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Preface

Over the past two centuries, differential equations have been central to the development 
of science and engineering, providing the foundational framework for quantitative 
analysis and offering a systematic means of describing how systems change over time. 
Whether tracking the orbits of celestial bodies, capturing the complex dynamics of 
biological systems, or modeling fluctuations in financial markets, differential equations 
serve as essential tools for converting physical laws, empirical data, and conceptual 
models into forms suitable for rigorous analysis.

Differential Equations – Theory, Modeling, Data Assimilation and Algorithms has grown 
out of many years of research and interdisciplinary collaboration by the authors, 
experts in their respective fields. This book reflects the critical role that the integration 
of theoretical concepts with computational techniques plays in revealing the behav-
iour of complex systems. It aims to close the gap between the rigor of mathematical 
foundations and the practical challenges encountered in modeling and inference, 
providing treatments that are accessible to advanced students while also serving as a 
valuable resource for researchers and practitioners.

In today’s scientific environment, the importance of differential equations cannot be 
overstated. However, the traditional approach of examining them in isolation from 
data and computational considerations has become inadequate. With the growing 
availability of data, there is a pressing need for methods that can align theoretical 
models with observational data, allowing for the estimation and refinement of model 
parameters, states, and even structural components. It is within this interface between 
models and data that data assimilation plays a pivotal role.

Concurrently, advancements in numerical algorithms for solving differential equa-
tions have greatly expanded our capacity to study complex systems that defy analytical 
solutions. Yet, computational tools should not be treated as opaque procedures; a deep 
understanding of their stability, limitations, and interactions with data is essential 
to draw meaningful scientific conclusions.

I am thankful to all the authors who contributed, and to Ms. Ivana Barac, Publishing 
Process Manager and the staff at IntechOpen, whose assistance was crucial in completing 
this book.

Don Kulasiri
Centre for Advanced Computational Solutions (C-fACS),

Lincoln University,
Christchurch, New Zealand
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Chapter 1

An Investigation of the Role of
Clockwork Orange (CWO) in
Circadian Rhythms of Drosophila
melanogaster: A Mathematical
Modeling Study
Don Kulasiri and Jeevabharathi Ranganathan

Abstract

The daily behavioral cycles exhibited by nearly all living organisms, known as
circadian rhythms, are a crucial feature of life shaped by the Earth’s rotation and
regulated by internal biological clocks. These approximately 24-hour patterns reflect
intricate biochemical and physiological processes. The fruit fly, Drosophila
melanogaster, has emerged as a pivotal model for studying circadian rhythms, with its
genetic and molecular underpinnings extensively characterized. Mathematical model-
ing is a common tool used to dissect these dynamic systems. This study presents three
new models of the circadian pathways of Drosophila melanogaster, each integrating
three separate transcriptional feedback loops: the classic PER-TIM and VRI-PDP1
cycles, as well as the newly identified Clockwork Orange loop. These models investi-
gate three possible dual functions of the CWO protein, hypothesizing that it may
simultaneously activate and repress key circadian genes. They combine established
molecular insights with new hypotheses derived from both in vivo data and CWO’s
protein sequence using bioinformatics tools. The models employ a probabilistic ordi-
nary differential equation (ODE) grounded in chemical kinetics to describe how
transcription factors bind to and dissociate from their targets. Rather than relying
extensively on potentially inconsistent in vitro measurements, the study focuses on
developing conceptual models and testing hypotheses. Available data were primarily
utilized to refine parameter estimates and assess model validity. This methodological
choice provided the flexibility needed to probe the molecular functions of CWO more
thoroughly. Model behavior was evaluated and validated using mutant data, and the
resulting simulations offer insights into circadian biology by clarifying the role of
CWO at the molecular level.

Keywords: circadian clock, clockwork orange, genetic networks, rhythms, Drosophila
melanogaster, mRNA, mathematical modeling, ordinary differential equations,
oscillations, protein

1



Chapter 1

An Investigation of the Role of
Clockwork Orange (CWO) in
Circadian Rhythms of Drosophila
melanogaster: A Mathematical
Modeling Study
Don Kulasiri and Jeevabharathi Ranganathan

Abstract

The daily behavioral cycles exhibited by nearly all living organisms, known as
circadian rhythms, are a crucial feature of life shaped by the Earth’s rotation and
regulated by internal biological clocks. These approximately 24-hour patterns reflect
intricate biochemical and physiological processes. The fruit fly, Drosophila
melanogaster, has emerged as a pivotal model for studying circadian rhythms, with its
genetic and molecular underpinnings extensively characterized. Mathematical model-
ing is a common tool used to dissect these dynamic systems. This study presents three
new models of the circadian pathways of Drosophila melanogaster, each integrating
three separate transcriptional feedback loops: the classic PER-TIM and VRI-PDP1
cycles, as well as the newly identified Clockwork Orange loop. These models investi-
gate three possible dual functions of the CWO protein, hypothesizing that it may
simultaneously activate and repress key circadian genes. They combine established
molecular insights with new hypotheses derived from both in vivo data and CWO’s
protein sequence using bioinformatics tools. The models employ a probabilistic ordi-
nary differential equation (ODE) grounded in chemical kinetics to describe how
transcription factors bind to and dissociate from their targets. Rather than relying
extensively on potentially inconsistent in vitro measurements, the study focuses on
developing conceptual models and testing hypotheses. Available data were primarily
utilized to refine parameter estimates and assess model validity. This methodological
choice provided the flexibility needed to probe the molecular functions of CWO more
thoroughly. Model behavior was evaluated and validated using mutant data, and the
resulting simulations offer insights into circadian biology by clarifying the role of
CWO at the molecular level.

Keywords: circadian clock, clockwork orange, genetic networks, rhythms, Drosophila
melanogaster, mRNA, mathematical modeling, ordinary differential equations,
oscillations, protein

1



1. Introduction

Circadian rhythms are biological responses to daily changes in light, temperature,
and other environmental factors, influenced by Earth’s axial tilt and orbit around the
sun. These rhythms involve synchronized cycles of gene, mRNA, and protein activity
over approximately 24 hours, leading to physiological changes in organisms. Light and
temperature play a crucial role in regulating these rhythms, which are found in a wide
range of life forms, from certain prokaryotes and plants to eukaryotes, including
mammals. Even in stable environmental conditions, circadian rhythms maintain dis-
tinct characteristics, such as temperature-compensated rhythmicity [1]. They align
with the day-night cycle, with light and temperature serving as key timekeepers, or
‘zeitgebers’. The fruit fly (Drosophila melanogaster) is a commonly used model for
studying circadian rhythms due to its suitability for genetic research in laboratory
settings. (Nomenclature: names of genes are in lower case italics and proteins are in
upper case normal characters.)

This chapter presents three novel mathematical models that describe the circadian
rhythm in Drosophila melanogaster, each incorporating three interlinked transcrip-
tional feedback loops. Two of these regulatory circuits, VRI/PDP1 and PER/TIM, have
been extensively characterized and included in earlier models, such as those devel-
oped by Xie and Kulasiri [2]. The primary focus here is on the third feedback loop,
centred around the recently identified Clockwork Orange (CWO) protein. Each of the
three models explores different possibilities for CWO’s dual functionality, postulating
that it may act both as an activator and a repressor for several core circadian genes,
including per, tim, vri, pdp1, and cwo. By integrating established molecular knowledge
with insights from computational bioinformatics analyses, this research aims to refine
our understanding of the potential regulatory role played by CWO in the circadian
clock, guided by experimental observations.

2. Biological background

The first circadian rhythm gene to be identified in Drosophila through ethyl meth-
ane sulfonate (EMS) mutagenesis screens was the period (per) gene [3]. Subsequent
mutational analyses and behavioral studies revealed three key per alleles: the arrhyth-
mic loss-of-function allele (per01), a variant producing a shortened circadian cycle
(pers), and another that extended the daily rhythm period (perl) [3]. Cloning and
characterization of the PER protein demonstrated that it contains a domain structur-
ally similar to those found in Single-minded (SIM) and Aryl hydrocarbon Receptor
Nuclear Transport (ARNT) proteins [4–6]. This region, later termed the PAS domain,
mediates critical protein-protein interactions [7]. Hybridization assays indicated that
PER and TIM, which is the product of another clock gene (tim), could form a
heterodimer through these PAS domains, resulting in the PER/TIM complex [8, 9].
The discovery of an arrhythmic null allele of tim (tim01) provided definitive evidence
for TIM’s essential role in sustaining circadian rhythms [10]. While these advances
highlighted the importance of per and tim in maintaining daily rhythmicity, their
exact molecular mechanisms remained elusive until further studies clarified their
contributions to the circadian feedback system [11].

The period (per) gene is subject to autoregulatory control, and mutations within per
disrupt the rhythmic synthesis of its mRNA. Notably, per mRNA and PER protein
levels oscillate in anti-phase [11], suggesting that PER functions as a transcriptional
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repressor of its own gene. Similarly, the timeless (tim) gene and its protein product,
TIM, exhibit autoregulatory behavior, with their oscillations driven by corresponding
fluctuations in tim and per mRNA levels [12].

There is an �70 bp sequence located approximately 500 bp upstream of the
transcriptional start site in per gene, which contains a canonical E-box motif
(CACGTG) essential for transcriptional activation. A similar E-box element was
found in the tim promoter, also required for its expression [12].

Subsequent mutagenesis studies revealed the essential roles of two genes, clock
(clk) and cycle (cyc), in maintaining circadian rhythmicity. These findings enhanced
understanding of the PER/TIM feedback loop, as per and tim expression was signifi-
cantly reduced in clk and cyc mutants, leading to arrhythmic phenotypes [13]. CLK
and CYC were thus proposed to function as positive transcriptional regulators of per
and tim.

Both CYC and CLK proteins harbor PAS domains and basic helix-loop-helix
(bHLH) motifs, which are characteristic of E-box-binding transcription factors. It was
proposed that CLK-CYC heterodimers activate per and tim transcription by binding to
E-box motifs in their promoters via their bHLH domains. Subsequently, PER and TIM
proteins interact with CLK and CYC via their PAS domains, displacing them from the
E-box and thereby terminating transcription [14].

The temporal expression of per and timmRNAs is approximately anti-phase to that
of clk mRNA [14]. While clk transcript levels peak shortly after dawn, per and tim
transcripts reach maximum levels in the early evening. In per01 and tim01 null mutants,
clk mRNA levels are markedly reduced compared to wild-type, initially leading to the
erroneous conclusion that PER and TIM positively regulate clk transcription [15].
However, in clkjlk mutants, which express a nonfunctional CLK protein, clk mRNA
levels are significantly elevated [16]. Further investigation revealed that the clk pro-
moter lacks canonical E-box elements, indicating that it is not a direct target of CLK/
CYC regulation [14].

This paradox was further underscored in per01clkJrk double mutants, where
clk mRNA levels remained constitutively high [16], suggesting additional
regulatory mechanisms. A rhythmically expressed PAR domain-containing
protein, VRI (Vrille), was subsequently identified. The vri promoter contains an E-
box, implicating activation by CLK/CYC. Overexpression of VRI led to a substantial
reduction in clk mRNA levels, and the discovery of a VRI binding motif (VRI box)
within the clk promoter supported a direct repressive role for VRI in clk
transcription [16].

In 2003, PDP1 (PAR Domain Protein 1), another PAR domain factor, was identi-
fied based on its homology to VRI [17]. Both vri and pdp1 promoters contain E-box
motifs and are regulated by CLK/CYC binding [17, 18]. Sequence analyses revealed
that VRI and PDP1 belong to the bZIP (basic leucine zipper) transcription factor
family, suggesting they bind to similar DNA motifs. Experimental data confirmed that
both proteins interact with a shared region in the clk promoter, termed the V/P-box.
VRI and PDP1 exert opposing effects on clk transcription via competitive binding to
this site—VRI represses, while PDP1 activates clk expression [17, 18].

By 2007, six core transcriptional regulators of the Drosophila circadian clock had
been identified, excluding the later-discovered Clockwork Orange (CWO). These
proteins fall into two functional categories: activators (CLK, CYC, PDP1) and repres-
sors (PER, TIM, VRI, CWO). Collectively, they form a complex transcriptional feed-
back network that orchestrates circadian rhythms through finely tuned cycles of gene
activation and repression.
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3. Objective

A component of the circadian clock called Clockwork Orange (CWO) has been
discovered in Drosophila [19–22]. CWO is a member of the Hairy-Orange domain
family of transcription factors, which includes mammalian repressors such as HES-1,
HES-2, and HES-3. In pacemaker neurons, CWO protein levels oscillate in a pattern
similar to CLK/CYC-activated proteins like PER and TIM, though with slightly lower
amplitude [19]. Promoter analysis of the cwo gene revealed up to 20 E-box elements
within the first intron of the 50 region that are targets for CLK/CYC binding [20]. This
suggests that CLK/CYC likely regulates cwo transcription, consistent with data show-
ing that cwomRNA levels fluctuate in sync with other core clock genes—including vri,
pdp1, tim, and per. Supporting this, cwo transcripts decrease in clkjrk mutants and
increase in per01 mutants, mirroring the behaviour of other E-box-regulated clock
genes [19].

Studies of cwo mutants, which produce defective CWO protein under constant
darkness (DD) conditions, showed marked disruptions in the oscillations of
CLK/CYC-regulated genes. These effects mimic the loss of the VRI/PDP1 feedback
loop, resulting in dampened rhythms and lengthened periods of E-box-driven clock
gene expression compared to wild-type flies [20]. Such findings highlight the crucial
role of CWO in maintaining strong circadian rhythms.

As a basic helix-loop-helix transcription factor, CWO was hypothesized to bind to
E-boxes within other clock genes. Immunoprecipitation assays using tagged CWO
confirmed its interaction with the E-boxes of vri, pdp1, tim, and per, as well as with its
own promoter’s E-boxes [21]. Transcriptional studies in Drosophila S2 cells under
light-dark (LD) and constant darkness (DD) conditions demonstrated that CWO
participates in a negative feedback loop by repressing the expression of all E-box-
containing clock genes, including its own [21].

A null allele of cwo, termed cwoB9, was produced by EMSmutagenesis and encodes
a truncated 36-amino acid protein, in contrast to the full-length 698-residue version.
Behavioural studies of cwoB9 mutants under LD and DD conditions revealed a � 2.5-
hour extension in activity rhythms. In these mutants, E-box-containing clock genes—
pdp1, vri, tim, and per—showed reduced rhythmic expression, while cwo transcripts
themselves remained elevated [22].

Early cell culture experiments suggested that CWO functions broadly as a tran-
scriptional repressor, binding to E-boxes in clock genes to suppress CLK/CYC activa-
tion [19, 21]. However, the surprising drop in per, tim, vri, and pdp1 transcripts in cwo
mutants also points to a potential activator function for CWO [22].

In summary, these studies highlight the complex and possibly dual functions of
CWO in circadian regulation. This ambiguity underlies the main objective of our
research: to refine and clarify the functional roles of CWO, laying the groundwork for
experimental validation of the hypotheses generated in this work.

4. Development of models

Given the critical role of the CWO component and its ability to assume multiple
functions in clock oscillations, we developed three ordinary differential equations
(ODEs)–based models—designated Model A, Model B, and Model C—to perform in
silico experiments aimed at identifying the most plausible molecular mechanisms
underlying CWO’s dual functionality. Our hypotheses were informed by existing wet-
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lab data and bioinformatics analyses of the CWO protein. Accordingly, each model
represents a distinct conceptual framework described by a unique set of probability-
driven ODEs. These models were solved and parameterized, with results detailed in
the following sections. Specifically, Model A posits that CWO binds to E-boxes inde-
pendently; Model B suggests that CWO forms a heterodimer complex (CWD) with a
hypothetical protein (HP) to bind E-boxes; and Model C assumes that CWO binds
alone but introduces a novel post-translational complex (CWPT).

Our approach builds upon the conceptual and probabilistic framework established
by Xie and Kulasiri [2], extending it to develop Models A, B, and C. A key feature of
their model is the incorporation of all primary transcription factors (TFs) identified
through wet-lab studies—including CLK, CYC, PDP1, PER, VRI, and TIM.While earlier
models omitted certain components, their Drosophila circadian model successfully sim-
ulated sustained oscillations for all six proteins and corresponding mRNAs known at
that time [2]. The framework relies on a positive transcriptional feedback loop involving
per and tim genes, along with a regulatory feedback loop comprising vri and pdp1,
consistent with prior models [17]. Although simplifications and assumptions were
employed to reduce complexity, essential biological insights were preserved. The
models use probability-based ODEs governed by mass action kinetics, as described in
[2]. Additional assumptions and modeling strategies from previous work were retained,
supported by relevant in vitro and in vivo evidence. It is important to emphasize that our
models operate at a mesoscopic cellular scale, assuming that proteins and mRNAs are
uniformly distributed and well-mixed within the system. The system volume is
expressed in nanoliters’ (nL) and concentrations in nanomolar (nM).

4.1 Model A

Figure 1 presents the updated conceptual framework for model A. While the core
architecture remains consistent with previously described molecular networks [2, 17,
23], this revised model incorporates three interlinked feedback loops: the cwo, vri/
pdp1, and per/tim loops. Each loop is driven by the transcriptional activator CLK/CYC.
In the per/tim loop, CLK/CYC activates promoters containing E-box elements within
the per and tim genes, leading to the production of PER and TIM proteins. These
proteins form a heterodimer that binds to CLK/CYC and inhibits its own gene

Figure 1.
Schematic diagram for model A Red lines with blunt ends represent repressive interactions, while green arrows
indicate activation. Gray arrows depict the processes of transcription and translation. Genes are illustrated as
rectangles with concave sides, whereas proteins and protein complexes are represented by elliptical shapes.
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expression. Similarly, in the vri/pdp1 loop, CLK/CYC attaches to the E-boxes in the vri
and pdp1 promoters. The resulting proteins, VRI and PDP1, interact with the V/P-box
in the clk promoter, where they. Respectively repress and activate clk transcription.
The third loop involves the cwo gene. Here, CLK/CYC initiates transcription by
targeting the E-box in the cwo promoter. The resulting CWO protein binds to E-box
elements of five core clock genes—per, tim, vri, pdp1, and cwo—acting as a broad
repressor across the system.

To streamline Model A, several simplifying assumptions were adopted:

1.While nuclear and cytoplasmic shuttling of key clock components does occur, it
was not included in the model to avoid the added complexity of explicit
compartmentalization.

2.As a result of this simplification, detailed regulatory steps involving
phosphorylation and dephosphorylation by kinases like DBT, CK2, and PP1 were
not explicitly represented. Phosphorylation plays a pivotal role in controlling
interactions and timing within the system, but the random, stochastic nature of
these processes makes parameter estimation challenging. Instead, the model
accounts for the net impact of phosphorylation on protein stability by
incorporating degradation rates for PER and TIM. This effectively captures the
influence of DBT- and PP1-mediated hyperphosphorylation, which typically
targets these proteins for degradation.

3.Sequence analysis of a 4-kb region upstream of the pdp1 promoter identified six
E-boxes [17]. Additional studies reported up to four functional E-boxes in the vri
promoter and as many as five in the per and tim promoters [12, 17, 24]. For the
cwo gene, up to 20 CLK/CYC-responsive E-boxes were detected in the 50 intronic
region [20]. However, due to incomplete data on transcription factor binding
dynamics at these sites, the model did not include E-box counts. Instead, it
assumes that CWO and CLK/CYC occupy the same E-boxes at separate times:
CLK/CYC binding activates transcription, whereas CWO binding represses it. To
capture this behaviour without adding unnecessary complexity, the number of
E-boxes in each promoter was set to one, with probabilistic functions reflecting
the stochastic dynamics.

4. In the model, CLK/CYC dimers bound to E-boxes are assumed to activate
transcription without inhibition from PER/TIM heterodimers. Once CLK/CYC is
engaged with the E-box, PER/TIM cannot interfere with transcription [25]. This
is in contrast to mammalian systems, where CLK/BMAL1 complexes can be
repressed by CRY even while remaining bound to DNA [26].

5.Experimental data from pacemaker neurons consistently show that the
concentration of the CYC activator is significantly higher than that of other clock
proteins [16]. Previous modelling studies accounted for this by fixing CYC’s
concentration at 1 nM [2]. We have retained this assumption across all three
models (A, B, and C).

4.2 Model B

The rationale behind this conceptual model centers on the structural characteristics
of the basic helix-loop-helix (bHLH) domain found in the CWO protein. Proteins with
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this domain typically possess a 15-amino-acid basic region adjacent to the HLH motif.
The HLH region primarily facilitates the formation of homo- or heterodimers, which is
essential for DNA-binding repressor activity, as two basic regions are necessary to
enable repression.

Proteins related to CWO that contain a hairy-orange domain often
possess a WRPW motif at the C-terminus. This motif mediates interactions
with corepressor proteins such as GROUCHO, enabling their function as
transcriptional repressors. However, sequence analysis reveals that CWO
lacks the WRPW motif, suggesting it may repress transcription independently
or potentially through interactions with unidentified cofactors or domains yet to
be discovered.

Drawing from experimental literature suggesting that CWO may function
as a dimer [21], a revised conceptual framework—Model B—was developed
(Figure 2). This model hypothesizes that CWO operates as a heterodimer [21].
In Drosophila, other bHLH-orange domain proteins have been shown to repress
transcription by binding to E-boxes following heterodimer formation [27]. Based on
these molecular findings, CWO is proposed to form heterodimers with candidate
proteins such as Mγ, SIDE, or Mβ. Additionally, the potential for CWO
homodimerization as a means of transcriptional repression has also been
considered [21].

While the possibility of homodimer formation remains, supporting evidence is
limited. Therefore, this model assumes the formation of a CWO heterodimer (CWD)
with a hypothetical protein (HP), which could correspond to SIDE, Mβ, or Mγ as
suggested in prior studies [21].

Model B retains the core structure of Model A, with the key distinction
being the incorporation of CWD—formed through CWO-HP dimerization.
In this revised model, CWD, rather than CWO alone, binds to E-boxes in
all CLK target genes, thereby competing with CLK/CLK dimers for E-box
occupancy.

Figure 2.
Schematic diagram for model B (conventions are given in Figure 1).
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4.3 Model C

All three research studies on CWO discovery [19–22] have consistently reported
that CWO can function both as a transcriptional activator and repressor, although the
mechanism underlying this duality remains unclear.

In cwoB9 mutant flies, particularly in large lateral ventral neurons, the null muta-
tion does not result in arrhythmicity. However, a notable reduction in mRNA levels of
E-box-regulated genes is observed. This effect is widely attributed to the loss of
CWO’s transcriptional activation on E-box elements [22]. While in vivo studies have
confirmed that CWO can bind to E-boxes, its canonical role as a transcriptional
repressor—consistent with its classification within the Myc-type basic helix-loop-
helix (bHLH) domain family—raises questions about how it might also act as an
activator. A plausible hypothesis is that CWO functions as an indirect activator by
rhythmically destabilizing other transcriptional repressors that are co-expressed in
phase with it.

Given that PER and TIM protein oscillations are temporally aligned with CWO
expression, we investigated possible post-translational interactions among CWO,
PER, and/or TIM. Since phosphorylation is a key post-translational modification, we
analyzed the CWO protein sequence for DBT (Doubletime) phosphorylation sites
using the GPS 2.0 (Group-based Prediction System) software [28]. This tool, despite
being based on mammalian kinases, enables inference by using CK1 (the mammalian
homolog of DBT) as a proxy. GPS 2.0 predicted over 25 potential CK1 binding sites
within the Drosophila CWO protein.

To validate and complement these findings, we also employed NetPhosK, a neural
network-based phosphorylation site prediction tool [29], which identifies potential
phosphorylation at serine, threonine, and tyrosine residues. NetPhosK 2.0, trained on
a broad set of experimentally validated phosphorylation sites, covers several kinases
including CKII, Cam-II, PKA, PKG, PKC, Cdc2, and also predicts CK1 and GSK3 sites.
The results from NetPhosK were consistent with those from GPS 2.0, confirming the
presence of numerous candidate phosphorylation sites. Nevertheless, in the absence of

Figure 3.
The network diagram of conceptual model C.
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structural data for the CWO protein, the functional relevance of these predicted sites
remains uncertain.

Based on this bioinformatic evidence, we introduce a post-translational interaction
component—referred to as CWPT—into model C (Figure 3), which involves interac-
tions between CWO, PER, and TIM. Model C retains the core architecture of models A
and B, with the added feature of phosphorylation-mediated interactions. As illustrated
in Figure 3, CWO competes with CLK/CYC for binding to E-boxes within the pro-
moters of per, tim, cwo, pdp1, and vri, similar to what is described in model A.

5. Pathway modeling

The Drosophila circadian clock includes seven known rhythmic transcription fac-
tors (TFs), with CWO being a key component. CLK/CYC heterodimers initiate the
transcription of cwo, pdp1, vri, tim, and per by binding to E-box consensus sequences
in their promoters. Rhythmic expression of the clk gene arises from the competitive
binding of PDP1 (an activator) and VRI (a repressor) at the V/P-box of the clk
promoter. Concurrently, PER/TIM dimers inhibit CLK/CYC activity, thereby
repressing the transcription of cwo, pdp1, vri, per, and tim. Additionally, in models A,
B, and C, CWO, CWD, and CWPT, respectively, bind to the E-boxes in the promoters
of cwo, vri, pdp1, per, and tim, competing with CLK/CYC for binding.

There are two primary approaches for modeling transcriptional regulation. The
first, widely used in earlier Drosophila circadian clock models, represents transcrip-
tion rates using Hill functions or other monotonic functions. The second approach
involves explicitly modeling the binding and unbinding of TFs through both forward
and reverse reaction kinetics [30, 31]. This more detailed method is also commonly
applied in mammalian and other circadian rhythm models [2].

Most of the foundational models of the Drosophila circadian clock simulate tran-
scriptional regulation—including both activation and repression loops—using Hill-
type or specialized mathematical functions. When parameterized appropriately, these
models can replicate the molecular oscillations of core clock proteins [32, 33]. Specif-
ically, Hill functions have been employed to model the activation of E-box-containing
genes by CLK/CYC and their repression by PER/TIM, under the assumption that
transcription factors bind and unbind rapidly at promoter sites. However, Hill func-
tions are inherently limited in that they cannot account for time delays; they model
protein oscillations without temporal lag.

Experimental studies indicate, for instance, that following CLK/CYC-mediated
activation of pdp1 and vri, there is a 3–4 hour delay before their respective mRNAs
reach peak levels. Similarly, in CWO mutant backgrounds, a 2–3 hour delay is
observed before corresponding proteins accumulate. While the exact mechanisms
underlying these delays remain unclear, incorporating them into models is essential
for biological realism—something Hill-based approaches cannot achieve.

In cases where the components responsible for such delays are not fully under-
stood, models employing explicit equations for transcription factor binding and
unbinding kinetics have successfully simulated these observed time lags [2, 30, 31].
Furthermore, Hill functions are inadequate for representing competitive interactions
between transcription factors targeting the same regulatory elements—a critical limi-
tation. In Drosophila circadian transcriptional control, such competitive dynamics are
well-documented: for example, VRI and PDP1 compete for the V/P-box in the clk
promoter [17], and CWO competes with CLK/CYC for E-box binding [21].

9

An Investigation of the Role of Clockwork Orange (CWO) in Circadian Rhythms…
DOI: http://dx.doi.org/10.5772/intechopen.1011916



A prior model incorporates this competitive regulation of clk transcription by VRI
and PDP1 using the following equation [33]:

Rclk ¼ Vclk
PDP1½ �2

PDP1½ �2 þ K2
PDC

 !
K2

VC

VRI½ �2 þ K2
VC

 !
þ RCbas (1)

Here, Rclk represents the transcription rate of the clk gene, Vclk is the maximum
transcription rate, and RCbas denotes the basal transcription level in the absence of
transcription factor binding at the V/P-box.

In Eq. (1), Hill functions are used to model the regulatory effects of PDP1 and VRI
on clk gene expression. The term involving KPDC represents the activation of clk by
PDP1, where KPDC denotes the association constant between PDP1 and the clk pro-
moter. Similarly, the repression by VRI is modeled using another Hill function, with
KVC representing the association constant for VRI binding to the V/P-box in the clk
promoter. This formulation assumes a switch-like dynamic, where an increase in VRI
leads to a decrease in PDP1 activity, and vice versa, effectively capturing the compe-
tition between the two transcription factors.

However, in vitro studies have shown that such competition does not occur in a
strictly exclusive manner. Instead, both PDP1 and VRI can bind concurrently and
influence clk transcription simultaneously [17], suggesting that the Hill-function-
based representation may oversimplify the true molecular dynamics of this regulatory
interaction.

It is accepted that the effective transcriptional rate of a gene—whether in its
activated or repressed state—can be determined by multiplying the transcription rates
associated with each state by the corresponding probabilities of the promoter being in
that state [2]. This probabilistic approach to modeling transcriptional regulation offers
a biologically meaningful alternative to using arbitrary switching functions. Since a
promoter cannot be simultaneously active and inactive, the probability of it being in
either state can be explicitly calculated.

As previously discussed, the cwo, tim, pdp1, per, and vri gene promoters contain
multiple E-box elements. Based on this, we propose a critical hypothesis: the tran-
scriptional repressor CWO competes with the activator CLK/CYC for binding to any
available E-box within these promoters. For modelling purposes, we assume that the
binding of a single E-box is sufficient to trigger either activation or repression. This
forms the basis for deriving the kinetic equations in our new model, which is
grounded in binding probabilities.

The competitive binding of CWO and CLK/CYC to an E-box can be described
through the following reversible reactions:

Bþ A⇄BA

Bþ C⇄BC

Here, B denotes the E-box binding site in the gene promoter, A represents the
activator complex CLK/CYC, and BA is the E-box bound by CLK/CYC. The rate
constants for CLK/CYC binding and unbinding are denoted bcc_ and ubc, respectively.
Similarly, C is the repressor of CWO, and BC represents CWO bound to the E-box,
with bcw and ubcw as the binding and unbinding rates.

Applying mass action kinetics, the dynamics of these interactions are governed by
the following ordinary differential equations (ODEs):
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d BA½ �
dt

¼ B½ � A½ �bcc � BA½ �ubcc (2)

d BC½ �
dt

¼ B½ � C½ �bcw � BC½ �ubcw (3)

If V represents the total cellular volume (in moles), then the molecular counts of
the species BA, BC, and unbound B are given by [BA]V, [BC]V, and [B]V, respec-
tively. Letting n denote the total number of E-box binding sites, we proceed from here
to define the system based on these molecular interactions.

B½ �V þ BA½ �V þ BC½ �V ¼ n (4)

B½ �V ¼ n� BA½ �V � BC½ �V (5)

B½ � ¼ n
V

� �
� BA½ � � BC½ � (6)

Substituting the value of B½ � in Eqs. (4) and (5) we get,

d BA½ �
dt

¼ n
V

� �
� BA½ � � BC½ �

� �
A½ �bcc � BA½ �ubcc (7)

d BC½ �
dt

¼ n
V

� �
� BA½ � � BC½ �

� �
C½ �bcw � BC½ �ubcw (8)

If Prba and Prbc is the probability of A binding to B and C binding to B, respec-
tively, then

Prba ¼ BA½ �V
n

) BA½ � ¼ n
V

� �
Prba

Similarly,
BC½ � ¼ n

V

� �
Prbc

Substituting the values of BA½ � and BC½ � in Eq. (7) and (8) we obtain

d n
V

� �
Prba

dt
¼ n

V

� �
� n

V

� �
Prba � n

V

� �� �
Prbc A½ �bcc � n

V

� �
Prba

� �
ubcc (9)

That simplifies to,

dPrba
dt

¼ 1� Prba � Prbcð Þ A½ �bcc � Prbaubcc (10)

Similarly,

d n
V

� �
Prbc

dt
¼ n

V

� �
� n

V

� �
Prba � n

V

� �
Prbc

� �
C½ �bcw � n

V

� �
Prbc

� �
ubcw (11)

and this simplifies to,

dPrbc
dt

¼ 1� Prba � Prbcð Þ C½ �bcw � Prbcubcw (12)
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The E-box is assumed to be bound by CLK/CYC, and the gene transcription rate is
tcav. When CWO is bound as a repressor, the rate is tcdc and without any molecules
binding, the basal transcriptional rate is tcdv.

No E-box is bound with the probability

1� Prba � Prbcð Þn (13)

whereas the probability of an E-box binding is

1� 1� Prba � Prbcð Þn½ � (14)

The probability of only CLK/CYC being bound is

Að Þ
Að Þ þ Cð Þ

� �
1� 1� Prba � Prbcð Þn½ � (15)

Similarly, the probability of CWO being bound will be

Cð Þ
Að Þ þ Cð Þ

� �
1� 1� Prba � Prbcð Þn½ � (16)

Consequently, the transcription rate will be

tcav
Að Þ

Að Þ þ Cð Þ
� �

1� 1� Prba � Prbcð Þn½ �
� �

þ tcdc
Cð Þ

Að Þ þ Cð Þ
� �

1� 1� Prba � Prbcð Þn½ �
� �

þtcdv 1� Prba � Prbcð Þn
(17)

and which simplifies to

tcav Að Þ þ tcdc Cð Þ
Að Þ þ Cð Þ

� �
1� 1� Prba � Prbcð Þn½ � þ tcdv 1� Prba � Prbcð Þn (18)

Analogous equations can be applied to describe (1) the competitive binding
between VRI and PDP1 at the clk promoter in models A, B, and C, and (2) the
competition between CWD and CWPT with the CLK/CYC complex for E-box binding
in CLK-regulated genes such as cwo, vri, tim, per, and pdp1. These interactions are
modelled using the same set of probability-based rate equations.

In contrast to previous models that employed Michaelis-Menten kinetics
[32, 33], the present models utilize mass action kinetics to describe reaction rates.
This approach not only simplifies the modeling process but also reduces the
number of parameters that must be estimated. The model proposed by Xie and
Kulasiri [2], which is also based on mass action principles, demonstrated that its
parameters are particularly sensitive to perturbations. Such sensitivity plays a critical
role in model validation and in conducting comprehensive in silico analyses. These
considerations reinforce the rationale for employing mass action kinetics in our
modeling framework.

As an illustration, the following ordinary differential equation (ODE) from Model
A captures the dynamic behavior of per mRNA and PER protein concentrations over
time:
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d perm
� �
dt

¼ p43 CCð Þ þ p49 CWOð Þ
CCð Þ þ CWOð Þ

� �
1� 1� Prba � Prbcð Þp79½ �

� �
þ p56 1� Prba � Prbcð Þp79

� �

�pern � p63 � perm
� �

(19)

The equations expressing time evolution of proteins are governed by mass action
kinetics:

d PERð Þ
dt

¼ p57 � perm
� �� p83 � PER� TIM

� �þ p84 � PT
� �� p85 � PER

� �
(20)

The rate equation presented above is incorporated into Model A to describe the
temporal dynamics of PER protein. The initial term represents the translation rate of per
mRNA, followed by terms accounting for the association and dissociation kinetics of PER/
TIM (PT) dimers. The final term captures the degradation of PER protein over time.

In the system of derived ordinary differential equations (ODEs), distinct typographic
conventions are employed to clearly distinguish between rate constants and variables.
Protein and dimer complex names are denoted using uppercase letters, whereas mRNA
species are represented using lowercase letters accompanied by the subscript ‘m’.

Specific abbreviations used in the model include: PT for the PER/TIM dimer
complex, CCPT for the CLK/CYC/PER/TIM super complex, CC for the CLK/CYC
dimer, CWPT for the CWO/PER/TIM interaction complex, and PDP for PDP1. All
other proteins are represented using their standard three-letter biological abbrevia-
tions. Detailed descriptions of all the model parameters are provided in Table 1 for
Models A, B, and C.

The following notation is used to represent the probability of CLK/CYC (CC)
transcriptional activator binding to E-box elements in various gene promoters:

• Prcper: binding in the per promoter

• Prct: binding in the tim promoter

• Prcv: binding in the vri promoter

• Prcpdp: binding in the pdp1 promoter

• Prccwo: binding in the cwo promoter

Similarly, the probabilities of CWO, CWD, or CWPT binding to E-boxes are
denoted as:

• Prcwper: binding in the per promoter

• Prcwt: binding in the tim promoter

• Prcwv: binding in the vri promoter

• Prcwpdp: binding in the pdp1 promoter

• Prcwo: binding in the cwo promoter
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Additional binding probabilities are defined as follows:

• Prvc: VRI binding to the V/P-box in the clk promoter

• Prpc: PDP1 binding to the V/P-box in the clk promoter

• Prpd: DBT binding to PER

• Prpp: PP2A binding to PER

Parameter(s) Kinetic rates

p1–p5 CLK/CYC binding to per-, tim-, pdp1-, vri-, and cwo-, E-boxes, respectively

p6 PDP1 binding to V/P-box promoter in clk

p7 VRI binding to V/P-box promoter in clk

p8–p12 CWO binding to E-boxes of cwo, per, tim, pdp1, and vri, respectively

p18–p22 CLK/CYC unbinding from E-boxes of per, tim, pdp1, vri, and cwo, respectively

p23–p24 Unbinding of PDP1 and VRI from V/P-box in clk, respectively

p25–p29 CWO unbinding from E-boxes of cwo, per, tim, pdp1, and vri, respectively

p35 Association of CLK/CYC complex

p38 Association of CLK/CYC/PER/TIM complex

p39 Dissociation of CLK/CYC complex

p42 Dissociation of CLK/CYC/PER/TIM complex

p43–p48 Transcription by CLK/CYC at per, tim, pdp1, vri, clk, and cwo, respectively

p47 Transcription by PDP1 at clk, respectively

p49–p54 Transcription by CWO at per, tim, pdp1, vri, and cwo, respectively

p55 Basal transcription of clk without VRI and PDP1, respectively

p56 Basal transcription of inactive cwo, vri, per, pdp1, and tim, respectively

p57–p62 Translation of per, tim, pdp1, vri, clk, and cwo mRNAs, respectively

p63–p68 Degradation of per, tim, pdp1, vri, clk, and cwo mRNAs, respectively

p72–p74 Degradation of VRI, CLK, and CWO proteins, respectively

p76 Degradation of CLK/CYC complex, respectively

p79–p82 E-box counts in per/tim, pdp1, vri, and cwo promoters, respectively

p85–p86 Degradation of PER and TIM proteins, respectively

p94–p95
p37

Association/dissociation of PER/TIM dimer complex, respectively
Association of CWD complex

p41 Dissociation of CWD complex

p77
p103
p104
p105
p106

Degradation of CWD complex
Degradation of PER/TIM complex
Association of CWPT interaction complex
Dissociation of CWPT interaction complex
Degradation of CWPT interaction complex

Table 1.
Description of parameters for model A, B, and C.
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In the ODE systems presented below, the initial conditions include: CC,
CWO, CWD, PER, CCPT, CLK, TIM, PDP, VRI, CWPT, as well as transcripts
clkm, pdpm, perm, timm, vrim, and cwom. CYC and HP are treated as
constants.

