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Preface 

Quantum technologies are widely recognized for their influence across fields such as 
computation, communications, sensing, and energy systems. Technological advances 
in this ecosystem are rooted in a broad landscape spanning conceptual physics, 
mathematical modeling, computational simulation, and hardware implementation. 
Perspectives on Quantum Technologies – Modeling, Simulation, and Implementation 
reflects this layered structure, presenting contributions that illuminate various facets 
of the quantum technology realm. 

The manuscripts in this work offer diverse perspectives. The chapters gathered here 
collectively demonstrate that quantum technologies evolve through the interaction 
of foundational insights, dynamical modeling, algorithmic innovation, and enabling 
hardware. Furthermore, the volume is organized in this progression. 

The opening chapter, Isotropic Bonding and Quantum Entanglement, examines sym-
metry and entanglement as organizing principles in atomic and molecular systems. 
By exploring group-theoretical structures underlying entangled states, the chapter 
highlights the conceptual connections between quantum information and chemical 
bonding. This is followed by the Perspective Chapter: Quantum-Like Modeling (QLM) 
and Its Philosophical Foundations, which extends the reach of quantum formalism 
beyond physics, presenting contextual realism as a framework for understanding 
quantum-inspired modeling in complex systems and interdisciplinary settings. 
Together, these contributions establish a foundation that underscores the interpretive 
richness of quantum theory. 

The next set of chapters focuses on dynamical processes and computational model-
ing. Performance Analysis of Nonequilibrium Quantum Otto Engines in Relation to 
Quantum Coherence investigates the role of coherence as a thermodynamic resource, 
demonstrating how nonequilibrium quantum effects influence energy conversion and 
system performance. Complementing this perspective, Quantum Speedup in Molecular 
Integral Evaluation through Angular Momentum Coupling introduces symmetry-aware 
computational methods that leverage angular momentum structure to improve 
efficiency in molecular simulations while suggesting connections to emerging 
quantum simulation platforms. These chapters highlight the importance of simula-
tion and modeling as bridges between theoretical understanding and technological 
application. 

The final chapter, Superconducting Parametric Amplifiers: Resonator Design and Role in 
Qubit Readout, turns attention to the physical realization of quantum technologies. 
By examining resonator architectures and parametric amplification mechanisms, 



this chapter emphasizes the critical role of quantum-limited measurement in scalable 
quantum information processing and the engineering considerations necessary for 
high-fidelity qubit readout. 

Across these contributions, recurring themes emerge: the central roles of entangle-
ment and coherence as quantum resources, the power of symmetry and mathematical 
structure in guiding modeling and simulation, and the necessity of precise measure-
ment and control for reliable hardware implementation. The set of topics represented 
here reflects the scope of quantum technologies and the many pathways through 
which quantum ideas are translated into practical systems. 

It is hoped that this volume will serve as both an introduction to current research 
directions and a catalyst for interdisciplinary dialogue. By presenting perspectives 
that range from models to simulation and, ultimately, to design, this collection seeks 
to foster collaborations between communities dedicated to the advancement of 
quantum science and technology. 

The editor of this series would like to express sincere appreciation to the contributing 
authors for their thoughtful and innovative work, and to the reviewers and publish-
ing team whose efforts supported the development of this volume. Their collective 
contributions have been essential in shaping a coherent and meaningful presentation 
of these diverse perspectives. 

Eric Sakk 
Department of Computer Science, 

Morgan State University, 
Baltimore, MD, USA 
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Chapter 1

Isotropic Bonding and Quantum
Entanglement
Paul O’ Hara

Abstract 

With the advent of general relativity and quantum mechanics, physics has in many 
cases shifted the emphasis from dynamics to symmetry principles associated with 
different types of mathematical groups. We speak of the group structure of crystals: 
the group invariants of the equations of motion, the group classification of elementary 
particles, and also of the group homeomorphisms of fractals. The objective of this 
article is to show how the group theoretical structure of entanglement can be used to 
classify atomic and molecular structure. The article begins by establishing a working
definition of entanglement and then uses it to derive the Pauli-exclusion principle by
showing that Fermi-Dirac statistics can be considered as an entangled state invariant
under the action of the SL n,Cð Þ group. A group classification scheme of entangled
states is proposed to distinguish atomic and molecular bonds in chemistry. We con-
clude by discussing the possible use of interferometry in quantum computing.

Keywords: entanglement, group theory, Clifford algebra, atomic and molecular
bonds, spin-statistics theorem, quantum computing

1. Introduction

Quantum entanglement is not an easy phenomenon to grasp. It involves both an
understanding of probability and statistics, a distinction between pure and mixed 
states, the difference between indistinguishable and distinguishable states, an appre-
ciation of L2 functions, and a knowledge of group theory (which is often overlooked). 
Moreover, any serious discussion of the topic requires the use of a mathematical
definition, and it is not always clear that it coincides fully with the physics under-
standing of the phenomenon. While most papers on the topic of entanglement dwell
upon the notions of “locality” and “non-locality,” entropy, Bell’s inequality, and var-
iations thereof [1], this paper is comparatively unique it that it focuses on the group 
theoretical properties of entangled states. Indeed, while recognizing “ that the infor-
mation in a composite system resides more in the correlations than in properties of
individuals” [1], the article classifies these correlations using mathematical group 
theory to help us better understand the physical phenomenon of entanglement. In 
other articles, group theory, if mentioned, is only associated with a “covariant repre-
sentation of spin and entanglement,” [2], or by the “appropriate way to interpret the
covariant entropy bound” [3]. Instead, in this paper, we classify entangled states using 
group theory and in particular show that there is a form of entanglement associated

13
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with the Bell states that help distinguish Fermi-Dirac and Bose-Einstein statistics, 
which can then be applied to the phenomenon of superconductivity and molecular
bonding.

Before presenting a rigorous definition, we explore the meaning of entanglement 
from an intuitive point of view. Let us begin with a simple experiment. Imagine two 
people, one at the North Pole and the other at the South and each person is asked to 
look down and denote the direction with a vector. Both would probably write ∣↓i. 
However, if a neutral observer attempts to characterize the “looking down,” s/he will 
notice that the two vectors are in opposite directions relative to one another and can 
be represented by either ∣↓↑i or ∣↑↓i, depending on which convention is chosen to 
represent north and south. Moreover, if north and south are replaced by any two 
diametrically opposite positions on the sphere, the same dilemma arises. “Looking
down” loses meaning in the sense what is “down” for one observer is “up” for the
other and vice-versa. They are indistinguishable. In this case, classically speaking, it
might be better to represent the two states by the vector 1

2 j↑↓i þ j↓↑ið or
1
2 j↑↓i - j↓↑ið Þ, where 1

2 indicates that each representation has equal weighting. In
quantum mechanics, we replace the 1

2 with 1--
2

p to reflect the Hilbert space structure of
the wavefunctions (see below). The important thing is to be consistent throughout.

Either way, “up” and “down” have no absolute meaning, although the two vectors 
must point in opposite directions. The latter two representations can be considered 
more realistic in that they represent a superposition of two possibilities ∣↓↑i or 
∣↑↓i. There is no preference for one representation over another or of one direction 
over another. This becomes even more pronounced at the quantum level, where the 
two states are indistinguishable from one another, meaning that one cannot observe in
principle “up” or “down” and “left” or “right” without disturbing the system. The act
of observation usually forces us to impose a preferred reference frame, and doing so
breaks the superposition. Also, the mathematical framework of quantum mechanics is
formulated in terms of a Hilbert space, and in this case, as previously noted, it is
preferable to write the superposed state as

∣ψi ¼  1---
2

p ∣↑↓i  þ  ∣ ↓↑ið Þ, (1)

where 1--
2

p corresponds to the amplitude of the state vector and its square, 1 2 , to the
respective probability weightings. We could also agree to write it as

1---
2

p ∣↑↓i - ∣↓↑ið Þ: (2)

The choice is ours. Indeed, someone could argue that it is better to write the joint
superposed state as

1---
2

p ∣↑↑i  þ  ∣↓↓ ið Þ, (3)

where ↑↑ corresponds to both of them “looking up” or ↓↓ corresponds to both 
“looking down” depending on one’s point of view. Either way, whether we use (1), 
(2), or (3) each represents an entangled state. As we will show later, all of these states 
are rotationally invariant in that they all represent “looking down” (or “looking up”)
from arbitrary positions on the globe provided they are diametrically opposite.

24
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In many cases, including all rotationally invariant states, the entangled state is by 
definition a superposition of two indistinguishable states and if an experiment is 
carried out to distinguish one from the other, it means that the entanglement has been
broken. Mathematically speaking, we could say that the wavefunction has collapsed.
For example, in the case of (1), a measurement will cause ∣ψi to transition into either 
the state ∣↑↓i or ∣↓↑i. Usually in quantum mechanics, this is referred to as collaps-
ing the wavefunction, and in effect, it means that we have transitioned from a
superposed state to a separable or factored state. Completely factored states are
non-entangled.

In general, it is common practice to distinguish a pure (including pure entangled) 
state from mixed and non-entangled states by means of the density matrix1 , which is 
defined as the outer product of the original states. With this in mind, we change 
notation and replace ∣↑i and ∣↓i by ∣þi and ∣- i , respectively, with the understand-

ing that ∣þi ¼ 1

0

⎛ ⎞
and ∣- i ¼ 0

1

⎛ ⎞
. Now, consider the state

∣ψi ¼  p∣þi þ q∣- i (4)

with density function ρ 1 defined by

ρ1 ¼ ∣ψihψ ∣ (5)⎞
¼ 

pj  j2 pq ∗ 

p ∗ q  qj  j2 , pj j2 þ qj j2 ¼ 1 (6)

Note that ρ2 
1 ¼ ρ1 in this case. If the wavefunction has collapsed, it means that the 

linear superposition has been broken and that it has been reduced to either the pure
∣ or ∣- with probabilities p 2 and q 2

, respectively.
We can also define a density function that represents the probability ensemble of

two states:

þi i j j j j

¼ j  j  þi hþj þ j  j  j ih  

¼ 
pj  j2 0 
0 q j j2

⎛ ⎞
, pj j2 þ qj j2 ¼ 1 (8)

It can be interpreted as an ensemble of two separable states, usually associated 
with identical particles. Sometimes, ρ2 is referred to as a density matrix of mixed 
states. The transition from ρ1 ! ρ2 occurs experimentally when we assign probability
weightings to the collapsed wave functions or more precisely to the probability distri-
bution of mutually exclusive events.

The third point to note is that Eq. (4) could also have been written as

∣~ψi ¼  p∣þ - i þ  q∣- þi (9)

1 
The density matrix seems to have been first introduced into quantummechanics by von Neumann [4] and 

as noted by Tolman [5] the components ρnm of a density matrix “play a role somewhat similar to that of the

density ρ in the classical mechanics”

3
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corresponding to the fact that “up or down” at one pole can be simultaneously 
interpreted as “down or up” at the other pole. It is analogous to flipping a coin. If we 
observe that a “head ” is up then simultaneously we know that a “tail” is down. One
observation implicitly implies two pieces of information. This is also carried over into
the density matrix for the superposed state (9), given by

~ρ1 ¼ ∣~ψi  h~ψ ∣ (10) 
¼ pjþij- i þ  qj- ijþið Þ  p ∗ hþ∣h- ∣þ q ∗ -h  i  hþ∣ð (11) 

¼ 

0  0 0  0
0 pj j2 pq ∗ 0

0 p ∗ q qj j2 0

0 0 0 0

⎛
BBB@ 

1 

CCCA, pj  j2 þ q j j2 ¼ 1 (12)

It essentially carries the same information as ρ1. Note that ~ρ2 
1 ¼ ~ρ1, tr ~ρ1ð  Þ ¼ tr ρ1ð  Þ, 

and det ρ1ð  Þ ¼ det ~ρ1ð  Þ  and there is a clear bijection between ~ρ1 $ ρ1. In other words,
the previous comment that one observation yields two pieces of information carries
over into density matrices.

Fourthly, this brings us to an important point regarding the principle of 
microcausality. Since an entangled (singlet) state simultaneously permits two pieces 
of information to be obtained from one measurement, the principle of microcausality 
is violated in this case. In other words, nonlocal events violate microcausality. It does 
not mean that a physical signal is transmitted faster (or indeed less) than the speed of 
light. It is the ontological observation that one measurement yields two pieces of
information. In the case of a regular coin, if the head (H) is “up,” then simultaneously
we know the tail (TÞ is “down.” The same applies to spin-singlet states. When the spin
value of one particle is measured, then, simultaneously, the spin value of the other
particle is known. This has serious implications for the spin-statistics theorem (cf
Section 3.2) [6, 7]. 

2. Theoretical requirements and methods

2.1 A working definition of entanglement

Definition 1: Let H1, …Hk be k (n-dimensional) Hilbert spaces such that k≤ n.

∣ψ x1, x2, … , xkð Þi∈H1 ⊗H2 … ⊗Hk:

If there exists a set of states ∣ψ ii ∈Hi such that

∣ψ x1, x2, … xkð Þi ¼  ∣ψi1 ⊗ ∣ψi2 … ⊗ ∣ψik
then ∣ψ x1, x2, … , xk is not entangled. Otherwise, it is said to be entangled.

This definition is in agreement with [8, 9]. The entangled states can be further 
subdivided into fully entangled states, which cannot be factored over H1, …Hk 
and partially entangled states, which can be partially factored over H1, … Hk. 
For example, if H1 ¼ H2 ¼ H and ∣þi∈H and ∣- i∈H are orthogonal vectors then
∣þi∣þi and ∣þi∣- i are (pure) unentangled states, with respective density matrices
given by

ð Þi

46
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1  0  
0  0  

and
0 0

0 1

and the corresponding mixed density matrix is given by ρ2 (Eq. (8)). In contrast, 
the entangled state ∣ψi ¼  1--

2
p jþij- i- j- ijþið Þ  is represented by the density

matrix ρ1.
As another example, consider the tensor product H1 ⊗ H2 ⊗H3, then

1. ∣ψi1 ⊗∣ψi2 ⊗∣ψi3 þ ∣ψi2 ⊗ ∣ψi3 ⊗ ∣ψi1 þ ∣ψi3 ⊗ ∣ψi1 ⊗∣ψi2 is entangled

2. ∣ψi1 ⊗ jψi2 ⊗ jψi3þjψi3 ⊗ jψi2ð Þ is a partially entangled state.

3. ∣ψi1 ⊗∣ψi2 ⊗∣ψi3 as a factored state is not entangled.

We have already noted in the introduction that many cases of entanglement can be 
associated with some degree of indistinguishability, although there are indistinguish-
able states that are not entangled (see triplet state defined below) and the mathemat-
ical definition does not per se refer to indistinguishability. In general, given
H ¼ H1 ⊗⋯⊗Hk, then ∣ψi∈H is entangled if it can be written as a non-separable
orthonormal state

∣ψi ¼
X

ci1 … ik ∣ψii1 ⊗⋯⊗ ∣ψiik , ci1 … ik 6 ¼ 0 or 6¼ 1

This is strictly a mathematical definition, and it remains an open question whether 
all such states are realizable in nature and whether such a definition truly captures the 
essence of entanglement as it occurs in physics. The previously defined set of states 
∣ψii can be combined to form a linear combination with a maximum of 2k terms. This 
reduces to k! terms, if ∣ψii 6¼ ∣ψij for i 6¼ j. Moreover, if each ∣ci∣ is equal for all i, then
the state ∣ψi is indistinguishable, meaning that it is invariant under the action of a
permutation group Sn, where n corresponds to the number of non-zero ci terms. For
example, if k ¼ 2, we can write down the entangled state

∣ψi ¼  c11∣þþi1 þ c12∣þ - i þ  c21∣-þi þ c22∣- - i, c11j  j2 þ c12j  j2 þ c21j  j2 þ c22j  j2 ¼ 1 

which in the case of c11j  j2 ¼ c12j  j2 ¼ c21j j2 ¼ c22j j2 ¼ 1
4 includes the triplet state

1
2

jþiþj- ið Þ⊗ jþiþj- ið Þ (13)

The triplet state serves as a good example of how mathematical and physical 
models may differ. Mathematically speaking, there are two ways to look at this. We 
view it as a tensor product of two states (or qubits), each of which is a linear super-
position of ∣þi and ∣- i, and write this product as

∣ψi ¼  
1 
2 
∣þþi þ  

1---
2

p 1---
2

p ðjþ- iþj-þi 
⎞ 

þ 
1 
2 
∣- - i

⎛
(14) 

¼ 
1 
2 
∣1i þ  

1---
2

p ∣0i þ 1
2
∣- 1i (15)
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with the understanding that ∣1i ¼  ∣þþi, ∣0i ¼  1--
2

p ðjþ- iþj-þi , and 
∣- 1i ¼  ∣- - i with respective probability weightings of 1=4, 1=2, 1=4f g, or we view it 
as a superposition of three unit vectors ∣- 1i, ∣0i, ∣1i defined over a three-dimensional 
vector space with respective probability weightings of 1=3, 1=3, 1=3f g. Many physicists 
believe that the latter is the correct answer. The author of this article believes that a spin 1 
state will h ave the probability decomposition 1=4, 1=2, 1=4f g, given that the spin 1 state of
atoms and mesons (composed of two quarks) arises from the presence of two spin 1=2-
particles. The final answer will depend on the experiment.

In the case of a bivector composed of two orthogonal vectors, this reduces to a
maximally entangled state of the form

∣ψi ¼  c12∣þ - i þ  c21∣-þi, c12j  j2 þ c 21j j2 ¼ 1

which in turn reduces to a singlet state

1---
2

p jþ- i- j-þi ð

when c12 ¼ - c21 ¼ 1 --
2

p .
It should be noted that each ci1 … ik can be either positive or negative and conse-

quently by associating a probability measure with the L2 property of ∣ψi, many of the
usual properties of probability spaces are no longer valid [4], as is the case with the
Chapman-Kolmogorov equations.

2.2 Bell states

The Bell states are defined as follows [9]: 

∣ψi1 ¼ 
1---
2

p jþijþiþj- ij- ið Þ (16)

∣ψi2 ¼ 1---
2

p jþij- i- j- ijþið Þ (17)

∣ψi3 ¼ 1---
2

p jþijþi- j- ij- ið Þ (18)

∣ψi4 ¼ 
1---
2

p jþij- iþj- ijþið Þ (19)

First, note that the set jψi1, jψi2f g is composed of conjugate spinors2 as also is the 
set jψi3, jψi4f g. Secondly, all four Bell states subdivide into two sets of rotational 
invariant states. In other words, R,Rð  Þ∣ψi1 ¼ ∣ψi1 and R,Rð  Þ∣ψi2 ¼ ∣ψi2, while 
R,RT( )

∣ψi3 ¼ ∣ψi3 and R,RT( )
∣ψi4 ¼ ∣ψi4. In general, letting ∣ψi ¼ ∣ψi1 þ ∣ψi2 and

∣ϕi ¼ ∣ψi3 þ ∣ψi4, it follows that

R,Rð  Þ∣ψi ¼  R,Rð  Þ∣ψi1 þ R,Rð  Þ∣ψi2 ¼ ∣ψi

2 
Some textbooks refer to i∣ψi2 and i∣ψi4 as the conjugate spinors. For the purpose of this article, we drop

the i ¼ --------
- 1

p
for convenience because it substantially makes no difference.

6
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and 

R,RT ∣ϕi ¼  R,RT ∣ψi3 þ R,RT ∣ψi4 ¼ ∣ϕi :

Moreover, we note that the state

1---
2

p jψi1þjψi4ð Þ ¼  1 
2 

jþijþiþj- ij- iþjþij- iþj- ijþið (20) 

¼ 1 
2 

jþiþj- i ð Þ⊗ jþiþj- ið Þ (21)

is factorable over a subspace of the tensor product space H1 ⊗H2. It is not rotational
invariant, and its probability density function is given by

ρ ¼ 1 
4 

jþiþj- ið Þ⊗ jþiþj- ið Þ  hþ∣þ h- ∣ð Þ⊗ hþ∣þ h- ∣ð Þ (22) 

¼ 1 
4 

1 1

1 1

⎛ ⎞
⊗

1 1

1 1

⎛ ⎞⎾ ⏋
(23)

The reduced density functions are given by

ρ1 ¼ ρ2 ¼ 1 
2 

1  1  
1  1  

¼ 1
2

1 - 1

1 1
1 0

0 0
1 1

- 1 1
(24)

Therefore, Tr ρ1ð  Þ ¼  Tr ρ2ð  Þ ¼ 1 and the von Neumann entropy [4] 
Tr ρ1 ln ρ2ð  Þ ¼  Tr ρ1 ln ρ2ð Þ ¼ 0ð . This means that the entropy of each subsystem is 0.

Again, if we consider the state

1---
2

p jψi1 þ ijψi2ð Þ ¼  1 
2 

jþijþiþj- ij- i þ  ijþij- i- ij- ijþið (25) 

¼ 1 
2 

jþi- ij- i ð Þ⊗ jþi þ ij- ið Þ (26)

This state is rotationally invariant, the trace of each subsystem is 1, and their 
entropy is 0. However, if we consider the state 1-- 

2
p ∣ψi1 þ ∣ψi2ð , it is not factorable but it

is rotationally invariant and

ρ1 ¼ ρ2 ¼ 
1 
2

1 0

0 1
(27)

which means that the entropy associated with ρ1 and ρ2 is equal and given

-Tr ρ1 ln ρ1ð Þ ¼ -Tr ρ2 ln ρ2ð Þ  ¼ ln 2 (28)

Consequently, we find that both of the states 1--
2

p jψi1þjψi4ð Þ  and 1--
2

p jψi1 þ ijψi2ð  
have entropy 0, but in contrast, the state 1--

2
p jψi1 þ ijψi2ð Þ  is rotational invariant, while 

the state 1--
2

p jψi1þjψi4ð Þ  is not. Also, 1--
2

p jψi1þjψi2ð Þ has a positive entropy, and it is also
rotationally invariant. In other words, neither entropy alone nor rotational invariance
alone are sufficient to distinguish between the different types of entangled and
unentangled states. Something more is needed.
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2.3 Isotropically spin correlated states

All four Bell states considered individually are not only rotationally invariant but
also isotropically spin-correlated (ISC) [7, 10, 11]. 

Definition 2: More formally, n (quantum) particles are said to be isotropically 
spin-correlated (ISC), if a measurement made in an arbitrary direction on one of the
particles allows us to predict with certainty the spin value of each of the other n- 1
particles for the same direction.

For example, if two photons are in a singlet state, then no matter the orientation of 
the polarizer, the two photons will always be in equal and opposite polarized states. In 
other words, a singlet state means that the photons are polarized in every direction at 
once. There is no preferred direction. It is only by passing the individual photons 
through a polarizer that we impose a specific polarization. The same principle also 
holds for electrons in a spin-singlet state. There is no preferred direction. A measure-
ment of spin value in an arbitrary direction will simultaneously yield an equal and
opposite value for the other electron. The same logic also applies to all four Bell states.
In the case of ∣ψi1, the rotational invariance means that if we measure one value in an
arbitrary direction in the plane then the other particle will have the same value if it
were measured in the same direction. One might think of the state ∣ψi1 as
corresponding to parallel molecular bonds in chemistry and ∣ψi2 corresponding to
anti-parallel molecular bonds.

It is not immediately clear that ISC states must occur in pairs, which gives a 
privileged position to the four Bell states in that they may be considered the building 
blocks of all properly entangled systems. For example, if we were to consider by 
analogy that the singlet state corresponds to a right and left hand respectively, there is 
no reason we cannot draw three identical right hands and three identical left hands. 
We first draw one hand and then repeat the process ad infinitum to draw as many 
identical hands as we wish. We could say that the parameters that permit us to draw
one right hand can be used over and over again to draw a second and then a third and
so on. The same can be done with the left hand if needed. Using the same logic, one
might expect that if we know all the parameters associated with determining the spin
of an electron, then we could repeat the same procedure to produce n identical
electrons. Einstein believed such parameters existed ([4], p. 209, [12, 13]) and that 
quantum mechanics as formulated was a mere cloak for ignorance and led “to spooky 
action at a distance.” As it turns out, because of the implications associated with Bell’s
inequality [14], there are no hidden parameters and therefore spin states cannot be
cloned. This leads to the following theorem.

Theorem 1: ∣ψ1 and ∣ψ 2 are the only ISC states up to isomorphism.
A proof based on Bell’s inequality is given in [7, 10, 11]. Indeed, the set jψi1, jψi2f  

as conjugate spinors represents parallel and anti-parallel pairing, respectively. The 
theory can also be formulated in terms of jψi3, jψi4f g. As noted in [11], “there is a 
duality principle at work which defines a 1 $ 1 relation between the Hilbert spaces 
spanned by jψi1, jψi2f g  and jψi3, jψi4f g. For example, if we were to define ISC states 
in terms of invariance under R θð  Þ⊗RT θð  Þ  , then by duality, we could apply Theorem 1
to ∣ψi3 and ∣ψi4.” In this article, we will work primarily with ∣ψ1i and ∣ψi2.

i i

As Definition 1 shows, mathematically speaking, there are many possible 
entangled states. However, in practice, when considering the world of physics, there is
overwhelming evidence both from the theory of superconductors and molecular
bonding theory that nature privileges pairwise ISC entangled states [15–32]. More-
over, as we have noted here and elsewhere, the Pauli exclusion principle can be
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proven by assuming the existence of indistinguishable ISC pairs. For this reason, we 
claim that ISC states are in many ways the building blocks of entanglement as it occurs
in nature.

2.4 A Clifford algebra of entangled states

Although, entropy serves as a measure of entanglement [9], by itself it does not 
give a complete classification. It fails to distinguish between rotational and non-
rotational states. Also, in the case of a bivariate system, all rotationally invariant states 
are constructed from the four ISC Bell states, which can be further subdivided into
two disjoint Hilbert subspaces of H1 ⊗H2. Specifically, there exists a Hilbert space
H12 ⊂H1 ⊗H2 with X,Y ∈H such that XY ∈H12 if and only if

XY ≡ X,Yh  i⊗ þ X, Y½ ]⊗ (29)

defines a Clifford Algebra3 with respect to the basis jψi1, jψi2f g, with the understand-
ing that

X,Yh  i⊗ ≡ X⊗Y þ Y⊥ ⊗X ⊥ (30)

¼ x1y1 þ x2y2 jþijþiþj- ij- ið Þ (31)

defines an inner product and

X,Y½ ]⊗ ≡ X⊗Y -Y ⊗X (32) 

¼ x1y2 - x2y1
( ) jþij- i- j- ijþið Þ (33)

defines an outer product. Note that the Clifford Algebra is rotational invariant with 
respect to R⊗R. Indeed, in the case of a bivariate set of vectors, the above set of
relationships can be identified with the complex numbers. To see this, consider
z1, z2 ∈ C, then

z1z2 ¼ x1 - iy1 x2 þ iy2 ¼ x1x2 þ y1y2 þ i  x1y 2 - x2y1 (34)

and note that Re z1z2ð  Þ ¼  X,Yh  i⊗ and Im z 1z2ð Þ ¼ X,Y½ ]⊗ .
Similarly the dual basis jψi3, jψi4f g  can be used to define a conjugate Clifford

algebra over a Hilbert space H34 given by

XY ≡ X,Yh  id þ X∧Y ð Þd (35)

with respect to the basis jψi3, jψi4f g, with the understanding that X ¼ x1, ix2ð  Þ, Xc ¼ 
x1 , - ix2ð Þ and ~X ¼ ix2, x1ð Þ such that

X,Yh  id ≡ X⊗Y - ~Y ⊗ ~X (36) 

¼ x1y1 þ x2y2
( ) jþijþi- j- ij- ið Þ

defines an inner product and

3 
A description of the use of Clifford Algebra in physics can be found in [33] 
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X∧Y ≡ Xc ⊗Y -Yc ⊗X (37) 

¼ x1y2 - x2y1 jþij- iþj- ijþi ð Þ (38)

an outer product. The conjugate Clifford Algebra is rotationally invariant under the
action of R⊗RT.

Since the two Hilbert spaces H12,H34 are isomorphic to each other under conjuga-
tion, for the remaining of this article, we will work with the space H12. We note that 
the wedge product or the Lie product of the Clifford algebra X,Y½ ]⊗ is invariant under 
the action of SL 2, Cð  Þ  group (see Theorem 2 below) and corresponds to a bivector.
Entropy does not capture these properties. This raises interesting questions regarding
the best classification of entangled states in general, especially in multivariate systems.
For example, an entropy calculation applied to “The three forms of molecular oxygen”
[24] will distinguish the different energy levels associated with the three forms but 
only the group theory will distinguish the three possibilities in terms of (1) the regular 
triplet state involving two π ∗ orbitals, (2) the singlet (ISC) state in the same π ∗ orbital
and (3) the singlet state formed by paired electrons, one in each of the two different
π ∗ orbitals.

