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Preface

Time series serve as the language describing dynamic phenomena. From climate to 
cybersecurity, finance, and geosciences, contemporary challenges increasingly rely on 
our ability to model temporal dependencies, extract insights from limited and noisy 
data, and implement methods tailored to real-world conditions. This book consolidates 
advances that extend beyond traditional approaches, integrating probabilistic model-
ling, network-based dependency representations, and computationally efficient learn-
ing suited for edge deployment, all emphasizing transparent and practical application.

Besides the Introduction section, the volume is organized into three other sections that 
reflect this arc.

Section 2, Probabilistic and Dynamical Foundations, lays out the methodological 
groundwork. In this section, the book connects data-driven and model-based methods, 
using Takens’ embedding theorem and dynamical systems concepts to support hybrid 
predictors that merge mechanistic models with contemporary learning algorithms. The 
goal is not just to list techniques but to demonstrate how assumptions, diagnostics, and 
uncertainty interplay to produce robust and justifiable inferences.

Section 3, Graphs, Dependencies, and Networked Time Series, reinterprets tempo-
ral data as interconnected systems. The chapter uses a cybersecurity case study to make 
regime structures and cross-series influences clear. In this work, signals from diverse 
sources are rapidly fused, compressed, and processed. Throughout, the emphasis is 
on interpretable representation learning and forecasting that accounts for evolving 
dependency regimes.

Section 4,  Efficient Learning and Domain Applications, focuses on methods 
designed for limited environments and scientific discovery in specific contexts. It 
introduces neuro-symbolic techniques suitable for real-time and edge computing, 
integrating spectral feature extraction, symbolization, and convolutional architectures 
for reliable recognition and prediction. Additionally, it discusses compression-based 
forecasting and universal coding as practical, transparent, and easy-to-deploy base-
lines that are competitive. The section concludes with a case study on restoring neotec-
tonic landforms along the Median Tectonic Line in southwest Japan through numerical 
dislocation modelling, demonstrating how structured time-series analysis can support 
geological interpretation, especially when data are scarce and spatially interconnected.

The book targets researchers and practitioners familiar with time-dependent data who 
want to expand their toolkits, as well as postgraduate students seeking a clear progres-
sion from classical techniques to modern frontiers. It assumes a working knowledge 
of probability and linear algebra, along with basic experience in statistical computing 
(such as Python or R). When a chapter relies on specialised methods, we offer brief 
primers and direct readers to accessible references.

XII
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The sections can be read sequentially, but each chapter is independent of the oth-
ers. Readers primarily interested in deployment can skip directly to Section 4 and 
revisit Section 2 for Bayesian calibration or Section 3 for dependency modelling as 
needed. Those examining networked or multi-stream data might start with Section 3, 
referencing Section 2 for uncertainty quantification and Section 4 for implementa-
tion templates. Throughout, we focus on reproducible workflows, transparent model 
specifications, and honest communication of uncertainty.

Throughout the chapters, several principles recur:

• Purposeful Modelling: Methods are introduced to address specific questions, 
such as forecasting during regime shifts, attributing influence among co- 
evolving series, or functioning within tight computational limits, rather than for 
their own sake.

• Default uncertainty: Forecasts and classifications are provided with intervals or 
probability estimates, and model critique is emphasized through posterior pre-
dictive checks, stability analyses, and sensitivity to priors or hyperparameters.

• Transparent structure: Whether via Bayesian priors, dynamic constraints, or 
graph models, we prioritise models that reveal assumptions and mechanisms, 
allowing review by domain experts.

• Practical computation: Algorithms are chosen considering memory, latency, and 
energy limits, in addition to accuracy, ensuring methods are applicable in real-
world decision-making contexts.

We hope that Time Series Analysis – Frontiers in Research and Practice helps you link 
principled modelling with the complex realities of modern data, enabling you to create 
analyses that are accurate, robust, interpretable, and practical.

Jorge Rocha, Inês Boavida-Portugal, Eduardo Gomes and Cláudia M. Viana
Institute of Geography and Spatial Planning,

 University of Lisbon,
Lisbon, Portugal
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Chapter 1

Introductory Chapter: Frontiers 
in Research and Practice of Time 
Series Analysis
Cláudia M. Viana, Inês Boavida-Portugal, Eduardo Gomes  
and Jorge Rocha

1.  Introduction

The foundational assumption of time series analysis is the existence of a persistent, 
time-dependent underlying system that has shaped data in the past and is likely to 
continue doing so in the future. This system typically operates by establishing non-
random patterns that can be detected over a time-series visual analysis or via some 
other statistical analysis. Therefore, the main objective of time series modeling is 
to detect such non-random patterns in the temporal behavior of a variable of inter-
est, observing if past dynamics can allow future predictions, and thereby support 
decision-making processes.

In recent years, interest in time series analysis has grown considerably. This trend 
reflects the explosion of data availability (Big Data), the advances in computing 
capabilities, both in processing and storage (Data Lakes), and the emergence of 
sophisticated statistical and machine learning modeling techniques. In this chapter, 
we provide an outline of the current state of time series research, focusing on key 
applications, methodological developments, emerging algorithms, and ongoing chal-
lenges. We also discuss how classical statistical methods are being extended, and in 
some cases refined, by recent advances in artificial intelligence and, more specifically, 
machine learning methods.

2.  Key applications

Time series analysis is widely used in various fields of knowledge, such as finance, 
economics, healthcare, environmental sciences, and industry, just to name a few.

In the fields of finance and economics, where these analytical methods have a long 
tradition, time series models are essential for understanding fluctuations in product 
(or asset) prices, interest and exchange rates, and market indices. They are a funda-
mental tool for predicting and managing risks and optimizing investment portfolios. 
Furthermore, time series analysis helps predict the behavior (e.g., scenario building) 
of important economic indicators, such as Gross Domestic Product (GDP), Gross 
Value Added (GVA), inflation, and unemployment, providing important data for 
political and economic planning [1, 2].
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In this context, as we will discuss in the following section, classic models such 
as Autoregressive Integrated Moving Average (ARIMA), Seasonal Autoregressive 
Integrated Moving Average (SARIMA), and Seasonal Autoregressive Integrated 
Moving Average with Exogenous Regressors (SARIMAX) continue to be widely used 
to capture linear trends and seasonality in data [3–5]. However, the often volatile and 
nonlinear nature of financial markets has led to the progressive adoption of machine 
learning approaches over classical methods. Hybrid approaches, such as the combina-
tion of ARIMA and Long Short-Term Memory (LSTM) artificial networks, are also 
becoming widely used due to their ability to leverage both statistical rigor (ARIMA) 
and pattern recognition in complex data (LSTM). These models have proven particu-
larly effective in predicting stock prices and financial behaviors [1, 3, 6, 7].

In healthcare, time series analysis supports applications in fields as diverse as 
personalized medicine, remote monitoring, and epidemiology. From a more clini-
cal perspective, studies demonstrate that data such as ECG signals, glucose levels, 
or blood pressure measurements can be used to monitor patient health in real time 
and anticipate adverse events, such as cardiac arrests or hypoglycemic episodes [8]. 
Furthermore, continuous patient monitoring based on time series allows for the 
early detection of critical conditions, improving clinical outcomes [9, 10]. Machine 
learning, particularly LSTM artificial networks and attention-based models, has 
shown promise in modeling complex and noisy physiological data (i.e., unwanted and 
meaningful data that blur existing patterns and relationships).

From a public health perspective, often even within a geographic context, epi-
demiological models based on historical data have been shown to aid in predicting 
disease outbreaks, enabling better preparedness and resource allocation [8, 11]. For 
example, during the COVID-19 pandemic, these models were essential in projecting 
infection curves and guiding government responses [12–14].

In environmental sciences, time series analysis is indispensable for identifying 
weather patterns, anticipating natural disasters, and monitoring ecological changes 
[15]. The analysis of data series such as temperature, precipitation, humidity, and 
wind is essential for weather prediction (short-term series) and climate studies 
(long-term series, e.g., 30-year climatological normals) [16]. Remote sensing data can 
also be an asset, as they provide high-temporal resolution information on vegetation 
(e.g., NDVI), temperature, and hydrology (e.g., NDWI), among other things. This 
information helps monitor droughts, predict floods, and inform agricultural planning 
decisions [11, 17–20]. Time series are also essential for predicting pollution levels and 
emissions, serving as a basis for environmental planning policies [2]. A clear example 
that demonstrates the importance of a holistic approach is the Intergovernmental 
Panel on Climate Change (IPCC) scenarios, which predict different scenarios for 
economic growth and greenhouse gas emissions.

Lastly, in industry and energy, time series analysis is primarily used for anomaly 
detection and process optimization. For example, by analyzing production metrics 
over time, companies can identify system failures and improve operational effi-
ciency [21–23]. In the energy sector, forecasting energy consumption is essential for 
managing the grid itself, while forecasting the availability of renewable energies, 
such as solar and wind, can serve to support their integration into energy systems 
efficiently [20, 24].

Time series analysis also supports telecommunications, helping to predict network 
traffic for better bandwidth allocation [7]. In e-commerce and digital platforms, 
massive volumes of temporal data (e.g., clickstreams, transaction logs, and server 
metrics) are analyzed to forecast demand, detect irregularities, and fine-tune system 
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resources [25]. For instance, server load prediction helps manage infrastructure 
dynamically, and analysis of consumer behavior over time informs stock manage-
ment and marketing strategies. Clustering and similarity analysis of time series also 
enhance recommender systems and user profiling.

Finally, in retail and business, sales forecasting based on time series data informs 
inventory and supply chain decisions, while also supporting customer analytics and 
targeted marketing [9, 19]. Across all these domains, time series analysis enables 
smarter, data-driven decision-making and improved responsiveness to real-world 
dynamics.

3.  Methods

Time series analysis relies on a broad array of methods, ranging from tradi-
tional statistical models to modern machine learning and deep learning techniques 
(Figure 1). These techniques are designed to highlight temporal dependencies, 
capture underlying data structures, and predict future values based on past observa-
tions (forecasting) or vice versa (backcasting).

Despite recent developments, classical statistical models continue to be widely 
used, mainly due to their interpretability, simplicity, and solid theoretical founda-
tions. Among the best known (and most widely used) are autoregressive (AR) models, 
which assume that current values depend linearly on past observations [11, 26]. Based 
on this assumption, the ARIMA model incorporates a differencing component to 
achieve stationarity and includes a component that uses a moving average to account 
for residual error [11, 27, 28]. Because time series often exhibit seasonal behavior, 
ARIMA evolved into SARIMA, which allows modeling periodic structures [27], and 
later, into SARIMAX, which allows the introduction of exogenous variables to improve 
predictive performance [4].

The added value that the moving average brought to ARIMA led to the develop-
ment of another important group of algorithms that use moving averages to smooth 
out fluctuations in observations and highlight long-term trends. Notable in this 

Figure 1. 
Time series analysis methods.
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context are the Simple Moving Average (SMA), the Weighted Moving Average 
(WMA), and the Exponential Moving Average (EMA). The former calculates the 
unweighted average using a fixed window of past values [26, 28, 29], and the second 
improves on the former’s approach by assigning greater weight to more recent obser-
vations [28, 29]. Finally, the latter applies exponentially decreasing weights to older 
data, making the model more sensitive to recent changes [29].

The basic characteristics of the EMA directly relate it to the Exponential 
Smoothing (EMS) framework, which also places greater emphasis on more recent 
data to generate predictions. However, simple exponential smoothing only works well 
for stationary data series without trends or seasonality [11, 26], making it difficult 
to address both phenomena simultaneously. In contrast, the Holt-Winters method 
considers both, making it suitable for more complex time series [28].

Classical models tend to perform well on stable, linear data sets and are computa-
tionally efficient. However, these algorithms face limitations when faced with non-
linear dynamics, multiple variables, or long-term dependencies. With the emergence 
of the Internet of Things (IoT) and Big Data, these limitations have become more 
apparent and led to the increasing use of machine learning techniques, which bring 
greater flexibility to time series analysis. In the field of ML models, Random Forests 
(RF), Gradient Boosting Machines (XGBoost), and Support Vector Machines (SVM) 
have stood out, being applied not only to prediction but also to feature selection, 
classification, and anomaly detection [30].

More recently, there has been a resurgence in the use of artificial neural networks, 
which have demonstrated strong performance in modeling sequential data. This 
resurgence has not been primarily based on traditional structures such as multilayer 
perceptron (MLP), although other architectures, such as Radial Basis Function 
(RBF) networks, have been used to improve predictions in systems with complex and 
nonlinear behavior [20].

The “second life” of ANNs has been based primarily on the concept of enhanced 
learning (i.e., Deep Learning). Thus, models such as Recurrent Neural Networks 
(RNN), particularly those with LSTM architectures, showed greater prominence, as 
they are specially designed to retain memory for longer periods and are suitable for 
large, nonlinear time series [11, 20]. Temporal Convolutional Networks (TCN) have 
proven to be a valid alternative to RNNs, starting from the convolutional modeling 
paradigm and using causal filters to preserve temporal order and capture long-term 
patterns in the data. Similarly, the advent of Big Data, and consequently, social media 
data, has led to transformer-based models entering the realm of time series analy-
sis. Originally developed for natural language processing (NLP), these models use 
self-attention mechanisms to model dependencies in entire sequences. Their adapt-
ability has made them particularly effective in prediction, classification, and anomaly 
detection.

Finally, a promising research focus is the development of hybrid models that com-
bine classical statistical approaches with neural networks. For example, time series 
can first be decomposed into trend, seasonal, and residual components, using STL 
(seasonal-trend decomposition based on LOESS) [11]. Then these three components 
can be modeled separately, frequently with distinct neural network subdivisions 
fitted to each signal type. In parallel, a new generation of foundation models (FMs) 
is emerging in the time series field. Inspired by language models like Bidirectional 
Encoder Representations from Transformers (BERT) and Generative Pre-trained 
Transformer (GPT), these large-scale pre-trained architectures are adapted for 
temporal data. Trained on massive time series datasets, models like TimeGPT [31] 
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and T-FORMER [32] develop a kind of “temporal intelligence” enabling zero-shot and 
few-shot forecasting, anomaly detection, and even domain adaptation. By leveraging 
transfer learning and attention mechanisms, they achieve state-of-the-art results 
across diverse applications [33].

All these methods depend on careful preliminary analysis. Visualization and 
exploratory techniques, such as plotting autocorrelation and partial autocorrelation 
functions, or applying smoothing filters, are essential for understanding the structure 
of a time series before applying complex models [34]. In addition, frequency-domain 
methods, such as the Fourier Transform, help detect cyclic components by transform-
ing data from the time domain. For systems where observations are noisy or incom-
plete, the Kalman Filter provides a recursive method for estimating the underlying 
state in real time [29].

4.  Challenges and future directions

Despite its many strengths, time series analysis continues to face a range of evolv-
ing challenges. These can be broadly grouped into four areas: data complexity, model 
limitations, computational demands, and ethical concerns. One of the most pressing 
difficulties lies in the increasing complexity of modern time series data. Today’s 
datasets are often high-volume, nonlinear, and dynamically changing, all character-
istics that make accurate and generalizable forecasting particularly hard to achieve 
[10, 35, 36]. While classical statistical models remain valuable for many applications, 
they often fall short in capturing the layered, often non-stationary dependencies 
found in real-world data.

Another ongoing concern (or even constraint) is model generalization and compu-
tational complexity. Regarding the former, in applications where accurate predictions 
have strong real-world effects, several models are still unable to deliver reliable results 
[35, 37, 38]. Data quality—the old modeling saying about “garbage in, garbage out”—also 
muddles this situation. Indeed, outliers, noise, and inconsistencies can severely impact 
model performance, turning these issues into a current research topic [10, 39]. In 
high-dimensional contexts, e.g., sensor networks or genomics, dimensionality reduction 
becomes crucial. Techniques such as Principal Component Analysis (PCA), Independent 
Component Analysis (ICA), and t-SNE help project complex datasets into lower-dimen-
sional spaces while preserving key structures [15]. Similarly, feature selection methods, 
including variable importance measures from RF, prove to be effective in isolating the 
most relevant inputs.

As for the latter, Deep learning models, especially those built on transformer 
architectures, demand significant resources to train and deploy [36, 40]. In addi-
tion, model tuning and architecture selection are often time-consuming and sensi-
tive to configuration choices, impacting performance [10, 37]. As models grow in 
sophistication, interpretability becomes even more crucial, especially in regulated 
environments such as healthcare or finance. Tools like SHapley Additive exPlanations 
(SHAP) and Local Interpretable Model-Agnostic Explanations (LIME), originally 
developed for other types of data, are now being adapted to help explain time series 
predictions [41–43].

Anomaly detection is a particularly important application area, especially in 
settings where rare events carry serious consequences. In finance, anomalies might 
indicate fraud; in healthcare, they could signal acute medical risk [44]. Classical 
detection methods (based on fixed thresholds or statistical rules) often fail under 
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non-stationary conditions. Recent methods adopt probabilistic approaches, autoen-
coders, or Bayesian networks to learn normal behavior patterns and flag deviations 
more reliably. Newer frameworks even estimate anomalies as latent variables, elimi-
nating the need for explicitly labeled, clean training data and improving performance 
in noisy environments.

Advances in representation learning, particularly via autoencoders and learned 
embeddings, also show promise. These methods enable the compression and abstrac-
tion of high-dimensional time series into interpretable formats, aiding visualization 
and improving anomaly diagnosis across multiple variables.

The rise of Big Data has shifted time series analysis from batch-based modeling 
toward real-time processing and decision-making. Continuous data streams from 
sensors, markets, or digital platforms require scalable and distributed computing 
solutions. Technologies like Apache Spark, Flink, and Kafka now underpin many 
real-time pipelines [45], while cloud-native and serverless architectures support the 
deployment of models that learn and adapt on the fly.

In response, algorithms have evolved. Scalable versions of ARIMA, Prophet, and 
LSTM can now be applied in real-time contexts, and online learning techniques allow 
models to update incrementally with each new data point, avoiding full retraining. 
This adaptability is crucial for responding to shifting patterns in dynamic systems.

Integrating models into production environments has also become a priority. 
Organizations increasingly seek end-to-end pipelines covering data ingestion, 
preprocessing, training, validation, deployment, and monitoring. In this context, 
MLOps platforms like MLflow, Kubeflow, and TensorFlow Extended (TFX) are 
being extended to support time series workflows, improving reproducibility, version 
control, and scalability [46].

As predictive models are embedded into decision-making processes, ethical con-
siderations become unavoidable. Models must be transparent, fair, and accountable 
across their entire lifecycle. Future developments in time series analysis will need to 
incorporate fairness-aware design, privacy-preserving methods, and mechanisms for 
active stakeholder involvement, ensuring that models not only perform well but also 
align with societal values and minimize unintended consequences.

Looking forward, several promising directions are emerging. Ensemble methods, 
including bagging, boosting, and stacking, continue to show gains in robustness and 
predictive performance [10]. Deep learning architectures, especially those based 
on transformers, are being refined to reduce computational load while maintaining 
modeling capacity [36, 40]. At the same time, improved techniques for handling noise 
and missing data are essential for increasing model resilience [39].

Another growing area of focus is the integration of domain expertise into model 
architecture and training. In fields like healthcare and finance, such approaches lead 
to more relevant, interpretable, and actionable models [8, 47]. Finally, ongoing prog-
ress in algorithm efficiency and infrastructure scalability will be critical to meeting 
the demands of increasingly large and complex time series datasets [48].

5.  Conclusion

Time series analysis continues to evolve at the intersection of well-established 
theory and cutting-edge innovation. From classical statistical models to deep learning 
architectures and emerging foundation models, the field has expanded both in depth 
and in breadth. Its growing range of applications, across domains as varied as finance, 
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healthcare, environmental science, and industry, reflects its central role in interpret-
ing temporal data and supporting informed decision-making.

As new methods emerge and data sources multiply, the ability to harness time 
series analysis responsibly and effectively will depend not only on technical progress 
but also on how well researchers and practitioners respond to pressing challenges, 
including those related to complexity, interpretability, scalability, and ethics. Looking 
ahead, combining methodological rigor with ethical awareness and domain-specific 
insight will be key to fully realizing the potential of time series analysis in shaping a 
more adaptive, transparent, and data-informed future.
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Chapter 2

Data-Model-Driven Time Series
Prediction
Xiaoxiang Guo, Zhen Li, Jingrun Zhang and Chongxiao Zheng

Abstract

In complex systems science, time series prediction serves as a core methodology
for uncovering the dynamical laws of natural and social phenomena, which demon-
strates significant applications across numerous disciplines such as finance, meteorol-
ogy, and medicine. Current research in time series prediction primarily follows two
paradigms: data-driven machine learning methods, while excelling in non-linear
fitting capabilities, inherently suffer from limited interpretability; model-driven
mechanistic analysis methods, despite offering strong theoretical interpretability,
often struggle to achieve satisfactory data-fitting performance. To overcome this
dilemma, a novel data-model hybrid-driven forecasting approach has emerged. The
organic integration of neural networks’ data representation advantages with mecha-
nistic models’ physical interpretability is catalyzing a paradigm shift in time series
prediction research. This chapter will systematically review advances in time series
prediction methods, with a focus on three cutting-edge directions: deep learning-
based prediction algorithms, dynamics-inspired forecasting frameworks, and physics-
informed neural network (PINN) approaches. The aim is to provide researchers with
comprehensive and in-depth methodological guidance, facilitating breakthroughs in
complex system modeling and prediction studies.

Keywords: time series prediction, data-model driven, machine learning,
mathematical model, dynamical evolution

1. Introduction

Time series data plays a pivotal role in scientific research and engineering applica-
tions, serving as a fundamental medium for uncovering the dynamic evolution of
complex systems [1, 2]. It is ubiquitous across diverse domains, including finance,
meteorology, biomedicine, and industrial control, where accurate forecasting is
essential for both understanding system dynamics and optimizing decision-making
processes [3–9]. However, the underlying dynamical patterns are often obscured by
seemingly chaotic observations, posing significant challenges for prediction tasks [10].

Traditional statistical models, such as autoregressive integrated moving average
(ARIMA), exhibit strong performance in linear and stationary scenarios but struggle
to capture the intricate non-linearities inherent in real-world systems [11]. Recent
advancements in artificial intelligence and computational power have propelled data-
driven approaches, particularly neural networks, to the forefront of time series
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forecasting due to their exceptional capacity for modeling non-linear relationships
[12–15]. Nevertheless, purely data-driven methods often lack interpretability and may
fail to generalize under unseen conditions, as they do not explicitly account for the
governing physical laws of the system [16, 17]. Consequently, a critical research focus
has emerged: how to effectively integrate data-driven models with domain-specific
physical principles to enhance prediction reliability, interpretability, and generaliz-
ability. This paradigm shift, bridging machine learning with mathematical modeling,
holds the potential to unlock more robust and physically consistent forecasting frame-
works, paving the way for breakthroughs in complex system analysis and control.

In recent years, deep neural network algorithms based on the universal approximation
theorem, such as backpropagation neural networks (BPNNs), long short-term memory
(LSTM) neural networks, and attention mechanism neural networks, have demonstrated
exceptional performance in non-linear fitting tasks [12–15, 18–20]. Meanwhile, time
series prediction methods derived from Takens embedding theorem and generalized
embedding theorems, including multi-view embedding (MVE), randomly distributed
embedding (RDE), delay parameterized method (DPM), and auto-reservoir neural net-
work (ARNN), introduce the dynamical evolution information into prediction models,
offering innovative solutions for predicting low-dimensional chaotic and high-
dimensional short-range time series [21–24]. To address the limitations of the “black-box”
nature, physics-informed neural networks have significantly enhanced model interpret-
ability by integrating physical prior knowledge with neural networks, providing novel
research perspectives for the modeling and prediction of complex systems [25, 26].

