved in wakefield
excitation, particularly the plasma oscillations and beam-plasma interactions. We
verified convergence by comparing results with simulations using finer time steps,
which showed negligible differences in the wakefield structure and amplitude,
confirming that the chosen resolution is sufficient. At each time step, WarpX uses the
finite-difference time-domain (FDTD) Yee solver to calculate the electromagnetic
fields, which are then used to update the momentum and position of individual
macroparticles via the Boris pusher implementation of the Newton–Lorentz equation.
The currents generated by the electron motion are deposited onto the grid with the
charge-conserving Esirkepov scheme [82], ensuring that Gauss’s law remains satisfied
to machine precision.

4. Results 

In this section, we will compare the results obtained using the LHM with PIC 
simulations. We will begin by presenting the excited wakefields for a specific case in
the xζ and yζ planes. Subsequently, we will analyze the behavior of the maximum
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longitudinal wakefield excited along the z-axis as a function of the driver velocity and
the separation between the graphene layers.

Plasma Science – Current Developments, Applications, and Future Directions

4.1 Excited wakefields

Figure 3 shows the longitudinal wakefield Wz, including the contribution from the 
driver beam, excited by a proton beam after simulating for 9.5 fs in the yζ and xζ 
planes, respectively. The wakefields generated in the vicinity of the driver beam are 
very intense and therefore appear saturated relative to the scale, which has been 
chosen to adequately observe the excitation behind the driver. It can be observed that 
the longitudinal wakefield induced by the presence of graphene increases in the 
vicinity of the graphene layers, that is, it is a plasmonic excitation. Moreover, it can be 
observed that the wakefields exhibit a spread in the xζ-plane (parallel to the graphene 
layers), which leads to a decay of the wakefield along the z-axis with increasing 
distance behind the driver. It is also worth mentioning that the center of the driver
beam appears slightly delayed from the position where it would be expected, due to
energy losses arising from its interaction with the graphene layers. For this reason, and
in order to enable a direct comparison with the LHM in which energy loss is neglected,
we will artificially increase the mass of the beam particles to 1 kg to mitigate the
velocity loss of the driver. Furthermore, this approach enables us to subtract the
wakefield generated by the driver beam by performing a simulation without plasma,
thereby isolating the contribution arising solely from plasmonic excitation and
allowing for a more precise comparison with the LHM.

Thus, Figure 4 depicts the induced wakefields (after subtracting the contribution 
of the driver beam) in the yζ-plane and therefore does not include the wakefields 
generated directly by the driver itself, but rather isolates the plasmonic contribution 
arising from the motion of free electrons of the graphene layers. The wakefield Wx is 
not shown, as it is practically negligible; in fact, the LHM predicts a vanishing wake-
field Wx due to symmetry considerations. A satisfactory agreement is observed
between the simulation results and those provided by the LHM, particularly in the
structure and amplitude of the excited wakefields in the yζ-plane, where both

Figure 3. 
Longitudinal wakefield Wz, including the contribution from the driver beam, in the (a) yζ-plane and (b) xζ-
plane for a proton beam traveling on the z-axis after simulating for 9.5 fs. The wakefields generated in the vicinity
of the driver beam are significantly larger than the scale, which have been chosen to properly visualize the
wakefields excited behind the driver (the same scales as in Figure 4(a) and 5(a), respectively). The black point 
indicates the position where the center of the beam would be located if it did not experience energy loss. We use the 
parameters: v 0:25c, y2 - y1 25 nm, wt 3 nm, Q 1000e, σx σy σz 3 nm.
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approaches exhibit consistent qualitative patterns and comparable quantitative pro-
files. However, in the simulations, the wakefield Wy is significantly stronger within 
the graphene layers due to their finite thickness, an effect that cannot be captured by
the LHM, which assumes infinitesimally thin sheets.
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Figure 4. 
Comparison of the induced wakefields in the yζ-plane after simulating for 9.5 fs: longitudinal wakefield Wz 
obtained with (a) PIC simulations and (b) the LHM, and wakefield Wy obtained with (c) PIC simulations and 
(d) the LHM. The proton beam travels on the z-axis. In the simulations, an artificial mass of 1 kg is used for the 
protons in order to ensure minimal velocity loss. Therefore, we can subtract the wakefield generated by the driver 
beam and represent only the contribution due to plasmonic excitation, which allows for a better comparison with
the LHM. The black point indicates the position of the center of the beam and the black lines the position of the
graphene layers in the LHM. We use the parameters: v ¼ 0:25c, y2 ¼ - y1 ¼ 25 nm, wt ¼ 3 nm, Q ¼ 1000e,
σx σy σz 3 nm (the same as in Figure 3). 