3. Results 

3.1 Molecular bonding

The existence of such paired ISC states raises an interesting question regarding the 
best classification of entantagled states especially in multivariate systems composed of 
molecules. In general chemistry a “bonding orbital” is produced when the energy of 
the molecular orbital is lower than the sum of the two individual orbitals from which it
was composed. For example, when the electrons of two hydrogen atoms bind to form
a molecular orbital bond of H2 with spin state ∣ψi2 (Eq. 17), it corresponds to the 
constructive interference of overlapping wavefunctions of the individual electrons, 
encapsulated by the singlet state with total spin 0. Consequently, the singlet has a 
lower energy than the sum of the two components taken separately. In contrast, an
“antibonding orbital” occurs when the wave functions overlap out of phase (destruc-
tive interference in Figure 1) to produce a spin state ∣ψi1. In this case, the bonding 
energy is higher than the sum of the individual energies associated with each separate 
state. Moreover, given that the spin states of ∣ψi1 are parallel to each other, one can 
anticipate that this type of bond will have paramagnetic effects, while those of ∣ψi2
will be diamagnetic. For the purpose of this article, we denote the molecular orbitals of
the ISC states ∣ψi1 and ∣ψi2 by σ ∗ and σ, respectively. However, this differs from the
usual use of the language in chemistry.

For example, in traditional molecular bonding theory, the molecule Li2 will have 
the electron decomposition σ1s, σ ∗ 

1s , and σ2s, whereas in this new formulation, it would 
be given by 2σ1s, σ2s where 2σ1s recognizes that there is σ1s orbital associated with each 
atom, which one would also expect from symmetry, while σ2s refers to the shared
molecular orbital. Overall, the new notation indicates that there exists three spin-
singlet states, each of which can be represented by ∣ψi2.

As a second example, we consider the boron molecule B2. Traditional molecular 
orbital theory lists the orbital structure as σ1s, σ ∗ 

1s , σ2s, σ ∗ 
2s , π2py , and π2pz where π2py and

π2pz are referred to as unpaired electrons with parallel spins. In the new
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Figure 1. 
Interference pattern.

representation, we write 2σ1s,  2σ2s, and σ ∗ 
2p for the electron configuration. The pres-

ence of σ ∗ 
2p also indicates the presence of paramagnetism, and the overall formulation

respects the symmetry of B2.
In general, the transition from two non-interacting electrons to interacting elec-

trons by means of the chemical reaction can be considered as a phase transition from
the triplet state (Eqs. 13, 14, 15) to the rotationally invariant Clifford algebra state
given by Eq. (25), which in turn transitions to an equilibrium ISC state given by
Eqs. (31) and (33), which form an orthonormal basis for the Clifford algebra. This 
transition from the Clifford state to one of the ISC states is mediated by the rule of
“maximum multiplicity and minimal energy” [34]. In fact, a spin-singlet state 
represented by ∣ψi2 might be expected to exhibit diamagnetic properties, while those 
in the parallel state represented by ∣ψi1 might be expected to exhibit paramagnetism. 
The intensity of these effects will depend upon the physical closeness of the ISC states. 
As numerous experiments have demonstrated, the existence of ISC states are related 
to non-locality and can exist both over short-range and long-range distances. How-
ever, if the spin singlet is sufficiently close together, while inserted into a magnetic 
field one might expect (depending on their closeness) that the induced magnetic 
effect of each particle will be equal and opposite and result in them being repelled by
each other, analogous to the repulsion between currents flowing in opposite directions
in two parallel wires. In contrast, if the spin orbital is composed of two electrons in the
parallel spin state, one might expect that when they are immersed in a magnetic field
the induced magnetism will cause them to attract each other if they lie in the same
plane perpendicular to the magnetic field. This is analogous to currents flowing in the
same direction in two parallel wires [35]. Obviously, many other factors are involved 
including the orientations of all the different ISC states within the molecule, the 
electric repulsion among the electrons, temperature and pressure. In fact, the ∣ψi2 
state is invariant under the action of SL(2,C) regardless of orientation, while the
parallel state is rotationally invariant over a plane, which gives a mathematical justifi-
cation based on rotational invariance for the observation that “there is a nodal plane
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along the internuclear axis for all pi molecular orbitals” [34]. For this reason, when the 
σ ∗ orbitals (associated with the ∣ψi1 state) are side-by-side, the paramagnetic effect
should be enhanced and attractive.

The above examples, hopefully serve as a justification for replacing what is usually 
referred to in the literature as unpaired electrons with parallel spin, with the ISC state 
∣ψi1, which can be associated with a rotationally invariant pair of electrons in the same 
spin state. Moreover, the rotational invariance also enables us to predict the existence 
of spin-singlet states in the same orbitals (in the traditional sense of the word) and in 
different orbitals (again in the traditional sense of the word). The group theory puts
no restrictions on the other quantum numbers. Consequently, two electrons can share
the same quantum numbers (except for spin) meaning that they are in the same
orbital or they can have different quantum numbers (meaning they are in different
orbitals) but form a spin-singlet state. Indeed, this is what has been observed in “the
three forms of molecular oxygen” [24]. To repeat, the group theory indicates the types 
of rotational invariance associated with chemical bonding. However, it imposes no 
other restrictions. In remains for the chemists to integrate this with the other laws of
chemistry based on Hund’s rules and the Pauli exclusion principle.

3.2 Fermi-Dirac statistics and entanglement

The Pauli exclusion principle is considered a key instrument in understanding 
chemical bonding and is often considered as a law in its own right. As it turns out, it 
can be derived by combining the notion of rotational invariance and indistinguish-
ability. There are two approaches: The first is to show that the existence of n indistin-
guishable ISC states ∣ψi2 is equivalent to the Pauli exclusion principle. A proof can be
found in both [7, 10]. Indeed, as the indistinguishability condition is relaxed, different 
types of parastatistics emerge including identifying superconducting states with 
standing waves of ISC pairs. One class of superconductors can be associated with 
standing waves of multiple singlet states ∣ψi2 and another with the rotationally
invariant paired states ∣ψi1. From this perspective superconducting Cooper pairs are a
special case [11]. 

It has been shown that ∣ψi1 and ∣ψi2 are the only states that are ISC, and conse-
quently, ISC states must occur in pairs. However, it might be asked if there are 
multivariate systems composed of indistinguishable particles that are rotationally 
invariant. As it turns out, an indistinguishable quantum state composed of ISC pairs 
obeys the Fermi-Dirac statistics. More precisely, it can be shown that a necessary and 
sufficient condition for Fermi-Dirac statistics is that the state be invariant under the 
action of SL n, Cð  Þ. Indeed, the Fermi-Dirac state is (uniquely) invariant under the
action of the SL n,Cð Þ group, which a fortiori means that it is invariant for all sub-
groups of SL n,Cð Þ, including the rotation group. It should be noted that, for two-
dimensional subspaces C2 ⊂Cn, there are two rotationally invariant states and not one.
This arises from the mathematical properties associated with Clifford algebras. In
general, if u and v are two vectors in Cn

, then we can define a Clifford product by

uv ¼ u:vþ u ∧v

The first term corresponds to an inner product which can be defined for any pair 
of vectors and such a product is always rotationally invariant. However, there is no 
inner product for three vectors u, v, and w, meaning that u:v:w is not defined. In
contrast, outer (wedge) products are defined over n-dimensions and correspond
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geometrically to volume (area in 2-dim), which is preserved under rotations. This 
leads to the invariance of the Fermi-dirac state under SL(n,C) as proven in the
following theorem [36]: 

Theorem 2: Let V ¼ W1 ⊗⋯⊗Wn be a vector space, with each Wi an n-
dimensional subspace (up to isomorphism), T ¼ T1 ⊗⋯⊗Tn, with T i ¼ Tj for each i
and j, and Ti is a linear operator on Wi. If

v ≡ w1 ∧w2 ∧⋯∧wn (39) 

¼ 
w11 

⋮ 
wn1 

⎛ 

B@ 

1 

CA∧ 
w12 

⋮ 
wn2 

⎛ 

B@ 

1 

CA∧⋯∧
w1n

⋮
wnn

⎛
B@

1
CA (40)

then for v 6¼ 0

Tv ¼ v ⇔ T ∈  ⊗  
n 

1 
SL n, Cð :

This means the Fermi-Dirac statistics is invariant under the action of SL n, Cð  Þ. 
Proof: For each Wi , we can associate an orthonormal basis e1, e2 … enf g. Therefore,

v ¼ 
w11 

⋮ 
wn 1

⎛
B@ 

1 

CA∧ 
w12 

⋮ 
wn2 

⎛ 

B @
1
CA∧⋯∧ 

wn1 

⋮ 
wnn 

⎛ 

B@ 

1 

CA (41) 

¼ ∣v∣e 1∧e2∧⋯∧en (42)

where 

∣v∣ ¼ 

w11 w12 ⋯ w1n 

w21 w22 ⋯ w2n 

⋮ ⋮  ⋮  ⋮  
wn1 wn2 ⋯ wnn 

||||||||

||||||||
It follows from the linearity of T (that)

Tv ¼ ∣v∣T1e1 ∧ T2e2 ∧⋯∧ Tnen (43) 

¼ ∣v∣ 
t11 
⋮ 
tn1 

⎛ 

B@ 

1 

CA∧ 
t12 

⋮ 
tn2 

⎛ 

B@ 

1 

CA∧⋯∧ 
tn1 
⋮ 
tnn 

⎛ 

B@ 

1 

CA (44) 

¼ ∣vkT1∣e1 ∧ e2 ∧⋯∧ en, T1 ¼ T2 ¼ ⋯ ¼ Tn (45)

But v 6¼ 0 implies ∣v∣ 6¼ 0, and therefore

Tv ¼ v ) ∣T1∣ ¼ 1 and T1 ∈ SL n, Cð

Conversely 

T1 ∈ SL n, Cð  Þ ) Tv ¼ v
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The theorem has been proven. Moreover, v is unique as demonstrated in [36]. 
The observant reader might be wondering how this relates to Pauli ’s original paper

on the spin-statistics theorem [6]. Pauli’s proof as a point of departure assumes the 
validity of the principle of microcausality. Translated into operator language, this 
means that conjugate operators must commute beyond the light cone to preserve 
independence. However, in the case of ISC states, this breaks down. Operators and in 
particular Pauli’s spin operators, indexed by different spacetime coordinates, are 
completely interchangeable because of the entanglement. In other words, the associ-
ated Clifford (Dirac) algebra may or may not commute beyond the light cone. In the
case of ISC states the algebraic characteristics of the Pauli spin matrices applied to one
particle of the bivariate state, instantaneously allows us to predict the spin character-
istics of the second particle, which means that the information can be determined
beyond the light cone.

Specifically, consider a two particle (bivariate) system ∣ψ  λ1ð  Þi  ⊗ ∣ψ  λ2ð  Þi∈S1 ⊗S2 

where S1 ¼ L2 R3( )
⊗H1 and S2 ¼ L2 R3( )

⊗H2, respectively [7]. Note that each ket 

∣ψ  λð  Þi∈S can be written as ∣ψ q1
( )i⊗ s, where s is a spinor. Also, let S

! 
1 ¼ 

Si q1
( )

, Sj q1
( )

, Sk q1
( )( )

and S
! 
2 ¼ Si q2

( )
, Sj q2
( )

, Sk q2
( )( )

be spin operators defined on 
the Hilbert spaces H1 and H2, respectively. If both particles are considered statistically 
independent of each other then individual measurements on each one are separated by 
a spacelike distance and will be represented, respectively, by operators of the form
Si q1
( )

⊗ I2 and I1 ⊗ Sj q2
( )

. It follows, trivially that Si q1
( )

⊗ I2, I1 ⊗ Sj q2
( )⎾ ¼ 0, which

means all measurements will commute beyond the light cone, as for example, in the
case of the triplet state given by Eq. (13). 

In contrast, the singlet state is ISC. In this case, it would be inappropriate to apply 
the operators for independent states. Instead, we let ∣ψ  λ1, λ2i∈S1 ⊗S2ð represent the 
spin-singlet state of two particles. Note that the perfect correlations between them 
allows us to put H1 ¼ H2 ¼ H and to identify S

! 
1 and S

! 
2 as follows: Let s1 θð  Þ  and s2 θð  Þ  

represent the spin states for particles 1 and 2, respectively, then for an arbitrary angle 
θ, there exists a unit vector n

!
θð Þ such that S

!
1:n
!

θð Þ s1 θð Þð Þ ¼ ±s1 θð Þ if and only if

S
!
2:n
!

θð Þ s2 θð Þð Þ ¼ ∓s2 θð Þ. This relationship allows us to identify s2 θð Þ with the orthogo-

nal complement s-1 θ of s1 θ and to put S
!
1 S

!
2.

This identification means that S
! 
1:n
! 

θð  Þ ¼  S
! 
2:n
! 

θð  Þ  (note the same θ) and therefore 
S
! 
1:n
! 

θð  Þ, S! 
2:n
! 

θð  Þ
⎾  i

¼ 0. However, because of the nature of entanglement, we are also 

free to consider S
! 
1:n
! 

θ1ð  Þ  and S
! 
2:n
! 

θ2ð  Þ  where θ 1 6¼ θ2, and in this case,

S
!
1:n
!

θ1ð Þ, S!2:n
!

θ2ð Þ
⎾ i

6¼ 0. In fact, Si, Sj
⎾ ⏋ ¼ inϵijkSk.

Simply put, microcausality does not apply to entangled states [7]. Entanglement 

ð  Þ  ð Þ ¼

permits both zero and non-zero commutators. It is an example, as noted in the
introduction of one measurement yielding two pieces of information. Rather than
asking if events are spacelike or timelike, we should first ask if they are correlated or
uncorrelated and based on that answer then consider whether spacelike or timelike
has any m eaning.

Microcausality presupposes quantum locality. Entanglement as demonstrated by
Bell’s theorem [14] and verified experimentally by Aspect et al. [37] is a non-local 
phenomenon and consequently the principle of microcausality is violated by ISC
states, where one measurement instantaneously yields two pieces of information.
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Pauli makes no reference to entanglement is his paper. It was not an issue in his day. 
However, he does note that if the principle of microcausality fails then the statistical 
distinction between integral and half-integral spin also breaks down ([6], p. 721). The 
above theorem clearly implies that a superposition of n indistinguishable ISC states is 
equivalent to the Fermi-Dirac statistic, and that the Bose-Einstein statistic follows as a 
consequence of breaking the ISC condition. It is the ISC properties of spin or the lack 
th ereof that determine the characteristics of quantum statistics. Spin value plays no role.

3.3 Group classification of entangled states

With the above theorems in place, we are in a position to classify entangled states 
using group theory. Specifically, let us distinguish between states comprising singlet
states but with different degrees of reducibility with respect to SL n,Cð Þ
group. Specifically,

c1SL n1,Cð  Þ⊕⋯⊕ cnmSL nm,Cð  Þ⇔ ∣ψi ¼  c1∣ψi 1 ⊕⋯⊕ cm∣ψim
where it is understood that SL ni,Cð  Þ∣ψii ¼ ∣ψii and ci is the multiplicity. In other 
words, for any entangled state constructed from the Bell states (which are rotationally 
invariant), we can classify n-dimensional Bell entangled states according to the degree 
of indistinguishability that is permitted. If a state is invariant under the group 
SL n,Cð  Þ, then it will also be invariant under the group Sn. This follows because a 
Fermi-Dirac state is always invariant under the permutation group. For example, a set
of six electrons could be configured to represent the six electrons of a carbon atom, or
the five electrons of boron and one of hydrogen, or the four electrons of beryllium and
two of helium, or the three electrons in two different lithium atoms. Each of these
cases can be, respectively, classified as invariant under the action of the groups

SL 6,Cð  Þ, SL 5,Cð  Þ⊕ I, SL 4,Cð  Þ⊕ SL 2,C ð Þ, SL 3,Cð Þ⊕ SL 3,Cð ,

which also serve as a specification of the degree of entanglement for each component.
Note that the last case has multiplicity 2.

In the case of the molecules Li2 with the orbital structure 2σ1s and σ2s, the group 
classification is given by SL 2, Cð  Þ⊗ SL 2, Cð  Þ⊗ SL 2, Cð  Þ, where two independent lith-
ium atoms have a group structure SL 3, Cð  Þ⊗ SL 3, Cð  Þ. In the case of the boron mole-
cule B2, the bond structure is given by 2σ1s, 2σ2s, σ ∗

2p which can be identified with the
group structure SL 2, Cð Þ⊗ SL 2, Cð Þ⊗ SL 2, Cð Þ⊗ SL 2, Cð Þ⊗ SO 2, Cð Þ, where SO 2, Cð Þ
defines a two-dimensional rotational group.

3.4 Perfect correlations and ISC states

The preceding sections have focused on bivariate entanglement composed of ISC or 
rotationally invariant states. As we have noted, in the case of a bivariate system, there 
are essentially only two entangled states both of which are rotationally invariant and 
ISC. They can be combined to form a Clifford algebra which again maintains the 
rotationally invariant property. Nevertheless, it is important to point out that although 
ISC states are both rotationally invariant and perfectly correlated, they are two different 
concepts. ISC states in general refer to bivariate systems, while perfect ly correlated
states refer to multivariate systems involving three or more tensor products of single
states. They are defined by Greenberger, Horne, Shimony, and Zeilinger [38] in their
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paper “Bell’s theorem without inequalities” and are usually referred to as GHZ states. To 
further explore the meaning of entanglement within the context of multivariate states, 
we refer to their article (herein referred to by the ac ronym GHSZ). Another important
study in this regard can be found in [7]. It might be worth noting that, in terms of 
entanglement in general, the Bell states serve as seed states for “entangled entangle-
ment” and can be used to construct GHZ states through a process of iteration [39]. 

According to GHSZ [38], an entangled state is such that “it cannot be written in 
any way as a product of single-particle states”(p. 1132). This means that an entangled
state cannot be written in the form

∣ψi ¼  ∣ψ1i∣ψ2i… ∣ψn i

This is is in agreement with Definition 1 of this article.
In general, if we are in the space C3 , defined over the complex numbers, a threefold 

entangled state can be written as a linear combination of 33 ¼ 27 (complex) terms in
the form X

αijk∣ψ ii∣ψ ji∣ψki 

where each i, j, k, ∈ 1,2,3f  g. From a mathematical point of view, depending on the 
values of αijk there are an infinite number of three particle entangled states. In prac-
tise, we focus on certain specific states of interest to physics. For example, if i 6¼ j 6¼ k, 
then it will reduce to a state of only six terms, and if we further require that it be
composed of indistinguishable terms then it will reduce to a Fermi-Dirac or Bose-
Einstein state. It remains an open question whether every possible mathematically
entangled state can be physically realized.

If i, j, k are restricted to only two values (qubits), then the threefold entangled 
state can be written as a linear combination of 23 ¼ 8 terms, as is the case with the
GHZ state defined by Eq. (G1) of GHSZ [38]. It is given by

1 
4 

⎾ 

1- iei ψ1þψ2þψ3ð Þjdi1
⎛ ⎞

∣ei2∣f i3 þ i- ei ψ1þψ2þψ3ð Þjdi1
⎛ ⎞

∣ei2∣f 0i3 

þ i- ei ψ1þψ2þψ3ð Þjdi1
⎛ ⎞

∣e0i2∣f i3 þ - 1þ iei ψ1þψ2þψ3ð Þjdi1
⎛ ⎞

∣e0i2∣f 0i3 

þ i- ei ψ1þψ2þψ3ð Þjd0i1
⎛ ⎞

∣ei2∣f i3 þ - 1þ iei ψ1þψ2þψ3ð Þjd0i1
⎛ ⎞

∣ei2∣f 0i3 

þ - 1þ iei ψ1þψ2þψ3ð Þjd0i1
⎛ ⎞

∣e0i2∣f i3 þ - i þ ei ψ1þψ2þψ 3ð Þjd0i1
⎛ ⎞

∣e0i2∣f 0i3
⏋

(46)

These states are particularly interesting in that they represent the evolution of the
GHZ state given by

∣ψi ¼  
1---
2

p ∣ai1∣bi2∣ci3 þ ∣a0i1∣b0i2∣c0i3 
⎾

(47)

where ∣ai1 ! 1--
2

p jdi1 þ ijd0i1 and ∣a0i1 ! 1--
2

p jd0i1 þ ijdi1 : It should be apparent 
from this transformation that ∣ψi is not rotationally invariant even when 
ϕ1 þ ϕ2 þ ϕ3 ¼ 0, whereas when projected into a two-dimensional state with
ϕ1 þ ϕ2 ¼ nπ, it is rotationally invariant under R,RT( )

, where R is a two-dimensional
rotation matrix.
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The general GHZ state for three particles presupposes that if we measure (observe) 
the states ∣ai and ∣bi,  then  ∣ci would be determined by the other two. However, in the 
case of an ISC state, only one measurement would determine the other two. In other 
words, if we were to observe ∣ai, then both ∣bi and ∣ci would be determined in the 
direction of measurement. However, as pointed out in Theorem 1 (Section 2.3), ISC 
states can only occur in pairs. The a uthors of the GHSZ paper, although they do not
speak of ISC states per se, are aware that the Bell states differ from higher dimensional
states. In their Appendix A [38], they clearly point out and prove the rotational invari-
ance of the singlet state (Eq. (A3)), while in Appendix B [38] (although they do not 
develop it further), they imply that there is a difference between ISC states (my termi-
nology) and “a rotationally invariant mixture of product states, which will not yield 
correlations as strong as [the singlet] ∣ψ does.” They then proceed to give an example.

Finally, we note that, in terms of GHZ states, rotational invariance is only applied 
to the two particle singlet state (paired qubits). There is no reference to other GHZ
states being rotationally invariant, instead they refer to polarized states [38]. Apart 
from the bivariate state, the other GSZ states are not rotationally invariant, although
they obey other group properties. For example, the GHZ states given by Eq. (48) and 
its evolved states are not invariant under rotations, but they are invariant under the 
action of the finite group of order eight Z2 xZ2 xZ2. In the case of entangled states 
that are NOT generated by the Bell states then the rotational invariance is lost, and
each case should be classified according to its degree of polarization specified by the
permutation group. For example, the perfectly correlated state

i

1---
2

p jþi1jþi2j- i3j- i4 - j- i1j- i2jþi3jþi4½  (48)

is invariant (up to sign) under the group Z2 ⊗ Z 2 ⊗Z2 ⊗Z2.

3.5 Electron configuration and quantum computing

Quantum computing has an important role to play when probability based algo-
rithms are employed to solve problems. Grover’s algorithm [40], for example, when 
applied to a data base of size N can with a high probability find an item using O 

----
N

p(
iterations rather than O  Nð  Þ  iterations that would be required classically. It is a lot
faster than a classical computer (although still of exponential order). Similarly, Shor’s
algorithm is probabilistic based [41]. In that regard, one would expect that the hard-
ware for all probability-based algorithms within the immediate future will rely on 
entangled electron pairs to mediate the probability models. Currently, these ISC pairs 
are obtained from superconducting circuits or trapped ions. However, in what fol-
lows, it is proposed that paired ISC states are also at the core of interferometry and
consequently, if this is true, offer another avenue to integrate hardware and software.

The advantage of using interferometry is that we can replace electrons with pho-
tons to achieve the ISC states, and this might substantially lower costs. In particular, if 
a beam of photons is passed through a Young’s interferometer, the probability distri-
bution can be analyzed in terms of the previously established coupling principle 
(Section 2.3). We prescind from the question of whether the individual photons
passed through a single slit or both slits of the interferometer simultaneously (like a
water drop) and instead focus on the quantum spin-state correlations as observed by
the two apertures. These results will highlight the role of entanglement in interference
phenomena, as well as clarify the role of conditional probability in physics.
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3.5.1 A coupling principle

In Theorem 1, it has been shown that ISC states must occur in pairs and are
effectively characterized by the Bell states (Eqs. (16)–(19)). For what follows, we 
focus on the Bell states ∣ψi1 and ∣ψi2 that together form a basis for a Clifford algebra. 
As previously noted, these entangled states have the characteristic that if a spin-
measurement is made in an arbitrary direction on one of the states, then the state of 
the other particle is known with certainty in the same direction. Indeed, this article
claims that the observed spinor (probability) correlations are the primary cause of the
interference phenomena, and if these become uncorrelated (as often happens when
we measure or try to detect a particle), then the interference phenomena disappears.
Mathematically, it means that we are switching from applying the laws of conditional
probability to the laws of independent probability.

Specifically, let the initial state

∣ψi ¼  1---
2

p jþijþiþj- ij- i ð Þ (49)

represent the state as registered with respect to the normal at Q. (m = 0 in Figure 1). 
In other words, from the perspective of Q, we assume not only that the incoming 
particle has come with equal probability from either aperture but also that its spinor
component along the normal to the screen at Q has been induced by the apertures
working in tandem, as captured in the tensor product of Eq. (49). Next, shift the 
normal at Q to P (Figure 2). In this case, the pure initial state will transform under 
rotation operators R αð Þ,R βð Þð Þ into the mixed quantum state

R αð  Þ,R βð  Þð Þ jþijþiþj- ij- ið Þ ¼⎛
cos αð  Þ sin αð  Þ
- sin αð  Þ  cos αð  Þ  

⎞ 
1

0

⎛ ⎞
⊗

⎛
cos βð Þ sin βð Þ
- sin βð Þ cos βð Þ

⎞ 1

0

⎛
@ 

1 

A 

þ
⎛

cos αð  Þ  sin αð  Þ
- sin αð  Þ  cos αð  Þ  

⎞ 
0 

1

⎛ ⎞
⊗

⎛
cos βð Þ sin βð Þ
- sin βð Þ cos βð Þ

⎞ 0

1

⎛
@ 

1 

A 

(50)

which on multiplying out and letting ϕ ¼ α- β gives

Figure 2. 
Image seen at P.
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cos ϕð  Þ  
1 

0

⎛ ⎞  
1 

0

⎛ ⎞  

þ 
0 

1

⎛ ⎞  
0 

1

⎛ ⎞⎾  ⏋

- sin ϕð  Þ  
1

0

⎛ ⎞
0

1

⎛ ⎞
-

0

1

⎛ ⎞
1

0

⎛ ⎞⎾
:

(51)

Note that ϕ and θ are related by the equation ϕ ¼ 2πd
λ sin θð Þ (Figure 1) and that a 

binomial distribution, b  N, p ϕð  Þð Þ, can be associated with each choice of ϕ. Since, 
entangled pairs are at the core of quantum computers, the ability to produce entangled
pairs using interferometry instead of superconducting circuits or trapped ions should
encourage more research and investment in photonic quantum computers.

4. Conclusions 

The article has pointed out that the rotational properties of quantum spin entan-
glement determine a coupling principle which states that isotropically spin-correlated 
states must occur in pairs. The no-cloning theorem follows as a special case. In turn, 
this pairing phenomenon can be used to derive and give a more intuitive understand-
ing of the Pauli exclusion principle, serve as a unifying principle to explain conven-
tional and unconventional superconductors, as well as bonding and anti-bonding 
interactions in chemistry and suggests a possible use in quantum computing. In 
addition, the article has discussed how group theory can add to our understanding of 
entanglement and molecular bonding. It has been pointed out that different types of 
entanglement can be associated with a group structure that leaves invariant the 
entangled state, and this structure can be associated with the degree of indistinguish-
ability within the particle configuration. Conversely, if we know the group configu-
ration of the particles, we can also specify the degree of indistinguishability among
them. Group theory enables us to identify symmetries within the entangled state,
although it does not distinguish which ISC state is more probable. In the bivariate
case, in particular, the building blocks of entangled states are the two ISC states,
which can be combined to form a Clifford algebra, with each component being,
respectively, invariant under the action of the rotation group and the SL(2, C)
group. Multivariate entangled states defined over H1 ⊗ … ⊗Hn also exist for n≥ 3 but
with the exception of the Fermi-Dirac state, they are not rotationally invariant and are
best classified by some type of finite group. Indeed, apart from the two ISC states, all
other entangled states are polarized states with the entanglement applying to specific
directions. The one exception is the Fermi-Dirac statistic which is SL(n, C) invariant
and is composed of n ISC indistinguishable states.
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Chapter 2

Perspective Chapter: 
Quantum-Like Modeling (QLM) 
and Its Philosophical Foundations
Francois-Igor Pris

Abstract

We argue that the formalism of quantum mechanics can be fruitfully applied to 
the modeling of phenomena and systems beyond the domain of physics—particularly 
in the social sciences and humanities. As is well known, this is indeed the case; Andrei 
Khrennikov’s quantum-like modeling (QLM) offers a prominent example. In this 
chapter, we propose a philosophical grounding for QLM within the framework of 
contextual realism (CR). When applied to quantum physics, this framework takes 
the form of contextual quantum realism (CQR). At the heart of CR lies the idea that 
ontology is sensitive to context, and that contextuality is inseparable from normativ-
ity. We offer a brief overview of CR and focus on its relevance to the foundations and 
potential of QLM.