The notation described above is consistent across all three models. For brevity, we
provide only the system of ODEs corresponding to Model A. The equations for the
other two models can be constructed similarly using parameter values listed in
Table ODEs 1 and detailed in Appendices 1 and 2.

5.1 ODEs for model A

Binding Probabilities of TFs binding to regulatory elements in gene promoters

d Prcper
� �
dt

¼ 1� Prcper � Prcwper
� �� p1 � CC� Prcper � p18 (21)

d Prctð Þ
dt

¼ 1� Prct � Prcwtð Þ � p2 � CC� Prct � p19 (22)

d Prcpdp
� �
dt

¼ 1� Prcpdp � Prcwpdp
� �� p3 � CC� Prcpdp � p20 (23)

d Prcvð Þ
dt

¼ 1� Prcv � Prcwvð Þ � p4 � CC� Prcv � p21 (24)

d Prccwoð Þ
dt

¼ 1� Prccwo � Prccwoð Þ � p5 � CC� Prccwo � p22 (25)

d Prcwoð Þ
dt

¼ 1� Prccwo � Prcwoð Þ � p8 � CWO� Prcwo � p25 (26)

d Prcwper
� �

dt
¼ 1� Prcper � Prcwper
� �� p9 � CWO� Prcwper � p26 (27)

d Prcwtð Þ
dt

¼ 1� Prct � Prcwtð Þ � p10 � CWO� Prcwt � p27 (28)

d Prcwpdp
� �

dt
¼ 1� Prcpdp � Prcwpdp
� �� p11 � CWO� Prcwpdp � p28 (29)

d Prcwvð Þ
dt

¼ 1� Prcv � Prcwvð Þ � p12 � CWO� Prcwv � p29 (30)

d Prvcð Þ
dt

¼ 1� Prvc � Prvcð Þ � p7 � VRI � Prvc � p24 (31)

d Prpc
� �
dt

¼ 1� Prvc � Prpc
� �� p6 � PDP� Prpc � p23 (32)

Time evolution of cwo, tim, vri, per, pdp1, and clk mRNA’s

d perm
� �
dt

¼ p43 CCð Þ þ p49 CWOð Þ
CCð Þ þ CWOð Þ

� �
1� 1� Prba � Prbcð Þp79½ �

� �
þ p56 1� Prba � Prbcð Þp79

� �

�pern � p63 � perm
� �

(33)
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d timmð Þ
dt

¼ p44 CCð Þ þ p50 CWOð Þ
CCð Þ þ CWOð Þ

� �
1� 1� Prba � Prbcð Þp79½ �

� �
þ p56 1� Prba � Prbcð Þp79

� �

�timn � p64 � timm
� �

(34)

d pdpm
� �
dt

¼ p45 CCð Þ þ p51 CWOð Þ
CCð Þ þ CWOð Þ

� �
1� 1� Prba � Prbcð Þp80½ �

� �
þ p56 1� Prba � Prbcð Þp80

� �

�pdpn � p65 � pdpm
� �

(35)

d vrimð Þ
dt

¼ p46 CCð Þ þ p52 CWOð Þ
CCð Þ þ CWOð Þ

� �
1� 1� Prba � Prbcð Þp81½ �

� �
þ p56 1� Prba � Prbcð Þp81

� �

�vrin � p66 � vrim
� �

(36)

d cwomð Þ
dt

¼ p48 CCð Þ þ p54 CWOð Þ
CCð Þ þ CWOð Þ

� �
1� 1� Prba � Prbcð Þp82½ �

� �
þ p56 1� Prba � Prbcð Þp82

� �

�cwom � p68 � cwom
� �

(37)

d clkmð Þ
dt

¼ p47 PDPð Þ þ p53 VRIð Þ
PDPð Þ þ VRIð Þ

� �
1� 1� Pra � Prrð Þ½ �

� �
þ p55 1� Pra � Prrð Þ

� �

�clkn � p67 � clkm
� �

(38)

Time evolution of CWO, CLK, PER, VRI,TIM, and PDP1 proteins

d PERð Þ
dt

¼ p57 � perm
� �� p94 � PER� TIM

� �þ p95 � PT
� �� p85 � PER

� �
(39)

d TIMð Þ
dt

¼ p58 � timm
� �� p94 � PER� TIM

� �þ p95 � PT
� �� p86 � TIM

� �
(40)

d PDPð Þ
dt

¼ p59 � pdpm
� �� p71 � PDP

� �
(41)

d VRIð Þ
dt

¼ p60 � vrim
� �� p72 � VRI

� �
(42)

d CLKð Þ
dt

¼ p61 � clkm
� �� p35 � CLK � CYC

� �þ p39 � CC
� �� p73 � CLK

� �
(43)

d CWOð Þ
dt

¼ p62 � cwom
� �� p74 � CWO

� �
(44)

In the above equations, the first and last variables denote translational and degra-
dation rates respectively.

The second function in Eqs. (39), (40), and (43) describes the formation of
association complexes, while the third term accounts for the dissociation of these
newly formed complexes.

Temporal evolution of the CLK/CYC, PER/TIM, and PER/TIM/CLK/CYC
complexes
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d PTð Þ
dt

¼ p94 � PER� TIM
� �� p95 � PT

� �� p38 � PT � CC
� �þ p42 � CCPT

� �� p103 � PT
� �

(45)

d CCð Þ
dt

¼ p35 � CLK � CYC
� �� p39 � CC

� �� p38 � PT � CC
� �þ p42 � CCPT

� �� p76 � CC
� �

(46)

d CCPTð Þ
dt

¼ p38 � PT � CC
� �� p42 � CCPT

� �
(47)

From the equations above, the first and second terms indicate the formation and
dissociation of an association complex, respectively, while the last term represents the
complex’s degradation. In Eqs. (45) and (46), the third and fourth terms refer to the
formation and dissociation of the respective complexes.

5.2 Parameter estimation and model implementation

To simulate our models, we utilized COPASI, an early version of VCell [34],
which is a platform-independent and user-friendly biochemical simulation tool. In
addition to its intuitive interface, COPASI supports the import and export of SBML
codes.

In our models, all kinetic parameters required to solve the reaction ODEs were
initially unknown and had to be estimated. To determine a set of parameters capable
of replicating the observed biological behavior, we followed a systematic approach. In
our models, none of the kinetic parameters needed to solve the reaction ODEs were
known at the outset, so they all had to be estimated. To identify a set of parameters
that could reproduce the observed biological behaviour, we employed a systematic
procedure.

First, an initial set of parameters was estimated to roughly produce 24-hour oscil-
lations. This was accomplished using a combination of COPASI’s parameter scanning,
sensitivity analysis, and parameter estimation functions. Our primary goal was to
generate damped oscillations from a non-oscillatory state for all clock components.
We observed that increasing the sensitivity of local parameters, particularly degrada-
tion rate parameters in the respective ODEs, facilitated the emergence of damped
oscillations.

The parameter scanning function was employed by selecting a single parameter,
defining its maximum and minimum values, and performing time-course simulations
to observe changes in curve patterns. Two-dimensional scans were also conducted,
where two parameters were independently varied across defined ranges. COPASI
handled this by keeping one parameter at its minimum value while scanning the
second and repeating this process across different parameter sets to enhance sensitiv-
ities. Additionally, the random distribution tool in COPASI was used to explore ran-
dom parameter values that could generate oscillations. Since scanning two
independent parameters with 10 intervals each required 100 time-course simulations,
this was a time-intensive process.

Once damped oscillations were successfully obtained, we manually adjusted
parameters to produce irregular but robust oscillations. At this stage, different
parameter behaviors were analyzed, which helped identify a minimal set of
parameters for estimation using COPASI’s estimation algorithms. Among the various
methods tested, the Levenberg–Marquardt algorithm provided the best approximate
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fit. However, this process demanded patience and significant computational
resources.

In our investigation, the task was notably challenging, as we needed to
estimate three separate models: Model A, Model B, and Model C. These models
had 75, 68, and 69 dynamic parameters, respectively, in addition to their initial
conditions. Fortunately, many parameters from Model A were compatible with
Model B, which helped reduce the overall workload. We then validated the
estimated parameters to ensure they aligned with the maximum number of
biological observations. The outcomes are shown below for Models A, B, and C.
It is worth mentioning that all kinetic parameters are given in units of nM per
hour.

To carry out our simulations, we turned to COPASI—an early implementation of
VCell [34]—a versatile and user-friendly software for simulating biochemical reac-
tions across various platforms. COPASI’s graphical interface and support for
importing/exporting SBML models made it particularly suitable for our purposes.

Since none of the kinetic parameters required for the reaction ODEs in our models
were initially known, they all needed to be inferred. We approached this systemati-
cally to identify parameter sets capable of reproducing the experimental biological
rhythms we observed.

Our first step involved estimating an initial parameter set that could generate
approximate 24-hour oscillations. We used COPASI’s suite of tools—parameter scan-
ning, sensitivity analysis, and parameter estimation—to iteratively adjust these values.
Our main aim was to induce damped oscillations from non-oscillatory initial condi-
tions for all key components of the clock network. We found that tweaking the local
sensitivity of specific parameters, especially degradation rate constants, played a
crucial role in achieving this.

For parameter scanning, we selected one parameter at a time and defined a range
of possible values, running time-course simulations to see how this influenced the
system’s behavior. To explore interactions between parameters, we also performed
two-dimensional scans, systematically varying two parameters within their defined
ranges. COPASI handled this by fixing one parameter at its lower bound while scan-
ning the other, repeating the process iteratively. Additionally, we used COPASI’s
random distribution feature to test randomly chosen parameter values that might
trigger oscillatory behavior. It is worth noting that two-dimensional scans with 10
steps each required 100 time-course simulations, making this a computationally
demanding process.

Once damped oscillations were established, we manually adjusted parameters fur-
ther to produce irregular yet stable oscillations. At this stage, we evaluated the behav-
iour of each parameter, ultimately narrowing down to a minimal set of parameters
suitable for estimation using COPASI’s optimization algorithms. Out of several
methods explored, the Levenberg–Marquardt algorithm provided the closest fit to the
experimental data, though this process demanded considerable computational effort
and patience.

A particular challenge was that we had to estimate parameters for three separate
models—Model A, Model B, and Model C—comprising 75, 68, and 69 dynamic
parameters, respectively, along with their initial conditions. Fortunately, many
parameters estimated for Model A were applicable to Model B, which eased the
workload. We subsequently validated the final parameter sets against the maximum
number of available biological observations. The final parameter values, all expressed
in nM per hour, are detailed below for Models A, B, and C.
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The estimated parameters for Model A are given below as a flattened list in
Table 1:

p1 = 0.8115; p50 = 19.1582; p2 = 0.8115; p51 = 17.5853; p3 = 0.0471; p52 = 19.2598;
p4 = 0.0211; p53 = 0.1190; p5 = 0.2476; p54 = 26.8582; p6 = 12.2126; p55 = 58.8412;
p7 = 0.0072; p56 = 0.0001; p8 = 0.1250; p57 = 33.8068; p9 = 0.4799; p58 = 33.8068;
p10 = 0.4799; p59 = 1.9222; p11 = 0.4852; p60 = 11.5477; p12 = 0.3383; p61 = 35.7967;
p18 = 0.6586; p62 = 14.2465; p19 = 0.6586; p63 = 0.0698; p20 = 0.0963; p64 = 0.0698;
p21 = 0.1408; p65 = 0.0720; p22 = 0.2074; p66 = 0.0654; p23 = 2.1580; p67 = 0.6666;
p24 = 0.1250; p68 = 0.0841; p25 = 22.5000; p71 = 0.1528; p26 = 10.3028; p72 = 0.9329;
p27 = 10.3028; p73 = 0.0785; p28 = 10.1701; p74 = 1.0786; p29 = 14.4303; p76 = 0.0397;
p35 = 2.8801; p78 = 26.6245; p38 = 90.3621; p79 = 1.0000; p39 = 0.4405; p80 = 1.0000;
p42 = 2.1452; p81 = 1.0000; p43 = 18.3830; p82 = 1.0000; p44 = 18.3830; p85 = 0.4879;
p45 = 18.0265; p86 = 0.4879; p46 = 61.9968; p94 = 1.1951; p47 = 119.0685; p95 = 1.4286;
p48 = 1.7859; p103 = 0.0193;p49 = 19.1582.

The estimated parameters for Model B are given below:
p1 = 0.8383; p51 = 14.4091; p2 = 0.8383; p52 = 24.9594; p3 = 0.0260; p53 = 0.0019;

p4 = 0.0226; p54 = 38.0013; p5 = 0.1808; p55 = 0.0011; p6 = 24.4253; p56 = 0.0001;
p7 = 0.0092; p57 = 34.4307;p8 = 0.1040; p58 = 34.4307; p9 = 0.4110; p59 = 1.9325;
p10 = 0.4110; p60 = 11.9584; p11 = 0.9705; p61 = 36.9362; p12 = 0.0013; p62 = 14.3208;
p18 = 0.7460; p63 = 0.0683; p19 = 0.7460; p64 = 0.0683; p20 = 0.0930; p65 = 0.0787;
p21 = 0.1370; p66 = 0.0620; p22 = 0.2009; p67 = 0.6809; p23 = 0.6768; p68 = 0.1330;
p24 = 0.0165; p71 = 0.1505; p25 = 3.7136; p72 = 0.9827; p26 = 12.2271; p73 = 0.0613;
p27 = 12.2271; p74 = 1.0794; p28 = 3.5369; p76 = 0.0496; p29 = 28.8605; p78 = 0.0001;
p35 = 2.8381; p79 = 1.0000; p38 = 43.5451; p80 = 1.0000; p39 = 0.3810; p81 = 1.0000;
p42 = 0.0005; p82 = 1.0000; p43 = 19.0627; p85 = 0.5740; p44 = 19.0627; p86 = 0.5740;
p45 = 17.8536; p94 = 1.2806; p46 = 66.0652; p95 = 1.5048; p47 = 116.8552; p103 = 0.0319;
p48 = 0.0001; p37 = 1.2385; p49 = 21.0200; p41 = 0.4795;p50 = 21.0200; p77 = 0.4798.

The estimated parameters for Model C are given below:
p1 = 0.8115; p51 = 10.6784; p2 = 0.8115; p52 = 48.3504; p3 = 0.0471; p53 = 1.3285;

p4 = 0.0211; p54 = 29.8500; p5 = 0.2476; p55 = 10.4627; p6 = 12.2126; p56 = 0.0100;
p7 = 0.0072; p57 = 36.0983; p8 = 0.1250; p58 = 36.0983; p9 = 0.4799; p59 = 1.5655;
p10 = 0.4799; p60 = 11.1768; p11 = 0.4852; p61 = 35.0620; p12 = 0.3383; p62 = 17.4692;
p18 = 0.6586; p63 = 0.0466; p19 = 0.6586; p64 = 0.0466; p20 = 0.0963; p65 = 0.0488;
p21 = 0.1408; p66 = 0.1106; p22 = 0.2074; p67 = 0.6815; p23 = 2.1580; p68 = 0.1100;
p24 = 0.1250; p71 = 0.1219; p25 = 22.5000; p72 = 0.8968; p26 = 10.3028; p73 = 0.0260;
p27 = 10.3028; p74 = 1.3428; p28 = 10.1701; p76 = 0.0113; p29 = 14.4303; p78 = 0.4014;
p35 = 2.8801; p79 = 1.0000; p38 = 47.8645; p80 = 1.0000;p39 = 0.5973; p81 = 1.0000;
p42 = 0.9468; p82 = 1.0000; p43 = 16.4783; p85 = 0.2006; p44 = 16.4783; p86 = 0.2006;
p45 = 18.4941; p94 = 1.3727; p46 = 81.9441; p95 = 2.8600; p47 = 122.7670; p103 = 0.1171;
p48 = 2.3343; p104 = 0.0194; p49 = 6.2160; p105 = 1.1585; p50 = 6.2160; p106 = 0.0100.

The initial conditions are given below:
perm = 0.2395; timm = 0.2395; pdpm = 0.3175; vrim = 0.2571; cwom = 0.2156;

clkm = 0.2583; PER = 2.7527;TIM = 2.7527; PDP = 4.1953; VRI = 3.175; CLK = 3.6628;
CWO = 2.4774; PT = 0.4014; CC = 0.5566; CCPT = 0.4982; CYC = 1; CWD=1.3416;
HP = 1.5632; CWPT = 1.420; Prcper = 0.0431; Prct = 0.043; Prcpdp = 0.08; Prcv = 0.0585;
Prccwo = 0.043; Prcwo = 0.043;Prcwper = 0.0431; Prcwt = 0.043; Prcwpdp = 0.08;
Prcwv = 0.0585; Prvc = 0.489; Prpc = 0.426.

We used the following values for constants:
Pern = 0.003;Timn = 0.003; Clkn = 0.003; Pdpn = 0.003; Vrin = 0.003; Cwon =

0.003.
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We compared the simulation results from our models, including various test out-
puts, against experimental in vitro data. To investigate the impact of the newly intro-
duced CWO negative feedback loop, we performed a local sensitivity analysis. The
models were simulated under conditions mimicking known circadian mutants in
constant darkness (DD). Additionally, we modeled light entrainment and assessed the
system’s robustness. All simulation outcomes under these conditions were evaluated
against empirical laboratory findings. Furthermore, we proposed a hypothetical
cwoCWPT mutant to explore how CWO might function simultaneously as an activa-
tor and repressor within pacemaker neurons.

6. Models A, B, and C: Results of simulations

Our models produced sustained oscillations of clock components under constant
darkness (DD), exhibiting appropriate periods and amplitudes. Using the parameter
sets listed earlier for Models A, B, and C, all three models demonstrated robust 24-
hour rhythmic oscillations of mRNAs for cwo, pdp1, vri, per, clk, and tim, along with
their corresponding clock proteins CWO, PDP1, VRI, PER, CLK, and TIM.

Experimental data indicate that tim, per, and cwo mRNA levels peak between
circadian time (CT) 12 and CT 16 (early evening), oscillating in phase [19, 20, 22]. In
contrast, clk mRNA peaks between CT 23 and CT 4 (late night to early morning) and
exhibits an anti-phase relationship with tim and per mRNAs [15]. Similarly, vri and
pdp1 mRNAs oscillate in anti-phase with clk mRNA but are in phase with tim and per
mRNAs, peaking roughly at CT 12 to CT 14 [16–18].

Our simulated mRNA oscillations reflected these patterns: tim, per, and cwo
mRNAs peaked at approximately 9.2, 9.2, and 12.7 hours in Model A; 8.9, 8.9, and
12.4 hours in Model B; and 9.2, 9.2, and 13.1 hours in Model C, respectively. Clk
mRNA peaks occurred at model times of 3.8, 3.9, and 3.6 hours across the three
models, consistently anti-phase with tim, per, and cwo. Vri and pdp1 mRNAs peaked
at model times of 8.6 and 13 (Model A), 8.7 and 14 (Model B), and 11.2 and 11 (Model
C), maintaining phase relationships observed experimentally.

Experimentally, protein peaks lag mRNA peaks by 4–6 hours for PER and TIM,
with CLK protein peaking around CT 4.5, and CWO around CT 15 [20]. VRI protein
peaks coincide closely with its mRNA at CT 12, while PDP1 proteins peak 3–6 hours after
mRNA synthesis at approximately CT 18 [17]. The reasons for these delays remain
unclear.

Our models simulated protein peaks as follows: PER, TIM, CLK, VRI, PDP1, and
CWO peaked at model times of 15.3, 15.3, 4.5, 10.2, 17.8, and 14.8 hours in Model A;
15, 15, 4.5, 10.6, 18, and 13.5 hours in Model B; and 15.9, 15.9, 5, 12, 17.2, and
14.5 hours in Model C, respectively. Most simulated peaks align closely with biological
circadian times, preserving the observed phase and anti-phase relationships among
clock components.

Our parameter estimation aimed to generate sustained limit cycle oscillations for all
circadian elements with appropriate rhythmic periods and amplitudes. All models
exhibited stable oscillations near a 24-hour cycle. mRNA amplitudes ranged from 0.1 to
0.5 nM (roughly 7–34 copies), and protein concentrations ranged between 2 and 5 nM
(approximately 136–340 molecules per cell). Importantly, all three models maintained
these oscillations indefinitely despite the numerous unknown parameters estimated.

Slight differences in time to reach limit cycles among components caused model
times to differ from biological circadian times by �1–3 hours in 9 out of 36 mRNA and
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protein oscillations. Exact circadian peak times were not essential for mutational ana-
lyses or investigating our core research questions, as relative changes in concentration,
amplitude, period, and phase shifts were the focus. Nonetheless, model times were
manually adjusted by �1 to 3 hours at the start of limit cycles to better match circadian
times. Peak times in circadian time for all models are in good agreement with the
experimental values well within the ranges of the experimentally obtained values.

6.1 Robustness of the models to parameter variations

Drosophila circadian components can maintain phase relationships despite extrin-
sic noise. In vivo and in vitro studies show that environmental perturbations such as
temperature and light shifts produce only minor changes in molecular oscillations. For
example, shifting light exposure in flies entrained to DD by a few hours altered
molecular periods by only about 0.1 hour [35]. Similarly, flies exposed to temperatures
between 20 and 29°C exhibited negligible period changes (�0.06–0.2 hours). How-
ever, prolonged exposure at 20–25°C led to arrhythmicity in 20–30% of flies. Thus, an
effective mathematical model must robustly maintain rhythmicity with parameter
perturbations causing less than 1-hour period variation.

Global robustness analysis is impractical for systems with 65–69 transient parame-
ters, so we applied local sensitivity analysis as in previous studies [2, 36–38]. Each
parameter was individually perturbed by �20% to assess its impact on oscillations.

For Models A, B, and C, 130, 136, and 138 local perturbation simulations were
performed, respectively, excluding controls. Oscillations were maintained indefinitely
across all simulations. Most parameters induced period variations under 0.4 hours,
with 59, 62, and 63 parameters in Models A, B, and C, respectively, keeping period
changes below 0.8 hours. This demonstrates the robustness of our models, suggesting
biological resilience to environmental fluctuations.

Notably, six parameters—related to transcription and translation rates of per and clk
genes and degradation rates of their mRNAs (p43, p47, p57, p61, p63, p67)—consistently
caused period changes exceeding 0.6 hours when perturbed. Among these, a57, associ-
ated with PER protein synthesis, produced the largest period deviations (>0.8 hours).

6.2 Light entrainment of the circadian clock

Following parameter estimation and model analysis described previously, we next
evaluated the models’ ability to predict responses to external environmental cues, or
zeitgebers. While both temperature and light cycle daily, light is widely recognized as
the dominant zeitgeber influencing circadian rhythms [39]. A key feature of the circa-
dian clock is its ability to adjust to varying light conditions, particularly differing inten-
sities and durations of exposure. This entrainment occurs through phase resetting of the
circadian oscillators. In Drosophila, light exposure induces degradation of the TIM
protein via its interaction with the light-activated photoreceptor CRY (cryptochrome).
Genetic studies have demonstrated that the absence of TIM, such as in tim01 mutants,
results in reduced cytoplasmic PER repressor levels, a phenomenon similarly observed
in wild-type flies exposed to constant light [40–42]. The degradation of TIM influences
the phase of oscillations of other clock proteins, leading to phase resetting. This syn-
chronization with external cues, despite the intrinsic robustness of clock component
oscillations, exemplifies the inherent stochasticity of biological systems.

The primary consequence of TIM degradation is destabilization of cytoplasmic
PER, since TIM absence causes PER to remain bound to the kinase DBT, resulting in
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PER hyperphosphorylation and subsequent degradation [43]. Prior modelling efforts
have simulated light entrainment indirectly by increasing the degradation rate of PER
protein [36, 44]. For instance, Smolen’s model substituted the original PER degrada-
tion parameter with an elevated ‘klight’ value, approximately 20% higher than baseline
[33]. Other models increased TIM degradation parameters to simulate light effects
[38], and Xie and Kulasiri similarly elevated TIM and PER degradation rates [2]. More
recent approaches incorporated CRY mRNA cycling data to modulate TIM synthesis
rates, effectively simulating light entrainment by activating CRY-dependent regula-
tion [23]. Our models omit CRY and explicit PER/TIM phosphorylation dynamics;
thus, we adopted the established approach of increasing PER and TIM degradation
rates to simulate light entrainment [2].

Specifically, the parameters governing PER and TIM degradation (‘p85’ and ‘p86’)
were replaced by a new degradation rate termed ‘klight’ across all three models. We
simulated a 12-hour light/dark (LD) cycle, with zeitgeber time (ZT) 0 marking light
onset. The light phase was defined as ZT 0 to ZT 12, and the dark phase as ZT 12 to ZT
24. During the light phase, ‘p85’ and ‘p86’were replaced by an arbitrary ‘klight’ value of
1; during the dark phase, parameters reverted to their original values, consistent with
parameter estimation in constant darkness (DD). Under these LD conditions, all three
models sustained rhythmic oscillations in clock proteins, maintaining expected phase
and anti-phase relationships similar to DD. Comparative plots of CLK protein levels
further confirmed phase resetting capability in response to light changes.

To mimic the arrhythmicity observed under constant light (LL), a higher ‘klight’ value
of 5 was used to replace the PER and TIM degradation rates. The resulting LL simulations
displayed damped, arrhythmic protein oscillations consistent with experimental observa-
tions [42–45]. Collectively, these results demonstrate that all three models faithfully
reproduce circadian oscillations under varying lighting conditions (DD, LD, and LL).

7. Conclusion

This study’s novel contribution lies in convincingly demonstrating that CWO
interacts with PER post-translationally, recapitulating biologically observed pheno-
types [22]. Model C reveals that CWO functions simultaneously as both an activator
and a repressor without requiring special mathematical constructs, relying solely on
established biological principles. The insights from these models advance our under-
standing of the unique cooperative mechanisms involving CWO, representing a sig-
nificant step forward for Drosophila circadian rhythm research. We anticipate that the
validity of these models will be experimentally tested in vivo in the near future, to
confirm which model would be better suited to explain the CWO interactions.

Appendix 1. Model B

Probabilities: TF binding to E-box or V/P-box

d Prcper
� �
dt

¼ 1� Prcper � Prcwper
� �� p1 � CC� Prcper � p18

d Prctð Þ
dt

¼ 1� Prct � Prcwtð Þ � p2 � CC� Prct � p19
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d Prcpdp
� �
dt

¼ 1� Prcpdp � Prcwpdp
� �� p3 � CC� Prcpdp � p20

d Prcvð Þ
dt

¼ 1� Prcv � Prcwvð Þ � p4 � CC� Prcv � p21

d Prccwoð Þ
dt

¼ 1� Prccwo � Prcwoð Þ � p5 � CC� Prccwo � p22

d Prcwoð Þ
dt

¼ 1� Prccwo � Prcwoð Þ � p8 � CWD� Prcwo � p25

d Prcwper
� �

dt
¼ 1� Prcper � Prcwper
� �� p9 � CWD� Prcwper � p26

d Prcwtð Þ
dt

¼ 1� Prct � Prcwtð Þ � p10 � CWD� Prcwt � p27

d Prcwpdp
� �

dt
¼ 1� Prcpdp � Prcwpdp
� �� p11 � CWD� Prcwpdp � p28

d Prcwvð Þ
dt

¼ 1� Prcv � Prcwvð Þ � p12 � CWD� Prcwv � p29

d Prvcð Þ
dt

¼ 1� Prvc � Prpc
� �� p7 � VRI � Prvc � p24

d Prpc
� �
dt

¼ 1� Prvc � Prpc
� �� p6 � PDP� Prpc � p23

per, tim, clk, vri, cwo and pdp1 mRNA’s time courses

d perm
� �
dt

¼ p43 CCð Þ þ p49 CWDð Þ
CCð Þ þ CWDð Þ

� �
1� 1� Prba � Prbcð Þp79½ �

� �
þ p56 1� Prba � Prbcð Þp79

� �

�perm � p63 � perm
� �

d timmð Þ
dt

¼ p44 CCð Þ þ p50 CWDð Þ
CCð Þ þ CWDð Þ

� �
1� 1� Prba � Prbcð Þp79½ �

� �
þ p56 1� Prba � Prbcð Þp79

� �

�timm � p64 � timm
� �

d pdpm
� �
dt

¼ p45 CCð Þ þ p51 CWDð Þ
CCð Þ þ CWDð Þ

� �
1� 1� Prba � Prbcð Þp80½ �

� �
þ p56 1� Prba � Prbcð Þp80

� �

�pdpn � p65 � pdpm
� �

d vrimð Þ
dt

¼ p46 CCð Þ þ p52 CWDð Þ
CCð Þ þ CWDð Þ

� �
1� 1� Prba � Prbcð Þp81½ �

� �
þ p56 1� Prba � Prbcð Þp81

� �

�vrin � a66 � vrimð Þ
d cwomð Þ

dt
¼ p48 CCð Þ þ p54 CWDð Þ

CCð Þ þ CWDð Þ
� �

1� 1� Prba � Prbcð Þp82½ �
� �

þ p56 1� Prba � Prbcð Þp82
� �

�cwom � p68 � cwom
� �

d clkmð Þ
dt

¼ p47 PDPð Þ þ p53 VRIð Þ
PDPð Þ þ VRIð Þ

� �
1� 1� Pra � Prrð Þ½ �

� �
þ p55 1� Pra � Prrð Þ

� �

�clkn � p67 � clkm
� �
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Time courses of PER,TIM, CLK, VRI, PDP1 and CWO proteins

d PERð Þ
dt

¼ p57 � perm
� �� p94 � PER� TIM

� �þ p95 � PT
� �� p85 � PER

� �

d TIMð Þ
dt

¼ p58 � timm
� �� p94 � PER� TIM

� �þ p95 � PT
� �� p86 � TIM

� �

d PDPð Þ
dt

¼ p59 � pdpm
� �� p71 � PDP

� �

d VRIð Þ
dt

¼ p60 � vrim
� �� p72 � VRI

� �

d CLKð Þ
dt

¼ p61 � clkm
� �� p35 � CLK � CYC

� �þ p39 � CC
� �� p73 � CLK

� �

d CWOð Þ
dt

¼ p62 � cwom
� �� p37 � CWO�HP

� �þ p41 � CWD
� �� p74 � CWO

� �

Time courses of PER/TIM, CWO/HP, CLK/CYC and PER/TIM/CLK/CYC complex

d PTð Þ
dt

¼ p94 � PER� TIM
� �� p95 � PT

� �� p38 � PT � CC
� �þ p42 � CCPT

� �� p103 � PT
� �

d CCð Þ
dt

¼ p35 � CLK � CYC
� �� p39 � CC

� �� p38 � PT � CC
� �þ p42 � CCPT

� �� p76 � CC
� �

d CCPTð Þ
dt

¼ p38 � PT � CC
� �� p42 � CCPT

� �

d CWDð Þ
dt

¼ p37 � CWO�HP
� �� p77 � CWD

� �

Appendix 2. Model C

Probabilities: TFs binding to E-box or V/P-box

d Prcper
� �
dt

¼ 1� Prcper � Prcwper
� �� p1 � CC� Prcper � p18

d Prctð Þ
dt

¼ 1� Prct � Prcwtð Þ � p2 � CC� Prct � p19

d Prcpdp
� �
dt

¼ 1� Prcpdp � Prcwpdp
� �� p3 � CC� Prcpdp � p20

d Prcvð Þ
dt

¼ 1� Prcv � Prcwvð Þ � p4 � CC� Prcv � p21

d Prccwoð Þ
dt

¼ 1� Prccwo � Prcwoð Þ � p5 � CC� Prccwo � p22

d Prcwoð Þ
dt

¼ 1� Prccwo � Prcwoð Þ � p8 � CWO� Prcwo � p25

d Prcwper
� �

dt
¼ 1� Prcper � Prcwper
� �� p9 � CWO� Prcwper � p26
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d Prcwtð Þ
dt

¼ 1� Prct � Prcwtð Þ � p10 � CWO� Prcwt � p27

d Prcwpdp
� �

dt
¼ 1� Prcpdp � Prcwpdp
� �� p11 � CWO� Prcwpdp � p28

d Prcwvð Þ
dt

¼ 1� Prcv � Prcwvð Þ � p12 � CWO� Prcwv � p29

d Prvcð Þ
dt

¼ 1� Prvc � Prpc
� �� p7 � VRI � Prvc � p24

d Prpc
� �
dt

¼ 1� Prvc � Prpc
� �� p6 � PDP� Prpc � p23

Time evolution of per, tim, clk, vri, cwo and pdp1 mRNAs

d perm
� �
dt

¼ p43 CCð Þ þ p49 CWOð Þ
CCð Þ þ CWOð Þ

� �
1� 1� Prba � Prbcð Þp79½ �

� �
þ p56 1� Prba � Prbcð Þp79

� �

�perm � p63 � perm
� �

d timmð Þ
dt

¼ p44 CCð Þ þ p50 CWOð Þ
CCð Þ þ CWOð Þ

� �
1� 1� Prba � Prbcð Þp79½ �

� �
þ p56 1� Prba � Prbcð Þp79

� �

�timm � a64 � timmð Þ
d pdpm
� �
dt

¼ p45 CCð Þ þ p51 CWOð Þ
CCð Þ þ CWOð Þ

� �
1� 1� Prba � Prbcð Þp80½ �

� �
þ a56 1� Prba � Prbcð Þp80

� �

�pdpm � p65 � pdpm
� �

d vrimð Þ
dt

¼ p46 CCð Þ þ p52 CWOð Þ
CCð Þ þ CWOð Þ

� �
1� 1� Prba � Prbcð Þp81½ �

� �
þ p56 1� Prba � Prbcð Þp81

� �

�vrim � p66 � vrim
� �

d cwomð Þ
dt

¼ p48 CCð Þ þ p54 CWOð Þ
CCð Þ þ CWOð Þ

� �
1� 1� Prba � Prbcð Þp82½ �

� �
þ p56 1� Prba � Prbcð Þp82

� �

�cwom � p68 � cwom
� �

d clkmð Þ
dt

¼ p47 PDPð Þ þ p53 VRIð Þ
PDPð Þ þ VRIð Þ

� �
1� 1� Pra � Prrð Þ½ �

� �
þ p55 1� Pra � Prrð Þ

� �

�clkm � p67 � clkm
� �

Time evolution of PER,TIM, CLK, VRI, PDP1 and CWO proteins

d PERð Þ
dt

¼ p57 � perm
� �� p94 � PER� TIM

� �þ p95 � PT
� �� p104 � PER� TIM� CWO

� �

þ p105 � CWPT
� �� p85 � PER

� �

d TIMð Þ
dt

¼ p58 � timm
� �� p94 � PER� TIM

� �þ p95 � PT
� �� p104 � PER� TIM� CWO

� �

þ p105 � CWPT
� �� p86 � TIM

� �

d PDPð Þ
dt

¼ p59 � pdpm
� �� p71 � PDP

� �
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d VRIð Þ
dt

¼ p60 � vrim
� �� p72 � VRI

� �

d CLKð Þ
dt

¼ p61 � clkm
� �� p35 � CLK � CYC

� �þ p39 � CC
� �� p73 � CLK

� �

d CWOð Þ
dt

¼ p62 � cwom
� �� p104 � PER� TIM� CWO

� �þ p105 � CWPT
� �� p74 � CWO

� �

Time evolution of PER/TIM, CLK/CYC and PER/TIM/CLK/CYC complex

d PTð Þ
dt

¼ p94 � PER� TIM
� �� p95 � PT

� �� p38 � PT � CC
� �þ p42 � CCPT

� �� p103 � PT
� �

d CCð Þ
dt

¼ p35 � CLK � CYC
� �� p39 � CC

� �� p38 � PT � CC
� �þ p42 � CCPT

� �� p76 � CC
� �

d CCPTð Þ
dt

¼ p38 � PT � CC
� �� p42 � CCPT

� �� p78 � CCPT
� �

d CWPTð Þ
dt

¼ p104 � CWO� PER� TIM
� �� p105 � CWPT

� �� p106 � CWPT
� �

Author details

Don Kulasiri* and Jeevabharathi Ranganathan
Centre for Advanced Computational Solutions (C-fACS), Lincoln University,
Christchurch, New Zealand

*Address all correspondence to: don.kulasiri@lincoln.ac.nz

©2025 TheAuthor(s). Licensee IntechOpen. This chapter is distributed under the terms of
theCreative CommonsAttribution License (http://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in anymedium, provided
the originalwork is properly cited.