Additionally, Figure 5 shows the induced wakefields (after subtracting the contri-
bution of the driver beam) in the xζ-plane (parallel to the graphene layers). The 
wakefield Wy is not shown, as it is practically negligible; in fact, the LHM predicts a 
vanishing wakefield Wy due to symmetry considerations. In this case, the agreement 
in the longitudinal wakefield is satisfactory as well, although the LHM predicts larger
absolute values in the vicinity of the driver (ζ ~ 0) and in the region farther behind it
(ζ< - 150 nm). Regarding the wakefieldWx, qualitatively similar results are obtained
in both PIC simulations and the LHM; however, the quantitative agreement is not as
good as in the previous cases.

Finally, Figure 6 compares the longitudinal wakefield along the z-axis obtained 
from PIC simulations (both for the real proton mass and for the artificial mass of 1 kg) 
as well as from the LHM. In the case of the PIC simulation with the real proton mass,
the field generated by the driver beam itself is taken into account. Consequently, its
intensity increases drastically as we approach the driver position (ζ 0). In this plot,
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it can be observed that by assigning an artificial value of 1 kg to the proton mass, a 
field with reduced noise is achieved. Additionally, edge effects on the left side of the
plot are minimized, which are probably responsible for the increase in the wakefield,
particularly evident in the simulation using the real proton mass.

Plasma Science – Current Developments, Applications, and Future Directions

Figure 5. 
Comparison of the induced wakefields in the xζ-plane (parallel to the graphene layers) after simulating for 9.5 fs: 
longitudinal wakefield Wz obtained with (a) PIC simulations and (b) the LHM, and wakefield Wx obtained 
with (c) PIC simulations and (d) the LHM. The proton beam travels on the z-axis. In the simulations, an 
artificial mass of 1 kg is used for the protons in order to ensure minimal velocity loss. Therefore, we can subtract the 
wakefield generated by the driver beam and represent only the contribution due to plasmonic excitation, which
allows for a better comparison with the LHM. The black point indicates the position of the center of the beam and
the black lines the position of the graphene layers in the LHM. We use the parameters: v ¼ 0:25c, y2 ¼ - y1 ¼ 25
nm, wt 3 nm, Q 1000e, σx σy σz 3 nm (the same as in Figure 3). 

4.2 Study of wakefield amplitudes

Here, we are going to study the maximum longitudinal wakefield excited along the 
z-axis, that is, the value of the first peak after the driver (see Figure 6), as a function 
of the separation between the graphene layers and the velocity of the driver beam.

Figure 7 presents the maximum longitudinal wakefield excited along the z-axis as 
a function of the separation between graphene layers y2 - y1, comparing the results of 
PIC simulations with those obtained using the LHM model. A good qualitative agree-
ment can be observed between the PIC simulations and the LHM: The maximum 
longitudinal wakefield along the z-axis decreases as the separation between the
graphene layers increases. It can be seen that, when subtracting the contribution of
the driver beam, the quantitative agreement is very good; it should be recalled that the
LHM refers to the induced wakefield without accounting for the beam contribution.
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Additionally, when the contribution of the driver beam is taken into account, the 
results are very similar for both the proton mass and the artificial mass of 1 kg.
However, the agreement with the LHM worsens for large separations between the
graphene layers.
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Figure 6. 
Comparison of the induced longitudinal wakefield Wz along the z-axis between PIC simulations (both for the real 
proton mass and for the artificial mass of 1 kg) and the LHM for a proton beam traveling on the z-axis after 
simulating for 9.5 fs. In the case with the real proton mass, the wakefield represents the total field, including the 
contribution of the driver beam. In contrast, in the other cases, this contribution has been removed to achieve a
clearer visualization. We use the parameters: v ¼ 0:25c, y2 ¼ - y1 ¼ 25 nm, wt ¼ 3 nm, Q ¼ 1000e, σx ¼ σy ¼
σz 3 nm (the same as in Figure 3). 

Figure 7. 
Maximum longitudinal induced wakefield along the z-axis as a function of the separation between graphene layers 
y2 - y1 for the LHM and PIC simulations (time simulated: 9.5 fs) using the artificial mass of 1 kg and the proton
mass. We use the parameters: wt 3 nm, v 0:25c, Q 1000e, σx σy σz 3 nm.