This chapter will systematically review the advances in time series prediction
methods in three cutting-edge directions: deep learning-based prediction algorithms,
dynamics-inspired forecasting frameworks, and physics-informed neural network
approaches. This enables researchers to gain a deeper understanding of state-of-the-
art time series forecasting methods. In Section 2, we will introduce deep learning-
based prediction algorithms, including BPNN, LSTM, and reservoir computing (RC).
In Section 3, we discuss the application of embedding theories in time series predic-
tion and present state-of-the-art forecasting methods such as MVE, RDE, DPM, and
ARNN. In Section 4, we elaborate on data-model-driven prediction approaches,
including physics-informed neural networks (PINNs) and transmission dynamics-
informed neural networks (TDINNs) [27]. Section 5 ends with a discussion on future
research directions.

2. Deep learning-based prediction algorithms

Deep neural networks have demonstrated remarkable performance in time series
analysis tasks, such as prediction, classification, and anomaly detection, owing to their
powerful non-linear fitting capabilities. This section systematically introduces three
representative models, BP neural networks, LSTM networks, and reservoir comput-
ing, with an in-depth discussion of their core principles and application scenarios. The
presentation aims to provide readers with cutting-edge research insights and practical
paradigms in time series analysis.

2.1 BP neural network

The BP neural network was formally proposed by D. Rumelhart, G. Hinton, and R.
Williams in 1986 [28]. As a multi-layer feed-forward neural network, the core
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principle of the BP network lies in optimizing the network weights and biases via
back-propagation to minimize the mean squared error (MSE) between the predicted
outputs and the actual outputs. The network architecture generally comprises an input
layer, hidden layers, and an output layer, where neurons across layers are
interconnected via weighted connections. The number of neurons in the input layer
aligns with the dimensions of historical observations within the time series, while that
in the output layer corresponds to the dimensions of the prediction target.

In a four-layer BP neural network (see the framework in Figure 1), let the input
signal be x ¼ x1, x2, … , xn½ �T ∈n. Then, the ith neuron in 1st hidden layer satisfies,

h1i ¼ σ1
Xn
p¼1

ω1
ipxp þ b1i

 !
, (1)

and the jth neuron in 2nd hidden layer obeys,

h2j ¼ σ2
Xm1

i¼1
ω2
jih

1
i þ b2j

 !
, (2)

The output signal,

Figure 1.
The brief framework of a four-layer BP neural network. Input: x1,⋯, xnf g, 1st hidden layer: h11,⋯, h1m1

n o
, 2nd

hidden layer: h21,⋯, h2m2

n o
, and output: y1,⋯, yk

� �
.
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yq ¼ σ3
Xm2

j¼1
ω3
qjh

2
j þ b3q

 !

¼ σ3
Xm2

j¼1
ω3
qj σ2

Xm1

i¼1
ω2
jih

1
i þ b2j

 ! !
þ b3q

 !

¼ σ3
Xm2

j¼1
ω3
qj σ2

Xm1

i¼1
ω2
ji σ1

Xn
p¼1

ω1
ipxp þ b1i

 ! !
þ b2j

 ! !
þ b3q

 !
:

(3)

Here, σ1, σ2, and σ3 are the activation functions; ω1
ip, ω

2
ji, and ω3

qj are weight parame-

ters; and b1i , b
2
j , and b3q are the bias parameters. The loss function of the network is

typically defined as,

L ¼ 1
2

Xk
q¼1

yq � ŷq
� �2

, (4)

where ŷq, q ¼ 1, 2,⋯, k
n o

is the real output signal. To minimize the prediction error,

the gradient descent algorithm is employed, which updates the network weights and
biases by computing the derivative of the loss function with respect to the parameters,
thereby optimizing the model. This is normally done using back-propagation. The
iteration of the parameter v in the network is,

v vþ Δv: (5)

Taking the update of ω3
qj as an example, the sigmoid function is chosen as the activa-

tion function.

Δω3
qj ¼ �η

∂ℒ
∂ω3

qj

¼ �η ∂ℒ
∂yq
�
∂yq
∂ω3

qj

 !

¼ �η yq � ŷq
� �

� 1� yq
� �

� yq � h2j
� �

(6)

Similarly, the update formula of other parameters can be obtained.

2.2 LSTM neural network

Long short-term memory (LSTM) is a type of recurrent neural network
(RNN) architecture designed to address the vanishing gradient problem in
traditional RNNs, enabling better learning of long-term dependencies in sequential
data [12]. The core architecture of LSTM comprises a memory cell and three gating
mechanisms: the input gate, forget gate, and output gate. (See a brief framework in
Figure 2.)

The forget gate decides what portion of the previous cell state Ct�1 needs to be
removed. This decision is computed using the current input xt and the previous
hidden state ht�1, followed by a sigmoid activation to produce a forget gate output f t,
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f t ¼ σ Wf � ht�1, xt½ � þ bf
� �

, (7)

where σ denotes the sigmoid function and Wf and bf represent the weight matrix and
bias term of the forget gate, respectively. A value of f t close to 0 means completely
forget, while a value close to 1 means fully retain.

The input gate determines how much of the candidate information (derived from
the current input xt and previous hidden state ht�1) should be added to the memory
cell and produces a candidate memory cell state ~Ct to propose new potential values.
Mathematically, these operations are defined as,

it ¼ σ Wi � ht�1, xt½ � þ bið Þ,
~Ct ¼ tanh WC � ht�1, xt½ � þ bCð Þ: (8)

The final cell state update combines these terms with the output of the
forget gate,

Ct ¼ f t⊙Ct�1 þ it⊙~Ct (9)

The output gate regulates the quantity of information from the current memory cell
state Ct that is relayed to the hidden state ht at the current time step. This involves two
steps: A sigmoid layer decides which parts of Ct to output, based on the current input
xt and previous hidden state ht�1; then the gate modulates the tanh-squashed version
of Ct to produce ht [29].

Figure 2.
The brief framework of the LSTM neural network.

21

Data-Model-Driven Time Series Prediction
DOI: http://dx.doi.org/10.5772/intechopen.1012020



ot ¼ σ Wo � ht�1, xt½ � þ boð Þ,
ht ¼ ot⊙ tanh Ctð Þ:

(10)

In an LSTM, the sigmoid function acts as a switch in each gate, regulating the flow of
information by outputting values between 0 and 1. The tanh function, which scales
values to the range �1, 1½ �, helps control the memory cell’s state, ensuring balanced
and stable information flow, and contributes to generating the hidden state.

Example: Predict the next number in a time series.
Given a one-dimensional sequence X ¼ x1, x2, x3, … , xnf g, the goal is to train an

LSTM model for sequence extrapolation. Specifically, the model should predict the
nþ 1ð Þ-th element given the preceding n consecutive elements. For n ¼ 3, the model
should output x4 when the input sequence is x1, x2, x3½ �.

Assume the LSTM unit contains a single neuron, with an initial memory cell C0 ¼
0 and an initial hidden state h0 ¼ 0. The detailed calculations for each time step are as
follows (notation: σ symbolizes the sigmoid activation mapping, while tanh repre-
sents the hyperbolic tangent activation transformation).

• Time step t ¼ 1: Input x1

If,

f 1 ¼ σ Wf � h0, x1½ � þ bf
� � ¼ 0:8,

i1 ¼ σ Wi � h0, x1½ � þ bið Þ ¼ 0:9,
~C1 ¼ tanh WC � h0, x1½ � þ bCð Þ ¼ 1:0,

which means 80% of the previous memoy is retained and 90% of new information is
written into the memory cell. So, the memory cell is updated,

C1 ¼ f 1 � C0 þ i1 � ~C1 ¼ 0:8� 0þ 0:9� 1:0 ¼ 0:9:

Suppose output gate o1 ¼ σ Wo � h0, x1½ � þ boð Þ ¼ 0:7, then the hidden state,

h1 ¼ o1 � tanh C1ð Þ ¼ 0:7 � tanh 0:9ð Þ≈0:5014:

• Time step t ¼ 2: Input x2

Suppose,

f 2 ¼ σ Wf � h1, x2½ � þ bf
� � ¼ 0:7,

i2 ¼ σ Wi � h1, x2½ � þ bið Þ ¼ 0:8,
~C2 ¼ tanh WC � h1, x2½ � þ bCð Þ ¼ 2:0,

o2 ¼ σ Wo � h1, x2½ � þ boð Þ ¼ 0:6,

then, the memory cell C2 and the hidden state h2 satisfy,

C2 ¼ f 2 � C1 þ i2 � ~C2 ¼ 0:7 � 0:9þ 0:8� 2:0 ¼ 2:23,

h2 ¼ o2 � tanh C2ð Þ ¼ 0:6� tanh 2:23ð Þ≈0:5863:
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• Time step t ¼ 3: Input x3

If,

f 3 ¼ σ Wf � h2, x3½ � þ bf
� � ¼ 0:75,

i3 ¼ σ Wi � h2, x3½ � þ bið Þ ¼ 0:85,
~C3 ¼ tanh WC � h2, x3½ � þ bCð Þ ¼ 3:0,

o3 ¼ σ Wo � h2, x3½ � þ boð Þ ¼ 0:65,

then, the memory cell C3 and the hidden state h3 satisfy,

C3 ¼ f 3 � C2 þ i3 � ~C3 ¼ 0:75� 2:23þ 0:85� 3:0 ¼ 4:2225,

h3 ¼ o3 � tanh C3ð Þ ¼ 0:65� tanh 4:2225ð Þ≈0:6497:

The final hidden state h3, which represents an understanding of x1, x2, and x3, is
mapped to predict x4 via a fully connected layer, x̂4 ¼Wouth3 þ bout:.

This case demonstrates the application of LSTM in simple sequence
prediction, highlighting how gating mechanisms dynamically manage temporal
information flow. In practice, attention should be paid to hyper-parameter
tuning (e.g., hidden layer size, learning rate), data preprocessing (e.g., normaliza-
tion), and over-fitting control (e.g., adding drop-out layers) to enhance model gener-
alization.

2.3 Reservoir computing

Reservoir computing (RC), also known as echo state network and liquid
state machine, is a variant of recurrent neural networks [10, 30]. Traditional
standard RNNs face the challenge of gradient vanishing or exploding when
processing long sequences. Although improved models like LSTM and GRU
alleviate this issue through gating mechanisms, they require extensive parameter
training, leading to high computational costs. The core technical feature of RC lies in
using a sparsely and randomly connected recurrent hidden layer (termed as a reser-
voir) for efficient time series processing. By fixing the random connection weights of
the reservoir and only training the output layer weights, RC significantly reduces
computational complexity while fully preserving the ability to model temporal
dependencies.

An RC network consists of an input layer, a reservoir (hidden layer), and an output
layer, with the reservoir serving as the core component [31]. See the brief framework
of reservoir computing in Figure 3. The reservoir contains far more neurons than the
input dimension (N≫M), and the connections between neurons are random and
sparse. Besides, the spectral radius of the reservoir weight matrix ρ Wresð Þ< 1 ensures
the network operates in stable dynamics. The update process of RC can be
decomposed into the following steps:

1.From the input layer to the reservoir. The input signals are mapped to the reservoir
space via a fixed weight matrix.

u! tð Þ ¼Winx
! tð Þ, x! tð Þ∈RM�1,Win ∈RN�M, u! tð Þ∈RN�1: (11)
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2.The update of the reservoir state. The reservoir state is recursively updated using a
leaky integrator model to balance the influence of historical states and current
inputs.

r! tð Þ ¼ 1� αð Þ r! t� 1ð Þ þ ασ Wres r
! t� 1ð Þ þ u! tð Þ

� �
: (12)

Here, Wres ∈RN�N is the internal weight matrix of the reservoir, which is randomly
generated and satisfies ρ Wresð Þ< 1. α∈ 0, 1ð � is the leak rate that controls the state
update speed [32]. σ �ð Þ is a non-linear activation function enabling the reservoir to
capture non-linear dynamics.

3.From the input layer to the output layer. The output signals are obtained by a linear
map.

ŷ
!

tð Þ ¼Wout r
! tð Þ,Wout ∈RL�N, ŷ

!
tð Þ∈RL�1: (13)

The loss function is L ¼Pt ŷ
!

tð Þ �Wout r
! tð Þ

���
���
2
:.

Due to space constraints, for more excellent RC algorithms, please see the refer-
ences [33–37].

Figure 3.
The brief framework of reservoir computing.
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3. Dynamics-inspired forecasting frameworks

Despite their high predictive accuracy, deep learning-based prediction methods are
still plagued by the intrinsic interpretability issues of machine learning. Crucially, they
overlook the dynamical evolution of the system, failing to exploit its inherent temporal/
spatio-temporal dynamics. Embedding theory and phase space reconstruction methods
enable the extraction of dynamical properties from indirect, time-varying observational
data, offering a novel framework for time series prediction. This section begins with the
mathematical foundations of Takens’ theorem, explores phase space reconstruction tech-
niques for time series, and highlights recent advances in noise-resistant and high-
dimensional modeling to enhance the forecasting techniques in complex systems.

3.1 Phase space reconstruction

Phase space reconstruction is a process of reconstructing the system’s phase space
from a time series through the delay coordinates technique [38, 39]. For a time series
X ¼ x 1ð Þ, x 2ð Þ, x 3ð Þ,⋯, x Nð Þf g, N is the length of the time series, its reconstructed
phase space R is defined as:

R ¼

x 1ð Þ x 1þ τð Þ ⋯ x 1þ m� 1ð Þτð Þ
x 2ð Þ x 2þ τð Þ ⋯ x 2þ m� 1ð Þτð Þ
⋮ ⋮ ⋱ ⋮

x N � m� 1ð Þτð Þ x N � m� 2ð Þτð Þ ⋯ x Nð Þ

0
BBB@

1
CCCA, (14)

where τ is the time delay and m is the embedding dimension. Each row of R is a m-
dimensional delay coordinate vector.

The time delay (τ) and embedding dimension (m) are critical parameters in phase
space reconstruction. If τ is too small, the delay coordinate vectors become nearly
indistinguishable, obscuring the orbital evolution characteristics in phase space and
complicating feature extraction. Conversely, an excessively large τ causes the vectors to
be overly separated, weakening their correlation and leading to the loss of dynamical
information. Similarly, for the embedding dimensionm, a value that is too small fails to
fully unfold the phase space, causing attractor overlap. On the other hand, an unneces-
sarily large m introduces computational redundancy, prolonging runtime and consum-
ing excessive memory resources. Traditional methods for estimating time delay include
the autocorrelation function method, the average displacement method, and the mutual
information method [40–42]. Key techniques for determining the embedding dimen-
sion encompass the geometric invariant method, the false nearest neighbors method,
and the improved false nearest neighbors method (Cao’s method) [43–45].

3.2 Embedding theorem

Theorem 1.1 (Takens’ Embedding Theorem [46]): if M is a d-dimensional compact
manifold, φ : M!M, φ is a smooth differential homomorphism, y : M! R, and y has
second-order successive derivatives, φ φ, yð Þ : M! R2dþ1, where:

φ φ, yð Þ ¼ y xð Þ, y φ xð Þð Þ, y φ2 xð Þ� �
,⋯, y φ2d xð Þ� �� �

, x∈M (15)
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Then ϕ φ, yð Þ is an embedding of M into R2dþ1.
Takens’ embedding theorem establishes that a suitable time delay (τ) and embed-

ding dimension (m) yield a reconstructed phase space trajectory topologically equiv-
alent to the original dynamics. This theorem offers a theoretical basis for time series
prediction via reconstructed phase space methodologies. The predictor f T : R tþ Tð Þ ¼
f T R tð Þð Þ can be approximated by the global or local neighbor information of past data
in the reconstructed phase space [39, 47].

Theorem 1.2 (Generalized Embedding Theorem [48]):M is a d-dimensional compact
manifold with the set of observation functions yk

� �
, k ¼ 1, 2,⋯, 2dþ 1. Here, yk : M!

R and yk has at least C
2 smoothness, then Φ ykh i : M! R2dþ1,

Φ ykh i xð Þ ¼ y1 xð Þ, y2 xð Þ, y3 xð Þ,⋯, y2dþ1 xð Þ� �
, x∈M (16)

is an embedding of M into R2dþ1.
The generalized embedding theorem guarantees topological equivalence between

the dynamics of the original system and its reconstructed phase space Φ ykh i, defined
by distinct observation functions yk (Eq. (16)). Notice that the component yk could be
either an unlagged observation variable or a lagged observation variable.

Based on the Takens’ embedding theorem and generalized embedding theorem,
many excellent prediction algorithms, including multi-view embedding, randomly
distributed embedding, delay parameterized method (DPM), and auto-reservoir neu-
ral network, are proposed to forecast the low-dimensional chaotic or high-
dimensional short-range time series [21–24]. In the following subsections, we will
introduce those advanced frontier prediction algorithms in detail.

3.3 Multi-view embedding method

The prediction of complex dynamic systems has long faced two major challenges:
the curse of dimensionality and short-lived, noisy data. The curse of dimensionality
arises from the exponential growth of model parameters due to high-dimensional
variable interactions, while real-world observations are often limited to brief time
spans and contaminated by significant noise. These issues make it difficult to balance
accuracy and feasibility in traditional approaches, such as linear models (e.g., multi-
variate auto-regression) or equation-based frameworks. To address these limitations,
multi-view embedding (MVE) has emerged. Rooted in Takens’ theorem, MVE offers
an innovative non-parametric solution by converting system complexity into an
informational advantage through attractor reconstruction of multivariate time series.

For the high-dimensional observation variables x1 tð Þ, x2 tð Þ,⋯, xn tð Þf g, the coordi-
nates in the reconstructed phase space can be,

x1 tð Þ, x1 t� τð Þ, x1 t� 2τð Þ, ⋯, x1 t� l� 1ð Þτð Þf g,
x2 tð Þ, x2 t� τð Þ, x2 t� 2τð Þ,⋯, x2 t� l� 1ð Þτð Þf g,

⋮
xn tð Þ, xn t� τð Þ, xn t� 2τð Þ,⋯, xn t� l� 1ð Þτð Þf g:

(17)

Here, l is the possible delays for each variable. The E�dimensional view constructed
in the MVE method is,
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V ¼ xk tð Þ, xs1k t� δ1kτ
� �

, xs2k t� δ2kτ
� �

,⋯, xsE�1k
t� δE�1k τ
� �� �

, (18)

where s1k, s
2
k,⋯, sE�1k are selected from Eq. (17) except xk tð Þ without replacement and

δ1k, δ
2
k,⋯, δE�1k ∈ 0, l� 1½ �, 1≤ k≤ n. In fact, each reconstruction created by a specific

combination of variables can be regarded as a subspace of a system containing unique
information. It should be noted that there is at least one coordinate that had no delay
in the reconstruction of V. Thus, the total number of views equals to,

m≔
nl
E

� �
� n l� 1ð Þ

E

� �
: (19)

Here,
nl
E

� �
quantifies attractors formed by selecting E coordinates from nl possibil-

ities, while
n l� 1ð Þ

E

� �
counts invalid attractors where all E coordinates originate

exclusively from the n l� 1ð Þ coordinates exhibiting positive (non-zero) delay.
The predictions are produced from each univariate view, and then the top K ¼ ffiffiffiffi

m
p

optimal views are filtered by in-sample prediction accuracy. Subsequently, the MVE
forecast (e.g., for variable y) is then defined as a simple average,

ŷtþ1 ¼
1
k

Xk
i¼1

ynni tð Þþ1, (20)

where nni tð Þ is the time index of the nearest neighbor in the ith attractor. The sketch
map of the MVE method is shown in Figure 4.

In conclusion, the MVE method is particularly effective in overcoming the limita-
tions of short time series and noisy time series. However, if the dimension is relatively
high, the computational load of this method will be relatively large. The randomly
distributed embedding framework proposed by Ma etal partially addressed the com-
putational complexity challenge.

3.4 Randomly distributed embedding method

In the era of big data, it is challenging to accurately predict the temporal sample
data of a few high-dimensional variables. Ma etal. proposed a frameless model, namely
randomly distributed embedding (RDE), which demonstrated excellent predictive
capabilities for short-term high-dimensional time series [22]. Due to the existence of a
large number of interacting variables in high-dimensional non-linear systems, multi-
ple low-dimensional non-delayed embeddings containing historical dynamic infor-
mation can be generated from high-dimensional observational data according to the
delayed embedding theorem, and each attractor is predicted in one step through the
corresponding predictor. The distribution of low-dimensional embeddings actually
patches all pieces of association information into the whole dynamics of the system.
Ultimately, the results of all individual predictors are aggregated to form a probability
distribution of the predicted values. The final predicted value is obtained through
weighted averaging based on the selected randomly embedded predicted values.

For a short-term high-dimensional time series x1 tð Þ, x2 tð Þ,⋯, xn tð Þf g, the lth low-
dimensional non-delay embedding can be,
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Figure 4.
The sketch map of the MVE method.
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Sl ¼

xsl1 1ð Þ xsl1 2ð Þ, ⋯ xsl1 Tð Þ
xsl2 1ð Þ xsl2 2ð Þ, ⋯ xsl2 Tð Þ
⋮ ⋮ ⋱ ⋮

xslE 1ð Þ xslE 2ð Þ ⋯ xslE Tð Þ

0
BBBB@

1
CCCCA
, (21)

where sl1, s
l
2,⋯, slE ∈ 1, n½ � and E is the embedding dimension. The delay embedding is

the reconstruction phase space Rk related to the target variable xk.

Rk ¼

xk 1ð Þ xk 2ð Þ, ⋯ xk T � E� 1ð Þτð Þ
xk 1þ τð Þ xk 2þ τð Þ, ⋯ xk T � E� 2ð Þτð Þ

⋮ ⋮ ⋱ ⋮
xk 1þ E� 1ð Þτð Þ xk 2þ E� 1ð Þτð Þ ⋯ xk Tð Þ

0
BBB@

1
CCCA: (22)

Embedding theory indicates that all the aforementioned reconstructed attractors are
topologically equivalent to the original attractor, due to a diffeomorphic mapping.
Thus, for each index tuple, l ¼ sl1, s

l
2,⋯, slE

� �
a component of such a mapping, denoted

by ψ l, can be obtained as a predictor for the target variable xk tð Þ in the form of,

xk tþ τð Þ ¼ ψ l xsl1 tð Þ, xsl2 tð Þ,⋯, xslE tð Þ
� �

: (23)

Thus, the one-step prediction x̂lk t ∗ þ τð Þ can be obtained with different index tuples l.
The multiple prediction values x̂lk t ∗ þ τð Þ actually form a probability distribution. So
the better prediction can be estimated by,

x̂k t ∗ þ τð Þ ¼ ε x̂lk t ∗ þ τð Þ
h i

, (24)

where ε represents an estimation based on the available probability information of the
random variable x̂lk. The sketch map of the RDE method is shown in Figure 5. In the
RDE framework, the application of probability distribution information enhances the
noise resistance of the prediction algorithm. Besides, the random selection of low-
dimensional subspaces for attractor reconstruction reduces the computational com-
plexity of the MVE method.

From a theoretical perspective, RDE transforms high-dimensional characteristics
into information advantages through the exchange of spatial information (high-
dimensional variable associations) and temporal distribution (predicted value proba-
bilities), providing a universal framework for the prediction of short-term high-
dimensional data.

3.5 Delay parameterized method

As described in the above MVE and RDE methods, the high-dimensional short-
term time series can be predicted by using the dynamical evolution information of the
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reconstructed phase space. However, it is a more complex problem to predict the low-
dimensional mid-term chaotic time series with insufficient information. To address
this issue, Guo et al. designed a delay parameterized method (DPM) for the prediction
of low-dimensional medium-term time series [23]. The time delay is defined as an
unknown parameter to be estimated, and the parameter-dependent reconstruction
can incorporate richer dynamical information into the prediction algorithm.

Figure 6 briefly presents the main idea of DPM. The low-dimensional mid-term
observations, donated as x1 tð Þ, x2 tð Þ,⋯, xm tð Þf g, are one subspace of the original sys-
tem. Then, the corresponding phase space of the same dimension is reconstructed
from the observations. Between the initial phase space and the reconstructed phase
space, a correlation function is proposed to achieve the prediction of multi-
dimensional coupled chaotic time series. When reconstructing the phase space, the
embedding dimension is fixed equal to the dimension of the state space. The time
delay is defined as an unknown parameter, and the appropriate time delay is selected
by using optimization algorithms such as the traversal algorithm, the genetic algo-
rithm, and the particle swarm optimization algorithm.