Keywords: quantum mechanics, social phenomena, humanities, 
quantum-like modeling, contextual realism

1. �Introduction: Quantum-Like Modeling (QLM)

Khrennikov’s QLM applies the formalism of quantum mechanics (QM) and
quantum field theory (QFT) to the modeling of non-physical phenomena and 
systems—biological, mental, social, economic, ecological, political, and others. These 
systems are generally open [1], meaning they interact with their environments or 
other systems; accordingly, the formalism of open quantum systems is employed.

Importantly, this approach does not involve reducing macroscopic non-physical 
phenomena to microphysical quantum ones, nor does it explain them on the basis of a 
fundamental quantum ontology of atoms and elementary particles. While such local-
ized reductions may be viable in disciplines such as biophysics, neurophysiology, or 
cognitive science, the reduction of social, economic, or political systems to quantum 
microphysics is generally unwarranted.

In broader terms, the social sciences and humanities are not reducible to the 
natural sciences. Biological, social, economic, political, and media domains 
constitute distinct realities—each autonomous from physical reality and from 
one another. The rejection of metaphysical reductionism (which we are cautious 
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to call anti-reductionism, so as to avoid a metaphysics of the opposite kind) 
nonetheless allows for local, context-sensitive reductions where appropriate. This 
stance does not entail a rejection of a unified naturalistic—or broadly scientific—
methodological approach.

In this sense, the framework remains monistic in its understanding of the natural 
sciences, social sciences, and humanities, while maintaining compatibility with 
pluralism. Cognitive sciences, for example, have made a significant contribution to the 
unified picture of scientific knowledge.

QLM is viewed by its proponents as a universal monistic approach to a wide 
variety of areas of reality.1 Our own philosophical position—contextual (quantum) 
realism (CR/CQR)—similarly asserts a claim to universality [2–6]. We will argue that 
CR/CQR provides the philosophical foundation for QLM.2

2. �Contextual realism (CR)

CR takes as its first postulate (1) the assertion of the primacy (fundamentality) 
and unambiguity of the concept of reality. Reality is just what it is. (This is an analytic 
proposition expressing the grammar of the concept of reality). In other words, the 
real is real; it is what is. As Jocelyn Benoist says, “Reality simpliciter is just what norms 
apply to. As such, it is what it is, whether a norm is applied to it or not” ([8], р. 181). 
The given—the visible, that which simply appears and may therefore be illusory—is 
secondary. Appearance aligns with reality, or proves to be reality, if and only if the 
norm of reality is satisfied. This norm is ideal: It does not belong to reality itself but 
functions as a kind of “movement” within it—a transition from one sensible configu-
ration to another.

Thus, the second postulate of CR can be stated as follows: (2) The categorical dual-
ism of the ideal—particularly the normative—and the real. Norms, rules, concepts, 
meanings, attitudes, and theories belong to the realm of the ideal. Yet they are rooted 
in experience, practice, and reality—that is, they possess real conditions of applicabil-
ity. This reflects a realist stance on norms and the ideal more generally.

We refer to such rules (norms, concepts) as Wittgensteinian rules (or W-rules), 
drawing inspiration from the later philosophy of Wittgenstein. By applying W-rules, 
we measure reality—reality being that which is measured by norms—within language 
games (LG), or phenomena, governed by those very rules.

When the norm is satisfied—that is, when the language game functions cor-
rectly—what appears is real [2–6].

CR affirms the existence of an infinite plurality of kinds of reality while 
maintaining that all such kinds are real in the same sense. Psychological, social, 
economic, and media realities are neither more nor less real than physical or 
biological reality. Differences in the nature of reality should not be misconstrued 
as differences in the definition of reality—which remains unambiguous—or as 
differences in its degree.

1  QBism also lays claim to this role. Earlier, we showed that it represents an anti-realist position, which, 
however, can be revised within the framework of our CQR.
2  S. Patra and S. Yeddanapudi’s approach [7] likewise aspires to serve as a philosophical foundation for 
QLM (see our critique of this approach below).
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Thus, CR serves as common ground across the social sciences, the humanities, and 
the physical sciences—that is, across diverse domains of phenomena and systems. In 
particular, the question of whether it is possible and meaningful to transfer concepts, 
rules, and norms from physics beyond its disciplinary boundaries, and to radically 
generalize them can be addressed as follows: Such transfers (or generalizations) 
are legitimate only if there exist concrete conditions for the use of the generalized 
concepts, rules, and norms—or, in Wittgenstein’s terms, if there are actual language 
games in which they function. In this respect, CR may be understood as a form of 
normative pragmatism and broad naturalism.

The initial metaphorical transfer of concepts across domains enables us to gesture 
toward phenomena not yet named, to establish new norms and meanings, and to 
articulate emergent ontologies.3 The “legalization”—so to speak—of these expanded 
concepts occurs at a subsequent stage, when their actual use becomes embedded in 
a stable practice. This holds for the importation of physical concepts into the socio-
humanitarian sphere, but it is equally true within physics itself: The extension of 
classical mechanical concepts gave rise to quantum mechanics and the formation of 
novel quantum concepts. The generalization of the W-rule exemplifies this dynamic, 
as it leads to fundamentally new applications and thus evokes the Wittgensteinian 
problem of rule-following—not merely as a question of applying a rule, but as the 
challenge of transitioning from one rule to another.

Ontology, understood as a determinate real existence in which appearance 
coincides with reality, emerges through the measurement of reality by contextually 
applied rules (norms)—rules whose application, by definition, constitutes judgment, 
and judgment is inherently contextual. Accordingly, both ontology and epistemology 
are context-sensitive. Norms—that is, the ideal—precede cognition and ontology (in 
the ontic sense), just as epistemology precedes ontology (again, in the ontic sense). 
That being said, norms, epistemology, and (re)cognizable ontology are all secondary 
to reality as such.

Normativity (the ought), conceptual distinctions, and contextuality (sensitivity to 
conditions) always accompany one another. Likewise, where there is no contextual-
ity (normativity or conceptuality), one cannot speak—or even think—of reality, of 
anything real. As Benoist writes, “Context sensitivity is a fundamental epistemologi-
cal and ontological property of reality” ([10], p. 53).

At the heart of CR lies the claim that contextuality, far from implying relativism, 
is to be conceived as inseparable from normativity and conceptuality. This demands 
a departure from the philosophical paradigms of both modernity and postmodernity, 
while drawing critically on the resources of continental and analytic traditions—each 
of which, in its own way, remains entangled with forms of anti-realism. CR aims to 

3  A case in point is the introduction into cognitive science of the poorly defined concept of information, 
conceived not merely as knowledge but as a new kind of reality. As Daniel Andler notes, cognitive science 
“came into being by establishing a new objectivity – information – in much the same way that Newton 
built the physics that bears his name on a new objective instance – force. Just as Newton was unable to 
define force, so the pioneers of cognitive science were unable to define information, and in both cases the 
problem of foundational grounding, though transformed, never entirely disappeared. Just as force cannot 
be reduced to the conceptual resources available in Newton’s time, neither can information be reduced to its 
colloquial meaning, past or present. Information sets the ‘level of abstraction’, much like force in classical 
physics or work in thermodynamics” ([9], p 108).
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bridge the divide between these traditions, or at least narrow it. One might say that 
the essence of CR resides in this very insight: a reconceived notion of contextuality.

3. �Contextual probability

Contextuality is currently the focus of intensive research in quantum physics and 
its foundations, where it is closely intertwined with the notion of probability. Given 
the inherently probabilistic nature of quantum theory,4 Khrennikov’s QLM adopts a 
contextual probabilistic framework.

Earlier Khrennikov introduced the universal concept of “contextual probability,” 
applicable not only in physics: «The principle of contextual relativity of probabilities. 
Contextuality means that all probabilities depend on complexes of physical condi-
tions, S, − contexts: P(E) ≡ sP (E). It is meaningless to speak about probability 
without to determine complex of physical conditions» ([11], pp. 8, 9). Contextual 
probability refers to the probability—conditional on the available data—of obtaining 
a particular result in the measurement of a system’s quantity. In Khrennikov’s frame-
work, such data constitute the context, or the experimental conditions [12]. (The 
standard notion of conditional probability on an event can be viewed as a special case 
of contextual probability.) On this basis, Khrennikov proposed his contextual inter-
pretation of quantum mechanics, known as the “Växjö interpretation.” In the simplest 
case, as is well known, quantum probability is derived from the wave function via 
Born’s rule; in Khrennikov’s view, the wave function describes the experimental 
context itself. Quantum probability, then, is a form of contextual probability.

Independently of Khrennikov’s approach, we introduced a similar notion of con-
textual quantum probability in Ref. [13], as an application of Timothy Williamson’s 
concept of evidential probability [14] to quantum mechanics. Evidential probability 
is the probability of an event conditional on the entirety of relevant (i.e., contextual) 
evidence. From the perspective of Williamson’s knowledge-first epistemology (KFE), 
evidence = knowledge. Thus, this form of probability is conditional on all relevant 
contextual knowledge—unlike the subjectivist Bayesian approach. In Khrennikov’s 
sense, context or data correspond precisely to such knowledge or evidence.

However, unlike Khrennikov, we maintain that the wave function encodes knowl-
edge about the quantum system (within a context), rather than describing the context 
itself. As we have argued elsewhere, CR is compatible with KFE and, indeed, serves as 
its metaphysical foundation [4]. In this respect, our approach to probability is philo-
sophically more fundamental than Khrennikov’s, particularly in how it conceptualizes 
context and data.

4. �QM as a contextual theory: QLM and CQR

QM is both a probabilistic and a contextual theory. However, as with prob-
ability, the interpretation of contextuality varies depending on underlying 
philosophical (pre)assumptions. The most straightforward reading of quantum 

4  However, the evolution of the wave function, as governed by the Schrödinger equation, is deterministic. 
As for deterministic interpretations of quantum mechanics, they are beyond the scope of our present 
discussion.
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contextuality is operational: The outcome of a measurement depends on the 
sequence in which physical quantities are measured.5 In Bell’s sense, contextual-
ity—as expressed in quantum correlations—refers to the dependence of the 
measurement outcome of a variable B on the outcome of another, commuting 
variable A. Across different contexts (i.e., different values of A), B assumes dif-
ferent values. While quantum correlation is typically understood as a manifesta-
tion of non-locality, Khrennikov rejects this interpretation and instead attributes 
such correlations to contextuality. Independently, we arrived at a similar account 
within the framework of CR, or more specifically, CQR [2, 15]. This example 
underscores the fact that in the foundations of physics, philosophical perspectives 
are inseparable from theoretical—both physical and mathematical—formulations.

The philosophical interpretation of QM profoundly shapes our understanding of 
quantum phenomena and core concepts such as correlation, nonlocality, superposi-
tion, uncertainty, complementarity, entanglement, wave function collapse, probabil-
ity, and measurement or observation.

In earlier work, we proposed an interpretation of QM grounded in CR, which we 
termed “Contextual Quantum Realism” (CQR).6 According to CQR, quantum mea-
surement is not a standalone physical event but rather a contextual phenomenon—a 
“transition” into a particular epistemic framework. No physical process underlies 
this shift; rather, we find ourselves situated within one context or another. Outside 
of a defined context, the notion of measurement becomes meaningless. In this light, 
the so-called measurement problem—whether in terms of wave function collapse or 
duality of quantum laws—does not arise.

CQR treats contextuality as a fundamental epistemological and ontological 
feature of reality. In this light, CQR presents itself as a universal theory of reality—a 
unifying perspective across the sciences. On this view, scientific theories—particu-
larly QM—function as Wittgensteinian rules or norms (“W-rules”) for measuring 
and engaging with reality within the language games (i.e., phenomena) in which 
they are applied. CQR thereby accounts for the applicability of the quantum formal-
ism across a diverse range of research domains [2–6] and serves as the philosophical 
foundation for QLM.

It is important to emphasize that QLM is not merely an application of the math-
ematical formalism of QM—that is, the theory of operators in Hilbert space—but 
rather an application of its partially interpreted apparatus. Core quantum concepts 
such as system state (represented by a vector in Hilbert space), observables (as 

5  Non-commuting observables (e.g., position and momentum) cannot simultaneously possess definite values. 
As a result, the outcome of their measurement depends on the order in which the measurements are performed.
A direct generalization to the field of psychology can be formulated as follows: Responses to questions depend on 
the order in which they are presented—a phenomenon known as the order effect. Within the framework of QLM, 
each question is treated as a quantum observable, represented by an operator in a Hilbert space. Asking a question 
corresponds to measuring this observable, and the response constitutes the measurement outcome. Psychological 
experiments support the applicability of this quantum-theoretic scheme.
6  As Wittgensteinians in the broad sense, we are cautious about employing the term “interpretation.” Our 
CQR, insofar as it functions as an “interpretation” of QM, should not be viewed as an arbitrary theoretical 
construct, but rather as a critical and therapeutic attempt to understand QM correctly. The term “inter-
pretation” is therefore used in an extended, non-doctrinal sense. Alternatively, one might speak of CQR as 
a conception, an understanding, or a point of view. In this light, CQR does not constitute a doctrine, but a 
philosophical orientation.
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Hermitian operators), measurement/observation, and probability are retained. 
The crucial distinction lies in the nature of the systems under investigation: In the 
general case, QLM does not concern physical systems, but rather social, human, 
ecological, economic, political, or other domains. The difference, therefore, is 
ontological. However, QLM, as an informational approach, abstracts away from 
ontological specifics. From the standpoint of quantum information theory, there is 
no essential difference between applying quantum formalism to the microphysical 
realm and applying it to other fields.7 In this sense, the world—as a conceptualized 
and normatively structured dimension of reality—and even reality as such may be 
regarded as quantum. Any ontology, insofar as it is context-sensitive, can be viewed 
as a generalized quantum ontology. The universality of QM thus does not consist in 
reducing all domains to microphysics, but rather in the fact that microphysics holds 
no foundational or privileged status; it is merely one domain among others. QM is 
universal because it is contextual. This explains why, even within physics, both QM 
and QFT are often regarded not as complete theories, but as open-ended theoretical 
frameworks. From this perspective, even classical mechanics can—and arguably 
should—be interpreted through the lens of QM, as possessing a context-sensitive 
ontology [17, 18].

CR may be understood as a middle path between standard (absolutist) realism and 
anti-realism. Broadly speaking, realism posits that something exists independently 
of the subject, whereas anti-realism either denies this or maintains that “reality” 
is subject-dependent. The former prioritizes externally situated entities, the latter 
highlights the cognitive modalities by which they are accessed. Both, however, make 
claims about (pre)determined entities—and for this reason, neither adequately 
addresses the categorical distinction between the ideal and the real, that is, normativ-
ity and contextuality.

CR introduces a crucial distinction: ideal entities—such as norms, concepts, and 
rules—are objective but not real. Real entities arise through the contextual realization 
of the ideal ones. The use of a norm or concept is not predetermined; it is embedded 
within a specific context. Consequently, the object being measured or identified is 
also not predetermined but comes into determinate being through contextual articu-
lation. From an anti-realist standpoint, this renders the object constructed or unreal, 
dependent on the subject. That is, anti-realism mistakes non-predeterminacy for 
non-reality. However, the object—though not yet identified—was what it was prior to 
its contextual identification; it simply had no identity as an object. By contrast, real-
ism treats it as already constituted, pre-given in the external world, merely waiting to 
be discovered—thus conflating reality with predeterminacy. This means that for CR, 
unlike standard realist or anti-realist positions, reality is not reducible to objectivity, 
nor the real to the true. Both modern and postmodern frameworks tend to reduce 
reality to objectivity. While some forms of “new realism” emerging in the twenty-first 

7  We distinguish between two concepts of information: (1) information as a form of reality with its own 
specific nature, and (2) information in the epistemic sense—as knowledge.
Information in the epistemic sense is ideal, not part of reality itself. The idealist information doctrine—
according to which everything comes from a bit (“it from bit”) or the universe is seen as a computational 
structure—conflates these two notions. This conceptual conflation is also evident in informational inter-
pretations of quantum mechanics. In particular, we have argued that A. Zeilinger’s so-called information 
principle is an idealist construct that should be replaced with the more grounded, realist principle of contex-
tuality [16].
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century reject this reduction, they often continue to conflate the categories of the 
ideal and the real—thus remaining, at least partially, within the paradigm of (post)
modernity.

So, in our usage, indeterminacy refers simply to the absence of determinacy. 
It is synonymous with underdetermination or the lack of predetermination. The 
Heisenberg’s uncertainty principle is not merely epistemic, but semantic and, by 
extension, ontological and epistemic. It is meaningless to assert that a quantum 
particle possesses both a definite position and momentum—that is, that it occupies 
a determinate point in classical phase space. This or that indeterminacy entails a 
corresponding ontological commitment. For example, a particle may have a definite 
position while its momentum remains completely indeterminate—equally likely to 
take on any value. Such is the nature of this element of quantum physical reality. 
It makes no sense to speak of any deeper quantum ontology (or nature). Another 
manifestation of quantum physical reality is expressed by a particle possessing a well-
defined momentum, yet having an entirely indeterminate position. And so on. This 
constitutes a contextualized quantum ontology—one defined by quantum theory, 
which is primary in relation to it, yet does not construct it. In this sense, it may be 
described as an ontology articulated through scientific theory and illuminated by CR, 
rather than merely in the Quinean semantic sense, where existence is reduced to being 
the value of a bound variable.

It also follows from the foregoing that Bohr’s principle of complementarity is, in 
essence, a principle of contextuality.8 Complementary descriptions arise in distinct 
experimental or conceptual contexts, and complementarity itself may be understood 
as a manifestation of aspectual change. Thus indeterminacy (non-pre-determinacy or 
underdeterminacy), contextuality, normativity, complementarity, and the phenome-
non of aspectual change—or Gestalt switch9—are intimately interconnected. QM and 
QFT may be regarded as “indetermination theories,” normative frameworks (theories 
as W-rules or norms), or contextual theories. This, we contend, constitutes the very 
essence of quantum theory—and this is what we deal with in the social sciences and 
humanities.

Since contextuality—or uncertainty—is the fundamental feature of QM, and is 
particularly pronounced in the social sciences and humanities, we should expect core 
quantum phenomena such as superposition, entanglement, correlation (“nonlocal-
ity”), “collapse,” ontological uncertainty, quantum probability, and others to manifest 
in these domains as well. In a certain sense, the social sciences and humanities may 
even appear more “quantum” than quantum mechanics itself. Similar interpreta-
tive structures can also be found in classical macroscopic physics, particularly in 

8  The principle of complementarity was developed in psychology by W. James. Bohr transferred this 
principle to CM.
9  The transition from commutative classical mechanics to non-commutative QM can be interpreted as an 
instance of aspectual change—or a Gestalt switch—in our conceptual grasp of physical reality. One might 
also say that the two frameworks complement one another, each emerging from distinct scientific contexts. 
In this case, the role of context is embodied by the respective “forms of life” of the theories—that is, the 
established practices and norms governing their application. Ultimately, the shift from classical mechanics 
to QM can be viewed as a generalization of the theoretical framework understood as a W-rule: a move from 
one rule to a more encompassing and structurally different one. Grasping this conceptual leap requires 
engagement with Wittgenstein’s problem of rule-following—specifically, how the application and evolution 
of a rule is conditioned by its contextual enactment ([2], Ch. 6).
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classical optics.10 These are universal phenomena precisely because they emerge from 
contextuality. In particular, the formalism of QM can be regarded as an interpreted 
mathematical apparatus for analyzing and navigating situations of uncertainty—par-
ticularly in modeling decision-making under such conditions. Empirical evidence 
increasingly supports this view.

There are, of course, important differences between QM and the QLM applied in the 
socio-humanities. Outside the domain of quantum physics, Planck’s constant plays no 
role. Accordingly, uncertainty is not formulated in terms of the Heisenberg uncertainty 
relation—for instance, the principle that product of the uncertainties in position and 
momentum cannot be smaller than one-half of the reduced Planck constant.

The Copenhagen interpretation of QM is generally classified as an epistemic 
interpretation. In particular, it is argued that for Niels Bohr, QM is not a theory about 
what is—that is, about the intrinsic structure of the world—but rather about how we 
acquire knowledge of the world, about the outcomes of observation. An epistemic 
interpretation is thus opposed to an ontic one.

A clarification is necessary here. Observation results do not exist in themselves; 
they inform us about something—namely, they reveal how the world is organized. 
Knowledge is always about something; it is inherently factive (if a subject knows that 
p, then p). Thus, knowledge cannot be separated from that of which it is knowledge. 
Consequently, a theory of knowledge—of information or observational results—that 
is not simultaneously a theory about reality, about the world itself, lacks coherence.

Some informational interpretations of QM are radical in this respect, positing 
that information is ontologically primary and that QM is fundamentally a quantum 
theory of information. But this raises a crucial question: information about what? If we 
are dealing with an ontological conception of information, it must be clearly distin-
guished from the epistemic conception—that is, information understood as arising 
from observation or measurement.

According to CQR, QM is not just a formalism or an information-processing 
framework; it is a form of knowledge–knowledge about the world, about quantum 
reality.

Bohr did not deny the reality of atoms or elementary particles. Rather, his position 
can be interpreted as giving epistemological primacy over ontology in the ontic sense. 
Although Bohr does not explicitly use the term “context,” his approach is inher-
ently contextual: The role of context is fulfilled by the experimental conditions of a 
quantum measurement. The preparatory conditions of the experiment constitute its 
context, and these are uniquely specified by the wave function—a vector in Hilbert 

10  It is classical optics—in which, as it turns out, phenomena such as uncertainty, superposition, entangle-
ment, and nonlocality (quantum-like correlations) also occur, rather than QM—to which Patra turns, 
proposing a “classical optical modeling of cognition” or a “quantum-like framework” that aspires to provide 
a philosophical foundation for QLM [19]. One of the foundational elements of his approach is the Hilbert 
space structure of classical polarization optics. The Indian scholar rightly associates the applicability of 
QLM with situations of ontological underdetermination, indeterminate choice and insufficient informa-
tion. As “meta-principles,” he adopts the principles of contextuality, complementarity, uncertainty, and 
nonlocality.
Let us note two fundamental differences between our CQR and Patra’s approach. First, Patra’s framework is 
a neo-Kantian one. In particular, he unambiguously interprets Bohr’s position as neo-Kantian. Second, Patra 
treats quantum probability as subjective probability. Finally, from the perspective of CQR, the proposed 
meta-principles are instantiations of a single underlying principle of contextuality.
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space. (Accordingly, as Khrennikov emphasizes, the wave function describes the 
experimental context; what is typically referred to as the state of a quantum system is, 
in fact, its context.)

The conditions in which a system finds itself after an experiment—resulting in the 
“collapse” of the wave function and the observation of a specific value of a measur-
able physical quantity—constitute a new context. According to CQR, the result of 
measurement is not predetermined but becomes identifiable within this emergent 
context, which is itself the context of the result. Ontology, then, is context-sensitive: 
A given outcome does not exist independently, but only within a specific contextual 
configuration.

From the perspective of CQR, QM is an epistemic theory in the sense that it func-
tions as a W-rule or normative structure—prior to ontology. Even if QM is regarded 
merely as a formal framework, it nonetheless concerns reality. (Analogously, several 
contemporary analytic philosophers of science distinguish between “theory-first,” 
“epistemology-first,” and “mathematics-first” approaches—such as that of D. 
Wallace—and the contrasting “ontology-first” orientation.)

As previously discussed, CQR—or more broadly CR—seeks to reconcile Bohr’s 
epistemological (often labeled “anti-realist”) standpoint with Einstein’s realist 
commitments ([5], p. 222). QM, construed as a W-rule, also aligns with Einstein’s 
notion of a principle theory. (For Einstein, it is the theory that tells us what is 
observable).

Khrennikov frames QLM at the epistemic level. At the same time, he remains a 
realist, affirming the existence of an ontological (ontic) domain—though QLM itself 
does not attempt to model this level. QLM concerns the processing of information, 
and information properly belongs to the epistemic domain.

From the standpoint of CR, one could also argue that QLM implies the existence 
of a deeper—conceptually, though not metaphysically—ontological (not ontic) level 
of reality: a pre-objectivized stratum. This is, in essence, the domain of fundamental 
indeterminacy.

From the perspective of QLM, the existence or non-existence of “hidden 
variables” is largely irrelevant—since, in either case, they remain hidden by virtue 
of quantum mechanics being an epistemic theory. The Copenhagen interpretation 
denies the existence of hidden variables, whereas Bohmian mechanics assumes 
their existence (nonlocal hidden variables can, at least formally, be introduced 
into QM).

In the socio-humanitarian context, only certain variables are relevant to the 
model; others may be considered “hidden,” yet they remain accessible—at least in 
principle—if one chooses to observe them. Khrennikov points to this distinction as a 
key difference between QM and the socio-humanities. Yet we observe a deeper affin-
ity between the two: in both domains, ontology is context-sensitive. What is ascribed 
to hidden variables does not define ontology in the ontic sense—neither in QM nor in 
socio-humanitarian studies. The symmetry between them suggests that, in quantum 
mechanics as well, there may exist a conceptually deeper ontological (as opposed to 
ontic) level of reality itself.

Khrennikov has criticized mathematicians for their lack of interest in the nature of 
probabilistic events, treating them instead as objectively random. Yet to engage with 
the ontological (not ontic) level is precisely to open the question of what randomness 
means. A random event, understood contextually, is neither predictable nor prede-
termined—yet this does not imply that, at the ontological (not ontic) level, it lacks a 
cause.
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A rough analogy can be drawn with Kant’s distinction between the world of 
phenomena and the world of things-in-themselves. However, from the standpoint of 
CQR, the world of genuine phenomena coincides with the world of things in them-
selves, and the concept of a thing in itself is meaningless unless it is treated as the 
concept of a non-conceptualized thing.

Post facto, a random quantum event—such as a particular measurement out-
come—can be given a causal explanation. A similar position appears to have been 
adopted by the German philosopher and physicist Hermann Grete, who aimed to 
preserve causality in QM within a neo-Kantian framework [20]. For her, the unpre-
dictability of individual quantum events is compatible with the existence of causes 
and their retrospective, classically causal explanations. CQR is broadly aligned with 
this view, though it diverges from the neo-Kantian philosophical foundation.

5. �QLM-formalism

QLM can be formulated using several mathematically equivalent frameworks: 
quantum probability theory (or its generalized forms), the formalism of non-
commutative operators in Hilbert space,11 quantum logic (i.e., non-Boolean (non-
distributive) algebra), and quantum information theory.

In standard QM, the postulates of the theory are typically stated in the language 
of operator theory on Hilbert space, with quantum probability introduced only 
afterward. Khrennikov, however, proposed a reversed approach: He derives both the 
Hilbert space formalism and Born’s rule from quantum probability theory itself—
understood as a generalization of classical probability that includes an interference 
term (i.e., the additivity of probabilities is violated).12 Quantum probability, for 
example, accounts for the interference pattern observed when quantum particles pass 
through two slits.

The relationship between QM and classical mechanics can be viewed as a general-
ization: QM arises from replacing commutative observables (real-valued quantities) 
with non-commutative ones (operators), or, put differently, from replacing a phase 
space with commutative coordinates by a non-commutative space. The quantum com-
mutator is the analogue of the classical Poisson bracket. In fact, all of non-relativistic 
QM can be derived from a single fundamental expression: the commutator of posi-
tion and momentum (analogous to their classical Poisson bracket) is proportional to 
Planck’s constant. In particular, the Heisenberg uncertainty relation follows from the 
fact that the simultaneous exact measurement of position and momentum is funda-
mentally meaningless.

The non-distributivity (though not non-commutativity) of quantum logic—
unlike classical logic, which is distributive—corresponds to the non-commutative 
structure of operators in Hilbert space. Within the Hilbert space formalism, there is 

11  While quantum physics uses both finite-dimensional and infinite-dimensional Hilbert spaces, 
Khrennikov uses only finite-dimensional spaces, that is, linear algebra, to model macroscopic phenomena 
outside quantum physics. In the simplest case, this is a two-dimensional space.
12  More precisely, for Khrennikov, the difference between classical and quantum probabilities is in the so-
called “total probability formula.” On the contrary, R. Feynman believed that quantum probability differs 
from classical probability by the fact that it violates the additivity condition.