On the other hand, Figure 8 depicts the maximum longitudinal wakefield excited 
along the z-axis as a function of the driver velocity, comparing the results of the LHM 
model with those obtained from PIC simulations performed using different wall 
thicknesses. PIC simulations exhibit a qualitatively similar behavior to the LHM, 
although the maximum longitudinal wakefield is lower and the peak of the curve 
appears to occur at higher velocities (~ 0:35c for PIC simulations vs. ~ 0:27c for the
LHM). This may be influenced by the fact that, in this case, the contribution of the
beam is considered in all PIC simulations. Notable differences are observed for the
various wall thicknesses, particularly at low and high velocities, as well as between
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simulations using the real proton mass and those employing an artificial 1 kg mass, 
except at low velocities v<0:2c, where results are nearly identical. In general, stronger
wakefields are obtained when the real proton mass is used.

Plasma Science – Current Developments, Applications, and Future Directions

Figure 8. 
Maximum longitudinal induced wakefield along the z-axis as a function of the driving velocity for the LHM and 
PIC simulations with different values of the wall thickness. In PIC simulations, we consider the contribution from
the driver beam. We use the parameters: y2 - y1 25 nm, Q 1000e, σx σy σz 3 nm.

5. Discussion 

The differences observed between the LHM and PIC simulations stem from the 
distinct principles underlying each method. In the LHM framework, the driver is 
represented as an idealized point particle whose motion does not interact with the 
surrounding medium: its charge and velocity remain fixed throughout the process. In 
contrast, PIC simulations describe the driver as a Gaussian-shaped beam made up of 
many protons distributed over a finite spatial region. Additionally, since PIC simula-
tions self-consistently account for the dynamics of all charged particles, both the
driver and the surrounding medium experience mutual and self-interactions. This
difference complicates direct comparisons, although certain strategies can mitigate
these challenges, for example, artificially increasing the mass of the beam particles.
This approach has been employed in this study, demonstrating that the use of an
artificial mass allows for wakefield excitation that closely resembles the predictions of
the LHM.

To achieve a meaningful comparison with the LHM, the beam size in PIC simula-
tions must be smaller than the layer separation, necessitating a higher spatial resolu-
tion and leading to increased computational time. Moreover, a high-density beam can
become susceptible to enhanced space-charge effects, altering its distribution and
affecting the properties of the generated wakefields.

Another notable discrepancy stems from the absence of solid-state effects in PIC 
simulations. These effects, described in the LHM by parameters α, β and γ, character-
ize the collective behavior of electrons in graphene layers. In these layers, electron 
motion is facilitated along the surface, allowing for constrained yet efficient longitu-
dinal movement. However, in PIC simulations, electrons can move freely in all direc-
tions, as no mechanisms enforce confinement to the layer. Even when collision or
interaction effects are implemented through Monte Carlo Collisions (MCC) or
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Fokker-Planck operators, the standard PIC solvers cannot restrict electron movement 
to the layer surface. In contrast, the LHM incorporates such interactions and con-
straints via the friction parameter γ.
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Additionally, the comparison involves a three-dimensional volume containing free 
electrons, initially modeled as a thick region with a wall thickness wt in PIC simula-
tions, whereas the LHM considers two-dimensional surfaces with infinitesimally thin
layers. Thus, while electrons and carbon ions in PIC simulations are free to move in
three dimensions, in the LHM, they are confined to the surface.

Despite these methodological differences, the agreement between both approaches 
is satisfactory. Consequently, the LHM may serve as a valuable tool for estimating
longitudinal wakefields excited in graphene layers, offering an alternative to compu-
tationally expensive PIC simulations.

6. Conclusions and outlook

In this chapter, the wakefields excited by a driver proton beam moving parallel to 
graphene layers have been analyzed using the LHM and compared with PIC simula-
tions. The findings indicate that the wakefield amplitude predicted by the theoretical 
model aligns reasonably well with the values obtained from the simulations. The 
quantitative agreement improves when considering an artificial mass of 1 kg for the 
protons, as this minimizes velocity losses due to interactions between the beam and
the surrounding medium. Additionally, we have examined the primary similarities
and differences between the theoretical model and PIC simulations. Thus, the study
demonstrates that the LHM provides a fast and efficient method for estimating wake-
field excitation in hollow plasmas with thin walls, offering a viable alternative to
computationally expensive PIC simulations.
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LHM linearized hydrodynamic model
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MCC Monte Carlo collisions
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PIConGPU particle-in-cell on graphics processing unit
PWFA plasma wakefield acceleration
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