The non-delay subspace in matrix form is,

X ¼

x1 1ð Þ x2 1ð Þ ⋯ xm 1ð Þ
x1 2ð Þ x2 2ð Þ ⋯ xm 2ð Þ
⋮ ⋮ ⋱ ⋮

x1 Nð Þ x2 Nð Þ ⋯ xm Nð Þ

0
BBB@

1
CCCA, (25)

and the delay reconstructed phase space is,

Xk ¼

xk 1ð Þ xk 1þ τð Þ ⋯ xk 1þ m� 1ð Þτð Þ
xk 2ð Þ xk 2þ τð Þ ⋯ xk 2þ m� 1ð Þτð Þ
⋮ ⋮ ⋱ ⋮

xk Nð Þ xk N þ τð Þ ⋯ xk N þ m� 1ð Þτð Þ

0
BBB@

1
CCCA: (26)

Figure 5.
The sketch map of the RDE method.

30

Time Series Analysis – Frontiers in Research and Practice



Note that the values xk N þ τð Þ, xk N þ 2τð Þ,⋯, xk N þ m� 1ð Þτð Þf g in Eq. (26) are
unknown data that need to be predicted. The predictor f τ satisfies,

Xk ¼ f τ Xð Þ (27)

A linear approximation of f τ can be obtained by the first N � m� 1ð Þτ lines of well-
known data in Xk and X .

If the linear correlation function supposes Xk ¼ XP, where Xk and X are the first
N � m� 1ð Þτ lines of Xk and X . Then, the parameter matrix P can be solved by the
least squares method. That is,

P ¼ X
T
X

� ��1
X

TXk: (28)

Once the parameter matrix P is obtained, the prediction of
xk N þ kð Þ, k ¼ 1, 2,⋯, m� 1ð Þτf g can be achieved by Eq. (27). The fitness function F

is defined as,

F ¼ 1
d

Xd
j¼1

Corr xj, x̂j
� �

Error xj
� � (29)

where xj is the real value of jth observed signals, x̂j is the predicted value, and d is the
dimension of observations. Therefore, the algorithm, including the traversal algo-
rithm, GA, and PSO algorithm, aims to find the parameters τ ¼ τ1, τ2,⋯, τdð Þ to
maximize the function F.

Similarly, the non-linear correlation function between Xk and X can be approxi-
mately expressed by a non-linear polynomial function. The state space is refined X ¼

Figure 6.
The main idea of DPM. The correlation function f τ bridges the relation between the original space and the
reconstructed space, making the low-dimensional mid-term observations predictable.
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xi, xixj, xixjxk,⋯
� �

to include the high-order non-linear relationships. Here, the
Hadamard product xixj represents components xi coupling a non-linear relationship
with xj. The DPM method, based on the embedding theorem and topological theory,
can effectively predict chaotic time series, including low-dimensional intermediate
time series. The feasibility and validity of the method are verified by predicting the
Lorentz chaotic system, material plastic deformation, and stock price fluctuation. Due
to a severe lack of information, it is difficult to predict short-term time series, which is
an unresolved issue that requires further investigation.

4. Physics-informed neural network approaches

To address the limitations of the “black-box” nature of neural networks, physics-
informed neural networks have significantly enhanced model interpretability by inte-
grating physical prior knowledge with neural networks, providing novel research
perspectives for the modeling and prediction of complex systems. In this section, we
introduce the application of PINNs and TDINNs in scientific computing and the
prediction of complex dynamic systems. We first elaborate on the advantages of
PINNs in solving both forward and inverse problems of partial differential equations,
then explore the TDINN algorithm, which embeds transmission dynamics into neural
networks based on the PINNs framework, providing an effective tool for the pre-
dictions of time series in complex dynamical systems.

4.1 Physics-informed neural networks

Physics-informed neural networks address the interpretability challenge through
innovative integration of differential equation constraints with deep learning archi-
tectures, establishing a new physics-guided modeling paradigm. PINNs extend con-
ventional neural network frameworks by integrating governing physical equations
into the learning process. This hybrid approach enables simultaneous optimization by
integrating empirical data with fundamental physical laws, thereby improving model
accuracy while maintaining interpretability.

A brief outline of the PINNs framework is shown in Figure 7. Suppose the

constrained equation satisfies an ODE or PDE model ∂u
∂t ¼ F u, ∂u

∂x ,
∂
2u
∂x2

� �
. The input

signals of PINNs are x and t, and the output signal is u. Besides, the loss function is
consistent of data loss MSEu and model loss MSEf , i.e.,

LOSS ¼ MSEu þ λMSEf , (30)

where λ is a weight parameter, and

MSEu ¼ 1
n

Xn
i¼1

ui � ûið Þ2,MSEf ¼ 1
n

Xn
i¼1

∂ui
∂t
� F ui,

∂ui
∂x

,
∂
2ui
∂x2

� �� �2

, (31)

ûi represents the real value. Then, the model parameters are solved through the back-
propagation method.

Generally, the application of the PINNs framework can be divided into two cate-
gories: forward problems for solution prediction and inverse problems for parameter
or model identification. A forward problem is to solve the solution of a physical model
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F with known initial/boundary conditions and explicit governing equations, while an
inverse problem aims to recover unknown model parameters or governing equations
from partial observational data of the physical system. Next, we take a damped
oscillator model as a case study to elaborate on the application of the PINNs frame-
work for both forward and inverse problems. The damped oscillator model follows,

m
d2u
dt2
þ μ

du
dt
þ ku ¼ 0,

u t ¼ 0ð Þ ¼ 1,
du
dt

t ¼ 0ð Þ ¼ 0:

8>><
>>:

(32)

Here, u tð Þ is the displacement, m is the oscillator mass, μ is the damping coefficient,

and k is the spring constant. Let δ ¼ μ
2m ,ω0 ¼

ffiffiffi
k
m

q
, when δ<ω0, the Eq. (32) has an

exact solution,

u tð Þ ¼ e�δt 2Acos ϕþ ωtð Þð Þ, ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
0 � δ2

q
: (33)

Forward problem: We have the initial condition u t ¼ 0ð Þ ¼ 1, boundary condition
du
dt t ¼ 0ð Þ ¼ 0, and the parameters m ¼ 1, δ ¼ 2, ω0 ¼ 20 for t∈ 0, 1½ �. The PINNs are
used to train the neural network NN t; θð Þ to approximate the solution of Eq. (32). The
corresponding loss function is defined as,

L θð Þ ¼ NN 0; θð Þ � 1ð Þ2|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
Initial condition

þ λ1
dNN
dt

0; θð Þ � 0
� �2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Boundary condition

þ λ2
N

XN
i¼1

m
d2

dt2
þ μ

d
dt
þ k

" #
NN ti; θð Þ

 !2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Model residual

,

(34)

Figure 7.
A brief outline of the PINNs framework. The input signals are x and t, and the output signal is u. The loss function
consists of data loss MSEu and model loss MSEf .
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where λ1 and λ2 are weighting parameters that balance the contributions of different
constraint terms in the loss function.

During the training process, the neural network’s parameters are iteratively opti-
mized to minimize the loss function. Figure 8 illustrates the predicted solutions of the
PINNs model, compared with the exact solution, at the training steps 0,5000,10000,
and 15000. It reveals that the PINNs can efficiently approximate the solution of PDE
models.

Inverse problem: We have the noisy observational data, uobs, of oscillator displace-
ment, and the form of a constrained equation. The objective is to estimate the
damping coefficient μ. Thus, the neural network NN t; θð Þ is designed to approximate
the solution u tð Þ while simultaneously learning the unknown parameter μ. The
corresponding loss function is,

L θ, μð Þ ¼ 1
N

XN
i¼1

m
d2

dt2
þ μ

d
dt
þ k

" #
NN ti; θð Þ

 !2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Model residual

þ λ

M

XM
j¼1

NN tj; θ
� �� uobs tj

� �� �2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Data loss

(35)

Figure 9 shows the estimation performance of the exact solution and the real damping
coefficient at the training steps 5000 and 15000. This demonstrates that the PINNs
framework can effectively identify unknown model parameters and/or governing
equations from partial observational data.

4.2 Transmission dynamics-informed neural networks

Based on the PINNs framework, He etal proposed a transmission dynamics-
informed neural network (TDINN) by encoding the Susceptible-Exposed-Infected-
Recovered-Dead (SEIRD) compartment model into deep neural networks to fit multi-
wave COVID-19 epidemic data. [26]. The SEIRDmodel equations are given as follows:

Figure 8.
The predicted solutions from the PINNs model, compared with the exact solution, at training steps 0,5000,10000,
and 15000.
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dS tð Þ
dt
¼ �β tð Þ S tð ÞI tð Þ

N
,

dE tð Þ
dt
¼ β tð Þ S tð ÞI tð Þ

N
� αE tð Þ,

dI tð Þ
dt
¼ αE tð Þ � γI tð Þ � δI tð Þ,

dR tð Þ
dt
¼ γI tð Þ,

dD tð Þ
dt
¼ δI tð Þ:

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

(36)

The total population N is partitioned into compartments such that
N tð Þ ¼ S tð Þ þ E tð Þ þ I tð Þ þ R tð Þ þD tð Þ. The transmission rate β tð Þ is modelled as a
time-dependent function to account for dynamic factors such as behavioural adapta-
tions, vaccination campaigns, and the emergence of new viral variants. In contrast,
the transition rate α (from exposed to infectious states), along with the recovery rate γ
and mortality rate δ, are treated as constants.

TDINN incorporates two independent neural networks DNNβ and DNNM, as
shown in Figure 10. The DNNβ is used to learn the transmission rate function β tð Þ,
while the DNNM is applied to learn the evolution of the SEIRD model. The optimiza-
tion objective is characterized by the following loss function: L ¼ Lossdata þ Lossode.

It should be noted that, in compartment models, not all epidemic variables are
observable. We only have daily reported cases Inew, cumulative reported cases Icum,
daily death cases Dnew, and cumulative death cases Dcum. Therefore, the data loss
Lossdata is generated by the only available data information. Since the D tð Þ compart-
ment has no outflow terms, its output directly represents cumulative deaths (Dcum).
The cumulative reported cases can be characterized by Icum, and

dIcum tð Þ
dt

¼ αE tð Þ: (37)

Figure 9.
The estimation performance of the exact solution u tð Þ and the real damping coefficient μ at the training steps 5000
and 15,000.
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Thus, the data loss Lossdata is defined as,

Lossdata ¼ 1
Nd

XNd

i¼1
INN
new tið Þ � Inew tið Þ
�� ��2 þ 1

Nd

XNd

i¼1
DNN

new tið Þ �Dnew tið Þ
�� ��2

þ 1
Nd

XNd

i¼1
INN
cum tið Þ � Icum tið Þ
�� ��2 þ 1

Nd

XNd

i¼1
DNN

cum tið Þ �Dcum tið Þ
�� ��2

(38)

where INN
new tð Þ ¼ INN

cum tð Þ � INN
cum t� 1ð Þ, DNN

new tð Þ ¼ DNN
cum tð Þ �DNN

cum t� 1ð Þ, and Nd repre-
sent the size of the training set. Based on the model equations, the residuals of each
component are,

L1 tið Þ ¼ d
dt

SNN tið Þ þ 1
N
βNN tið ÞSNN tið ÞINN tið Þ

L2 tið Þ ¼ d
dt

ENN tið Þ � 1
N
βNN tið ÞSNN tið ÞINN tið Þ þ αENN tið Þ

L3 tið Þ ¼ d
dt

INN tið Þ � αENN tið Þ þ γINN tið Þ þ δINN tið Þ

L4 tið Þ ¼ d
dt

RNN tið Þ � γINN tið Þ

L5 tið Þ ¼ d
dt

DNN tið Þ � δINN tið Þ

L6 tið Þ ¼ d
dt

INN
cum tið Þ � αENN tið Þ

(39)

Figure 10.
The outline of the TDINN method.
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Therefore,

Lossode ¼ 1
Ne

X6
j¼1

XNe

i¼1
Lj tið Þ
�� ��2 (40)

where Ne represents the number of residual points. The weights and biases of DNNM
and DNNβ are randomly initialized at first, then an Adam optimizer is employed with
a fixed learning rate of 0.001. During back-propagation, gradients of residuals are
computed via automatic differentiation to update network parameters and minimize
the total loss.

The proposed TDINN algorithm based on physics-informed neural networks dem-
onstrates unique advantages in time series forecasting by effectively capturing non-
linear relationships and dynamic variations in complex systems. This method not only
achieves high accuracy in predicting epidemic trends and peak timing of infectious
diseases but also robustly handles time series data with noise and non-linear charac-
teristics. By integrating observational data with embedded epidemiological dynamics
equations, TDINN optimizes parameter estimation while strictly adhering to bio-
physical constraints, thereby significantly enhancing the prediction model’s accuracy
and reliability. The data-model coupling framework of TDINN not only improves
predictive capability but also ensures consistency with real-world system dynamics,
establishing itself as a powerful tool for time series forecasting applications.

5. Conclusions

The chapter systematically explores the advancements in time series prediction,
focusing on the integration of data-driven and model-driven approaches to address
the limitations of traditional methods. Data-driven techniques, such as BP neural
networks, LSTM, and reservoir computing, excel in capturing non-linear relationships
but often lack interpretability. Conversely, model-driven methods provide theoretical
insights but may underperform in complex, real-world scenarios.

To bridge this gap, hybrid approaches like physics-informed neural networks
(PINNs) and transmission dynamics-informed neural networks (TDINNs) have
emerged. These methods combine the predictive power of neural networks with
domain-specific physical laws, enhancing accuracy, interpretability, and generaliz-
ability. Additionally, dynamics-inspired frameworks, such as MVE and RDE, leverage
phase space reconstruction and embedding theorems to improve predictions for cha-
otic and high-dimensional systems.

Despite these advancements, challenges remain, particularly in predicting low-
dimensional short-term time series and optimizing computational efficiency. Future
research should focus on refining hybrid models, improving noise resistance, and
developing scalable algorithms for broader applications. By continuing to integrate
data-driven and model-driven paradigms, the field can achieve more robust and
interpretable solutions for complex time series forecasting across diverse domains.
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Chapter 3

Integration of Time Series and 
Multiplex Networks Series in 
Cybersecurity and Prediction: 
An Innovative Approach
Sergio Iglesias Pérez and Regino Criado Herrero

Abstract

This review covers a recent and innovative methodological framework that uses 
novel tools developed within the field of network science to address some of the 
limitations of traditional time series and network analysis techniques. It summarizes 
and complements a set of studies that introduce and validate a novel approach based 
on the transformation of interaction-based time series into multiplex networks. This 
is achieved by first converting time series into visibility graphs (VGs), extracting 
their topological characteristics, grouping these characteristics to identify distinct 
behavior patterns, and finally structuring these patterns as layers within a multiplex 
network. At the core of this framework is the temporal metagraph, a mathematical 
structure in which temporal dynamics between entities are intrinsically encoded. The 
effectiveness of this framework is demonstrated by its application in two disparate 
and complex domains: cybersecurity, where it improves network intrusion detection 
systems (NIDSs) by providing more accurate and efficient identification of attack-
ers; and predictive analytics, where it leverages urban mobility data to forecast real 
estate market trends with significant improvements over state-of-the-art models. 
The synthesis reveals that this integrated approach offers a powerful, generalizable, 
and computationally efficient paradigm for extracting useful intelligence from vast 
streams of temporal interaction data.

Keywords: complex networks, multiplex networks, time series, visibility graph, 
machine learning, cybersecurity, temporal metagraph, computational efficiency

1.  Introduction

The analysis of complex systems, based on the development of network science, 
has stood out for capturing the static topology of relationships between entities, 
providing deep insight into the structure and organization of systems. On the other 
hand, time series analysis has specialized in modeling the evolution of individual 
variables over time, identifying trends, periodicities, and anomalies. While both 
fields have been immensely fruitful in their respective domains, this conceptual 
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separation often fails to capture the essence of a wide range of real-world phenomena 
in which the nature of interactions is inherently dynamic and co-evolutionary. The 
topology of a system influences its temporal dynamics, which in turn reshapes the 
topology. A framework that treats these two dimensions in isolation is fundamentally 
limited. To bridge this gap, several temporal network models have been developed. 
The most common approaches, such as snapshot-based or time-segment-based rep-
resentations, conceptualize a temporal network as a sequence of static graphs, where 
each graph represents the state of the system at a specific instant or within a discrete 
time window. While these models offer a sequential view of network evolution, they 
have significant limitations. They often struggle to capture the continuous nature 
of interactions, as they treat time as a series of disconnected states rather than as a 
fluid dimension. This can obscure the emergent properties and holistic dynamics that 
unfold throughout the entire lifecycle of an interaction. This review details a meth-
odological framework that transcends these limitations by proposing not only a new 
algorithm, but a fundamentally different philosophy of data representation [1–5]. 
This philosophy is based on a hierarchical abstraction process that systematically 
transforms massive, high-speed streams of raw event data into a compact, feature-
rich, and highly predictive final representation. This process and its representation 
are designed to systematically reduce the volume of data while increasing its informa-
tional value at each stage of the process. The central thesis of this approach is based 
on a clear and effective concatenation of stages. The behavior over time of an interac-
tion—for example, the rhythmic pattern of probing and testing by a cyber attacker or 
the daily routine of an urban traveler—directly causes a specific and unique topologi-
cal structure when transformed into a visibility graph. In turn, the topology of this 
graph causes it to be classified into a specific behavior group. These groups form the 
layers of a final multiplex network that encompasses the entire process, a structure 
that encapsulates and classifies the types of interactions of the agents and/or actors 
involved in the system. It is this final, distilled representation that enables accurate, 
high-fidelity prediction.

This review provides an exhaustive exploration of this innovative framework and 
methodology. Thus, after this Introduction, Section 2 begins by laying the theoretical 
groundwork, introducing the concepts of the temporal metagraph and the visibility 
graph transformation, which are used to encode dynamics (time series) into a static, 
analyzable structure. Section 3 is devoted then to detail the k-visibility algorithm 
for quantifying and clustering these structures into behavioral archetypes or pat-
terns. Following this, in Section 4 the construction of the final analytical model, the 
Temporal Behavior Multiplex Network, is described. Then, we present two extensive 
application sections, demonstrating the framework’s remarkable predictive power 
and versatility in the disparate domains of socioeconomic forecasting and advanced 
cybersecurity. Finally, as conclusions, the review synthesizes these findings, positions 
the framework within the current state of the art of data science, and outlines promis-
ing trajectories for future research and development.

2.  The temporal metagraph and visibility graph transformation: Encoding 
dynamics into structure

At the heart of this methodology lie a novel mathematical foundation and a robust 
transformation process that converts the fluid, one-dimensional nature of time 
into a static structure that can be analyzed using the powerful tools of graph theory. 
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This section details the model for constructing the visibility graph (VG) associated 
with a time series and the latest theoretical concept known as the temporal metagraph. 
Broadly speaking, the metagraph structure is based on a graph, in which its edges are 
themselves visibility graphs. As an example, consider the time series corresponding to 
communications between different Internet Protocol (IP) addresses. Each time series 
corresponds to the communication between two IPs during a certain period of time, 
and the metagraph groups and integrates all communications, giving rise to a new 
graph structure (metagraph) in which the nodes are the IP addresses of the system, and 
the edges are the visibility graphs associated with the time series corresponding to the 
communications in that period of time between each two IP addresses. In other words, 
each edge of the metagraph structure represents the visibility graph corresponding to 
the time series of communications between the two nodes in question. Thus, the process 
begins with the aggregation of raw event data. For any pair of interactive nodes (e.g., 
two IP addresses, two urban areas), a univariate time series is generated that quantifies 
their interaction (e.g., bytes sent, number of taxi trips) at a specific frequency (e.g., 
every hour, every day) during a defined time interval. This time series is then trans-
formed into a graph using one of the two visibility graph construction methods.

2.1 Natural visibility graph (NVG)

The natural visibility graph (NVG) algorithm is based on the principle of direct, 
line-of-sight visibility [6]. Each data point in the time series is treated as a node in the 
graph. Two nodes, corresponding to data points ( ),a at y  and ( ),b bt y  in the time series, 
are connected by an edge if the straight line segment joining them is not obstructed 
by any intermediate data point ( ),c ct y  [6]. Formally, an edge exists between nodes 
a  and b  (with ta<tb) if for any intermediate time ct  ( < <a c bt t t ) the corresponding 
value cy  satisfies the condition ( )< + − − −c b a b b a b cy y y y t t t t .

As we can see in Figure 1, the NVG is particularly adept at capturing the “global” 
landscape and long-range correlations within the time series. A very high peak in the 
series can be “seen” from many other points, creating long-range connections (hubs) 
in the resulting graph that correspond to major events or trends.

2.2 Horizontal visibility graph (HVG)

The horizontal visibility graph (HVG) is a more constrained variant of the NVG 
that captures more localized information. In an HVG, two data points are connected 

Figure 1. 
Natural visibility graph.
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only if a direct horizontal line of sight exists between them, without any intermediate 
data point having a value greater than or equal to the heights of the two points  
being connected [6]. Formally, an edge exists between nodes i  and j  (with <i jt t ) 
 if for any intermediate time kt  ( < <i k jt t t ) the value ky  satisfies the condition 

{ }<min ,k i jy y y . Due to its stricter definition, the HVG is highly sensitive to the 
“local” dynamics and short-term volatility of the time series. A data point can be eas-
ily hidden by a slightly taller neighbor, even if a much larger peak exists further away 
in the series.

Due to its stricter definition, the HVG is very sensitive to “local” dynamics and 
short-term volatility in time series. A data point can easily be hidden by another 
slightly higher one, even if there is a much larger peak further along in the series. 
The decision to generate both an NVG and an HVG for each time series is a powerful 
feature engineering strategy designed to capture information at multiple scales simul-
taneously. The NVG provides a macro-level view of the main events of the interaction 
and long-term trends, while the HVG provides a micro-level view of its local volatility 
and neighborhood-level patterns. By extracting topological features from both graphs 
for each time series, the framework creates a richer, more nuanced, and more descrip-
tive feature vector than either graph could provide on its own. This dual feature 
set is a key factor contributing to the framework’s ability to achieve accurate and 
meaningful separation of behaviors in the subsequent clustering stage, which directly 
improves its predictive accuracy.

This transformation from a time series to a graph is theoretically sound, as it has 
been rigorously demonstrated that the mapping preserves essential properties [6]. 
For instance, periodic time series generate regular or recurrent graphs, random series 
generate random graphs (with exponential degree distributions), and fractal series 
generate scale-free networks [6]. This provides a firm theoretical foundation for the 
subsequent analysis, ensuring that the topological features extracted are meaningful 
reflections of the underlying dynamics.

2.3 The temporal metagraph: A new mathematical foundation

The theoretical basis for this framework is a new mathematical structure called a 
“temporal metagraph.” This concept offers a much richer representation of dynamic 
interactions in complex systems. Formally, a temporal metagraph ( )= ,M X E  
is defined as a finite set of nodes { }= …1,, ,,X N  connected by a set of edges 

{ }= …1,, ,, mE g g  [1]. The revolutionary feature of this structure is that each edge 
∈kg E  is not a simple weighted link. Instead, each edge is itself a graph, ( )ε= ,k k kg Y ,  

representing the complete time series of interactions between the two nodes it con-
nects [1]. The key innovation lies in how the time parameter is incorporated. Unlike 
conventional temporal network models, in which time is an external parameter used 
to segment or divide the network into snapshots, the temporal metagraph incorpo-
rates time “implicitly and intrinsically” into the structure of its edges [1]. The entire 
history of an interaction, with all its fluctuations, periodicities, peaks, and periods of 
inactivity, is encapsulated in the topology of the graph that constitutes the edge. This 
represents a significant paradigm shift. Instead of considering time as a sequence of 
network states, it is conceived as a static structure that can be analyzed holistically. 
This approach transforms the conventional analytical question “What was the net-
work like at times …1 2 3, , ,t t t ?” into a deeper and more holistic question: “What is the 
complete structural nature of the interaction between node A  and node B  during the 
entire observation period?” The answer to this question is a unique and well-defined 
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mathematical object: the corresponding edge of the temporal metagraph (i.e., the cor-
responding “graph-edge”). All process overview can be described in Figure 2.