26

Differential Equations – Theory, Modeling, Data Assimilation and Algorithms



References

[1] Helfrich Forster C. Neurobiology of
the fruit fly's circadian clock. Genes,
Brain and Behavior. 2005;4(2):65-76

[2] Xie Z, Kulasiri D. Modelling of
circadian rhythms in drosophila
incorporating the interlocked PER/TIM
and VRI/PDP1 feedback loops. Journal of
Theoretical Biology. 2007;245(2):
290-304

[3] Konopka RJ, Benzer S. Clock mutants
of Drosophila melanogaster. Proceedings
of the National Academy of Sciences.
1971;68(9):2112-2116

[4] Bargiello TA, et al. Restoration of
Circadian Behavioural Rhythms by Gene
Transfer in Drosophila. Nature. 1984;
312:752-754

[5] Thomas JB et al. Molecular genetics of
the single-minded locus: A gene involved
in the development of the drosophila
nervous system. Cell. 1988;52(1):133-141

[6] Hoffman EC et al. Cloning of a factor
required for activity of the ah (dioxin)
receptor. Science. 1991;252(5008):
954-958

[7] Huang ZJ et al. PER protein
interactions and temperature
compensation of a circadian clock in
drosophila. Science. 1995;267(5201):
1169-1172

[8] Myers MP et al. Positional cloning
and sequence analysis of the drosophila
clock gene, timeless. Science. 1995;
270(5237):805-808

[9] Gekakis N et al. Isolation of timeless
by PER protein interaction: Defective
interaction between timeless protein and
long-period mutant PERL. Science. 1995;
270(5237):811-815

[10] Sehgal A et al. Loss of circadian
behavioral rhythms and per RNA

oscillations in the drosophila mutant
timeless. Science. 1994;263(5153):
1603-1606

[11] Hardin PE et al. Feedback of the
drosophila period gene product on
circadian cycling of its messenger RNA
levels. Nature. 1990;343(6258):536-540

[12] McDonald MJ, Rosbash M.
Microarray analysis and organization of
circadian gene expression in drosophila.
Cell. 2001;107(5):567-578

[13] Allada R et al. A mutant drosophila
homolog of mammalian clock disrupts
circadian rhythms and transcription of
period and timeless. Cell. 1998;93(5):
791-804

[14] Darlington TK et al. Closing the
circadian loop: CLOCK-induced
transcription of its own inhibitors per
and tim. Science. 1998;280(5369):
1599-1603

[15] Bae K et al. Circadian regulation of a
drosophila homolog of the mammalian
clock gene: PER and TIM function as
positive regulators. Molecular and
Cellular Biology. 1998;18(10):6142-6151

[16] Glossop NR et al. Interlocked
feedback loops within the drosophila
circadian oscillator. Science. 1999;
286(5440):766-768

[17] Cyran SA et al. Vrille, Pdp1, and
dClock form a second feedback loop in
the drosophila circadian clock. Cell.
2003;112(3):329-341

[18] Glossop NR et al. VRILLE feeds back
to control circadian transcription of
clock in the drosophila circadian
oscillator. Neuron. 2003;37(2):249-261

[19] Kadener S et al. Clockwork Orange is
a transcriptional repressor and a new

27

An Investigation of the Role of Clockwork Orange (CWO) in Circadian Rhythms…
DOI: http://dx.doi.org/10.5772/intechopen.1011916



drosophila circadian pacemaker
component. Genes & Development.
2007;21(13):1675-1686

[20] Lim C et al. Clockwork orange
encodes a transcriptional repressor
important for circadian-clock amplitude
in drosophila. Current Biology. 2007;
17(12):1082-1089

[21] Matsumoto A et al. A functional
genomics strategy reveals clockwork
orange as a transcriptional regulator in
the drosophila circadian clock. Genes
and Development. 2007;21(13):
1687-1700

[22] Richier B et al. The clockwork orange
drosophila protein functions as both an
activator and a repressor of clock gene
expression. Journal of Biological
Rhythms. 2008;23(2):103-116

[23] Fathallah-Shaykh HM et al.
Mathematical model of the drosophila
circadian clock: Loop regulation and
transcriptional integration. Biophysical
Journal. 2009;97(9):2399-2408

[24] Blau J, Young MW. Cycling vrille
expression is required for a functional
drosophila clock. Cell. 1999;99(6):
661-671

[25] Yue H et al. Insights into the
behaviour of systems biology models
from dynamic sensitivity and
identifiability analysis: A case study of an
NF-Î°B signalling pathway. Molecular
BioSystems. 2006;2(12):640-649

[26] Lee C et al. Posttranslational
mechanisms regulate the mammalian
circadian clock. Cell. 2001;107(7):
855-867

[27] Davis RL, Turner DL. Vertebrate
hairy and enhancer of split related
proteins: Transcriptional repressors
regulating cellular differentiation and

embryonic patterning. Oncogene. 2001;
20(58):8342-8357

[28] Xue Y et al. GPS 2.0, a tool to predict
kinase-specific phosphorylation sites in
hierarchy. Molecular & Cellular
Proteomics. 2008;7(9):1598-1608

[29] Blom N et al. Prediction of post-
translational glycosylation and
phosphorylation of proteins from the
amino acid sequence. Proteomics. 2004;
4(6):1633-1649

[30] Vilar JM et al. Mechanisms of noise-
resistance in genetic oscillators.
Proceedings of the National Academy of
Sciences. 2002;99(9):5988-5992

[31] Forger DB, Peskin CS. A detailed
predictive model of the mammalian
circadian clock. Science Signaling. 2003;
100(25):14806

[32] Ueda HR et al. Robust oscillations
within the interlocked feedback model of
drosophila circadian rhythm. Journal of
Theoretical Biology. 2001;210(4):
401-406

[33] Smolen P et al. Modeling circadian
oscillations with interlocking positive
and negative feedback loops. The Journal
of Neuroscience. 2001;21(17):6644-6656

[34] Mendes P. GEPASI: A software
package for modelling the dynamics,
steady states and control of biochemical
and other systems. Computer
Applications in the Biosciences: CABIOS.
1993;9(5):563-571

[35] Levine JD et al. Resetting the
circadian clock by social experience in
Drosophila melanogaster. Science. 2002;
298(5600):2010-2012

[36] Lema MA et al. Delay model of the
circadian pacemaker. Journal of
Theoretical Biology. 2000;204(4):
565-573

28

Differential Equations – Theory, Modeling, Data Assimilation and Algorithms



[37] Leloup J-C, Goldbeter A. Modeling
the molecular regulatory mechanism of
circadian rhythms in drosophila.
BioEssays. 2000;22(1):84

[38] Leloup J-C, Goldbeter A. Toward a
detailed computational model for the
mammalian circadian clock. Proceedings
of the National Academy of Sciences.
2003;100(12):7051-7056

[39] Aschoff JR et al. Re-entrainment of
circadian rhythms after phase-shifts of
the Zeitgeber. Chronobiologia. 1974;
2(1):23-78

[40] Zerr D et al. Circadian fluctuations
of period protein immunoreactivity in
the CNS and the visual system of
drosophila. The Journal of Neuroscience.
1990;10(8):2749-2762

[41] Vosshall LB et al. Block in nuclear
localization of period protein by a second
clock mutation, timeless. Science-AAAS-
Weekly Paper Edition-including Guide
to Scientific Information. 1994;
263(5153):1606-1608

[42] Price J et al. Suppression of PERIOD
protein abundance and circadian cycling
by the drosophila clock mutation
timeless. The EMBO Journal. 1995;
14(16):4044

[43] Shafer OT et al. Flies by night:
Effects of changing day length on
Drosophila's circadian clock. Current
Biology. 2004;14(5):424-432

[44] Olde Scheper T et al. A
mathematical model for the intracellular
circadian rhythm generator. The Journal
of Neuroscience. 1999;19(1):40-47

[45] Qiu J, Hardin PE. Per mRNA cycling
is locked to lights-off under
photoperiodic conditions that support
circadian feedback loop function.
Molecular and Cellular Biology. 1996;
16(8):4182-4188

29

An Investigation of the Role of Clockwork Orange (CWO) in Circadian Rhythms…
DOI: http://dx.doi.org/10.5772/intechopen.1011916





Chapter 2

An Accurate and Robust Numerical
Solver for Second-Order Ordinary
Boundary Value Problems Based on
Continuous Genetic Algorithms:
Theory, Application, and
Convergence Analysis
Zaer Salem Abo-Hammour

Abstract

Continuous genetic algorithms (CGAs), previously developed by the author, are
introduced in this chapter as accurate and robust numerical solvers for second-order
ordinary boundary value problems. The solution methodology is based on representing
each derivative in the ordinary boundary value problem by its finite difference approxi-
mation. After that, the overall residue for all unknown nodes in the given problem is
determined where the solution to the boundary value problem is finally converted into an
optimization problem of minimizing the overall residue or maximizing the fitness func-
tion. To demonstrate the efficiency of the algorithm and confirm its performance, eight
second-order ordinary boundary value problems are included in this work covering the
linearity (linear/nonlinear), singularity (singular/nonsingular), and number of equations
(single equation/system of equations) scenarios. In addition to that, a convergence
analysis is performed which include a genetic-related analysis and problem-related
analysis. Numerical results show that CGA is an efficient and robust method for solving
ordinary boundary value problems. The obtained accuracy for the solutions using CGA
outperforms the results obtained using other well-knownmethods such as residual power
series method, reproducing kernel Hilbert space method, and the homotopy analysis
method.

Keywords: continuous genetic algorithms, computational intelligence,
evolutionary computation, differential equations, ordinary boundary value problems;
numerical solutions, singular and nonsingular problems, linear and nonlinear
problems
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1. Introduction

Ordinary boundary value problems (BVPs) occur frequently in engineering [1–4],
heat and fluid flow [5–8], physiology [9, 10], biology [11], physics [12, 13], control
and optimization theory [14], and economics [15]. Ordinary boundary value
problems are classified in terms of linearity (linear/nonlinear), singularity
(singular/nonsingular), and number of equations (single equation /system of
equations). The solution methods of BVPs are classified into two categories which
include the analytical methods yielding the exact solutions for the problem at hand
subject to round off error, and the numerical methods yielding approximate
solutions for the problem. Analytical methods can solve limited categories of
boundary value problems which are generally linear, nonsingular, and of limited
number of equations. However, if the encountered problem, as in the case of most
real-life cases, is highly nonlinear, singular, and consists of a system of equations,
then numerical methods are preferred in this scenario due to the limitations of the
analytical methods. Based on that, researchers continuously develop new methods
or modify existing methods to obtain robust, accurate, and fast numerical methods
[16–22].

Numerical methods have three key performance measures: accuracy, robustness,
and finally convergence speed. These criteria are critical for selecting the appropriate
method in specific applications. In general, there are trade-offs between these mea-
sures where some numerical methods might excel in one measure while
underperforming in others. For the solution of second-order ordinary BVPs, methods
such as the finite difference method (FDM), finite element method (FEM), and
shooting method are commonly employed [23–26]:

1.Accuracy: These methods are generally accurate, especially when the problem is
well-behaved (linear and simple nonlinear BVP). However, accuracy may
deteriorate or degrade when dealing with complex nonlinear systems of
equations or singular systems unless adjustments are made. In these cases, the
standard methods are often modified with techniques like mesh refinement for
FEM or higher-order discretization schemes for FDM. When nonlinearity
increases, perturbation techniques or the use of asymptotic methods can help
maintain accuracy.

2.Robustness. It refers to the method’s ability to handle a wide spectrum of
problems especially highly coupled systems of equations or singular systems.
Methods that are accurate for simple cases may fail when applied to singular or
ill-conditioned problems. For example, FDM though powerful for well-
conditioned and linear problems may need to be adapted or combined with
other techniques such as Richardson extrapolation to improve robustness in
more complex systems. For problems with singularities, shooting methods
may struggle without significant modification by employing homotopy
continuation or multiple shooting methods. For FEM, a combination of
adaptive mesh refinement and higher-order basis functions is required to
enhance its robustness while dealing with highly complex systems.
Furthermore, both FDM and shooting methods may fail if the problem is very
complex.
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3.Convergence speed. Some methods, like FEMmay converge quickly in simple,
linear problems but may require modifications (e.g., adaptive step-sizing or
preconditioned iterative methods) to when applied to highly nonlinear
boundary value problems which add a computational burden and slow down the
method.

Based on the previous discussion, existing numerical methods may require modi-
fications within the standard numerical methods, or be combined with other numer-
ical methods, if possible, to handle the three key performance measures while solving
the most sophisticated case representing highly coupled nonlinear singular systems of
ordinary boundary value problems. This means that the researcher should have a
wealth of information and knowledge about methods’ refinements and adjustments
from one side and a rigid background about other numerical methods in order to deal
with all categories of ordinary boundary value problems. Therefore, researchers need
an insight into newer methods that might offer better performance measures than the
existing numerical methods.

Genetic algorithms (GAs) are global numerical optimization methods based on the
concepts of genetics and natural selection. GAs imitate nature with their Darwinian
survival-of-the-fittest approach [27, 28]. This approach allows GAs to explore new
directions in the search space leading to improved performance by efficiently pruning
the search space. Their basic principle is the maintenance of an evolving population of
solutions to the problem at hand based on the triangle of genetic operations: selection,
crossover, and mutation. Throughout the genetic operations, the fitness of the indi-
viduals in the population pool is gradually improved until the convergence is achieved
according to certain convergence criteria. Genetic Algorithms (GAs) are different
from calculus-based methods which often rely on gradients, Hessians, or other
derivative-based calculations. Instead, GAs use principles inspired by natural evolu-
tion, such as selection, crossover, and mutation, to iteratively search for optimal
solutions in a problem space. This simplicity in mechanism makes GAs powerful in
certain contexts [27, 28].

Continuous genetic algorithms are variant of GAs where smooth or continuous
operators are used to avoid sharp jumps in the values of the optimized variables [29].
They are recommended when the variables to be optimized are coupled or correlated
with each other. CGAs ideally fit for problems that have solution curves in one-
dimensional space or solution surfaces in two-dimensional space [29]. Following their
novel development in 2002, CGAs have been successfully applied in various fields of
science and engineering. They have been used for solving linear and nonlinear ordi-
nary boundary value problems [30–33] and singular ordinary boundary value prob-
lems [34, 35]. CGAs have been extended for the solution of linear and nonlinear
partial differential equations [36–38]. Furthermore, they have been successfully
applied in cartesian path generation of robot manipulators [39–42] and the solution of
optimal control problems [43, 44].

In this chapter, CGAs are introduced as novel solvers for all of the combinations of
classifications for the ordinary boundary value problems including linearity (linear/
nonlinear), singularity (singular/nonsingular), and number of equations (single
equation /system of equations). The application of CGAs for the solution of the
second-order ordinary boundary value problems is triggered by the following distinct
advantages over traditional numerical methods:
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1.Robustness. CGAs excel in robustness because they handle both linear and
nonlinear, singular and nonsingular boundary value problems without needing
algorithmic modifications. As a result, they are of versatile nature. On the other
hand, traditional numerical methods often require customization or
augmentation when transitioning between different problem types.

2.Simplicity. This approach is simple to understand and implement since it neither
resorts to advanced mathematical tools nor requires a rigid background about
other numerical methods in order to deal with all categories of ordinary
boundary value problems. On the other hand, traditional numerical methods
often demand a strong mathematical background, especially in cases of
complex, nonlinear, or singular BVPs. CGAs rely on population-based
optimization principles, which can be implemented using relatively
straightforward operations like selection, crossover, and mutation, making them
accessible to a wider audience of engineers and researchers.

3.Global convergence. CGAs exhibit global convergence properties, meaning they
explore the entire solution space and have a higher chance of avoiding local
minima or divergence. On the other hand, traditional numerical methods may
suffer from local convergence or divergence particularly for nonlinear, singular,
or ill-conditioned problems.

4.Parallel Computation. The computational burden of CGAs can be significantly
reduced by implementing them on parallel computing architectures, making
them suitable for real-time applications utilizing the intrinsic population-based
nature of CGA.

The organization of this chapter is as follows: in Section 2, the second-order BVPs
is formulated as an optimization problem based on the fitness function. Section 3
describes CGAs in detail. Numerical results for the given ordinary boundary value
problems are covered in Section 4. Comparison with other well-known numerical
methods for the solution of the given ordinary boundary value problems will be
discussed in Section 5, while convergence analysis is provided in Section 6. Finally,
concluding remarks are presented in Section 7.

2. General formulation of the ordinary boundary value problems

In this section, the most general formulation of the ordinary boundary value
problems will be considered which represent a system of ordinary differential equa-
tions of boundary type. Given the system of m two-point second-order BVPs
described the following set of ordinary differential equations:

y001 xð Þ ¼ f 1 x, y1 xð Þ, y2 xð Þ, … , ym xð Þ, y01 xð Þ, y02 xð Þ, … , y0m xð Þ� �
,

y002 xð Þ ¼ f 2 x, y1 xð Þ, y2 xð Þ, … , ym xð Þ, y01 xð Þ, y02 xð Þ, … , y0m xð Þ� �
,

⋮
y00m xð Þ ¼ f m x, y1 xð Þ, y2 xð Þ, … , ym xð Þ, y01 xð Þ, y02 xð Þ, … , y0m xð Þ� �

,

(1)

subject to the boundary conditions
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y1 að Þ ¼ α1, y1 bð Þ ¼ β1,

y2 að Þ ¼ α2, y2 bð Þ ¼ β2,

⋮
ym að Þ ¼ αm, ym bð Þ ¼ βm,

(2)

where a≤ x≤ b, αk, βk are real finite constants and f k are nonlinear functions of yk
and y0k, k ¼ 1, 2, … ,m.

The formulation process of the ordinary boundary value problems consists of the
following steps:

2.1 Interval discretization

The solution interval a, b½ � is discretized in this step into a number of equally
spaced nodes or mesh points by setting

xi ¼ aþ ih
i ¼ 0, 1, … ,N

(3)

h ¼ b� a
N

Thus, at the interior mesh points, xi, i ¼ 1, 2, … ,N � 1, is actually following equa-
tion Eq. (3) and does not require a separate equation number

y00k xið Þ ¼ f k xi, y xið Þ, y0 xið Þð Þ ¼ 0, x1 ≤ xi ≤ xN�1, (4)

subject to the boundary conditions

y x0ð Þ ¼ α, y xNð Þ ¼ β,

where y ¼ y1, y2, … , ym
� �

, α ¼ α1, α2, … , αmð Þ, and β ¼ β1, β2, … , βmð Þ,
k ¼ 1, 2, … ,m.

2.2 Finite difference approximations of the derivatives

Following the discretization step, all derivatives appearing in the system of ordi-
nary boundary value problems are replaced by their equivalent finite difference
approximations. Different variations of finite difference approximations are reported
in literature including the forward finite difference formulas, the backward finite
difference formulas, and the hybrid forward finite difference formulas which include
a mix of forward and backward formulas. The central finite difference formulas are
special cases of the hybrid formulas [45].

The (R + 1)-point forward difference formula of the kth derivative is represented
according to the following equation:

ykF xið Þ ¼ g xi, xiþ1, … , xiþk, … , xiþRð Þ (5)

The (L + 1)-point backward difference formula of the kth derivative is represented
according to the following equation:
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ykB xið Þ ¼ g xi�L, … , xi�K, … , xi�1, xið Þ (6)

The (L + R + 1)-point hybrid difference formula of the kth derivative is represented
according to the following equation:

ykH xið Þ ¼ g xi�L, … , xi, … , xiþRð Þ (7)

A special case of the hybrid difference formula is the (2 L + 1)-point central
difference formula when R = L (number of nodes to the left of the node of interest
equals number of nodes to the right of the node of interest) which is represented
according to the following equation:

ykC xið Þ ¼ g xi�L, … , xi, … , xiþLð Þ (8)

These approximation formulas are applied for y0 xið Þ and y00 xið Þ, i ¼ 1, 2, … ,N � 1,
for all interior mesh points. The accuracy of the formulas can be improved
by increasing the number of points included in the formulas which can go up to
N points.

2.3 Conversion into a system of algebraic equations

After the derivative replacement, the system of differential equations is
transformed into a system of linear/nonlinear algebraic equations in the following
form:

Fk y xi�Lð Þ, y xi� Lþ1ð Þ
� �

, … , y xi�1ð Þ, y xið Þ, y xiþ1ð Þ, … , y xiþRð Þ� � ¼ gk xið Þk ¼ 1, 2, … ,m

(9)

2.4 Residual calculations

The residual of any general interior unknown node, i ¼ 1, 2, … ,N � 1, is given as

rk ið Þ ¼ Fk y xi�Lð Þ, y xi� Lþ1ð Þ
� �

, … , y xi�1ð Þ, y xið Þ, y xiþ1ð Þ, … , y xiþRð Þ� � � gk xið Þ ¼ 0

(10)

The overall individual residue, R, is a function of the residuals of all interior nodes
is defined as

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xm

k¼1

XN�1

i¼1

rk ið Þð Þ2
vuut (11)

2.5 Fitness function calculations

In GAs, fitness functions are used to guide the selection of better solutions over
generations. Since GAs are designed to maximize the fitness function, it is required
to transform the minimization problem of minimizing the overall individual
residual, R, into maximization of the fitness function, F, as given in the following
equation:
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F ¼ δ

δþ R
(12)

where δ is a small positive number that is taken as a unity in this work.
The individual fitness is inversely proportional to the overall individual residual

with optimal values of R ¼ 0 and F ¼ 1.

3. Description of the continuous genetic algorithm

There are several key considerations that should be taken into account while
designing and implementing GAs for optimization. These considerations greatly
influence the effectiveness of GAs:

1.Representation of problem solutions. This factor involves defining how the
problem’s potential solutions or individuals are represented. Commonly,
solutions are encoded as binary strings or real-valued vectors depending on the
problem’s nature.

2.Generation of the initial population. The initial population can be generated
randomly or seeded with known solutions or heuristics. This impacts how quickly
the GA converges to optimal solutions. Random initialization ensures a wide
diversity of solutions but may require more generations to converge, while heuristic
initialization seeds the population with better initial solutions, which can speed up
convergence but risks limiting exploration if too focused. A balance
between exploration (diversity) and exploitation (using good initial solutions) is
essential.

3.Design of genetic operators. Genetic operators like crossover and mutation
define how solutions are modified and how new candidate solutions are
generated. These operators must align with the chosen genetic representation
and problem domain.

4.Formulation of the Fitness Function. Fitness function is crucial for evaluating
and guiding the evolution of solutions toward the optimal result. It must be
carefully designed to suit the specific optimization problem. If the fitness
function is poorly selected, then GA might not be able to reach to optimal or
near optimal solutions, and even might fail.

5.Genetic parameters. Parameters like population size, mutation rate, crossover
probability, and termination criteria are essential for controlling the
performance and behavior of the GA. Poor parameter tuning can lead to
suboptimal performance or convergence issues.

The previous considerations have indeed led to the development of numerous
variants of GAs. These variants are tailored to suit different types of optimization
problems and performance requirements, making GAs highly versatile [29, 30]. Based
on that, the nature of the optimization problem being addressed directly influences
the choice of the GA variant:
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1.Correlation between unknown variables

• If the unknown variables in the optimization problem are uncorrelated or
independent from each other, then conventional (discrete) GA often works
well, as it allows independent evolution of each variable.

• If the unknown variables are correlated or dependent on each other, where a
change in one variable impacts others, then CGA is better suited, as it can
capture these interdependencies more effectively.

2.Smoothness of the solution curve

• If the resulting solution curves requires smoothness, CGAs are preferred, as
they maintain gradual and smooth changes across the solution space.

• In cases where non-smooth or abrupt changes are acceptable, then
conventional (discrete) GA can efficiently handle such abrupt changes.

CGA is often chosen when smoothness in the solution is necessary or when the
unknown variables are tightly coupled or correlated with each other. CGA uses real-
valued encodings and operators suited for continuous optimization problems. The
reader is kindly asked to refer to [29, 30, 39, 40] in order to know more details about
CGA. The CGA used in this work, as given in Figure 1, consists of the following steps.

1.Initialization: In the context of CGAs, ensuring that the initialization function is
smooth and satisfies the given boundary conditions is essential. Two
initialization functions are used in this research including the modified normal
Gaussian function (MNGF) and the modified tangent hyperbolic function
(MTHF). MNGF is given in the following equation:

pj k, ið Þ ¼ r k, ið Þ þ A� exp �0:5
i� μ

σ

� �2
 !

sin
π

N
i

� �
(13)

While MTHF is given in the following equation:

pj k, ið Þ ¼ r k, ið Þ þ A� tanh
i� μ

σ

� �
sin

π

N
i

� �
(14)

for each i ¼ 1, 2, … ,N � 1, j ¼ 1, 2, … ,Np, and k ¼ 1, 2, … ,m.

Figure 1.
Flowchart of continuous genetic algorithm.
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Where
pj k, ið Þ is the ith nodal value of the kth variable (yk xið ÞÞ for the jth parent,
r k, ið Þ is the ramp function of the ith nodal value of the kth variable and

defined as

r k, ið Þ ¼ αk þ βk � αk
N

i (15)

μ and σ are random numbers within the range 1,N � 1½ � and 0, N�1
3

� �
, respectively.

Np is the population size.
sin π

N i
� �

is the corrector function that might result in an overshoot/undershoot
in the initialization function which might exceed the values of the given boundary
conditions at some interior mesh points but not at the boundary point a, bf g.

It is to be noted that MTHF is convex in a subinterval of the independent variable
and concave in the remaining interval, while MNGF is either convex or concave
within the entire the solution interval a, b½ �.

The controlling parameters of the two initialization functions are the random
numbers A, μ, and σ. Randomness is based on the fact that the initial population
should be diverse since the required solutions are not known. The mentioned diversity
is the key parameter in having an information-rich initial population.

It is to be noted that the controlling parameters describe the following:

i. A specifies the amplitude of the corrector function sin π
N i
� �� �

ii. σ specifies degree of dispersion of the corrector function sin π
N i
� �� �

.

iii. μ specifies the center of the MNGF, while μ specifies the intersection point
between the ramp function and the MTHF, which determines the convexity
point.

The range of A depends on the boundary conditions αk and βk, k ¼ 1, 2, … ,m
according to the following guidelines:

Figure 2.
(a) Modified normal Gaussian function (MNGF), (b) modified tangent hyperbolic function (MTHF).
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i. within the range �3 βk � αkj j, 3 βk � αkj j½ �f g if βk � αk 6¼ 0.

ii. within the range �3αk, 3αk½ � if βk ¼ αk.

iii. within the range – N�1
3 , N�1

3

� �
if βk ¼ 0 and αk ¼ 0.

The two initialization functions are given in Figure 2.

2. Fitness evaluation: In GAs, fitness evaluation is a critical step that determines
how well each individual in the population performs with respect to the
problem being solved. The fitness function quantifies the “goodness” of a
solution, guiding the selection of individuals for reproduction as given in
Eq. (12).

3. Selection: Selection process is a fundamental mechanism in GAs that determines
which individuals will contribute their genetic material or traits to the next
generation. The goal of selection is to ensure that individuals with higher fitness
—those that represent better solutions—are more likely to pass on their
characteristics (genes) to future generations. By favoring “fitter” individuals,
the overall quality of the population improves over time, steering the search
toward optimal solutions.

4. Crossover: Crossover plays a pivotal role in sharing valuable information between
individuals, facilitating the discovery of better solutions by recombining the
parents’ genetic material to create new individuals (offspring) that may exhibit
traits from both parents, potentially leading to better solutions. The choice of
crossover method and its configuration are critical to the success of the
algorithm, influencing both the diversity of the population and the speed of
convergence toward an optimal solution. In CGA, crossover is given according
to the following equation:

cl k, ið Þ ¼ c k, ið Þps k, ið Þ þ 1� c k, ið Þð Þph k, ið Þ, clþ1 k, ið Þ ¼ 1� c k, ið Þð Þps k, ið Þ
þc k, ið Þph k, ið Þ, c k, ið Þ ¼ 0:5 1þ tanh

i� μ

σ

� �� �
,

(16)

for each i ¼ 1, 2, … ,N � 1 and k ¼ 1, 2, … ,m,
where
ps and ph represent the two selected parents from the selection process, cl and clþ1

are the two children generated from by the crossover process, c represents the cross-
over smooth weighting function within the range 0, 1½ �. Parameters μ and σ are as
given in the initialization process.

It is worth mentioning that the crossover weighting function is the tangent hyper-
bolic function that has initial values that are close to zero and final value that are close
to unity. This means that there will be a gradual transition between the values of the
first and the second parents. According to Figure 3, the generated children are
described as follows:

i. The initial part of the first child is similar to the initial part of the second
parent, while final part of the first child is similar to the final part of the first
parent.
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ii. The initial part of the second child is similar to the initial part of the first
parent, while final part of the second child is similar to the final part of the
second child.

iii. The intermediate part of both children is a nonlinear mixture between the
values of the first and second parents according to the tangent hyperbolic
function.

Figure 3.
Crossover process of single equation BVP: (a) First Parent, (b) second parent, (c) crossover function, (d) first
child, and (e) second child.
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As compared with conventional genetic algorithm, crossover is performed in a
sharpmanner (using single point crossover, multipoint crossover, or uniform crossover
schemes) in conventional genetic algorithm without any transition period, while it is
performed in a gradual smooth manner in CGA. However, information exchange
between the two parents is still performed. The crossover process is shown in Figure 3.

5. Mutation: Mutation is a vital genetic operator in GAs that introduces random
alterations to individual solutions (or chromosomes) in the population. It serves
as a mechanism to maintain diversity by introducing variability to individuals
and prevent the algorithm from prematurely converging to a suboptimal
solution, which can occur when the gene pool becomes homogeneous due to
selection and crossover processes. This means that mutation is crucial for
maintaining a balance between exploration (searching new areas) and
exploitation (refining known good solutions). The mutation process, given in
Figure 4, is governed by the following formulas:

mj k, ið Þ ¼ cj k, ið Þ þ Am k, ið Þ,m k, ið Þ ¼ exp �0:5
i� μ

σ

� �2
 !

sin
π

N
i

� �
, (17)

for each i ¼ 1, 2, … ,N � 1, j ¼ 1, 2, … ,Np, and k ¼ 1, 2, … ,m,
where
mj k, ið Þ is the ith variable value of the kth solution curve for the mutated jth child

for.
cj k, ið Þ is the ith variable value of the kth solution curve for the jth child produced

through the crossover process,
m k, ið Þ is the modified Gaussian mutation function,
A is as given in the initialization process.
Regarding the mutation center μf g, three methods are used for generating the

mutation center where each of the three method is applied to one-third of the popu-
lation to maintain diversity: -

i. Deterministic method. This means that the mesh point with the maximum
absolute residual is chosen as the mutation center.

ii. Lamarckian method. The mutation center is found in a probabilistic manner
where mesh points with larger values of the residual error have more chances
of being selected as the mutation center.

iii. Random method. In this method, the mutation center is chosen randomly.

Regarding the dispersion factor σf g, two methods are used for generating the
dispersion factor where each of the two method is applied to one-half of the popula-
tion to maintain diversity: -

i. Knowledgeable method. This method is applied according to the following
steps: -

a. Select two random integer numbers, μL and μR such that μL ≤ μ≤ μR and
both of μL and μR lie within the range 1,N � 1ð Þ. These two numbers
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Figure 4.
Mutation process. (a) Second child. (b) Mutation function. (c) Mutated child.
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represent the two random numbers to the left and right of the mutation
center respectively that is previously found according to the methods of
generating the mutation center μf g.

b. Calculate the average error function, Ef ið Þ, at all nodes within the range
μL ≤ i≤ μR.

c. Calculate the ratio between the calculated average error, Ef ið Þ, and the
error at the mutation center, Ef μð Þ.

d. Finally, the dispersion factor, σ, is chosen as a random number that is a
function of both the calculated ratio and the value μR � μLf g.

ii. Random method. In this method, the dispersion factor is chosen randomly.

6. Replacement. Replacement marks the end of one generation and the
beginning of the next, closing the “life cycle” of the population and preparing it
for the next round of genetic operations. After generating offspring through
the application of genetic operators (such as selection, crossover, and
mutation), the next task is to determine how the new individuals
(offspring) will interact with the existing population (parents). The
replacement process is crucial for maintaining the evolutionary dynamics of
the algorithm and influences its ability to explore and exploit the solution
space effectively.

7. Termination. Termination determines when the algorithm should stop
running. Establishing appropriate termination criteria is essential to ensure
that the algorithm concludes after finding a satisfactory solution,
avoiding unnecessary additional computation, and preventing premature
termination. The termination criteria that are used in CGA include the
following:

1.Fitness threshold. The algorithm terminates when the fitness of the best
individual in the population meets or exceeds a predefined threshold value,
or when Fbest ≥ Fthr1f g. This criterion ensures that the GA stops once a
solution of sufficient quality is found. This approach is useful when the
optimal fitness value is known beforehand which is unity in the current
fitness formulation, that is, Foptimal ¼ 1

� �
.

2.Residual threshold. In this criterion, the algorithm terminates when the
maximum nodal residual of the best individual in the population is below a
specified threshold. This criterion ensures that the solution satisfies the
necessary conditions for convergence. This approach is useful when the
optimal residual value is known beforehand which is zero in the current
fitness formulation, that is,

Pm
k¼1rk ið Þ≤ rthr

� �
.

3.Maximum generations. Another straightforward termination criterion is to
stop the algorithm after reaching a maximum number of generations
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gen≥ genmax

� �
. This approach limits the computational effort and ensures

that the algorithm does not run indefinitely. In this case, the algorithm
terminates regardless of the quality of the solution found, that is, the
algorithm might converge to optimal solution or not.

4.Improvement in fitness. The algorithm can also terminate when the
improvement in the fitness value of the best individual of the population
over a specified number of generations falls below a specified threshold
Fbest genð Þ � Fbest gen� genthr

� �
<Fthr2

� �
. This criterion indicates that

the population has stagnated and further generations are unlikely to yield
significant improvements. The algorithm terminates regardless of the quality
of the solution found, that is, the algorithmmight converge to optimal solution
or not.

After terminating the algorithm, the solution to the second-order ordinary bound-
ary value is the best individual so far found where the unknown nodal values for all
curves are the solutions obtained. If the termination conditions are not met, then the
algorithm will go back to step 2 or the fitness evaluation step.

To enhance the performance of the Continuous Genetic Algorithm, two additional
operators are introduced. These operators aim to improve the quality of solutions and
maintain diversity within the population, addressing issues such as stagnation and
premature convergence.

1.Elitism. Elitism is a technique used to preserve the best-of-generation individual(s)
of the size Nelitef g from the current generation and ensure their survival into the
next generation without alteration. This operator achieves the following goals: -

i. Preservation of best solution(s). The best individual or several top-
performing individuals are copied directly from the parent population
into the next generation without alteration. This ensures that valuable
information is not lost during the process of selection, crossover, and
mutation, as it can sometimes happen when only offspring are retained.

ii. Monotonic improvement: Elitism guarantees that the fitness of the best
solution in the population will not decrease across generations. As a
result, the fitness function behaves as a monotonically non-decreasing
function, meaning that the algorithm never loses progress by discarding
highly fit individuals.

iii. Balance between exploration and exploitation. By ensuring that the best
individuals survive to the next generation, elitism promotes
exploitation of known good solutions while allowing other individuals
in the population to explore new possibilities.

2.Extinction and Immigration. Extinction and Immigration is introduced in CGA
to deal with situations of stagnation or when the population becomes
homogeneous, thereby reducing diversity and halting progress. This
operator works by performing a significant reset of the population to
reintroduce diversity and reinvigorate the search process by replacing all or part
of the population with new, randomly generated individuals. This operator
consists of two stages:
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i. Extinction stage. During the extinction stage, all individuals are removed
from the current population except for the best-of-generation individual
(s) of the size Nextf g. This ensures that the best solution(s) found so far is
preserved, while the rest of the population is cleared tomake room for new
genetic material.

ii. Mass-immigration stage. After the extinction stage, the mass-
immigration stage introduces new genetic material by filling the
population with new, randomly generated individuals of the size
Np �Next
� �

individuals to keep the population size fixed. The generated
population in this stage is divided into two equal parts each of Np=2 size;

a. First part, with j ¼ Next þ 1, … ,Np=2
� �

, is produced as in the
initialization phase.

b. Second part with j ¼ Np

2 þ 1, … ,Np

n o
is produced by executing

continuous mutation to the best-of-generation individual(s) as
given by the formula

pj k, ið Þ ¼ p1 k, ið Þ þ Am k, ið Þ , (18)

for each i ¼ 1, 2, … ,N � 1, j ¼ Np

2 þ 1, Np

2 þ 2, … ,Np, and k ¼ 1, 2, … ,m,
where
pj k, ið Þ represents the i-th variable value of the k-th curve for the j-th parent

generated using immigration operator,
p1 is any of the best-of-generation individual(s) 1, … ,Nextf g,
m represents the Gaussian mutation function,
A is a random number as given in the initialization process.
The evolution process of the continuous genetic algorithm for solving an ordinary

boundary value problem can be summarized as follows. An individual is a candidate
solution for the ordinary boundary value problem that consists ofm curves
(representing a system of m differential equations wherem ¼ 1 for single
differential equation) each of m N � 1ð Þf g unknown nodal values. This means that
the total number of evolving unknown nodes within CGA is equal to m N � 1ð Þf g:
The population of individuals undergoes the selection process which results in a mating
pool. Pairs of individuals which are chosen from the mating pool are crossed over with
probability pci:Within the selected pair of parents, individual solution curves are then
crossed with probability pcc. This crossover produces new offspring, which represent
combinations of the parent solutions. After that, every child generated through cross-
over undergoes mutation with probability pmi. Furthermore, each individual solution
curve within the child is mutated with probability pmc, introducing random changes to
the nodal values to maintain diversity in the population. After mutation, the next
generation is produced using a replacement strategy, which may involve replacing part or
all of the parent population with the offspring population. The entire process—selec-
tion, crossover, mutation, and replacement—is repeated across multiple generations
until the algorithm terminates when a predefined convergence criterion is met.

Them curves of the best individual at the point of convergence represent the solution
to the boundary value problem. This means that the final goal of finding the required
nodal values is translated into finding the fittest individual in genetic terms.
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4. Numerical results using CGA

In this section, all possible combinations of second-order ordinary boundary value
problems are included covering the linearity (linear/nonlinear), singularity (singular/
nonsingular), and number of equations (single equation /system of equations) scenar-
ios. This results in a total number of eight different problems. The classification infor-
mation about the eight selected ordinary boundary value problems is given in Table 1,
while their full details and description are given in Table 2. The solution of this set of
boundary value problems will verify the computational efficiency of CGA including the
robustness of the method from one side and its accuracy from the other side. The last
column of Table 1 shows the reference from which the given problem is selected.

Throughout the algorithm, the genetic operators are applied according to the
following procedures:

a. Initialization method: 50% of the initial population is created using the MNGF,
while the other 50% is created by MTHF.

b. Selection scheme. Rank-based selection is the default selection method.

c. Replacement strategy. Generational replacement is applied.

d. Termination criteria. CGA is stopped when one of the following conditions is met:

Fitness threshold. Fbest ≥0:999999.
Residual threshold.

Pm
k¼1rk ið Þ≤ 10�8.

Maximum generations. gen≥ 3000.
Improvement in fitness. Fbest genð Þ � Fbest gen� 500ð Þ< 10�3.
The solution of every problem is the average of 12 runs to remove any bias in the

solutions due to probabilistic nature of CGA. Additional CGA-related numerical
parameters are given in Table 3.

The eight problems were solved using CGA without any failure to solve any of them
as shown in Table 4. The average number of generations required for convergence
varies from about 800 generations up to about 1600 generations. The average fitness of
the final solution achieves at least 0.99999 value (five nines). The average absolute

Problem
number

Linearity
condition

Number of
equations

Singularity
condition

Reference
used

Problem 1 Linear Single Nonsingular [30]

Problem 2 Linear Single S [34]

Problem 3 Linear System Nonsingular [31]

Problem 4 Linear System S [35]

Problem 5 Nonlinear Single Nonsingular [30]

Problem 6 Nonlinear Single S [34]

Problem 7 Nonlinear System Nonsingular [31]

Problem 8 Nonlinear System S [35]

Table 1.
Eight selected ordinary boundary value problems.
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residual values for all unknown nodes within each problem lies within the range of 10�6

and 10�11. Finally, and most importantly, the average absolute error for all unknown
nodes within each problem lies within the range of 10�8 and 10�12. Based on this
information, it is clear that CGA is an accurate method for the second-order ordinary
boundary value problems from one side and a robust method from the other side.