36



Perspective Chapter: Quantum-Like Modeling (QLM) and Its Philosophical Foundations
DOI: http://dx.doi.org/10.5772/intechopen.1012092

11

not a single Boolean algebra but rather a family of incompatible yet complementary 
Boolean algebras that together form a non-Boolean structure.

In quantum information theory, the notion of the qubit (quantum bit) is intro-
duced. In classical information theory, the minimal unit of information is a bit: We 
have minimal information when we know which of two possibilities obtains – for 
instance: “yes” or “no,” “0,” or “1,” “the spin projection on the z-axis is +½” or “–½,” 
the proposition p is true or false, etc.

A qubit is a superposition of the states “0” and “1.” Is it therefore a new unit of 
information—the smallest quantum unit of information? Does quantum mechanics 
transform our concept of information? We do not think so. One should distinguish 
between information in the epistemic sense and “information” in the material/
physical (ontological) sense as a carrier of information in the epistemic sense. For 
example, the projection of spin onto the z-axis (±½) is “information” in the physical 
sense—it functions as a carrier of epistemic information, which can be formulated 
propositionally.

A classical bit can be understood both epistemically and physically. By contrast, 
a qubit, as the quantum state of a minimal (elementary) system, is a unit of physical 
information. Only through measurement does it yield epistemic information, which is 
expressed in classical bits.

6. �Beyond physics

Thus, the structure of QM can be represented by the following triple: an algebra 
of observables (𝑂), a Hilbert space (𝐻) on which the operators of this algebra act, 
and a state (𝜙)—a vector in the space 𝐻: (𝑂, 𝐻, 𝜙). This structure can be extended 
to the domain of social sciences and humanities with the corresponding elements 
indexed as “s” for “social and humanities”: (𝑂S, 𝐻S, 𝜙S). Only empirical investiga-
tion can reveal when this structure is applicable, when it is not, and when it requires 
modification.

As previously mentioned, phenomena such as the order effect and the psychologi-
cal principle of complementarity illustrate these extensions. Khrennikov speaks of 
quantum-like effects, referring to phenomena and systems in which quantum features 
manifest and are empirically observable. He defines quantum-like systems as infor-
mation processors governed by the laws of quantum probability and information [21]. 
However, from the perspective of CR, one may speak of genuine quantum effects and 
phenomena beyond the ontology of quantum microphysics—genuine in the sense 
that they are not derivative or mimetic. By the same token, one could characterize 
quantum phenomena as “social-like” within the quantum domain. The essential 
difference, as already noted, lies in the presence of a fundamental physical constant in 
quantum physics—the Planck constant.

Earlier, drawing on the critical work of M. Gabriel and J. Benoist, we concluded 
that what distinguishes human beings from artificial intelligence is the presence of 
the ideal Geist, understood as normativity [22]. Andler articulates a similar distinc-
tion: “Intelligence is not a thing, a phenomenon, a process or a function, but a norm 
that applies to behavior: it qualifies the relation between human and her world, and 
in a way that is never objective and final” [23]. Human intelligence, then, is primar-
ily the sensitivity to context—a normative orientation toward a particular situation 
and the capacity to make optimal decisions under uncertainty. In contrast, artificial 
intelligence excels at solving well-defined problems but lacks autonomy. Given that 
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QM is a fundamentally contextual theory, one might suppose that a human-like form 
of artificial intelligence would be grounded in quantum logic rather than classical 
logic [24]. It must be emphasized, however, that such AI would not embody genuine 
intelligence but rather a simulation thereof.

This reinforces our thesis that CR (CQR) offers a robust philosophical foundation 
for QLM, particularly in modeling human behavior and consciousness.13

Quantum concepts have also increasingly found their way into socio-political 
theory, especially in areas such as international relations, global politics, and 
security studies. Yet, as we have argued, what many scholars describe as the 
“quantum paradigm” in these disciplines often constitutes less a genuine depar-
ture from the outdated Modern framework and more a postmodernist radicaliza-
tion of it. In contrast, the conceptual scheme of CQR offers a substantive and 
authentic quantum alternative [26].

In the following paragraph, we illustrate the foregoing by examining the position 
of A. Wendt.

7. �А. Wendt’s position

A. Wendt proposed incorporating subjectivity and consciousness into the social 
sciences, and advocated for a unification of physical and social ontology within an 
anthropological and quantum perspective. He writes: “Subjectivity – and here I mean 
conscious subjectivity – can and should be ‘brought back in’ to social science” ([27]. 
р. 285). The author also claims that social reality is quantum–mechanical ([27], p. 36). 
He grounds his approach in an interpretation of quantum mechanics informed by 
neutral monism and accordingly proposes a naturalistic panpsychic “quantum theory 
of consciousness,” according to which humans are “walking wave functions” (i.e., 
superpositions of possibilities/potentialities), and social structures are superpositions 
of mental states ([27], p. 283). For Wendt, “the quantum argument is in fact very 
simple: consciousness is an aspect of matter at the elementary level (panpsychism), 
which is amplified upward by quantum coherence in the brain” ([27], p. 292). The 
collective arises through the entanglement of individual consciousnesses.

Independently, we—like Wendt—also proposed a unified, contextual perspective 
on both the natural and social sciences, and argued that social reality is in fact “quan-
tum” reality [17, 18]. This refers to the CQR mentioned above. For CQR, reduction 
and correlation are understood as transitions into a corresponding context—be it a 
reduced state or a specific correlation—accompanied by a transformation in the state 
of information and, accordingly, the identity of the object under consideration, rather 
than as physical processes. In other words, quantum mechanics points to the context-
sensitivity of ontology (of real objects), whereas Wendt maintains that it compels us 
to adopt a “flat ontology,” in which all entities exist on equal ontological footing.

Since the conceptual framework and the physico-mathematical structure of 
quantum mechanics account for contextuality, quantum epistemology proves to be 
universal. The general structure of quantum mechanics functions as a W-rule—a 
means of measuring reality within contextual language games (i.e., normative prac-
tices) of its application [17, 18]. CQR does not posit a fixed metaphysical ontology. 

13  On the modeling of consciousness and the “hard problem” of consciousness in the context of QLM, see, 
for example [25].
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Instead, it treats primary sensory experience—prior to any division into the physical 
and the mental—as reality. Physical and mental realities are regarded as secondary, 
in the sense of their determinateness (givenness). In neutral monism, a fundamental 
neutral ontology is introduced instead.

Many of Wendt’s claims bear superficial resemblance to ours, yet his philosophi-
cal premises are markedly different. For example, Wendt maintains that language is 
an instrument of expressive measurement; measurement is a speech “act,” an act of 
using language within a context, through which potential meanings become actual-
ized (a collapse of a superposition of meanings occurs), and quantum interference 
and entanglement are manifested ([27], p. 217).

That being said, Wendt contends that measurement—or the use of language—
affects that which is being measured, and that the object of measurement did not 
exist prior to measurement. He writes: “In most interpretations of quantum theory 
particles cannot be said to exist prior to measurement, and in preparing quantum sys-
tems for observation an entanglement is created with the observer that affects what 
is eventually seen. That does not mean that the observer literally creates reality, but 
it does mean that she participates in what is actually observed, and as such observa-
tion cannot even in principle approximate the classical ideal of separation” ([27], р. 
36). “In quantum physics objects cannot be said to exist prior to their realization in 
measurement by an observer. (…) The collapse of the wave function is a process (…) 
in which not only a material particle is produced, but also a sub-atomic experience of 
that process” ([27], р. 285).

These formulations are either false or ambiguous and open to varied interpreta-
tion. From the perspective of CQR, however, they can be read as tautologies: By 
definition, objects as objects—in particular, particles as particles (rather than 
waves)—presuppose their identification via measurement or observation. In the 
process of measurement/observation, objects (such as particles or waves) arise as 
objects, but not as physical things. According to CQR, it is incorrect to assert that 
what is measured does not exist prior to measurement. The use of language—as a tool 
of observation and a W-rule (norm)—does not affect the thing being measured, but 
instead identifies what is and has already been prior to measurement.

At the same time, CQR holds that the measurable entity, prior to its measurement, 
lacked identity—it was not (pre)determined and did not yet constitute an object. In 
this sense, the claim that objects did not exist prior to their realization or observation 
can be interpreted as a grammatical (logical) truth, rather than a substantive one.

According to Wendt, quantum mechanics—and by extension, quantum social 
science—undermine the subject-object dichotomy and subject-object dualism in the 
following sense:

“In asking a given question: (1) social scientists are collapsing a socially shared 
wave function, locally for us as researchers, and thereby calling forth a reality rather 
than just passively observing one given to us as spectators, and (2) our research is 
therefore responsible, at the micro-level, for helping to create, sustain and/or trans-
form that reality. This is not to say that if social scientists refuse to study something 
which they disapprove of – as some in IR [international relations] would have us do 
with the state – it will disappear, since most social facts are sustained by thousands or 
millions of lay people ‘observing’ them, not by social scientists. But it does emphasize 
our complicity in that process, both empirically and politically.

These quantum effects suggest that the hope of social scientific realists – that 
through the continuing improvement of our theories and measurement techniques we 
will get closer and closer to truths of social life – is misplaced” ([27], р. 287).
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This, once again, is an idealist position that conflates the conceptualization (iden-
tification) of a particular slice of reality with the creation of reality itself, neglecting 
the logic of phenomena. According to CQR, every phenomenon—quantum or clas-
sical—by definition presupposes an observer (something appears to someone). Like 
Wendt, CQR rejects the subject-object dichotomy, but not the distinction itself, which 
is logical in nature. The (real) object belongs to the category of the real. The subject 
is dual: On the one hand, it is part of reality (as a concrete, real subject), and on the 
other, when functioning as an observer, it performs a purely logical role, shifting its 
status to the ideal.

According to CQR, we come to know the things themselves; Whereas for Wendt, 
as for Kant, the things themselves are unknowable—there are inherent limits to 
human cognition: “The experience of a particle is ephemeral, and ‘what it is like’ to 
be one is probably beyond the human capacity to understand. Indeed, we face such 
an epistemic limit even in our dealings with other organisms, like Nagel’s bat, whose 
experiences are not ephemeral but persist in memory. At the highest level of biological 
organization – apes, chimps, and dogs – we might gain some genuine second-person 
understanding, but in general when it comes to interpreting meanings we are stuck 
in a bubble with our fellow human beings. Note, however, that these are limits to our 
knowledge, and as such do not mean that other organisms do not have meaningful 
experiences, much less that they are mere machines or objects” ([27], р. 285). Wendt’s 
position, therefore, remains within the boundaries of the modern paradigm.

8. �Conclusion

We have argued that the formalism of QM can be applied to modeling phenomena 
and systems beyond QM itself and even beyond physics—particularly in the domain 
of social sciences and humanities. Such applications are well documented (e.g., 
Khrennikov’s QLM). Additionally, we have substantiated the thesis that CR/CQR can 
provide a philosophical foundation for QLM. CR/CQR integrates conceptual therapy 
with the metaphysics of reality, the ideal, and of things themselves. It is a meta-meta-
theory that enables the unification of phenomena of vastly diverse nature—from the 
exact and natural sciences to the humanities.
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Abstract 

In this chapter, we examine how quantum coherence affects the effectiveness and 
performance of quantum Otto engines running in nonequilibrium conditions. Energy 
conversion on a quantum scale can be understood through the use of quantum Otto 
engines, which employ cyclic thermodynamic processes involving isochoric and adiabatic 
transformations. We examine how the ability to extract work from thermal reservoirs at 
different temperatures is impacted by preserving quantum coherence among the engine’s 
operating states.We investigate the dynamics of coherence under various nonequilibrium 
conditions and configurations, including changing temperatures and coupling strengths, 
using the Quantum Master Equation framework. According to our research, engines with 
improved quantum coherence perform noticeabl y better than their classical counterparts,
allowing for higher efficiencies and more work extraction. We also explore optimization
techniques and real-world applications for creating quantum heat engines that make use
of coherence as a vital resource. The potential of coherent quantum states in powering
next-generation energy systems is highlighted in this work, which connects theoretical
developments in quantum thermodynamics with real-world applications.

Keywords: quantum Otto engine, quantum coherence, nonequilibrium 
thermodynamics, engine performance, energy conversion, quantum heat engines

1. Introduction

Over the past 10 years, there has been a notable surge in the study of quantum
thermodynamics, indicating a promising convergence of thermodynamic and quantum 
mechanical concepts. The quantum Otto engine stands out among the other models 
studied because it has the potential to outperform classical engines by taking advantage of 
the quirks of quantum coherence. In order to identify the fundamental mechanisms that
improve engine efficiency under nonadiabatic processes, this chapter explores the
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complex relationship between quantum coherence and the performance of
nonequilibrium quantum Otto engines.

A characteristic of quantum systems, quantum coherence permits particles to exist in 
superpositions of states, potentially improving thermodynamic cycle performance. Prior 
research has mostly concentrated on the function of quantum coherence in equilibrium
situations, demonstrating how coherence can increase productivity and efficiency [1, 2]. 
However, there is still a dearth of research on the performance analysis of coherence in 
nonequilibrium settings of quan tum Otto engines, which this chapter aims to fill.

When the body of existing literature is critically examined, a pattern of research 
emerges that frequently restricts the analysis to idealized systems or equilibrium condi-
tions. The foundation for quantum heat engines, for example, was established by [3, 4]; 
however, their work did not take nonequilibrium dynamics into consideration. The sig-
nificance of nonequilibrium processes is emphasized in more recent research, such as that
by Plastina et al. [5], but their models do not a dequately incorporate the effects of
coherence.

Furthermore, while studies like Refs. [6, 7] have successfully demonstrated that 
dissipative environments can have a significant impact on quantum systems, they are 
unable to directly connect these environments to the role of coherence in improving 
engine performance. This discrepancy is important because, in real-world applica-
tions, quantum engines frequently experience large nonequilibrium effects under
operating conditions, particularly in modern quantum technologies like quantum
computing and quantum information processing.

The goal of this paper is to close this crucial gap by carefully examining the use of
quantum coherence in nonequilibrium quantum Otto engines [8]. Our objective is to 
gain a more thorough understanding of the thermodynamic potentials of these engines 
by extending the current models to include quantum coherence under nonequilibrium
circumstances. Our investigation will shed light on both the theoretical and practical
ramifications that may influence future quantum thermal machine designs.

2. Fundamental principles of the quantum Otto engine in the
thermodynamic cycle

The quantum Otto engine functions as a quantum counterpart to classical heat 
engines, adhering to thermodynamic principles through a cyclic process involving
work extraction and heat absorption [9]. This engine operates via four key processes: 
two adiabatic (where no heat is exchanged) [10] and two isochoric (where volume
remains constant) [11]. The analysis of these engines focuses on their efficiency in 
quantum environments, highlighting how quantum states are manipulated to harness
energy in a manner analogous to classical engines.

In the first stage, referred to as the quantum isochoric process, the system absorbs 
heat QH from a heated reservoir at a temperature TH while maintaining constant
volume. At thermal equilibrium, the working material’s density matrix is expressed as

ρh = 
exp - H' 

h 
kBTh

⎛ ⎞
Zh 

=
X 

n 
ph 
n∣ Ψn⟩⟨Ψn∣, (1)

where ph 
n = 

exp -
Eh 
n 

kBTh

⎛ ⎞
Zh 

indicates the population probabilities and Zh = 
P

n exp - Eh 
n 

kBTh

⎛ ⎞
is the partition function. The second stage involves an adiabatic
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expansion where the system, isolated from the heat source [12], evolves from an 
initial to a final state without heat exchange by absorbing energy and experiences a
transition in Hamiltonian [13–15] from H' 

h to H'
c.

The third stage encompasses a quantum isochoric cooling process where heat QC is 
emitted to a cold reservoir at a temperature TC while maintaining constant volume.
The density matrix is updated during this stage to

ρc = 
exp - H' 

c 
kBTc

⎛ ⎞
Zc 

=
X 

n 
pc n∣ Ψn⟩⟨Ψn∣, (2)

with Zc =
P

n exp - Ec 
n 

kBTc

⎛ ⎞
. The cycle is completed with adiabatic compression, 

yielding work from the transition of the system back to its initial state. The quantifi-
cation of heat transfer is expressed as

Qh = Tr H' 
hρh

( )
-Tr H' 

hρc
( )

and Qc = Tr H' 
cρ c

( )
-Tr Hcρh( ), (3)

with energy conservation, allowing us to calculate the net work output as

W = Qh +Qc , (4)

and the engine’s efficiency is defined as η = W
Qh
.

3. The role of quantum coherence

The phenomenon where quantum states exist in superpositions and may exhibit 
interference effects is known as quantum coherence [16]. Coherence has been shown to 
be important in manipulating quantum states for a variety of applications, such as 
quantum thermodynamics and quantum computing [17]. Koyanagi and Tanimura [18] 
mainly concentrate on creating a framework for nonequilibrium thermodynamics by 
employing a system-bath model and the dimensionless minimum work principle. 
Although “coherence” is not used specifically, it has a subtle influence, particularly in 
the focus on quantum entanglement and non-Markovian dynamics. Understanding and 
enhancing the performance of quantum Otto engines is made possible by this implicit 
presence of coherence. The chapt er’s emphasis on non-Markovian and nonperturbative
techniques subtly recognizes the value of coherence approaches [19, 20]. The memory 
effects and correlations resulting from the system-bath interaction are inherently 
neglected by Markovian approximations, which are frequently used to simplify the 
description of open quantum systems. In essence, these memory effects are an expres-
sion of the system’s and its surroundings’sustained quantum coherence. The author does 
not, however, specifically measure o r examine the precise role that coherence plays in
the engine’s performance [21]. Without breaking down the underlying quantum 
dynamics to separate the effects of coherent superpositions and quantum interference, 
the emphasis is still on analy zing thermodynamic potentials and work diagrams.

4. Quantum Master Equation framework

We generally use the Quantum Master Equation (QME) to study the dynamics of
quantum Otto engines in nonequilibrium conditions. A density matrix’s evolution
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under the influence of an external environment is mathematically described by the
QME [22]. The dynamics of a quantum system interacting with an external environ-
ment or bath are described by this framework. The Born-Markov approximation and
the density matrix formalism are commonly used in this derivation.

Consider a quantum system S described by the density matrix ρS and an environ-
ment (or bath) E described by the density matrix ρE. The total system, which com-
bines both the system and the environment, is denoted by ρSE.

The total Hamiltonian for the composite system can be expressed as

H = HS + HE + HSE , (5)

where HS represents the system’s Hamiltonian, HE represents the environment’s 
Hamiltonian, and HSE represents the system-environment interaction Hamiltonian.

For the initial state, we assume that the system and environment’s overall state can
be factored as follows t = 0:

ρSE 0(  ) = ρS 0(  )  ⊗ ρE, (6)

where ρS 0 is the initial state of the system and ρE is the state of the environment.
Time-based development according to Schrödinger’s equation, the evolution of the 

total density matrix under the influence of the total Hamiltonian is as follows [23]: 

(  )

ρSE t(  ) =  U  t, 0(  )ρSE 0 ( )U† t, 0( ), (7)

where U  t, 0  e- iHt is the time evolution operator.
We identify the degrees of freedom of the environment for the reduced dynamics 

of the system, which concentrate on the dynamics of the system S:

( ) =

ρS t(  ) = TrE ρSE t ( )[ ]: (8)

Substituting the expression for ρ SE t( ):

ρS t(  ) =  TrE U  t, 0(  )ρS 0(  )  ⊗ ρEU
† t, 0( )⎾ ⏋

: (9)

In the weak coupling regime, the Born Approximation was used. We assume that 
the interaction Hamiltonian HSE is weak enough that there is no significant change in
the environment while interacting with the system [24]. Consequently, we can esti-
mate U  t  , 0( )≈ 1:

ρS t(  )≈ ρS 0(  ) + TrE - i 
ðt 
0 
dt' HSE [ , ρSE t'( )]

⎾ ⏋
: (10)

The dynamics of the system are assumed to be local in time in the Markov 
approximation, which implies that environmental effects occur instantly. This enables 
us to estimate the integral over time t' as relying solely on the system’s present state.
The density matrix evolution takes on the following form when this simplification is
applied:

dρS t(  )  
dt 

= L ρS t( )[ ], (11)
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where L is the Liouvillian superoperator, which encodes the effects of the environ-
ment on the system [25]. 

The Lindblad form can be used to express the Liouvillian using the Lindblad
formulation of the master equation:

L ρS[ ] = - i  HS, ρS[ ] +
X 

j 
LjρSL

† 
j -

1 
2 

L† 
j Lj, ρS

{ }⎛
, (12)

where the term enclosed in curly brackets indicates the anti-commutator, and the 
Lindblad operators Lj represent the system’s interaction with the environment.

The final form of the Quantum Master Equation is:

dρS t(  )  
dt 

= L ρ S t( )[ ], (13)

where L captures the dissipative effects brought about by the interaction with the 
environment as well as the coherent evolution caused by the system’s Hamiltonian
[26]. Analysis of nonequilibrium dynamics and quantum thermodynamic processes is 
made possible by this equation, which characterizes the time evolution of the density
matrix of the quantum system under the influence of its surroundings.

4.1 Derivation of the Quantum Master Equation (QME)

Tracing out the bath degrees of freedom yielded the reduced density matrix of the 
system ρS  t(  )  , whose time evolution is described by the QME. The following proce-
dures are usually involved in the derivation:

Applying the von Neumann formula: The von Neumann equation describes how 
the entire system (system plus bath) changes over time:

dρ t(  )  
dt 

= - i  H  , ρ t( )[ ] (14)

Where: 
ρ t(  )  is the density matrix of the total system. H = HS +HE +HSE is the total

Hamiltonian.
In relation to the free Hamiltonians HS + HE ( ), this changes the interaction picture:

ρI t(  ) = ei  HS+HE( )tρ t(  )e- i HS+HE( )t (15)

HSE,I t(  ) =  ei  HS+HE( )tHSEe- i  H  S+HE( )t (16)

The von Neumann equation in the interaction picture becomes

dρI t(  )  
dt 

= - i  HSE,I t ( ), ρI t( )[ ] (17)

Formal Integration: Integrate the equation from 0 to t:

ρI t(  ) =  ρI 0(  )- i 
ðt 
0 
dt' HSE,I t'( ), ρI t'( )[ ] (18)
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Approximation of weak coupling (Born Approximation): Assume that the bath 
stays relatively close to its initial state because the system-bath interaction is weak. As
a result, we can roughly calculate the total density matrix as a product:

ρI t(  )≈ ρS,I t ( )⊗ ρE (19)

Assuming the bath is in thermal equilibrium, ρE represents its density matrix.
We make one iteration by replacing the integrated equation with the product state

approximation using the second-order perturbation theory:

dρI t(  )  
dt 

=- i  HSE,I t(  ), ρS,I t(  )⊗ ρE
⎾ ⏋

-
ðt 
0 
dt' HSE,I t(  ), H SE,I t'( ), ρS,I t'( )⊗ ρE

⎾⎾
(20)

Take a partial trace of the bath’s degrees of freedom in order to trace over it:

dρS,I t(  )  
dt 

= TrE - i  HSE,I t(  ), ρS,I t(  )⊗ ρE
⎾ ⏋{ }

…

-TrE 

ðt 
0 
dt' HSE,I t(  ), H SE,I t'( ), ρS,I t'( )⊗ ρE

⎾ ⏋⎾⎬ (21)

According to the Markov approximation, the bath has a short memory, which 
means that the system’s evolution at time t is solely dependent on its current state and 
not on its historical background. This enables us to extend the integration limit to
infinity and replace the integral ρS,I t( ) within ρS,I t( ):ðt 

0 
dt' … ≈ 

ð∞ 

0
dt' … (22)

When the bath correlation time is significantly less than the system’s relaxation
time, this approximation holds true.

In order to write the QME in the Lindblad form, Lindblad follows these procedures
and applies a few algebraic manipulations:

dρS t(  )  
dt 

= - i  HS, ρS t(  )[ ] +
X 

j 
LjρS t(  )L† 

j -
1
2

L†
j Lj

{
, ρS t( )}

⎛
(23)

where the Lindblad operators, which characterize the decoherence and dissipation 
processes, are Lj. They rely on the properties of the bath and the interaction between
the system and the bath. The anti-commutator is A,B = AB+ BA.

4.2 System-bath interaction Hamiltonian (HSE)

The interaction between the system and the bath. The interaction between the 
quantum Otto engine (the system) and its surroundings (the bath) is described by the
Hamiltonian (HSE). Since it determines the character of energy exchange and
decoherence processes, the particular form of HSE is essential.

HSE =
X 

j 
σj ⊗ Bj (24)

Where:
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An index called j adds up various interaction terms. σj are operators operating on 
the Hilbert space of the system. Depending on the particular coupling mechanism, 
these are usually Pauli operators σx, σy, σz

( )
or combinations of them. They stand for 

the system’s physical characteristics that interact with the bath. Bj are operators
operating on the Hilbert space of the bath. Usually, these are stated in terms of the
bath modes’ creation and annihilation operators:

Bj =
X 

k 
gk,j bk + b †k

( )
(25)

Where 
The index k is a sum of the various modes of the bath, such as the various harmonic 

oscillator frequencies. The coupling constants gk,j decides how strongly the system 
operator σj and the bath mode k interact. The spectral characteristics of the bath are 
frequently determined by these coupling constants, which are very important. For the 
k-th mode of the bath, the annihilation operator is bk, and the creation operator is b† 

k. 
According to the particular coupling mechanism, they satisfy the commutation rela-
tion [bk, b† 

k]  =  δk,k' . They stand for the system’s physical attributes that interact with 
the bath. The operators Bj act on the Hilbert space of the bath. Operators of the bath 
modes are used to express σx, σy, σz

( )
, which represent various kinds of interactions;

for example, σz ⊗Bj represents an energy exchange interaction. The energy level of
the system affects the bath and vice versa. Additionally, a dephasing interaction is
presented by σx ⊗Bj or σy ⊗Bj. While Bj

( )
is a bath that is frequently represented as a

set of harmonic oscillators, the bath affects the coherence of the system, but there is
no direct energy exchange. The excitation and de-excitation of these oscillators, which
indicate the energy absorbed or released by the bath, are described by the creation and
annihilation operators [27]. The strength of the system’s interaction with the various 
bath modes is then determined by the coupling constants gk,j

⎛ ⎞
. The spectral density

of the bath is defined as

J ω(  ) =
X 

k 
gk
| |2 

δ  ω  -ωk( ), (26)

how the coupling strengths are distributed across various frequencies. One important 
factor that establishes the characteristics of the bath and its impact on the system is
the spectral density. Typical spectral densities consist of Ohmic

J ω(  ) ∝ ωe-
ω 
ωc (27)

(where the cutoff frequency is ωc) symbolizes a bath with a wide variety of frequen-
cies and the super-Ohmic

J ω(  ) ∝ ωse-
ω
ωc (28)

(where s> 1) higher frequencies with a stronger coupling. Next, sub-Ohmic

J ω(  ) ∝ ωs (29)

(where 0< s< 1) lower frequencies with a stronger coupling.
As discussed earlier, the spectral density determines the nature of the bath’s influ-

ence on the system. Figure 1 provides a visual representation of these spectral
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Figure 1. 
Spectral densities for Ohmic, super-Ohmic, and sub-Ohmic baths. The plot illustrates the frequency dependence of 
the spectral density, J ω(  ), for each bath type. Parameters used the cutoff frequency ωc = 1, s = 2 for super-Ohmic,
and s = 0:5 for sub-Ohmic.

densities for Ohmic, Super-Ohmic, and sub-Ohmic baths, illustrating the differences
in their frequency dependence.

Figure 1 displays the spectral densities of three different types of baths: Ohmic, 
super-Ohmic, and sub-Ohmic, which are plotted as a function of frequency ω(  ).  The  
x-axis represents the frequency, ranging from 0 to 10, while the y-axis represents the 
spectral density, J ω(  ). The Ohmic spectral density increases linearly with frequency up 
to a certain point, then decreases exponentially due to the exponential cutoff term. The 
super-Ohmic spectral density exhibits a stronger increase at higher frequencies com-
pared to the Ohmic case, also with an exponential cutoff. The sub-Ohmic spectral 
density shows a slower increase with frequency, indicating a stronger coupling at lower 
frequencies. In nonequilibrium environments, these distinct spectral densities dictate 
how the system dissipates energy and evolves toward a steady state, influencing the 
rates of relaxation and decoherence. These spectral densities are critical f or understand-
ing the relaxation and decoherence processes that occur when a system is driven out of
equilibrium and interacts with its environment. The specific form J ω( ) determines the
timescales and pathways for energy dissipation and the loss of coherence.