2.4  From theory to practice: Some applications of the visibility graph 
transformation

In the practical implementation of this framework, the abstract “graph-edges” of 
the temporal metagraph are realized as visibility graphs. The process begins with the 
aggregation of raw event data. For any given pair of interacting nodes (e.g., two IP 
addresses, two city zones), a univariate time series is generated that quantifies their 
interaction (e.g., bytes sent, number of taxi trips) at a specific frequency (e.g., hourly, 
daily) over a defined time window. This time series is then transformed into a graph 
using one of these two methods: The natural visibility graph (NVG) or the horizontal 
visibility graph (HVG).

3.  The k-visibility algorithm: Quantifying and clustering behavioral 
archetypes

Once the dynamic interactions within a system have been transformed from one-
dimensional time series into the topological space of visibility graphs, the next critical 
step is to quantify these topologies and use them to classify the interactions into 
distinct behavioral archetypes. This process, formalized as the k-visibility algorithm, 
combines graph-based feature engineering with unsupervised clustering to achieve an 
efficient and highly accurate classification of temporal behaviors.

3.1 Feature engineering from visibility graph topology

The basis of the k-visibility algorithm is the creation of a quantitative signature 
for each interaction. For each time series, the corresponding natural visibility graph 
(NVG) and horizontal visibility graph (HVG) are generated. From each of these 
two graphs, a set of theoretical graph metrics is calculated. These metrics are then 
concatenated to form a single feature vector that numerically describes the dynamics 
of the original interaction. The various examples developed show that the richness of 
this feature vector is directly proportional to the quality of the final prediction. In this 

Figure 2. 
Temporal metagraph.
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regard, it should be noted that the set of features used has evolved through research. 
The initial applications of the methodology were based on a set of fundamental 
metrics that captured basic topological properties [1]:

• Maximum degree: The highest number of connections that a single node has 
in the graph. This metric reflects the most “visible” or influential event in the 
original time series, such as a major traffic spike or a significant burst of data 
transfer.

• Link density: The ratio of existing edges to the maximum possible number of 
edges. It indicates the overall interconnectedness and complexity of the temporal 
dynamics.

Subsequent research, in particular the study on the Helsinki real estate market, 
demonstrated that enriching this feature vector with more sophisticated graph met-
rics leads to substantial improvements in predictive performance. These additional 
features provide a more nuanced description of the graph structure and, by exten-
sion, of the time series dynamics.

3.2 The k-visibility algorithm

The process of clustering is formalized into a straightforward and efficient pro-
cedure named the k-visibility algorithm, as we can see in Figure 3. It comprises three 
distinct steps:

1. Transformation: Every time series in the dataset is converted into its correspond-
ing pair of visibility graphs (one NVG and one HVG).

Figure 3. 
k-Visibility algorithm.
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2. Feature extraction: For each time series, its feature vector is computed by calculat-
ing the selected graph metrics for both its NVG and HVG and combining them. 
For example, using five metrics on both graphs would result in a 10-dimensional 
feature vector for each time series.

3. Clustering: A standard unsupervised clustering algorithm, specifically K-Means, 
is applied to the set of all feature vectors. This partitions the time series into a 
predefined number,  , of distinct clusters, where each cluster represents a 
behavioral archetype.

3.3 Performance comparison and architectural advantages

Compared to traditional time series clustering algorithms, the k-visibility 
approach demonstrates exceptional performance. In a comparative analysis using the 
prestigious UCR time series archive, the k-visibility algorithm proves to be highly 
competitive in terms of accuracy, as measured by the Adjusted Rand Index (ARI). In 
these tests, it achieved the best ARI score on most of the evaluated datasets, outper-
forming established methods such as K-Shape and those based on Dynamic Time 
Warping (DTW). However, the most significant advantage of the k-visibility algo-
rithm lies in its computational efficiency. In all comparative tests, it was consistently 
and demonstrably the fastest algorithm, often by a significant margin. This remark-
able speed is not just an implementation detail, but an inherent architectural advan-
tage. Traditional methods such as DTW, which are often used in algorithms such 
as TimeSeriesKMeans, have a time complexity that is quadratic in the length of the 
series, denoted as ( )2O m , since they must calculate a cost matrix by comparing each 
pair of data points between two series. The k-visibility framework fundamentally 
decouples the computational cost of clustering from the length of the time series. The 
initial transformation to visibility graphs is computationally efficient. The subsequent 
calculation of the graph metrics is relatively fast. The crucial step is the final K-Means 
clustering, which operates on a small fixed-size feature vector (e.g., a vector of 4 or 
10 features). The size of this vector is independent of the length of the original series, 
which means that the cost of clustering remains low, regardless of whether the input 
series has a 100 or a 100,000 data points. This architectural decoupling is the key 
innovation that explains the significant performance improvements and makes the 
entire framework scalable to the Big Data challenges for which it was designed.

4.  The Temporal Behavior Multiplex Network: A functional system 
decomposition

The culmination of the data processing and abstraction pipeline is the construction of 
a final analytical structure: the Temporal Behavior Multiplex Network. This network is not 
a temporal representation in the conventional sense but rather a powerful abstraction 
that organizes the system’s interactions according to their underlying dynamic arche-
types. It serves as the platform upon which the final, high-accuracy predictions are made.

4.1 From clusters to layers: Constructing the multiplex network

The construction of the multiplex network, a direct consequence of the results of 
the clustering phase, is defined as follows [1]:
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• Nodes: The nodes of the multiplex network are the original and fundamental 
entities of the system being analyzed. They can be IP addresses in a computer 
network, taxi zones in a city, or postal codes in a real estate market.

• Layers: Several different layers are created, equal in number to the number 
of clusters, N, identified by the k-visibility algorithm in the previous step. If 
the algorithm grouped the interaction time series into six different behavioral 
clusters, the resulting multiplex network will have six layers.

• Edge placement: The basic principle of construction lies in the distribution of 
the edges. An edge representing the interaction between two nodes is placed in 
the specific layer corresponding to the behavioral cluster to which its associated 
time series has been assigned. For example, all interactions showing a pattern of 
“weekday work activity” will reside in one layer, while all interactions character-
ized by a pattern of “weekend leisure” will be placed in another.

4.2 A functional, not temporal, decomposition

It is essential to highlight that this structure, the Temporal Behavior Multiplex 
Network, is fundamentally different from conventional temporal or time-interval 
networks. Its layers do not represent snapshots or time intervals. Instead, each layer 
represents a temporal behavior archetype. The network provides a functional decom-
position of system interactions, categorized according to their inherent dynamic 
patterns. This allows the analyst to go beyond the simple question of who interacts 
with whom and instead investigate how interactions have occurred in terms of their 
rhythm, periodicity, and explosiveness over time. It is a structural representation of 
the functional dynamics of the system.

4.3 Final feature extraction: The behavioral fingerprint

The last step before final predictive modeling is to extract a summarized but 
powerful set of features for each node in this rich multilayered structure. The main 
and most effective feature used in the documented studies is the degree of a node in 
each of the   layers. This process generates a feature vector for each node, where 
each element of the vector quantifies the participation of that node in a specific type 
of temporal behavior. In a multiple network with six layers, each node is described 
by a six-dimensional feature vector, where the kth element is the number of connec-
tions (degree) that the node has in layer k. The predictive power of this degree vector, 
which appears at first sight simple, derives from the fact that the multiple network 
acts as a sophisticated behavior fingerprinting engine. A single node, such as a specific 
taxi zone or IP address, participates in numerous interactions, each with its own 
unique time series.

The k-visibility clustering process classifies each of these individual interactions 
into a behavioral archetype, which corresponds to a layer of the network. By calculat-
ing the degree of the node in each layer, we essentially count how many of its relation-
ships fall into each distinct behavioral category. The resulting vector ( 1layerdegree ,  

2layerdegree , …, layerdegree  ), serves as a compact, quantitative fingerprint of that 
node’s entire interaction profile. For example, a taxi zone in a city’s financial district 
might show a high degree in the “weekday work activity” layer and a low degree in the 
“weekend leisure” layer. Conversely, an area in a recreational district would show the 
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opposite profile. In a cybersecurity context, an attacker’s IP address might have a high 
degree in a layer corresponding to anomalous, low, and slow scanning patterns, while 
it would have a low degree in layers representing normal user traffic.

This “digital fingerprint” is a highly compressed but information-rich description 
of the role and function of the node within the complex system. It works as a predic-
tive feature because it has effectively abstracted millions of individual, noisy events 
into a simple, meaningful, and powerful behavior profile for each actor in the system.

5.  Application I: High-fidelity prediction in complex socioeconomic 
systems

The effectiveness and versatility of this methodological framework are clearly 
demonstrated by its application to complex socioeconomic systems. By analyzing 
temporal patterns of human mobility, the model demonstrates its ability to capture 
latent social and economic dynamics, which it then leverages to make predictions of 
economic outcomes with remarkable accuracy. This section details two key case stud-
ies that validate the framework’s performance in this area. In this regard, it is impor-
tant to note that when analyzed on a large scale, human mobility patterns are not 
random. They are a direct reflection of the underlying social and economic fabric of 
a city or region. The daily and weekly rhythms of how, when, and where people move 
are a powerful indicator of economic activity, social cohesion, and urban land use. 
The framework presented here is particularly well suited to decoding these signals, 
transforming raw mobility data into predictive insights.

5.1 Case study 1: Forecasting the Helsinki real estate market

In a pioneering study, the framework was applied to predict real estate price trends 
in Helsinki, Finland, using a dataset of shared-bicycle trips—a source of data seem-
ingly unrelated to property values [1]. The specific details are as follows:

• Problem and data: The objective was to predict the trend of real estate prices for 
the year 2020. The input data consisted of 3.7 million records of shared-bicycle 
trips between different city zones (nodes) from April to October 2019.

• Methodology and results: The complete five-stage pipeline was implemented. Daily 
time series of bicycle trips were created for each pair of interacting zones. These 
series were transformed into NVG and HVG pairs, from which topological fea-
tures were extracted. The k-visibility algorithm was used to cluster these interac-
tions into behavioral archetypes, which then formed the layers of a Temporal 
Behavior Multiplex Network. The degree of each city zone in each layer was used 
as the input feature for a regression model. An initial model, using a basic set of 
two features per graph and six clusters (layers), achieved a respectable coeffi-
cient of determination (R2) of 0.705.

• The impact of granularity: A crucial finding of the study was the dramatic 
improvement in performance achieved by refining the model’s granularity. By 
increasing the number of topological features to five per graph and expanding 
the number of behavioral clusters to eight, the model’s predictive power surged. 
The final model achieved a remarkable R2 of 0.927 and reduced the Mean 
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Absolute Percentage Error (MAPE) by 57%. This result empirically proves that 
a more detailed and nuanced behavioral decomposition provides a significantly 
stronger predictive signal.

The continuous success of these models across different cities, data sources, and 
scales cannot be attributed to a simple statistical correlation. The framework is suc-
cessful because it captures latent economic indicators implicit in mobility data. The 
aggregation of travel data effectively separates different socioeconomic functions. 
For example, it distinguishes “business district interactions,” characterized by heavy 
weekday traffic, from “recreational activities,” which predominate on weekends. The 
economic health and attractiveness of a neighborhood are directly related to the types 
of activities it hosts and attracts. A high score in the “business” layer suggests a strong 
commercial center, while a high score in the “leisure” layer suggests strong cultural 
or recreational vitality. Changes in these mobility patterns can serve as an early 
indicator of changes in a neighborhood’s economic evolution. The predictive power of 
the model derives from the fact that the layered structure of the Temporal Behavior 
Multiplex Network effectively quantifies these different socioeconomic functions for 
each neighborhood, providing a rich set of predictive features not found in traditional 
models that rely solely on historical price data.

6.  Application II: Advanced behavioral threat detection in cybersecurity

The versatility of the defined framework is clearly demonstrated when applied to 
a completely different domain with a different set of challenges: cybersecurity. In this 
context, the goal is to create a new generation of intrusion detection systems (IDSs) 
that overcomes the critical limitations of traditional approaches and provides a more 
intelligent, actor-centric view of network threats.

6.1 A rethink of intrusion detection

Traditional IDS platforms have long been a staple of enterprise security, but they 
face increasing challenges in today’s threat landscape. Most of them are based on 
static rules and signs, making them ineffective against new 0-day attacks for which 
no signs yet exist. In addition, they are known to generate a high volume of alerts, a 
significant portion of which are false positives. This “alert fatigue” overwhelms secu-
rity analysts, making it difficult to identify real threats among all the noise. Finally, 
the volume and speed of modern network traffic can overload the processing capacity 
of these event-by-event analysis systems. The framework presented here facilitates 
a paradigm shift in threat detection. It moves away from granular, and often noisy, 
analysis of individual malicious events to holistic identification of malicious actors 
(e.g., IP addresses) based on their complete behavior profile over time [2, 4, 6].

6.2 Case study: A next-generation IDS

To validate its applicability in this domain, the new framework was used to build a 
proof-of-concept IDS classifier. Specifically:

• Problem and data: The task was to build a classifier capable of identify-
ing attacker IP addresses within a network. The study utilized the public 
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UNSW-NB15 dataset, a comprehensive collection of 2.5 million labeled network 
flow records. The IP addresses served as the nodes of the system. To quantify 
the interaction between any pair of communicating IPs, time series were created 
using the sbytes (source bytes sent) feature from the flow records.

• Methodology and results: The five-stage framework was applied directly. The time 
series of sbytes for each communicating IP pair were transformed into visibility 
graphs. The k-visibility algorithm was then used to cluster these interactions into 
distinct behavioral archetypes. These clusters formed the layers of a Temporal 
Behavior Multiplex Network, where each layer represented a specific type of 
communication behavior. The feature vector for each IP address was formed by 
its degree in each of the multiplex layers. This vector, the “behavioral finger-
print,” was then used to train a Random Forest classifier to predict whether an IP 
address was an “attacker” or “benign.”

• The power of granularity in anomaly detection: The approach proved highly 
effective, successfully transforming an overwhelming problem of analyzing 2.5 
million individual events into a much more manageable classification task for 
just 49 unique IP addresses. A key finding was the direct and positive relation-
ship between the granularity of the behavioral clustering and the accuracy of 
the final detection. As the number of clusters (and thus, the number of layers in 
the multiplex network) was increased from 2 to 12, the accuracy of the model in 
identifying attacker IPs rose steadily, exceeding 90% with 12 layers. This empiri-
cally demonstrates that a more fine-grained behavioral decomposition provides a 
more powerful and discriminating predictive signal for anomaly detection.

The success of the framework in the cybersecurity domain stems from its inherent 
ability to operationalize the core principles of User and Entity Behavior Analytics 
(UEBA). The methodology works by first establishing a robust, data-driven baseline 
of normal behavior at a systemic level and then identifying significant deviations 
from that baseline. The vast majority of network traffic is benign and follows pre-
dictable temporal patterns (e.g., standard web browsing, periodic database queries, 
and regular backup operations). The k-visibility clustering algorithm automatically 
groups these common, high-volume behaviors into large, well-defined “normal” 
clusters, which form the dominant, high-density layers of the Temporal Behavior 
Multiplex Network.

In contrast, the activities of malicious actors—such as reconnaissance scanning, 
command-and-control communication, or data exfiltration—have fundamentally 
different temporal dynamics. They are often characterized by being low-intensity 
and slow, highly periodic, or exhibiting unusual bursts of activity that differ starkly 
from the rhythm of normal traffic. The clustering algorithm effectively isolates these 
anomalous behaviors into their own, much smaller and sparser clusters. These clusters 
become the “attack” or “anomalous” layers in the multiplex network. An IP address 
that has a high degree in one of these anomalous layers is, by definition, exhibiting 
a suspicious behavioral fingerprint. Its pattern of interaction is a clear outlier when 
compared to the established norms of the network. This is why the model is so effec-
tive: it does not require a preexisting signature for a specific type of attack. It only 
needs to identify that an IP’s pattern of interaction is fundamentally different from 
the baseline. This provides a robust and adaptable defense, even against unknown, 
0-day attacks that have no predefined signature.
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7.  Conclusions

This report has detailed a unified methodological framework that innovatively 
integrates time series analysis and multiplex network theory to model, analyze, and 
predict the behavior of complex dynamic systems. The process, which begins with the 
theoretical foundation of the temporal metagraph, uses the visibility graph transfor-
mation to encode temporal dynamics into a static topological structure. Subsequently, 
the k-visibility algorithm performs efficient and accurate behavioral clustering, 
the results of which are used to construct a Temporal Behavior Multiplex Network. 
This final structure serves as a powerful analytical and predictive tool, providing a 
“behavioral fingerprint” for each actor in the system. Therefore, the fundamental 
contributions and main advantages of this approach, demonstrated through rigorous 
comparisons and various real-world applications, are diverse:

• Deep dimensional reduction: The framework has a proven ability to condense 
massive event data streams, which can reach several million records, into small, 
dense, and highly predictive feature vectors, often comprising only a few fea-
tures per node.

• Architectural and computational efficiency: The methodology is demonstrably 
faster than traditional time series analysis methods, such as those based on 
Dynamic Time Warping (DTW). This efficiency is not an implementation 
trick, but an architectural feature that makes the framework viable for Big Data 
applications where computational cost is a critical constraint.

• High predictive accuracy: The framework achieves state-of-the-art predictive 
performance in real-world, high-stakes settings. It has demonstrated coef-
ficients of determination (R2) above 0.9 in complex socioeconomic fore-
casting tasks and classification accuracy above 90% in cybersecurity threat 
detection.

• Versatility and generalization: The successful application of the same basic 
methodology to domains as diverse as urban mobility, real estate economics, and 
network security validates its robustness and generalization as a tool for analyz-
ing complex dynamic systems.

• Behavior-centric analysis: The framework enables a crucial paradigm shift from 
event-level analysis to behavior analysis. This provides a more holistic and deeper 
understanding of system dynamics by focusing on the behavior profiles of enti-
ties within the system rather than their isolated actions.

Last but not least, it’s worth noting that the field of time series analysis and graph-
based machine learning is currently dominated by deep learning models, particularly 
Graph Neural Networks (GNNs) for spatio-temporal forecasting and Transformers 
for processing sequential data. These architectures have achieved state-of-the-art 
results on numerous benchmarks and represent the cutting edge of research. The 
framework presented in this report should be positioned not as a direct replacement 
for these models across all tasks, but as a compelling alternative with a distinct and 
powerful value proposition. While deep learning models offer exceptional predictive 
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power, they often come with significant drawbacks: they are computationally expen-
sive, require massive labeled datasets for training, and frequently operate as “black 
boxes,” making their internal decision-making processes difficult to interpret.

On the other hand, the multiplex network framework and k-visibility stand out in 
areas where deep learning models can fail. Their main strengths are:

1. Interpretability: The layers of the multiplex network correspond to understand-
able behavioral archetypes (e.g., “weekday business traffic,” “anomalous network 
scanning”), providing a “white box” view of the model’s reasoning.

2. Computational efficiency: Thanks to its architectural design, which decouples 
the cost of clustering from the length of time series, it is significantly faster and 
less resource-intensive than deep learning models, making it ideal for enterprise 
environments where efficiency and speed of deployment are critical.

3. Scalability: It has been shown to scale effectively to real-world massive event 
log datasets. In the specific context of cybersecurity, the current trend is to-
ward integrated, artificial intelligence (AI)-driven platforms, such as Palo Alto 
Networks’ Cortex XSIAM (extended security intelligence and automation 
management) and CrowdStrike’s Charlotte AI, as well as the widespread adop-
tion of Zero Trust architectures. While the use of multiplex networks for general 
robustness analysis is an emerging area of research [7], the specific application 
detailed here—the use of multiplex structure to create actor-level “behavioral 
fingerprints” for threat detection—remains a novel and highly relevant approach 
that fits well with UEBA principles.

7.1 Future research

The research documented in this report opens several promising lines for future 
work, building upon the solid foundation of the existing framework.

• Methodological refinements: Future research could explore the use of supervised 
or semi-supervised clustering techniques to create more domain-specific 
and finely tuned behavioral layers. Investigating new and more exotic graph-
theoretic metrics could also further enrich the feature vectors and potentially 
increase predictive power.

• Algorithmic optimization: While the k-visibility algorithm is already fast, further 
optimizations in the construction of visibility graphs or the exploration of 
alternative clustering algorithms to K-Means could enhance performance on 
petabyte-scale datasets.

• New applications: The framework’s demonstrated versatility invites its applica-
tion to other domains rich in temporal interaction data. Promising areas include 
financial market analysis (modeling stock-to-stock interactions), climate science 
(analyzing interactions between different climate monitoring stations), and 
social media dynamics. The recent evolution of the core geometric concepts into 
“ìnverse k-visibility” for robotics and mapping further highlights the broad 
potential of the underlying theory.
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• Advanced network analysis: A significant opportunity lies in moving beyond the 
simple node degree as the final extracted feature. Future work could apply more 
sophisticated algorithms, such as community detection, node classification, or 
graph embedding techniques, directly on the final Temporal Behavior Multiplex 
Network. This could unlock even richer and more powerful features for predic-
tion, providing a deeper understanding of the system’s meso-scale structure and 
dynamics.

In conclusion, the integration of time series and multiplex networks via this 
novel framework represents a significant and practical advancement in the field of 
temporal data analysis. It provides a potent, efficient, and versatile methodology for 
modeling, analyzing, and understanding complex phenomena, opening new avenues 
for research and application across a wide spectrum of scientific and technological 
domains.
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Chapter 4

Neotectonic Landforms of 
Southwest Japan Restored by 
Numerical Modeling: Significance 
of Lateral Time-Progressive 
Motions on the Median Tectonic 
Line
Yasuto Itoh, Shigekazu Kusumoto and Hirokazu Maekawa

Abstract

Geomorphic development of a convergent margin can be described with numerical 
simulation. The Median Tectonic Line (MTL), an arc-bisecting fault of southwest Japan, 
has been right-laterally activated under the recent oblique subduction of the Philippine 
Sea Plate. A series of dislocation models of the vertical deformation field indicated that 
the complicated arrangement of uplifting and subsiding areas of the island arc is related 
to the bent morphology of the regional fault. Our approach successfully restored the 
neotectonic landforms on this active plate margin. In return, the burial history of sedi-
mentary basins along the MTL constrained the temporal propagation pattern of active 
segments on the modeled fault, which is probably related to the surface roughness of 
the converging oceanic plate.

Keywords: dislocation modeling, active landform, transcurrent fault, Philippine Sea 
Plate, southwest Japan, Median Tectonic Line, Sanbagawa metamorphic rocks

1.  Introduction

It is accepted knowledge that oblique subduction of an oceanic plate often results 
in prevalent simple shear, which provokes regional wrench deformation (e.g., [1]) 
and eventually cuts off a forearc sliver [2] of the overriding continental plate. The 
northwestern Pacific margin has been a site of such deformation modes since the 
late Mesozoic (e.g., [3]). Among the long convergent zones, here we concentrate on 
the southwestern Japan arc, which is bisected by the Median Tectonic Line (MTL). 
Previous studies (e.g., [4]) dealt with the formation processes of specific basins on the 
regional fault and successfully restored tectonic landforms. In this paper, the authors 
aim to assess more regional crustal strain by means of dislocation modeling. It is a 
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challenge to decipher a causal relationship between simple fault motions and compli-
cated deformation fields in a mobile belt.