Numerical solutions for the eight ordinary boundary value problems are given in
Tables 5–16. The tables show the nodal value xið Þ, the exact value of the solution
according to Table 2 yexact

� �
, the solution value using CGA yCGA

� �
, the average abso-

lute residual value for all unknown nodes in the given problem excluding the bound-
aries ð r ið Þj jÞ, and the average absolute error for all unknown nodes in the given
problem excluding the boundaries ð e ið Þj jÞ.

5. Comparison between CGA and other well-known methods

Following the successful implementation of the CGA for the solution of the given
boundary value problems, some of the given problems are solved using other well-
known numerical methods for comparison purposes. The modern numerical methods
that are used for comparison with CGA include the homotopy analysis (HA) method
[16], reproducing kernel Hilbert space (RKHS) method [17], and the residual power
series (RPS) method [19]. These methods are suited for linear systems. However,
when solving the nonlinear systems, these methods require some major modifications.

Problems 3 and 7 representing a system of two equations are selected for numerical
comparisons. These problems are solved using the three methods. Tables 17 and 18
show a comparison between the average absolute error ð e1 ið Þj jÞ of CGA together with
other aforementioned methods for problem 3, while Tables 19 and 20 show the
comparison for problem 7.

Table 21 gives the average absolute error ð e ið Þj jÞ for all unknown nodes of all
variables of the third and seven problems using HA, RKHS, RPS, and CGA methods.

The following facts are deduced from Table 21:

1.CGA is the best method for the solution of the two problems where ð e ið Þj jÞ is the
lowest.

2.For the linear and nonlinear cases, ð e ið Þj jÞ is relatively of the same order between
10�8 and 10�9 using CGA.

Parameter Description

Np ¼ 500 Population size

pci ¼ 0:9 Individual crossover probability

pmi ¼ 0:9 Individual mutation probability

pcc ¼ 0:5 Curve crossover probability

pmc ¼ 0:5 Curve mutation probability

Rbr ¼ 0:1 Rank-based ratio

Nelite ¼ 10%�Np Percentage of elite parents that are passed to the next generation

Table 3.
CGA-related parameters.
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3.For the nonlinear problem, the HA methods failed, while the accuracy of the
RKHS method and the RPS method fall much below that of CGA.

Based on the above discussion, it can be easily observed that CGA outperforms the
other methods in terms of accuracy and robustness.

However, as CGA is a population-based approach, its computational burden when
applied on sequential computers is relatively large. For example, the average number
of generations required for convergence for the eight problems given in Table 4 is
equal to 1179 generation. Keeping in mind that the population size is Np ¼ 500 indi-
viduals as given in Table 3, then the total number of candidate solutions that are
evaluated using the CGA is of the order of 105. This computational burden of CGA can
be significantly reduced by implementing them on parallel computing architectures,
making them suitable for real-time applications utilizing the population-based nature

Problem
number

Average number of
generations

Average
fitness

Average absolute
residual

Average absolute
error

1 783 0.999999836 4.93755096 � 10�9 8.40372698 � 10�10

2 889 0.999999000 5.20529873 � 10�11 3.73551730 � 10�12

3 1084 0.999998600 1.62682994 � 10�6 1.15150865 � 10�8

4 1597 0.999999836 3.30061098 � 10�7 2.16394062 � 10�8

5 947 0.999999148 2.76917868 � 10�9 4.71315066 � 10�10

6 1227 0.999990970 3.36319589 � 10�7 2.43196999 � 10�9

7 1256 0.999999000 4.02015967 � 10�7 5.65247209 � 10�9

8 1649 0.999999741 2.09437978 � 10�8 9.38056433 � 10�10

Table 4.
Convergence data of the eight boundary-value problems.

xi yexact yCGA r ið Þj j e ið Þj j
0.0 �3.0000000000000 �3.0000000001736 0 0

0.1 �2.9700862761555 �2.9700862754116 4.37036222 � 10�9 7.43837000 � 10�10

0.2 �2.9338804447114 �2.9338804452087 2.92201996 � 10�9 4.97328700 � 10�10

0.3 �2.8903898855684 �2.8903898865460 5.74402589 � 10�9 9.77634980 � 10�10

0.4 �2.8384827856043 �2.8384827847279 5.14934436 � 10�9 8.76420000 � 10�10

0.5 �2.7768698398516 �2.7768698384557 8.20124247 � 10�9 1.39585400 � 10�10

0.6 �2.7040836432701 �2.7040836422433 6.03285627 � 10�9 1.02679400 � 10�10

0.7 �2.6184554897524 �2.6184554904323 3.99456385 � 10�9 6.79876000 � 10�10

0.8 �2.5180892609405 �2.5180892600729 5.09719346 � 10�9 8.67543900 � 10�10

0.9 �2.4008320493435 �2.4008320488454 2.92635016 � 10�9 4.98065700 � 10�10

1.0 �2.2642411176571 �2.2642411183519 0 0

Table 5.
Numerical results for problem 1.
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of CGA. In addition to that, there are many design or analysis problems that are
encountered in real life that require solutions which are very accurate regardless of
their computational time. Such problems are solved in an offline manner.

6. Convergence analysis

In this section, the effect of different CGA operators and control parameters on the
convergence speed—specifically, the average number of generations required for the
algorithm to converge to a solution—is analyzed. The analysis is divided into two
parts, focusing on the following aspects:

xi yexact yCGA r ið Þj j e ið Þj j
0.0 0 0 0 0

0.1 0.009 0.0089999999973 4.86658042 � 10�11 2.68724626 � 10�12

0.2 0.032 0.0319999999954 4.67374089 � 10�11 4.58882932 � 10�12

0.3 0.063 0.0629999999949 6.04412663 � 10�11 5.07884013 � 10�12

0.4 0.096 0.0959999999950 6.49500377 � 10�11 5.03508346 � 10�12

0.5 0.125 0.1249999999952 4.92386236 � 10�11 4.82547335 � 10�12

0.6 0.144 0.1439999999957 6.36304374 � 10�11 4.28940217 � 10�12

0.7 0.147 0.1469999999965 4.15211688 � 10�11 3.45659612 � 10�12

0.8 0.128 0.1279999999976 4.98899878 � 10�11 2.43857712 � 10�12

0.9 0.081 0.0809999999988 4.34021510 � 10�11 1.21960775 � 10�12

1.0 0 0 0 0

Table 6.
Numerical results for problem 2.

xi yexact yCGA r1 ið Þj j e1 ið Þj j
0 0 0 0 0

0:1 0:3090169944 0:3090169942 8:91393542� 10�8 1:74298703� 10�10

0:2 0:5877852523 0:5877852478 1:73533116� 10�7 4:51602511� 10�9

0:3 0:8090169944 0:8090169921 2:36294775� 10�7 2:28544794� 10�9

0:4 0:9510565163 0:9510565072 1:16235932� 10�7 9:11584400� 10�9

0:5 1 0:9999999982 3:12261311� 10�7 1:75740202� 10�9

0:6 0:9510565163 0:9510565139 5:42159317 � 10�7 2:39516830� 10�9

0:7 0:8090169944 0:8090169927 6:54104548� 10�7 1:72077853� 10�9

0:8 0:5877852523 0:5877852521 1:03380547 � 10�7 1:99204494 � 10�10

0:9 0:3090169944 0:3090169941 3:45984685� 10�8 2:87176471� 10�10

1 0 0 0 0

Table 7.
Numerical results of y1 xð Þ for problem 3.
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1.First Part: evolutionary progress, initialization, and selection.

a. Evolutionary progress plots of the best-fitness individual. This involves
tracking the fitness value of the best individual in each generation over
time. These plots help visualize how quickly the algorithm is converging
and whether it is getting stuck in local optima.

b. Effect of various initialization methods. Different initialization methods
can have a significant impact on how fast the algorithm converges. The

xi yexact yCGA r2 ið Þj j e2 ið Þj j
0 1 1 0 0

0:1 1:0050041616 1:0050041681 3:23108510� 10�8 6:40738005 � 10�9

0:2 1:0200667534 1:0200667556 2:43406044� 10�7 2:18877180 � 10�9

0:3 1:0453384737 1:0453385141 4:67771603� 10�6 4:04596276� 10�8

0:4 1:0810723246 1:0810723718 6:32416369� 10�6 4:72321253� 10�8

0:5 1:1276259234 1:1276259652 7:33519796� 10�6 4:17988102� 10�8

0:6 1:1854651816 1:1854652182 7:83019575� 10�6 3:66241395� 10�8

0:7 1:2551690018 1:2551690056 5:30712792 � 10�7 3:81259372� 10�9

0:8 1:3374349426 1:3374349463 1:52175106� 10�8 3:74691887 � 10�9

0:9 1:4330863829 1:4330863854 3:23108510� 10�8 2:54984389 � 10�9

1 1:5430806348 1:5430806348 0 0

Table 8.
Numerical results of y2 xð Þ for problem 3.

xi yexact yCGA r1 ið Þj j e1 ið Þj j
0 0 0 0 0

0.1 0.3090169944 0.3090169709 2.46906269 � 10–7 2.34377574 �10–8

0.2 0.5877852523 0.5877852301 7.33246741 � 10–7 2.21766321 �10–8

0.3 0.8090169944 0.8090169716 1.31747821 � 10–7 2.27738666 � 10–8

0.4 0.9510565163 0.9510564898 1.57196727 � 10–7 2.64554492 � 10–8

0.5 1 0.9999999884 1.43210365 � 10–7 1.16274315 � 10–8

0.6 0.9510565163 0.9510565048 1.16714975 � 10–7 1.15035971 � 10–8

0.7 0.8090169944 0.8090169852 9.08216851 � 10–7 9.20499440 � 10–9

0.8 0.5877852523 0.5877852479 6.09962319 � 10–7 4.43163132 � 10–9

0.9 0.3090169944 0.3090169837 3.19497157 � 10–7 1.07166703 � 10–8

1 0 0 0 0

Table 9.
Numerical results of y1 xð Þ for problem 4.
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goal is to see which method provides a better starting point for the
population to evolve toward optimal solutions.

c. Effect of common selection schemes. The selection scheme (e.g.,
tournament selection, roulette wheel selection, and rank-based selection)
determines how individuals are chosen for reproduction. Different
schemes can balance the exploration and exploitation of the search space,
impacting the convergence speed.

xi yexact yCGA r2 ið Þj j e2 ið Þj j
0 0 0 0 0

0.1 0.09 0.0900000036 3.55472876 � 10–9 2.82238980 � 10–8

0.2 0.16 0.1600000087 8.68203299 � 10–9 3.31277996 � 10–8

0.3 0.21 0.2100000323 3.22981050 � 10–8 3.94634569 � 10–7

0.4 0.24 0.2400000186 1.85934107 � 10–8 4.50275413 � 10–7

0.5 0.25 0.2500000991 9.91166535 � 10–8 4.94881138 � 10–7

0.6 0.24 0.2400000641 6.41332590 � 10–8 5.20706622 � 10–7

0.7 0.21 0.2100000110 1.10134028 � 10–8 5.45125595 � 10–7

0.8 0.16 0.1600000024 2.36580521 � 10–9 5.35900147 � 10–8

0.9 0.09 0.0900000074 7.42388421 � 10–9 5.38354922 � 10–8

1 0 0 0 0

Table 10.
Numerical results of y2 xð Þ for problem 4.

xi yexact yCGA r ið Þj j e ið Þj j
1 17.00000000000 16.99999999996 0 0

1.1 15.75545454545 15.75545454589 2.55851475E-09 4.35460000E-10

1.2 14.77333333333 14.77333333287 2.68958384E-09 4.57768000E-10

1.3 13.99769230769 13.99769230761 4.56979195E-10 7.77780000E-11

1.4 13.38857142857 13.38857142911 3.21303765E-09 5.46860000E-10

1.5 12.91666666666 12.91666666745 4.63763436E-09 7.89326800E-10

1.6 12.56000000000 12.56000000026 1.57377846E-09 2.67857580E-10

1.7 12.30176470588 12.30176470542 2.68257445E-09 4.56575000E-10

1.8 12.12888888888 12.12888888934 2.66423406E-09 4.53453460E-10

1.9 12.03105263157 12.03105263233 4.44627131E-09 7.56756750E-10

2 12.00000000000 11.99999999910 0 0

Table 11.
Numerical results for problem 5.
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2.Second Part: Tuning Parameters.

a. Rank-based ratio Rbrf g. This refers to the selection pressure applied when
using rank-based selection. It affects the chances of individuals being
selected based on their rank in the population, which can influence
convergence rates.

b. Population size Np
� �

. Larger populations provide more diversity but may
slow down convergence, while smaller populations may converge faster
but run the risk of premature convergence (getting stuck in local optima).

xi yexact yCGA r ið Þj j e ið Þj j
0.0 exp 1ð Þ exp 1ð Þ 0 0

0.1 3.0272988228 3.0272988194 1.63203336 � 10�7 3.44467561 � 10�9

0.2 3.3060670808 3.3060670781 3.96302397 � 10�7 2.62084439 � 10�9

0.3 3.5272988228 3.5272988205 3.23475157 � 10�7 2.34136222 � 10�9

0.4 3.6693383448 3.6693383423 2.94909675 � 10�7 2.43342257 � 10�9

0.5 3.7182818285 3.7182818264 2.71410029 � 10�7 2.09142268 � 10�9

0.6 3.6693383448 3.6693383424 4.97262197 � 10�7 2.32483033 � 10�9

0.7 3.5272988228 3.5272988205 5.84368888 � 10�7 2.34696009 � 10�9

0.8 3.3060670808 3.3060670789 2.97780417 � 10�7 1.86955984 � 10�9

0.9 3.0272988228 3.0272988204 1.98164203 � 10�7 2.41465221 � 10�9

1.0 exp 1ð Þ exp 1ð Þ 0 0

Table 12.
Numerical results for problem 6.

xi yexact yCGA r1 ið Þj j e1 ið Þj j
0 0:5 0:5 0 0

0:1 0:59 0:5900000004 3:92352817 � 10�10 2:88501964� 10�8

0:2 0:66 0:6600000008 7:52398144� 10�10 5:51350699� 10�8

0:3 0:71 0:7100000011 1:06181730� 10�9 6:49489557 � 10�8

0:4 0:74 0:7400000013 1:25222055� 10�9 2:38604419� 10�7

0:5 0:75 0:7500000013 1:30595534� 10�9 1:12803512� 10�7

0:6 0:74 0:7400000011 1:09878773� 10�9 2:15849083� 10�7

0:7 0:71 0:7100000008 8:34887715� 10�10 4:23741416� 10�8

0:8 0:66 0:6600000005 4:80726570� 10�10 5:21360104� 10�8

0:9 0:59 0:5900000002 2:40252263� 10�10 3:69582632� 10�8

1 0:5 0:5 0 0

Table 13.
Numerical results of y1 xð Þ for problem 7.

55

An Accurate and Robust Numerical Solver for Second-Order Ordinary Boundary Value Problems…
DOI: http://dx.doi.org/10.5772/intechopen.1008305



c. Crossover pci, pcc
� �

and mutation pmi, pmc

� �
probabilities. The crossover

probability controls how often crossover (combining parts of two parents
to create offspring) occurs, while the mutation probability determines the
likelihood of random changes. These probabilities are critical for balancing
the algorithm’s exploration and exploitation.

d. Maximum nodal residual
Pm

k¼1rk ið Þ≤ rthr
� �

. This parameter refers to an
error tolerance that is allowed at the nodes. A smaller residual means
stricter convergence criteria, which can affect how quickly the algorithm
converges.

xi yexact yCGA r2 ið Þj j e2 ið Þj j
0 1 1 0 0

0:1 0:9317314234 0:9317314284 1:28506851� 10�8 4:99942325� 10�9

0:2 0:8681234454 0:8681234555 2:19398998� 10�7 1:00975831� 10�8

0:3 0:8088578935 0:8088579066 1:11180556� 10�6 1:30699910� 10�8

0:4 0:7536383164 0:7536383306 1:20050959� 10�6 1:41566083� 10�8

0:5 0:7021885013 0:7021885155 8:62178278� 10�7 1:41517833� 10�8

0:6 0:6542510919 0:6542511047 1:06293577 � 10�6 1:28934267 � 10�8

0:7 0:6095863011 0:6095863125 1:46241620� 10�6 1:14058931� 10�8

0:8 0:5679707120 0:5679707211 4:29304478� 10�7 9:06746956� 10�9

0:9 0:5291961600 0:5291961644 2:72281958� 10�8 4:48292087 � 10�9

1 0:4930686914 0:4930686914 0 0

Table 14.
Numerical results of y2 xð Þ for problem 7.

xi yexact yCGA r1 ið Þj j e1 ið Þj j
0 1 1 0 0

0.1 1.1051709181 1.1051709176 4.52360174 � 10�10 6.13045170 � 10�9

0.2 1.2214027582 1.2214027580 1.11405697 � 10�10 4.18143742 � 10�9

0.3 1.3498588076 1.3498588074 1.66059423 � 10�10 3.81930265 � 10�9

0.4 1.4918246976 1.4918246975 1.87788104 � 10�10 3.52955665 � 10�9

0.5 1.6487212707 1.6487212704 3.38139288 � 10�10 2.24281038 � 10�9

0.6 1.8221188004 1.8221188003 1.35799902 � 10�10 2.11427986 � 10�9

0.7 2.0137527075 2.0137527073 1.57605628 � 10�10 1.63476344 � 10�9

0.8 2.2255409285 2.2255409278 7.36103139 � 10�10 1.07448717 � 10�9

0.9 2.4596031112 2.4596031111 7.00001307 � 10�10 3.15012016 � 10�9

1 2.7182818285 2.7182818285 0 0

Table 15.
Numerical results of y1 xð Þ for problem 8.
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e. Step size effect hf g. Step size relates to the number of unknown nodes
within the boundary value problem according to Eq. (3). To some extent,
smaller step size leads to better accuracy at the expense of slower down
convergence.

This analysis help understand how tweaking various components of the CGA
affects its overall performance, especially in terms of convergence speed and solution
quality.

Throughout this convergence analysis section, two problems out of the eight
problems are selected for performing this task without losing the generality of the
performed analysis. This fact is supported from the results obtained in Table 4

xi yexact yCGA r2 ið Þj j e2 ið Þj j
0 0 0 0 0

0.1 0.1001667500 0.1001667490 8.02476012 � 10�8 1.06187525 � 10�9

0.2 0.2013360025 0.2013360002 3.96756814 � 10�8 2.37455608 � 10�9

0.3 0.3045202934 0.3045202917 4.46209980 � 10�8 1.78401083 � 10�9

0.4 0.4107523258 0.4107523239 5.46656354 � 10�8 1.93059550 � 10�9

0.5 0.5210953055 0.5210953042 3.33396211 � 10�8 1.28153001 � 10�9

0.6 0.6366535821 0.6366535804 3.02547742 � 10�8 1.76460065 � 10�9

0.7 0.7585837018 0.7585836993 3.84077958 � 10�8 2.54339745 � 10�9

0.8 0.8881059822 0.8881059811 2.51190269 � 10�8 1.11469865 � 10�9

0.9 1.0265167257 1.0265167250 2.78001644 � 10�9 6.74489897 � 10�10

1 1.1752011936 1.1752011936 0 0

Table 16.
Numerical results of y2(x) for problem 8.

xi HA method RKHS method RPS method CGA

0 0 0 0 0

0:1 2:35949582� 10�3 2:19034993� 10�3 8:09988278 � 10�8 1:74298703� 10�10

0:2 4:74045574� 10�3 2:80355432� 10�3 1:62722147 � 10�7 4:51602511� 10�9

0:3 7:15177665� 10�3 2:24628757 � 10�3 2:45620439� 10�7 2:28544794� 10�9

0:4 9:56258009� 10�3 1:58473337 � 10�3 3:29652934� 10�7 9:11584400� 10�9

0:5 1:18508499� 10�2 1:40577968� 10�3 4:14121107 � 10�7 1:75740202� 10�9

0:6 1:37257579� 10�2 1:57048642� 10�3 4:97487119� 10�7 2:39516830� 10�9

0:7 1:46315590� 10�2 1:62831184� 10�3 5:76188707 � 10�7 1:72077853� 10�9

0:8 1:36485833� 10�2 1:32090548� 10�3 6:35055770� 10�7 1:99204494� 10�10

0:9 9:40524600� 10�3 7:18291366� 10�4 5:88955323� 10�7 2:87176471� 10�10

1 0 0 0 0

Table 17.
Numerical comparison for the average absolute error ð e1 ið Þj jÞ of y1 xð Þ for Problem 3.

57

An Accurate and Robust Numerical Solver for Second-Order Ordinary Boundary Value Problems…
DOI: http://dx.doi.org/10.5772/intechopen.1008305



showing the convergence data of the eight boundary value problems where the con-
vergence data is, to some extent, insensitive to the selected problem. The two prob-
lems are problem 3 representing a linear nonsingular system and problem 7
representing a nonlinear nonsingular system of equations as given in Table 1 [32].

First, three types of initialization methods are explored which include using MNGF
solely, MTHF solely, and the mixed-type of MNGF and MTHF with a 50–50% appli-
cation ratio. It is observed from the results shown in Table 22 that the initialization
methods have minor effect on the convergence speed. This is justified as the initial
population expires after few tens of generations. Once this happens, the convergence

xi HA method RKHS method RPS method CGA

0 0 0 0 0

0:1 2:63024554� 10�3 1:87526124� 10�2 3:71983333� 10�8 6:40738005 � 10�9

0:2 5:28040299� 10�3 2:29239231� 10�2 6:96598341� 10�8 2:18877180 � 10�9

0:3 7:91142058� 10�3 1:92964992� 10�2 9:65249105� 10�8 4:04596276� 10�8

0:4 1:04098574 � 10�2 1:27708646� 10�2 1:16636828� 10�7 4:72321253� 10�8

0:5 1:25405615� 10�2 6:53617494� 10�3 1:28558841� 10�7 4:17988102� 10�8

0:6 1:39107975� 10�2 2:20945555� 10�3 1:30605800� 10�7 3:66241395� 10�8

0:7 1:39677744� 10�2 7:18511912� 10�5 1:20885677 � 10�7 3:81259372� 10�9

0:8 1:20521694� 10�2 4:74726833� 10�4 9:73443477 � 10�8 3:74691887 � 10�9

0:9 7:52731717 � 10�3 2:94339175� 10�4 5:78058714� 10�8 2:54984389 � 10�9

1 0 0 0 0

Table 18.
Numerical comparison for the average absolute error ð e2 ið Þj jÞ of y2 xð Þ for problem 3.

xi HA method RKHS method RPS method CGA

0 Failed 0 0 0

0:1 Failed 2:56831516 � 10�4 9:59760145� 10�7 3:92352817 � 10�10

0:2 Failed 3:84855823� 10�4 2:09206207 � 10�6 7:52398144� 10�10

0:3 Failed 3:88834896� 10�4 3:39993180� 10�6 1:06181730� 10�9

0:4 Failed 3:39418875� 10�4 4:81835117 � 10�6 1:25222055� 10�9

0:5 Failed 2:73565020� 10�4 6:20062360� 10�6 1:30595534� 10�9

0:6 Failed 2:07350748 � 10�4 7:30473987 � 10�6 1:09878773� 10�9

0:7 Failed 1:46368749� 10�4 7:77974390� 10�6 8:34887715� 10�10

0:8 Failed 9:17097885 � 10�5 7:15209851� 10�6 4:80726570� 10�10

0:9 Failed 4:29160977 � 10�5 4:81205121� 10�6 2:40252263� 10�10

1 Failed 0 0 0

Table 19.
Numerical comparison for the average absolute error ð e1 ið Þj jÞ of y1 xð Þ for problem 7.
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speed becomes primarily governed by the selection mechanism, crossover operator,
and mutation operator. The best convergence speed is highlighted and underlined.
MNGF results in the fastest convergence speed for problem 3, while mixed type
initialization and MTHF results in the fastest convergence speed for problem 7. How-
ever, since the solution of any given problem is assumed to be unknown, it is better to
have a diverse initial population by using of the mixed-type initialization method.
Based on that, mixed-type initialization method is used as the algorithm default
method.

After that, the effect of the most frequently used selection scenarios of the perfor-
mance on the CGA is explored. Selection scenarios impact how individuals are chosen
for reproduction and how diversity and convergence are balanced. Six selection sce-
narios are used in the algorithm, which include rank-based, tournament with

xi HA method RKHS method RPS method CGA

0 Failed 0 0 0

0:1 Failed 5:02938361� 10�4 9:77486288� 10�6 4:99942325� 10�9

0:2 Failed 7:99478237 � 10�4 2:03608577 � 10�5 1:00975831� 10�8

0:3 Failed 9:35309345� 10�4 3:17932014� 10�5 1:30699910� 10�8

0:4 Failed 9:48609720� 10�4 4:38820180� 10�5 1:41566083� 10�8

0:5 Failed 8:74060480� 10�4 5:59315633� 10�5 1:41517833� 10�8

0:6 Failed 7:41537184� 10�4 6:63582152� 10�5 1:28934267 � 10�8

0:7 Failed 5:74700989� 10�4 7:22141423� 10�5 1:14058931� 10�8

0:8 Failed 3:90212246� 10�4 6:86230881� 10�5 9:06746956� 10�9

0:9 Failed 1:97622938� 10�4 4:81342728� 10�5 4:48292087 � 10�9

1 Failed 0 0 0

Table 20.
Numerical comparison for the average absolute error ð e2 ið Þj jÞ of y2 xð Þ for problem 7.

Problem number HA method RKHS method RPS method CGA

3 9:62815838� 10�3 5:48884150� 10�3 2:43667934� 10�7 1:15150865� 10�8

7 Failed 4:49795612� 10�4 2:56439769� 10�5 5:65247209� 10�9

Table 21.
Average absolute error ð e ið Þj jÞ for all nodes for all variables of problems 3 and 7.

Initialization method Problem 3 Problem 7

MNGF 997 1307

MTHF 1135 1295

Mixed type 1084 1256

Table 22.
Effect of initialization schemes on the convergence speed of CGA.
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replacement, tournament without replacement, roulette wheel, stochastic universal,
and half biased selection [29, 31, 39, 40].

1.Rank-based selection. According to this mechanism, individuals are ranked
based on fitness, and the top portion (determined by the rank-based ratio, Rbr,)
is selected to form a mating subpopulation of the size RbrNp

� �
. After that,

parents are randomly chosen from this mating subpopulation. This method
ensures that only the best individuals have a chance to reproduce, which
increases selection pressure, potentially leading to faster convergence.

2.Tournament selection scheme. This mechanism selects a pair of individuals
randomly from the parent population, and the one with higher fitness is placed
in the mating pool. Tournament selection has two types depending on whether
the pair of selected parents are returned into the parent population or not.

a. Tournament without replacement. Two parents are randomly selected
from the population. Then, the individual with the higher fitness (the
better individual) is chosen and added to the mating pool. After that, both
selected individuals are set aside and are not returned to the population
until all other individuals have been removed. Next, when half of the
mating pool is filled, the process is repeated for a second round in order to
fill the mating pool.

b. Tournament with replacement. In this mechanism, the same steps of that
without replacement are applied with the exception that both of the
selected parents are returned into the original population for the next
selection operation until the mating pool is full.

It is to be noted that tournament without replacement tends to maintain
higher diversity in the mating pool but may slow down convergence, while
tournament with replacement allows for faster convergence as better
individuals are more likely to be selected multiple times, but it suffers the risk
of premature convergence due to reduced diversity.

3.Roulette wheel selection. This selection process is fitness proportionality scheme
that is analogous to a spinning roulette wheel, where each individual in the
population is assigned a segment (slot) on the wheel. The size of each slot is
proportional to the fitness of the individual. This means that individuals with
higher fitness have larger slots, giving them a greater probability of being
selected. This process is repeated until the mating pool is filled with selected
individuals.

4.Stochastic universal selection. This method is an enhanced version of roulette
wheel selection that addresses some of the limitations of the basic roulette wheel
approach, particularly in ensuring more consistent proportional selection.
Instead of spinning the wheel multiple times as in roulette wheel selection, Np

equidistant markers are placed around the wheel. After that, s single “spin” of
the wheel is performed, but instead of stopping once to select one individual, the
markers simultaneously select multiple individuals at once based on their
positions relative to the fitness slots. The number of markers that fall inside a
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particular individual’s slot determines the number of copies (or offspring) that
the individual will have in the next generation.

5.Half-biased selection. According to this mechanism, one mate is selected as in
the roulette wheel selection, while the other mate is randomly selected from the
original population without any attention to its fitness.

The convergence information for the six selection schemes is given in Table 23
where the best convergence speed is highlighted and underlined. From this table, it is
observed that the fastest convergence speed is achieved using the rank-based selection
scheme. The second place is for the tournament selection approaches with nearly
comparable speeds. The fitness proportionate methods including roulette wheel, sto-
chastic universal, and half-biased selection schemes have slower convergence speed
with half-biased selection method coming at the bottom.

The effect of the rank-based ratio, Rbr, is studied next. The used values for the
rank-based ratio lie within the range 0:1,1½ � with a step size of 0:1. The best conver-
gence speed in Table 24 is highlighted and underlined. It can be easily observed that
the best convergence speed for the two problems is achieved when Rbr ¼ 10%. Fur-

Selection method Problem 3 Problem 7

Rank-based 1084 1256

Tournament with replacement 1155 1291

Tournament without replacement 1121 1270

Roulette wheel 1436 1659

Stochastic universal 1462 1699

Half-biased 1516 1704

Table 23.
Convergence speed of CGA using different selection schemes.

Rbr Problem 3 Problem 7

0:1 1084 1256

0:2 1139 1344

0:3 1186 1383

0:4 1235 1429

0:5 1302 1496

0:6 1343 1554

0:7 1381 1575

0:8 1472 1662

0:9 1523 1711

1:0 1619 1847

Table 24.
Effect of the rank-based ratio on the convergence speed of CGA.
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thermore, it is observed that the CGA suffers from slower convergence speed as the
rank-based ratio increases.

Figure 5 shows the evolutionary progress plots of the best-of-generation individual
of the third and seventh problems. It is clear from the figure that the convergence
curve can be divided into two stages:

1.Coarse-tuning stage. This represents the initial convergence stage where the best
fitness approaches to unity value (say 0.99) within about 20%� 25%f g of the
generations required for convergence. CGA converges to the near optimal
solution very fast in this stage.

2.Fine-tuning stage. This represents the final convergence stage where the best-
fitness value changes from about 0.99 until the convergence criteria is met
(about 0.99999). This stage takes about 75%� 80%f g of the generations
required for convergence. CGA converges to the optimal solution very slow in
this stage.

After that, the influence of the population size is studied as shown in Table 25 for
the third problem. The population size is increased starting with 100 individuals and
ending with 1000 individuals with a step size of 100 individuals. It is observed that
small population sizes reduce the number of fitness evaluations within each genera-
tion, which means lower execution times, but this comes at the cost of convergence
quality since the algorithm requires more generations to converge to an optimal
solution. Additionally, the algorithm is more prone to being trapped in local minima,
as there is less genetic diversity to explore the solution space effectively. On the other
hand, as the population size increases (up to 1000 individuals), the number of fitness
evaluations grows, leading to longer execution times. However, larger populations
help improve the convergence speed because they maintain more genetic diversity,
which allows for better exploration of the solution space and reduces the risk of local
optima.

From Table 25, it can be also observed that there is a point of diminishing returns
where after reaching a population size of about 500 individuals, the improvement in
convergence speed becomes almost negligible, meaning that increasing the population
size beyond this point does not significantly speed up convergence. This means that

Figure 5.
Evolutionary progress plots for the best-of-generation individual for (a) problem 3 and (b) problem 7.
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the population size should be at least of about 50 times the number of unknown nodes
in the problem in order to obtain best results. The proper selection of the population
size clearly implies the importance of the trade-off between execution time and accuracy.

An investigation of the crossover and mutation probabilities is explored next.
These probabilities are problem-dependent and have to be determined by simulations.
They play a vital role in the efficiency of the algorithm. Table 26 shows the collective
influence of the curve crossover probability pcc

� �
and the curve mutation probability

pmc

� �
on the convergence speed of the algorithm for the third problem, while their

collective influence on the average fitness for the seventh problem is shown in
Table 27. The probability values are increased from 0.1 till 0.9 with a step size of 0:2
for both pcc and pmc, while the individual crossover probability pci

� �
and the individ-

ual mutation probability pmi

� �
are kept at 0:9. Based on the results shown in

Tables 26 and 27, it is clear the best performance of the algorithm is achieved at the
center when for the optimal values pmc, pcc

� � ¼ 0:5,0:5ð Þ. Furthermore, when pcc and
pmc are deviated from these optimal values in an increasing or decreasing manner,

Np Average number of
generations

Average
fitness

Average absolute
residual

Average absolute
error

100 1794 0:99985367 2:24395284� 10�3 1:05800717 � 10�5

200 1584 0:99994801 1:35985578� 10�4 8:84899864� 10�6

300 1360 0:99997652 2:06965887 � 10�5 6:55745545� 10�7

400 1136 0:99999506 8:84654342� 10�6 9:89660807 � 10�8

500 1084 0:99999868 1:62682994� 10�6 1:15150865� 10�8

600 961 0:99999887 7:41344141� 10�7 8:00965709� 10�9

700 944 0:99999896 3:68834042� 10�7 4:39226426� 10�9

800 918 0:99999900 1:05473607 � 10�7 1:69075768� 10�9

900 893 0:99999900 8:97735465� 10�8 9:89521725� 10�10

1000 875 0:99999900 2:81066591� 10�8 7:41876214� 10�10

Table 25.
Effect of the population size on the convergence speed, the average fitness, and the corresponding errors of CGA for
problem 3.

pmc,pcc

� �
0:1 0:3 0:5 0:7 0:9

0:1 1520 1494 1181 1414 1574

0:3 1461 1293 1120 1314 1462

0:5 1349 1118 1084 1145 1280

0:7 1433 1312 1169 1309 1325

0:9 1658 1450 1218 1433 1536

Table 26.
Effect of the curve crossover probability and the curve mutation probability on the convergence speed of CGA for
problem 3.
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then the average number of generations required for convergence increases, while the
average fitness is decreases. Additionally, pcc and pmc have a minor effect on the
performance of the CGA. These results are logical since too high crossover probability
can lead to a lack of diversity, while too low crossover probability may result in
inadequate exploration of the solution space. Likewise, a mutation probability that is
too high may introduce too much randomness, hindering convergence, while too low
mutation probability may lead to stagnation. These optimal values of pmc, pcc

� � ¼
0:5,0:5ð Þ are set as the algorithm default values.

The effect of the number of unknown nodes of the boundary value problem on the
convergence speed and the corresponding errors of CGA is studied next. The number
of unknown nodes is within the range 10, 80ð Þ as given in Tables 28 and 29 for the
seventh problem. It is observed that an increase in the number of unknown nodes

pmc,pcc

� �
0:1 0:3 0:5 0:7 0:9

0:1 0:99517043 0:99951767 0:99997410 0:99904693 0:99170643

0:3 0:99906886 0:99997806 0:99999287 0:99998633 0:99952671

0:5 0:99993423 0:99999679 0.99999900 0:99999507 0:99994948

0:7 0:99940430 0:99998242 0:99999852 0:99990694 0:99962965

0:9 0:99800981 0:99985511 0:99990967 0:99949034 0:99422627

Table 27.
Effect of the curve crossover probability and the curve mutation probability on the average fitness of CGA for
problem 7.

Number of
nodes

Average number of
generations

Average absolute
residual

Average absolute
error

10 1256 9:41844056� 10�8 8:24377603� 10�10

20 1583 3:53945884� 10�9 7:32416369� 10�11

40 1859 2:59147738� 10�10 6:43406044� 10�12

80 2101 1:81259371� 10�11 6:75384829� 10�13

Table 28.
Effect of the number of nodes on the convergence speed and the corresponding errors of y1 xð Þ for problem 7.

Number of
nodes

Average number of
generations

Average absolute
residual

Average absolute
error

10 1256 7:09847528� 10�7 1:04805666� 10�8

20 1583 1:19273048� 10�7 4:18233471� 10�9

40 1859 9:25765710� 10�8 5:28391737 � 10�10

80 2101 5:81643771� 10�9 3:90307129� 10�11

Table 29.
Effect of the number of nodes on the convergence speed and the corresponding errors of y2 xð Þ for problem 7.
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results in a reduction in the average absolute error leading to an enhancement in the
accuracy of the solutions. However, increasing the number of unknown nodes
increases the number of generations required for convergence.

Finally, an investigation of the maximum nodal residual of the best-of-generation
individual on the convergence speed, the average fitness, and the corresponding
errors is explored. The maximum nodal residual is set within the range 10�1, 10�10� �
with a multiplication factor of 10�1 as given in Table 30 for the third problem. It is
observed that, as the maximum nodal residual decreases, the number of generations
required for convergence increases, while the average absolute error decreases.

7. Conclusions

In this chapter, second-order ordinary boundary value problems were solved using
continuous genetic algorithms. CGA is a variant of genetic algorithms that uses curves for
representing the unknown nodal values throughout the evolution process. It is applied
when the unknown variables of the optimization problem are coupled or correlated with
each other which is the case of the solutions obtained for the ordinary boundary value
problems. Based on that, CGA is a perfect optimization tool for such problems.

Central to the CGA approach is the representation of each derivative in the ordi-
nary boundary value problem by its finite difference approximation using the proper
form of the finite difference formulas (forward, backward, hybrid, or central) and the
required number of data points according to the desired accuracy. After that, the
overall residue for all unknown nodes in the given problem is determined where the
solution to the boundary value problem is finally converted into maximization of the
fitness function.

