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Preface

Number theory is a fundamental area of mathematics with a long history and a 
wide range of connections to other disciplines. Originating in the study of integers, 
divisibility, and prime numbers, it has developed into a field that interacts with areas 
such as algebra, combinatorics, cryptography, and theoretical computer science. In 
recent years, computational and algorithmic approaches have further expanded their 
scope, contributing to both theoretical investigations and practical applications.

The present edited volume, Number Theory – Classical Foundations and Modern 
Perspectives, brings together a collection of contributions that reflect different aspects 
of contemporary research and education in number theory. The chapters address 
classical theoretical questions, modern computational methods, interdisciplinary 
applications, and pedagogical issues. The volume is intended to provide a representa-
tive overview of current themes and approaches rather than a unified treatment of a 
single topic.

The book is organized into three sections.

The first section, Classical and Structural Foundations in Number Theory, focuses 
on foundational topics and structural aspects of the subject. The chapter An Average 
Version of the Chebotarev Density Theorem for Families of Galois Extensions studies 
families of number fields arising as splitting fields of polynomials and establishes an 
average form of the Chebotarev Density Theorem, including probabilistic results on 
the distribution of prime splitting types. The chapter Perspective Chapter: Experimental 
Insights on Prime Gaps presents computational investigations of prime gaps based 
on large-scale sieving techniques, highlighting observed statistical patterns and 
related conjectural questions. The section concludes with Matula Numbers and their 
Applications, which examines a bijection between rooted trees and positive integers 
and discusses its applications in combinatorics and chemistry.

The second section, Computational, Applied, and Algorithmic Perspectives, 
addresses number-theoretic methods and ideas in computational and applied set-
tings. The chapter On Efficient Single-Step Scheme for Solving p-Adic Polynomial in p: 
Convergence and Fractal Analysis introduces an iterative method for solving nonlinear 
equations in the ring of p-adic integers, with an analysis of convergence properties 
and associated dynamical behavior. The chapter Post-Quantum Cryptography: Number 
Theoretic Foundations and Future-Proof Protocols surveys cryptographic schemes 
designed to resist quantum attacks, outlining the number-theoretic assumptions 
underlying lattice-based, code-based, multivariate, and isogeny-based approaches. 
The chapter Ghani Mersenne and Fermat Entropy for Some Dendrimers and Their 
Structure-Property Modeling proposes numerical descriptors inspired by Mersenne and 
Fermat numbers and applies them to the analysis of dendrimer structures. The section 
concludes with Slepian Pollak Inequality for Multi-Band Wavelets, which studies an 
energy inequality for multi-band wavelets and discusses its relevance in signal analysis.
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The third section, Perspectives on Proof, Education, and Pedagogy, is devoted to 
reflective and educational aspects of number theory. The chapter Perspective Chapter: 
Proofs in Number Theory – Audiences, Purposes, and Modes examines different modes 
of proof through examples drawn from number theory, with particular reference to 
established frameworks in mathematics education.

Although the emphasis of the volume is on research-oriented contributions, several 
chapters also address educational considerations, including the communication 
of mathematical ideas and the use of computational tools in teaching. The book is 
intended for researchers, graduate students, and educators interested in number 
theory and its various applications.

The editors wish to thank all contributing authors for their cooperation throughout 
the preparation of this volume. The editors also acknowledge the continuous profes-
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Chapter 1

An Average Version of the
Chebotarev Density Theorem for
Families of Galois Extensions
Ilaria Viglino

Abstract

Wediscuss the arithmetic of certain families of number fields, obtained as the splitting
fields of families of polynomials. The first and main example is the family of monic,
integer polynomials over a fixed number field extension of fixed degree, with bounded
height. It was van derWaerden who first proved that almost all (in a suitable sense) such
polynomials have splitting field over the rationals with Galois group isomorphic to the
symmetric group. On the other hand, all these kinds of number field extensions arise in
this way for some polynomial as above. We show an average version of the Chebotarev
Density Theorem for this family of polynomials. In particular, this gives a Central Limit
Theorem for the number of primes with given splitting type in some ranges.

Keywords: analytic number theory, Chebotarev density theorem, class number,
large sieve, symmetric group

1. Introduction

The Chebotarev Density Theorem stands as one of the cornerstones of algebraic
number theory. It governs how prime ideals of a number field are distributed among
the conjugacy classes of its Galois group, providing a unifying generalization of clas-
sical splitting results for primes in the extensions of ℚ. Through this correspondence
between arithmetic and group structure, the theorem describes the frequency with
which Frobenius elements fall into specific conjugacy classes, thus encoding deep
information about the factorization of primes in number fields.