2.  Background

2.1 Recent plate tectonic context

Figure 1 presents the tectonic context of southwest Japan. This region is an island 
arc facing the Philippine Sea Plate, which has shifted its direction of travel counter-
clockwise since the late Quaternary [6]. As a result of the transient convergence of the 
oceanic plate, the arc was bisected by the MTL, which has been activated with dextral 
slips. The area north of the tectonic line (Inner Zone) is composed of a pre-Cenozoic 
accretionary complex intruded by voluminous granitic plutons and studded with 
numerous active faults under E-W compression, whereas the area south of the MTL 
(Outer Zone) comprises a growing accretionary prism suffering shear deformation [7].

2.2 Long-term deformation modes of the southwestern Japan arc

The MTL is characterized by an exceptionally prolonged history of activity dating 
back to the Cretaceous era, during which the northwestern Pacific margin was under 
strong sinistral shear provoked by vigorous oblique convergence of oceanic plates 

Figure 1. 
Regional setting of the southwestern Japan arc (a) and significant tectonic elements in the study area (b). Active 
faults are after Huzita [5]. Abbreviations: BP, Beppu Bay; SG, Saganoseki Peninsula; SD, Sadamisaki Peninsula; 
IY, Iyonada Sea; TK, Takanawa Peninsula; HC, Hiuchinada Sea; SN, Sanuki Mountains; TS, Tokushima Plain; 
AW, Awaji Island; OS, Osaka Basin (bay and plain); IZ, Izumi Mountains; WK, Wakayama Plain; LB, Lake 
Biwa.



65

Neotectonic Landforms of Southwest Japan Restored by Numerical Modeling: Significance…
DOI: http://dx.doi.org/10.5772/intechopen.1011920

(e.g., [3]). Some argue that spreading ridges existed in the Mesozoic Pacific realm and 
were subducted beneath southwest Japan, which resulted in the rapid exhumation of 
its forearc region. Wallis and Okudaira [8] stated that the prograde metamorphism 
of the Sanbagawa belt (see Figure 1b for location) is indicative of the involvement of 
a ridge and/or young slab in orogenesis. Southwest Japan was rifted and drifted from 
the mother continent as the Japan Sea backarc spread during the Neogene (e.g., [9]). 
This swiftly migrating continental fragment collided against the Izu-Bonin Arc on 
the Philippine Sea Plate (see Figure 1a), which caused confined indentation around 
the eastern part (Chubu) of southwest Japan [10]. Deformation raised by the tectonic 
event is expressed as the curvature of the MTL and the northward cuspate shape of the 
Sanbagawa metamorphic rocks in the Outer Zone. Thus, the metamorphic rocks are 
regarded as the best indicator of the long-term deformation modes of the study area.

The Sanbagawa metamorphic belt extends east to west for about 800 km from 
the Kanto Mountains through the Chubu, the Kii Peninsula, and Shikoku to the 
Saganoseki area in Kyushu. The belt is one of the most extensively studied high-
pressure/low-temperature (high P/T) metamorphic belts in Japan. The metamorphic 
protoliths are dominated by Jurassic to Cretaceous mudstone and volcaniclastic rocks 
with minor chert, limestone, sandstone, basaltic lava, metagabbro, and ultramafic 
rocks. The Sanbagawa belt is bounded on the north by a major strike-slip fault, the 
MTL, which separates it from the Cretaceous high T/P Ryoke belt. The main deforma-
tion in the Sanbagawa belt is characterized by ductile flow in an E-W direction sub-
parallel to the length of the belt, probably due to the oblique subduction. Kinematic 
studies suggest that the main ductile deformation caused a 35–65% thinning of the 
region, which played an essential role in causing exhumation of the region [11]. The 
belt is in contact with the Triassic to Jurassic Chichibu belt to the south.

After a post-rifting dormant period in the middle Miocene, the southwestern 
Japan arc suffered strong deformation [12] related to resumed normal subduction of 
the Philippine Sea Plate. At the same time, the MTL was activated as a reverse fault 
(e.g., [13]). Thus, the island arc was a site of N-S contractional features during the 
Pliocene. The old tectonic phases have been studied based on their remarkably cumu-
lative crustal strain, whereas the most recent simple shear phase since the Pleistocene 
is not yet sufficiently understood. Therefore, we first describe the ongoing deforma-
tion using gravity anomaly data in the next section.

2.3 Gravity anomaly

Figure 2a is the Bouguer anomaly map in the study area, based on the gravity 
database by Komazawa [14]. The Bouguer density is assumed to be 2670 kg/m3. Our 
study area has low relative gravity because the Pacific Ocean area overall has high 
relative gravity. The Seto Inland Sea, especially from Beppu Bay (BP in Figure 1b) 
to the Iyonada Sea (IY in Figure 1b), is conspicuously a gravity low. In addition, the 
area reaching from Osaka Bay (OS in Figure 1b) to Lake Biwa (LB in Figure 1b), the 
so-called “Kinki-Triangle Area” [15, 16], is also a low-gravity area.

It is known that these low-gravity areas, excluding Lake Biwa, are caused by tectonic 
sedimentary basins (e.g., [17–21]), and these basins are interpreted as having been 
formed by activities of the MTL and tectonic lines and faults around the MTL in the 
Quaternary (e.g., [22, 23]). In fact, in and around these low-gravity areas are distrib-
uted tectonic lines and faults such as the MTL, Arima-Takatsuki Tectonic Line (ATTL), 
Oita-Kumamoto Tectonic Line (OKTL), Nojima Fault (NF), Rokko-Awaji Fault 
System (RAFS), Uemachi Fault (UF), Ikoma Fault (IF), and Nara Tohen Fault (NTF).  
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These are depicted in Figure 2a. Furthermore, we can find steep horizontal gravity 
gradient zones caused by these structures. We can find these steep horizontal gravity 
gradient zones not only in the areas along faults and tectonic lines but also at boundar-
ies such as metamorphic rock-sedimentary layers and/or basement rock-sedimentary 
layers in the southern area of the MTL in the Kii Peninsula and Shikoku district 
(Figure 1).

Figure 2. 
Bouguer anomaly map (a) and Shape Index (SI) image map (b) of the study area. The Bouguer anomaly 
map is based on the gravity database by Komazawa [14]. The Bouguer density is assumed to be 2670 kg/m3. 
The unit of the Bouguer anomaly is mGal (1 mGal = 1 × 10−5 m/s2). SI is a shape indicator of the gravitational 
potential surface defined by Eq. (2) and classifies the potential surface shape as dome (SI = 1), ridge (SI = 0.5), 
flat (SI = 0), valley (SI = −0.5), and bowl (SI = −1). Yellow lines in (a) are significant faults and tectonic lines 
identified with the following abbreviations: KHL, Kurume-Hiji Line; OKTL, Oita-Kumamoto Tectonic Line; 
MTL, Median Tectonic Line; NF, Nojima Fault; RAFS, Rokko-Awaji Fault System; ATTL, Arima-Takatsuki 
Tectonic Line; UF, Uemachi Fault; IF, Ikoma Fault; NTF, Nara Tohen Fault.
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In recent years, the gravity gradient tensor has been applied to estimate subsurface 
density structures or to extract characteristics of subsurface structures such as the 
strike direction of a dike, fault dip, and other features (e.g., [24–26]). The gravity 
gradient tensor Γ is defined by spatial differentiation of gravity anomaly vectors Δgx, 
Δgy, and Δgz and is described as follows (e.g., [27, 28]):
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The gravity gradient tensor is symmetric, and the sum of its diagonal components 
is zero. Thus, the tensor has nine components but only five independent components. 
Each component of the gravity gradient tensor has been observed by a gravity gradi-
ometer, but we can estimate them by calculation from the gravity anomaly Δgz (e.g., 
[29]). This study employed the gravity gradient tensor data calculated from gravity 
anomaly data, Δgz, shown in Figure 2a, by the technique of Mickus and Hinojosa [29] 
because gravity gradient measurements covering our study area have not yet been 
carried out.

Figure 2b is the Shape Index (SI) map, which is a helpful indicator for under-
standing the shape of the gravity potential field. SI is defined by four gravity gradient 
tensor components and is described as follows [30]:
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The values of SI are distributed over the range −1 to 1. The SI value is used to clas-
sify the gravity potential surface into five shapes: dome (SI = 1), ridge (SI = 0.5), flat 
(SI = 0), valley (SI = −0.5), and bowl (SI = −1). Although the gravitational potential 
surface shape and subsurface structure do not necessarily coincide, indicating the 
need for caution when applying this indicator to actual field data (e.g., [31]), this 
indicator is helpful for knowing information on the structural shape in the absence 
of other information because the subsurface structure affects the curvature of the 
gravitational potential surface.

Figure 2b shows that BP, IY, Takanawa Peninsula (TK), Sanuki Mountains (SN), 
Tokushima Plain (TS), Izumi Mountains (IZ), Wakayama Plain (WK), and OS 
in Figure 1b have potential surface shapes that are classified from valley to bowl. 
These potential surface shapes indicate the existence of low-density materials and/or 
concave structures and suggest that sedimentary layers are continuously distributed 
in this area. In fact, it has been inferred that the alluvium layer and sedimentary rocks 
are distributed at the surface in this area and are thickly distributed in the subsurface 
(e.g., [19, 32, 33]). However, it is not easy to interpret the SI value in the TK in general 
in terms of the existence of low-density material because granitic rocks are exposed at 
the surface in and around this peninsula.
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In contrast, there are E-W direction signals suggesting potential surface shapes 
classified as ridge to dome in the southern region of the MTL. Such potential surface 
shapes indicate the existence of high-density materials and/or convex structures. 
The zonal signals stretching from the Saganoseki Peninsula (SG in Figure 1b) to the 
southern margin of the WK are especially prominent. Similar E-W signals are distrib-
uted in regions further south. These are consistent with the area of the Sanbagawa 
metamorphic belt exposed at the surface, which experienced regional exhumation 
in the late Mesozoic. In addition, signals classified as ridge to dome are recognized 
around the eastern side of the Hiuchinada Sea (HC in Figure 1b). Granitic and 
andesitic rocks are exposed at the surface of the islands distributed in this area. The 
influence of these rocks would appear as the SI values.

2.4 Previous studies

2.4.1 Quaternary basin configuration along the MTL

Volumetric analysis of neotectonic sedimentary basins along the MTL was per-
formed by Itoh et al. [22]. On the northwestern coast of Shikoku Island, the Iyonada 
Sea (IY in Figure 1b) is characterized by a remarkably negative Bouguer gravity 
anomaly (see Figure 2a) with a local minimum of approximately −50 mGal. After 
applying Talwani’s method [34] to estimate 2D subsurface structures, they regarded 
the Iyonada Basin as a half-graben having its deepest axis (ca. 4 km) along the 
MTL. The total volume of recent sediments burying the basin was calculated to be 
7.2 × 103 km3 based on numerical integration.

As for the eastern portion of the MTL, Itoh et al. [22] gave a rough estimate of 
the volume of the Osaka Basin (OS in Figure 1b) as 9.1 × 102 km3 by applying Gauss’s 
theorem [35] and assuming a density contrast of 400 kg/m3 between sediments and 
basement rocks. Based on a comprehensive interpretation of reflection seismic data, 
Itoh and Takemura [36] described the 3D architecture of the offshore part (Osaka 
Bay) as an asymmetric basin with its depocenter (ca. 3 km) along the eastern coast of 
Awaji Island (AW in Figure 1b). The total volume of the basin-filling unconsolidated 
sediments was determined to be 1.3 × 103 km3 using the Gauss-Legendre numerical 
integration (e.g., [37]).

2.4.2 Numerical modeling of active landforms

Numerical simulations to reconstruct the patterns of topography or subsurface 
structures at the Quaternary active terminations of the MTL have been attempted 
by Kusumoto et al. [38] and Kusumoto et al. [39]. In both numerical simulations, 
tectonic lines and faults were approximated by a dislocation plane in an elastic iso-
tropic half-space, and surface deformation due to fault motion was compared with 
basic topography or subsurface structure patterns. Analytical solutions by Okada 
[40] were employed in the present study. This modeling approach does not con-
sider the phenomena necessary for discussing structure on a geologic time scale, 
such as weathering, erosion, sedimentation, and viscoelastic effects. Therefore, it 
focuses on the basic patterns of deformation fields created by fault motions and 
discusses whether a combination of fault motions can form the structure under 
examination. In these simulations, the displacement field is often normalized by 
the absolute value of the maximum displacement to focus on the pattern of the 
displacement field.
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Kusumoto et al. [38] showed that Beppu Bay (BP in Figure 1b) was formed as 
a pull-apart basin due to the right-lateral motion of the MTL and the Kurume-Hiji 
Line (KHL in Figure 2a) after 1.5 Ma, and that the tectonic processes of this region 
suggested by Itoh et al. [41] from geological viewpoints were also correct from 
geophysical viewpoints. The MTL and KHL arrangement is right-lateral right step-
ping. In addition, Kusumoto et al. [42] assumed a two-layer model of basement rock 
and sedimentary layers. They estimated the gravity anomaly pattern caused by the 
basement structure reconstructed by Kusumoto et al. [38]. The results also showed 
that gravity anomalies caused by tectonic structures are generally explained, except 
for the gravity anomaly caused by the Shishimuta caldera [43].

At the eastern termination of the Quaternary activity of the MTL, the MTL and 
ATTL have a right-lateral, left-stepping fault arrangement. Although these fault 
arrangements generally form uplift areas between both faults, Osaka Bay (OS in 
Figure 1b), a tectonic basin, was formed in this area. Kusumoto et al. [39] considered 
the IF, NTF, and RAFS shown in Figure 2a as secondary faults of the MTL and ATTL. 
They suggested that reverse faulting formed basins in areas that would generally be 
uplifted. As a result of numerical simulation, it was indicated that the distribution of 
basins and uplift zones in and around Osaka Bay could be explained by the right-lat-
eral motion of the MTL and ATTL and the reverse motions of these secondary faults.

3.  Numerical modeling

3.1 Method

In this study, we employed the dislocation solutions of Okada [40] for recon-
structing the topographic pattern along the Quaternary active areas of the MTL. 
Okada’s solutions have often been employed to quantitatively interpret surface or 
subsurface deformation fields caused by fault motion, geothermal activities, and 
volcanism (e.g., [44–46]). They focused on topographic differences before and after 
these events in each case. In the quantitative interpretations, fault parameters are 
estimated from displacement and/or strain data observed at the surface or subsurface 
by inversion analysis.

When we focus only on the basic topography pattern, we can use this dislocation 
modeling to discuss qualitatively whether a combination of some fault motions can 
form the structures or topography being examined. In addition to the previously 
mentioned studies (e.g., [38, 47, 48]), this method has also been applied to recon-
struct patterns of topography or subsurface structures and validate tectonics or 
forming processes suggested by geological viewpoints. In this case, they also focused 
on topographic difference patterns accumulated by repeated fault motions.

In this modeling, the number of faults and their fault parameters are estimated 
by trial and error, namely forward modeling. Dislocation planes are set up at the 
locations of existing faults and tectonic lines, and displacement fields are calculated 
by applying the amount of dislocation found in the literature to the plane. This 
modeling procedure is useful and practical when the modeling area is not overly 
large and the faults or tectonic lines responsible for the structure of concern are 
clear (e.g., [38, 47–49]). However, as in this study, when the modeling area is vast, 
the number of faults and their fault parameters are set roughly based on the fault 
distribution and/or the characteristic distribution of the target structures and are 
corrected by trial and error (e.g., [50]).



Time Series Analysis – Frontiers in Research and Practice

70

As is also well known, faults move repeatedly on geologic time scales. Itoh et al. 
[47] introduced this effect into their model by superpositioning dislocation solutions. 
They attempted to reconstruct the basin structure pattern using this method and 
showed that the basin of concern is a tectonic basin due to the activities of several 
faults. This method has been shown to explain well both the topography and the 
distribution of rigid rotation of the crust as inferred from paleomagnetic studies. 
This method has also been used to verify formation processes for tectonic basins in 
Hokkaido, Japan, and estimate the amount of fault displacement [48, 50, 51].

In this study, to reconstruct the topography along the MTL, we employed the method 
proposed by Kusumoto et al. [50] for selecting effective faults and their fault parameters 
and the method of Itoh et al. [47] for modeling the accumulation of fault movement.

3.2 Modeling parameters

As is well known, the MTL consists of many active faults, and each fault’s activity 
history and characteristics have been studied in detail (e.g., [52]). It is ideal to know 
the historical fault parameters of each active fault to understand the MTL activity 
and its activity history. However, the overall motion and segmentation of the fault are 
more important for modeling regional topographic reconstruction.

During the Quaternary, the MTL is known to have been dominated by right-lateral 
strike-slip motion. On the other hand, the subduction of the Philippine Sea Plate 
creates uplift and subsidence areas, namely regional topographic patterns on the 
continental plate side (e.g., [16]). In a strict discussion, we should include this effect 
in our modeling. However, because we focused on the topographic pattern along the 
MTL, we treated fault motions of the MTL and its related faults and tectonic lines. 
Right-lateral faulting generally forms a characteristic displacement field with two 
subsidence-uplifted pairs along the fault. In this study, we visually extracted the 
combination of topographic features that would result in this displacement pattern 
from topographic maps along the MTL and divided the MTL into four segments.

The structures on which we focused in this study are BP, IY, Sadamisaki Peninsula 
(SD in Figure 1b), TK, HC, SN, TS, Awaji Island (AW in Figure 1b), OS, IZ, and WK. 
These structures are all along the MTL (see Figure 1b). We segmented the MTL into 
four parts to model or reconstruct these structures (Figure 3).

MTL1 (red) is a segment that requires the formation of two subsidence-uplifted 
pairs [i.e., BP-SG and the valley area of Shikoku Mountains (SH in Figure 3)-TK]. In 
addition, the eastern end of MTL1 is also the bend of the MTL. MTL2 (yellow) is a 
segment that requires the formation of two subsidence-uplifted pairs (i.e., HC-central 
SH and IZ-WK). The western end of MTL2 is located at the bend of the MTL. MTL3 
(yellowish green) is a segment that requires the formation of two subsidence-uplifted 
pairs (i.e., IY-SD and the valley area of SH-TK). MTL4 (pink) is a segment that 
requires the formation of two subsidence-uplifted pairs (i.e., HC-central SH and 
TS-SN). Because the KHL (blue), IF (black), ATTL (gray), and RAFS (brown) have 
been introduced in previous modeling for the restoration of BP, AW, and OS [38, 39], 
we also introduced them in this modeling (Figure 3).

In this study, we assumed that all fault tops reach the surface, and their bottom 
depth is 15 km. In addition, we estimated the fault dip and cumulative dislocations of 
each fault and tectonic line, which are required to reconstruct the target structures by 
trial and error.

Although it has been pointed out that the MTL has a low dip at depth by seismic 
surveys (e.g., [32, 54, 55]), lateral strike-slip faults generally can only move at high 
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angles. Also, it is known that there is no subsidence area at the termination of the lateral 
fault if the lateral fault has a dip lower than 75° (e.g., [56]). Considering these fac-
tors, we set the inclination angle of the MTL to 80° based on Kusumoto et al. [38] and 
Kusumoto [26] (Table 1). In addition, we assumed that the fault dip of the IF and RAFS 
is 80° based on Kusumoto et al. [39]. As is well known, this fault dip is not reasonable as 
a reverse fault, as described in [39], but it is necessary to restore the structures.

In the modeling of topography or subsurface structures (e.g., sedimentary basins, 
pull-apart basins, and others) as assumed for an elastic medium, in some cases, a 
medium with a high Poisson’s ratio is assumed (e.g., [57]). This approach covers the 

Figure 3. 
Location map of the faults and tectonic lines assumed in this study. MTL1, MTL2, MTL3, and MTL4 are the 
four assumed segments of the MTL. Significant tectonic structures and their abbreviations are as follows: KHL, 
Kurume-Hiji Line; RAFS, Rokko-Awaji Fault System; ATTL, Arima-Takatsuki Tectonic Line; IF, Ikoma 
Fault; BP, Beppu Bay; SG, Saganoseki Peninsula; SD, Sadamisaki Peninsula; IY, Iyonada Sea; TK, Takanawa 
Peninsula; SH, Shikoku Mountains; HC, Hiuchinada Sea; SN, Sanuki Mountains; TS, Tokushima Plain; AW, 
Awaji Island; KC, Kii Channel; OS, Osaka Basin (bay and plain); IZ, Izumi Mountains; WK, Wakayama 
Plain; LB, Lake Biwa. The topographic map was adapted from the Digital Map 250 m Grid (elevation) by the 
Geospatial Information Authority of Japan [53].

Fault zone Fault type Initial length (km) Total slip (km) Dip

MTL 1 Right lateral 123.2 50.5 80° N

MTL 2 Right lateral 219.5 54.6 80° N

MTL 3 Right lateral 73.9 49.62 80° N

MTL 4 Right lateral 91.8 54.6 80° N

KHL Right lateral 100.0 17.1 80° S

ATTL Right lateral 44.6 12.8 80° S

IF Reverse 39.9 2.0 80° E

RAFS Reverse 61.7 2.0 80° NW

Table 1. 
Fault parameters for each fault and tectonic line in the model.
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cumulative fault motions or some geological processes at the geological time scale 
(e.g., weathering and viscoelastic effects) by elastic constants. In this study, it is not 
necessary to consider the high Poisson’s ratio of the medium, and we assumed 0.25 
(average for rocks) because the cumulative displacement is reproduced by the super-
position of the analytical solutions. In addition, if we set Poisson’s ratio to 0.25, it is 
unnecessary to consider the effect of Young’s modulus from the relationship between 
Young’s modulus and Poisson’s ratio via Lame’s constants.

3.3 Results

Figure 4a shows the surface vertical displacement pattern obtained with the 
parameters shown in Table 1. The surface vertical displacement pattern shown here is 
normalized by the maximum absolute value of the cumulative vertical displacement. 
This normalization was done to reduce the effects, which deformations in the geologi-
cal time scale were simulated and evaluated by numerical modeling based on elasticity 
as much as possible. The uplifted areas are shown by warm colors ranging from yellow 
to red, and the subsided areas are shown by cold colors ranging from green to blue.

Because we simplified the segmentation of the MTL and the segmented fault 
geometries, restoration of the structure was limited. However, as shown in Figure 4a, 
we find that BP, IY, TK, HC, SN, TS, AW, OS, IZ, and WK have been generally recon-
structed by our simplified models. The SD is a subsidence area, but it is an uplift area 
relative to the IY. In addition, the SG, where the Sanbagawa metamorphic rocks are 
exposed, is also in an uplift zone.

In this study, from the topography along the MTL, we visually extracted the 
topographic features explainable by combining four-quadrant-type displacement 
field patterns formed by lateral faulting, and we assumed active areas (segments) 
of the MTL to reconstruct these structures. As a result, the MTL was divided into 
four segments, and large-scale structures along the MTL were generally restored. 
Of the MTL segments, MTL3 and MTL4 overlap with MTL1 and MTL2. To confirm 
the importance of these overlaps, we calculated the vertical displacement field when 
MTL3 and MTL4 were not included in the model.

Figure 4b shows the vertical displacement pattern when the MTL3 and MTL4 
segments are removed from the simulation shown in Figure 4a. This figure is also 
normalized by the maximum absolute value of cumulative vertical displacement. The 
uplifted areas are shown by warm colors, and subsided areas are shown by cold colors. 
From this figure, we find that the basic structures of the study area (BP, IY, TK, HC, 
AW, OS, IZ, and WK) can be restored without MTL3 and MTL4 activity. However, if 
the motion of the MTL3 segment is not considered, the depth of the IY is shallower 
than that of the BP. Also, if the motion of the MTL4 segment is not considered, then 
the SN and TS are not formed.

The gravity anomaly map (Figure 2a) shows that the gravity low around the IY 
is of the same magnitude as that of BP. Gravity analysis has shown that BP is a sedi-
mentary basin filled with sediments about 3 km thick (e.g., [20, 32]), and it has been 
suggested that the sedimentary basin of the IY is also of the same scale [19]. It is pos-
sible to assume the normal faulting to the MTL along the IY only from the viewpoint 
of shape reconstruction [19]. However, the MTL had actually moved as a right-lateral 
fault during the Quaternary. Therefore, we assigned right-lateral motion to the MTL3 
segment, and the sedimentary basin was restored by adding the MTL3 segment to the 
MTL1 segment.
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In addition, as shown in Figure 3, the Yoshino River bends at Ikeda near the MTL 
(the west end of the Tokushima Plain (TS)) and shifts its direction clockwise from 
N-S to W-E. The bend of the river is clearly caused by the activity of the MTL. This 
indicates that the SN and TS are tectonic structures along the MTL as a continuity of 
their motions. These structures were reconstructed by adding the right-lateral motion 
of the MTL4 segment to the right-lateral motion of the MTL2 segment.