All classifications of ordinary boundary value problems were covered in this work
which include eight general cases covering the combinations of linearity (linear/

Maximum nodal
residual

Average number of
generations

Average
fitness

Average absolute
residual

Average absolute
error

0:1 141 0:83424743 4:84328825� 10�2 7:27919815� 10�3

0:01 358 0:92732053 9:35421009� 10�3 1:28834055� 10�3

0:001 796 0:99252428 1:08874528� 10�3 1:32204652� 10�4

0:0001 995 0:99980020 8:11219421� 10�4 1:42277479� 10�5

0:00001 1220 0:99985771 7:91614021� 10�5 1:13781561� 10�6

0:000001 1407 0:99995942 2:25519919� 10�5 2:31464404� 10�7

0:0000001 1534 0:99999149 8:38288398� 10�6 3:09797357 � 10�8

0:00000001 1592 0:99999624 4:14596602� 10�7 5:90831295� 10�9

0:000000001 1602 0:99999683 1:04334938� 10�7 1:81022863� 10�9

0:0000000001 1661 0:99999735 9:13754001� 10�8 7:86811475� 10�10

Table 30.
Influence of the maximum nodal residual on the convergence speed, average fitness, and the corresponding errors of
CGA for problem 3.
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nonlinear), singularity (singular/nonsingular), and number of equations (single
equation /system of equations). On the contrary to other numerical or analytical
methods for the solution of such problems, no modifications were performed in the
CGA while solving all of these classifications. This fact points to the robustness and
simplicity of the algorithm where mathematicians, engineers, and scientists can use
the one and only one numerical solver which solves all encountered cases in real life.
The numerical solutions obtained using CGA are of excellent accuracy where the
average absolute error for the eight selected problems is of the order of 10�9 within a
range of 10�8, 10�12� �

. This proves the three-pillar facts about CGAs related to sim-
plicity, robustness, and accuracy.

The solution methodology is then compared with other well-known numerical
methods for the solution of the given ordinary boundary value problems including
residual power series method, reproducing kernel Hilbert space method, and the
homotopy analysis method. It was observed that the solutions obtained using CGA are
much better than that of these methods in terms of the accuracy.

The convergence analysis of CGA was then performed for selected operators of
CGA and its controlling parameters including the initialization methods, selection
methods, rank-based ratios, population size, and the crossover and mutation proba-
bilities. It was observed that all of these genetic-related parameters and operators have
a minor effect on the convergence speed of the algorithm pointing to an additional
advantage of its relative insensitivity to operators and controlling parameters changes.
The analysis includes also the effect of the step size and the maximum nodal residue
on the convergence speed. It was observed that these two problem-related parameters
have major effect on the convergence speed of the algorithm.
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Chapter 3

Perspective Chapter:
Pseudo-Differential Operators
on N

Perrin G. Kibiti Pembe and Linda N.A. Botchway

Abstract

Referring to the work published by Shahla Molahajloo, this chapter extends the
dimension framework from his study of the space  to a more general setting. The
focus of the chapter is on pseudo-differential operators in the lattice N, examining
the key properties and characterization. This will help us establish sufficient condi-
tions for the Lp-boundedness and Lp-compactness of these operators. In addition to
that, the chapter will leverage the Fourier transform as a tool to address the broader
problem. The primary goal of this chapter is to improve the understanding of how to
compute the inverse of nonlinear differential operators.

Keywords: pseudo-differential operators, Fourier transform, Stwartz space,
Hilbert-Schmidt operators, Lp-boundedness, Lp-compactness

1. Introduction

Pseudo-differential operators (ΨDOs) appeared around 1950 due to the need of
finding parametrix for elliptic operators, which is considered an approximation to a
solution of elliptic equations. This approximation looks like the inverse of a linear
operator as mentioned in Ref. [1].

In accordance with the literature, many researchers have contributed greatly in
investigating the area of studying pseudo-differential operators [2–4]. These operators
have been studied on several topological spaces depending on their importance in the
theory of PDE. Also, it is quite important to mention that the study of pseudo-
differential operators on the Euclidean space n characterized them as standard
pseudo-differential operators, and they are presented in many books [5, 6].

The properties of pseudo-differential operators on some topological spaces such as
Sobolev space, matrix group SU 2ð Þ, homogeneous space, and compact Lie groups are
investigated in Ref. [7]. A proposed study on nuclear pseudo-differential operators in
Borel measures is investigated in Refs. [8, 9]. Another approach is proposed for
showing the boundedness of pseudo-differential operators.

A study of pseudo-differential operators is investigated in  and 1 in Refs. [1, 10].
In this, a necessary and sufficient condition imposed on the measurable function σ :

� 1 !  to guarantee that the corresponding pseudo-differential operators are
Hilbert-Schmidt operators, Lp-boundedness and Lp-compactness. Finding good
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conditions on the symbol to guarantee compactness and boundedness of this kind of
operators is also part of the interesting problems.

The theory of pseudo-differential operators forms a class denoted as Ψm and is
considered as an extension of the class of linear differential operators where m is the
order of the operators. The theory of pseudo-differential operators is studied in
mathematical analysis [11] and is very important in solving elliptic differential equa-
tions. Around 1880, this theory was of relevant importance in the theory of nonlinear
partial differential operators [4].

In order to motivate the definition of pseudo-differential operators, the theory of
Fourier transform and that of symbol classes are fundamental tools to build pseudo-
differential operators and their properties.

As a simple illustrating example, we give a structure in constructing pseudo-
differential operators on the Euclidean space.

We consider S � S nð Þ to be the set of smooth functions n !  that rapidly
decay at infinity. For φ∈S, its Fourier transform is given by

φ̂ ξð Þ ¼
ð

n
e�2πix�ξφ xð Þdx, (1)

where x, ξ∈n and x � ξ ¼Pn
i¼1xiξi (where the � stands for the scalar product). The

equation above represents the Fourier inversion formula of the function φ given
without proof.

That is, if φ̂ is the Fourier transform of the function φ∈S, the Fourier inversion
formula is given by

φ xð Þ ¼
ð

n
e2πixξφ̂ ξð Þdξ, (2)

for all x∈n.
By the Fourier inversion formula, we can define the standard pseudo-differential

operators (in n). To start with, we consider the general linear partial differential
operator P of order m on n which is given by

P x,Dð Þ ¼
X
∣α∣ ≤m

aα xð ÞDα, (3)

where aα xð Þ are functions defined on n and α is a multi-index whose length
is ∣α∣ ¼ α1 þ … þ αn. We could also use ∂

α

∂
instead of Dα. When we replace Dα by

the monomial of the form ξα ∈, we obtain the so-called symbol (see Ref. [5]) defined by

p x, ξð Þ ¼
X
∣α∣ ≤m

aα xð Þξα (4)

of the operator P defined in (3).
Once we have defined the Fourier transform and its inversion formula, we can

now construct pseudo-differential operators.
We take f to be another Schwartz function. By Eqs. (3) and (2) and (4), we obtain

the following equations.

P x,Dð Þf xð Þ ¼
X
∣α∣ ≤m

aα xð Þ Dαfð Þ xð Þ (5)
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¼
X
∣α∣ ≤m

aα xð Þ
ð

n
e2πix�ξ D̂αfð Þ ξð Þdξ

� �
(6)

¼
X
∣α∣ ≤m

aα xð Þ
ð

n
e2πix�ξξα f̂ ξð Þdξ

� �
(7)

¼
ð

n
e2πix�ξ

X
∣α∣ ≤m

aα xð Þξα
 !

f̂ ξð Þdξ (8)

¼
ð

n
e2πix�ξp x, ξð Þf̂ ξð Þdξ: (9)

By this, we may see that the last line is an illustration of a differential operator
expressed in terms of p x, ξð Þ which are called symbols. This also shows that it is possible
to construct an operator more general than any linear partial differential operators.
Furthermore, when we replace p x, ξð Þ with the general symbol σ x, ξð Þ, we have

P x,Dð Þf xð Þ ¼
ð

n
e2πix�ξσ x, ξð Þf̂ ξð Þdξ: (10)

The operator P obtained so is generally called a pseudo-differential operator
corresponding to the function σ x, ξð Þ called the symbol.

Pseudo-different operators qualify as a generalization of linear differential opera-
tors that depend only on their symbols. These symbols are or are not necessarily
polynomial functions. The set of symbols of pseudo-differential operators on n is
denoted by Sm n � nð Þwherem is the order of the operator. The definition of this set
is provided in the Preliminaries section of this chapter.

We outline this chapter in four sections. In Section 1, we provide a preliminary
description of some definitions and relevant notions that we recall in order to achieve
the main goal. In Section 2, we present essential tools on Fourier transforms on N

that are useful for the more details of the main part of the chapter which is mentioned
in Section 3. Section 4 is the conclusion.

2. Preliminaries

Definition 2.1 (Lp space). Let 1≤ p<∞ and S,Σ, μð Þ be a measurable space. The Lp

space may be defined as set of all measurable functions f : S !  such that

fk kp �
ð

S
fj jpdμ

� �1
p

<∞: (11)

The following operation holds for the set of such functions:
• f þ gð Þ uð Þ ¼ f uð Þ þ g uð Þ
• λfð Þ uð Þ ¼ λf uð Þ
Definition 2.2 (Banach space). A normed vector space that is complete with

respect to the metric induced by the norm is called a Banach space.
Definition 2.3 (Inner product and Hilbert space). Let H be a vector space over

the field . A mapping u, vh i↦ u, vh ið Þ : H�H !  is an inner product if.
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• uþ v,wh i ¼ u,wh i þ v,wh i
• λu, vh i ¼ λ u, vh i
• u, vh i ¼ v, uh i
• u, uh i≥0
• u, uh i ¼ 0 ! u ¼ 0

for all u, v∈H and λ∈. Then H endowed with the inner product is the inner product
space. An inner product defines the canonical norm

kuk≔ u, uh i12 (12)

If H is a Banach space with respect to the canonical form, then it is called a Hilbert
space (or a complete inner product).

Definition 2.4 (Operator). A mapping that acts on elements of a particular space
to generate other elements in this same space is referred to as an operator.

Definition 2.5 (Linear operators). Let V and W be vector spaces over a
field K. An operator Q : V ! W is a linear operator if ∀x, y∈V and α, β∈K
we have

Q αxþ βyð Þ ¼ αQxþ βQy (13)

Linear operators are necessary since they preserve the properties of the space it
acts on (say continuity). It is the most common kind of operator. Examples of linear
operator are integral operators, differential operators, and Fourier transforms among
others.

Definition 2.6 (Bounded operators). A linear operator from V toW is bounded if
there exists M>0 such that ∀x∈V

Qxk kW ≤M xk kV (14)

where V and W are vector spaces over the same ordered field (say ) and are
associated with norms.

Definition 2.7 (Differential operator). In mathematics, a differential operator P
of order r on the Euclidean space is a polynomial in the derivatives ∂x ¼
∂x1, ∂x2, … , ∂xnð Þ which is expressed as

P ¼
X
∣α∣ ≤ r

cα xð Þ∂αx ¼
X
∣α∣ ≤ r

cα xð ÞDα, (15)

where cα is a constant depending on x, to its symbol

a x, ξð Þ ¼
X
∣α∣ ≤ r

cα xð Þ iξð Þα: (16)

Definition 2.8 (Symbol). The symbol of a linear differential operator is a polynomial
in the phase variable ξ∈n whose constants depend on the space variable x. It partially
controls the qualitative behavior of solutions of a partial differential eq. A symbol associ-
ates to a differential operator by replacing each partial derivative by a new variable (say
xi). It is mainly applied in Fourier analysis. The notion of a pseudo-differential operator is
motivated by the symbol in connection to the Fourier transforms.
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Definition 2.9 (Symbol classes Sm). A function λ∈ Sm is referred to as a symbol if
for m∈ �∞,∞ð Þ, Sm is the set of all the functions λ∈C∞ n � nð Þ so that for all multi-
indices α,ψ , ∃ a positive constant Cα,ψ whereby

∣Dψ
xD

α
ξλ x, ξð Þ∣ ≤Cα,ψ 1þjξjð Þm�∣α∣ x, ξ∈n (17)

Definition 2.10 (Principal symbol). A principal symbol (a) is the highest order
terms of the symbol, that is

a x, ξð Þ ¼
X
∣α∣¼r

cα xð Þ iξð Þα: (18)

Linear partial differential equations whose principal symbols is nowhere zero can
be called elliptic partial differential equations. Also for hyperbolic and parabolic par-
tial differential equations, zeros of the principal symbol is associated with the charac-
teristics of the partial differential equation. In particular, the symbol is mostly
fundamental for the solution of these equations, and an essential computational
devices are used to study their singularities.

Definition 2.11 (Space Lp Ωð Þ, 1≤ p<∞). Let Ω be an open set of n, p be a
positive real number and let S, μð Þ be a measurable space. Lp Ωð Þ is the set of measur-
able functions whose absolute value raised to the p�th power has a finite Lebesgue
integral given by

fk kLp Ωð Þ≔
ð

Ω
fj jpdμ

� �1=p

<∞: (19)

Remark 2.12.
• If p ¼ 1, we have the following

fk kL1 Ωð Þ ¼
ð

Ω
∣ f ∣dμ, (20)

where L1 Ωð Þ is the set of absolutely integrable functions on Ω.
• In case p ¼ 2 and Ω ¼ n, the space L2 nð Þ is the usual Hilbert space which

consists of the square-integrable measurable functions on n. In the following are
some properties of the Hilbert space.

Proposition 2.13 (Elementary properties of L2 nð Þ).

• The space of functions L2 nð Þ is a linear space.

• The norm defined on this space satisfies Minkwoski’s inequality.

• The topology on L2 nð Þ is given by an homogeneous norm of degree 1.

• The linear space L2 nð Þ is complete with respect to the norm

fk kL2 nð Þ ¼
ð

Ω
f xð Þj j2dx

� �1=2

: (21)

That is if f k
� �n

k¼1 ⊆L2 nð Þ is a Cauchy sequence of functions, then that sequence
converges, that is, there exists a limit function f xð Þ∈L2 nð Þ.
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(e) The norm on L2 nð Þ might also be given by an inner product,

f , gh i ¼
ð

n
f xð Þg xð Þdx, f , fh i ¼ fk k2L2 nð Þ: (22)

The inner product satisfies the Cauchy-Schwartz’s inequality (see (3.4)).
(f) The “Dual Space” or space of bounded functional of L2 nð Þ is L2 nð Þ itself.
Definition 2.14 (Measurable function). Let X,Að Þ and Y,Bð Þ be two measurable

spaces. The function f : X ! Y is said to be measurable if for all B∈X, f�1 Bð Þ∈Y.
Measurability of a function depends only on the σ-algebras.
To show that a function is measurable, it is enough to check the measurability of

the inverse images of sets that generate the σ-algebra.

3. Some theorems and useful inequalities on Lp Ωð Þ

Theorem 3.1 (Hölder’s Inequality). Let 1≤ p≤∞, where 1
p þ 1

q ¼ 1. Let f ∈Lp Ωð Þ
and g∈Lq Ωð Þ. Then fg∈L1 Ωð Þ

fgk kL1 Ωð Þ ≤ fk kLp Ωð Þ gk kLq Ωð Þ: (23)

The above inequality is the generalization of Cauchy-Schwartz inequality.
Proof: If p ¼ 1 or p ¼ ∞ then the inequality is trivial. Suppose 1≤ p≤∞ and let

a ¼
ð

Ω
fj jpdμ, b ¼

ð

Ω
gj jqdμ, (24)

setting

u ¼ ∣ f ∣

a
1
p
, v ¼ ∣g∣

b
1
q

(25)

By Young’s inequality

uv ¼ fj jp
a

� �1
p gj jq

b

� �1
q

≤
1
p

fj jp
a

� �
þ 1
q

gj jq
b

� �
(26)

1

a
1
pb

1
q
∣ fkg∣ ≤

1
pa

fj jp þ 1
qb

gj jq (27)

Integrating both sides

1

a
1
pb

1
q

ð

Ω
∣ fkg∣dμ≤ 1

pa

ð

Ω
fj jpdμþ 1

qb

ð

Ω
gj jqdμ (28)

1
fk kLp Ωð Þ gk kLq Ωð Þ

ð

Ω
∣ fkg∣dμ≤ 1

pa
aþ 1

qb
b (29)

¼ 1
p
þ 1
q

(30)
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¼ 1, (31)

which implies that

ð

Ω
∣ fkg∣dμ≤ fk kLp Ωð Þ gk kLq Ωð Þ: (32)

Therefore the desired inequality fgk kL1 Ωð Þ ≤ fk kLp Ωð Þ gk kLq Ωð Þ.
Theorem 3.2 (Minkowki’s Inequality). Let 1≤ p≤∞ and f , g∈Lp Ωð Þ. Then,

f þ gk kLp Ωð Þ ≤ fk kLp Ωð Þ þ gk kLp Ωð Þ (33)

Proof: If p ¼ 1 or p ¼ ∞ then from the triangle inequality for complex numbers, it
is trivial. Suppose 1≤ p≤∞, thus we have

f þ gk kpLp Ωð Þ ¼
ð

Ω
f þ gj jpdu (34)

¼
ð

Ω
f þ gj jp�1∣ f þ g∣du (35)

≤
ð

Ω
f þ gj jp�1 jf j þ jgjð Þdu (36)

¼
ð

Ω
f þ gj jp�1∣ f ∣duþ

ð

Ω
f þ gj jp�1∣g∣du (37)

≤
ð

Ω
f þ gj jp�1du

� � ð

Ω
jf jdu

� �
þ

ð

Ω
f þ gj jp�1du

� � ð

Ω
jgjdu

� �
(38)

¼
ð

Ω
f þ gj jp�1du

� � ð

Ω
jf jduÞ þ

ð

Ω
jgjdu

� �
: (39)

Using Hölder’s inequality where p ¼ p, q ¼ p
p�1 then it implies

f þ gk kpLp Ωð Þ ≤
ð

Ω
f þ gj jpdu½ �

p�1
p

ð

Ω
fj jpdu

� �1
p

þ
ð

Ω
gj jpdu

� �1
p

" #
(40)

¼ f þ gk kp�1
Lp Ωð Þ fk kLp Ωð Þ þ gk kLp Ωð Þ

� �
, (41)

This means that

f þ gk kLp Ωð Þ ≤ fk kLp Ωð Þ þ gk kLp Ωð Þ: (42)

3.1 Young’s inequality

Let p, q be two conjugate real numbers, that is, 1
p þ 1

q ¼ 1 for all p, q∈ 1,∞ð Þ. Then,

ab≤
1
p
ap þ 1

q
bq, for all, a, b>0: (43)
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Proof: It is straightforward to show that for p ¼ q ¼ 2, the inequality

ab≤
1
2
a2 þ 1

2
b2, for all a, b>0, (44)

holds. However, considering the convexity of the logarithm function, which says that
its graph lies above the line segment connecting two points on the graph,

t log xþ 1� tð Þ log y≤ log txþ 1� tð Þyð Þ, for x, y>0 and 0≤ t≤ 1: (45)

Then, we have

1
p
log ap þ 1� 1

p

� �
log bq ≤ log

1
p
ap þ 1� 1

p

� �
bq

� �
(46)

For t ¼ 1
p; x ¼ ap and y ¼ bq, we obtain

1
p
log ap þ 1

q
log bq ≤ log

1
p
ap þ 1

q
bq

� �
(47)

log aþ log b≤ log
1
p
ap þ 1

p
bq

� �
: (48)

Hence, the proof is complete. The consequence of this inequality gives for
f ∈Lp Ωð Þ and g∈Lq Ωð Þ, fg∈L1 Ωð Þ and

fgk kL1 Ωð Þ ≤
1
p

fk kpLp Ωð Þ þ
1
q

gk kqLp Ωð Þ: (49)

3.2 Cauchy-Schwartz’s inequality

The Cauchy-Schwartz’s inequality is given by

fgk k2L1 ≤ fk k2L2 Ωð Þ gk k2L2 Ωð Þ (50)

It is also considered as a particular case of the Hölder’s inequality when
p ¼ q ¼ 2.

Remark 3.5. A Banach space whose norm is given by an inner product is a
Hilbert space. Our favorite Hilbert space L2 nð Þ has its inner product. This is
one reason why L2 nð Þ is a natural setting for the Fourier transform. This reason
leads us to the next chapter on Fourier transforms that are very useful for the theory
of ΨDOs.

4. Some useful information about the Fourier transform

In this section, we introduce the definition of Fourier transform on L1 N� �
and

L2 N� �
and review some basic elements. Also, we emphasize on certain properties of

the Fourier transform that would be used as part of the main focus.
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4.1 Definitions

Definition 4.1 (Lp space). Let 1≤ p<∞. A function f : Ω !  is said to be Lp Ωð Þ if
it is measurable and its norm

fk kLp Ωð Þ≔
ð

Ω
f uð Þj jpdu

� �1
p

<∞: (51)

When p ¼ ∞, then f is said to be in L∞ Ωð Þ it is essentially bounded and
measurable.

fk kL∞ Ωð Þ≔esssupu∈Ω∣ f uð Þ∣<∞: (52)

where esssupu∈Ω∣ f uð Þ∣ is the smallest M such that ∣ f uð Þ∣ ≤M for almost all u∈Ω.
Definition 4.2 (Fourier transform on L1 N� �

). Let f ∈L1 N� �
, then its Fourier

transform ℱNb is a function on N which is given by

ℱN fð Þ εð Þ ¼
ð

N
f xð Þe�2πix�εdx: (53)

Definition 4.3 (Fourier transform on L2 N� �
). Let b nð Þ∈L2 N� �

, the Fourier
transform FNb is a function on the torus N which is given by

FNbð Þ ϕð Þ ¼
X
n∈N

b nð Þe�in�ϕ, ϕ∈N (54)

where n ¼ n1, n2,⋯, nNð Þ∈2, ϕ ¼ ϕ1,ϕ2,⋯,ϕNð Þ∈2 and n � ϕ ¼P
N

j¼1
njϕj. The

Fourier transform can also be represented as

FNbð Þ ϕð Þ ¼ 1
2π

ð

N
e�in�ϕb nð Þdn, (55)

and the inverse Fourier transform is given by

b nð Þ ¼ 1
2π

ð

N
ein�ϕ F2bð Þ ϕð Þdϕ, n∈N: (56)

Remark 4.4. The expression of the Fourier transform is written in various ways in
other literature, that is the formula may have the constant 1

2π,
1ffiffiffiffi
2π

p or the exponential

may be e�iπnϕ, e�2iπnϕ among others. If the exponential is in the form e�2iπnϕ, then there
will be no constant coefficient.

4.1.1 Some properties of Fourier transform

Definition 4.5 (Multi-indices). In N, we mainly use a multi-index notation. For
multi-indices α ¼ α1, α2, � , αNð Þ and δ ¼ δ1, δ2,⋯, δNð Þwhere the integers αj, δj ≥0, we
define
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∂
αψ xð Þ ¼ ∂

α1

∂
α1
x1

⋯
∂
αN

∂
αN
xN

ψ xð Þ (57)

and xδ ¼ xδ11 ⋯xδNN . We write α≤ δ for multi-indices α and δwhich means that αj ≤ δj for
all j∈ 1,⋯,Nf g. Also the length of the multi-index α is denoted by
∣α∣ ¼ α1 þ α2 þ � þ αN .

Definition 4.6 (Schwartz space S N� �
). Let S N� �

represent Schwartz space
which is space of rapidly decreasing functions N ! . Then ψ ∈S N� �

, if for any
K <∞, ∃ a constant Cψ ,K such that the relation

∣ψ ξð Þ∣ ≤Cψ ,K ξh i�K (58)

is true for all ξ∈N, where ξh i ¼ 1þjξjð Þ12.
Theorem 4.7 (Fourier inversion formula [7]). The Fourier transform F : φ↦φ̂ is

an isomorphism of S N� �
into S N� �

whose inverse is given by

φ xð Þ ¼
ð

N
e2πix�ξφ̂ ξð Þdξ: (59)

The formula 59 is referred to as the Fourier inversion formula. Also the inverse Fourier
transform is denoted by

F�1
N f

� �
xð Þ � F�1f

� �
xð Þ≔

ð

N
e2πix�ξf ξð Þdξ: (60)

Thus, we say that

F ∘F�1 ¼ F�1∘F ¼ identity (61)

on S N� �
.

Theorem 4.8 (Fubini’s Theorem). Suppose A and B are complete measure spaces.
Suppose f u, vð Þ is A� B measurable. If

ð

A�B
∣ f u, vð Þ∣d u, vð Þ<∞ (62)

with the integral is taken with respect to a product measure on the space over A� B,
then

ð

A

ð

B
f u, vð Þdu

� �
dv ¼

ð

B

ð

A
f u, vð Þdv

� �
du ¼

ð

A�B
f u, vð Þd u, vð Þ (63)

Corollary 4.9. If f u, vð Þ ¼ g uð Þh vð Þ for some functions g and h then
ð

A
g uð Þdu

ð

B
h vð Þdv ¼

ð

A�B
f u, vð Þd u, vð Þ, (64)

where the integral on the right side is with respect to a product measure.
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Lemma 4.10 (Multiplication formula for the Fourier transform). Let
f , g∈L1 N� �

. Then
ð

N
f̂ gdu ¼

ð

N
f ĝdv: (65)

Proof: By definition we have

ð

N
f̂ gdu ¼

ð

N

ð

N
e�2πiu�vf vð Þdv

� �
g uð Þdu (66)

Applying Fubini’s theorem (4.8)
ð

N
f̂ gdu ¼

ð

N

ð

N
e�2πiu�vg uð Þdu

� �
f vð Þdv (67)

¼
ð

N
f ĝdv (68)

Hence the proof.
Definition 4.11 (Convolutions). Let the functions f , g∈L1 N� �

, their convolution
is defined by

f ∗ gð Þ uð Þ≔
ð

N
f u� vð Þg vð Þdv (69)

The convolution f ∗ g∈L1 N� �
with the norm inequality satisfies

f ∗ gk kL1 Nð Þ ≤ fk kL1 Nð Þ gk kL1 Nð ÞJe (70)

Remark 4.12. In particular, the convolution can be defined rigorously by
first defining (69) for f , g∈S N� �

and then extending it to a mapping ∗ : L1 N� ��
L1 N� �! L1 N� �

by (70) this ensures the convergence of the integral
in (69).

The following properties relate convolutions with Fourier transforms.
Theorem 4.13. Let φ,ψ ∈S N� �

. Then we have

ðiÞ
ð

N
φψdx ¼

ð

N
φ̂ψ̂dε:

ðiiÞ ^φ ∗ψ εð Þ ¼ φ̂ εð Þψ̂ εð Þ:

ðiiiÞ φ̂ψ εð Þ ¼ φ̂ ∗ ψ̂ð Þ εð Þ:

Proof: (i) Given that

F ψð Þ εð Þ ¼ ψ̂ εð Þ ¼
ð

N
e�2πix�εψ xð Þdx (71)
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we denote

Y εð Þ ¼ ψ̂ εð Þ ¼
ð

N
e2πix�εψ xð Þdx ¼ F�1 ψð Þ εð Þ, (72)

thus Ŷ ¼ ψ . This implies that

ð

N
φψdx ¼

ð

N
φŶdx (73)

¼
ð

N
φ̂Ydx (74)

¼
ð

N
φ̂ψ̂dε (75)

where we used the multiplication formula for the Fourier transform in
Lemma 4.1.5.

(ii) It is simple to compute the second property

φ̂ ∗ψ εð Þ ¼
ð

N
e�2πix�ε φ ∗ψð Þ xð Þdx (76)

¼
ð

N

ð

N
e�2πix�εφ x� yð Þψ yð Þdydx (77)

¼
ð

N

ð

N
e�2πi x�yð Þ�εφ x� yð Þe�2πiy�εψ yð Þdydx (78)

¼
ð

N

ð

N
e�2πiz�εφ zð Þe�2πiy�εψ yð Þdydz (79)

¼ φ̂ εð Þψ̂ εð Þ (80)

that is by substituting z ¼ x� y.
(iii)

φ̂ψ εð Þ ¼
ð

N
e�2πix�εφ xð Þψ xð Þdx (81)

¼
ð

N
e�2πix�εφ xð Þdx

� � ð

N
e2πiy�εψ̂ yð Þdy

� �
by substituting ψ xð Þ (82)

¼
ð

N

ð

N
e�2πi x�yð Þ�εφ xð Þdx

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
φ̂ x�yð Þ

ψ̂ yð Þdy (83)

¼
ð

N
φ̂ x� yð Þψ̂ yð Þdy (84)

¼ φ̂ ∗ ψ̂ð Þ εð Þ (85)

This completes the proof.
Theorem 4.14 (Plancherel’s and Parserval’s formula). Let u∈L2 N� �

. Then
û∈L2 N� �

and we have
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ûk kL2 Nð Þ ¼ uk kL2 Nð Þ Plancherel’s identity
� �

(86)

Also for all u, v∈L2 N� �
,

ð

N
uvdx ¼

ð

N
ûv̂dξ Parseval’s identity

� �
(87)

5. Pseudo-differential operators on N

A lot of study has been done on pseudo-differential operators on N and N . Also,
various theorems and proofs of the conditions imposed on the symbol σ : � 1 ! 
to guarantee that the corresponding Pseudo-differential operator Tσ : L2 ð Þ ! L2 ð Þ
are Hilbert-Schmidt, bounded or compact is in Ref. [1]. In this chapter, we introduce
the composition of two Pseudo-differential on N, its amplitude and kernel. We also
explore and extend the theorems and proofs in Ref. [10] to the integer lattice (N).

6. Notions and definitions

We begin informally by saying if T a translation invariant linear operator on N,
then

Tσ ein�ϕ
� � ¼ σ n,ϕð Þein�ϕ for all ϕ∈N : (88)

Also, if T acts on functions with a different variable (say m), we set

f n,ϕð Þ ¼ Tσ eim�ϕ� �
nð Þ ¼ Tσcð Þ nð Þ, with c nð Þ ¼ ein�ϕ: (89)

From (88), we have

σ n,ϕð Þ ¼ e�in�ϕTσ ein�ϕ
� �

(90)

Now, we consider when T is applied to the Fourier inversion formula. Let b be a
function of L1 N� �

and the Fourier transform FNb of b is a function on the torus 1 �
1 �⋯1 ¼ N defined by

FNbð Þ ϕð Þ ¼
X
n∈N

b nð Þe�in�ϕ, ϕ∈N (91)

with n ¼ n1, n2,⋯, nNð Þ∈N, ϕ ¼ ϕ1,ϕ2,⋯,ϕNð Þ∈N, and n � ϕ ¼P
N

j¼1
njϕj.

Where FN extends to L2 N� �
with F2b∈L2 N� �

, and by Plancherel’s formula
for Fourier series we have

X
n∈N

b nð Þj j2 ¼ 1
2π

ð

N
FNbð Þ ϕð Þ�� ��2dϕ: (92)
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Using Eq. (91), the inversion formula for Fourier series gives

b nð Þ ¼ 1
2π

ð

N
ein�ϕ FNbð Þ ϕð Þdϕ, n∈N : (93)

Definition 6.1 (Pseudo-differential operator on N). Let consider a measurable
function σ such that σ : N � N !  and for b∈S N� �

, the sequence Tσb is given by

Tσbð Þ nð Þ ¼ 1
2π

ð

N
ein�ϕσ n,ϕð Þ FNbð Þ ϕð Þdϕ, n∈N: (94)

Definition 6.2 (Symbol classes Sm N � N� �
). A function σ ∈ Sm N � N� �

if for
m∈ �∞,∞ð Þ, σ ¼ σ n,ϕð Þ is smooth on N � N so that for all multi-indices α,ψ , ∃ a
positive constant Cα,ψ whereby

∣∂ψn ∂
α
ϕσ n,ϕð Þ∣ ≤Cα,ψ 1þjϕjð Þm�∣α∣ n∈n, ϕ∈n (95)

The operator defined by Eq. (94) is called the pseudo-differential operator on N

corresponding to the symbol σ. This pseudo-differential operator is a map from S N� �
to S N� �

. The formula (94) permits us to simplify some properties of the operator Tσ

to properties of multiplication by the symbol σ n,ϕð Þ associated with T. For instance,
the continuity of Tσ on L2 would be simplified to the boundedness of σ n,ϕð Þ, compo-
sition of two operators Tσ1∘Tσ2 would reduce to the multiplication of their respective
symbols σ1 n,ϕð Þσ2 n,ϕð Þ, etc. This construction holds for functions that are not neces-
sarily translation invariant.

7. Hilbert-Schmidt operators

Definition 7.1 (Hilbert-Schmidt operator). Let X be a complex and separable
Hilbert space in which the norm is denoted by k � k. A bounded linear operator on X is
said to be a Hilbert-Schmidt operator if and only if there exists an orthonormal basis

τmf g∞m¼1 for X such that
P∞
m¼1

Aτmk k2X is finite. If A : X ! X is a Hilbert-Schmidt oper-

ator, then its norm is given by

Ak k2HS ¼
X∞
m¼1

Aτmk k2X, (96)

where τmf g∞m¼1 is any orthonormal basis for X.
Theorem 7.2. The pseudo-differential operator Tσ : L2 N� �! L2 N� �

is a Hilbert-
Schmidt operator if and only if σ ∈L2 N � N� �

. Moreover, if Tσ : L2 N� �! L2 N� �
is a

Hilbert-Schmidt operator, then

Tσk kHS ¼ 2πð Þ�1=2 σk kL2 N�Nð Þ: (97)

Proof: Let τmf gm∈N be the standard orthonormal basis for L2 N� �
which is

defined by
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τm nð Þ ¼ 1 if n ¼ m,

0 otherwise:

�
(98)

Using (91), the Fourier transform of τm for all m∈N gives;

FNτmð Þ ϕð Þ ¼ e�im�ϕ: (99)

The pseudo-differential operator Tσ is

Tστmð Þ nð Þ ¼ 1
2π

ð

N
ein�ϕσ n,ϕð Þ FNτmð Þ ϕð Þdϕ (100)

Plugging 99 into the previous gives

Tστmð Þ nð Þ ¼ 1
2π

ð

N
ein�ϕσ n,ϕð Þe�im�ϕdϕ (101)

¼ 1
2π

ð

N
ei n�mð Þ�ϕσ n,ϕð Þdϕ (102)

¼ 1
2π

ð

N
e�i m�nð Þ�ϕσ n,ϕð Þdϕ, (103)

Since 1
2π

Ð
N e�i m�nð Þϕσ n,ϕð Þdϕ is the Fourier transform of the symbol on the Torus,

thus
Tστmð Þ nð Þ ¼ FNσð Þ n,m� nð Þ: (104)

The fact that Tστm belongs to L2 N� �
implies its norm gives

Tστmk k2L2 Nð Þ ¼
X
n∈N

FNσð Þ nð ,m� nÞ�� ��2: (105)

By definition, if Tσ is a Hilbert-Schmidt operator then its norm is given by

Tσk k2HS ¼
X

m∈N

Tστmk k2L2 Nð Þ, (106)

Substituting Eq. (105) into (106) we have

Tσk k2HS ¼
X

m∈N

X
n∈N

FNσð Þ nð ,m� nÞ�� ��2 (107)

¼
X
n∈N

X
m∈N

FNσð Þ nð ,m� nÞ�� ��2 by Fubinis’s Theorem
� �

(108)

¼
X
n∈N

X
m∈N

FNσð Þ nð ,mÞ�� ��2 by translation invariant
� �

(109)

¼ 1
2π

X
n∈N

ð

N
σ n,ϕð Þj j2dϕ by Plancherel formula

� �
(110)

¼ 1
2π

σk k2L2 N�Nð Þ: (111)

Hence, this finishes the proof.
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8. Lp-Boundedness of ΨDO

Theorem 8.1. Let σ be a measurable function on N � N such that there exist a
function ω∈L2 N� �

for which

∣σ n,ϕð Þ∣ ≤ ∣ω nð Þ∣ (112)

for all n∈N and almost all ϕ∈ �π, π½ �. Then Tσ : L2 N� �! L2 N� �
is a bounded

linear operator. Furthermore,

Tσk kB L2 Nð Þð Þ ≤
1ffiffiffiffiffi
2π

p ωk kL2 Nð Þ, (113)

where, Tσk kB L2 Nð Þð Þ is the norm of the bounded linear operator

Tσ : L2 N� �! L2 N� �
.

Proof: By definition the Pseudo-differential operator is given by

Tσbð Þ nð Þ ¼ 1
2π

ð

N
einϕσ n,ϕð Þ FNbð Þ ϕð Þdϕ (114)

with f ∈S N� �
, taking the absolute square of both sides

Tσbj j2 ¼ 1
2π

ð

N
einϕσ n,ϕð Þ FNbð Þ ϕð Þdϕ

����
����
2

(115)

we know that

X
n∈L2 Nð Þ

xj j2 ¼ xk k2 (116)

This implies that

Tσbk k2 ¼ 1
4π2

X
n∈L2 Nð Þ

ð

N
einϕσ n,ϕð Þ FNbð Þ ϕð Þdϕ

����
����
2

(117)

≤
1

4π2
X

n∈L2 Nð Þ

ð

N
σ n,ϕð Þj j2 FNbð Þ ϕð Þ�� ��2dϕ by Cauchy‐Schwartz inequality

� �
:

(118)

Given that ∣σ n,ϕð Þ∣ ≤ ∣ω nð Þ∣ thus we have

Tσbk k2L2 Nð Þ ≤
1

4π2
X

n∈L2 Nð Þ
ω nð Þj j2

ð

N
FNbð Þ ϕð Þ�� ��2dϕ (119)

¼ 1
4π2

ωk k2
ð

N
FNbð Þ ϕð Þ�� ��2dϕ: (120)
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By Plancheral’s formula

X
n∈N

b nð Þj j2 ¼ 1
2π

ð

N
FNbð Þ ϕð Þ�� ��2dϕ: (121)

This implies that

Tσbk k2 ¼ 1
4π2

2πð Þ ωk k2
X
n∈N

b nð Þj j2 (122)

¼ 1
2π

ωk k2L2 Nð Þ bk k2L2 Nð Þ: (123)

Therefore we have,

Tσk kB L2 Nð Þð Þ ≤
1
2π

ωk kL2 Nð Þ (124)

Definition 8.2 (Fourier Approximation). Referring to the regular Fourier trans-
form on the torus, for a given function σ,

Fnð Þσ n, kð Þ ¼ 1
2π

ð

n
σ n,ϕð Þe�ik�ϕdϕ (125)

where: k∈n is the frequency index, k � ϕ ¼Pn
j¼1kjϕj is the dot product of k and ϕ,

which represents the frequency of the exponential basis function, we can compute
Fnð Þ � σ n, kð Þ using the expression

Fnð Þ � σ n,�kð Þ ¼ 1
2π

ð

n
σ n,ϕð Þe�i �k�ϕð Þdϕ (126)

¼ 1
2π

ð

n
σ n,ϕð Þe�i k�ϕð Þdϕ (127)

¼ Fnð Þσ n, kð Þ: (128)

Then at a particular frequency �k, we obtain

Fnð Þ � σ n, n� kð Þ ¼ Fnð Þσ n, k� nð Þ: (129)

Remark 8.3. • The approximate Fourier transform at frequency �k is simply the
complex conjugate of the regular Fourier transform at frequency k.

• The approximate Fourier transform Fnð Þ � σ n,�kð Þ gives the complex
conjugate of the Fourier coefficient at k, effectively transforming the function at
a “negative” frequency �k.