5. Quantifying coherence of quantum Otto engine on thermodynamic
performance

Measuring coherence is essential to comprehending the thermodynamic perfor-
mance of the quantum Otto engine. We can examine how coherence dynamics
directly affect the engine’s efficiency by creating coherence metrics through
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simulations. We can investigate the effects of coherence control techniques on 
improving performance under different nonequilibrium circumstances by 
establishing a relationship between the degree of coherence and the engine’s thermo-
dynamic results. This study sheds light on how efficiency can be maximized by 
preserving or adjusting coherence, especially in quantum systems that function far
from equilibrium. These components can be combined to provide a thorough frame-
work for assessing and enhancing quantum Otto engine performance, which will
further the study of quantum thermodynamics.

5.1 Developing coherence measures

To quantify the amount of coherence present in the system at various stages of the 
thermodynamic cycle, which has two adiabatic and isothermal stages, we used the 
established measures of quantum coherence of the quantum Otto engine (qubit) for
relative entropy of coherence and 1-norm of coherence. We created the coherence
measures in the following manner using the density matrix principles: Density Matrix
Diagonalization:

ρdiag = diag diag ρ ( )( ) (30)

We add a tiny positive value ε as part of the regularization process for numerical
stability:

ε = 10- 10 (31)

Regularization is applied to the density matrix and its diagonal form:

ρregularized = ρ + εI 
ρdiag,regularized = ρdiag + εI

(32)

where I is the same-sized identity matrix as ρ.
The regularized density matrices’ logarithm is calculated as follows:

log ρregularized
⎛ ⎞

and log ρ diag,regularized
⎛ ⎞

(33)

Relative entropy of coherence calculation: Numerical stability is checked:

if any NaN log ρregularized
⎛ ⎞⎛ ⎞

∨any inf log ρ regularized
⎛ ⎞⎛ ⎞⎛⎛

(34)

We assign 

Crel = ∞, (35)

if this condition is satisfied. Otherwise, the following formula is used to calculate
the relative entropy of coherence:

Crel = tr ρregularized log ρregularized
⎛ ⎞

- log ρdiag,regularized
⎛ ⎞⎛⎛

(36)
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5.2 Analyzing the dynamics of coherence

To learn how coherence is created, preserved, and destroyed during the isothermal 
and thermostatic processes, it is necessary to monitor the changes in coherence mea-
surements over time. Coherence function for the isothermal process:

Cisothermal t(  ) = C0e - t (37)

where C0(  )  represents the initial measure of coherence at time t = 0(  ). This equation 
illustrates how the coherence of the quantum state diminishes exponentially over time 
due to decoherence effects. Specifically, the factor e- t(  )  indicates that as time pro-
gresses, the coherence decays, resulting in a reduction of quantum superposition and
entanglement within the system, which is characteristic of isothermal processes where
temperature remains constant. In contrast, the coherence function for the thermo-
static process is described by the equation

Cthermostatic t(  ) =  C0 1- e - 5t( )
(38)

This formulation indicates that coherence increases over time instead of decaying. 
The initial coherence measure C0(  )  is multiplied by the term 1- e- 5t( )( ), which 
reflects that coherence approaches its maximum value as time increases. The factor 
5t(  )  within the exponential indicates a rapid buildup of coherence compared to the
isothermal case, suggesting that the thermostatic process favors the maintenance or
enhancement of coherence over time. This behavior may be associated with the
interactions that stabilize the quantum system, facilitating sustained coherence,
unlike in the isothermal scenario (Figure 2). 

The dynamics of quantum coherence during the isothermal and thermostatic 
phases, two crucial steps in the quantum Otto cycle, are depicted in this figure.

Figure 2. 
Coherence in quantum Otto engine processes.
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Coherence decays exponentially in the isothermal process. This is in line with scien-
tific knowledge that when a system undergoes isothermal expansion or compression, 
it interacts strongly with a thermal bath, causing decoherence as the system’s quantum 
state entangles with the many degrees of freedom of the bath. The rate of decay 
reflects both the bath’s temperature and the strength of the system-bath coupling. On 
the other hand, the thermostatic process exhibits a gradual increase in coherence. This
implies that the system may be pushed in the direction of a more coherent state under
particular circumstances, perhaps by means of artificial interactions or outside forces
that oppose decoherence. Two crucial factors that affect the engine’s performance are
the rate of increase and the saturation level of coherence.

5.3 Correlating coherence with thermodynamic performance

Examining the connection between coherence metrics and important engine per-
formance indicators like entropy production, efficiency, and work output [11]. 

Figure 3. 
Performance metrics of the quantum Otto engine.
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Figure 3 links coherence to important thermodynamic metrics to provide a compre-
hensive picture of the engine’s performance. A measure of coherence within the work ing
substance that varies with time is probably depicted in the coherence evolution Figure 3 
(a).  The  engine’s capacity to draw energy from the thermal reservoirs is shown by the
work output in Figure 3(b). For the cycle to be optimized, the curve’s shape—particularly 
its peak value and duration—is essential. The engine’s ability to convert heat into work is
measured by the efficiency, as shown in Figure 3(c). Less energy wasted as heat is 
implied by higher efficiency. Lastly, the irreversibility of the cycle is shown in the entropy
production in Figure 3(d). Because it suggests a more reversible and effective process, 
lower entropy production is preferred. It is possible to deduce h ow coherence directly
affects the engine’s thermodynamic performance by examining these plots collectively.

5.4 Exploring coherence control strategies

Establishing methods to adjust and regulate coherence in the system, such as by 
applying external driving fields or modifying the system-bath coupling, in order to
maximize engine performance [29]. Coherence model with coupling and external
driving field effects:

C  t(  ) =  C0e- γt + sin 2πt (39)

The time-dependent coherence (C(t)) of the quantum system, which is essential for 
the effectiveness of the quantumOtto engine [8], is modeled by this equation, whereC0 is 
the  initial  coherence  measure  and  γ is the coupling strength. The term C0e- γt( )  denotes 
the decay of initial coherence due to interactions with the environment (influenced by the
coupling strength γ( )). According to McKeever et al. [29], as time passes, coherence 
decreases, which impacts the system’s capacity to utilize quantummechanical advantages. 
The effects of external driving fields are taken into account by the second term, sin 2πt( , 
which contributes periodic oscillations that can momentarily improve coherence. In order 
to achieve opt imal work output in the cycle, this model emphasizes the delicate balance
between coherence loss and potential revival through external influences [30]. Work 
output in relation to coherent interactions with the environment (affected by the coupling 
strength γ(  )). Coherence decreases with time, which impacts the system’s  capacity  to  
utilize the benefits of quantum mechanics. W = C2 According to this equation, the 
quantum Otto engine’s work output W(  )  is a quadratic function of coherence C( ). It
shows that the work generated is directly proportional to the square of the coherence
level; therefore, higher coherence leads to significantly greater work extraction [31, 32]. 
This relationship highlights the significance of preserving high coherence in the engine’s 
states because it increases the capacity to perform useful work, which is consistent with 
quantum thermodynamic efficiency, where coherence improves the energy conversion 
process. Efficiency is based on work output η = W 

1+W. In this context, efficiency (η)  is  the  
relationship between the total energy input, represented as (1 +W), and the work output
(W). According to this formulation, the system’s effective energy is equal to the work
performed plus a baseline energy (normalized to 1). Realistic restrictions on energy
conversion processes are reflected in the efficiency [33], which rises as work output rises 
and approaches but never quite reaches the maximum value of 1. This efficiency formula 
shows how the quantum Otto engine’s overall performance can be enhanced by increased 
coherence and work output. The relationship between coherence and entropy production: 
S = - log C+ 1x 10- 6( )

(where 1x 10- 6 is added to avoid log 0( )). The entropy
production S( ) with respect to coherence C( ) is defined by this equation. The notion that
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Figure 4. 
Quantum Otto engine coherence control simulation.

entropy decreases with increasing coherence, suggesting a more ordered quantum state
[34], is reflected in the negative logarithm of coherence (with a tiny offset 1x 10- 6(

to 
prevent mathematical singularities). This relationship illustrates how preserving coher-
ence can lower entropy and improve performance in the context of the quantum Otto
engine. According to Gonzalo Manzano et al. [35], the laws of quantum thermodynamics 
state that a system with lower entropy production has a greater capacity to extract work
effectively from thermal reservoirs (Figure 4). 

The effect of coupling strength γ(  ) on engine performance is examined in this 
figure. The relationship between the system and its surroundings is represented by the 
coupling strength. The figure probably illustrates how changing γ results in distinct 
coherence dynamics, which in turn impact efficiency, entropy production, and work 
output. While a strong coupling (large γ) may accelerate decoherence while enhancing
energy exchange, a weak coupling (small γ) may limit energy exchange while
maintaining coherence. A trade-off between these conflicting effects is represented by
the ideal γ value. The data in the figure can be used to determine the optimal coupling
strength [36] for enhancing engine performance in particular operating scenarios.

5.5 Coherence and efficiency

Coherence can improve quantum engine performance beyond classical bounds, 
according to earlier research. Coherence, for example, may enhance work output and
allow for greater resilience against thermal noise [5, 37]. The given equations can be 
obtained from a general framework that incorporates the ideas of performance in
energy conversion processes and coherence in quantum systems [38, 39]. 

5.5.1 Coherence decay model

A quantum system’s decaying coherence over time can be represented as C  t(  ) =  
C0e- λt where the decay constant is represented by λ. The coherence decay in a
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quantum system over time is represented by this equation. Where C  t(  )  represents the 
coherence at time t(  ), C0 is the initial coherence value, which represents the maxi-
mum coherence when the system is perfectly coherent at t = 0(  )  , and λ is the decay
constant, which indicates the rate at which the coherence decreases with time. A loss
of information and performance in quantum tasks is indicated by the exponential
decline in the coherence of the quantum state over time.

5.5.2 Quantum performance with coherence

In coherent quantum systems, the ability to maintain these superpositions enables 
more effective quantum interference, allowing for optimized energy transfer and 
reduced decoherence impacts. This can lead to improved performance in quantum 
technologies, such as quantum computing and quantum thermodynamics, where 
maintaining coherence is essential for achieving tasks like information processing and
energy conversion. Consequently, the interplay between coherence, efficiency, and
work output highlights the importance of quantum coherence in realizing the full
potential of quantum mechanical systems in practical applications. Coherence in a
quantum system can be linked to efficiency and work output:

Wquantum = f  C(  )2 = C  t(  )2 = C0e- λt( 2 

ηquantum = 
Wquantum

1+Wquantum
= C t( )2

1+ C t( )2

The square of a quantum system’s coherence determines how much work it pro-
duces. This formula uses a quantum system’s work output to determine its efficiency.
Because of the quadratic relationship with work output, efficiency rises with coher-
ence [40, 41]. Efficiency increases with high coherence, highlighting the significance 
of preserving quantum states for peak performance.

5.5.3 Classical performance model (without coherence)

In quantum Otto engines, thermal noise plays a critical role in determining the 
work output by introducing fluctuations that affect the system’s efficiency. As these 
engines operate between two thermal reservoirs, the random energy exchanges due to 
thermal noise can lead to variations in the engine’s performance during the adiabatic 
and isothermal processes. High levels of thermal noise can result in energy losses that
hinder the engine’s ability to convert heat into work effectively. Therefore, under-
standing and mitigating the effects of thermal noise are essential for optimizing the
work output of quantum Otto engines, allowing for improved performance in
converting thermal energy into mechanical work. Thermal noise determines the work
output in a classical system.

Wclassical = g thermal_noise( ) = 1- thermal_noise 
η classical = Wclassical

The amount of energy that can be used, less the energy lost to thermal noise, is the 
work output in classical systems. The direct effect of thermal noise on energy conver-
sion is reflected in the fact that the efficiency of a classical system is simply equal to its
work output. Since coherence is not a factor in efficiency in classical systems, thermal
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noise limits performance, leading to a simpler relationship. The combined framework 
could put these components together in a single equation that encapsulates both 
quantum and classical performance under thermal noise and coherence, W = 
Wquantum + Wclassical, and η = W 

1+W where η is the overall efficiency and W is the total 
work output taking into account both quantum coherence decay and classical perfor-
mance. Using this framework, you can examine various quantum and classical system
regimes while accounting for the effects of thermal noise and coherence. Coherence is
emphasized in the quantum model, which demonstrates how preserving coherence
can result in improved efficiency and performance. In contrast, efficiency is directly
correlated with usable energy in the classical model, which is simple in terms of
energy loss from thermal effects.

A direct comparison between a classical Otto engine without coherence and a 
quantum Otto engine with coherence is shown in this figure. Utilizing quantum 
coherence is advantageous, as evidenced by the quantum engine’s increased efficiency 
and work output. This “quantum advantage” of using coherence is quantified by the
difference between the two curves. This illustration demonstrates how quantum
thermodynamics has the ability to convert energy beyond classical bounds.

While classical systems are limited by thermal fluctuations, quantum systems can 
use coherence to achieve better performance, as explained by the extracted equations. 
To model and optimize the systems being studied, you can change parameters such as 
C0 , λ, and thermal noise. Each of these equations illustrates how quantum mechanical
concepts relate to thermodynamics and clarifies the functions of coherence, energy
transitions, and overall efficiencies in the functioning of the quantum Otto engine.

5.6 Contribution of coherence on quantum Otto engine

Employing MATLAB/Octave, a program was created to model a quantum Otto 
cycle and examine how various coherence levels affect productivity and efficiency.
Representation of density matrix: The quantum Otto cycle’s initial density matrix ρ is
defined as

ρinitial = coherence_init2 1  0  
0  0

⎾ ⏋
+ 1 - coherence_init2
( 0 0

0 1

⎾

The initial density matrix (ρ) that depicts the system’s quantum state is defined by 
this equation. Two pure states are combined in the density matrix: the excited state 
(with the complementary probability) and the ground state (with coherence squared, 
which represents the probability of being in that state). Each state’s contribution is
altered by the parameter (coherence_init), where a higher coherence denotes a stron-
ger presence of one state relative to the other. The density matrix and reservoir
temperature are used to compute the energy from the thermal states:

Ehot = - log trace exp -
ρinitial 
Thot 

⎛ ⎞⎛ ⎞⎛
(40)

Ecold = - log trace exp -
ρcurrent 
Tcold 

⎛ ⎞⎛ ⎞⎛
(41)

The system’s energy in thermal equilibrium with the heated reservoir is calculated 
using this equation. The temperature-scaled trace of the exponential of the negative
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density matrix is used. In order to determine how much energy is available for work 
extraction, the free energy associated with the quantum state is evaluated using the 
logarithm. This formula computes the energy when the system interacts with the cold 
reservoir, just like it does with the hot reservoir. The modified density matrix after
taking coherence decay into account is denoted by (ρcurrent). The difference in energy
between the hot and cold reservoirs is used to compute the amount of work completed
at each stage of the simulation:

Wdone = Ehot -E cold (42)

The difference between the energies determined for the hot and cold reservoirs is 
the amount of work completed at each stage of the cycle. Positive work is extracted if 
the hot reservoir’s energy is higher; if not, the system may absorb energy. The sum of
the work produced during the simulation steps is calculated:

work_output+ =  Wdone (43)

By adding the work completed in each iteration, this shows the total amount of 
work produced during all simulation steps. It shows how much energy was taken out
overall during the Otto cycle. Following each step, the coherence exponentially
decays:

current_coherence = coherence_init . e-decay_rate.step (44)

This equation represents the decay of coherence over time, with decay_rate dictat-
ing the rate of decay. Coherence falls off exponentially with each simulation step, 
simulating the loss of distinguishability in quantum states. Using the total work output
divided by the total energy supplied by the hot reservoir, the cycle’s efficiency can be
computed:

efficiency = 
work_outputs 

Thot . num_steps
(45)

The ratio of total work output to total energy supplied by the hot reservoir over all 
steps is the definition of efficiency in this context. It gauges how well the system uses
the quantum Otto cycle to transform thermal energy into work. To make the work
outputs comparable, normalize them:

normalized_work_outputs = work_outputs 
max work_ outputs( ) (46)

The work outputs are rescaled during this normalization process to fall between 0 
and 1. By acting as a benchmark, the maximum work output makes it easier to
compare various coherence levels without losing sight of their relative magnitudes.

The relationship between efficiency and coherence level is plotted explicitly in
Figure 5. The increasing trend implies that efficiency increases with coherence. The 
nature of this relationship is revealed by the curve’s shape (linear, quadratic, etc.). 
Further context is given by the plots of total work output and normalized total work
output, which demonstrate the impact of coherence on the overall energy extraction.
To comprehend the quantitative advantages of keeping the engine coherent, this
figure is crucial (Figure 6).
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Figure 5. 
Coherence enhancement in quantum Otto engine performance.

6. Nonequilibrium conditions in quantum systems

Nonequilibrium conditions occur when a quantum system fails to achieve thermal 
equilibrium with its surroundings; in the case of quantum Otto engines, these condi-
tions may include time-dependent Hamiltonians, fluctuating coupling strengths, or
different temperatures. Temperature profiles for the hot and cold reservoirs:

Thot t(  ) = 1+ 0:5 sin 2 πt( ) (47)

This equation models the temperature of a hot reservoir that fluctuates sinusoi-
dally over time, oscillating between 0.5 and 1 units. This reflects a periodic variation in
temperature, common in nonequilibrium systems where energy inputs or extraction
vary cyclically.

Tcold t(  ) =  0:5+ 0:2 cos 2πt( ) (48)

Similarly, this equation describes the temperature of a cold reservoir that changes 
over time, oscillating between 0.2 and 0.5 units. The cosine fluctuation suggests that
the cold reservoir experiences periodic cooling and heating, contributing to the
nonequilibrium state. Fluctuating coupling strength:

g  t(  ) =  0:1+ 0:9 sin 2πt( ) (49)

This equation represents the strength of the coupling between the hot and cold
reservoirs, varying periodically between 0.1 and 0.9. Such fluctuations are significant
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Figure 6. 
Simulation of the performance of a quantum Otto engine over 100 steps, illustrating the impact of varying 
coherence levels on work output. The engine operates between a hot reservoir at a temperature of 1.0 and a cold
reservoir at 0.1, while accounting for a coherence decay rate of 0.01 over time.

in nonequilibrium environments because they affect the transfer of energy between 
the two reservoirs, influencing the overall system dynamics. Time-dependent Hamil-
tonian:

H  t(  ) =  1+ 0:5 cos 4πt( ) (50)

The Hamiltonian describes the total energy of the system, which also varies over 
time due to the cosine oscillation. This indicates that the energy landscape of the
system is changing dynamically, which is typical in nonequilibrium scenarios where
external conditions or interactions are not fixed. Temperature difference:

ΔT = Th -T c (51)

This equation computes the temperature difference between the hot and cold 
reservoirs. In nonequilibrium environments, a positive difference (when Th >Tc( )) is
essential for driving energy transfer processes, as this gradient is the force behind heat
flow. Work output formula:

curr_work = 
g . ΔT . e-H,  ifΔT > 0
0, otherwise

⎬
(52)

This equation calculates the work output of the system based on the coupling
strength, temperature difference, and the exponential decay factor related to the
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Hamiltonian. It highlights the efficiency of energy conversion processes in 
nonequilibrium environments, indicating that work is produced only when there is a 
temperature gradient. The exponential term suggests that as energy in the system
increases (as controlled by H), the work output decreases, which might represent
losses due to nonconservative processes. Efficiency calculation:

curr_efficiency = curr_work 
Th + 1x 10 - 6 (53)

This equation defines the efficiency of the work output relative to the temperature 
of the hot reservoir. The addition of a small term (1x 10- 6) ensures that the denom-
inator does not approach zero, which is crucial for maintaining defined efficiency
calculations even at extremely low temperatures. In nonequilibrium settings, this
efficiency metric is critical for assessing how effectively the temperature gradient is
harnessed for work (Figure 7). 

The amplitude and frequency of these oscillations are crucial parameters that 
characterize the engine’s response to nonequilibrium conditions. This figure exposes 
the difficulties of running quantum engines in realistic environments and the neces-
sity for strong control strategies. The work output and efficiency plots most likely
exhibit oscillations or fluctuations, reflecting the time-dependent nature of the envi-
ronment (e.g., fluctuating temperatures).

Figure 7. 
Simulation of quantum Otto engine in nonequilibrium environments.
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Figure 8. 
Simulation of the quantum Otto cycle under varying levels of coherence and nonequilibrium.

6.1 Numerical simulations

Models that simulate the quantum Otto cycle under various coherence and 
nonequilibrium parameters were implemented using MATLAB/Octave. We set the 
number of steps to 100, the number of time steps for the simulation temperature in a 
hot bath to 1.0, the temperature of the hot reservoir in a cold bath to 0.1, the
temperature of the cold reservoir’s initial coherence to 0.5, and the initial coherence
level to 1.0. The results indicate a final coherence level of 0.1839 and a total work
output of -129.3280 (Figure 8). 

The effects of different coherence levels and nonequilibrium conditions on the 
engine’s performance are combined in this figure. The coherence decay plot illustrates 
how coherence deteriorates over time, while the cumulative work output plot displays
the total energy extracted over several cycles. The engine’s long-term stability and
efficiency under realistic operating conditions can be evaluated by combining these
plots [42]. This number is essential for creating workable quantum heat engines that 
can continue to operate well even in the presence of noise from the environment.

6.2 Analytical techniques

Utilizing both perturbative and nonperturbative methods to gain an understanding 
of how coherence improves performance in the presence of environmental interac-
tions (Figure 9). 

The figure compares the two methods. The system-environment interactions are 
strong, and a perturbative treatment is insufficient if the curves from the perturbative
and nonperturbative methods differ significantly [17]. The nonperturbative method 
offers a more accurate assessment of the engine’s efficiency and the function of 
coherence in these situations. The figure offers insights into the circumstances in
which coherence can be successfully harnessed for increased efficiency and aids in
validating the theoretical models used to describe the quantum Otto engine.

7. Practical implications

Investigating quantum coherence under nonequilibrium conditions is a novel field 
of study with important applications in many different fields of science and
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Figure 9. 
Perturbative and nonperturbative approaches in deriving how coherence enhances efficiency amidst environmental
interactions.

technology. The potential for revolutionary applications, ranging from quantum 
computing to energy efficiency and advanced material science, becomes more evident
as more research reveals the complex interactions between these theoretical con-
structs.

7.1 Quantum computing and information processing

The development of quantum computing technologies is one of the most impor-
tant consequences of comprehending the connection between quantum coherence and 
nonequilibrium states. The superposition states that allow qubits to perform compu-
tations far more efficiently than classical bits depend on quantum coherence. Coher-
ence is crucial for obtaining reduced error rates in quantum gates, which are essential
parts of quantum circuits, according to research by [43]. Coherence under 
nonequilibrium conditions makes it feasible to create more reliable quantum algo-
rithms that can execute intricate computations more quickly, opening the door for
advances in cryptography and optimization issues.

7.2 Energy-efficient devices

Another crucial use of this research is the creation of effective quantum heat 
engines. The subtleties of quantum systems functioning in nonequilibrium conditions, 
which can be used to greatly improve performance, are not taken into consideration
by traditional thermodynamics. According to Kosloff and Levy [44], these engines 
can perform better than their classical counterparts in terms of work output per cycle

2167



Perspectives on Quantum Technologies – Modeling, Simulation, and Implementation

because they are based on concepts that take advantage of coherence. Innovations in 
sustainable energy technologies may result from this, advancing greener energy solu-
tions that reduce waste and boost energy conversion processes’ overall effectiveness.

7.3 Advancements in materials science

Understanding quantum coherence in nonequilibrium settings can help materials 
scientists create new materials with remarkable qualities. Maintaining coherence in 
materials can lead to improved conductivity or special optical properties, both of
which are critical for photonics and electronics applications. For instance, studies on
superconducting qubits by Nakamura et al. [45] show how important coherence is to 
achieving effective energy transfer, pointing the way toward the creation of materials
that function well at room temperature.

7.4 Quantum networks and communication

The implications also apply to quantum communication systems, where quantum 
networks’ performance and dependability can be improved by preserving coherence 
in nonequilibrium states. The potential for more secure communication protocols
using quantum entanglement and coherence is highlighted by research by Gisin et al.
[46]. Effective coherence management and utilization will be critical as quantum 
networks develop in order to create reliable connections over greater distances, which
is critical for the developing quantum internet.

7.5 Advanced sensing technologies

Furthermore, revolutionary improvements in sensing technologies are possible 
through an understanding of quantum coherence under nonequilibrium conditions. 
By taking advantage of quantum superposition and entanglement, quantum sensors
are able to achieve sensitivity levels that are significantly higher than those of classical
sensors. Research by Van der Wal et al. [47] shows how quantum sensors can identify 
even the smallest changes in environmental parameters, leading to innovations in
navigation, environmental monitoring, and medical diagnostics.

7.6 Energy storage innovations

Finally, novel approaches to energy storage could result from the interplay 
between quantum coherence and nonequilibrium states. Advanced batteries and 
supercapacitors with improved storage capacities and quicker charge-discharge cycles 
can be designed by optimizing quantum states for energy capture and release. Batte-
ries with considerably shorter charging times and longer lifespans could result from
research into these systems, which would help power grids incorporate renewable
energy sources.

An extensive range of real-world applications in various industries is made possible 
by the study of quantum coherence and nonequilibrium conditions. The potential to 
convert these theoretical insights into practical innovations grows more promising as 
research continues to expand our understanding. A more connected and sustainable
technological future can be achieved by embracing the concepts of quantum mechan-
ics to address current issues in computing, energy efficiency, materials development,
and other fields. Future engine designs that are optimized for quantum computation,
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renewable energy sources, or nanoscale devices may benefit from these insights. 
Additionally, developing more accurate thermodynamic frameworks that take coher-
ence effects into account may aid in the development of new protocols for quantum
systems.

8. Conclusion 

To sum up, this chapter has investigated the complex connection between 
nonequilibrium quantum Otto engine performance and quantum coherence. We have 
demonstrated how preserving quantum coherence can greatly improve engine per-
formance, resulting in higher work extraction and efficiencies when compared to
classical counterparts, by utilizing the Quantum Master Equation framework and
creating particular coherence measures.

The difficulties and possibilities of using coherence for useful purposes were dem-
onstrated by our research into nonequilibrium circumstances, such as changing tem-
peratures and coupling strengths. The analytical methods and simulations that are
offered provide insightful information about how to optimize engine parameters for
reliable performance in realistic settings.

Quantum computing, energy-efficient devices, materials science, quantum net-
works, and advanced sensing technologies are just a few of the domains where this 
research has practical implications. We can open the door for revolutionary inventions
that take advantage of the special qualities of quantum systems by comprehending
and adjusting coherence.

With a focus on the potential of coherent quantum states to power next-generation 
energy systems and quantum technologies, this work connects theoretical develop-
ments in quantum thermodynamics with real-world applications. To further improve
coherence and realize the full potential of quantum Otto engines, future research
should concentrate on creating increasingly complex control schemes and investigat-
ing new materials.
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Chapter 4

Quantum Speedup in Molecular 
Integral Evaluation through
Angular Momentum Coupling
Hang Hu, Gilles Peslherbe, Hsu Kiang Ooi and Anguang Hu

Abstract 

This chapter introduces a novel computational formalism utilizing Solid Harmonic 
Gaussian Orbitals (SHGOs) for efficiently calculating molecular integrals. Despite the 
prevalent utilization of Cartesian Gaussian Orbitals (CGOs) attributed to their straight-
forward nature, they inadequately capitalize on the intrinsic rotational symmetry charac-
teristic of quantum systems. SHGOs, in contrast, clearly separate radial and angular 
components and align naturally with angular momentum symmetries. This alignment 
significantly enhances computational efficiency and accuracy in quantum chemical cal-
culations. The approach described here leverages advanced angular momentum algebra 
techniques, particularly vector-coupling and vector-uncoupling schemes, to systemati-
cally reduce the complexity of molecular integral evaluations. By leveraging Clebsch-
Gordan coefficients and Wigner 3-j symbols, the developed formalism significantly 
enhances computational efficiency over conventional CGO methods, as evidenced by a 
notable decrease in floating-point operations. Moreover, this SHGO-based method offers 
promising connections to emerging quantum computing applications. Quantum comput-
ing architectures inherently employ angular momentum entanglement principles, ren-
dering SHGOs exceptionally wel l-suited for native quantum simulations. Specifically,
angular momentum entanglement networks constructed from Clebsch-Gordan transfor-
mations capture rotational properties effectively, enabling scalable quantum simulation
platforms and enhancing computational accuracy. Additionally, this methodology has
significant implications beyond traditional quantum chemistry, offering pathways for
quantum sensing and imaging technologies through the explicit consideration of orbital
angular momentum. This integrated framework thus positions SHGO-based methods at
the forefront of computational quantum chemistry, providing a critical tool to bridge
classical methodologies with quantum computational advancements.