These results show that the right-lateral motions of the MTL3 and MTL4 segments 
played an essential role in forming structures along the MTL.

Figure 4. 
Surface vertical displacement field. The vertical displacement field was normalized by the maximum absolute 
value of the cumulative vertical displacement. Uplifted areas are shown by warm colors (yellow to red). Subsided 
areas are shown by cold colors (green to blue). (a) The vertical displacement field is calculated by assuming all 
fault motions shown in Table 1. (b) The vertical displacement field is calculated by excluding MTL3 and MTL4 
fault motions from all faults shown in Table 1.
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4.  Discussion: Quaternary motion history of the MTL

The previous section described how the MTL was divided into four overlapping 
segments (see Figure 3), which was necessary to obtain the best match between the 
modeled deformation field and actual geomorphological features. From the geologi-
cal point of view, this assumption corresponds to the fact that the fault segments 
around Shikoku Island have dextral slips with a longer period. The progressive motion 
history is probably related to the topographic relief of the subducting plate. Most of 
southwest Japan is obliquely underthrust by the Shikoku Basin, which is the youngest 
portion of the Philippine Sea Plate between the Kyushu-Palau Ridge (remnant arc 
rifted by seafloor spreading) and the Izu-Bonin Arc (Figure 5).

As depicted in Figure 5, the Shikoku Basin is studded with many bumps, such as 
the Kinan Seamount Chain. Yamazaki and Okamura [58] pointed out that a strange 
forearc sag cut by a fault scarp is an expression of wedge deformation linked to 
W-NW convergence of the Kyushu-Palau Ridge since the counterclockwise shift of 
relative motion of the oceanic plate in the late Pleistocene [6]. They also argued that 
the Tosabae Bank (A in Figure 5) around the trench slope break along the Nankai 
Trough is underlain by a subducting seamount based on the forward modeling of 
geomagnetic anomalies. The presence of the concealed seamount was shown as a 
seismic velocity image by the later seismological study of Kodaira et al. [59]. Another 
deformed seamount under the accretionary prism (B in Figure 5) was delineated 
through a multichannel seismic reflection survey by Park et al. [60]. On the basis of 
these previous findings, we propose that the MTL began its right-lateral motion on 
Shikoku Island, which has been under intensive shear provoked by strong coupling 
between the rugged surface of the converging plate and forearc sliver, and then 
expanded its active segment by means of fault propagation on both terminations.

Figure 5. 
Ocean floor topography around the study area. Positions of subducting seamounts on the forearc region of Shikoku 
Island are after A = Yamazaki and Okamura [58] and Kodaira et al. [59] and B = Park et al. [60].
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5.  Conclusions

In this study, from the topography along the MTL, we extracted the topographic 
patterns explainable by the combination of four-quadrant-type displacement field 
patterns due to lateral faulting and divided the MTL into four segments. Although the 
reconstructed displacement (topographic) patterns have shortcomings because the 
segmentation of the MTL and the fault geometries were simplified in the model, 
the main structures along the MTL (such as BP, IY, TK, HC, SN, IZ, and WK) were 
successfully reconstructed by the simplified model shown in this study. In addition, 
it was shown that the bend area of the MTL had more significant right-lateral motion 
than the other areas and played an essential role in forming structures.

The point is that reliable numerical simulation stands on precise volumetric 
analysis of neotectonic basins concealed by recent sediments. For this purpose, 3D 
architecture around the fault under investigation should be assessed by geophysi-
cal measures such as gravity anomaly modeling and/or seismic interpretation. Our 
integrated approach has elucidated the spatiotemporal evolutionary processes of an 
arc-bisecting fault, the MTL. Strong forearc coupling on the oblique convergent inter-
face of the east Eurasian margin resulted in strike-slip movements around Shikoku 
Island in southwest Japan, and stress buildup on both ends of the MTL has given an 
impetus to the propagation of the terminations of active segments. Thus, the activity 
of the fault is in a pronounced transient state governed by the changing motion of the 
Philippine Sea Plate.
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Neuro-Symbolic Methods for
Times Series Analysis for Edge
Computing
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Abstract

This chapter explores methodologies for time series analysis based on the Neuro-
symbolic Artificial Intelligence paradigm, combining pattern recognition, knowledge
representation, and logical reasoning abilities to improve the effectiveness and verifica-
tion of AI applications. Despite its promise, Neuro-symbolic AI is still in its early stages
and lacks widespread adoption. Taxonomies play a critical role in organizing this field,
providing conceptual frameworks that help researchers understand the underlying archi-
tectures, interaction patterns, and functional roles of each component. These classifica-
tions not only facilitate comparison between approaches but also highlight emerging
design patterns and gaps in current methodologies. In the first section, we provide some
foundational notions and review prominent taxonomies that have shaped the discourse
around the Neuro-symbolic integration. Building on this foundation, we propose a com-
prehensive taxonomy that reorganizes the existing classifications into a more coherent
and functionally grounded structure. The last section provides some illustrative examples
of each taxonomic category. The first approach translates signal spectrograms into sym-
bolized signal token streams, allowing efficient pattern recognition and text processing
using a finite automata and formal regular language principles. The second approach
integrates neural and symbolic components into a one-liner coding style for real-time
processing signal proper for low-cost, low-power, and small edge computing devices.
Both methods are comprehensively discussed, highlighting their theoretical foundations,
including nuances in real-time edge computing implementation, performance issues, and
examples. Finally, some open challenges are discussed, including computational com-
plexity, human-AI trust, and ethical implications, while proposing future directions into
the neuro-symbolic intelligence applied for time series analysis.

Keywords: neuro-symbolic taxonomy, spectral analysis, signal symbolization, neural
networks, edge computing

1. Introduction

Time-series analysis plays a crucial role in interpreting temporal patterns across
domains such as healthcare, finance, retail, transportation, weather forecasting,
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cybersecurity, energy, manufacturing, IoT, and monitoring to support forecasting,
anomaly detection, and optimization tasks. In recent years, the integration of sym-
bolic reasoning and neural network, known as Neuro-symbolic Artificial Intelligence,
has emerged to enhance both the clarity and effectiveness of models dealing with
time-dependent data.

We focus on two complementary methodologies: one grounded in symbolic repre-
sentation and the other based on deep neural architectures. The symbolic approach
transforms audio signals into discrete sequences using frequency-based alphabet
encoding, enabling the application of regular expressions and formal language tech-
niques. In contrast, the neural approach leverages learned representations derived
from the Mel spectrogram, where each time slice serves as a token processed by
recurrent or convolutional neural networks. Both methodologies aim to detect specific
auditory patterns—such as the two-tones siren effect—using real-time, low-cost, and
interpretable mechanisms.

By using symbolic methods to segment and label relevant audio events, and neural
networks to capture the underlying temporal dynamics, this neuro-symbolic strategy
benefits from both worlds: the precision and interpretability of symbolic models and
the flexibility and pattern recognition capabilities of neural networks. Through this
hybrid framework, the system can classify and interpret sirens effectively, even when
implemented on constrained edge computing platforms.

In this chapter, we detail the theoretical foundations of symbolic signal processing,
neural audio modeling, and their integration under a neuro-symbolic taxonomy. We
propose a new classification schema that accounts for hybrid systems with loosely or
tightly coupled symbolic and neural components. Finally, we present a practical case
study in siren recognition, demonstrating how both symbolic pattern detection and
deep learning can collaboratively contribute to robust time series analysis.

2. Foundational concepts

In this section, we will introduce some key concepts that might be useful for the
rest of the chapter discussion.

AI for time series analysis: numerous empirical investigations have illustrated that
machine learning algorithms can significantly improve signal classification and the
detection of anomalies within the realm of time series analysis. For example, long-
short term memory (LSTM) networks have been applied with skill to identify anom-
alies in ECG signals, achieving a recall rate of 99 without the need for extensive
preprocessing [1]. Random forest regressors have exhibited enhanced accuracy when
juxtaposed with conventional models such as ARIMA, and advanced machine learning
techniques have been utilized to discern outliers in time series datasets [2]. Moreover,
innovative methodologies that combine deep reinforcement learning with variable
auto-encoders have been proposed to dynamically discern novel categories of anoma-
lies across diverse domains, thus illustrating the flexibility of machine learning within
this field [3]. Recent works have proposed novel methods such as neuro-symbolic
time series classification (NSTSC), a neuro-symbolic model that leverages signal tem-
poral logic (STL) and neural network (NN) to accomplish TSC tasks using multiview
data representation and expresses the model as a human-readable, interpretable for-
mula [4]. In summary, the amalgamation of machine learning methodologies with
time series analytical techniques establishes a comprehensive framework to improve
anomaly detection proficiency across a wide array of applications.
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Feature engineering: feature extraction is a fundamental process in data analysis,
machine learning, and computer vision. It consists of identifying, selecting, and
extracting the most relevant information from the original data to facilitate tasks such
as classification, pattern recognition, or prediction [5]. To be able to summarize the
most important information from a complex data set, you will need to transform the
raw data into a set of measurable characteristics or features that the system can
understand and work with it more efficiently, making it easier for algorithms to
process and learn the data [6]. Selecting and obtaining the relevant features to analyze
the data inside the audio signal is a critical step that could have repercussions on the
complex, effectiveness, and efficiency of the audio classifier [7]. This task of feature
extraction is performed by the classifier designer (feature engineering); however,
there are a few methods, deep learning, for example, that are known to bypass manual
feature extraction; this step of feature extraction is made inside the model and,
therefore, is learned from raw data [8]. The set of relevant features of the audio signal
is called ‘signal fingerprint’ [9], which each relevant feature in that set would include a
type of descriptive information that will be a focus of analysis. The most important
task of good feature extraction is to magnify the information contained in the signal
that is important for the given problem and to reduce as much as possible the
information that is not relevant [5].

Signal spectrograms: a signal processing approach involves the extraction of features
as well as information from measured digital signals [2–4] using techniques such as
fast Fourier transform (FFT), wavelet transforms, and adaptive filtering that enable
precise time-frequency analysis. However, traditional DSP methods often struggle
with real-time processing, noise resilience, and automated decision-making in com-
plex environments. A digital signal is defined as any discrete physical encoded mag-
nitude that varies with time, space, or as a function of one or more independent
variables [10]. After converting some input analog signal by sampling it to obtain a
discrete-time quantified set of signal values, various transformations and techniques
can be applied, such as domain transformations, signal sampling, binary quantization
[11], filtering, compression, and modulation, among other techniques. In the case of
audio signal analysis, there are several techniques for feature extraction [12], as shown
in Figure 1: (a) the cepstrum or inverse Fourier transform of the logarithm of the
spectrum resulting from the Fourier transform: [insert formula]; (b) the chromato-
gram allows the analysis of the tones (pitch) present in each time unit, obtaining the
intensity of each of the 12 musical semitones (chroma) per time period; (c) the Mel
frequency cepstrum is a spectrogram of the spectrum, based on Mel frequency cepstral
coefficients that can be calculated from a logarithmic Mel spectrogram by applying
the discrete cosine transform, where the Mel scale is more in accordance with the
human auditory perception mechanism; (d) the logarithmic Mel spectrogram that
applies windowing and logarithmic banks of Mel filters, in which calculation includes
window size, stride, number of filters, and number of samples parameters, where the
STFT is estimated and multiplied by the Mel filter bank, generating a time series with
size M x N, where M is the number of filters used and N is the number of windows. In
order to convert to decibels (Mel logarithmic spectrogram) [13], we use

MelSpectre τ,ωð Þ ¼ 10 log 10∣FourierSpectrum x tð Þf g∣: (1)

Edge computing: provides an alternative to the cloud computing model, considering
the possibility that even hardware restricted devices can act as tiny, low-cost, distrib-
uted, mobile, thin clients, or agents that are able to perform real-time local signal
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processing tasks closer to where sequential data are generated, preserving information
security and privacy, improving system scalability, responsiveness, intelligence and
resilience, reducing network bandwidth, providing faster data transfer rates, lowering
cloud processing and storage requirements, risks, latencies, and costs. This model is
well suited for the most recent, advanced, and cost-effective IoT and AI ecosystems.

3. The neuro-symbolic artificial intelligence paradigm

Neuro-symbolic AI represents an innovative framework that combines the
strengths of symbolic logical reasoning AI and neural networks to address the limita-
tions inherent in each approach. However, it encounters challenges in learning from
unprocessed data and in adjusting to novel information, capabilities that are inherent
to neural networks. With neural network (NN) models learn from data to identify
patterns by means of being trained on large datasets, where neural networks can
handle pattern identification and learning. With symbolic reasoning, organized
decision-making and explainability is ensured. With the integration of both
approaches, some limitations can be overcome. Furthermore, more capable systems
can be created with the integration of neural network pattern recognition with sym-
bolic AI’s logical reasoning [14]. Neuro-symbolic AI combines the pattern recognition
capabilities of deep learning (e.g., subsymbolic deep learning, CNNs, Transformers)
with the interpretability and rule-based reasoning of symbolic AI (e.g., expert sys-
tems, knowledge graphs, rule-based reasoning, or logic programming). Neuro-
symbolic AI takes advantage of the uncertainty of data from the real world and the
application of clear reasoning rules, thus combining their own characteristics and
creating a more powerful and versatile AI system than just separate approaches.

Within IA deep learning (DL) also offers the capability to identify and extract
significant patterns and characteristics from high-dimensional data. There are several
DL techniques, and one, the recurrent neural networks (RNN s), is designed to handle

Figure 1.
Spectra examples: cepstrum, log Mel, chromatogram, and Mel cepstrum.
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sequential data, such as speech, text, or time series data. However, DL has some
limitations, such as testability, verifiability, and interpretability, even though DL
offers solutions. Under these challenges, the neuro-symbolic paradigm addresses
those limited scenarios by combining the robustness of symbolic AI with the use and
flexibility of DL [15]. Finally, some open challenges can be discussed, including
computational complexity, human-AI trust, and ethical implications of autonomous
systems, while proposing future directions for self-healing grids powered by DSP and
neuro-symbolic intelligence.

In contrast, neural networks demonstrate remarkable proficiency in pattern rec-
ognition and extracting insights from large datasets. However, they often function as
“black boxes,” making their decision-making processes difficult to interpret and val-
idate [16, 17]. The integration of these two paradigms within Neuro-symbolic AI aims
to leverage the synergistic benefits of both: the powerful learning capabilities of neural
networks and the explanatory and inferential strengths of symbolic AI [18, 19].

This combination not only improves the effectiveness of artificial intelligence
systems but also improves the testing, evaluation, verification, and validation pro-
cesses, which are essential for the development of secure and reliable AI applications
[16]. Moreover, neuro-symbolic artificial intelligence is considered a critical step
toward achieving Artificial General Intelligence (AGI) by enabling systems to assim-
ilate knowledge from data while also engaging in reasoning that encompasses both
prior and newly acquired information [20].

Despite its significant potential, neuro-symbolic artificial intelligence is still in an
early stage of development and has not yet achieved widespread implementation,
partly due to the challenges associated with reconciling the various data representa-
tion methods used by symbolic and neural systems [18, 21]. However, the field
continues to progress, and current research is focused on developing frameworks and
architectural designs that effectively integrate these two paradigms, thus increasing
the adaptability and reliability of AI systems [22, 23].

The ongoing advances in neuro-symbolic AI highlight its ability to bridge the gap
between interpretability and performance, making it a highly promising area for
future research and application across various domains. This potential is particularly
noteworthy in fields such as healthcare, education, and autonomous systems, where
both reasoning and learning are essential for effective decision making. As academic
research progresses, the fusion of these methodologies is expected to lead to the
creation of more robust, adaptable, and transparent AI systems capable of addressing
complex real-world challenges more effectively.

Prospective developments in neuro-symbolic AI offer the possibility of creating
systems that not only learn efficiently but also provide justifications for their deci-
sions, thereby fostering greater trust and accountability in AI applications. The con-
tinued exploration of neuro-symbolic AI is likely to produce innovative solutions that
enhance both technical capabilities and societal acceptance of AI technologies. As the
field evolves, it will be essential to address the challenges related to validation and
verification processes to ensure the reliability and safety of neuro-symbolic AI sys-
tems [16], ultimately facilitating the establishment of trustworthy AI frameworks that
can be effectively deployed in various sectors.

3.1 Taxonomies: Different kinds of neuro-symbolic AI systems

As interest in neuro-symbolic AI continues to grow, efforts to systematically clas-
sify the various ways in which neural and symbolic methods can be integrated have
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become increasingly important. Taxonomies play a critical role in organizing the field,
providing conceptual frameworks that help researchers understand the underlying
architectures, interaction patterns, and functional roles of each component. These
classifications not only facilitate comparison between approaches but also highlight
emerging design patterns and gaps in current methodologies. In this section, we
review three prominent taxonomies that have shaped the discourse around neuro-
symbolic integration. Each offers a different perspective on how symbolic reasoning
and neural networks can be combined, either sequentially, in parallel, or through
multiple other interactions. Building on this foundation, we propose a refined taxon-
omy that introduces a novel category and reorganizes the existing classifications into a
more coherent and functionally grounded structure.

3.1.1 Kautz’s taxonomy

The Kautz taxonomy [24] has been widely embraced in recent literature
[16, 25–30]; it is classified into six categories described below.

• Type 1: SymbolicNeuroSymbolic. The first approach represents the standard
procedure of deep learning systems for natural language processing, where the
input is symbolic in nature, as it consists of words. Then, it is processed by a
neural network, which ultimately produces an output that is subsequently
mapped back to a symbolic category.

• Type 2: Symbolic Neuro½ �. Type 2 approach implements a neural network
subroutine within a symbolic problem solver. Robotics and autonomous vehicles
represent frequent applications of this architecture.

• Type 3: Neuro∣Symbolic. Type 3 and type 2 are similar, the main difference being
that in type 3 the neuro part is a co-routine instead of a subroutine. As an
example, a neural network could process complex pattern recognition from noisy
raw data and the symbolic system could handle reasoning and decision making by
incorporating domain knowledge and rules.

• Type 4: Neuro : Symbolic! Neuro. This approach is based on the standard
procedure for deep learning systems (similar to Type 1), but incorporates a
training strategy grounded in symbolic knowledge. This symbolic information is
embedded within the weight structure of the neural network. For example,
consider a math solver trained in examples of mathematical operations and their
outcomes. Although it can produce correct results for new problems, it does so
through pattern recognition rather than by reasoning through the necessary steps.

• Type 5: NeuroSymbolic. In this approach, symbolic rules serve as structural
templates within the neural network, introducing abstraction and partial
hierarchies. Essentially, each symbolic rule is encoded as an embedding that
functions as a regularizer within the loss function of the network.

• Type 6: Neuro Symbolic½ �. According to Kautz, Type 6 represents the most
promising approach. It is characterized by a continuously active neural engine
that governs the system’s operation, with an embedded symbolic reasoning
engine that is invoked by the neural component when necessary.
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3.1.2 Chaudhuri’s taxonomy

Chaudhuri’s taxonomy [31] is considerably referenced in the recent literature
[28, 32, 33]; it shares Kautz’s perspective on several architectures but adds a couple of
approaches that are quite relevant.

• Type 1: Symbolic-after-neural pipeline. Chaudhuri’s Type 1 can be viewed as
equivalent to Kautz’s Type 3, in which the output of one system interacts with the
other. In this case, a neural component processes the input, and its output is
utilized by a symbolic component. A representative example of this interaction is
an object detection system based on neural networks, followed by a symbolic
reasoning stage dedicated to answering queries.

• Type 2: Neural-after-symbolic pipeline. This approach represents the inverse of
Type 1: inputs are initially processed by the symbolic component before being
passed to the neural network. It reflects a methodology commonly employed in
earlier machine learning paradigms, where manual feature engineering played a
more central role, as some symbolic techniques proved particularly effective for
pre-processing tasks.

• Type 3: Neural module networks. In the context of visual question answering, a
synthesized symbolic representation of the question is used to construct the most
suitable configuration of neural modules to solve the task. Although symbolic
reasoning is not performed, the structured nature of symbolic representations
proves valuable in guiding the network layout predictor.

• Type 4: Algebraic compositions. In this approach, each component operates
independently and their output is subsequently aggregated. For example, the
result produced by the neural component may be used to refine or adjust the
output of the symbolic component.

• Type 5: Neurally accelerated symbolic programs. Chaudhuri characterizes this
approach as one in which the neural component is used only to guide the
execution of the symbolic system, improving efficiency without affecting
correctness. In this configuration, it corresponds to Kautz’s Type 2. However,
Chaudhuri also added a configuration in which the neural component performs
most of the work while the symbolic component functions primarily as a
monitor.

3.1.3 Yu’s taxonomy

Yu’s taxonomy [34] presents a shorter representation, aligns with the views of
several other works [16, 27], and shows relevance due to its simple characterization.

• Type 1: Learning for reasoning. Yu’s first category corresponds to Kautz’s Type 3,
although Yu distinguishes between two distinct aspects within it. The first
involves using a neural component to constrain the search space of the symbolic
component. The second entails the neural engine extracting relevant features
from the input data, which the symbolic component then leverages to perform
reasoning tasks.
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• Type 2: Reasoning for learning. This category aligns with Kautz’s Type 5, in which
symbolic systems are used to support the learning process of the neural system,
typically encoding symbolic knowledge that can be integrated as a regularization
term within the loss function.

• Type 3: Learning-reasoning. This final category is similar to Kautz’s Type 6, with
a key distinction. While Kautz frames the neural component as the primary
driver that activates the symbolic system as needed, Yu’s Type 6 envisions both
paradigms as equal partners engaged in bidirectional interaction. Nevertheless,
the core principle is shared in both cases: a continuous, reciprocal interaction
between the two systems.

3.2 A multidimensional neuro-symbolic taxonomy

Current neuro-symbolic taxonomies, while insightful, tend to emphasize specific
paradigms or use cases, limiting their ability to generalize across the full range of
hybrid AI architectures. This narrow focus can obscure alternative forms of integra-
tion that fall outside of the dominant patterns. Moreover, most frameworks lack
clearly defined classification dimensions, such as interaction type, execution order, or
degree of coupling, making it difficult to systematically organize or compare different
approaches. In response to these gaps, a new multidimensional structured taxonomy is
introduced. By organizing systems along explicit dimensions and accounting for both
conventional and less-integrated configurations, the proposed framework aims to
provide a clearer, more comprehensive view of the neuro-symbolic design space. The
proposed taxonomy is shown in Figure 2. It is structured hierarchically across three
levels, each informed by principles from software architecture and multi-agent sys-
tems. These criteria aim to capture both the structural dependencies and the interac-
tion dynamics between neural and symbolic components. At the first level, systems
are categorized as coupled or independent, drawing from architectural classifications
based on inter-dependencies.

Figure 2.
Neuro-symbolic taxonomy. Types from the taxonomies of Kautz, Chaudhuri, and Yu are abbreviated using the
author’s initial followed by their type number. Approaches separated by slashes ([image]) denote equivalence;
those separated by commas represent distinct types grouped within the same category.
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• Coupled: the systems interact directly during the execution process.

• Independent: systems operate in isolation from one another, without direct
interaction, though their outputs may still contribute to a shared goal or
complementary insights.

The second level further subdivides coupled systems into symmetric and asym-
metric configurations, inspired by role-based dynamics in multi-agent systems.

• Symmetric: involve a balanced collaboration, with both components contributing
comparably to the task.

• Asymmetric: a primary role is assigned to one component, while the other serves
a supporting or auxiliary function.