• The Fnð Þ � σ n, n� kð Þ is a form of Fourier approximation or Fourier transform
on the torus, where the function σ n, kð Þ is transformed with respect to a shifted
frequency n� k.
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Theorem 8.4. Consider σ a measurable function on N � N such that we can find a
positive constant C and a function ω∈L1 N� �

for which

∣ FNσð Þ n, kð Þ∣ ≤C∣ω kð Þ∣, k, n∈N (130)

Then Tσ : Lp N� �! Lp N� �
is a bounded linear operator. Furthermore,

Tσk kB Lp Nð Þð Þ ≤C ωk kL1 Nð Þ, (131)

where Tσk kB Lp Nð Þð Þ is the norm of the bounded linear operator Tσ on Lp N� �
.

Proof: By definition the Fourier transform FNb of b∈L1 N� �
is a function on the

torus N which is expressed as

FNbð Þ ϕð Þ ¼
X
k∈N

b nð Þe�ikϕ, ϕ∈N (132)

Let b∈L1 N� �
. Then, Tσ (pseudo-differential operator) is defined as

Tσbð Þ nð Þ ¼ 1
2π

ð

N
einϕσ n,ϕð Þ FNbð Þ ϕð Þdϕ, n∈N : (133)

Plugging Eq. (132) into (133) results

Tσbð Þ nð Þ ¼ 1
2π

ð

N
einϕσ n,ϕð Þ

X
k∈N

b kð Þe�ikϕ

0
@

1
Adϕ (134)

¼ 1
2π

X
k∈N

b kð Þ
ð

N
e�i k�nð Þϕσ n,ϕð Þdϕ (135)

¼
X
k∈N

b kð Þ FNσð Þ n, k� nð Þ (136)

By definition (8.2), the Fourier approximation FNσð Þ � of a function is given by

FNσð Þ � n,�kð Þ ¼ FNσð Þ n, kð Þ (137)

Thus

Tσbð Þ nð Þ ¼
X
k∈N

b kð Þ FNσð Þ� n, n� kð Þ (138)

¼ FNσð Þ � n, �ð Þ ∗ bð Þ nð Þ by convolution formula on N� �
: (139)

Taking absolute to the power p on both sides;

Tσbð Þ nð Þj jp ¼ FNσð Þ � nðð , �Þ ∗ bÞ nð Þ�� ��p (140)
X
n∈N

Tσbð Þ nð Þj jp ¼
X
n∈N

FNσð Þ � nðð , �Þ ∗ bÞ nð Þ�� ��p (141)
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≤
X
n∈N

j FNσð Þ � n, �ð Þj ∗ jbjð Þ nð Þð Þp by Cauchy‐Schwartz inequality
� �

: (142)

We know that ∣ FNσð Þ � n, �ð Þ∣ ≤C∣ω∣ (thus)
X
n∈N

Tσbð Þ nð Þj jp ≤
X
n∈N

Cjωj ∗ jbjð Þ nð Þð Þp (143)

¼ Cp
X
n∈N

jωj ∗ jbjð Þ nð Þð Þp: (144)

By Young’s Inequality for convolution we have

Tσbk kp
Lp Nð Þ ≤Cp ωk kp

L1 Nð Þ bk kp
Lp Nð Þ: (145)

The fact that L1 N� �
in Lp N� �

completes the boundedness of Tσ in Lp N� �
for

1< p<∞.

9. Lp�compactness of ΨDO

Here, we give another condition on the symbol function σ which guarantees
compactness of pseudo-differential operator.

Theorem 9.1. Consider σ a measurable function on N � N such that we can find a
positive function C on N and a function ω∈L1 N� �

for which,

∣ FNσð Þ n,mð Þ∣ ≤C nð Þ∣ω mð Þ∣, m, n∈N, (146)

and

lim
∣n∣!∞

C nð Þ ¼ 0: (147)

Then the pseudo-differential operator Tσ : Lp N� �! Lp N� �
is a compact operator for

1≤ p<∞.
Proof:We consider the sequence TσNð ÞN >0 (where)

σN n,ϕð Þ ¼ σ n,ϕð Þ, ∣n∣ ≤N,

0, ∣n∣ >N:

�
(148)

Referring to the definition (94), and for any f ∈L1 N� �
we have

TσNð Þ bð Þ nð Þ ¼
1
2π

ð

N
ein�ϕσ n,ϕð Þ FNbð Þ θð Þdθ, ∣n∣ ≤N,

0, ∣n∣ >N:

8<
: (149)

Substructing TσN form Tσ (see (94)) gives
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Tσ � TσNð Þ bð Þ nð Þ ¼ 1
2π

ð

N
ein�ϕ σ � σNð Þ n,ϕð Þ FNbð Þ θð Þdθ: (150)

Substituting (91) into (150) gives

Tσ � TσNð Þ bð Þ nð Þ ¼ 1
2π

X
n∈N

b nð Þ
ð

N
e�i m�nð Þ�ϕ σ � σNð Þ n,ϕð Þdϕ: (151)

Then

Tσ � TσNð Þ fð Þ nð Þ ¼
X

m∈N

f mð Þ FN σ � σNð Þð Þ n,m� nð Þ: (152)

At this stage, we use Fourier transformation equivalent, that is,

FN σ � σNð Þð Þ n,m� nð Þ ¼ FN σ � σNð Þð Þ� n, n�mð Þ, (153)

hence we have

Tσ � TσNð Þ bð Þ nð Þ ¼
X

m∈N

b mð Þ FN σ � σNð Þð Þ� n, n�mð Þ: (154)

Referring to the convolution formula on N, we write

Tσ � TσNð Þ bð Þ nð Þ ¼ FN σ � σNð Þð Þ� nð , �Þ ∗ bð Þ nð Þ: (155)

Taking the absolute value of both sides to the power p (gives)

Tσ � TσNð Þ bð Þ nð Þj jp ¼ FN σ � σNð Þð Þ� nð , �Þ ∗ bð Þ nð Þ�� ��p (156)

≤ j FN σ � σNð Þð Þ� nð , �Þj ∗ jbjÞ nð Þð Þpð (157)

Taking sum on both sides for n∈N (gives)

Tσ � TσNð Þ bð Þk kp
Lp Nð Þ ≤

X
n∈N

j FN σ � σNð Þð Þ� nð , �Þj ∗ jbjÞ nð Þð Þpð (158)

¼
X

∣n∣ >N

j FNσð Þ� nð , �Þj ∗ jbjÞ nð Þð Þp σN ¼ 0 for jnj >Nð Þ,ð (159)

By hypothesis, we have

∣ FNσ

� �
n,mð Þ∣ ≤C nð Þ∣ω mð Þ∣: (160)

and lim
∣n∣!∞

C nð Þ ¼ 0 means that for all ε>0 there exists N0 >0 such that ∣C nð Þ∣ < ε, for

all n>N0. This implies that

∣C nð Þ∣ ≤ ε, (161)

then

FNσ

� �� nð , �Þ�� ��p ≤ εp ωj jp: (162)
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Hence,

Tσ � TσNð Þ bð Þk kp
Lp Nð Þ ≤

X
∣n∣>N

εjωj ∗ jbjð Þ nð Þð Þp (163)

≤ εp
X
∣n∣>N

jωj ∗ jbjð Þ nð Þð Þp (164)

¼ εp ω ∗ bk kp
Lp Nð Þ (165)

≤ εp ωk kp
L1 Nð Þ bk kp

Lp Nð Þ (166)

this is equivalent to

Tσ � TσNk kB Lp Nð Þð Þ ≤ ε ωk kL1 Nð Þ: (167)

From our results, it implies that Tσ is the limit in norm of a sequence of compact
operator on Lp N� �

hence Tσ is Lp-compact.

10. Conclusion

The extension of the result investigated in Ref. [1] have been achieved. By impos-
ing necessary and sufficient conditions on the symbol σ ∈ Sm N � N� �

we proved the
corresponding pseudo-differential operators are Hilbert-Schmidt operators, bound-
edness and compactness on Lp N� �

for 1≤ p<∞. By changing the space and studying
pseudo-differential operators conserve their properties.

Regarding the behavior of this kind of operators, one can envisage to study them
on other topological spaces and investigate the Lp-nuclearity, the composition formula
of pseudo-differential operators, the amplitude and Kernel representation, the trans-
pose and the adjoint formula of pseudo-differential operators.

Acknowledgements

I am grateful to IntechOpen for the opportunity to contribute to this current book
project, Operator Theory; Recent Developments and Applications. This is a golden
opportunity for my professional career, especially in terms of research endeavors.

Thanks

Many thanks to Dr. Linda Naa Adjeley Botchway, my research partner, for the
support and advice throughout this work.

A. Appendix

In this Appendix, an important tool in the theory of pseudo-differential operators
is presented.
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The theory of pseudo-differential operators is not only discussed and investigated
to a particular class of operators but to general linear continuous operators on the
space. In fact, given an operator A such as A : C∞ N� �! C∞ N� �

is a continuous
linear operator, then it can be shown that A can be written in the form A ¼ Op að Þ
with the symbol σ ¼ a x, kð Þ defined by

a x, kð Þ≔e�k xð ÞAek xð Þ ¼ e�i2πx�kA ei2πx�k
� �

, (168)

where ek xð Þ ¼ ei2πx�k for all k∈N and x∈n.
By acting the operator A on f using the Fourier inversion formula [12], we obtain

Af xð Þ ¼ A
X
k∈N

ei2πx�kf̂ kð Þ
0
@

1
A (169)

¼
X
k∈N

A ei2πx�k
� �

f̂ kð Þ (170)

¼
X
k∈N

e2πix�kσ k, xð Þf̂ kð Þ ¼ Op að Þf xð Þ: (171)

This implies that any linear operator is a pseudo-differential operators. This state-
ment motivates the study of pseudo-differential operators. The proposition below
allows us to checking the above statement we just claimed.

Proposition 10.1. Let A be a pseudo-difference operator. Then its symbol is given
by

σ x, kð Þ ¼ e�i2πx�kAek xð Þ, (172)

where ek xð Þ ¼ ei2πx�k, for all k∈N and x∈N
.

Proof: For the function et yð Þ ¼ ei2πy�t, its Fourier transform is given formally by

êt xð Þ ¼
ð

N
e�i2πx�tei2πy�tdx: (173)

Plugging this into the formula

Op σð Þf xð Þ ¼
X
t∈N

ei2πx�tσ x, tð Þf̂ xð Þ, (174)

it follows that

Op σð Þek yð Þ ¼
X
t∈N

ð

N
ei2πx�kσ x, kð Þe�i2πx�tei2πy�tdx (175)

¼
X
t∈N

ð

N
e�i2πx� t�kð Þσ x, kð Þei2πy�tdx (176)

¼
X
t∈n

σ̂ t� k, kð Þei2πy�t (177)
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¼
X

m∈N

σ̂ m, kð Þei2πy�mei2πy�k where t� k ¼ mð Þ (178)

¼ σ y, kð Þei2πy�k, (179)

where σ̂ is for the Fourier transform on N in the second variable.
Example 10.2 (Illustrated example). Here, we show that the Laplacian Lx which

is an elliptic differential operator is a pseudo-differential operator on any space but we
still consider the lattice case. One can use the similar approach to prove this on N.

Consider the operator given by

f↦Lxf ¼
XN
i¼1

∂
2

∂x2i
f : (180)

Let f be a plane wave such as, f xð Þ ¼ ei2πx�k, then there exists a simple relationship

Lx ei2πx�k
� � ¼ �4π2 kj j2ei2πx�k, (181)

where kj j2 ¼ k1 þ … þ kn and x ¼ x1, … , xNð Þ.
Now, we arrive at the equation

Lxf xð Þ ¼ Lx

X
k∈N

e�i2πx�kf kð Þ
0
@

1
A (182)

¼
X
k∈N

Lx e�i2πx�k� �
f kð Þ (183)

¼
X
k∈N

e�i2πx�k �4π2 kj j2
� �

f kð Þ: (184)

By this, it is clear to see that the Laplacian is also a pseudo-differential operator of
symbol �4π2 kj j2. Then, we claim that every linear differential operator with smooth
and bounded coefficients is a pseudo-differential operator.

Then for any μ∈, we can define the operators 1� Lxð Þμ as pseudo-differential
operators with symbol 1þ 4π2 kj j2

� �μ=2
.

Abbreviations

a∈ Sm symbol
P differential operator
Ψ DO pseudo-differential operator
τm nð Þ orthonormal basis
 set of integers
N lattice
S Schwartz space
Lp Lebesgue space
α,ψ multi-indices
F Fourier transform on 
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Dα ¼ ∂
α
x derivatives

Cα constant
1 unit circle
N N-dimensional torus
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Chapter 4

On the Generalized Quantum
Linear Momentum Operator
Jesús García-Ravelo, Jesús García-Martínez, Jesús Morales and
José Juan Peña

Abstract

From the canonical form of the position-dependent mass Hamiltonian, the gener-
alized quantum linear momentum operator (GLMO) is obtained. Such operator is
straightforwardly generated by rewritten the Schrödinger Hamiltonian in terms of
von Ross kinetic energy operator, expressed as the square of the Hermitian GLMO
plus a potential energy function. In this scheme, the hermiticity property and the
arbitrary ambiguity parameters remain in force. In addition, by means of different
methods, it is shown that the GLMO has a unique structure regardless of the form of
the mass distribution. Hence, the proposed approach is valid for any physically plau-
sible position-dependent mass distribution m xð Þ. As an example of useful applications
of our proposal, two specific m xð Þ with arbitrary ambiguity parameters are consid-
ered. The application is given for some potential models, such as the null potential, the
harmonic oscillator, the double well potential, and the Coulomb-like potential. For
some particular values of the ambiguity parameters, our results agree with some
already published in the literature, which means that our method can be considered as
an improvement vis-a-vis those proposals on the same subject given until now.

Keywords: effective mass Schrödinger equation, position-dependent mass, linear
momentum operator, von-Roos position-dependent mass Hamiltonian, Hermitian
operator

1. Introduction

The quantummechanics operators are crucial elements that, acting on the Hamilto-
nian and the wave functions, define some characteristics of the system under study.
Regarding the position and linear momentum operators, linearity, non-additivity,
Hermiticity, commutation relationships, or algebraic groups are only some of their prop-
erties through which one can know about the nature of the system. In the case of the
position-dependent mass Schrödinger equation, certain properties like boundary condi-
tions [1], commutation relations [2], and generalized kinetic energy operators [3], have
been proposed. In this scenario, motivated by the non-extensive statistical mechanics
[4, 5], the concept of deformed quantummechanics [6] has been related with a change in
the linear momentum operator [7, 8]. Similar results on a position-dependent infinitesi-
mal translation operator are given by Costa Filho et al. [9] and by Mazharimousavi [10].
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Consequently, a new deformed Hermitian operator leads, among other results, to a
deformation of the canonical commutation relations [11] as for example, the proposal of a
minimal length uncertainty for quantum systems in the momentum space gives rise to a
modification of the commutation relation for the position and linear momentum opera-
tors [12]. This new representation for the linear momentum operator demands to
reformulate the structure of the Hamiltonian, as well as all quantities related to it. In this
work, with the purpose to be in agreement with similar studies, the establishment of the
Generalized Quantum Linear Momentum Operator (GLMO) is related to the quantum
linear momentum operator for the position-dependent mass Schrödinger equation with
this aim, we are proposing to obtain this GLMO straightforwardly by using simple
commutation relations after transforming the Hamiltonian with position-dependent mass
into its canonical form, that is, with the kinetic energy operator given in terms of a square
Hermitian operator plus a potential energy function. As will be seen next, our proposition
has two advantages: one, it is valid to any position-dependent mass distribution, and two,
it can be applied to whichever ambiguity parameter. Furthermore, by using different
methods, in the following we have shown that this GLMO is unique. Also, as a useful
application of our proposal, we consider as examples, two particular position-dependent
mass distribution in order to solve some quantum potentials in the frame of the von-Ross
Hamiltonian for arbitrary ambiguity parameters [13] as well as to show how our approach
gives rise to specific results already appeared in the literature.

2. On the generalization of the quantum linear momentum operator

The position-dependent mass Schrödinger equation, written in terms of the von
Roos kinetic energy operator TvR xð Þ, is given by

TvR xð Þ þ V xð Þ½ �ψn uð Þ ¼ Enψn xð Þ (1)

where

TvR xð Þ ¼ �ℏ2

4
mα xð Þ d

dx
mβ xð Þ d

dx
mγ xð Þ þmγ xð Þ d

dx
mβ xð Þ d

dx
mα xð Þ

� �
(2)

that, according to the value of the ambiguity parameters αþ β þ γ ¼ �1, may
adopt different hermitian forms [14–16]. The Eq. (1) can be rewritten as [17].

� d
dx

ℏ2

2m xð Þ
� �

d
dx

þ U xð Þ
� �

ψn xð Þ ¼ Enψn xð Þ (3)

with

U xð Þ ¼ V xð Þ þ ℏ2

4
β þ 1ð Þm

00 xð Þ
m2 xð Þ �

ℏ2

2
α αþ β þ 1ð Þ þ β þ 1½ � m0 xð Þð Þ2

m3 xð Þ (4)

where the particular case β ¼ �1, α ¼ γ ¼ 0 leads to U xð Þ ¼ V xð Þ [18].
Then, with the aim of finding the GLMO the von Ross Hamiltonian should be

expressed into a canonical form H ¼ p̂2

2m0
þ u. For that purpose, we start by rewriting

the Hamiltonian in Eq. (3) as
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Ĥ ¼ d
dx

iℏffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp

 !
iℏffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp

 !
d
dx

þU xð Þ (5)

that, with the aid of the commutator

d
dx

,
iℏffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp

" #
¼ iℏ

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp

 !0
(6)

leads to

Ĥ ¼ iℏffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp d

dx
þ iℏ

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp

 !0" #
iℏffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp d

dx

" #
þU xð Þ: (7)

Thus, after some operational calculations one gets

Ĥ ¼ iℏffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp d

dx

 !2

� 2
iℏm0 xð Þ

4m xð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp iℏffiffiffiffiffiffiffiffiffiffiffiffiffi

2m xð Þp d
dx

 !
þ U xð Þ, (8)

Ĥ ¼ iℏffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp d

dx

 !2

� iℏm0 xð Þ
4m xð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

2m xð Þp iℏffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp d

dx

 !
� iℏm0 xð Þ
4m xð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

2m xð Þp iℏffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp d

dx

 !
þU xð Þ:

(9)

Finally, by using the commutator

iℏffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp d

dx
,Q xð Þ

" #
¼ iℏ

Q 0 xð Þffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp , (10)

with Q xð Þ ¼ iℏm0 xð Þ
4m xð Þ

ffiffiffiffiffiffiffiffiffi
2m xð Þ

p , Eq. (9) writes down as

Ĥ ¼ iℏffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp d

dx

 !2

� iℏm0 xð Þ
4m xð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

2m xð Þp iℏffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp d

dx

 !

� iℏffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp d

dx

 !
iℏm0 xð Þ

4m xð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp

 !
�
ℏ2 m0 xð Þ

4m xð Þ
ffiffiffiffiffiffiffiffi
m xð Þ

p
� �0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp þU xð Þ,

(11)

adopting the final form

Ĥ ¼ � iℏffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp d

dx
� iℏ

2
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2m xð Þp
 !0 !2

þU xð Þ þ ℏ2

4
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2m xð Þp
 !0 !2

þ ℏ2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2m xð Þp 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2m xð Þp
 !002

4
3
5

(12)

Consequently, from the above equation, it is possible to identify a canonical form
of the von-Ross Hamiltonian with position-dependent mass as
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Ĥ ¼ 1
2m0

p̂2eff þ ueff xð Þ, (13)

where peff is the GLMO given by

p̂eff ¼ � iℏffiffiffiffiffiffiffiffiffiffiffi
M xð Þp d

dx
� iℏ

2
1ffiffiffiffiffiffiffiffiffiffiffi
M xð Þp

 !0
(14)

and ueff xð Þ is the effective potential

ueff xð Þ ¼ U xð Þ þ ℏ2

2m0

1

2
ffiffiffiffiffiffiffiffiffiffiffi
M xð Þp

 !0 !2

þ 1ffiffiffiffiffiffiffiffiffiffiffi
M xð Þp 1

2
ffiffiffiffiffiffiffiffiffiffiffi
M xð Þp

 !002
4

3
5: (15)

that, after using Eq. (4), becomes

ueff xð Þ ¼ V xð Þ þ ℏ2

4m0
β þ 1

2

� �
M00 xð Þ
M2 xð Þ �

ℏ2

2m0
α αþ β þ 1ð Þ þ β þ 9

16

� �
M0 xð Þð Þ2
M3 xð Þ ,

(16)

whereM xð Þ ¼ m xð Þ=m0. At this point, it should be noted that the particular case of
constant mass m xð Þ ¼ m0 (M xð Þ ¼ 1) leads to

p̂eff ¼ p̂ and ueff xð Þ ¼ V xð Þ (17)

where p̂ ¼ �iℏ d= dxð Þð Þ is the standard linear momentum operator.
Let us see now the hermiticity of the GLMO. For that, let us consider a general

operator Â given by

Â ¼ �ig xð Þ d
dx

� if xð Þ, (18)

where f xð Þ and g xð Þ are two arbitrary real functions. In this case, the hermiticity
condition for an arbitrary operator Ô

ð
Ôψ
� � ∗

ψ dxÞ ¼
ð
ψ ∗ Ô ψ dxÞ (19)

applied to Â, yields

ð
Â ψ
� � ∗

ψ dxÞ ¼
ð
ψ ∗ Â ψ dxÞ þ i

ð
ψ ∗ 2f xð Þ � g0 xð Þð Þ ψ dxÞ: (20)

So, to have a Hermitian operator Â in Eq. (18), both function f xð Þ and g xð Þ must
meet the condition 2f xð Þ ¼ g0 xð Þ. Hence, by comparing the operator Â with p̂eff of

Eq. (14), the election of the function g xð Þ ¼ ℏ=
ffiffiffiffiffiffiffiffiffiffiffi
M xð Þp

implies that 2f xð Þ ¼ g0 xð Þ
leading to a Hermitian operator in Eq. (14). By the way, the operator Â has a com-
mutation relation
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x, Â
h i

¼ ig xð Þ (21)

whereas the generalized linear momentum operator satisfies

x, p̂eff
h i

¼ iℏffiffiffiffiffiffiffiffiffiffiffi
M xð Þp , (22)

as well as the generalized uncertainty relation is

Δx Δp̂eff ≥
ℏ

2
ffiffiffiffiffiffiffiffiffiffiffi
M xð Þp , (23)

The case of M xð Þ ¼ 1 reproduces the already-known result ΔxΔp̂≥ ℏ
2.

3. Canonical commutation relations of the quantum dynamical variables

Once the von-Roos Hamiltonian has been written in a canonical form, without loss
of generality we propose a deformation parameter λ such that the mass distribution is
written down as m x, λð Þ ¼ m0M x, λð Þ where the particular case of constant mass is
reached when

lim
λ!0

m x, λð Þ ¼ m0M x, 0ð Þ ¼ m0, (24)

Consequently, M x, 0ð Þ ¼ 1 and the λ-deformed canonical variables xλ and pλ are
introduced as

xλ ¼
ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M x, λð Þ
p

dx (25)

and

pλ ¼ � iℏffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M x, λð Þp d

dx
� iℏ

2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M x, λð Þp
 !0

(26)

where pλ ¼ peff is the GLMO given in Eq. (14). Both xλ and pλ fulfill the standard
form of the quantum commutator and Heisenberg’s uncertainty principle

xλ, p̂λ
� � ¼ iℏ, (27)

ΔxλΔp̂λ ≥
ℏ
2
: (28)

Hence, we have deduced a kind of generalized λ-deformed quantum mechanics
within the frame of the position-dependent mass, in which the usual phase space x, pð Þ
is mapped into new coordinates (xλ, pλ) preserving the same properties and quantum
relations as the original variables. It is worth mentioning that these λ-deformed vari-
ables, xλ and pλ, are the generalized version of those proposed by da Costa et al. [6, 8],
who have presented this type of λ-deformed quantum formalism for the case of the
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particular mass distributions m x, λð Þ ¼ m0 1þ λxð Þ�2 and m x, λð Þ ¼ m0 1þ λ2x2
� ��1

.
Hence, in Section 4, we consider these position -dependent mass distributions in order
to compare our proposal with da Costa results.

Next, we are going to show that the Hermitian GLMO has a unique representation.
To that, by considering the general structure of the operator Â given in Eq. (18) along
with the hermiticity condition given in Eq. (20), one leads to

Â ¼ �ig xð Þ d
dx

� i
2
g0 xð Þ, (29)

where, regardless of the form of the function g xð Þ, the operator Â will always be
Hermitian, for example, to factorize into a canonical form the von Roos Hamiltonian
operator is given in Eq. (13), it is necessary to use the specific function g xð Þ ¼ iℏffiffiffiffiffiffiffiffiffiffiffi

M x, λð Þ
p

leading to

Â ¼ � iℏffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M x, λð Þp d

dx
� iℏ

2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M x, λð Þp
 !0

¼ p̂eff , (30)

which means the Hermitian GLMO has a unique representation of a given M x, λð Þ.
In this regard, it should be pointed out that there are different ways to get the GLMO
although some of the already proposals have been derived, as mentioned, for particu-
lar cases of specific position-dependent mass distributions [6, 8]. So, in the most
general case of arbitrary M x, λð Þ related to the λ-deformed differential operator, we
consider the λ-deformed generalized exponential function exp λ xð Þ such that

lim
λ!0

exp λ xð Þ ¼ exp xð Þ (31)

where exp xð Þ stands for the standard exponential function. Thus, according with
Eqs. (24) and (25)

lim
λ!0

xλ ¼ x, (32)

then one can set

exp λ xð Þ ¼ exp xλð Þ (33)

At this point, due to the fact that d
dx exp xð Þ ¼ exp xð Þ, the λ-deformed differential

operator that leaves invariant the generalized exponential function exp λ xð Þ will be
Dλ ¼ 1ffiffiffiffiffiffiffiffiffiffiffi

M x, λð Þ
p d

dx such that

Dλ exp λ xð Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M x, λð Þp d

dx
exp xλð Þ ¼ exp λ xð Þ (34)

where we have used Eqs. (25) and (33). Also, it is important to highlight that the
above operator plays the role of the λ-deformed derivative operator in the new xλ
space. So, in this case, the corresponding non-Hermitian linear momentum operator
will be �iℏDλ which can be set as a Hermitian operator by means of the procedure
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given above for the operator Â. Namely�iℏDλ transforms into a Hermitian operator

by simply adding the factor �iℏ
2

1ffiffiffiffiffiffiffiffiffiffiffi
M x, λð Þ

p
� �0

. That is

D̂λ ¼ � iℏffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M x, λð Þp d

dx
� iℏ

2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M x, λð Þp
 !0

(35)

corresponds to the peff GLMO obtained previously in Eq. (30).
Finally, let us see another method to find the GLMO. A straight forwardly way is

using as an analogy the procedure used to obtain the Standard Linear Momentum
Operator (SLMO) in quantum mechanics. In fact, according to the standard
Schrödinger equation, the expectation value of the SLMO is written down as

⟨p̂⟩ ¼ m
d
dx

⟨x⟩ ¼
ð
ψ ∗ x, tð Þ �iℏ

d
dx

� �
ψ x, tð Þ dx (36)

which, by analogy, the GLMO will be given by

⟨p̂λ⟩ ¼
ð
φ ∗ xλ, tð Þ �iℏDλð Þφ xλ, tð Þ dxλ (37)

Thus, by considering the transformation dxλ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M x, λð Þp

dx along with φ xλ, tð Þ ¼
M x, λð Þð Þ�1

4ψ x, tð Þ one leads to

⟨p̂λ⟩ ¼
ð

M x, λð Þð Þ�1
4ψ ∗ x, tð Þ � iℏffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M x, λð Þp d
dx

 !
M x, λð Þð Þ�1

4ψ x, tð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M x, λð Þ

p
d

¼
ð
ψ ∗ x, tð Þ � iℏffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M x, λð Þp d
dx

þ iℏ
4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M x, λð Þp M0 x, λð Þ

M
3
2 x, λð Þ

 !
ψ x, tð Þ dx

¼
ð
ψ ∗ x, tð Þ � iℏffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M x, λð Þp d
dx

� iℏ
2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M x, λð Þp

 !0 !
ψ x, tð Þ dx

(38)

Consequently, according to Eq. (26), the GLMO will be

p̂λ ¼ p̂eff ¼ � iℏffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M x, λð Þp d

dx
� iℏ

2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M x, λð Þp
 !0

(39)

which shows again that the Hermitian GLMO has a unique representation.

4. Applications

In this section, as worked examples, we consider two different position-dependent
mass distributions, along with some potential models. In each case, the GLMO and the
effective potential are obtained for solving the corresponding position-dependent
mass Schrödinger equation.
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1
2m0

p̂2eff þ ueff xð Þ
� �

ψ xð Þ ¼ Eψ xð Þ: (40)

4.1 Mass distribution m xð Þ ¼ m0 1þ λxð Þ�2

In what follows, as a useful application of our proposal for a particular form ofm x, λð Þ,
the generalized linear momentum operator peff as well as the associated effective potential
ueff xð Þ given in Eqs. (14) and (16), are obtained for several cases of solvable potentials
such as the free particle (null potential), the harmonic oscillator, the double well potential,
and the inverse square potential combined with a Coulomb-like potential.

Likewise, the corresponding wave functions and the energy spectra are also
obtained. So, let us consider the position-dependent mass

m x, λð Þ ¼ m0 1þ λxð Þ�2,m0 ¼ constant (41)

from which, according with Eq. (39), leads to the generalized linear momentum
operator

p̂eff ¼ �iℏ 1þ λxð Þ d
dx

þ iℏ
2
λ (42)

and from the Eq. (16) to the effective potential

ueff ¼ V xð Þ � ℏ2λ2

2m0
β þ 3

4
þ 4α αþ β þ 1ð Þ

� �
(43)

At this point, it is worth mentioning that the operator given Eq. (42) is the
Hermitian version of the non-Hermitian operator pλ ¼ �iℏ 1þ λxð Þ d

dx obtained by
Costa Filho et al. [9]. Substituting the expressions p̂eff and ueff in the canonical form
of the Schrödinger Eq. (40), one gets the differential equation

1þ λxð Þ2 d2

dx2
ψ xð Þ þ 2λ 1þ λxð Þ d

dx
ψ xð Þ þ 2m0

ℏ2 E� V xð Þ þ ℏ2λ2

2m0
β þ 1þ 4α αþ β þ 1ð Þð Þ

� �
ψ xð Þ ¼ 0

(44)

Next, we are going to solve the above equation for different potentials V xð Þ by
using the mass distribution given in Eq. (41).

4.2 Null potential

To solve Eq. (44), we use the transformation

x ¼ exp λuð Þ � 1
λ

(45)

such that

d
dx

¼ exp �λuð Þ d
du

(46)
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d2

dx2
¼ exp �2λuð Þ d2

du2
� λexp �2λuð Þ d

du
(47)

for which Eq. (44) is rewritten as

d2

du2
ψ þ λ

d
du

ψ þ 2m0

ℏ2 En � V uð Þ þ ℏ2λ2

2m0
β þ 1þ 4α αþ β þ 1ð Þð Þ

� �
ψ ¼ 0: (48)

Next, using

ψ uð Þ ¼ φ uð Þ exp � λ

2
u

� �
(49)

one leads to

� ℏ2

2m0

d2

du2
φ uð Þ þ V uð Þφ uð Þ ¼ ϵφ uð Þ (50)

with ϵ ¼ Eþ ℏ2λ2

2m0
β þ 3

4 þ 4α αþ β þ 1ð Þ� �
.

Now, let us consider the simplest case of the free particle (null potential V uð Þ ¼ 0),
whose differential equation is given by

φ00
n uð Þ þ ~k

2
φn uð Þ ¼ 0 (51)

having eigenfunctions φn uð Þ ¼ exp �i~ku
� �

with ~k
2 ¼ k2 þ

λ2 β þ 3
4 þ 4α αþ β þ 1ð Þ� �

>0 and k2 ¼ 2m0
ℏ2

En. Hence, by using the transformations
given in Eqs. (45) and (49), the solution ψ xð Þ for the Schrödinger equation in Eq. (40)
or rather the differential equation Eq. (44) is

ψn xð Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λx

p exp �i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

λ2
þ β þ 3

4
þ 4α αþ β þ 1ð Þ

s
ln 1þ λxð Þ

0
@

1
A: (52)

Considering a free particle in an infinite well of length L, the boundary conditions

will be ψ 0ð Þ ¼ ψ Lð Þ ¼ 0 such that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ λ2 β þ 3

4 þ 4α αþ β þ 1ð Þ� �q
ln 1þ λLð Þ ¼ nπ,

n ¼ 1, 2, 3::from which, the energy spectrum is

En ¼ ℏ2

2m0

n2 π2 λ2

ln 2 1þ λLð Þ �
ℏ2 λ2

8m0
β þ 3

4
þ 4α αþ β þ 1ð Þ

� �
: (53)

In this case the values β ¼ �1 and α ¼ 0 lead to

En ¼ ℏ2

2m0

n2 π2 λ2

ln 2 1þ λLð Þ þ
ℏ2 λ2

8m0
(54)

which matches with the result given in Ref. [19]. Namely, when we use the
transformation given in Eq. (45), the length x ¼ L transforms into u ¼ ~L ¼ ln 1þλLð Þ

λ .

So, with ℏ2

2m0
¼ 1, the above energy spectrum results in
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En ¼ n2 π2 λ2

~L
2 þ λ2

4
(55)

as given in Ref. [19]. In addition, the above En modifies the results obtained in
Refs. [9, 10].

4.3 Harmonic oscillator

Now, we are going to consider the case of the harmonic oscillator V xð Þ ¼ 1
2 kx2 in

Eq. (44), such that transformations given in Eqs. (45) and (49) lead to

� ℏ2

2m0

d2

du2
φn uð Þ þ k

2
exp λuð Þ � 1

γ

� �2

φn uð Þ ¼ ~En φn uð Þ, (56)

with ~En ¼ En þ ℏ2λ2

2m0
β þ 3=4þ 4α αþ β þ 1ðð Þ. The above equation has Morse-like

solutions given by

φn uð Þ ¼ zð Þν exp �z=2ð Þ L2ν
n zð Þ (57)

where z ¼ 2bexp αuð Þ, n ¼ b� ν� 1=2, 2m0
ℏ2

~En ¼ λ2 b2 � ν2
� �

and b2 ¼ m0k
ℏ2λ4

. The
condition for having bound states is n ¼ 0, 1, 2, 3, … :: 2b� 1=2ð Þ. Hence, by using the
above definitions, the energy spectrum is

En ¼ �ℏ2λ2

2m0
b� 1

2
� n

� �2

� ℏ2λ2

2m0
β þ 3

4
þ 4α αþ β þ 1ð Þ

� �
: (58)

As before, the particular case β ¼ �1 and α ¼ 0 leads to

En ¼ �ℏ2λ2

2m0
b� 1

2
� n

� �2

þ ℏ2λ2

2m0
b2 þ ℏ2 λ2

8m0
(59)

which reduces to Eq. (50) of Ref. [7] and Eq. (28) of Ref. [20] after identifying the
corresponding parameters.

Regarding wave functions, from Eq. (49) and (57) these are

ψn xð Þ ¼ 2b 1þ γxð Þð Þν�1=2 exp �b 1þ γxð Þð ÞL2ν
n 2b 1þ γxð Þð Þ (60)

4.4 Double well potential

In this case, we define the transformation u ¼ 1þ λx, such that Eq. (44) writes
down as

λ2u2
d2ψ uð Þ
du2

þ 2λ2u
dψ uð Þ
du

þ 2m0

ℏ2 E� V uð Þ þ ℏ2λ2

2m0
β þ 1þ 4α αþ β þ 1ð Þð Þ

� �
ψ uð Þ ¼ 0

(61)

which, after use ϵ ¼ � 2m0
ℏ2λ2

Eþ β þ 1þ 4α αþ β þ 1ð Þ:
h i
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and propose the double well potential

V uð Þ ¼ ℏ2λ2

2m0
Au4 � Bu2
� �

, (62)

it turns into

u2
d2ψ uð Þ
du2

þ 2u
dψ uð Þ
du

þ Bu2 � Au4
� �

ψ uð Þ ¼ ϵψ uð Þ: (63)

At this point, we use the ansatz

ψ uð Þ ¼ ua exp �bu2
� �

P uð Þ (64)

where a, b and P uð Þ will be known later. Hence, Eq. (63) leads to

P00 uð Þ þ 2 aþ 1ð Þ
u

� 4bu
� �

P0 uð Þ þ 4b2 � A
� �

u2 þ a aþ 1ð Þ � ϵ

u2
þ B� 2b 2aþ 3ð Þ

� �
P uð Þ ¼ 0

(65)

In order to simplify the above equation, we select the parameters a and b as follow
4b2 ¼ A and a aþ 1ð Þ ¼ ε, such that

P00 uð Þ þ 2 aþ 1ð Þ
u

� 4bu
� �

P0 uð Þ þ B� 2b 2aþ 3ð Þ½ �P uð Þ ¼ 0: (66)

With the aim of relating this equation with the associated Laguerre differential
equation

xLδ
n
00
xð Þ þ δþ 1� xð ÞLδ

n
0
xð Þ þ þnLδ

n xð Þ ¼ 0, (67)

we apply the change of variable x ¼ cz2, c being an arbitrary constant, such that

d2

dz2
Lδ
n cz2
� �þ 2δþ 1

z
� 2cz

� �
d
dz

Lδ
n cz2
� �þ 4cnLδ

n cz2
� � ¼ 0: (68)

Comparing Eq. (66) with Eq. (68) leads to

2 aþ 1ð Þ ¼ 2δþ 1,B� 2b 2aþ 3ð Þ ¼ 4cn and P uð Þ ¼ Lδ
n cz2
� �

(69)

from which, together with the definitions given above 4b2 ¼ A and a aþ 1ð Þ ¼ ε,

leads to εn ¼ � 2nþ 1� B
2
ffiffiffi
A

p
� �2

� 1
4. Hence the energy spectrum results in

En ¼ � ℏ2λ2

2m0
2nþ 1� B

2
ffiffiffiffi
A

p
� �2

� ℏ2λ2

2m0
β þ 3

4
þ 4α αþ β þ 1ð Þ

� �
(70)

and the wave function will be

ψn uð Þ ¼ u
B

2
ffiffi
A

p �2n�3
2e�

ffiffi
A

p
2 u2L

B
2
ffiffi
A

p �2n�1
n

ffiffiffiffi
A

p
u2

� �
: (71)
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It is worth noting that the particular case of the ambiguity parameters β ¼ �1, α ¼
0 leads to

En ¼ � ℏ2λ2

2m0
2nþ 1� B

2
ffiffiffiffi
A

p
� �2

þ ℏ2λ2

8m0
, (72)

which, other than the factor ℏ2λ2

8m0
and the shifting n ! n� 1=4ð Þ, is in agreement

with Vubangsi et al. [21].