Keywords: solid harmonic Gaussian orbitals, quantum chemistry, angular 
momentum entanglement, Clebsch-Gordan coefficients, molecular integrals,
quantum computing

1. Introduction

The field of computational quantum chemistry emerged from the pioneering
efforts to solve Schrödinger’s equation in the early twentieth century, aiming to
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accurately predict electronic structures and chemical properties [1–3]. The introduc-
tion of the Hartree-Fock method marked a significant advancement in the computa-
tion of electronic structures. This method systematically approximates electron-
electron interactions through a mean-field approach [4–6]. Subsequently, density-
functional theory (DFT) offered an alternative by concentrating on electron density 
instead of directly addressing wavefunctions, thereby facilitating more practical cal-
culations for larger molecular systems [7–9]. In recent decades, Kohn-Sham density 
functional theory (KS-DFT) has become one of the most widely used quantum
mechanical modeling methods, particularly for computing ground-state energies in
periodic systems [7–9]. KS-DFT simplifies the solution of the Schrödinger equation by 
reducing its complexity from a 3 N problem, where N is the number of electrons to an 
electron density map. The key insight of KS-DFT is the recognition that many prop-
erties of materials can be accurately determined from electron density alone, thereby
greatly simplifying computations.

In the time-independent Schrödinger equation [10–12], when the Hamiltonian 
operator bH acts on the stationary electronic wavefunction Ψ, the result is the station-
ary state energy E multiplied by the wavefunction Ψ, as expressed by:bHΨ ¼ EΨ (1)

Central to many computational methods in quantum chemistry is the representa-
tion of the wavefunction using a set of basis functions. Basis functions mathematically
describe the spatial probability distribution of electrons around atoms and molecules
[13–16]. Typically, these functions have two distinct components: a radial part, which 
describes electron distribution as a function of distance from atomic nuclei, and an 
angular part, which is an eigenfunction of the angular momentum operator. This
structured representation forms the foundational framework upon which modern
computational chemistry methods are constructed.

Systems exhibiting rotational symmetry particularly benefit from angular 
momentum considerations, as angular momentum algebra can greatly simplify the
otherwise intricate mathematical formulations encountered in quantum chemistry
[17–19]. Complex integrals can often be decomposed into two distinct types of terms. 
One set is rotationally invariant and directly dependent on the physical characteristics 
of the quantum system. The second set solely depends on the system’s rotational
symmetry and can be systematically expressed using angular momentum algebra
[17–19]. These algebraic techniques, refined over decades, have proven invaluable 
across various domains, including atomic spectroscopy, molecular interactions, and
nuclear reaction studies [4, 20]. 

In contemporary computational quantum chemistry, Cartesian Gaussian Orbitals 
(CGOs) have historically dominated computational implementations due to their
mathematical simplicity and straightforward numerical integration [21–25]. CGOs 
simplify integral evaluations, making them particularly attractive for computational 
algorithms. Typically, calculations using CGOs are carried out extensively, with a 
conversion to Solid Harmonic Gaussian Orbitals (SHGOs) performed only in the final 
evaluation steps of integrals. Although computationally convenient, CGOs inherently 
misalign with the intrinsic rotational symmetry of quantum systems, leading to inef-
ficiencies and redundancies when modeling spherical symmetry. In contrast, SHGOs
present a sophisticated alternative explicitly engineered to leverage spherical symme-
try. SHGOs clearly separate the radial and angular dependencies, with the angular
component directly corresponding to eigenfunctions of the angular momentum
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operator. This intrinsic alignment with rotational symmetry significantly streamlines 
computational processes, particularly in systems where spherical symmetry is promi-
nent. Despite their evident theoretical advantages, SHGOs have predominantly been
investigated for one-electron molecular integrals, resulting in the relatively underde-
veloped application of SHGOs in the domain of more complex two-electron molecular
integrals [26–31]. 

Addressing this computational gap, this chapter introduces a novel SHGO-based 
formalism designed explicitly for the efficient calculation of molecular integrals. Our 
approach leverages advanced angular momentum algebra techniques—specifically 
vector-coupling and vector-uncoupling methods—to exploit symmetry properties 
systematically, resulting in markedly simplified and computationally efficient integral 
evaluations. The fundamental advantage arises from the direct coupling and 
uncoupling mechanisms inherent in the angular momentum structure of SHGOs, 
enabling substantial reductions in computational complexity. Furthermore, adopting
SHGO methods provides promising pathways toward quantum computing applica-
tions. Quantum computing architectures inherently leverage angular momentum
coupling principles, making SHGOs particularly suitable for quantum simulations. By
integrating SHGO methodologies within quantum computational frameworks, signif-
icant advancements in computational accuracy and efficiency can be realized, posi-
tioning SHGOs as a valuable bridge between classical computational chemistry and
emerging quantum technologies.

2. Molecular integrals

In general, SHGOs are defined as

χla a
!
α 

ma 
r! ¼ N  la, αð  ÞYla 

ma 
r! - a! e -α r!-a!j j2 (2)

where a! is the orbital atomic center, α the Gaussian exponent, N  la, αð  Þthe normaliza-

tion constant, and Yla 
ma 

r! - a!
⎛ ⎞

are solid harmonics, solutions of the Laplace equation.

Solid harmonics are related to the spherical harmonics as [18]. 

Yl 
m r!
⎛ ⎞

¼ 
------------
4π 

2lþ 1 

/
rlY lm θ,ϕð Þ (3)

where Ylm θ,ϕð  Þ  are the spherical harmonics with the phase convention of Condon and
Shortley [4], θ is the polar angle, ϕ is the azimuthal angle, l and m are the orbital 
angular momentum and magnetic quantum numbers, respectively, r is the radial
distance from the origin. By applying the Hobson theorem of solid harmonics [32] 
SHGOs can be further simplified through the use of solid harmonic derivatives with
respect to the orbital atomic center,

χla a
!
α 

ma 
r!

⎛ ⎞
¼ N  la, αð  Þ  1 

2α 

l 
Yla 
ma 

∇a !
( )

e-α r!-a!j j2 (4)

Without the normalization constants, the general expression for a molecular over-
lap integral is of the form
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Sa!b
! 

αβ lama, lbmbð Þ ¼  
1 
2α

⎛ ⎞la 1 
2β

⎛ ⎞lb ⌠
Yla 
ma 

r! - a!
⎛ ⎞

Ylb 
mb 

r! - b
!⎛ ⎞

e-α r!-a! j  j2 

e -β r!-b
!|| ||2

dτ (5)

Sa!b
! 

αβ lama, lbmbð Þ is the overlap between two Gaussian-type orbitals centered at a! 

and b
! 
, each characterized by angular quantum numbers lama, lbmb, respectively. α 

and β are the Gaussian exponential parameters. Using the Gaussian product rule, we

can shift the center from a! and b
!
and bycenter at P

!

e-α r!-a! j  j2 

e-β r!-b
!| |2 

¼ e-
αβ 
αþβ a

!-b
!| |2 

e- αþβ ð Þ r!-P
!| |2

(6)

where P
! ¼ αa!þβb

! 

α β , and integration yields overlap integrals given by

Sa!b
! 

αβ lama, lbmbð Þ ¼  1 
2α

⎛ ⎞la 1 
2β

⎛ ⎞lb π 
α þ β

⎛ ⎞3 
2
⌠
Yla 
ma 

r! - a!
⎛ ⎞

Ylb 
mb 

r! - b
!⎛ ⎞

e-
αβ 
αþ β a!-b

!|| ||2
dτ (7)

þ

The overlap integral in Eq. (7 ) can be evaluated by applying the differential 
and product rules of solid harmonic derivatives [27]. This approach is similar 
to the previously derived vector-uncoupling scheme of angular momentum 
because there are no terms related to the la þ lbquantum number [27]. However, 
this is suboptimal in terms of computational efficiency, with too many harmonic deriv-
atives acting on different atomic centers, resulting in deep angular momentum coupling 
of the atomic orbitals. Our new approach eliminates the harmonics derivatives
with the addition of angular momentum [18]. Following the addition theorem, 
we can shift orbital atomic centers of the solid harmonics from a! and b

! 
to the same 

center P
! 
of the Gaussian e- αþβð  Þ  r !-P

!|| ||2
, and obtain the following equation

Yla 
ma 

r! - a!
⎛ ⎞

¼
Xla 

l1¼0 
β 

α þ β 

la-l1Xl1 

m1¼-l1 
εlal1mam1Y

la-l1 
ma-m1 

a! - b
!⎛ ⎞

Yl1
m1

r! - P
!⎛
(8)

Here, the vector-coupling coefficients of angular momentum are given by [33]. 

εl1l2m1m2 ¼ 
---------------------------------

l1þm1 
l2þm2

⎛ ⎞
l1-m1 
l2-m 2

⎛ ⎞/
(9)

and are also Clebsch-Gordan (CG) transformation coefficients [26]. Therefore, a two-
center overlap integral transforms into a single-center integral,

Sa!b
! 

αβ lama, lbmbð Þ ¼ e-
αβ 
αþβ a

!-b
!| |2 Xla 

l1¼0 

β 
αþ β 

la-l1 

Xl1 
m1¼-l1 

εlal1mam1Y
la-l1 
ma-m1 

a! - b
!⎛ ⎞Xlb 

l2¼0 

α 
αþ β

⎛ ⎞lb-l2 

Xl2 

m2¼-l2 

εlbl2mbm2Y
lb-l2 
mb-m2 

b
! - a!

⎛ ⎞ ⌠ 
Yl1 

m1 
r! - P

!⎛ ⎞
Yl2 

m2
r! - P

!⎛ ⎞
e- αþβð Þ r!-P

!|| ||2
dτ (10)
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Using Eq. (3), we can convert the solid harmonics in the last line of Eq. (10) into 
spherical harmonics. ⌠ 

Yl1 
m1 

r! - p!
⎛ ⎞

Yl2 
m2 

r! - p!
⎛ ⎞

e- αþβð  Þ  r!-p! j  j2 

dτ ¼--------------
4π 

2l1 þ 1 

/ --------------
4π 

2l2 þ 1 

/ ⌠ 
r! - p!

⎛ ⎞l1 
r! - p!

⎛ ⎞l2 
Yl1 
m1 

θ,φð  Þ  Yl2
m2

θ,φð Þe- αþβð Þ r!-p!j j2dτ (11)

Spherical harmonics at the same centers are orthogonal and the integrals of spherical
harmonics can be represented by Kronecker delta symbols,⌠ 

Yl1 
m1 

r! - p!
⎛ ⎞

Yl2 
m2 

r! - p!
⎛ ⎞

e- αþβð  Þ  r!-p! j  j2 

dτ ¼--------------
4π 

2l1 þ 1 

/ --------------
4π 

2l2 þ 1 

/
δl1l2δm1m2 

⌠∞ 

0 
r! - p!
||| |||2l1 þ2

e- αþβð Þ r!-p!j j2d r! - p!
⎛ ⎞

(12)

In the end the two center integral of Eq. (10) can be expressed as a collection of
constants,⌠ 

Yl1 
m1 

r! - p!
⎛ ⎞

Yl2 
m2 

r! - p!
⎛ ⎞

e- αþβð  Þ  r!-p! j  j2 

dτ ¼ 
--------------
4π 

2l1 þ 1 

/ --------------
4π 

2l2 þ 1 

/ 
δl1l2δm1m2 

2l 1 þ 1ð Þ!
2 αþ βð Þ½ ]l1þ1

---
π

2

/
(13)

By inserting Eq. (13) back into Eq. (10), we have:

Sa!b
! 

αβ lama; lbmbð Þ ¼ 4π π 
2

⎛ ⎞1 
2 
e-

αβ 
αþβ a

!-b
!| |2Xmin la,lbð  Þ  

l1¼0 
β 

αþ β 

la-l1 α 
αþ β 

lb-l1 1 
2l1 þ 1

-1ð  Þlb-l1 

2l1 þ 1ð Þ!! 
2 αþ βð  Þ½ ]

2l1þ3 
2 

Xl1 

m1¼-l1 
εlal1mam1εlbl1mbm1Y

l a-l1
ma-m1

a! - b
!⎛ ⎞

Ylb-l1
mb-m1

a! - b
!⎛ ⎞

(14)

The summation in the second line of Eq. (14) is independent of orbitals and 
determined only by the rotational properties of angular momentum for an overlap
integral. The last line of Eq. (14) is an elegant and remarkably efficient solution to 
demonstrate that quantum angular momenta of the same atomic center cannot 
entangle with each other due to their orthonormality. This indicates that if a quantum
system does not feature much coupling, it will be much easier to simulate.

In the same way, the nuclear Coulomb attraction integrals can be directly calcu-
lated by simply introducing a nuclear Coulomb operator located at the center c!, into
the integral of the last line of Eq. (14), 

Na!b
! 
c! 

αβ lama, lbmbð Þ ¼  e-
αβ 
αþβ a

!-b
!| |2Xla 

l1¼0 
β 

αþ β 

la-l1Xl1 

m1¼-l1 
εlal1mam1Y

la-l1 
ma-m1 

a! - b
!⎛ ⎞

Xlb 

l2¼0 
α 

αþ β

⎛ ⎞lb-l2Xl2 

m2¼-l2 
εlbl2mbm2Y

lb-l2 
mb-m2 

b
! - a!

⎛ ⎞ ⌠ Yl1 
m1 

r! - P
!⎛ ⎞

Yl2 
m2 

r! - P
!⎛ ⎞

e- αþβð Þ r!-P
!|| ||2

r! - c!
||| ||| dτ

(15)
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The integral on the last line of Eq. (15) clearly expresses the nuclear Coulomb 
attraction integral as the interaction between Gaussian-distributed angular 
momenta at the center P

! 
and the nuclear Coulomb potential at the center c!. The

well-known formula of solid harmonics products may be applied to simplify the
calculation,

Yl1 
m1 

r! - P
!⎛ ⎞

Yl2 
m2 

r! - P
!⎛ ⎞

¼
Xl1þl2 

l1-l2j  j  

Xlp 

mp¼-lp 

2l1 þ 1ð Þ  2l1 þ 1ð Þ  
4π 2lp þ 1

( )⎾  

l1 l1 lp 

0  0  0

⎛ ⎞
l1 l2 lp 

m1m2mp

⎛ ⎞
r! - P

!||| |||l1þl2-lp
Ylp
mp r! - P

!⎛ ⎞ (16)

where l1 l2 lp 
m1m2mp 

is the Wigner 3-j symbol. Note that the only lpvalues on the right 
should satisfy l1 þ l2 þ lp ¼ evenintegers. Combining CG coefficients 

εlal1mam1 ,εlbl2mbm2 ,Y
la-l1 
ma -m1

a! - b
!⎛ ⎞

and Ylb-l2
mb-m2

b
! - a!

⎛ ⎞
in Eq. (15) with the Wigner 3-j 

symbols, we have a three-dimensional array l1 þ l2, lp,mp
( )a!lama 

b
! 
lbmb 

, which is indepen-
dent of orbitals. Thus, the nuclear Coulomb integral can be further simplified to

⌠ r- Pj  j2 l1þl2-lp 
2 Ylp 

mp r! - P
! 

e- αþβð  Þ  r!-P
!| |2 

r! - c!
||| ||| dτ 

¼ - d 
d αþ βð  Þ

⎛ ⎞ l1þl2-lp 
2

⎾ ⏋ ⌠ Ylp 
mp r! - P

!⎛ ⎞
e- αþβð  Þ  r!-P

!|| ||2 

r! - c!
||| ||| dτ 

¼ 2πYlp 
mp c! - P

!⎛ ⎞
- d 
d αþ βð  Þ

⎛ ⎞ l1þl 2-lp
2

⎾ ⏋⌠1
0
duu2lp

e- αþβð Þu2 c!-P
!|| ||2

αþ β
(17)

where l1þl2-lp 
2 

⎾  ⏋
is a positive integer. Compared to all available integrals of the same

type with either SHGOs or CGOs, Eq. (16) is the simplest expression for general 
nuclear Coulomb attraction integrals. The final expression of Eqs. (18) combines 
Eqs. (14), (15) and (16): 

Na!b
! 
c! 

αβ lama, lbmbð Þ ¼  e-
αβ 
αþβ a

!-b
!| |2Xla 

l1¼0 
β 

αþ β 

la-l1 Xl1 
m1¼-l1 

εla l1mam1Y
la-l1 
ma-m1 a!-b

!( )
Xlb 

l2¼0 
α 

αþ β

⎛ ⎞lb-l2Xl2 

m2¼-l2 
εlbl2mbm2Y

lb-l2 
mb-m2 

b
! - a!

⎛ ⎞
Xl1þl2 

l1-l2j  j  

Xlp 

mp¼-lp 

2l1 þ 1ð Þ  2l1 þ 1ð Þ  
4π 2lp þ 1

( )⎾ ⏋  
l1 l1 lp 
0  0  0

⎛ ⎞
l1 l2 lp 
m1m2mp

⎛ ⎞
2πYlp 

mp c! - P
!⎛ ⎞

- d
d αþ βð Þ

⎛ ⎞ l1þl2-lp
2

⎾ ⏋⌠1
0
duu2lp

e- αþβð Þu2 c!-P
!|| ||2

αþ β
(18)
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For a general two-electron Coulomb integral, there are four Gaussian exponents 
α, β, δ, and λ located at four atomic orbital centers a!, b

! 
, c!, and d

! 
respectively. 

We can transform this two-electron, four-center Coulomb integral into a two-center 

one with the centres located at P
! ¼ αa!þβb

!

αþβ and Q
! ¼ δ c!þλd

!

δþλ in terms of four Gaussian-
distributed angular momenta based on Eq. (6). This leads to the following simple
expression

I  r! 
1 - P

! 
, r! 

2 - Q
! ξl1m1l2m2 

ςl3m3l4m4 

¼
⌠ ⌠  Yl1 

m1 
r! 
1 - P

!⎛ ⎞
Yl2 
m2 

r! 
1 - P

!⎛ ⎞
Yl3 
m3 

r! 
2 - Q

!⎛ ⎞
Yl4 
m4 

r! 
2 - Q

!⎛ ⎞
e-ξ r! 

1-P
!|| ||2 

e-ς r! 
2-Q

!|| ||2
r!1 - r!2

||| ||| dτ1dτ2

(19)

We use the addition theorem shown previous in Eq. (8), to combine the product of 
two solid harmonics into a summation of a single solid harmonic.

Yl3 
m3 

r! 
2 -Q

!⎛ ⎞
Yl4 
m4 

r! 
2 - Q

!⎛ ⎞
¼

Xl3þl4 

l¼ l3-l4j  j  

Xl 
mp¼-l 

2l3 þ 1ð Þ  2l4 þ 1ð Þ  2lþ 1ð  
4π 

l3 l4 l 

0  0  0

⎛ ⎞
l3 l4 l 

m3m4m

⎛ ⎞
r!2 -Q

!||| |||l3þl4-l
Yl
m r!2 -Q

!⎛ ⎞
Applying the simplification to Eq. (19), we get

I  r! 
1 - P

! 
, r! 

2 - Q
!⎛ ⎞ξlpmp 

ςlqmq 
¼ - d 

dξ

⎛ ⎞2 l1þl2-lp 
2

- d 
dς

⎛ ⎞2 l3þl4-lq 
2 

⌠ ⌠  Ylp 
mp r! 

1 - P
!⎛ ⎞

Ylq 
mq r! 

2 -Q
!⎛ ⎞

e-ξ r! 
1-P

!|| ||2 

e-ς r! 
2-Q

!|| ||2
r!1 - r!2

||| ||| dτ1dτ2

(20)

Lastly, the denominator of the equation can be expressed as a product of spherical
harmonics.

1 

r! 
1 - r! 

2

||| ||| ¼ 1 

r! 
1 - Q

!⎛ ⎞
- r! 

2 - Q
!⎛ ⎞||| ||| ¼

X∞ 
l¼0 

Xl 
m¼-l 

4π 
2lþ 1 

r! - Q
!||| |||l

<

r! - Q
!||| |||lþ1 

> 

⎛''@ 

1CCAY ∗ 
lm θ2,φ2ð  ÞYlm θ1,φ1ð

(21)

In this simplified process, there are two three-dimensional arrays l1 þ l2, lp,mp
( a!lama 

b
! 
lbmb 

and l3 þ l4, lq,mq
( ) c!lcmc 

d
! 
ldmd 

, which are independent of Gaussian exponents and are com-

mon to all relevant integrals including nuclear Coulomb ones. As a result,

I r!1 - P
!
, r!2 - Q

!⎛ ⎞ξlpmp

ςlqmq

reduces to

7
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I  r! 
1 - P

! 
, r! 

2 -Q
!⎛ ⎞ξlpmp 

ςlqmq 
¼ 2π 5 2 - d 

dξ

⎛ ⎞2 l1þl2-lp 
2

- d 
dς

⎛ ⎞2 l3þl4-lq 
2 1 

ξς 
-----------
ξþ ς

p ς 
ξþ ς

⎛ ⎞lp 

ξ 
ξþ ς

⎛ ⎞lqXmin lp,lqð  Þ  
lt¼0

- ξ þ ς 
2ξς

⎛ ⎞lt 

2lt - 1ð Þ!!
⌠1 
0 
u2 lpþlq-ltð  Þe- ξς 

ξþς P
!-Q

!|| ||2 
u2 
duXlt 

mt¼-lt 
εlpltmpmtεlq ltmqmtY

lq-lt
mq-mt P

! - Q
!⎛ ⎞

Ylp-lt
mp-mt Q

! - P
!⎛ ⎞

(22)

3. Computational implementation

The implementation of nuclear attraction integral in Eq. (15) can be split into 
radial and angular component. The first one is a three-dimensional array 

l1 þ l2, lp,mp
( )a!lama 

b
! 
lbmb 

and is independent of Gaussian exponents, which makes it possi-
ble to calculate it once and reuse it in later steps, and even applicable to two-electron 
Coulomb integrals. The second part involves Ylp 

mp c! - P
!⎛ ⎞

, which is dependent on 
Gaussian orbitals. The third part is related to the Boys function,

- d
d αþβð Þ

⎛ ⎞ l1þl2-lp
2

⎾ ⏋⌠ 1
0duu

2lp e
- αþβð Þu2 c!- P

!j j2
αþβ dependent on Gaussian exponents [34], which 

can be simplified as d 
dx

( )n e-x 

x and solved using the recursion formulae derived from the
modified spherical Bessel function of the second kind [35]. 

def BoysFunction(nu, x): 
if x < 1e-7: 

return (2*nu+1)**(-1) - x*(2*nu+3)**(-1) 
return 0.5 * x**(-(nu+0.5)) * gamma(nu+0.5) * gammainc(nu+0.5, x) 

def bessel_recursion(n, z): 
# Base cases 
if n == 0: 
return 1 / z # f_0(z) = z^(-1) 

elif n == 1:
return (z + 1) / (z**2) # f_1(z) = (z+1)/z^2

# Recursive formula: f_n(z) = f_(n-2)(z) + (2n-1) * z^(-1) * f_(n-1)(z)
return bessel_recursion(n-2, z) + (2*n-1) * (1/z) * bessel_recursion(n-1, z)

The main code is a six-level nested loop structure that computes all allowed angu-
lar momentum couplings then projected onto the spherical harmonics. An example of
the loops are given below.

def nuclear_shgo(...): 
for l1 in range(la + 1): 

for m1 in range(-l1, l1 + 1): 
for l2 in range(lb + 1): 

for m2 in range(-l2, l2 + 1):
for lp in range(abs(l1 - l2), l1 + l2 + 1):

for mp in range(-lp, lp + 1): …

This implementation captures the essence of SHGO-based methods: efficient exploi-
tation of angular momentum symmetry. By explicitly decomposing angular
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contributions through Clebsch-Gordan coefficients and Wigner 3-j symbols, the 
approach ensures only symmetry-allowed terms are evaluated. The Boys function, 
combined with the recursive Bessel approximation, effectively handles the radial decay 
and accurately addresses the nuclear singularity. The most computationally intensive 
steps involve evaluating Wigner symbols and the solid harmonic terms across all valid 
angular momenta. However, these cost s are mitigated by careful adherence to triangle
conditions, which skip disallowed angular combinations. Figure 1 shows a comparison 
of the computational cost in terms of floating point operations for evaluating the nuclear 
Coulomb attraction integral with general CGOs scheme and SHGOs [36]. 

The integration of a single primitive Cartesian Gaussian function necessitates nine 
loops, which constitute the primary computational expense of the CGO scheme shown
of Figure 1. Previous SHGO methods exploiting only the vector-uncoupling scheme of 
angular momentum, as implemented in the ParaGauss package, have a similar com-
putational cost [31]. This relatively high cost is the result of three-fold summations 
over angular momentum l and magnetic m quantum numbers [28]. The interaction of 
two orbital angular momenta from different centers with a nuclear Coulomb potential 
can lead to significant quantum coupling under the vector-uncoupling scheme. As a 
result, the vector-uncoupling scheme of angular momentum is not suitable for multi-
center molecular integrals. This may partially elucidate why molecular integrals, par-
ticularly those involving SHGOs, were not integrated into earlier quantum chemistry
software packages. When compared against the standard nuclear attraction integral
for CGOs, Eq. (15) has more Wigner 3-j and CG coefficient calculation steps but only 
6 loops, and this is where the bulk of the computational saving comes from. The
number of floating-point operations for the evaluation of Eq. (15) scheme is about 3.6 
times less than the corresponding CGO nuclear attraction integrals (Table 1). 

The two-electron Coulomb integral is shown in Eq. (22), it involves two 5-dimensional 

array factors. The first array l1 þ l2, lp, l3 þ l4, lq, lt
( )P! 

ξ 
Q
! 
ς
corresponds to the first two lines

of Eq. ( 18). The second array lp,mp, lq,mq, lt
( )P! 

Q
! is due to the summation overmt in the

last line of Eq. ( 18). The final expression of the general two-electron Coulomb integral is 

given by the summation of four array factors, l1 þ l2, lp,mp
( )a!lama 

b
! 
lbmb 

, l 3 þ l4, lq,mq
( c!lcmc

d
!
ldmd

,

Figure 1. 
Computational cost in terms of floating point operations in the calculation of nuclear attraction Coulomb integrals
as a function of the highest orbital angular momentum number with CGOs versus SHGOs [36].
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Calculation steps with 
CGOs [37] 

Cost Calculation steps with 
SHGOs [28] 

Cost This work with 
SHGOs

Cost 

Boys functions LP2 Solid harmonics L2 Solid harmonics L2 P 2

Hermite integrals L4 P2 Solid harmonics L2 P2 Boys functions LP2 

Expansion coefficients L2 P2 Differential rule L4 P 2

Cartesian integrals L7 P2 Product rule L6 P 2

Primitive contraction L3 P2 Boys functions LP2 

Solid harmonics L5 

L is the highest orbital angular momentum number of the Gaussian orbitals and P is the number of primitive Gaussian
functions.

Table 1. 
The cost associated with computing nuclear attraction integrals.

lp,mp, lq,mq, lt
( )P! 

Q
!,  and  l1 þ l2, lp, l3 þ l4, lq, lt

( )ξP! 

ςQ
!,  with  a  scaling  of  L7P4where L is the 

highest angular momentum quantum number and P is the number of primitive Gaussian 
functions. The actual scaling may be reduced when we apply the constraints w here l1 þ
l2 þ lp and l3 þ l4 þ lq must be even positive integers. The constraints also apply to the
summation in the second line of Eq. (18), together with l1 - l2j  j≤ lp ≤ l1 þ l2 and 
l3 - l4j j≤ lq ≤ l3 þ l4. Moreover, symmetry conditions for the Wigner 3-j symbol also 

reduce the number of nonzero terms in the array factors l1 þ l2, lp,mp
( )a!lama 

b
! 
lbmb 

and 

l3 þ l4, lq,mq
( ) c!lcmc 

d
! 
ldmd 

, resulting in significant computational savings. In terms of imple-

mentation most of the utility functions, such as Boy’s function, Solid harmonics and other 
angular prefactors are reusable from the nuclear integral. For our purposes, we use the 
Sympy library to perform the symbolic computation of radial derivatives with respect to 
the Gaussian exponents ξ and ς. These derivatives arise from contraction with higher-
order radial basis functions. The symbolic method avoids approximation errors that may
arise from finite-difference derivatives, while maintaining flexibility across a wide range
of angular momentum and contraction configurations. The required number of deriva-
tives with respect to each exponent is determined according to the specific angular and
radial quantum numbers of the shell pair.