At the third level, the taxonomy differs in style between Symmetric and Asym-
metric systems. For asymmetric systems, the classification remains role-based:

• Neuro-dominant: neural processing constitutes the core of the systemâ€™s
functionality.

• Symbolic-dominant: symbolic processing constitutes the core of the functionality
of the system.

For symmetric systems, the focus shifts to execution order, and flow of interaction.

• Neuro-then-symbolic: the neural component precedes the symbolic component
in the processing.

• Symbolic-then-neuro: the symbolic component precedes the neural component
in the processing.

• Interleaved: both components engage in a bidirectional or iterative manner,
alternating interactions throughout the process.

This proposed taxonomy builds on the taxonomies reviewed in Section 3.1, incor-
porating the additional category introduced in this chapter as Type 0. As a result, the
various types of neuro-symbolic system and their corresponding definitions can be
systematically aligned with the structure of the new taxonomy, as outlined below.

Symmetrically coupled neuro-symbolic approaches:

• Neuro-then-Symbolic: Kautz Type 3, Chaudhuri Type 1, Yu Type 1. See [35–37].

• Symbolic-then-Neuro: Chaudhuri Type 2. See [38].

• Interleaved: Kautz Type 6, Yu Type 3. See [39].

Asymmetrically coupled neuro-symbolic approaches:

• Neuro-dominant: Kautz Types 1, 4 and 5; Chaudhuri Type 3, Yu Type 2. See [40–44].

• Symbolic-dominant: Kautz Type 2, Chaudhuri Type 5. See [45, 46].
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Independent neuro-symbolic approaches: Chaudhuri Type 4, Type 0. See [47].
The proposed taxonomy proved instrumental in the analysis and guide for the

development of the case study presented in this chapter. By clearly distinguishing
between coupled and independent configurations, as well as the varying roles and
interaction styles of neural and symbolic components, the taxonomy highlighted a
viable path forward: integrating a symbolic layer to enrich the semantic capabilities of
an initially neural-based approach. Beyond informing this specific design choice, the
taxonomy also revealed alternative configurations and potential future extensions,
enabling a broader understanding of possible neuro-symbolic strategies. In a broader
sense, the taxonomy offers a structured lens through which hybrid systems can be
conceptualized, enabling clearer reasoning about system architecture, component
roles, and execution dynamics. This clarity not only supports more informed design
decisions but also facilitates the identification of unexplored configurations and a
more consistent evaluation across neuro-symbolic implementations.

4. A study case: Emergency vehicle detection

The case study examined in this chapter consists of two approaches. The first (and
general) approach exemplifies a neuro-symbolic approach that diverges from those
previously outlined. In this configuration, the neural and symbolic components oper-
ate independently, with no integration of their outputs. The systems do not exchange
data during execution; however, each contributed meaningful insights to the overall
research process, as intermediate outputs from one system informed the development
and refinement of the other. A detailed account of this approach is provided in the
following sections.

A review of existing taxonomies reveals that the majority of neuro-symbolic
approaches involve direct interaction between the neural and symbolic components.
Among the approaches analyzed, only Chaudhuri’s Type 4 departs from this pattern,
each component operating independently and their outputs subsequently aggregated.
The general approach presented in this chapter similarly involves independent execu-
tion of both components; however, rather than aggregating their output, it leverages
each system to generate insights that assist researchers in understanding and
addressing the problem, potentially through either component. As this configuration
is not represented in existing taxonomies, it is proposed here as a novel category of
neuro-symbolic integration, designated as Type 0. The second approach, specific to
the neural processing described in subsequent sections, aligns with Type 4 of Kautz’s
taxonomy, as it employs symbolic inputs to train a neural network.

4.1 Symbolic times series analysis literature review

A hierarchy of various Times Series Analysis representations in the literature is
shown in Figure 1. For the study case illustrated below, one approach corresponds to
the symbolic string representation and the other uses the Discrete Fourier Transform
spectra. Symbolic analysis of time series to identify features of interest was applied in
[48] to provide an explainable model using probabilistic finite state automata and
through the Symbolic Aggregate Approximation (SAX) technique [49, 50], which is a
symbolic representation for times series data, where different signal segments are
mapped as symbols based on their normal distributions, enabling dimensionality
reduction and providing distance measures that lower-bound the original time series
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distances, to guarantee no false dismissals in data mining. They used a unique
discretization procedure using an intermediate representation between the raw time
series and the symbolic strings. First, we transform raw data into a symbolic repre-
sentation of strings called the Piece Aggregate Approximation (PAA), where the
alphabet of these strings is an arbitrary integer, using predetermined breakpoints to
map the PAA coefficients into SAX symbols, allowing reducing dimensionality, stor-
age, and computational costs while preserving essential features. SAX introduces a
distance measure, which guarantees that the distance between symbolic representa-
tion is always less than or equal to the true distance between the original time series.
This property is crucial for efficient and accurate data mining. The effectiveness of
SAX applies in various data mining tasks, including clustering, classification, anomaly
detection, motif discovery, and visualization. Their empirical validation shows that
SAX often outperforms or matches traditional methods such as Euclidean distance-
and wavelate-based approaches (Figure 3).

4.2 Signal symbolization for emergency vehicle identification

As an illustration example for the neuro-symbolic taxonomy, study case how to
identify two-tones or hi-lo siren effect from input acoustic signals. To recognize in
real-time audio signals, symbolizing and selecting manually different features from its
corresponding log Mel spectrogram, we will consider the following symbol alphabet Σ:

Σ ¼ a, b, nf g: (2)

The terminal symbol ‘a’ represents a high tone, the symbol ‘b’ represents a low
tone, and the symbol ‘n’ encompasses any value outside each tonal range of interest
(noise), as shown in Figure 4.

For a two-tones siren full-cycle feature detection, we can consider the following
simplified regular expression one-line definition:

hi� lo siren ¼ nþ aabbð Þþnþ: (3)

For example, given the input sequence ‘nanaabbaabbanbana’, then the previous
regular expression will match the substring indicated as follows in boldface:
‘nanaabbaabbanbana’.

In summary, after transforming (e.g., into energy spectrum, FFT or Mel spectro-
gram) and symbolizing the input signal, any programming language supporting regu-
lar expressions may benefit from this one-liner coding style for real-time signal
processing (e.g. classifier or anomaly detection tasks) using low cost, low power, small
ARM architecture edge computing devices.

Figure 3.
A taxonomy for different time series representations alternatives taken from [49].
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5. Recurrent neural network: Based modeling of Mel - Spectrogram
sequences

In this approach, we treat the columns of a Mel spectrogram as basic tokens of a
time series. Given an input audio signal, its Mel spectrogram can be represented by

X ¼ x1, x2, … , xT½ �∈ℝM�T, (4)

where M is the number of Mel frequency bins and T the number of time frames. We
denote each column xt ∈ℝM as a ‘token’ representing the spectral content in the time
frame t.

Thus, a recurrent neural network (RNN) [51], such as a long short-time memory
(LSTM) or gated recurrent unit (GRU), processes this sequence of tokens one frame
at a time, maintaining a hidden state that captures temporal dependencies. Formally,
at each time step t, the recurrent cell updates its hidden state ht as

ht ¼ RNN xt, ht�1ð Þ, (5)

where RNN is a recurrent neural network with input, forget and output gates. The
initial hidden state h0 is typically initialized to zero. After processing all T tokens, we
obtain a final hidden state hT which summarizes the entire sequence.

Depending on the downstream task (e.g., classification, regression, or sequence
labeling), we transform hT (or the sequence htf g) through one or more fully
connected layers. For a classification task with C classes, we compute

ŷ ¼ softmax WohT þ boð Þ, (6)

whereWo ∈ℝC�H, bo ∈ℝC, andH is the dimensionality of the hidden state of the RNN.

Figure 4.
Mel spectrogram snapshot of an ambulance two-tones siren periodic signal.
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The network is trained end-to-end by minimizing a suitable loss function. For
classification, we use the categorical cross-entropy loss

L ¼ �
XC
c¼1

yc log ŷc, (7)

where y is the one-hot ground-truth label. We optimize using backpropagation
through time (BPTT) with an adaptive optimizer such as Adam [52], applying gradi-
ent clipping to mitigate exploding gradients.

This approach presents the advantages of capture data’s Temporal Context, that is,
RNNs explicitly capture long–range temporal dependencies across Mel spectrogram
frames, which is crucial for tasks like speech recognition and audio event detection. By
varying the hidden size H and the number of layers, the capacity of the model and the
computational cost can be traded. However, we note that RNNs can be slower to train
than convolutional architectures and may suffer from vanishing gradients over very
long sequences. Techniques such as residual connections and attention mechanisms
can help alleviate these problems [53].

6. Two-dimensional convolutional neural network for Mel spectrogram
classification

In this section, we discuss an alterative based on neural networks to recognize with
short-time series audio signals encoded in Mel spectrograms. This approach is based
on the two-dimensional convolutional neural network (2D-CNN). By treating the Mel
spectrogram as a time-frequency ‘image’, 2D-CNN leverages spatially localized fea-
ture extraction to distinguish audio signatures from background noise and other
sounds.

Each audio clip is first converted into a Mel spectrogram S f , tð Þ of dimensions
F � T, where F denotes the number of Mel bands (typically 64–128) and T is the
number of time frames.

The core of the network comprises a stack of convolutional blocks, each extracting
increasingly abstract patterns. Each block consists of:

• Convolution: 2D kernels of size 3� 3 (or optionally 5� 5) slide over the
spectrogram, with stride 1 and padding to preserve spatial dimensions. The initial
layers may use 32 filters, doubling in subsequent blocks to 64 and 128.

• Activation: Rectified linear units (ReLU) introduce non-linearity, enabling the
network to model complex spectral shapes.

• Batch normalization: Applied after each convolution to reduce the internal
covariate shift and accelerate convergence.

• Max-pooling: A 2� 2 pooling operation reduces the time–frequency resolution by
half along each axis, imparting translation invariance to slight shifts in siren onset
time or frequency modulation.

Stacking multiple such blocks increases the effective receptive field, enabling the
network to capture long-range temporal sweeps characteristic of audio chunks.
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Empirically, three to five blocks strike a balance between representation power and
computational cost. After the final pooling stage, the tensor of shape F

2B
� T

2B
� C

(where B is the number of pooling blocks and C the number of channels) is flattened
and passed through one or two fully connected layers: Dense layer(s): A 128-unit dense
layer with ReLU activation refines the learned features and an output layer: A softmax
(or sigmoid, for binary classification) outputs the probability that the input contains
the audio signal of interest.

The network is trained end-to-end using cross-entropy loss.Key considerations
include the following. Use of the Adam algorithm as an optimizer with an initial
learning rate of 10�3. A batch size of 32 to 64 ‘images’ spectrograms, balancing
gradient stability and GPU memory constraints. Data Augmentation strategy
consisting of random brightness and contrast changes of 10% the original values; and
a random circular change in the interval �10%, 10%½ �.

The 2D-CNN excels at local feature learning, capturing short-term spectral signa-
tures (e.g., harmonic sweeps), and hierarchical abstraction, learning mid- and long-
term patterns through deeper layers. Its weight-sharing and pooling make it compu-
tationally efficient for real-time applications. However, careful tuning of depth, ker-
nel sizes, and regularization is essential to avoid overfitting on limited siren datasets
and to generalize across different siren types and recording conditions.

7. Discussion

This chapter explores the integration of symbolic representations with neural
network processing. Here, we underscore the potential of neuro-symbolic models in
addressing complex perceptual tasks such as emergency siren detection. By embed-
ding symbolic inputs, whether derived from structured frequency representations or
time-frequency encodings such as Mel spectrograms, into learned or predefined vec-
tor spaces, we bridge the gap between symbolic reasoning and subsymbolic learning.
This allows neural networks to operate over sequences of tokens that carry semanti-
cally relevant information.

Our case study, focused on the recognition of emergency automotive sirens, dem-
onstrates how different embedding strategies can serve as symbolic intermediaries
between raw audio signals and neural classifiers. Specifically, the frequency range
tokens provide a compact symbolic abstraction of spectral content, while the Mel
spectrogram-based tokens offer a temporally resolved view of the signal. Both modal-
ities represent auditory input in symbolic form, enabling the use of sequence-
processing architectures.

Recurrent Neural Networks (RNNs) and Convolutional Neural Networks (CNNs)
emerge as particularly suitable for this task, because of their ability to model depen-
dencies over time and space. RNNs capture the temporal evolution of audio events,
which is critical to recognizing the characteristic temporal patterns of sirens. CNNs,
when applied to spectrogram representations, effectively exploit local time-frequency
structures through convolutional filters. Each architecture leverages the structure of
the symbolic input differently: RNNs emphasize sequential order, while CNNs focus
on local correlations.

An important insight from our exploration is the role of the embedding strategy in
shaping the performance and interpretability of the neuro-symbolic system. The
learned embeddings allow the model to discover task-specific abstractions, potentially
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improving classification performance. In contrast, hand-crafted or constrained
embeddings may enhance transparency and offer inductive biases that align with
domain knowledge (e.g., known frequency bands used in emergency sirens).

In addition, the neuro-symbolic approach provides a flexible framework that can
be extended beyond audio classification. The core methodology, embedding symbolic
inputs in vector spaces and processing them with neural architectures, can generalize
to other modalities and tasks involving structured data, such as natural language,
visual scenes, or structured sensor readings. In doing so, it supports hybrid reasoning
paradigms in which neural inference is grounded in symbolic abstraction.

8. Conclusions

Neuro-symbolic AI is a hybrid approach that combines the pattern recognition
abilities of neural networks with the logical reasoning of symbolic AI systems [1].
Neuro-symbolic takes advantage of the uncertainty of data from the real world and
the application of clear reasoning rules and symbolic, high-level, semantic, and con-
textual information, thus combining their own characteristics and creating a more
powerful and versatile AI system than just separate approaches.

Within IA, deep learning (DL) also offers the ability to identify and extract signif-
icant patterns and characteristics from high-dimensional data. There are several DL
techniques, and one, the recurrent neural networks (RNNs) is designed to handle
sequential data, such as speech, text, or time series data. However, DL has some
limitations, such as testability, verifiability, and interpretability even though
DL offers solutions. In these challenges, the neuro-symbolic paradigm addresses
those limited scenarios by combining the robustness of symbolic AI and the lexibility
of DL [6].

We noted that neuro-symbolic models can be used in domains where raw sensory
data can be transformed into interpretable symbolic forms. Using the strengths of
both symbolic abstraction and neural representation learning, these models present a
promising avenue for building intelligent systems that are both data-driven and
semantically grounded.

Finally, some open challenges are discussed, including computational complexity,
human-AI trust, and ethical implications of autonomous systems, while proposing
future directions real-time DSP and neuro-symbolic intelligence.
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Chapter 6

Time Series Prediction Based on
Data Compression Methods
Alexander Lysyak

Abstract

This chapter suggests and experimentally investigates new methods of forecasting
based on data compression algorithms. The main task is the application of these
algorithms to the prediction of processes that generate values from a continuous
interval. The chapter presents some theoretical descriptions of the application of data
compression algorithms to this case and the practical results of prediction using these
algorithms. A new modification, applicable to any forecasting algorithm, is also intro-
duced. It is called the method of alphabet grouping. It allows the use of large alphabets
without increasing complexity for forecasting algorithms. Using the examples of
predicting currency exchange rates, the consumer price index, and the producer price
index, the results show that the precision of these methods is relatively high.

Keywords: R-measure, prediction, CPI, PPI, data compression, financial forecasting,
alphabet’s grouping, continuous interval

1. Introduction

Methods of forecasting represent great practical interest and allow us to solve a
wide range of tasks in science, technology, and economy. The analysis of social,
economic, and geophysical processes, and the prediction of natural phenomena and
economic events are related to them.

The most widespread statement of a forecasting problem is the prediction
of time series, that is, predicting the function defined on an axis of time. This
type of forecasting is very significant, because the class of tasks corresponding to
it is widely connected with many problems of the economy, geophysics, and other areas
of our lives. These methods play a key role in improving efficiency, reliability, and
quality of technical, economic, biological, medical, and social systems.

For the last two decades there was a set of forecasting methods, which has shown
rather high efficiency. In particular, this methods contain models of machine training [1,
2], the prediction based on a bilinear model [3], the autoregression analysis of various
types [4–7], forecasting based on methods of Monte-Carlo [8], methods based on expert
estimates (the so-called recursive strategy, see Refs. [9, 10]), forecasting with artificial
neural networks [11] and many other things. Despite the existence of such a wide class of
forecasting methods, there is a problem of increasing the precision of the forecasts [12].

The main result of this chapter consists of a theoretical description and some
practical experimental forecasting results for processes that generate values from a

101



continuous interval (i.e., the alphabet is infinite and not countable). The offered
methods are based on data compression algorithms. In particular, I develop a universal
measure and universal coding for applying to a case of such processes’ forecasting.

Forecasting methods based on the so-called methods of universal coding, or “data
compression” were described in Refs. [13–16]. Forecasting methods based on the so-
called methods of universal coding, or “data compression,” were described in Refs.
[13–16]. This class of methods applies specific techniques of information coding.
These methods reduce the total bit size of the historical data used for forecasting. One
of the main advantages is their ability to detect hidden patterns, which makes them
applicable to a wide range of problems. Informally, the smaller the bit size of the
output sequence, the more regularities are present in the historical data (input time
series). These methods make it possible to estimate the probability of all possible next
symbols (values) by adding new symbols to the end of the input data, and thus to
estimate the probabilities of future values of the time series.

In earlier research on forecasting, attention was focused on time series with a finite
alphabet. For the first time, the relationship between data compression and forecast-
ing was shown [14]. The given dependence shows how the predicted values depend
on the value of the sequence’s compression for the case of a finite alphabet. Some
theoretical studies on the use of data compression methods for predicting time series
that generate values from a continuous interval were presented in Ref. [13]. However,
no experimental results have been reported so far.

This chapter proposes an approach for predicting processes that generate values
from a continuous interval. This is the main problem addressed here. Two main tasks
are considered. First, the so-called “splicing” of different (refined) partitionings is
proposed. Second, a solution is suggested for the problem of large alphabets, which
arises in the case of a continuous interval.

Until now, no experimental results have been available for this type of time series
forecasting. There are only some theoretical findings [13]. This chapter therefore pre-
sents both theoretical descriptions and practical experimental results for time series
that generate values from a continuous interval.

This chapter describes a new approach to forecasting one-dimensional time series
based on certain models of information theory (data compression). In particular,
methods based on universal coding are used for predicting the values of stationary and
ergodic processes. New approaches are also proposed for combining various forecast-
ing methods, as well as for improving the computational complexity of forecasting
without the loss of precision. The results of experimental research and optimization of
the proposed method are presented.

The experiments showed interesting findings and a high level of forecasting accu-
racy. In particular, the best results were obtained for forecasts of inflation indexes: the
consumer price index and the producer price index. Their description and results are
given in Section 9 titled “Experimental results of forecasting,” with subsection 9.2
specifically covering forecasting of inflation indexes.

2. Statement of a forecasting problem

In a general view, the forecasting problem of time series can be formulated as
follows. Let there is some source generating sequence of elements x1x2 … from some
set A, called by the alphabet. The alphabet can be both finite and infinite (i.e., to
represent some limited continuous interval). Let thus at the moment of time t I have
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the finite sequence generated by a source x1x2 … , xt. The task of forecasting is
reduced to a prediction of the element following at the moment of time tþ 1ð Þ,
that is, an element xtþ1. In a case when the alphabet A is discrete and finite, any
algorithm of forecasting can be applied to this case naturally. “Naturally” means the
method as follows. Let us give a finite alphabet A and finite time series x1x2 … , xt. I
want to predict the next value xtþ1. For this purpose I give all the letters a∈A and
estimate the probabilities p að Þ ¼ F x, að Þ, where x ¼ x1x2 … , xt and F is a prediction
function. Then as the predicted value I get that one, which give the maximum prob-
ability p að Þ. More detailed description of this type of methods can be found in
Ref. [14, 15].

Let us denote the number of letters in the alphabet as N. It is supposed that
process, or information source, is stationary and ergodic, that is, is informal; distribu-
tion of probabilities of symbols of this source does not change over time and does not
depend on concrete realization of process. Let the source generates the message
x1 … xt�1xt, xi ∈A, i ¼ 1, 2, … , t, and it is required to predict n of the following ele-
ments (in the elementary case – 1 element). A posteriori size of a deviation of a
forecast from the valid state of object is called as an error of a forecast. Hereinafter as
an forecasting error of n of elements I will understand an average error of a forecast of
each of n of elements separately. It is clear that the error of a forecast characterizes the
quality of forecasting.

It is obvious that if probability distribution of process outcomes is known in
advance, the forecasting problem of the following values is solved rather simply.
However in the majority of practical tasks, the described aprioristic data are absent
and not always this distribution exists. In this work, I will consider such case. In this
situation for the solution of a forecasting problem, it is possible to use the precise
estimates of the specified sizes received by means of statistical methods, constructed
based on of the interrelation analysis of consecutive outcomes of process and detec-
tion regularities.

3. Laplas predictor and its properties

Laplas was one of the first researchers, who has suggested to solve a problem
forecasting with use of mathematical apparatus (in particular, probability theory). He
has offered the predictor, whose input consists of all the time series and one expected
value from the time series alphabet else. There are estimations of an expected symbol’s
probability’s on the output of Laplas predictor.

Laplas predictor is as follows:

L0 ajx1 … xtð Þ ¼ νx1 … xt að Þ þ 1ð Þ= tþ Aj jð Þ, (1)

where a is a predictable element (letter); νx1 … xt að Þ is the number of occurrences of the
letter a in the word x1 … xt, and x1 … xt is a time series (called also as a word).
Proceeding from a type of the predictor, clearly that the probability of each letter a
cannot be equal to zero.

Laplas has considered application of this predictor for a solution of the problem of
a probability estimation of that the Sun will arise the next day (i.e. tomorrow). Thus, I
know that all previous days, how many I have taken, it arises. In this case, the alphabet
A consists of two elements: 0 (“The sun will arise”) and 1 (“The sun will not arise”), t
is the number of days since Creation.
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As a result, I will receive a sequence x1 … xt�1xt ¼ 0…00. Let us calculate the
values of Laplas predictor for the next letters 0 and 1 (for a length of the time series is
equal to t):

L0 0j0…00ð Þ ¼ tþ 1ð Þ= tþ 2ð Þ ¼ 1� 1
tþ 2

;

L0 1j0…00ð Þ ¼ 1
tþ 2

:

As it was described above, the value of Laplas predictor L0 is connected with a
probability of the next letters of the process as follows: The Laplas predictor is some
estimation according to probabilities of each next letter and they can be looked as their
probabilities and can be used for prediction. Therefore in our example, it is obvious
that a probability of “the sun will arise” (which accords to a letter 0) goes to 1. And a
probability of “the sun will not arise” goes to 0.

It is important to note that Laplas predictor states an estimation of unknown
conditional probabilities of considered stochastic process that is quite natural. In Ref.
[17], it is shown that the average error of Laplas predictor at probabilities’ estimation
of letters on the output of a i.i.d. source of the independent and equally distributed
letters asymptotically go to 0 (i.e. t! ∞).