4.5 Inverse square and coulomb-like potential

In this case, we are proposing the potential

V xð Þ ¼ A
x2

� B
x

(73)

with the transformation exp �λrð Þ ¼ 1þ λx such that Eq. (44) leads to

d2ψ rð Þ
dr2

� λ
dψ rð Þ
dr

þ 2m0

ℏ2 ϵ� Aλ2

exp ð�λrÞ � 1ð Þ2 þ
Bλ

exp ð�λrÞ � 1

" #
ψ rð Þ ¼ 0 (74)

where

ϵ ¼ Eþ ℏ2λ2

2m0
β þ 1þ 4α αþ β þ 1ð Þð Þ (75)

So, with the aim of eliminating the first derivative in the above equation, we use
the ansatz ψ rð Þ ¼ φ rð Þ exp λr=2ð Þ such that

� ℏ2

2m0

d2φ rð Þ
dr2

þ 2m0

ℏ2
Aλ2

1� exp �λrð Þð Þ2 þ
Bλ

1� exp �λrð Þ

" #
φ rð Þ ¼ ϵ� ℏ2λ2

8m0

� �
φ rð Þ

(76)

At this point, by using the identities

1
1� exp �λrð Þ ¼ 1þ exp �λrð Þ

1� exp �λrð Þ (77)

1

1� exp �λrð Þð Þ2 ¼ 1þ exp �λrð Þ
1� exp �λrð Þ þ

exp �λrð Þ
1� exp �λrð Þð Þ2 (78)

the potential in Eq. (76) can be written as an exponential-type potential

V rð Þ ¼ Aλ2

1� exp �λrð Þð Þ2 þ
Bλ

1� exp �λrð Þ ¼ Aλ2 þ Bλ
� �þ Aλ2 þ Bλ

� �
exp �λrð Þ

1� exp �λrð Þ þ Aλ2 exp �λrð Þ
1� exp �λrð Þð Þ2

(79)

In this context, according to the approach used to solve the multiparameter
exponential-type potentials [22, 23], the potential
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V rð Þ ¼  q exp �r=kð Þ
1� qexp �r=kð Þ þ

 q exp �r=kð Þ
1� qexp �r=kð Þð Þ2 þ

ℂ q2 exp �2r=kð Þ
1� qexp �r=kð Þð Þ2 (80)

whose solutions are given in terms of the hypergeometric functions, has energy
spectra

En ¼ � ℏ2

2m0

1
4k

� �2

2nþ 1þ ζ � 8m0

ℏ2
k2 ℂ� ð Þ
2nþ 1þ ζ

 !2

þ ℏ2λ2

8m0
, (81)

with ζ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8m0k2

ℏ2
þ ℂð Þ

q
. So, by comparing the potentials in Eqs. (79) and

(80), we can identify the parameters
 ¼ Aλ2þ Bλ, ¼ Aλ2, ℂ ¼ 0, q ¼ 1, k ¼ λ�1 and the energy spectrum of the

Eq. (76) results in

En ¼ ϵ� ℏ2λ2

8m0
¼ � ℏ2λ2

8m0
nþ 1

2
þ 1
2
ζ þ 2m0

ℏ2λ2
Aλ2 þ Bλ
nþ 1

2 þ 1
2 ζ

 !2

þ Aλ2 þ Bλ, (82)

such that, from Eq. (75)

En ¼ � ℏ2λ2

8m0
nþ 1

2
þ 1
2
ζ þ 2m0

ℏ2λ2
Aλ2 þ Bλ
nþ 1

2 þ 1
2 ζ

 !2

þ Aλ2 þ Bλ� ℏ2λ2

2m0
β þ 3

4
þ 4α αþ β þ 1ð Þ

� �

(83)

with ζ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8A m0

ℏ2

q

The particular case β ¼ �1 and α ¼ 0 leads to

En ¼ � ℏ2λ2

8m0
nþ 1

2
þ 1
2
ζ þ 2m0

ℏ2λ2
Aλ2 þ Bλ
nþ 1

2 þ 1
2 ζ

 !2

þ ℏ2λ2

8m0
þ Aλ2 þ Bλ, (84)

which, other than the factor ℏ2λ2

8m0
þ Aλ2 þ Bλ, matches with Eq. (16) of Ref. [24].

Likewise, according to the multiparameter exponential-type potential method
mentioned before, the wave function is given in terms of the hypergeometric
function as

ψn uð Þ ¼ exp �λrð Þð Þb�c�n
2 1� exp �λrð Þð Þc2 2F1 a, b, c; 1� exp �λrð Þð Þ (85)

where the hypergeometric parameters are a ¼ �n, b ¼ � 2m0
ℏ2λ2

Aλ2þBλ
nþ1

2þ1
2ζ
, c ¼ 1þ ζ.

4.6 Mass distribution m xð Þ ¼ m0 1þ λ2x2
� ��1

In order to consider the position-dependent mass distribution already presented by

da Costa et al. [8], in this case, for m x, λð Þ ¼ m0 1þ λ2x2
� ��1

, by using the Eqs. (39)
and (16), the corresponding GLMO and the effective potential are
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p̂eff ¼ �iℏ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2x2

p d
dx

� iℏλ2x

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2x2

p (86)

and

ueff xð Þ ¼ V xð Þ � ℏ2λ2

2m0
4α αþ β þ 1ð Þ þ 1

4

� �
λ2x2

1þ λ2x2
þ ℏ2λ2

2m0
β þ 1

2

� �
, (87)

while the canonical PDM Schrödinger Eq. (40) is written down as

1þ λxð Þ d
2ψ xð Þ
dx2

þ 2λ2x
dψ xð Þ
dx

þ 2m0

ℏ2 E� V xð Þ þ ℏ2λ2

2m0
β þ 1

2

� ��
þℏ2λ2

2m0
4α αþ β þþ1ð Þ λ2x2

1þ λ2x2

�

ψ xð Þ ¼ 0

(88)

Then, by using the transformation

x ¼ 1
λ
sinh λuð Þ (89)

the above equation results in

d2ψ uð Þ
du2

þ λ tanh λuð Þ dψ uð Þ
du

þ 2m0

ℏ2 E� V uð Þ þ ℏ2λ2

2m0
β þ 1

2

� �
þ ℏ2λ2

2m0
4α αþ β þ 1ð Þ tanh 2 λuð Þ

� �

ψ uð Þ ¼ 0,

(90)

d2ψ uð Þ
du2

þ λ tanh λuð Þ dψ uð Þ
du

þ 2m0

ℏ2 E� V uð Þ þ
1
2
ℏ2λ2

2m0
2β þ 1ð Þ

0
B@ þℏ2λ2

2m0
4α αþ β þ 1ð Þ tanh 2 λuð Þ

�

ψ uð Þ ¼ 0

(91)

which, after applying the similarity condition

ψ uð Þ ¼ φ uð Þ exp � λ

2

ð
tanh λuð Þdu

� �
¼ φ uð Þ exp � 1

2
ln cosh λuð Þð Þ

� �
(92)

becomes

d2φ uð Þ
du2

þ 2m0

ℏ2 E� V uð Þ þ
1
4
ℏ2λ2

2m0
4β þ 3ð Þ

0
B@ þℏ2λ2

2m0
4α αþ β þ 1ð Þ tanh 2 λuð Þ � 1

4
sech2 λuð Þ

� ��

φ uð Þ ¼ 0

(93)

Also, to further simplify this equation, we propose as before the parameters α ¼ 0,
β ¼ �1 to get

� ℏ2

2m0

d2φ uð Þ
du2

þ V uð Þ þ ℏ2λ2

8m0
sech2 λuð Þ

� �
φ uð Þ ¼ E� ℏ2λ2

8m0

� �
φ uð Þ (94)
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A simple case would be when the potential is V uð Þ ¼ ℏ2λ2

8m0
tanh 2 λuð Þ, such that one

has

d2φ uð Þ
du2

þ k2φ uð Þ ¼ 0 (95)

with k2 ¼ ℏ2λ2

2m0
E� λ2

2 . Then φ uð Þ ¼ exp �iλuð Þ ¼ exp �iln λxþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2x2

p� �� �
and

according with Eq. (92)

ψ xð Þ ¼ exp � 1
2
ln cosh λxþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2x2

p� �� �� �
exp �iln λxþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2x2

p� �� �

(96)

Regarding with the λ-deformed coordinate and linear momentum operators are
respectively

xλ ¼
ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M x, λð Þ
p

dx ¼ 1
λ
ln λxþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2x2

p� �
(97)

and

pλ ¼ �iℏ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2x2

p d
dx

� iℏλ2x

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2x2

p (98)

The above equations correspond to those given in Eqs. [31a,b] of Ref. [8] with
properties

xλ, pλ
� � ¼ iℏ (99)

such that λ ! 0 leads to standard variables xλ ! x, pλ ! �iℏ d
dx.

In the particular case of the mass under study, the corresponding λ-deformed
exponential function comes from the Eq. (33) as

exp λ xð Þ ¼ exp
1
λ
ln λxþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2x2

p� �� �
¼ λxþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2x2

p� �1
λ
, (100)

while the λ-deformed logarithmic function will be

ln λ xð Þ ¼ 1
λ
sinh λln xð Þð Þ ¼ xλ � x�λ

2λ
(101)

in agreement with Eqs. (1) and (2) proposed recently by da Costa et al. [8].

5. Conclusions

The purpose of this work has been twofold: firstly, to generalize the quantum
linear momentum operator (GLMO), and secondly to show that the GLMO is unique
independently of the ambiguity parameters. To attain the first objective, we have
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considered the canonical form of the position-dependent mass Hamiltonian, which
means to write the von-Ross’s Hamiltonian in terms of the Hermitian GLMO plus a
potential energy function, assuming arbitrary ambiguity parameters. To achieve the
second purpose, in addition to the method used to fulfill the first objective, we have
used three other different approaches: namely, factorization of the von-Roos Hamil-
tonian along with a hermiticity condition, by using an operator that leaves invariant a
λ-deformed exponential function, and by analogy to the procedure used to obtain the
standard linear momentum operator. Our proposal is general for any position-
dependent mass distribution m x, λð Þ and ambiguity parameters. In fact, as a useful
application of the proposed method, as examples, we have considered two particular
m x, λð Þ, as well as some different potential models: null potential, the harmonic oscil-
lator, the double-well potential, and the Coulomb-like potential. Our results are gen-
eralizations of particular findings already published. That is, for some specific values
of the ambiguity parameters, we are in agreement with known results, which means
that our method improves those studies on the same subject given until now.
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Chapter 5

Practical Stabilization of Nonlinear
Cascade Systems and Applications
Ines Ellouze and Maryam Ben Salah

Abstract

In this chapter, we are interested in the problem of the global stabilization of
certain nonlinear cascaded systems. Furthermore, we study the global exponential
stabil- ity of nonlinear non-autonomous systems. Then, we investigate the global
practi- cal stabilization of non-autonomous cascaded systems which we give an
illustrative example. Otherwise, we present the practical stabilization of perturbed
cascaded non-autonomous systems and the global Practical stabilization by
output closed loop.

Keywords: cascaded system, practical stabilization, non-autonomous system,
nonlinear system, exponential stability

1. Introduction

In this chapter, we are interested in the problem of the global stabilization of
certain nonlinear systems, the so-called cascade systems of the following form:

_x1 ¼ F t, x1, x2, uð Þ
_x2 ¼ G t, x2ð Þ:

�
(1)

where x ¼ x1, x2ð Þ∈ℝn and u∈ℝp. The functions F and G are continuous at t and
locally Lipschitz at x: For this class of system, it is well known that the local asymp-
totic stability of each subsystem, namely _x1 ¼ F t, x1, 0, uð Þ and _x2 ¼ G t, x2ð Þ, results in
the local asymptotic stability of the compound system [1]. This local result has no
global analog. In fact, the global stability can be deduced from the subsystems only
with additional conditions. Seibert and Suarez [2] showed, in the autonomous case,
that if each subsystem is globally asymptotically stable and all the orbits of the
compound system are bounded, then the compound system remains globally asymp-
totically stable.

Another approach is to use Lyapunov techniques. Assuming that each subsystem
is globally uniformly asymptotically stable, a Lyapunov function of the compound
system can be constructed, allowing one to deduce the result [3–6].

The stabilization of nonlinear systems has been widely studied by several authors
(see Refs. [2, 6–9]).
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In this chapter, we try to determine stabilizing control laws, under sufficient
conditions, for the nonlinear systems in cascade (1).

2. Global exponential stability of nonlinear nonautonomous systems

We consider the nonlinear system of the form:

_x ¼ f t, xð Þ þ g t, xð Þ, (2)

where f , g : ℝþ � ℝn ! ℝn are continuous and locally Lipschitz at x:
We introduce the following hypotheses:

• (A1) x ¼ 0 is a globally uniformly exponentially stable equilibrium point of the
system

_x ¼ f t, xð Þ

with the Lyapunov function, V : ℝþ �ℝn ! ℝþ which satisfies

c1kxk2 ≤V t, xð Þ≤ c2kxk2
∂V
∂t

t, xð Þ þ ∂V
∂x

t, xð Þ f t, xð Þ≤ � c3V t, xð Þ
∂V
∂x

����
����≤ c4 xk k

where c1, c2, c3, c4 are strictly positive constants.

• A2ð ) There exists a continuous positive function γ : ℝþ ! ℝþ, verifies

kg t, xð Þk≤ γ tð Þkxk, ∀x∈ℝn

with

γ tð Þ< c1c3
c4

,
ðþ∞

0
γ sð Þds≤Mγ < þ∞:

where Mγ is a positive constant.
Theorem 1.2.1. Under the assumptions (A1 �A2) the system (2) is globally uniformly

exponentially stable.
Proof:
The derivative of the function V along the trajectories of the system (2)

is given by:

V
:

t, xð Þ ¼ ∂V
∂t

t, xð Þ þ ∂V
∂x

t, xð Þ f t, xð Þ þ g t, xð Þð Þ:

Taking into account (A1) and (A2), we will have
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V
:

t, xð Þ ≤ � c3V t, xð Þ þ ∂V
∂x

����
���� g, t, xð Þk k

≤ � c3V t, xð Þ þ c4γ tð Þkxk2

≤ � c3 � c4
c1
γ tð Þ

� �
V t, xð Þ:

Integrating between t0 and t, we obtain

V t, xð Þ≤V t0, x0ð Þe�
c3c1�c4Mγ

c1

� �
t�t0ð Þ

, ∀t> t0 ≥0:

It follows that

x, tð Þk k≤
ffiffiffiffi
c2
c1

r
x0k ke�

c3c1�c4Mγ
2c1

� �
t�t0ð Þ

:

Then, the system (2) is globally uniformly exponentially stable.

3. Global practical stabilization of nonautonomous cascaded systems

This part is devoted to the problem of stabilization by state feedback of systems of
the form:

_x1 ¼ f 1 t, x1, x2ð Þ þ g1 t, x1ð Þ uþ P t, x1, x2ð ÞK t, x1, x2ð Þ½ �
_x2 ¼ f 2 t, x2ð Þ þ g2 t, x2ð Þ,

�
(3)

where x ¼ x1, x2ð Þ∈ℝp � ℝq, u∈ℝp respectively denote the state, control (input)
of the system, f 1 : ℝþ � ℝp � ℝq ! ℝp, g1 : ℝþ �ℝp ! ℝ and f 2, g2 : ℝþ �ℝq ! ℝq

are continuous and locally Lipschitz at x:
P : ℝþ � ℝp � ℝq ! ℝ is a continuous function and K : ℝþ �ℝp �ℝq ! ℝp is the

unknown function satisfying the following property:
(P) There exists a positive real function ρ t, x2ð Þ such that

kK t, x1, x2ð Þk≤ ρ t, x2ð Þkx1k: (4)

Our goal is to construct a controller such that the system (3) is globally
uniformly practically exponentially stable. We then introduce the following
hypotheses.

(H1) There is a feedback α t, x1ð Þ, a function W : ℝþ � ℝp ! ℝ continuously
differentiable verifying

a1kx1k2 ≤W t, x1ð Þ≤ a2kx1k2
∂W
∂t

t, x1ð Þ þ ∂W
∂x1

t, x1ð Þ f 1 t, x1, 0ð Þ þ g1 t, x1ð Þα t, x1ð Þ� �
≤ � a3kx1k2

∂W
∂x1

����
����≤ a4kx1k

(5)

where a1, a2, a3, a4 are strictly positive constants with a2 <4a1a3
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(H2) There exists a continuous positive function λ : ℝþ ! ℝþ such that

k f 1 t, x1, x2ð Þ � f 1 t, x1, 0ð Þk≤ λ tð Þkx2k, ∀ t> t0 ≥0, ∀ x1, x2ð Þ∈ℝp �ℝq

with

ðþ∞

0
λ sð Þds≤Mλ < þ∞ et

ðþ∞

0
λ sð Þð Þ2ds≤M0

λ < þ∞,

where Mλ,M0
λ are positive constants.

(H3) There exist two constants k, γ >0, such that the solutions of the
subsystem

_x2 ¼ f 2 t, x2ð Þ þ g2 t, x2ð Þ,

verify:

kx2 tð Þk≤ kkx20ke�γ t�t0ð Þ, ∀x20 ∈ℝq, ∀t> t0 ≥0:

Theorem 1.3.1. Consider the system (3) verifying the hypotheses (H1)-(H3) with the
nonlinear feedback

u t, x1, x2ð Þ ¼ α t, x1ð Þ � ∂W
∂x1

g1 t, x1ð Þ
� �T

P, t, x1, x2ð Þk k2ρ2 t, x2ð Þ: (6)

Then the resulting closed-loop system is globally, uniformly, practically exponentially
stable.

Proof:
We will consider the function W as a Lyapunov function for the looped system

(3-6). The derivative of W along the trajectories of (3-6) is given by:

W
:

t, x1ð Þ ¼ ∂W
∂t

þ ∂W
∂x1

f 1 t, x1, x2ð Þ þ g1 t, x1ð Þ u t, x1, x2ð Þ þ P t, x1, x2ð ÞK t, x1, x2ð Þ½ �,� �

Using H1ð Þ, we obtain

W
:

t, x1ð Þ ≤
∂W
∂t

þ ∂W
∂x1

f 1 t, x1, 0ð Þ þ g1 t, x1ð Þα t, x1ð Þ,� �þ ∂W
∂x1

f 1 t, x1, x2ð Þ � f 1 t, x1, 0ð Þ,� �

� ∂W
∂x1

g1 t, x1ð Þ
����

����
2

kP t, x1, x2ð Þk2ρ2 t, x2ð Þ þ ∂W
∂x1

g1 t, x1ð ÞP t, x1, x2ð ÞK t, x1, x2ð Þ

≤ � a3kx1k2 þ ∂W
∂x1

����
���� f 1 t, x1, x2ð Þ � f 1 tð , x1, 0Þ
�� ��

� ∂W
∂x1

g1 t, x1ð Þ
����

����
2

kP t, x1, x2ð Þk2ρ2 t, x2ð Þ

þ ∂W
∂x1

g1 t, x1ð Þ
����

����kP t, x1, x2ð ÞkkK t, x1, x2ð Þk:

By virtue of H2ð Þ and the property Pð Þ, we will have

118

Differential Equations – Theory, Modeling, Data Assimilation and Algorithms



W
:

t, x1ð Þ ≤ � a3kx1k2 þ a4kx1k λ tð Þkx2kð Þ

� 1
2

x1k k � ∂V1

∂x1
g1 t, x1ð Þ

����
����kP t, x1, x2ð Þkρðt, x2Þ

� �2
þ 1
4
kx1k2:

So, for all ε>0

W
:

t, x1ð Þ ≤ �a3kx1k2 þ 1
4
kx1k2 þ a4λ1 tð Þ 1

2ε
kx1k2 þ ε

2
kx2k2

� �
:

Which implies that, using the conditions (5) and H3ð Þ,

W
:

t, x1ð Þ ≤ � a3
a2

� a4
2a1ε

λ tð Þ � 1
4a1

� �
W t, x1ð Þ þ εa4λ tð Þ

2
kx2k2:

≤ � a3
a2

� a4
2a1ε

λ tð Þ � 1
4a1

� �
W t, x1ð Þ þ εa4λ tð Þ

2
kkx20ke�γ t�t0ð Þ
� �2

:

Let us choose ε such that,

λ tð Þ< 2a1a3
a2a4

� 1
2a4

� �
ε, ∀t≥0:

To simplify the previous presentation, let us put α tð Þ ¼ a3
a2
� a4

2a1ε
λ tð Þ � 1

4a1
>0, and

κ tð Þ ¼ εa4λ tð Þ
2 kkx20ke�γ t�t0ð Þ� �2

:

And subsequently

W
:

t, x1ð Þ ≤ �α tð ÞW t, x1ð Þ þ κ tð Þ:

Let z tð Þ ¼ W t, x1ð Þ e
Ð t

t0
α sð Þds

, ∀ t≥ t0 ≥0:
It follows that

z
:
tð Þ ¼ W

:

t, x1ð Þ þ α tð ÞW t, x1ð Þ
� �

e

ðt
t0
α sð Þds

≤ κ tð Þe

ðt
t0
α sð Þds

Integrating between t0 and t, we obtain ∀ t≥ t0,

z tð Þ≤ z t0ð Þ þ
ðt
t0
κ sð Þe

ðs
t0
α τð Þdτ

ds:

And subsequently

W t, x1ð Þ ≤ W t0, x10ð Þe
�
ðt
t0
α sð Þds

þ
ðt
t0
κ sð Þe

ðs
t0
α τð Þdτ

ds

2
64

3
75e

�
ðt
t0
α sð Þds

:
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Or

ðt
t0
α sð Þds ¼ 4a1a3 � a2

4a1a2
t� t0ð Þ � a4

2a1ε

ðt
t0
λ sð Þds,

Then

e

ðt
t0
α sð Þds

≤ e
4a1a3�a2
4a1a2

t�t0ð Þ, (7)

which implies

e
�
ðt
t0
α sð Þds

¼ e
a4Mλ
2a1ε e�

4a1a3�a2
4a1a2

t�t0ð Þ
: (8)

According to (7), we will have

ðt
t0
κ sð Þe

ðs
t0
α τð Þdτ

ds ≤
a4ε
2

kkx20kð Þ2
ðt
t0

λ sð Þð Þ2ds
� �1

2

�
ðt
t0

e�2γ s�t0ð Þ e

ðs
t0
α τð Þdτ

0
B@

1
CA

2

ds

0
BB@

1
CCA

1
2

≤
a4ε
2

kkx20kð Þ2
ffiffiffiffiffiffiffi
M0

λ

q

�
ðt
t0
, e�8γ s�t0ð Þ, ds,

� �1
2
ðt
t0

e
4

ðs
t0
α τð Þdτ

ds

0
B@

1
CA

1
2

0
BB@

1
CCA

1
2

≤
a4ε
2

kkx20kð Þ2
ffiffiffiffiffiffiffi
M0

λ

q a1a2
8γ 4a1a3 � a2ð Þ
� �1

4

e
4a1a3�a2
4a1a2

t�t0ð Þ
:

and then, by virtue of (8), we obtain

ðt
t0
κ sð Þe

ðs
t0
α τð Þdτ

ds

0
B@

1
CAe

�
ðt
t0
α sð Þds

≤
a4ε
2

kkx20kð Þ2
ffiffiffiffiffiffiffi
M0

λ

q a1a2
8γ 4a1a3 � a2ð Þ
� �1

4

e
a4Mλ
2a1ε :

It follows that

W t, x1ð Þ ≤ W t0, x10ð Þe
a4Mλ
2a1ε e�

4a1a3�a2
4a1a2

t�t0ð Þ

þ a4ε
2

kkx20kð Þ2
ffiffiffiffiffiffiffi
M0

λ

q a1a2
8γ 4a1a3 � a2ð Þ
� �1

4

e
a4Mλ
2a1ε :

120

Differential Equations – Theory, Modeling, Data Assimilation and Algorithms



Using the condition (5), we obtain

kx1 tð Þk ≤
ffiffiffiffiffi
a2
a1

r
kx10k e

a4Mλ
4a1ε e�

4a1a3�a2
8a1a2

t�t0ð Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a4ε

ffiffiffiffiffiffiffi
M0

λ

p
2a1

s
K kx20k

a1a2
8γ 4a1a3 � a2ð Þ
� �1

8

e
a4Mλ
4a1ε :

As a result, the closed-loop system (3-6) is globally uniformly practically exponen-
tially stable. □

4. Numerical example

We now give an example of the system of the form (3) that satisfies the assump-
tions H1ð Þ � H3ð Þ:

Consider the following planar system

_x1 ¼ �x31 þ
x2

1þ x22
1þ tð Þe�t þ ðuþ e�

x2
2
2

1þ t2
x1Þ,

_x2 ¼ �3x2 þ x2e�2t,

8><
>:

(9)

This system is of the form (3) with

f t, xð Þ ¼
f 1 t, x1, x2ð Þ
f 2 t, x2ð Þ

" #
¼

�x31 þ
x2

1þ x22
1þ tð Þe�t

�3x2

2
4

3
5,

g t, xð Þ ¼
g1 t, x1ð Þ
g2 t, x2ð Þ

" #
¼

1

x2e�2t

" #
,

P t, x1, x2ð Þ ¼ 1
1þt2 and K t, x1, x2ð Þ ¼ e�

x2
2
2 x1 which verifies the property Pð Þ with

ρ t, x2ð Þ ¼ e�
x2
2
2 : Let us take the Lyapunov functionW t, x1ð Þ ¼ x21 and α t, x1ð Þ ¼ x31 � 3x1

then the hypothesis H1ð Þ is satisfied with

a1 ¼ a2 ¼ 1, α3 ¼ 6, α4 ¼ 2:

Then H2ð Þ is verified with λ tð Þ ¼ 1þ tð Þe�t, where

ðþ∞

0
1þ sð Þe�s ds ¼ 2< þ∞ et

ðþ∞

0
1þ sð Þ2e�2s ds ¼ 5

4
< þ∞:

On the other hand, let us choose the Lyapunov function: V t, x2ð Þ ¼ x22, thus the
hypothesis H3ð Þ is satisfied with any solution of the subsystem verified:

∣x2 tð Þ∣ ≤ ∣x20 ∣e
�5

2 t�t0ð Þ

Therefore, by applying Theorem 1.3.1, the system (9) in closed-loop by the control
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u t, x1, x2ð Þ ¼ x31 � 3x1 1þ 2e�x22

3 1þ t2ð Þ2
 !

is globally uniformly exponentially practically stable, and hence the closed system is
given by:

_x1 ¼ �3x1 1þ 2e�x22

3 1þ t2ð Þ2 �
e�

x2
2
2

3 1þ t2ð Þ

0
@

1
Aþ x2

1þ x22
1þ tð Þe�t

_x2 ¼ �3x2 þ x2e�2t:

8>><
>>:

(10)

We will take as initial condition x0 ¼ 2, 1½ �T : The result of the simulation is given in
Figure.

5. Practical stabilization of perturbed cascaded nonautonomous systems

Now, we consider the perturbed system

_x1 ¼ f 1 t, x1ð Þ þ g1 t, x1ð Þ
_x2 ¼ f 2 t, x1, x2ð Þ þ g2 t, x1, x2ð Þ uþ k t, x1, x2, uð Þð Þ,

�
(11)

whose nominal system is given by (3) and k : ℝþ � ℝp � ℝq ! ℝq is the unknown
function.

Our goal is to construct a controller u t, xð Þ that makes the system (11) globally,
uniformly, practically, and exponentially stable. The idea of constructing u t, xð Þ is to
coordinate the control (6), which stabilizes the nominal part (3), and a second control,
which corresponds to the term of perturbation.

• (H0
1) The nominal closed-loop system by (6) is globally uniformly practically

exponentially stabilized with a Lyapunov functionW :, :ð Þ of class C1 which verifies:

c1kxkp ≤W t, xð Þ≤ c2kxkp þ c
∂W
∂t

þ ∂W
∂x

F t, xð Þ þ G t, x, αð Þ½ �≤ � c3 kxkp þ K1e�θt

where c1, c2, c3, c,K1, θ, p> 1 strictly positive constants, with F t, xð Þ ¼
f 1 t, x1ð Þ
f 2 t, x1, x2ð Þ

� �
, G t, x, αð Þ ¼ g1 t, x1ð Þ

g2 t, x1, x2ð Þα t, xð Þ
� �

:

For all r1 >0, we propose the following controller:

u t, xð Þ ¼ α t, xð Þ þ u1 t, xð Þ: (12)

where α t, xð Þ is the control stabilizing the nominal system (3) and

u1 t, xð Þ ¼ �η t, xð Þ ψ tð Þ
kψ tð Þkη t, xð Þ þ r1
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with ψT tð Þ ¼ ∂W
∂x g2 t, x1, x2ð Þ and η t, xð Þ a positive function.

• (H0
2) There exists a positive real function ρ t, xð Þ such that

kk t, x1, x2, uð Þk≤ ρ t, xð Þ þ ku1k,
ρ t, xð Þ< η t, xð Þ (13)

and
ðt
t0
ρ2 s, xð Þds≤Mρ < þ∞,

Under the previous hypotheses, we have the following result:
Theorem 1.5.1. Consider the perturbed system described by (11) verifying the hypothesis

(H0
1) and (H0

2) with the control (12). Then the resulting closed-loop system is globally
practically exponentially stable.

Proof: The idea of the proof is to considerW as a candidate Lyapunov function for the
closed-loop system. We then have its derivative along the trajectories of (11) is given by:

W
:

t, xð Þ ¼ ∂W
∂t

þ ∂W
∂x

F t, xð Þ þG t, x, αð Þ½ �

þ ∂W
∂x

g2 t, x1, x2ð Þ u1 t, xð Þ þ k tð , x1, x2, u tð , xÞÞð Þ,

W
:

t, xð Þ ≤ � c3kxkp þ K1e�θt þ ψT tð Þu1 t, xð Þ þ ψT tð Þk t, x1, x2, uð Þ
≤ � c3kxkp þ K1e�θt þ ψT tð Þu1 t, xð Þ þ kψ tð Þkkk t, x1, x2, uð Þk
≤ � c3kxkp þ K1e�θt þ ψT tð Þu1 t, xð Þ þ kψ tð Þk ρ t, xð Þ þ ku1kð Þ
≤ � c3kxkp þ K1e�θt þ ψT tð Þu1 t, xð Þ þ kψ tð Þk ρ t, xð Þ þ η t, xð Þð Þ:

And then, using the hypothesis (H0
2), it follows that

W
:

t, xð Þ ≤ � c3kxkp þ K1e�θt þ r1 þ ρ t, xð Þ þ kψ tð Þkρ t, xð Þr1
kψ tð Þkη t, xð Þ þ r1

≤ � c3kxkp þ K1e�θt þ 2r1 þ ρ t, xð Þ:

With (H0
1), we obtain

W
:

t, xð Þ ≤ � c3
c2

W t, xð Þ � cð Þ þ K1e�θt þ 2r1 þ ρ t, xð Þ

≤ � c3
c2
W t, xð Þ þ cc3

c2
þ K1e�θt þ 2r1 þ ρ t, xð Þ:

Let y tð Þ ¼ W t, xð Þe
c3
c2

t�t0ð Þ, then

y
:
tð Þ≤ K1e�θt þ 2r1 þ ρ t, xð Þ� �

e
c3
c2

t�t0ð Þ
:

Integrating between t0 and t, we obtain ∀ t≥ t0,

W t, xð Þ ≤ W t0, x0ð Þe�
c3
c2

t�t0ð Þ þ
ðt
t0

cc3
c2

þ K1e�θs þ 2r1 þ ρ s, xð Þ
� �

e
c3
c2

s�t0ð Þds
� �

e�
c3
c2

t�t0ð Þ
:
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Then,
ðt
t0

cc3
c2

þ 2r1

� �
e
c3
c2

s�t0ð Þds ≤ cþ 2r1c2
c3

� �
e
c3
c2

t�t0ð Þ,

Which implies,

ðt
t0
K1e�θse

c3
c2

s�t0ð Þds ≤ K1 inttt0e
�2θs ds

� �1
2
ðt
t0
e2

c3
c2 s� t0ð Þds

� �1
2

≤
K
2

ffiffiffiffiffiffiffi
c2
c3θ

r
e
c3
c2

t�t0ð Þ
:

Moreover,

ðt
t0
ρ s, xð Þe

c3
c2

s�t0ð Þds ≤
ðt
t0
ρ2 s, xð Þds

� �1
2
ðt
t0
e2

c3
c2

s�t0ð Þds
� �1

2

≤

ffiffiffiffiffiffiffiffiffiffi
Mρc2
2c3

s
e
c3
c2

t�t0ð Þ,

Which implies,

W t, xð Þ ≤ W t0, x0ð Þe�
c3
c2

t�t0ð Þ þ cþ 2r1c2
c3

þ K
2

ffiffiffiffiffiffiffi
c2
c3θ

r
þ

ffiffiffiffiffiffiffiffiffiffi
Mρc2
2c3

s" #
:

It follows that,

kxk ≤
c2
c1

� �1
p

kx0ke�
c3
pc2

t�t0ð Þ þ c
c1

� �1
p

e�
c3
pc2

t�t0ð Þ

þ c
c1
þ 2r1c2

c3c1
þ K
2c1

ffiffiffiffiffiffiffi
c2
c3θ

r
þ 1
c1

ffiffiffiffiffiffiffiffiffiffi
Mρc2
2c3

s" #1
p

:

Then, for all t≥T >0 (T large enough) and ε∈ 0, 1½ �, we have

kxk ≤
c2
c1

� �1
p

kx0ke�
c3
pc2

t�t0ð Þ þ 1þ εð Þ c
c1
þ 2r1c2

c3c1
þ K
2c1

ffiffiffiffiffiffiffi
c2
c3θ

r
þ 1
c1

ffiffiffiffiffiffiffiffiffiffi
Mρc2
2c3

s" #1
p

,

Thus BR is globally uniformly exponentially stable with

R ¼ 1þ εð Þ c
c1
þ 2r1c2

c3c1
þ K
2c1

ffiffiffiffiffiffiffi
c2
c3θ

r
þ 1
c1

ffiffiffiffiffiffiffiffiffiffi
Mρc2
2c3

s" #1
p

:

It follows that

V t, xð Þ ≤ V t0, x0ð Þe
�
ðt
t0
ϕ sð Þds

þ
ðt
t0
χ sð Þe

ðs
t0
ϕ τð Þdτ

ds

2
64

3
75e

�
ðt
t0
ϕ sð Þds

:
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So for case 1, according to (7) and (8), we will have

kxk ≤
ffiffiffiffi
ω

σ

r
kx0k e

Mλ
2 e

� a3a1�a4γ
2a1

� �
t�t0ð Þ

þ a1 b4ρþ 4
ffiffiffiffiffi
b1

p
a1r1

� �
σb4 a1a3 � a4γð Þ þ c a1

σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1M0

μ

2 a1a3 � a4γð Þ

s2
4

3
5

1
2

e
Mλ
2 ,

and for case 2, by virtue of (7) and (8), we will have

kxk ≤
ffiffiffiffi
ω

σ

r
kx0k e2a1 MλþMμð Þ e

� 2
ffiffiffi
b1

p
b3a1

b4

� �
t�t0ð Þ

þ ρb4 þ 4
ffiffiffiffiffi
b1

p
a1r1

4σ
ffiffiffiffiffi
b1

p
b3a1

þ c a1
σ

b4M0
μ

8
ffiffiffiffiffi
b1

p
b3a1

� �1
2

" #1
2

e2a1 MλþMμð Þ,

□
and subsequently

V
:

t, xð Þ ≤ � a3 � r1 tð Þ
a1

� b4ηλ tð Þ
2a1

� �
V1 t, x1ð Þ � b3η� b4λ tð Þη

2b1
� b4μ tð Þηffiffiffiffiffi

b1
p

� �
V2 t, x2ð Þ

þ ρþ l1
r1 tð Þffiffiffiffiffi
a1

p þ l2
b4ημ tð Þffiffiffiffiffi

b1
p þ ηεθ t, yð Þ þ ην1ρ t, yð Þku0k

þ η
∂V2

∂x2
g2 t, x1, x2ð Þ

����
����ku0k �θ t, yð Þ � ν1

ε
ρ t, yð Þku0k

� �
:

So, we deduce that

V
:

t, xð Þ ≤ � a3 � r1 tð Þ
a1

� b4ηλ tð Þ
2a1

� �
V1 t, x1ð Þ � b3η� b4λ tð Þη

2b1
� b4μ tð Þηffiffiffiffiffi

b1
p

� �
V2 t, x2ð Þ

þ ρþ l1
r1 tð Þffiffiffiffiffi
a1

p þ l2
b4ημ tð Þffiffiffiffiffi

b1
p :

Hence, let us choose η ¼ 2b1
b4

V
:

t, xð Þ ≤ � min φ tð Þ,ψ tð Þð ÞV t, xð Þ þ τ1 tð Þ
≤ � ϕ tð ÞV t, xð Þ þ τ1 tð Þ,

where

φ tð Þ ¼ a3 � r1 tð Þ
a1

� b1
a1

λ tð Þ, ψ tð Þ ¼ 2b1b3
b4

η� λ tð Þ � 2
ffiffiffiffiffi
b1

p
μ tð Þ

τ1 tð Þ ¼ ρþ l1
r1 tð Þffiffiffiffiffi
a1

p þ l2
b4ημ tð Þffiffiffiffiffi

b1
p ,

and then, the result follows from theorem 3.1.
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6. Global practical stabilization by output loopback

In this section, we consider the following input-output system:

_x1 ¼ f 1 t, x1ð Þ þ g1 t, x1ð Þ
_x2 ¼ f 2 t, x1, x2ð Þ þ g2 t, x1, x2ð Þ uþ k t, x1, x2, uð Þð Þ,
y ¼ y1, y2

� � ¼ x1, h t, x2ð Þð Þ

8><
>:

(14)

where u, y designate respectively the control (input) and the output of the system,
f 1, f 2, h are continuous in t and locally Lipschitzian in x, checking f 1 t, 0ð Þ ¼
0, f 2 t,0,0ð Þ ¼ 0 and h t, 0ð Þ ¼ 0:

The state x2 tð Þ is not known; we are then led to the construction of a controller
u t, yð Þ to guarantee the uniform global exponential practical stability of the
system (14).