4. Quantum computing and future applications

Quantum computing represents a transformative potential for molecular modeling 
and simulation, addressing classical computational limitations such as the diagonali-
zation of large two-body operators and the evaluation of complex two-body matrix
elements encountered in quantum chemistry [38, 39]. Quantum algorithms, notably 
the Variational Quantum Eigensolver (VQE) and Quantum Phase Estimation (QPE),
offer promising strategies for accurately evaluating molecular energies and properties
[39–48]. Both methods involve key procedural steps: constructing the fermionic 
Hamiltonian, mapping this Hamiltonian onto qubit systems, and optimization pro-
cedures. Although VQE is more widely utilized, QPE has shown considerable promise
due to its inherent precision.
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H ¼ T þ V 

V ≈ G ¼ 1 
2

X
p,q,r,s 

Gpqrsaþ 
p aqa

þ
r as (23)

A critical challenge in quantum chemical computations lies in the diagonalization 
and evaluation of two-body Coulomb operators, significantly impacting computa-
tional scaling and complexity. Classical second quantization formalism results in large
two-body operator matrices, complicating their efficient diagonalization. Recent
advancements, such as tensor hypercontraction (THC) [49], approximate these com-
plex four-center tensors as products of lower-dimensional tensors G, shown in
Eq. (23). This approach simplifies computations significantly but introduces the chal-
lenge of determining hypercontraction parameters, typically derived via density 
fitting. However, density fitting itself remains a computational bottleneck,
compounded by the non-orthogonal and non-unitary nature of traditional basis sets.

χliamia 
p φa, θað  Þ ¼  cliamia 

p Yliamia φ a, θað Þ (24)

Eq. (24) is an atom-centered angular momentum basis, which is constructed with a 
Fermion projection operator cliamia 

p , and a spherical harmonic Yliam ia φa, θað Þ with angu-

lar momentum lia and mia centered at a!.

c† 
liamiaσ θa,φað  Þ ¼

XN 
2 

p¼1 
χliamia 
p θa,φað  Þa† 

pσ 

cliamiaσ θa,φað  Þ ¼
XN 

2 

p ¼1
χliamia
p θa,φað Þapσ (25)

This projection operator c† 
liamiaσ and cliamiaσ projects the original fermion ladder opera-

tors a† 
pσ apσto the unitary angular momentum basis χliamia 

p θa,φað  Þ. This new approach to 
basis explicitly incorporates rotational symmetry through spherical harmonics. 
Projecting molecular orbitals onto atom-centered spherical harmonics ensures
orthogonality and unitarity, substantially reducing complexity during diagonalization.
The angular momentum basis can be obtained from decomposing the electron pair

density ϕp r!
⎛ ⎞

ϕq r!
⎛ ⎞

on a real grid,

ϕp r!
⎛ ⎞

ϕq r!
⎛ ⎞

¼
XNa 

a¼1 

XNia 

ia¼1 
χliamia 
p φa, θað  Þζlia 

mia 
r! - a!

⎛ ⎞
χl iamia
q φa, θað Þ (26)

where Nia is the total number of basis functions centered at the atom a! and 
ζlia 
mia 

r! - a! 
⎛ ⎞

is a coulomb integrand associated with partitioning the electronic pair

density centered at a!.

ζlia 
mia 

r! - a!
⎛ ⎞

¼ 
ρa r! - a! 

PNia 
ja¼1c 

ljamja 
p Yliamia θa,φað  Þcljamja 

q Yliamia θa,φað Þ
(27)

In this framework, the Coulomb operator is a summation of nliamia,αnlibmib,β, which
are number operators acting on the quantum angular momentum basis.
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G ¼ 
1 
2

X
α,β∈ ↑,↓f  g  

XN 
2 

p,q,r,s¼1 
Gpqrsa† 

p,αaq,αa
† 
r,βas,β 

¼ 1 
2

X
α,β∈ ↑,↓f  g  

XNa 

a,b¼1 

XNia 

ia¼1 

XNib 

ib¼1 
ξ liamia
libmib

nliamia,αnlibmib,β (28)

The number operator is related to the fermion projection operations by:

nliamia,α ¼ c† 
liamiaσ θa,φað  Þcliamiaσ θ a,φað Þ (29)

The final Coulomb operator is shown here:

Gpqrs ¼
XNa 

a,b¼1 

XNia 

ia¼1 

XNib 

ib¼1 
χliamia 
p φa, θað  Þχliamia 

q φa, θað  Þζliamia 
libmib 

χlibmib 
r φb, θbð  Þχlibmib 

s φb, θbð  

ζliamia 
libmib 

¼
⌠ 
d r! 

1 

⌠ 
d r! 

2 
ζlia 
mia 

r!1 - a!
⎛ ⎞

ζlibmib
r!2 - b

!⎛ ⎞
r!1 - r!2

||| ||| (30)

By explicitly considering angular momentum states, these orbitals naturally inte-
grate the rotational symmetry inherent in molecular systems, leading to optimized
quantum representations and computational scalability [50, 51]. This angular 
momentum basis also reveals a deep and nontrivial connection between orbital cou-
pling, quantum entanglement, and algorithmic complexity. In particular, entangle-
ment between atomic centers arises through the coupling of their angular momenta,
which becomes especially complicated under long-range Coulomb interactions.

Unlike an isolated atom, where all relevant spatial coordinates and field points can 
be conveniently defined in a unified spherical frame of reference, a polyatomic 
molecular system often lacks clear global symmetry. Consequently, each atomic cen-
ter defines its own local frame, and the relative orientation between these local frames 
must be explicitly considered in molecular integrals. This dependence on geometric 
relationships between multiple centers significantly enhances the entanglement 
structure of the molecular wavefunction. Specifically, the relative orientation of axes 
connecting distinct atomic centers governs the strength and complexity of angular 
momentum coupling. Such couplings inherently generate substantial quantum entan-
glement between different orbital angular momentum states. Under Coulombic fields,
this entanglement becomes even more pronounced due to multipole expansions of the
electron-electron interaction. Each multipole term induces additional angular
momentum coupling, linking orbital angular momenta across different centers with
the angular momentum states associated with the Coulomb field itself. Thus, the
presence of long-range Coulomb interactions intensifies the entanglement network,
making it increasingly challenging for classical and current quantum computers to
accurately represent and manipulate these highly entangled states due to exponential
computational resource demands.

This entanglement, however, precisely underpins the potential advantage of 
quantum computing for quantum chemistry simulations. Quantum computers natu-
rally encode and process entangled states without incurring exponential memory 
overhead, suggesting they can efficiently manage complex angular momentum cou-
plings inherent in molecular systems. The critical question, therefore, is why and how
quantum computers leverage entanglement for computational acceleration. Entangle-
ment is not simply a computational obstacle; rather, it serves as a fundamental
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quantum resource enabling quantum algorithms to achieve significant speedups com-
pared to their classical counterparts. Thus, developing angular momentum-aware 
algorithms that explicitly exploit and efficiently manipulate this entanglement will
be essential in fully harnessing the power of quantum computers for molecular s-
imulations.

The electrostatic landscape of any molecular or solid-state system is ultimately 
governed by solutions to the Poisson equation (for unscreened 1/r interactions) and its 
screened counterpart, the Helmholtz equation (relevant to dielectric media and peri-
odic boundary conditions). Accurate, scalable solutions to these partial differential
equations are indispensable for evaluating Coulomb and exchange integrals,
constructing effective Hamiltonians, and capturing long-range correlation effects. We
have developed an efficient algorithm for solving the potential of the Coulomb inte-

grand ζ r! - a!
⎛ ⎞

in Eq. (27), which satisfies the Poisson equation,

∇2φa r! - a! ¼ -4πζ r! - a! (31)

In this algorithm, we first applied solid harmonics to decompose ζ r! - a! into

multipole components,

ζ r! - a!
||| |||⎛ ⎞

lm 
¼ 1 

r! - R
! 
a

||| |||lþ1 

⌠ 
dΩYl 

m r! - R
! 
a 

⎛ ⎞
ζ r! - a!
⎛ ⎞

(32)

where the integral element dΩ is on the solid angle. The corresponding potentials 
φlm rð  Þ  of multipole components with projected densities ζ r! - a!

||| |||⎛ ⎞
lm
can be evalu-

ated through the Green’s function,

φlm rð  Þ ¼ 1 
r2lþ1 

⌠r 
0 
dxxlþ2ζ xð  Þlm þ

⌠R 0ð  Þ  
a 

r 
dxx2- lþ1ð  Þζ xð  Þlm, r< R 0ð Þ

a
qlm
r2lþ1 , r>R 0ð Þ

a

(
(33)

where R 0ð  Þ  
a the radius of atomic spheres and qlm the multipole moment charge. 

With the cubic spline interpolation method, these finite integrals 
⌠ b 
a dxx

n can be 
analytically evaluated such as 1 

nþ1 b
nþ1 - anþ1

( )
where n is an integer. Finally, the

Coulomb potential φa r! - a!
⎛ ⎞

corresponding to partitioned electronic densities

ξ r! - a!
⎛ ⎞

are

φa r! - a!
⎛ ⎞

¼
X

lm 
Yl 
m r! - a!
⎛ ⎞

φlm r! - a!
||| |||⎛

This algorithm is also applicable to Helmholtz equations,

∇2φ r! ± λ2φ r! ¼ -4 πρ r!

where the integrands in Eq. (27) are either spherical modified Bessel functions or 
Hankel and Bessel functions, depending on the modified Helmholtz equation or
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normal Helmholtz equation. In terms of quantum effects related to light entanglement 
and quantum information technology, the normal Helmholtz equation is necessary for 
light-matter interactions. For extended large systems, the algorithm scales as O(N) 
because the potential φ a r! - a!

⎛ ⎞
in r>R 0ð Þ

a can be evaluated by using the Ewald sum

technique. Therefore, the quantum algorithms developed in this paper have broader
applications using quantum computers.

Lastly, a solid harmonic product, such as that employed in Eq. (20), provides a 
structured means of characterizing the entanglement arising from electron-electron 
interactions under Coulomb fields. This entanglement structure can be naturally 
expressed using spherical tensors, which have found successful application in modern
machine learning architectures, particularly spherical convolutional neural networks
(CNNs) [52, 53]. These spherical CNNs leverage spherical harmonics, a complete 
orthonormal basis on a sphere, which inherently form the irreducible representations
of the 3D rotation group SO [3]. By construction, spherical CNNs exhibit rotational 
equivariance, enabling highly efficient and accurate modeling of rotationally sym-
metric molecular properties such as atomization energies, electronic densities, and
molecular wavefunctions.

The potential advantage of spherical CNNs in molecular modeling not only relies 
on rotational equivariance but is also fundamentally linked to their ability to implicitly 
manage orbital angular momentum entanglement. Specifically, spherical harmonic 
expansions impose constraints on the highest angular momentum contributions in 
Coulombic fields, thereby simplifying complex entanglement patterns inherent in 
multi-center molecular systems. For instance, CG neural networks, a specialized class 
of spherical CNNs, explicitly encode angular momentum coupling rules through hier-
archical CG transformations. In predicting molecular wavefunctions with deep CG
networks, angular momentum channels typically extend up to 2 l to adequately rep-
resent molecular Hamiltonians constructed from atomic orbitals with maximum
angular momentum l. This upper-bound angular momentum requirement aligns pre-
cisely with the fundamental physical limit set by orbital angular momentum entan-
glement induced by Coulomb fields within molecules, underscoring the deep
relationship between machine learning frameworks and physical quantum chemistry.

Moreover, the mathematical structure underpinning CG networks mirrors the 
angular momentum coupling and uncoupling encountered in quantum many-body 
problems. Specifically, CG networks implement linear transformations of CG prod-
ucts for their Fourier vector outputs, effectively decoupling angular momentum 
channels to simplify the representation of highly entangled molecular states. Thus, the 
interplay between solid harmonic expansions, CG neural networks and quantum
algorithm design forms a coherent and powerful strategy. This synergy can facilitate
the construction of robust quantum and classical computational frameworks that
capture complex molecular phenomena efficiently and accurately, establishing a firm
theoretical and practical foundation for next-generation molecular simulations.

5. Conclusions 

This chapter introduces a novel computational framework leveraging Solid Har-
monic Gaussian Orbitals (SHGOs) to significantly enhance the efficiency and accu-
racy of molecular integral evaluations. Unlike traditional Cartesian Gaussian Orbitals
(CGOs), SHGOs explicitly incorporate angular momentum symmetries, clearly
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separating radial and angular dependencies, which allows for more efficient compu-
tational strategies. By employing advanced vector-coupling and vector-uncoupling 
schemes, along with Clebsch-Gordan coefficients and Wigner 3-j symbols, our 
approach systematically reduces the computational complexity typically associated
with molecular integrals. The practical advantages of SHGO-based methods are evi-
dent through marked reductions in floating-point operations, positioning them as
superior alternatives to conventional computational chemistry techniques.

Beyond computational savings, the SHGO methodology aligns seamlessly with 
quantum computing paradigms. Angular momentum entanglement networks 
constructed through Clebsch-Gordan transformations provide robust platforms for 
quantum simulations, opening pathways to efficiently tackle previously intractable 
molecular systems. This alignment not only enhances computational scalability and 
accuracy in traditional quantum chemistry applications but also extends into emerg-
ing fields such as quantum sensing and imaging. By explicitly handling angular
momentum, SHGO-based frameworks bridge classical computational methods with
state-of-the-art quantum computational technologies, promising significant advance-
ments across both theoretical and practical domains.

The presented SHGO approach thus represents a critical advancement in compu-
tational quantum chemistry, effectively addressing computational limitations, 
enhancing predictive accuracy, and providing a versatile foundation for future scien-
tific and technological explorations.
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Appendices and nomenclature

KS-DFT Kohn-Sham density functional theory 
SHGOs solid harmonic Gaussian orbitals 
CGOs Cartesian Gaussian orbitals 
CG Clebsch-Gordan 
CNNs convolutional neural networks
THC tensor hypercontraction
VQE variational quantum Eigensolver
QPE quantum phase estimation
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Chapter 5

Superconducting Parametric 
Amplifiers: Resonator Design and 
Role in Qubit Readout
Babak Mohammadian 

Abstract 

Superconducting parametric amplifiers (SPAs) are critical components for ultra-
low-noise qubit readout in quantum computing, addressing the critical challenge of 
amplifying weak quantum signals without introducing noise that degrades coherence 
and computational fidelity. Unlike classical amplifiers, SPAs can achieve or closely 
approach quantum-limited performance, specifically the Standard Quantum Limit 
(SQL) of half a photon of added noise for phase-preserving amplification. The core 
principle of SPAs relies on parametric amplification, where energy is transferred from a 
strong pump tone to a weak input signal through non-dissipative nonlinear mixing 
processes. This is enabled by intrinsic nonlinearities in superconducting materials, pri-
marily kinetic inductance in thin films (e.g., NbTiN, Al) and, more significantly, the 
Josephson effect in Josephson junctions. These nonlinear elements facilitate frequency 
mixing (three-wave or four-wave mixing) and can operate in phase-preserving or 
phase-sensitive amplification modes, with the latter allowing for noise squeezing below 
the SQL. This chapter emphasizes the significant role of resonator design in determining 
critical SPA performance metrics such as gain, bandwidth, and noise characteristics. It 
details both lumped-element (LC) and distributed-element (coplanar waveguide, 
CPW) resonators, discussing their unique properties, suitability for different frequency 
ranges, and the importance of achieving high-quality f actors (Q) for efficient energy
storage and minimal loss. A practical design and simulation of a meandered quarter-
wavelength CPW resonator coupled to a feed line is presented, illustrating how precise
control over geometric parameters optimizes resonant frequency, coupling strength,
and quality factor for high-fidelity qubit state discrimination.

Keywords: superconducting parametric amplifiers, Josephson junctions, 
quantum-limited readout, coplanar waveguide resonators, nonlinear mixing,
full-wave electromagnetic simulation

1. Introduction

Reading out quantum states with high precision while minimizing added noise
remains one of the foremost challenges in quantum computing. Qubits are inherently
fragile and can be easily perturbed by unwanted interactions, particularly during
measurement. This noise degrades coherence and reduces the computational fidelity.
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Therefore, ultra-low-noise amplification is essential to preserve quantum information
and improve readout accuracy [1, 2]. 

Superconductivity provides ultra-low-noise quantum measurements. Defined by 
zero electrical resistance and the Meissner effect [3], superconductors exhibit 
extremely low dissipation at cryogenic temperatures. For quantum circuits, operating 
at millikelvin temperatures is critical—not simply to achieve superconductivity, but to 
suppress thermal excitations and maintain quantum coherence. These conditions
enable high-quality factors (Q) in microwave resonators used for qubit control and
readout [4, 5]. Modern superconducting processors employ thin-film fabrication to 
realize complex circuits containing Josephson junctions and high-Q resonators [6], 
which provide low-loss energy storage and nonlinear interactions essential for quan-
tum operations [7, 8]. 

In superconducting processors, qubit signals are extremely weak—on the order of 
only a few photons at microwave frequencies (4–8 GHz). Detecting these signals 
without excessive added noise is crucial for high-fidelity state discrimination. Conse-
quently, the first amplification stage must provide high gain, minimal added noise,
and ideally, quantum-limited performance [9, 10]. Resonator design within paramet-
ric amplifiers strongly influences these metrics, as geometry and material properties
dictate bandwidth, gain flatness, and noise.

Traditional amplifiers such as High Electron Mobility Transistors (HEMTs) [11], 
even at cryogenic temperatures, exhibit noise temperatures in the 1–5 K range [12, 13]. 
As classical semiconductor devices, HEMTs are constrained by thermal and transistor 
noise mechanisms and cannot approach quantum-limited performance. For quantum 
systems, this added noise is prohibitive: Weak microwave signals corresponding to a 
few photons are easily buried under several kelvins of amplifier noise. By contrast,
quantum-limited amplification requires an added noise of only about half a photon at
the signal frequency—the Standard Quantum Limit (SQL)—the minimum noise per-
mitted by quantum mechanics for a phase-preserving amplifier [14, 15]. Noise tem-
perature here quantifies the equivalent thermal noise power introduced by the
amplifier, providing an intuitive comparison of noise performance.

Superconducting parametric amplifiers (SPAs) can closely approach the quantum 
limit, making them indispensable for quantum measurement. They function by 
transferring energy from a strong pump tone to a weak input signal through nonlinear 
mixing. This process enables amplification with minimal added noise, particularly
when using superconducting materials such as NbTiN and Al to utilize nonlinearities
arising from kinetic inductance or the Josephson effect [16, 17]. The nonlinear induc-
tance of Josephson junctions is especially critical, as it directly enables parametric 
amplification. In superconducting qubit platforms, SPAs are integrated into the read-
out chain, where the qubit state is dispersively encoded in a resonator signal that must
be amplified and distinguished from noise [18, 19]. Resonator design in SPAs there-
fore plays a central role in setting performance metrics, including the achievable
signal-to-noise ratio (SNR).

Moreover, parametric amplifiers enable quantum-limited phase-sensitive detec-
tion [20] and noise squeezing [21], which can suppress noise in one quadrature below 
the SQL. This capability is particularly valuable in quantum error correction [22] and 
quantum sensing applications [23], where maximizing information extraction while 
minimizing disturbance is essential.

This chapter focuses on the design and operation of superconducting parametric 
amplifiers, with emphasis on resonator-based architectures. We examine how reso-
nator geometry and material properties determine key performance metrics such as
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gain, bandwidth, and noise. We also discuss the role of SPAs in dispersive qubit 
readout chains and their impact on the achievable signal-to-noise ratio (SNR). By 
combining theoretical foundations with practical design considerations, the chapter
provides a comprehensive perspective on how resonator design enables near-
quantum-limited amplification in superconducting processors.

2. Superconducting parametric amplification

A parametric amplifier consists of three fundamental components. The first is a 
nonlinear element, which is essential for approaching the Standard Quantum Limit 
(SQL). To achieve near-quantum-limited performance, the amplifier must employ a 
non-dissipative nonlinearity that enables frequency mixing without adding excess
noise. In contrast to linear systems, where signals propagate without modifying one
another, nonlinear systems allow interactions that generate new frequency compo-
nents and complex dynamics [17]. Such nonlinearities can arise from current-
dependent inductances [24], voltage-dependent capacitances, or quantum effects in
Josephson junctions [25, 26]. 

The second component is the pump: a strong microwave or RF tone that supplies
the external energy driving the parametric process [10]. Finally, a resonant circuit is 
typically employed to enhance the interaction between the signal and the nonlinear
element, thereby improving gain and frequency selectivity by confining the operation
to well-defined modes [27]. 

2.1 Superconductivity and kinetic inductance

Superconductivity arises when a material is cooled below its critical temperature 
Tc, a state characterized by zero electrical resistance and expulsion of magnetic fields
—the Meissner effect [28]. Within BCS theory, this phase emerges from Cooper pairs, 
electron pairs bound via phonon-mediated attraction, which condense into a macro-
scopic quantum state [29]. Below Tc, an energy gap Δ Tð  Þ  opens at the Fermi surface,
suppressing scattering and enabling dissipationless current flow.

The electromagnetic response of superconductors is described by the London
equations [30]: 

∂ J
! 
s 

∂t 
¼ 1 

μ0λ
2 E
! 
, ∇x J

! 
s ¼ - 1

λ2
H
!
, (1)

where λ is the London penetration depth. These equations capture the essential fea-
tures of perfect conductivity and magnetic field expulsion.

Despite having zero DC resistance, superconductors exhibit a finite kinetic induc-
tance at nonzero frequencies, arising from the inertia of Cooper pairs [31]. When a 
time-varying current flows, Cooper pairs must be accelerated, requiring energy and 
producing a reactive impedance that stores energy in carrier motion rather than
magnetic fields. For small currents, this inductance remains nearly constant; at higher
currents, however, pair-breaking induces nonlinear behavior:

LK Ið  Þ ¼ LK 0ð  Þ  1 þ I
2

I2∗
þ⋯

⎛ ⎞
, (2)
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where I ∗ is a characteristic current scale [24, 32]. This intrinsic nonlinearity 
makes kinetic inductance a valuable mechanism for superconducting parametric
amplification.

2.2 Josephson inductance

Josephson inductance provides another nonlinear mechanism employed in para-
metric amplification [33]. It originates from the Josephson junction, which consists of 
two superconducting electrodes separated by a nanometer-scale insulating barrier. 
Although separated by this barrier, Cooper pairs can tunnel quantum mechanically
from one electrode to the other without resistance [25], as illustrated in Figure 1. 

The supercurrent through the junction follows the first Josephson relation:

I Ic sinϕ , (3)

where Ic is the critical current and ϕ is the superconducting phase difference. This 
nonlinear current-phase relation underpins the use of Josephson junctions in
nonlinear circuits and parametric amplifiers.

The second Josephson relation links the time evolution of the phase to the voltage
across the junction:

dϕ 
dt 

¼ 
2e 
ℏ 
V or equivalently V ¼ Φ 0

2π
dϕ
dt

, (4)

where Φ0 ¼ h= 2eð  Þ  is the magnetic flux quantum. By combining the two Josephson 
relations and comparing with the definition of an inductor, V LJ dI=dt, one obtains:

LJ ¼ 
Φ0 

2πIc cos ϕ
: (5)

Figure 1. 
Josephson junction schematic: two superconductors separated by a thin insulating barrier (a few nanometers), 
allowing Cooper pairs to tunnel via overlapping macroscopic wavefunctions. The superconducting order 
parameters are represented as ψ1 ¼ -----p1 

p eiϕ1 and ψ2 ¼ -----p2
p eiϕ2 , where the phase difference ϕ ¼ ϕ2 -ϕ1 defines

the superconducting phase across the junction.
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This expression shows that the Josephson inductance LJ is both nonlinear and 
tunable, since it depends explicitly on the phase difference ϕ across the junction. As ϕ 
approaches π=2, cosϕ vanishes and the inductance diverges, producing strong
nonlinearity. Moreover, because LJ is inversely proportional to the critical current Ic,
its value can be engineered by adjusting junction parameters or controlled dynami-
cally using an external flux bias (Table 1). 

Feature Kinetic inductance Josephson inductance 

Physical origin Inertia of Cooper pairs Quantum tunneling of Cooper pairs

Nonlinearity type Kerr-type (third order) Depends on circuit design and pumping

Key parameter Current-dependent suppression of
gap

Phase difference across junction ϕ

Mathematical form Lk Ið  Þ≈Lk0 1þ αI2 LJ ¼ Φ0 
2πI c cosϕ

Tuning mechanism Fixed by material properties Tunable via magnetic flux in SQUIDs

Typical 
implementation 

Superconducting transmission lines Josephson junctions/SQUIDs 

Applications SPAs, kinetic inductance detectors SPAs, qubits, tunable resonators

Note: Φ0 is the magnetic flux quantum; Ic is the junction critical current. The effective nonlinearity type of Josephson 
inductance depends on the circuit configuration and pumping scheme. It can be engineered for second-order nonlinearity
(e.g., in flux-pumped SQUIDs for 3WM) or third-order (Kerr-type) nonlinearity (e.g., in current-pumped single
junctions for 4WM).

Table 1. 
Comparison of kinetic and Josephson inductance nonlinearities.

2.3 Quantum noise and the standard quantum limit

Quantum amplifiers are fundamentally constrained by the uncertainty principle, 
which sets a lower bound on the simultaneous precision with which two conjugate 
quadratures of an electromagnetic mode can be defined. For a single mode with
canonical quadratures X̂ and P̂, the uncertainty relation is:

ΔXΔP≥ 
ℏ 
2 
: (6)

Here, ΔX and ΔP denote the standard deviations of the quadrature operators. This 
relation implies that any phase-preserving linear amplifier —which amplifies both
quadratures equally—must inevitably add noise in order to satisfy the uncertainty
bound [14]. 

The Standard Quantum Limit (SQL) defines this minimum added noise, 
corresponding to the equivalent of half a photon at the signal frequency. This sets the
ultimate performance bound for any phase-preserving amplifier permitted by quan-
tum mechanics. In terms of noise temperature, the SQL is:

TSQL ¼ 
ℏω 
2k B

, (7)

where ω is the angular frequency of the signal and kB is the Boltzmann’s constant. For
qubit readout frequencies in the 4–8 GHz range, this corresponds to a noise
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temperature on the order of 100 mK—roughly an order of magnitude lower than that
of the best cryogenic HEMTs (1–5 K) [12, 34]. 

2.4 Phase-preserving vs. phase-sensitive amplification

Quantum amplifiers are generally classified into two categories: phase-preserving
and phase-sensitive [14].

. Phase-preserving amplifiers amplify both quadratures of the input signal equally. 
To satisfy the uncertainty principle, they must add noise, with the SQL setting a
minimum of half a photon of added noise power.

. Phase-sensitive amplifiers amplify one quadrature while attenuating the other. In 
this case, amplification can occur without adding noise to the amplified 
quadrature, enabling below-SQL performance in that quadrature at the expense
of increased uncertainty in the conjugate one. This mechanism produces
quadrature noise squeezing, which is valuable in quantum metrology and
quantum error correction [35]. 

2.5 Gain and added noise

One key performance metric for an amplifier is its power gain G, defined a

G ¼ 
Pout 

Pin 
, (8)

where Pout and Pin denote the output and input signal powers, respectively.
High gain alone is insufficient for quantum applications; the added noise must also 

be minimized. For phase-preserving amplifiers, the fundamental link between gain
and noise is captured by the Haus-Caves limit [14], which states:

Nadd ≥ 1 
2 
ℏω G- 1ð Þ, (9)

where Nadd denotes the added noise referred to the input, expressed as an equivalent
energy at the signal frequency [14]. This inequality shows that although higher gain 
improves the signal-to-noise ratio (SNR) in subsequent stages, it cannot eliminate the
intrinsic quantum noise penalty of phase-preserving amplification.

3. Superconducting parametric amplifiers

To approach the SQL, amplifiers must employ a non-dissipative nonlinear element
to enable frequency mixing without introducing significant noise.

Parametric amplification is the process by which the amplitude of a weak signal is 
increased by transferring energy from a strong external pump through a nonlinear 
medium. Unlike conventional amplifiers that rely on active semiconductor elements 
such as transistors, parametric amplifiers use the time-dependent variation of a system
parameter—such as inductance or capacitance—to mediate energy exchange [14]. 

The primary figure of merit in parametric amplification is the gain, which quan-
tifies the increase in signal power. Parametric amplifiers can typically achieve high
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gain (20–30 dB) with minimal added noise. However, this performance comes at the 
expense of bandwidth, which is approximately inversely proportional to the gain due
to the fundamental gain-bandwidth tradeoff [36]. 