4. Universal code, universal measure, and its properties

Let us consider the problem of prediction some stationary and ergodic source. And
let us have a some arbitrary predictor γ. In particular, as γ I can use Laplas predictor.
In Ref. [14], B. Ryabko showed that for any γ there exists a some stationary and
ergodic source P such that with probability 1 the average error does not go to a zero
infinitely often (see also Ref. [18]). He also suggests to use the Chesaro average:

t�1
Xt
i¼1

ρK,P x1, … , xið Þ,

where ρK,P x1, … , xið Þ is an error of prediction the source P by some measure K, which
is defined as follows:

ρK,P x1, … , xtð Þ ¼
X
aϵA

P ajx1, … , xtð Þ log P ajx1, … , xtð Þ
K ajx1, … , xtð Þ

It was shown in Ref. [14, 18], that this (Chesaro) average goes to zero for any
stationary ergodic source. That’s why I will use the Chesaro average in what follows.
Also, let us define the average error at time t by

ρt PkKð Þ ¼ E ρK,P x1, … , xtð Þ� � ¼
X

x1, … , xtϵAt

P x1, … , xtð ÞρK,P x1, … , xtð Þ

Analogously, I can define the errors per letter of estimator K as follows:

ρt PkKð Þ ¼ t�1
X

x1, … , xtϵAt

P x1, … , xtð Þ log P x1, … , xtð Þ
K x1, … , xtð Þ
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In Ref. [18], B.Ya. Ryabko showed that for any i.i.d. source P generating letters
from an alphabet A and an integer t the average errors of the Laplace predictor and the
average error of the Laplace estimator are upper bounded as follows:

ρt PkL0ð Þ≤ Aj j � 1ð Þloge
tþ 1

ρt PkL0ð Þ≤ Aj j � 1ð Þlogt
t

þO 1=tð Þ

Now, let us consider the methods based on a universal measure, which is
connected with universal data compression (it also was suggested in Refs. [9, 13]).

Let us give definition of a universal measure, and also I will explain communica-
tion between this approach and the approaches described in the previous part. The
measure μ is called as universal if for any stationary and ergodic source P the following
equalities are true:

lim
t!∞

1
t
� log 2P x1 … xtð Þ � log 2μ x1 … xtð Þ� � ¼ 0

with probability 1, and

lim
t!∞

1
t

X
u∈At

P uð Þ log 2 P uð Þ=μ uð Þð Þ ¼ 0

These equalities show that, in a sense, the measure μ is a nonparametric estimation
for (unknown) measure P. For this reason, universal measures can be used for an
estimation of statistical characteristics of process, and also for an estimation of prob-
abilities of the sequences generated by any stationary and ergodic sources on the finite
alphabet.

It is important to note that the Laplas predictor (which is described in a part 2)
satisfied the two conditions above and it is a universal measure for Bernoulli sources.

The universal measure is closely connected to concept of a universal code. Let us
describe interrelation of these concepts. The code U is called as universal if for any
stationary and ergodic source of P the following equalities are true:

lim
t!∞

U x1 … xtð Þj j=t ¼ H Pð Þ,

with probability 1, and

lim
t!∞

EP U x1 … xtð Þj jð Þ=t ¼ H Pð Þ,

where EP fð Þ is an average value f in relation to P, and H Pð Þ is an entropy of P
according to Shannon, that is,

H Pð Þ ¼ lim
t!∞
� t�1

X
u∈At

P uð Þ log P uð Þ

Universal measures have deep interrelation with universal codes, and if there is a
universal code, it is possible to construct a universal measure on its basis.
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The following theorem shows that I can construct a universal measure based on
arbitrary universal code.

Theorem 1. Let U is a universal code and

μU ωð Þ ¼ 2� U ωð Þj j=
X

u∈A ωj j
2� U uð Þj j,

then μ is a universal measure.
The universal code is called optimum if it codes the sequence of symbols generated

by a discrete source in such a manner that the length of the code on the output is
asymptotically minimum. Universal codes for stationary and ergodic discrete sources
have been described in the 1960th (see reference [19]).

5. The universal measure R and Krichevsky predictor

Let us describe an asymptotically optimal universal measure R from reference [14]
which has been used as a basis for a forecasting method in this paper.

After representation of Laplas predictor, there exist the problem of finding such
predictor, whose average error of probabilities’ estimation for a source of the inde-
pendent and equally distributed symbols would be minimal. This problem was solved
by Krichevsky, which suggested the following predictor:

K0 ajx1 … xtð Þ ¼ νx1 … xt að Þ þ 1=2ð Þ= tþ Aj j=2ð Þ, (2)

where νx1 … xt að Þ is the number of occurrences of the letter a in the word x1 … xt,. It is
easy to see the similarity of Krichevsky and Laplas predictors.

Further, Krichevsky has generalized the predictor on a measure which is universal
for a set of Markov sources with memory, or connectivity m,m≥0: In a certain way,
this measure is optimum for this set that is shown in Ref. [20].

The generalized measure looks as follows:

Km x1 … xtð Þ ¼

1
Aj jt , t≤m,

1
Aj jm

Y
ϑ∈Am

Q
a∈A Г νx ϑað Þ þ 1=2ð Þ=Г 1=2ð Þð ÞÞ
Г �νx ϑð Þ þ Aj j=2ð Þ=Г Aj j=2ð Þð Þ , t>m;

8>>><
>>>:

(3)

where νx ϑð Þ is the number of the sequences ϑ occurs in the word x;
�νx ϑð Þ ¼Pa∈Aνx ϑað Þ; x ¼ x1 … xt, and ГðÞ is a gamma function. The parameter m is
called depth of analysis and in fact, it determines the depth (quantity of elements) in
analysis of the considered process.

Let us define also distribution of probabilities ω ¼ ω1,ω2,…f g for integer {1, 2, … }
as follows:

ωi ¼ 1= log iþ 1ð Þ � 1= log iþ 2ð Þ (4)

Let us use further this distribution.
The measure R is defined as follows:

R x1 … xtð Þ ¼
X∞
i¼0

ωiþ1Ki x1 … xtð Þ (5)
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The item ωi plays in this case a role of weight factors which with growth of an
index i (i.e. an depth of a Krichevsky measure) become ever less. It is clear that too big
orders in Krichevsky’s measure should have smaller weight and less influence to a
forecast. As a result distribution (4) has been chosen as weight factors. In general,
weight factors represent the varied parameter of a method and can change, depending
on a concrete time series and a method.

Thus, I have constructed a measure R which is an estimation of probabilities for a
class of all stationary and ergodic sources on the finite alphabet and can directly be
applied to forecasting.

So, the values of a measure R based on a formula (5) can serve as an estimations of
probabilities for a stationary and ergodic process and can be used for the solution of a
forecasting problem.

6. Prediction scheme for the sources that generate values from a finite
alphabet based on a universal measure

Let us consider the forecasting scheme based on of a universal measure for sources
on a finite discrete alphabet.

For implementation of a forecast, I will use R measure (5). It is clear, what to count
the infinite sum (5) in real algorithms it will not be possible, therefore all calculations I
will do according to that each following item in the sum (5) makes the lesser contri-
bution to total value R. It is possible to prove this fact without effort how theoretically,
and to check an empirical way. Owing to this property for calculation the R-measure I
will use the first m elements of the sum and number m I will call the depth of the
analysis of a method.

Firstly, I will consider a source generating values from the finite alphabet. In this
case, the scheme of calculation of a measure R is simple. Let x1 … xt is available
temporary time series. For everyone a∈A I will construct sequence x1 … xta and I will
calculate the conditional probability based on R measure:

R a∣x1 … xtð Þ ¼ R x1 … xtað Þ=R x1 … xtð Þ (6)

Received by this way for everyone a∈A values, it is possible to use as estimates of
the corresponding unknown probabilities P x1 … xtað Þ. Element a, which have the
maximum estimation of probability, is a predicted value.

7. Prediction method for the sources that generate values from a
continuous interval based on a universal measure

Here I consider the problem of forecasting for the source that generates values
from a continuous interval (when alphabet is infinite). The application of this fore-
casting type is quite known and much more useful, than case of finite alphabet. It was
previously shown only the theoretical results of prediction of such time series. In
particular, these results are described in Ref. [13]. There are description of the imple-
mentation of the R-method to this kind of forecasting and that there are some inter-
esting practical and experimental results.

Let us consider now the forecasting scheme for a source generating values from a
continuous interval. Let there be the stochastic process generating sequence Xt and
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each element is from the standard Borel space Ω, which represents a continuous
interval [A, B]. And let us also Πnf g, n≥ 1 as an increasing sequence of finite partitions
of an interval [A, B] with n parts (we will call this process by a quantization). In our
case, partition of intervals was made evenly on equal subintervals; that is, the size of
each subinterval is defined as follows: h ¼ B�A

n . Justification of a this fact will be given
further. Let us define also x k½ �, as an element of Πk containing a point x.

Let us define joint distribution Pn for X1,X2, … ,Xnð Þ, as a function of density of
probability p x1x2 … xnð Þ in relation to a sigma-finite measure L. As a measure L I can
use the measure of Lebega or any other countable measure.

For the integer s and n I will define an estimation of probability’s density
p x1x2 … xnð Þ:

ps x1, … , xnð Þ ¼ P x1 s½ �, … , xn s½ �
� �

=L x1 s½ �… xn s½ �
� �

(7)

Let us define now an estimation of probability’s density r as follows:

r x1 … xtð Þ ¼
X∞
s¼1

ωsR x1 s½ �… xt s½ �
� �

=L x1 s½ �… xt s½ �
� �

(8)

Factors ωs are defined by the scheme (4) and bear a role of weight factors for a case
of each Partition from Πk. Thus, there is a normalization of everyone item
(representing some estimation of probability of sequence at the set partition) on a
sigma-finite measure L which represents some estimation of probabilities of subinter-
vals’ sizes. Thus, I connect among themselves estimates of probability’s density for a
case of various increasing partitions. It relieves us of dependence of forecast’s results
on a concrete partition. This process of connection of estimates of probabilities’
density with a normalization on L and with weight factors ωs is called as a “splice.” As
a result, I can use for prediction any sequences of finite partitions (also any).

As shown in Refs. [9, 14], the value r x1 … xtð Þ is an estimation of unknown proba-
bility density p x1 … xtð Þ, and the corresponding conditional probability

r a∣x1 … xtð Þ ¼ r x1 … xtað Þ=r x1 … xtð Þ (9)

is a suitable estimation of probability p ajx1 … xtð Þ. It is obvious that the future preci-
sion of forecast strongly depends on the process of quantization and the value n
(quantity of letters that consist of alphabet). In fact, that size of an alphabet has an
influence on the error of prediction. The items’ quantity in the sum (8) at realization
of the described algorithm, as in a discrete case, is equal to a depth of the analysis m.

8. Method of the alphabet’s grouping

Specifics of work of forecasting algorithms’ based on R-measure is that for getting
enough precise results of a forecast and the accounting of big lengths of sequences and
alphabets I are often needed in great lengths’ of time series’ and the size of their
alphabets that does prediction work very complex. Complexity of methods exponen-
tial depends on a depth of the analysis and at least as a square from the size of an
alphabet. As a result, the universal method, allowing to reduce operating time gener-
ally any algorithm of forecasting, has been developed. This method has been offered
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for the first time by B. Ya. Ryabko in Ref. [21]. Here,the method is generalized for the
forecasting algorithm. Let us describe this algorithm under the name “a method of
alphabet’s grouping”.

As it was shown above, the alphabet’s size has an influence on the error of predic-
tion (larger alphabet gets the better precision) and therefore I try to use the larger
alphabets, but limited by a hardware. For resolving this problem, I use the
partition of the large alphabet into the some small parts (classes) of large alphabet.
Each part includes some quantity letters of original alphabet. Then, I predict not the
only one letter, but the batch of original letters and then apply our prediction method
for the letters in this batch. It is important to note that if I use the small original
alphabet, then at the second step we’ll get the small quantity of letters and it’s not too
good for the prediction. That’s why I will use rather large alphabets for applying this
method.

Let us have the alphabet A, which consists of elements of a temporary number of
some big length N. Then I choose some recurrent partitions of the alphabet A
according to the following algorithm:

• Let us choose a set of disjoint subsets of a set A: B1,B2, … ,BN1 where N1 << N
and everyone Bi contains one or several elements from A.

• The received elements of the alphabet A, contained in each Bi, split for N2 parts
of Bi,N2, which also contain the corresponding elements of a set A.

• We continue this recurrent process while not receiving the set number of
partitions.

Then, I continue process on the following algorithm:

• We write down an initial time series by the terms of the alphabet B (i.e., for all
elements of an initial time series it will be transformed to the corresponding
symbols from the alphabet B) and then I predict an element from alphabet B. Let
us denote it, as Bi.

• We filter an initial time series on predicted value Bi: I leave in it only those
elements from A which belong to the predicted Bi.

• Further, I write down a time series by the terms of alphabet Bi (i.e., the second
level alphabet).

• We predict an element of the alphabet of the second level, and then, I continue
by this way procedure to the last level of partition.

Let us give an example of algorithm’s work. Let the alphabet is given
A ¼ if g, where i ¼ 1, … , 12. And let a time series is given: X Að Þ : 1, 3, 5, 5, 6, 7, 8, 1, 3,
5, 5, 6, 7, 8, 1, 3, 5. It is required to predict the following element (which, obviously, it
should be equal 5). Let us separate the initial alphabet on four equal parts, having
determined by that the new alphabet B: Bif g, i ¼ 1, … , 4. Let us make partition uni-
form. As a result, I will receive the following values
Bi:B1 ¼ 1, 2, 3f g;B2 ¼ 4, 5, 6f g;B3 ¼ 7, 8, 9f g;B4 ¼ 10:11,12f g.
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Each of parts Bi contains three elements from a set A which would be included in
the secondary alphabet Bi,j. As a result, to everyone Ai there will unequivocally
correspond to an element Bi,j.

Now, I will rewrite an initial time series by the terms of Bi: X Bð Þ: 1, 1, 2, 2, 2, 3, 3, 1,
1, 2, 2, 2, 3, 3, 1, 1, 2. Now, I will apply any method of forecasting to the received time
series and I will find the predicted value in terms of the alphabet B. In this case,
predicted value, obviously, will be 2.

Further I realize a filtration of initial sequence by a principle: If element Xi Að Þ is in a
set B2, I leave it among, differently I delete it. Let us receive the following sequence: 5, 5,
6, 5, 5, 6, 5. There are only 2 symbols of the alphabet from 12 (since the capacity of a set
Bi is equal 3, and number 4 in initial sequence does not meet never). Therefore, it is
possible to copy the set time series in terms of the new alphabet from three elements
(four passes in 1, 5 – in 2, 6 – in 3): 2, 2, 3, 2, 2, 3, 2. Further, it is simply defined
predicted value in the received time series and it lead to in terms of the initial alphabet.
It is obvious that the predicted value is equal to 2 which corresponds to number 5 in the
initial alphabet. The symbol of the initial alphabet 5 also will grow out of forecasting.

In general, the number of partitions of the alphabet is not limited; however for use
of this algorithm in our concrete method of forecasting, I will take one partition of
the initial alphabet. As the given experiments and results show further, it is quite enough
for essential decrease the complexity of the algorithm without loss a precision of the
methods.

9. Experimental results of forecasting

9.1 Forecasting of currency exchange rates

The described methods based on an R-measure have been realized on a supercom-
puter and tested on forecasts of a real data. Results of these forecasts are given in
tables written below.

All research studies were carried out in two modes. The first mode—on-line—
means forecasting of values of a temporary time series for 1 step forward. The
second mode—on 10 steps forward—forecasting of values of a time series for 10 steps
forward. Thus, forecasting for 10 steps forward was considered as follows: Thus, firstly
we predict the next value of time series, then we add this predicted value to time series
as last element, then we predict the next (already second) value by using supplemented
time series, further forecasting was conducted on one step, but with use of already
grown stout time series and so on I continue to the 10th predicted element then I
consider an error. Forecasting was carried out on 10 different time series with the
subsequent averaging of an error.

Firstly, I realized forecasting by a natural way, which means forecasting absolute
values of the time series. Then I realize preliminary transformation of the time series
as follows. I replaced each value of the sequence on the difference between neighbor-
ing values: xt0 ! xtþ1 � xtð Þ. Then I predict the xt0 value and find the xtþ1 as follows:
xtþ1 =x0t þ xt.

As the experimentally research shows, the second method (using transformed
sequence) gives much better precision of a forecasting. Besides, such approach allows
to reduce the necessary size of a continuous interval which consists of the predicted
values; and also allows to reveal linear and quasilinear trends and the periods on them.
It was impossible when forecasting the absolute sizes of a temporary sequence.
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Delimitation of an interval was carried out naturally: the size of maximum and
minimum (taking into account a sign) deviations of the current and previous
elements was considered; the received values also undertook as left and the right
border of an interval further broke into the quantity of parts equal to the capacity of
the alphabet.

Parameters are specified in each of the following below tables: the amount of time
series, quantity of parts of partition of a continuous interval, parameter m, and the
error of the method.

Length of time series L Partition n Depth of the analysis m R-measure
On-line

R-measure
10 steps

500 10 2 0.0084 0.0299

5 0.0084 0.0299

20 2 0.0083 0.0159

5 0.0083 0.0159

50 2 0.0083 0.0187

Table 1.
Exchange rate of euro/dollar, D1.

Figure 1.
Schedule of a rate of euro/dollar (period: 1 day).

Length of time series L Partition n Depth of the analysis m R-measure
On-line

R-measure
10 steps

500 10 2 0.00114 0.00131

5 0.00114 0.00131

20 2 0.00103 0.00131

5 0.00131

50 2 0.00104 0.00141

Table 2.
Exchange rate of euro/dollar, H1.
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In Table 1 data of a forecast of exchange rate of euro/dollar with a time interval
(timeframe) 1 day (D1) are provided in the period with 6/20/2012. The schedule of a
time series is provided in Figure 1.

In Table 2, results of forecasting of the same rate of euro/dollar, but already on a
time series with the period (timeframe) of 1 hour, are given. The schedule of a time
series is provided in Figure 2.

Apparently from above provided tables, there is a certain limit of the size of the
alphabet (in our case there are partitions of a continuous interval) after which preci-
sion of methods does not grow. Also, from the received data it is visible that depth of
the analysis after value m = 2 improves precision of a forecast rather insignificantly
and after some value m the precision, as well as in a case with the size of the alphabet,
does not change any more. Actually, it means that for getting optimum forecasts for
acceptable time it is enough to pick up such minimum values of the alphabet’s size and
analysis’ depth of both methods which will give optimum (approached to limit of
precision) values of errors.

The described limits of precision of methods exist, because in case of
forecasting of difficult time series in which there are no visible or rather simple
regularities, both methods do not find them and simply average value of a trend
(a difference between the next elements) and use it as a forecast. In the presence of
any regularity among, algorithms will need a deep water of the analysis (when m is
less, than the length of the period regularity, described algorithm simply will not
reveal it).

9.2 Forecasting of inflation indexes

Let us consider the cases described in part 8.1 with application of a method of
alphabet’s group. The received results are given in Tables 3 and 4. Thus, Partition of
the alphabet A was carried out on equipotent disjoint subsets. The sizes of subsets are
specified in a column of tables with Partition size: there are two number in brackets,
first of which is the number of Partition (quantity of subsets) of a set A, and the
second, respectively, is the size of each of this subsets.

Apparently from given aforesaid data, the modification of a method of alphabet’s
grouping does not decrease precision, but speed of the algorithm’s work essentially

Figure 2.
Schedule of a rate of euro/dollar (period: 1 hour).
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increases. The error of the method depends not only on the size of the initial
alphabet, but also on the chosen depth of the analysis. Thus, forecasting for 10 steps
forward gives an error, comparable as with a margin error of on-line method that
speaks about good applicability of the R-method when forecasting for a set of
steps forward.

Let us consider results of forecasting of various economic indicators, in particular,
indexes of the consumer and producer prices. In the following two tables, data of a
forecast of the general total consumer price index on the territory of the USA since
01.1990 up to 02.2013 with a time interval is 1 month. Time series values were
predicted since 02.2012 up to 02.2013. Graphs of these time series are provided on
Figures 3 and 4, respectively.

Length of time series L Partition n Depth of the analysis m R-measure
On-line

R-measure
10 steps

500 10 (10*1) 2 0.00114 0.00131

5 0.00114 0.00131

20 (20*1) 2 0.00103 0.00131

5 0.00131

20 (10*2) 2 0.00103 0.00185

20 (5*4) 2 0.00103 0.00185

50 (10*5) 2 0.00104 0.00141

2 0.00141

50 (25*2) 2 0.00104 0.00141

50 (50*1) 2 0.00104 0.00141

Table 4.
Exchange rate of euro/dollar, H1.

Length of time series L Partition n Depth of the analysis m R-measure
On-line

R-measure
10 steps

500 10 (10*1) 2 0.0084 0.0299

5 0.0084 0.0299

20 (20*1) 2 0.0080 0.0159

5 0.0080 0.0159

20 (10*2) 2 0.0100 0.0345

20 (5*4) 2 0.0080 0.0159

50 (10*5) 2 0.0099 0.0173

2 0.0080 0.0119

50 (25*2) 2 0.0083 0.0107

50 (50*1) 2 0.0083 0.0187

Table 3.
Exchange rate of euro/dollar, D1.
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In Table 5, the results of a forecast of the last part of a sequence, in which
dispersion of time series obviously was more than in the middle (i.e., well visible from
Figure 3), are reflected. In Table 6 the results of a forecast of the central part of the
schedule which looks more smooth are shown. Apparently from tables, the results of a
forecast of a time series with lower dispersion (Table 6) it is notable better (despite
the smaller amount of time series) that is quite natural.

Apparently by the above-stated results, in the second table, reflecting values on
smaller time series and with smaller dispersion, the forecast error is much less, than in
the first table corresponding to a greater length of time series by a wide spacing of
values.

Figure 3.
Consumer price index.

Figure 4.
Producer price index.
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Further, I will consider forecasting of a producer price index. Results are given in
Table 7.

Given results confirm the conclusions drawn earlier. It is visible that the method of
alphabet’s grouping essentially increases the speed of algorithm’s work for the fixed
partition, without worsening the results of a forecast.

Length of time series L Partition n Depth of the analysis m R-measure
On-line

R-measure
10 steps

277 5 (5*1) 2 0.112769 0.257077

10 (10*1) 2 0.092615 0.088154

5

20 (20*1) 2 0.107846 0.136

5

20 (10*2) 2 0.097692 0.136

20 (5*4) 2 0.107846 0.136

100 (10*10) 2 0.100769 0.230308

5

100 (20*5) 2 0.111846 0.230308

100 (5*20) 5 0.111846 0.230308

Table 5.
Consumer price index. Period: 03.2012–2102.2013.

Length of time series L Partition n Depth of the analysis m R-measure
On-line

R-measure
10 steps

240 5 (5*1) 2 0.056 0.105231

10 (10*1) 2 0.050462 0.193077

5

20 (20*1) 2 0.047692 0.065231

5

20 (10*2) 2 0.047692 0.065231

20 (5*4) 2 0.047692 0.095385

100 (10*10) 2 0.047692 0.11

5

100 (20*5) 2 0.047692 0.11

100 (5*20) 5 0.047692 0.11

240 (24*10) 5 0.045692 0.131231

Table 6.
Consumer price index. Period: 03.2002–2002.2003.
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10. Conclusion

Apparently from given aforesaid results, a method based on a universal measure
shows rather a high level of precision of the forecasting on a real data. It is true for
comparison to other methods of forecasting that is in detail shown in Ref. [9]. Besides,
more effective realization of the method R, allowing to reduce complexity of search of
various options, has been created. Complexity has decreased to constant concerning
length of the alphabet (earlier it was linear). Also, I can remove restrictions on
hardware resources and parameters by using a method of alphabet’s grouping.
It has allowed to reach the same complexity than earlier was reached only on a
supercomputer.

Besides, it is important to note that good results of forecasting of time series that
generate values from a continuous interval were obtained by developing the imple-
mentation of R-measure to the case of continuous interval time series. There were a
unique experimental results.

Advantage of the offered method in complex with a method of alphabet’s grouping
is that these methods of forecasting can be generalized easily on a case of
multidimensional time series where each element has many attributes (not only the
one value) properties correlating with this time series.

Length of time series
L

Partition n Depth of the analysis m R-measure
On-line

R-measure
10 steps

277 5 (5*1) 2 0.11093 0.217442

10 (10*1) 2 0.105814 0.158488

5

20 (20*1) 2 0.10593 0.125116

5

20 (10*2) 2 0.10593 0.125116

20 (5*4) 2 0.10593 0.125116

100 (10*10) 2 0.105814 0.117791

5

100 (20*5) 2 0.11186 0.118721

100 (5*20) 5 0.105814 0.117791

240 (24*10) 5 0.105814 0.11814

Table 7.
Producer price index.
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