Definition 1.6.1. BR is globally uniformly exponentially stabilized by the feedback

u tð Þ ¼ u t, y tð Þð Þ (15)

if there exists γ > 0 and k > 0 such that for all t ≥ t0 ≥ 0 and x0 ∈ℝn, the solution x tð Þ of
the closed-loop system eqrefsorr-(15) checks:

kx tð Þk≤ kkx0k exp �γ t� t0ð Þð Þ þ R:

In this case, the looped system (14)-(15) is globally uniformly practically exponentially
stable.

In fact, it is assumed that the following assumption is satisfied.

• (H4) There exists a positive real function θ0 t, yð Þ such that

kk t, x1, x2, uð Þk≤ θ0 t, yð Þkuk, (16)

for all t∈ℝþ, y∈ℝp�q, u∈ℝq, and

ðt
t0
θ40 t, sð Þds≤Mθ < þ∞:

For all r2 >0, we propose the following controller

u t, yð Þ ¼ � gT2 t, x1, x2ð Þ ∂V2
∂x2

t, x2ð Þθ0 t, yð Þ
∂V2
∂x2

t, x2ð Þg2, ð, tx1x2Þ
���

���þ r2
(17)

where V2 is the function given by the hypothesis (H2).
Theorem 1.6.1. Consider the system (14) and assume that it satisfies the hypotheses

(H1), (H2) and (H4). Then, the closed-loop system (14-17) is globally uniformly practi-
cally exponentially stable.

Proof: Under the hypotheses (H1) and (H2), we will use, as previously, the
function V :, :ð Þ ¼ V1 :, :ð Þ þ ηV2 :, :ð Þ as a candidate Lyapunov function for the closed-
loop system. First, we immediately see that

kk t, x1, x2, uð Þk≤ θ20 t, yð Þ:
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and let us differentiate V along the trajectories of (14)

V
:

t, xð Þ ¼ ∂V1

∂t
þ ∂V1

∂x1
f 1 t, x1ð Þ þ ∂V1

∂x1
g1 t, x1ð Þ

þ η
∂V2

∂t
þ ∂V2

∂x2
f 2 t, x1, x2ð Þ þ η

∂V2

∂x2
g2 t, x1, x2ð Þu t, yð Þ

þ η
∂V2

∂x2
g2 t, x1, x2ð Þk t, x1, x2uð Þ

Moreover, under the hypothesis (H4), we have

V
:

t, xð Þ ≤
∂V1

∂t
þ ∂V1

∂x1
f 1 t, x1ð Þ þ ∂V1

∂x1
g1 t, x1ð Þ

þ η
∂V2

∂t
þ ∂V2

∂x2
f 2 t, x1, x2ð Þ � η

∂V2

∂x2
g2 t, x1, x2ð Þ

gT2 t, x1, x2ð Þ ∂V2

∂x2
t, x2ð Þθ20 t, yð Þ

∂V2

∂x2
t, x2ð Þg2, ð, tx1x2Þ

����
����þ r2

þ η
∂V2

∂x2
g2 t, x1, x2ð Þθ20 t, yð Þ,

it follows that,

V
:

t, xð Þ ≤
∂V1

∂t
þ ∂V1

∂x1
f 1 t, x1ð Þ þ ∂V1

∂x1
g1 t, x1ð Þ

þ η
∂V2

∂t
þ ∂V2

∂x2
f 2 t, x1, x2ð Þ þ ηr2θ20 t, yð Þ

We can now proceed as in the proof of Theorem 1.5.1 and take into account the
hypotheses (H1) and (H2). We have

V
:

t, xð Þ ≤ � a3 � a4γ
a1

� λ tð Þ
� �

V1 t, x1ð Þ � 4
ffiffiffiffiffi
b1

p
b3a1

b4
� 4a1 λ tð Þ þ μ tð Þð Þ

� �
V2 t, x2ð Þ

þ ρþ cc1μ tð Þ þ ηr2θ20 t, yð Þ,

with

φ tð Þ ¼ a3 � a4γ
a1

� λ tð Þ

ψ tð Þ ¼ 4
ffiffiffiffiffi
b1

p
b3a1

b4
� 4a1 λ tð Þ þ μ tð Þð Þ

χ tð Þ ¼ ρþ c a1μ tð Þ þ ηr2θ20 t, yð Þ:

It follows that

V
:

t, xð Þ ≤ �min φ tð Þ,ψ tð Þf gV t, xð Þ þ χ tð Þ:

Then for case 1, taking into account (7) and (8), we obtain
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V t, xð Þ ≤ V t0, x0ð Þ eMλ e
� a3�a4γ

a1

� �
t�t0ð Þ

þ ρa1
a1a3 � a4γ

þ c a1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1M0

μ

2 a1a3 � a4γð Þ

s
þ 4a1r2

b4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1b1Mθ0

2 a1a3 � a4γð Þ

s2
4

3
5 eMλ :

which implies that,

kxk ≤
ffiffiffiffi
ω

σ

r
kx0k e

Mλ
2 e

� a1a3�a4γ
2a1

� �
t�t0ð Þ

þ ρa1
σ a1a3 � a4γð Þ þ

c a1
σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1M0

μ

2 a1a3 � a4γð Þ

s
þ 4a1r2

σb4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1b1Mθ0

2 a1a3 � a4γð Þ

s2
4

3
5

1
2

e
Mλ
2 :

Then for case 2, according to (7) and (8), we obtain

V t, xð Þ ≤ V t0, x0ð Þe4a1 MλþMμð Þ e
� 4

ffiffiffi
b1

p
b3a1

b4

� �
t�t0ð Þ

þ ρb4
4
ffiffiffiffiffi
b1

p
b3a1

þ b4
8
ffiffiffiffiffi
b1

p
b3a1

� �1
2

c a1
ffiffiffiffiffiffiffi
M0

μ

q
þ 4a1r2

b4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b1Mθ0

p� �" #
e4a1 MλþMμð Þ,

Thus,

kxk ≤
ffiffiffiffi
ω

σ

r
kx0k e2a1 MλþMμð Þ e

� 2
ffiffiffi
b1

p
b3a1
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� �
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þ ρb4
4σ
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8
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p
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2 c a1 b4
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μ

q
þ 4a1r2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b1Mθ0

p

σ b4

0
@

1
A

2
4

3
5

1
2

e2a1 MλþMμð Þ,

and subsequently, the looped system (14-17) is globally uniformly exponentially
stable. □

7. Conclusion

In this chapter, the problem of output feedback stabilization for nonlinear uncer-
tain systems is investigated. A controller that assures global uniform practical stability
of the closed-loop system is proposed; that is, the solutions of the closed-loop system
converge toward an arbitrarily small neighborhood of the origin. An illustrative
example and simulation are given. It is also shown that the design approach is
applicable to more general cases.
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Chapter 6

Hybrid Modelling of Water Quality 
Dynamics: Data Assimilation with 
Machine Learning for Enhanced 
Predictions
Parul Tiwari, Channa Rajanayaka and Jing Yang

Abstract

Predicting Escherichia coli concentrations in recreational waters is essential for 
safeguarding public health and ensuring water quality compliance. This study applies 
time series analysis to forecast E. coli levels at six sites in New Zealand using historical 
data from 2005 to 2020. The goal is to develop a reliable predictive model that helps 
in proactive water management and early contamination warnings. Initially, an 
autoregressive integrated moving average (ARIMA) model was applied with param-
eters selected through a stepwise fitting approach. However, ARIMA demonstrated 
limitations in accurately capturing E. coli variability due to external environmental 
factors. Then the seasonal autoregressive integrated moving average with exogenous 
regressors (SARIMAX) model was applied for better predictive performance using 
water quality parameters and climate variables as input predictors. Results showed 
that no single water quality parameter consistently predicted E. coli across all sites, 
though total phosphorus emerged as a key predictor in five locations. The four-year 
forecasts showed patterns aligned with historical trends, suggesting reasonable 
predictive capability. However, forecast accuracy varied across sites, likely due to site-
specific hydrological conditions. This study highlights the importance of site-specific 
modelling, real-time environmental data integration, and advanced machine learning 
techniques to improve water quality predictions. A refined forecasting approach can 
support early warning systems and risk-based decision-making, ultimately reducing 
health risks associated with microbial contamination in recreational waters.

Keywords: water quality dynamics, climate data, Escherichia coli, machine learning, 
data assimilation

1.  Introduction

Water is a natural resource and a priceless gift of nature to all living organisms 
and is a constant threat of pollution by life itself [1]. It is essential for survival as it 
carries nutrients to all cells in our body and oxygen to our brain. Clean water is vital 
to our health, communities, and economy, which is essential to function and flourish 
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and will ultimately lead towards a more sustainable future. Four major categories of 
water-related diseases are waterborne, water-based, water-related, and water-scarce 
diseases [2]. Water quality is a complex interplay of physical, chemical, and biological 
parameters [3]. Several factors are responsible for degradation in water quality [4]. 
These include the concentration of microscopic pathogens such as bacteria and viruses, 
quantities of pesticides, insecticides, heavy metals and several other contaminants. 
Additionally, water quality dynamics are influenced by natural processes such as pre-
cipitation, sedimentation, and seasonal temperature variations, as well as anthropo-
genic activities like wastewater discharge, agricultural runoff, and industrial effluents.

Mathematical models have emerged as indispensable tools for understanding, 
predicting, and managing water quality [5, 6]. These models provide a quantitative 
framework for simulating the behaviour of pollutants, assessing the impacts of vari-
ous stressors and developing management strategies. One widely used model is the 
advection-diffusion-reaction equation, which describes the transport and transfor-
mation of pollutants in water bodies [7]. This model incorporates terms for advection 
(movement of pollutants with water flow), diffusion (spreading due to concentration 
gradients), and reaction (chemical and biological transformations). A recent study 
has applied this model to simulate the dispersion of contaminants in rivers and estu-
aries, enabling precise predictions of pollution hotspots and their impacts on aquatic 
ecosystems [8].

The regulatory and advisory committees around the world set up a threshold limit 
on the microbial quality of water based on the concentrations of E. coli [9]. E. coli, 
a type of bacteria commonly found in the intestines of humans and animals, often 
enters water bodies through sewage discharge, agricultural runoff, or stormwater 
drainage. When contamination levels are high, water becomes unsafe for public 
use, posing serious health risks. Exposure to E. coli-contaminated water can lead to 
stomach cramps, diarrhoea, nausea, and even more severe infections [10]. There are 
various strains of this bacteria. A few of them are enteroaggregative E. coli (EAEC), 
enterohaemorrhagic E. coli (EHEC), and enterotoxigenic E. coli (ETEC). A specific 
strain of E. coli, called E. coli O157:H7, causes severe intestinal infections in humans 
and can lead to life-threatening conditions like kidney failure [11].

E. coli is ranked third among the 12 antibiotic-resistant priority pathogens identi-
fied by the World Health Organisation (WHO). E. coli contamination does not just 
affect human health; it also harms aquatic ecosystems. High levels of E. coli often 
mean there are other pollutants in the water, like nutrients from farms, which can 
cause algal blooms. These blooms use oxygen in the water, making it hard for fish and 
other aquatic animals to survive. This chain reaction harms biodiversity, damages 
ecosystems, and affects the overall health of rivers, lakes, and oceans. Understanding 
the dynamics of water quality is essential for assessing the state of water bodies and 
implementing effective management strategies. Accurate prediction of Escherichia 
coli contamination in surface water is challenging due to considerable uncertainty in 
the physical, chemical, and biological variables that control E. coli occurrence and 
sources in surface waters [11].

Collecting the samples and then culturing and incubating them until bacteria 
growth is visible in laboratories takes several hours [12]. Within this time gap, the 
actual levels of E. coli may change notably. For effective water quality management, 
fast and efficient alternative methods are needed in addition to conventional labora-
tory methods to estimate the levels of these bacteria. Data-driven predictive models 
have the capability to collaborate with the hard work of researchers and all contribu-
tors in the water industry towards achieving the standards of water quality. Machine 
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learning-based models have the potential to detect and understand unexpected 
gradual changes in the physical, chemical and biological qualities of water. Based on 
turbidity, temperature and pH, the authors in [13] applied several machine learning 
algorithms to estimate water quality and developed a deep neural network with 93% 
accuracy. The results are tested according to the World Health Organisation (WHO) 
standards. A combination of single feed-forward and multiple neural networks 
is used in [14] to get an R2 and MSE score of 0.9270 and 0.1200, respectively. The 
authors used 25 features as the input and applied backwards elimination and forward 
selection combination methods.

The authors in Ref. [15] suggested that the existence of E. coli contamination and 
its prediction in rivers and reservoirs is a major concern because of its adverse effects 
on human life and food safety. Despite the very low survival rate outside of the host 
organism of E. coli, water resources have often been found to be contaminated [16]. 
The authors in Ref. [17] found that E. coli levels could be predicted using the amounts 
of algal pigments like chlorophyll and phycocyanin. E. coli interacts with algae by 
giving them organic nutrients and blocking sunlight.

A robust predictive model can be developed with careful consideration of input 
parameters. It is important to note here that in accounting for all these factors and 
heterogeneity present in E. coli fate and transport, great care is needed to generalise 
the results. Also, in case of non-point source pollution, concentrations of E. coli 
in waste and manure vary widely, and the dismissal of livestock waste is not well 
defined. Researchers observed that E. coli loads were notably in the high range at high 
flows compared to low flows [9]. The peaks of turbidity and of E. coli loads are com-
pared in [18]. The authors in Ref. [18] observed that E. coli peaks are always preceded 
by turbidity peaks with similar timings, which resulted in a non-linear relationship 
between E. coli and turbidity.

Process-based models using mass conservation principles [19, 20] have been 
developed. However, hydrodynamic models are effective for water quality dynamics 
using E. coli as a microbial pollutant indicator [21]. A statistical and machine learning 
model has been developed for predicting E. coli loads using water quality, hydrody-
namic data and a few other input variables [22]. Several multiple regression models 
have been developed to predict E. coli loads using several input features including 
turbidity, wave height, and chlorophyll [23–25]. A comparison study between arti-
ficial neural network (ANN) and support vector regression (SVR) is done to predict 
the concentration of E. coli at two recreational beaches [26].

In recent years, researchers have applied various data-driven regression models 
to elaborate the influences of various physicochemical water quality parameters on 
concentrations of faecal indicator organisms (FIOs) and artificial intelligence methods 
such as artificial neural network (ANN) and support vector machines [22, 23, 27]. The 
wide range of applications of machine learning algorithms and computational intel-
ligence as decision support tools has made them indispensable tools [28–30]. Unlike tra-
ditional multivariate regression, which assumes variables are independent and models 
only linear relationships, machine learning uses advanced techniques to find patterns 
and connections in system data [31, 32]. It can handle complex, non-linear relationships 
between noisy and interdependent variables. This allows machine learning to make 
predictions and decisions that are often too complex for traditional methods [33, 34].

Laboratory analysis and the use of artificial intelligence for predictive models 
enable us to be proactive and to take corrective action for a contaminated site [35]. 
The applicability of ML methods in water quality management depends on the choice 
and response of different kernel functions in predictive models [36]. Recreational 
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water activities, such as swimming, kayaking, paddleboarding, and boating, have 
become increasingly important in today’s fast-paced world. These activities provide 
people with a chance to unwind, reconnect with nature, and engage in physical 
exercise, which is essential for maintaining good health [37]. Beyond the physical 
benefits, such activities also play a key role in improving mental well-being, reducing 
stress, and fostering social connections. Families and friends often bond through 
shared water experiences, and the sense of calm that comes from being near or on 
the water can be deeply therapeutic [38]. Additionally, recreational water activities 
contribute to local economies by attracting tourists and supporting businesses like 
boat rentals, water parks, and beach resorts.

The aim of this study is to investigate the suitability of different machine learning 
models to predict the presence of E. coli for the New Zealand river dataset as per the 
recreational and bathing standards. The raw data collected from different sites of riv-
ers in New Zealand provide valuable information in support of utilities to enable them 
to make better decisions in conjunction with machine learning techniques.

2.  Materials and methods

2.1 Site description

This study utilised six different water quality measurement sites across New 
Zealand – three in the North Island and three in the South Island (Figure 1). The 
North Island sites include Mohaka (HV6), Whanganui (TU1), and Tongariro (TU2), 
while the South Island sites are Clutha (DN4), Wairau (NN3), and Mataura (DN5).

The Clutha River, the longest in the South Island and the second longest in New 
Zealand, stretches 338 kilometres (210 miles) from Lake Wānaka in the Southern Alps 
to the Pacific Ocean, flowing south-southeast through Central and South Otago. The 
river boasts the largest catchment and outflow in New Zealand, draining a basin of 
approximately 21,960 square kilometres (8480 square miles) and discharging a mean 
flow of 614 cubic metres per second.

The Wairau River is in the northeast of the South Island, in the Marlborough 
region. It originates in the Spenser Mountains and flows northeast to the Cook Strait.

The Mataura River is a significant waterway in the Southland Region of New 
Zealand. Stretching 240 kilometres (150 miles) from its source in the Eyre Mountains 
to its mouth at Toetoes Bay on the Pacific Ocean, the Mataura River is renowned for 
its natural beauty and recreational opportunities. The river faces issues with declining 
water quality due to intensive farming.

The Tongariro River, located in the North Island of New Zealand, is a vital water-
way that flows north from the Central Plateau into Lake Taupō. In its lower reaches, 
the river’s minimum flow ranges from 16 to 21 cubic metres per second. Renowned for 
its world-class trout fishing, it is often referred to as the “Mecca of trout fishing.”

The Mohaka River is a significant waterway in the east-central North Island of 
New Zealand, spanning 172 km (107 miles) with a catchment area of 2444 square 
kilometres (910 square miles). Its mean annual flow, measured at Raupunga in the 
lower catchment, is 78.1 cubic metres per second.

The Whanganui River, one of the longest in the North Island at 290 kilometres 
(180 miles), flows northwest before turning southwest at Taumarunui, eventually 
reaching the Tasman Sea. Known for its scenic beauty, it is popular for jet boating, 
canoeing, and multi-day river journeys.
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  2.2 Data collection 

 Water quality and streamflow data: Water quality and streamflow data from 
1989 to 2020 were obtained from the National Institute for Water and Atmospheric 
Research’s (NIWA) National River Water Quality Network (NRWQN) in New 
Zealand [ 39 ]. This dataset provides extensive information on key physical, chemi-
cal, and biological water quality parameters for 35 major rivers, collectively 
draining approximately half of New Zealand’s total land area. Monthly data were 
collected from 58 active river sites, including 13 water quality variables and two 
biomonitoring variables, using a combination of  in situ  measurements and grab 
sampling. 

  Figure 1.
  Location of the sites under study (red triangles: sampling sites; shaded polygons: upstream catchments; and blue 
lines: upstream river network).          
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Climate data: Climate data were sourced from NIWA’s Virtual Climate Station 
Network (VCSN) [40], a high-resolution gridded dataset that spans all of New 
Zealand. The VCSN dataset provides daily weather data including precipitation and 
temperature at a 5 km x 5 km resolution, offering comprehensive climate coverage 
across the study area.

Upstream catchment characteristics: Data on upstream catchment characteristics, 
including climate, geomorphology, geology, and land cover, were obtained from 
the River Environmental Classification [41] and the Freshwater Ecosystems of New 
Zealand database [42]. Table 1 shows the description of sites and the units of water 
quality and climate variables used in this study.

2.3 Data analysis

Exploratory data analysis (EDA) is performed to understand the distribution of 
water quality parameters, trends, seasonal patterns, and correlations between E. coli 
levels and other water quality parameters.

Site Description

Full name Abbreviation

Mataura DN5

Clutha DN4

Wairau NN3

Mohaka HV6

Whanganui TU1

Tongariro TU2

Water Quality and Stream Flow Variables

Parameter Unit

Clarity (CLAR) m

Dissolved reactive phosphorus (DRP) mg/l

Turbidity (TURB) NTU

Total nitrogen (TN) mg/l

Total phosphorus (TP) mg/l

Ammoniacal nitrogen (NH4N) mg/l

Nitrate-nitrite-nitrogen (NNN) mg/l

Escherichia coli (ECOLI) cfu/100 ml

Climate Variables

Parameter units

Daily flow m3/s

Rainfall mm

Temperature degC

Table 1. 
Description of the sites and input parameters.
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The mean concentration of E. coli is higher at sites DN5 and DN4 than the other 
four sites. This indicates that these locations have consistently elevated E. coli levels, 
which may suggest a persistent contamination source, such as sewage discharge, 
agricultural runoff, or reduced water flow leading to stagnation. Descriptive statistics 
of E. coli values (in cfu/100 ml) for all six sites are given in Table 2.

Sites DN5 and TU1 also show a higher standard deviation in E. coli concentra-
tions. A higher standard deviation means that the E. coli levels at these sites fluctuate 
more significantly over time. This variability could be due to irregular contamina-
tion events, seasonal changes, varying pollution sources, or differences in water 
dynamics affecting bacterial distribution. Among all the sites, NN3 has the lowest 
mean concentration of E. coli, and its maximum recorded value is also the lowest 
compared to the other sites. This suggests that NN3 is the least contaminated site, 
likely benefiting from cleaner water sources, better dilution, or effective natural 
self-purification processes.

The density plots for these sites provide a visual representation of the distribu-
tion of E. coli concentrations and help to further interpret the statistical findings. 
Sites DN5 (Mataura), DN4 (Mohaka), and TU1 (Whanganui) frequently experience 
higher levels of contamination. In contrast, the density plot for NN3 (Wairau) is 
much narrower and concentrated at lower E. coli values, reflecting its lowest mean 
concentration and the fact that even its maximum recorded value is lower than that 
of the other sites.

Additionally, the density plots for DN5 and TU1 likely exhibit a wider spread, 
indicating a greater variability in E. coli concentrations. This broader distribution cor-
responds with the higher standard deviation observed at these sites, suggesting that 
their E. coli levels fluctuate more significantly over time. The density plots showing 
the distribution of E. coli values are plotted in Figure 2.

We calculated skewness and kurtosis to analyse the variability in data across all 
sites. Table 3 shows these statistical measures across all sites. The skewness and 
kurtosis values for Wairau are the highest among all the sites. This high value suggests 
that its distribution is heavily skewed, likely due to the presence of very low values 
with occasional slightly higher readings. This indicates that E. coli concentrations at 
NN3 are generally low, with a few isolated instances of relatively higher values.

Statistic Site name

DN5 DN4 NN3 HV6 TU2 TU1

Count 185 185 185 160 185 185

Mean 979.27 197.74 23.73 90.31 55.47 336.68

Std 2149.34 471.26 138.50 324.28 182.56 552.29

Min 2 2 0 1 0 0

25% 172.2 18 1 9.7 10.9 59.8

50% 359 37.9 3.2 17.7 17 114.5

75% 878 90.9 9 37.75 32.3 365.4

Max 17,328 2613 1597 3076 1935 3255

Table 2. 
Descriptive measures for E. coli values across six sites under study.
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Figure 2. 
Density plots for E. coli values across different sites.

Statistical measures Sites

Matauara Clutha Wairau Mohaka Tongariro Whanganui

Skewness 5.46 3.68 9.92 6.91 7.83 8.12

Kurtosis 34.44 13.70 103.61 54.38 70.62 85.39

Table 3. 
Statistical analysis of data variability across sites.
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Kurtosis, on the other hand, measures the “tailedness” of the distribution. A 
higher kurtosis value for Wairau means that its E. coli concentration data is more 
peaked with heavier tails. This suggests that most of the readings are clustered around 
very low values, with fewer occurrences of extreme values compared to other sites. 
The high kurtosis also indicates that E. coli levels at this site are more stable, with rare 
fluctuations in contamination levels.

We also plotted facets of input water quality parameters to visualise and compare 
trends across different monitoring sites. The facets for all input water quality param-
eters including E. coli for the Clutha River are shown in Figure 3.

All sites have variations in water quality parameters. E. coli values in some of the 
sites (Wairau and Tongariro) are very low compared to other sites (Mataura and 
Clutha). Figure 4 shows the distribution of E. coli values (cfu/100 ml) for all six 
sites. It is clear from the graph that each site bears very high peaks. It could be due to 
unexpected or sudden changes in some parameters. To study this, we performed a 
time series analysis for all the sites.

We created box plots for all sites to visually analyse the distribution, spread, and 
potential outliers in the data. Box plots help us identify the central tendency, variabil-
ity, and skewness of the data while highlighting any extreme values. This visualisation 
allows for a quick comparison across different sites, ensuring a deeper understand-
ing of data consistency and detecting any anomalies or irregular patterns. Using 
box plots, we observed that site DN5 (Mataura) has high variability and includes a 

Figure 3. 
Facets for water quality parameters for the Clutha river. Units of the variables are given in Table 1.
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maximum number of outliers. Figure 5 illustrates that values of turbidity, E. coli and 
total phosphorus have more variability in river Mataura.

Karl Pearson’s coefficient of correlation is calculated to observe the relation-
ship between water quality parameters. Correlation heatmaps for the sites are 
shown in Figure 6.

Figure 4. 
Monthly E. coli concentrations (cfu/100 ml) at six selected sites.

Figure 5. 
Box plot for water quality and climate data distribution in the Mataura river.
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Land Air Water Aotearoa (LAWA) displays the results of water contamination 
regularly at recreational sites. Figure 7 shows the acceptable threshold value of E. coli 
for recreational activities suggested by LAWA.

2.4 Classification algorithms

To check the suitability of water quality for recreational and bathing activities for 
these sites, we applied five classification algorithms including Logistic Regression 

Figure 6. 
Heat map for all sites using Pearson’s correlation coefficient of the observed water quality parameters.
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(LR), Decision Tree (DT), Random Forest (RF), Support Vector Machine (SVM), and 
Extreme Gradient Boosting (XGBoost).

Logistic regression is a fundamental statistical and machine learning technique 
used for binary classification problems. It predicts the probability that an instance 
belongs to a particular class. The core of logistic regression is the logistic (sigmoid) 
function:

 ( )σ −=
+
1

1 Zz
e  (1)

where z  is the input (linear combination of features), e  is the base of the natural 
logarithm, and ( )σ z  outputs a value between 0 and 1.

The logistic regression model can be represented as:

 ( ) ( )0 1 1 2 21|= = + + +…+ n nP y x w w x w x w xσ  (2)

where ( )=1|P y x  is the probability that =1y  given features x . Here 0w  is the 
bias term (intercept), 1 2, , , nw w w…  are the weights and 1 2, , , nx x x…  are the feature val-
ues. The Gradient Descent method is used for optimisation. The weights are updated 
using gradient descent as

 
( ):

∂
= −

∂
J w

w w
w

α
 (3)

where α  is the learning rate and ( )∂ ∂/C w w  is the gradient of the cost function 
( )C w . The learning rate ( )α  is crucial for successful training. Larger values of ( )α  

may overshoot the minimum values of the function, whereas much smaller values will 

Figure 7. 
Standard threshold value for E. coli concentration suitable for recreational activities in New Zealand. Source: 
https://www.lawa.org.nz/learn/factsheets/can-i-swim-here/coastal-and-freshwater-recreational-monitoring.
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result in slow convergence. We chose adaptive learning rates in which we started with 
a larger learning rate of 0.1 and decreased the rate to 0.01 as training progressed.

In the Decision Tree classifier, we used the Classification and Regression Tree 
(CART) Gini index to achieve maximum information.

Gini index ( )G T  measures the impurity of a set of classes and is calculated as

 ( ) = −∑ 2

1
1

c

iG T p  (4)

where T  is the current state and ip  is the probability of class i .
Random forest algorithm aggregates several decision trees to form predictions. 

This involves constructing a multitude of decision trees, where each tree is trained on 
a random collection of the training dataset, and a random selection of features is used 
to split the data at every level. When predicting, all the trees in the forest provide their 
output, and the average (in case of regression) or majority vote (in case of classifica-
tion) is taken.

Mathematically, if we have N  decision trees, the final prediction for classification 
is given by:

 ( ) ( ) ( ){ }1 2mode , ,ˆ ,= … NT x T x Ty x  (5)

where ( )iT x  represents the prediction from the i th tree. For regression, the 
prediction is computed as

 ( )
1

1ˆ
=

= ∑
N

i
i

y T x
N  (6)

where the predictions from all trees are averaged.
Based on the classification report, the total number of acceptable (good for recre-

ational activities) and not acceptable (not good for recreational activities) data points 
for the six sites are shown in Figure 8.

Table 4 presents model selection results using five classification algorithms. The 
RF algorithm and XGBoost produced the best performance across all metrics. These 
models are superior in performance metrics including accuracy, F1 score, Precision 
and Recall. Another ensemble method, DT, provided comparable performance with 
an accuracy of 98.41%. The remaining two algorithms, LR and SVM, show good 
predictive performances but lower performance than the other algorithms.

2.5 Model development

2.5.1 Time series analysis

Time series analysis was conducted to examine the temporal patterns, trends, 
and residual variations in the E. coli values across all sites. This analysis allowed us 
to decompose the data into three key components: trend, seasonality, and residuals. 
Trend shows the long-term trend in the data, indicating whether values increase, 
decrease, or remain stable over time. Seasonality focuses on repeating patterns 
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observed at regular intervals, suggesting periodic fluctuations in the data, and 
residuals capture the irregular variations that remain after accounting for trend and 
seasonal effects, helping us assess noise and unexpected changes.

Trends were plotted from year 2005 to year 2020. Figure 9 illustrates the temporal 
variations in E. coli values across all six sites. From the analysis, we found that seasonal 
patterns were evident, indicating that the data includes recurring fluctuations at spe-
cific time intervals. This suggests that external factors, such as temperature, rainfall 
and river flow, played a significant role in shaping the data trends. The residuals, while 
present, showed no dominant pattern, confirming that the primary variations were 
well captured by the trend and seasonal components. Identifying seasonality helped in 
predicting future patterns, which is particularly useful for planning and forecasting.

Figure 8. 
Bar plot for classification results based on E. coli concentration present across all sites.
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E. coli concentrations showed a clear seasonal variation, with higher values 
observed during warmer months, likely due to increased bacterial growth, runoff, 
and recreational water use. The three sites, Mataura, Clutha, and Whanganui, have 
high residuals compared to other sites, which shows that these sites have experienced 
unexpected changes. These changes are observed due to the past few days (3 days) 
max flow in river during those instances.

2.5.2 Stationarity analysis

We used the Augmented Dickey-Fuller (ADF) test to determine stationarity. A 
stationary time series has constant mean, variance, and autocovariance over time, 
making it easier to model and forecast. The test showed that all the time series under 
study are stationary. We also examined Autocorrelation function (ACF) and Partial 
Autocorrelation Function (PACF) as shown in Figure 10. The ACF plot helped us 
identify whether past values influenced future values and to what extent. High 
autocorrelation at certain lags suggested seasonality in E. coli values and helped us in 
choosing the model parameters. In addition, the PACF plot helped us understand the 
direct relationship between observations at different lags, excluding the influence of 
intermediate points. This was particularly useful for selecting the appropriate order 
for autoregressive (AR) components in our model.

The site Mohaka has no lags, which means that past E. coli values at this location do 
not significantly influence future values. This is due to high variability in rainfall and 
temperature data.

2.5.3 ARIMA model

For model development, we chose the ARIMA model initially. We used the stepwise 
fit function to determine the optimal parameters for the ARIMA model. These param-
eters varied for different sites due to differences in local environmental conditions, pol-
lution sources, hydrological patterns, and data trends unique to each location. Despite 
applying the ARIMA model, the forecasting results were not highly accurate. This could 
be attributed to several factors, including the high variability of E. coli levels, external 

Classification algorithm Prediction Precision Recall F1-score Accuracy

Logistic Regression (LR) 0 0.80 0.89 0.84 0.8095

1 0.83 0.70 0.76

Decision Tree (DT) 0 1.00 0.97 0.99 0.9841

1 0.96 1.00 0.98

Random Forest (RF) 0 1.00 1.00 1.00 1.00

1 1.00 1.00 1.00

SVM 0 0.69 0.81 0.74 0.6825

1 0.67 0.52 0.58

XGBoost 0 1.00 1.00 1.00 1.00

1 1.00 1.00 1.00

Table 4. 
Performances of different classification algorithms for E. coli concentration.
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Figure 10. 
Autocorrelation function (ACF) and partial autocorrelation function (PACF) for the Clutha river.

Figure 9. 
Time series decomposition of E. coli concentration across all sites.



147

Hybrid Modelling of Water Quality Dynamics: Data Assimilation with Machine Learning…
DOI: http://dx.doi.org/10.5772/intechopen.1010821

environmental influences such as rainfall and temperature variations, and possible data 
limitations. Additionally, E. coli concentrations may be influenced by non-linear and 
complex interactions that ARIMA, a linear model, may not fully capture.

2.5.4 SARIMAX model

Since the ARIMA model did not provide accurate results, we implemented the 
Seasonal Auto Regressive Integrated Moving Average with Exogenous variables 
(SARIMAX) model. SARIMAX extends ARIMA by incorporating seasonality and 
external regressors, making it more effective in capturing environmental influences 
on E. coli levels. We used other water quality parameters such as rainfall, 3-day aver-
age rainfall, total phosphorus, total nitrogen, turbidity, as an external regressor and 
found that no one water quality parameter accurately predicts E. coli levels. It is differ-
ent for each site, but total phosphorus is common for the five sites except Whanganui. 
These external variables can help improve the accuracy of forecasts by accounting for 
additional information that might impact the time series. SARIMAX models combine 
the concepts of SARIMA models with the ability to include exogenous variables. The 
main components of SARIMAX models are as follows:

Seasonal Autoregressive (SAR) Component ( P ): Captures the relationship 
between the current value and past values at the same seasonal lag.

Seasonal Integrated (SI) Component: Involves differencing the series at the 
seasonal interval to achieve seasonal stationarity.

Seasonal Moving Average (SMA) Component (Q ): Models the relationship 
between the current value and past error terms at the same seasonal lag.

Exogenous (X) Variables: These are external factors that might influence the time 
series. Including exogenous variables helps the model capture additional patterns and 
relationships beyond the inherent time series components.

SARIMAX model is represented as SARIMAX ( ) ( ), , , , ,×p d q P D Q s , where p 
is the order of the non-seasonal AutoRegressive (AR) component, d  is the degree 
of non-seasonal differencing, q  is the order of the non-seasonal moving average 
(MA) component. In addition, D  is the degree of seasonal differencing and s  is 
the number of time steps in each seasonal period. Fitting a SARIMAX model with 
exogenous variables involves not only identifying the appropriate orders for the 
seasonal and non-seasonal components but also selecting and incorporating relevant 
exogenous variables.

3.  Results and discussion

Using time series analysis, we predicted E. coli concentrations for the next 4 years 
based on historical data from 2005 to 2020. The predictions provided valuable 
insights into future trends. In this analysis, we found that total phosphorus (TP) 
serves as an exogenous variable for all sites except the Mohaka, for which 3-day 
average rainfall is the exogenous variable. The predicted E. coli values followed similar 
seasonal and long-term patterns observed in the historical dataset. This indicates that 
our model successfully captured the periodic nature of E. coli fluctuations, including 
seasonal peaks and dips. The model treated the extreme values as outliers. Predicted 
E. coli values along with historic data are plotted in Figure 11.

Sites with seasonal variations in past data showed similar trends in future pro-
jections, reinforcing the model’s effectiveness in detecting cyclic behaviour. The 
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Figure 11. 
Forecasting for E. coli concentration across all sites from year 2021 to year 2024.
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forecasted values were evaluated using statistical metrics, Mean Absolute Error 
(MAE) and Root Mean Square Error (RMSE). These metrics indicated an accuracy 
of 86% for the model, confirming that this model effectively captured the underly-
ing patterns of E. coli variations. Cross-validation with historical data showed that 
the model was able to reproduce past trends with minimal error. Furthermore, the 
projected E. coli concentrations did not show unrealistic spikes, suggesting that 
the model did not overfit to noise in the data. The predicted values remained within 
the expected range observed in past records, making them more reliable for practical 
use in water quality monitoring and risk assessment.

However, an important point to note here is that while overall trends were consis-
tent, the rate of increase or decrease in E. coli concentrations varied across different 
sites. This highlights the influence of site-specific environmental factors, which are 
rainfall, temperature, river flow and chemical variables such as TN, TP, and NH4N. 
The Clutha River and the Whanganui River showed greater variability, while others 
exhibited more stable forecasts, suggesting the need for localised calibration and 
continuous monitoring.

4.  Limitations

Traditional ARIMA and SARIMAX models primarily rely on historical patterns 
and assume that future trends will follow similar behaviour, which may not always 
hold true in highly variable environmental systems such as heavy rainfall, land usage 
and pollution events. E. coli concentrations in natural water bodies are affected by 
multiple external factors, including temperature, precipitation, agricultural runoff, 
and wastewater discharge. Although we incorporated temperature, predictions were 
not consistent across all sites.

5.  Conclusion

This study provided valuable insights into predicting E. coli concentrations across 
six sites in New Zealand. By analysing historical data from 2005 to 2020, we applied 
ARIMA and SARIMAX models to forecast E. coli levels for the next 4 years. These 
findings demonstrated that while the models captured overall trends and seasonal 
variations, their accuracy was site-dependent, and external environmental factors 
played a significant role in influencing contamination patterns.

The presence of elevated E. coli levels in recreational waters poses health risks, 
as it indicates possible faecal contamination, which can lead to waterborne illnesses. 
Reliable forecasting models can help authorities implement timely interventions, 
such as issuing public health advisories, monitoring pollution sources, and mitigating 
contamination risks. This study highlighted some key challenges.

No single water quality parameter, except total phosphorus and 3-day aver-
age rainfall, could consistently predict E. coli levels across all sites, indicating the 
complexity of microbial contamination. While historical trends were useful in 
forecasting, external factors, such as rainfall and temperature, introduced significant 
variability. Site-specific differences in E. coli behaviour suggest that a one-size-fits-all 
approach is not ideal for water quality forecasting. More localised models or regional 
calibration techniques may be necessary to improve forecast reliability for specific 
locations. Regional councils may utilise real-time sensor technology and remote 



Differential Equations – Theory, Modeling, Data Assimilation and Algorithms

150

Author details

Parul Tiwari1*, Channa Rajanayaka2 and Jing Yang2

1 Department of Mathematical Sciences, Auckland University of Technology, 
New Zealand

2 National Institute of Water and Atmospheric Research, Christchurch, New Zealand

*Address all correspondence to: parul.tiwari@aut.ac.nz

sensing data to capture rapid changes in water quality, and the frequency of water 
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