For resonator-based parametric amplifiers, the gain-bandwidth tradeoff can be
expressed as:

G 
p 

Δf ≈ κ, (10)

where G is the power gain, Δf is the amplifier bandwidth, and κ is the resonator 
linewidth (its energy decay rate, in Hz). Thus, as the gain increases, the bandwidth
narrows so that the product remains approximately constant.

3.1 Frequency mixing

When a strong pump tone at frequency ωp and a weak signal at frequency ωs are 
applied to a nonlinear medium—such as a superconducting resonator with kinetic or
Josephson inductance—new frequency components, known as idler tones (ωi), are
generated according to

ωi ¼ ωp ± ωs : (11)

This process, called frequency mixing, originates from the time-dependent modu-
lation of the system ’s reactive impedance and is a direct consequence of nonlinearity
[37, 38]. 

In nonlinear mixing, the idler frequency enables efficient energy transfer from the 
pump to the signal. The pump provides energy that is shared between the signal and 
idler, ensuring energy conservation and maintaining phase coherence. This allows
signal amplification without introducing extra noise from dissipative processes.
Without the idler, the pump could not effectively transfer energy, and amplification
would be largely ineffective [35, 38]. 

To better understand how nonlinear systems generate and manipulate new fre-
quency components, it is useful to distinguish between two fundamental mechanisms
—three-wave mixing and four-wave mixing—illustrated in Figure 2. These processes 
arise from different orders of nonlinearity and obey distinct energy-conservation
relations [39, 40]. 

Figure 2. 
Three-wave and four-wave mixing. The pump (ωp) and signal (ωs) tones interact within a nonlinear resonant 
medium. (Left) In four-wave mixing, third-order nonlinearity generates two idler frequencies, ωi1 ¼ 2ωp -ωs 
and ωi2 ¼ 2ωs -ωp, leading to frequency conversion and amplification. (Right) In three-wave mixing, second-
order nonlinearity produces a single idler at ωi ¼ ωp -ωs, also enabling frequency conversion and amplification.
The idler power depends on both gain and pump strength.

7
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3.2 Degenerate vs. non-degenerate parametric amplification

As discussed above, parametric amplification is a nonlinear process in which energy 
from a pump tone is transferred to a signal and an idler. Depending on the frequency 
relationship between these tones, two main regimes arise: degenerate, where the signal 
and idler frequencies coincide, and nondegenerate, where they remain distinct [41, 42]. 

Degenerate parametric amplification occurs when the signal and idler frequencies 
coincide, that is, ωs ¼ ωi ¼ ωp 

2 . This requires both tones to lie within the same resona-
tor mode, with the pump frequency approximately twice the resonator’s natural 
frequency. Because the signal and idler share the same mode, the amplifier operates in 
a phase-sensitive regime, where the gain depends on the relative phase between the
input signal and the pump. In this case, one quadrature of the signal can be amplified,
while the orthogonal quadrature (90° out of phase) is attenuated. This enables noise
squeezing below the Standard Quantum Limit (SQL), which is particularly valuable
for quantum-limited measurements [43]. 

In contrast, nondegenerate parametric amplification occurs when the signal and idler 
occupy different modes of the circuit. These frequencies often couple through sepa-
rate physical ports, each associated with its own resonance. In this configuration, the
amplifier can provide (i) reflection gain, amplifying signals reflected at the same
frequency, and (ii) conversion gain, transferring energy between the signal and idler
frequencies [36, 43]. Unlike the degenerate case, nondegenerate amplification is 
largely phase-insensitive: It amplifies both quadratures equally and cannot achieve 
quadrature-selective gain or squeezing. Consequently, such amplifiers add at least half
a photon of noise per quadrature [43]. 

3.3 Types of parametric amplifiers

In superconducting parametric amplifiers, signal amplification is achieved through 
wave-mixing processes driven by the device’s intrinsic nonlinearity. This nonlinearity 
may arise from Josephson inductance (reactive) or from kinetic inductance, which
can also involve dissipative contributions [44]. Accordingly, superconducting para-
metric amplifiers are broadly categorized into two main classes based on the underly-
ing nonlinearity: Josephson Parametric Amplifiers (JPAs) [17, 45] and Kinetic 
Inductance Parametric Amplifiers (KIPAs) [38]. Both types can operate in either four-
wave mixing (4WM) or three-wave mixing (3WM) regimes, depending on the form
of nonlinearity used in the device.

3.3.1 Josephson Parametric Amplifiers (JPAs)

Josephson Parametric Amplifiers (JPAs) employ the intrinsic nonlinear inductance of 
Josephson junctions to achieve low-noise amplification of microwave signals. The effec-
tive inductance of a Josephson junction depends on the current flowing through it, allow-
ing it to act as a nonlinear circuit element. The core principle is parametric amplification: 
A strong pump t one drives the junction into a nonlinear regime, periodically modulating
the resonator’s effective inductance. This modulation transfers energy from the pump to
the signal, enabling amplification with minimal added noise (Figure 3)  [45,  46].  

JPAs operate through frequency mixing driven by a strong pump tone, with dis-
tinct regimes depending on circuit design and nonlinearity.

In the three-wave mixing (degenerate) mode, a pump at ωp ≈ 2ωs drives the circuit, 
producing signal (ωs) and idler (ωi) tones that overlap at the same frequency

8104



Superconducting Parametric Amplifiers: Resonator Design and Role in Qubit Readout
DOI: http://dx.doi.org/10.5772/intechopen.1013108

Figure 3. 
Lumped-element schematic representation of a resonant Josephson Parametric Amplifier (JPA). The device operates 
in reflection mode, with both the input signal (f s) and pump tone (Pp) applied to the same port. A coupling capacitor 
(Cc) connects the input/output line to a λ=4 resonator modeled as a lumped LC network. At the grounded end, a 
Josephson junction (JJ) provides nonlinear inductance, enabling parametric amplification. In the degenerate three-
wave configuration, the pump frequency is approximately twice the signal frequency (f p≈2f s). In practice, a
circulator or isolator is placed at the port to separate the reflected amplified signal from the incoming tone.

(ωs ¼ ωi). This regime enables phase-sensitive amplification, where only one quadra-
ture of the microwave field is amplified, ideally without introducing added noise. It is 
typically realized in flux-pumped JPAs, in which a Superconducting Quantum Inter-
ference Device (SQUID) terminates a resonator and its inductance is modulated by a
flux drive at 2ωs [37, 47]. 

By contrast, in the four-wave mixing (non-degenerate) mode, the pump frequency is 
close to the signal frequency (ωp ≈ ωs). Energy conservation requires 2ωp ¼ ωs þ ωi, 
so the signal and idler emerge at distinct frequencies (ωs 6¼ ωi). This regime provides
phase-preserving amplification, in which both quadratures are amplified equally. Such
operation is commonly implemented in current-pumped JPAs, where a pump tone
directly drives a single Josephson junction through a coupling capacitor [36, 43]. 
However, phase-preserving amplification is unavoidably constrained by the Standard 
Quantum Limit, introducing at least half a photon of added noise [14]. 

3.3.2 Traveling waveguide parametric amplifiers

While JPAs provide near-quantum-limited amplification within a narrow band-
width, their resonant nature inherently limits their frequency range and dynamic
range [48]. To overcome these constraints,Traveling Wave Parametric Amplifiers 
(TWPAs) have been developed as a broadband alternative [49]. 

The operation of TWPAs is fundamentally based on the principle of parametric 
excitation, where energy is transferred to an oscillatory system by periodically varying 
one of its parameters, such as capacitance or inductance. For example, in a simple 
resonant circuit, if the capacitance is modulated in time—such as pulling apart con-
denser plates when the voltage reaches a maximum and restoring them when the 
voltage is zero—energy is added to the circuit, sustaining oscillations. This parametric
modulation is typically driven at twice the resonant frequency of the circuit and can
be implemented as a square wave or sinusoidal variation. In TWPAs, this concept is
extended to a nonlinear transmission line, where the nonlinearity of Josephson junc-
tions effectively modulates the system parameters dynamically as the pump tone
propagates, enabling continuous energy transfer to the signal (Figure 4).
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Unlike JPAs, which rely on a resonant structure, TWPAs use a nonlinear transmis-
sion line composed of a series of Josephson junctions or nonlinear elements that allow a 
pump tone to propagate along the line and continuously interact with the signal based 
on the principle of four-wave mixing to satisfy the frequency relation 2ωp ¼ ωs þ ωi.
This distributed nonlinearity facilitates parametric amplification over a wide fre-
quency range without the bandwidth restrictions imposed by resonators [10, 38]. 

The continuous nature of the nonlinear medium allows the amplification to build 
up gradually over the entire length of the device, enabling high gain (often exceeding
20 dB) and large bandwidths (several GHz) simultaneously [50]. 

TWPAs typically employ arrays of Josephson junctions embedded in coplanar 
waveguides or lumped-element transmission lines, with careful impedance engineer-
ing to maintain low insertion loss and high dynamic range. Their broadband, low-
noise performance has made them indispensable for high-fidelity readout of
superconducting qubits and other quantum devices [10, 36]. 

Figure 4. 
Schematic representation of a Traveling-Wave Parametric Amplifier (TWPA) based on a Josephson junction 
transmission line. The amplifier consists of a series of Josephson junctions (cross symbols) and capacitive shunt elements, 
with periodically inserted phase-matching structures (inductor-capacitor networks). The input signal enters on the left,
is amplified through parametric interaction with a strong pump tone, and exits as an amplified output on the right.

3.3.3 Kinetic Inductance Parametric Amplifiers

Kinetic Inductance Parametric Amplifiers (KIPAs) are the key components in 
quantum information processing, especially for high-sensitivity quantum measure-
ments. They are typically deployed as the first amplification stage, operating at the
lowest temperature to provide sufficient gain and overcome noise from subsequent
stages, such as high-electron-mobility-transistor (HEMT) amplifiers [51]. 

KIPAs operate based on the nonlinear kinetic inductance of thin superconducting 
films (e.g., NbTiN or NbN), which arises from the inertia of Cooper pairs. This 
nonlinearity becomes more pronounced in thin films and under current bias. Under
an applied current, the kinetic inductance Lk becomes current-dependent and is often
approximated as:

Lk Ið  Þ ≈ Lk0 1þ αI2 , (12)

where Lk0 is the zero-bias kinetic inductance and α characterizes the nonlinearity.
In these devices, four-wave mixing (4WM) can occur in transmission lines pat-

terned as coplanar waveguides or microstrips when driven by a strong pump tone. 
Phase matching is required to maximize gain across the desired bandwidth, which is
typically achieved through dispersion engineering. By tailoring the geometric disper-
sion, phase matching is maintained while suppressing unwanted higher-order pro-
cesses, such as the pump’s third harmonic.
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Figure 5. 
Layout of a Kinetic Inductance Parametric Amplifier (KIPA) based on a nonlinear transmission line. The 
structure consists of alternating coplanar waveguide (CPW) sections with engineered impedance and embedded 
kinetic inductance elements. The Z segments are cascaded to form a stepped-impedance profile, enabling phase
matching and parametric gain. These segments can be designed as λ=4 or λ=2 CPWs.

Applying a DC bias allows three-wave mixing (3WM) in kinetic inductance traveling-
wave parametric amplifiers (KI-TWPAs), yielding near-quantum-limited nois e perfor-
mance, broad bandwidth, and high dynamic range (Figure 5)  [52,  53].  

Having explored the physical principles and architectural variations of parametric 
amplifiers—including JPAs, TWPAs, and KIPAs—it is essential to understand how

Figure 6. 
Cryogenic measurement setup for superconducting qubit readout: A probe signal from a vector network analyzer 
(VNA) passes through a series of attenuators at progressively colder temperature stages to suppress thermal noise. 
At the 20mK stage, the signal interacts with the qubit circuit and is amplified by a parametric amplifier 
(Paramp) with ~ 20dB gain. An isolator at 100mK prevents back-action noise from higher stages. The signal is
further amplified by a low-noise amplifier (LNA) at 4K and then demodulated via an I/Q mixer driven by a local
oscillator (LO). The final signal is digitized by an analog-to-digital converter (A/D), enabling high-fidelity qubit
state discrimination.
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these devices are integrated into a cryogenic measurement chain for qubit readout. 
The following schematic illustrates a typical experimental setup used in 
superconducting quantum circuits, where signal integrity, noise suppression, and
thermal isolation are critical. Each amplifier type discussed earlier plays a distinct role
depending on its placement, gain characteristics, and compatibility with the sur-
rounding microwave infrastructure (Figure 6). 

4. Superconducting resonators: Structure and function in parametric
amplifiers

4.1 Basics of microwave resonators

Microwave resonators are fundamental building blocks in superconducting para-
metric amplifiers (SPAs), providing energy storage and defining the interaction 
between microwave signals and nonlinear elements. A resonator confines electro-
magnetic energy and oscillates at discrete frequencies where constructive interference
occurs—reflected waves combine in phase to reinforce each other [54]. In SPAs, the 
resonator enhances the pump tone and facilitates energy transfer between the pump,
signal, and idler modes [38]. 

Superconducting resonators operate by forming standing waves at specific reso-
nant frequencies. The use of superconducting materials is essential, as their unique 
properties, particularly the superconducting gap, ensure extremely low energy dissi-
pation, yielding very high-quality factors. To minimize external disturbances such as
thermal noise and stray radiation, these devices are typically operated at millikelvin
temperatures inside dilution refrigerators [55, 56]. 

The main types of superconducting resonators are:

4.1.1 Lumped-element (LC) resonators

Lumped-element resonators consist of discrete inductors (L) and capacitors (C) 
connected in series or parallel to form an LC circuit. Their resonance frequency is
given by:

f 0 ¼ 
1 

2π LC 
p : (13)

These resonators provide a compact solution for low-frequency applications, 
where the physical size is much smaller than the operating wavelength [57]. At 
microwave frequencies, however, parasitic elements such as lead inductance, inter-
turn capacitance, and conductor losses (including the skin effect) become significant 
and limit the achievable quality factor (Q). To overcome these limitations, modern
designs employ superconducting thin films and integrated parallel-plate capacitors,
reducing parasitics and achieving Q factors exceeding 105 while occupying an area of
approximately 1 mm2 [58]. 

4.1.2 Distributed-element ( CPW) resonators

Distributed-element resonators, such as coplanar waveguide (CPW) resonators, 
are implemented using sections of transmission line designed to support
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standing-wave boundary conditions, typically λ=4  or λ=2 [59]. Unlike lumped-element 
designs, the inductance and capacitance in CPW resonators are distributed 
along the length of the line, eliminating the need for discrete components. The char-
acteristic impedance Z0 (commonly around 50Ω) and propagation properties are
determined by the inductance and capacitance per unit length of the transmission
line [60]. 

While a CPW resonator’s behavior at resonance can often be approximated by a 
lumped LC circuit for simplified analysis, its inherent distributed nature fundamen-
tally governs all its resonant modes and frequency-dependent characteristics, both on-
and off-resonance. CPW resonators are widely used in superconducting quantum 
circuits due to their ease of design up to frequencies of approximately 10 GHz,
immunity to stray parasitics, and excellent compatibility with planar fabrication pro-
cesses. When implemented using superconducting films at cryogenic temperatures,
these resonators can achieve loaded quality factors ranging from a few hundred to
several hundred thousand [59]. 

In CPW resonators, the electric field is concentrated in the gaps between the center 
conductor and the ground planes, with the magnetic field primarily surrounding the 
center conductor. This geometry allows precise control of impedance and coupling by
adjusting the gap and conductor width. Engineering the field profile is essential for
optimizing nonlinear participation in SPAs (Figure 7) [61]. 

Figure 7. 
Schematic of a coplanar waveguide (CPW) resonator and its equivalent lumped-element model. The CPW consists 
of a central conductor of width W separated by gaps s from the ground planes on either side, all superconducting
material patterned on a dielectric substrate of thickness h and relative permittivity εr.

4.1.3 λ=4 and λ =2 resonators

Quarter-wave (λ=4) and half-wave (λ=2) configurations refer to the resonator 
length relative to the guided wavelength of the electromagnetic wave it supports. The
guided wavelength is given by:

λ ¼ 
vp 

f 
¼ 

c 
f εeff
p , (14)

where vp is the phase velocity of the wave in the transmission line, and ε eff is the
effective dielectric constant of the coplanar waveguide (CPW) structure [54]. 

A λ=2 resonator, often realized as a half-wavelength section of transmission line, 
supports a standing wave with voltage nodes (and current antinodes) at both ends for
the fundamental mode. Its fundamental resonance occurs when the physical length
satisfies:

l ≈ 
λ 
2 
, f 0 ¼ 

vp
2l

: (15)
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In contrast, a λ=4 resonator is a quarter-wavelength section, typically with one end 
short-circuited to ground and the other end open or capacitively coupled to the feed 
line. In this configuration, the shorted end forms a voltage node, while the open end
forms a voltage antinode for the fundamental mode, and the resonance condition is:

l ≈ λ 
4 
, f 0 ¼

v p
4l

: (16)

Quarter-wave resonators are preferred when easy coupling to feed lines is desired, 
while half-wave resonators are chosen for symmetric boundary conditions or multi-
mode operation [54, 59]. 

4.2 Quality factor ( Q)

The quality factor (Q) quantifies how efficiently a resonator stores 
electromagnetic energy relative to its losses and characterizes the sharpness of its
resonance. It also influences gain, bandwidth, and noise performance [54]. It is 
defined as

Q ¼ 2π Energy Stored 
Energy Lost per Cycle

¼ ω0W
Ploss

, (17)

where ω0 ¼ 2πf 0 is the resonant angular frequency, W the stored energy, and P loss the
dissipated power per cycle. In terms of bandwidth Δf :

Q ¼ 
f 0 
Δ f

: (18)

In superconducting CPW resonators, different loss mechanisms are quantified by 
distinct quality factors. The internal quality factor, Q int, accounts for intrinsic losses 
such as conductor residual resistance, dielectric absorption, and radiation, and is 
defined by Q int ¼ ω 0W

Pinternal
. The external quality factor, Qext, describes losses due to

intentional coupling to external circuitry, such as feed lines, and is given by
Qext

ω0W
Pexternal

.
When both internal and external losses are present, the total or loaded quality 

factor, QL , satisfies 1
QL

¼ 1
Q int

þ 1
Qext

.
The loaded Q determines the operational bandwidth and energy decay rate of the

resonator.

5. Design and simulation of a CPW resonator-feed line system for qubit
readout

In this section, we present the design and simulation of a planar superconducting 
readout circuit based on coplanar waveguide (CPW) resonators coupled to a common
feed line.

This architecture, widely used in circuit quantum electrodynamics (cQED), enables 
efficient dispersive measurement of superconducting qubits in the microwave regime. 
We focus on a single-qubit configuration in which the qubit is coupled to a λ=4
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meandered CPW resonator, and the resonator is interfaced with a CPW feed line for 
multiplexed readout. We outline the functional role of each circuit element, discuss key 
design considerations, and highlight how geometry sets parameters such as resonant
frequency, coupling strength, and quality factors (see Figure 8). 

Figure 8. 
A qubit circuit using CPW as a resonator coupled with the feed line modeled in HFSS.

5.1 Design overview

The primary application of this structure is the dispersive readout of 
superconducting qubits in the microwave domain, particularly for frequency 
multiplexing. In this scheme, multiple resonators of slightly different lengths are 
coupled to the same feed line, enabling each qubit to be read out at a distinct frequency.

The following is what each component ’s role is:

1.Feed line: 

The feed line is implemented as a coplanar waveguide (CPW), whose role is to 
deliver and collect microwave signals from the resonators. It transmits readout 
pulses to the resonators, collects the reflected or transmitted signals that encode
qubit states, and also supports multiplexed readout when multiple resonators are
coupled along its length.

The first step in designing the coupling circuit is to realize a CPW feed line with a 
characteristic impedance of 50 Ω, ensuring proper matching to measurement 
equipment and minimizing reflections. The substrate is silicon with relative 
permittivity εr ¼ 11 :7 and thickness h ¼ 550, μm. The CPW impedance is set by
the conductor width w and gap s, which are iteratively adjusted to achieve the
desired impedance. The resulting optimized dimensions are illustrated in
Figure 7. 

Geometric definitions: 

Here, w is the width of the center conductor, s the gap between the center 
conductor and the ground planes, h the substrate thickness, and εr the relative
permittivity of the substrate.

We define the normalized geometric ratios:
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k0 ¼ 
w 

w þ 2s 
, k1 ¼ 

sinh πw 
4h

( )
sinh π wþ2sð Þ

4h

⎛ ⎞ (19)

Elliptic integral approximations:

The complete elliptic integrals of the first kind, K  k0ð  Þ  and K  k  1ð Þ, are approxi-
mated using logarithmic expressions depending on the value of k [62]: 
For 0≤ k≤0: 71:

K  kð  Þ ≈ 
1
π
ln

2  1þ 
-----------------------------

1- k2
pq⎛ ⎞

1-
-----------------------------
1- k2

pq 

⎛ 

BB@ 

⎞ 

CCA 

2 

664 

3 

775
- 1

(20)

For 0:71< k≤ 1 :

K  kð  Þ ≈ 1
π
ln 

2  1  þ 
---
k

p⎛ ⎞
1- k 

p 

⎛
@

⎞
A (21)

These approximations allow us to compute the ratio K  k1ð  Þ=K  k  0ð Þ, which governs
both the impedance and the effective permittivity.

Effective dielectric constant:
The effective dielectric constant is given by:

εeff ¼ 1þ 
εr - 1 
2

. K  k  1ð Þ
K k0

(22)

This accounts for the field distribution between the substrate and air regions.

Characteristic impedance: 
The characteristic impedance of the CPW is:

Z0 ¼ 
30π 
εeff 

p . 1
K k0

(23)

This analytical expression assumes negligible conductor thickness and an ideal 
lossless dielectric. In practice, it does not capture the effects of finite metalliza-
tion thickness, field interactions with air in open-back or suspended substrates,
or deviations arising from fabrication tolerances and material imperfections. For
accurate design, full-wave electromagnetic simulations or calibrated measure-
ments are therefore recommended.
Considering the equations 19 to 21, for or case w ¼ 10 μm and s ¼ 6 μm, which
yield approximately 50 Ω impedance (Figure 9). 

2.Meander: 

The meandered resonator functions as a frequency-selective element with a 
designed resonance in the 4–8 GHz range. It couples weakly to the feed line at one 
end and to the qubit at the other. In the dispersive regime, the qubit state induces a 
small shift in the resonator frequency, which can be monitored via the feed line to
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Figure 9. 
Feedline: (Top) feed line geometry (Bottom) simulated J-field related to feed line.

infer the qubit state non-destructively. A meandered geometry is employed to 
increase the effective resonator length while conserving chip area.

The resonator is implemented as a λ=4 coplanar waveguide (CPW) resonator 
fabricated from a thin superconducting film, modeled as a perfect conductor in 
initial simulations. The conductor width w and gap s are chosen to target a 
characteristic impedance of 50 Ω, with dimensions (w ¼ 10 μm, s ¼ 6 μm) 
consistent with those of the feed line. To achieve the desired resonance
frequency near 5:5 GHz while remaining compatible with typical chip
dimensions, the resonator is realized as a quarter-wavelength transmission line.
One end of the line is shorted to ground, while the opposite end is open and
capacitively coupled to the transmon qubit. These boundary conditions yield a
resonance frequency of

f r ≈ c 
4l ε eff
p , (24)

where l is the resonator length (in our case ~ 5:43 mm), and εeff ¼ 6 :3 is the
effective dielectric constant of the CPW, calculated from Eq. (23).
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Figure 10. 
Meander resonating frequency and related field plot.

3.Cross-shaped structure: 

The cross-shaped capacitor pads of the transmon qubit provide large shunt 
capacitance to the Josephson junction, thereby reducing sensitivity to charge 
noise. They also couple to the resonator, enabling state readout and microwave
control. The transmon qubit functions as a nonlinear oscillator, with a transition
frequency determined by its Josephson energy (EJ).

Coupling regions:

. Top short CPW gaps:
The feed line-resonator coupling region sets the external quality factor (Qc)  of  
the resonator. It governs the rate at which energy leaks f rom the resonator into
the feed line, thereby influencing both readout speed and signal strength.

In practice, a CPW resonator is side-coupled to the feed line through a gap
capacitor. This capacitance controls the external quality factor Qc, and thus
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the coupling strength between the resonator and the measurement line. To 
calculate the effective capacitance, inductance, and mode frequencies, the 
CPW geometry (metal widths, spacings, and gaps) is transformed into a
simpler equivalent geometry using conformal mapping techniques, where
analytical integrals can be evaluated.

Figure 11. 
Field plot of the feed line coupling with meander.

The resonator’s electrical length sets the bare quarter-wave resonance 
frequency, f 0ð  Þ  

r ¼ cℓ 
4 loþlcþlsð Þ, where cℓ ¼ c= -------

εeff 
p 

is the phase velocity on the line
and lo, lc, and ls denote the open section, the coupling section, and the shorted
section, respectively.

The presence of the feed line introduces an interaction described by a 
dimensionless coupling coefficient κ, which depends mainly on the coupling 
gap and overlap, and by two phase factors, θ ¼ 2πf 0ð  Þ  

r lc 
cℓ 

, ψ ¼ 2πf 0ð  Þ  
r lcþ2loð  Þ  

cℓ 
: These 

phases, together with κ, enter the first-order ana lytical expressions for the
external quality factorQe and the frequency shift of the coupled resonator [63]. 

In our design, considering the geometries shown in Figures 10–12 and using the 
analytical description presented in [63], the feed line and resonator impedance 
are 49:81 and 49:94Ω, κ 0:093 with th e quality factor of 15000.

Figure 12. 
Meander and feed line coupling geometry.
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. Bottom connection: 

This region is the resonator-qubit coupling and sets the dispersive coupling 
rate g, influencing readout contrast and qubit-resonator interaction. To
achieve this coupling the same calculation procedure is applied for this part
as mentioned above (Figure 13). 

Figure 13. 
Cross-shaped capacitor coupling geometry.

In this example, the coupling between the feed line and the resonator was 
implemented using a meander structure, and the resulting microwave response was
analyzed to identify the resonance behavior of the readout, as shown in Figure 14. 

This readout architecture, together with the analytical framework described above, 
can be naturally extended to multiple resonators. By introducing additional 
meandered branches along a single feed line, the system can enable simultaneous
readout of several qubits in a scalable and modular fashion, while preserving inde-
pendent control over coupling strengths and resonance frequencies.
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Figure 14. 
Design and response of a meander-coupled CPW resonator. (Top) Layout of the coplanar waveguide feed line with 
a meander section used to control the coupling rate. (Bottom) Simulated S11 spectrum showing the resonance
frequency, where the depth and linewidth of the dip provide information on the coupling strength and loaded
quality factor of the resonator.

6. Conclusion 

In this chapter, we have comprehensively explored the foundational principles and 
practical applications of Superconducting Parametric Amplifiers (SPAs) within quan-
tum computing. We highlighted the critical role of SPAs in achieving ultra-low-noise
qubit readout, addressing the limitations of conventional amplifiers and approaching
—or even surpassing—the Standard Quantum Limit (SQL).

The chapter reviewed the operating principles of parametric amplification, 
emphasizing the importance of superconducting nonlinearities from Josephson junc-
tions and kinetic inductance, and distinguishing between phase-preserving and phase-
sensitive amplification modes. Resonator design was shown to be central to SPA
performance, with both lumped-element and coplanar waveguide structures enabling
high-quality factors and optimal energy transfer.
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We also examined key SPA architectures, including Josephson Parametric Ampli-
fiers (JPAs), Traveling-Wave Parametric Amplifiers (TWPAs), and Kinetic Induc-
tance Parametric Amplifiers (KIPAs), each offering specific advantages in gain, 
bandwidth, and dynamic range. Finally, a practical example of a meandered quarter-
wavelength CPW resonator coupled to a feed line illustrated the principles of precise
engineering for dispersive qubit readout and multiplexed measurement.
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communications, sensing, and energy systems. Perspectives on Quantum Technologies 
- Modeling, Simulation, and Implementation offers a comprehensive treatment of how 
quantum designs are conceptualized, modeled, and translated into practical devices. 
This volume highlights the roles of entanglement and symmetry, explores quantum-

inspired modeling and dynamical simulation approaches, and examines enabling 
hardware technologies in emerging quantum applications. By linking conceptual 
foundations to computational methods and hardware realization, this book offers 

an in-depth survey of the quantum technology landscape. It should be of great value 
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