Beyond individual instances, much recent progress has focused on average versions
of Chebotarev-type statements. Studying the expectation and variance of splitting
behaviors across large families of polynomials or fields reveals how typical Galois and
splitting phenomena manifest statistically. This shift from individual to collective
behavior brings into focus universal patterns that are obscured when treating one field
at a time. Such average results form a major theme of modern arithmetic statistics,
blending analytic number theory, probability, and algebraic geometry to describe how
algebraic data are distributed in large families.

A natural framework for these investigations comes from families of monic inte-
gral polynomials. Each polynomial defines an extension of ℚ (or of a general base
field K), and the distribution of its coefficients provides a natural random model.
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The factorization of a polynomial modulo primes then reflects the cycle structure of
Frobenius elements in its splitting field, creating a direct bridge between Galois theory
and residue arithmetic. This perspective extends classical ideas—such as van der
Waerden’s study of reducible equations over the integers—into a modern statistical
setting where one seeks asymptotic densities and probabilistic laws.

Recent work has refined these probabilistic models by combining large-sieve esti-
mates, geometric methods, and explicit bounds on error terms. These advances have
led to sharp quantitative statements on how often certain Galois groups occur and
how primes split on average within random families of fields. Such results not only
deepen our theoretical understanding but also have computational consequences:
They inform algorithms for constructing number fields, factoring polynomials, and
designing cryptographic primitives whose security relies on number-theoretic ran-
domness.

1.1 Counting Sn-polynomials

Let K=ℚ be a number field of degree d. For integers n≥ 2 andN >0, consider the set

Pn,N Kð Þ ¼ f Xð Þ ¼ Xn þ αn- 1Xn- 1 þ⋯þ α0 ∈OK X½ � : ht fð Þ≤N
� �

,

where ht fð Þ denotes the maximum absolute value (in a fixed integral basis) of the
coefficients of f . Writing each coefficient as

αk ¼
Xd
i¼1

a kð Þ
i ωi, a kð Þ

i ∈ℤ,

for a chosen ℤ-basis ω1, … ,ωdð Þ of OK, we view the integer parameters a kð Þ
i as

independent random variables uniformly distributed in -N, … ,Nf g. This probabilis-
tic interpretation allows us to discuss asymptotic densities within Pn,N Kð Þ as N ! ∞.

Denote byP0
n,N Kð Þ the subset of Pn,N Kð Þ consisting of those f whose Galois group

over K is isomorphic to Sn. Such polynomials will be called Sn-polynomials over K.
Classical results show that almost all polynomials of fixed degree have full symmetric
Galois group. Quantitatively, one has

∣P0
n,N Kð Þ∣

∣Pn,N Kð Þ∣ ! 1 as N ! ∞:

For K ¼ ℚ, this principle goes back to van der Waerden [1], who obtained an
explicit error term of size O N- 1= 6 n- 2ð Þ log logN½ �� �

. Gallagher [2] later improved this
estimate via the large sieve to O N- 1=2 logN

� �
, and Dietmann [3] refined it further

using resolvent techniques to O N- 2þ ffiffi
2

p þε
� �

for any ε>0. A conjecture of van der

Waerden, asserting the asymptotic formula 2Nð Þn þ O Nn- 1� �
, was ultimately

established by Bhargava [4]:
Theorem (Bhargava). If n≥ 5, then

∣P0
n,N ℚð Þ∣ ¼ 2Nð Þn þ O Nn- 1� �

as N ! ∞:

4
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Chow and Dietmann [5] subsequently proved analogous formulas for the
cubic and quartic cases. Theorem 1.1 below extends these quantitative bounds to
general number fields K of degree d, providing a unified description of how fre-
quently full symmetric Galois groups arise in families of integral polynomials.
The proof combines the classical large-sieve framework of [2] with the
recent geometric and analytic refinements developed in [6, 7]. Full technical
details can be found in those references; here, we summarize the statement for
completeness.

2. Number of Sn-polynomials over K

Theorem 1.1. Let d≥ 1 and n≥ 2. There exist constants θ>0 and θn ≥0 such that the
number of non-Sn polynomials satisfies

∣Pn,N Kð ÞnP0
n,N Kð Þ∣≪ n,KNd n- θð Þ logNð Þθn ,

as N ! ∞. In particular:

1.If n ¼ 2, one can take θ ¼ 1 and θ2 ¼ 1.

2.For all d≥ 1 and n≥ 3, the bound holds with θ ¼ 1
2 and θn ¼ 1- γn, where

γn � 2πnð Þ- 1=2.

3. In each of the following cases, θ ¼ 1 and θn ¼ 0 are admissible:

• d ¼ 1 for all n;

• arbitrary d with n ¼ 4, 5;

• any n≥ 2 2dþ 1ð Þ.

Let G be a subgroup of Sn and is defined

Nn N,G;Kð Þ ¼ f ∈Pn,N Kð Þ : Gf ffi G
� �

, Nn N,G;Kð Þ ¼ ∣Nn N,G;Kð Þ∣:

Then Theorem 1.1 asserts that

Nn N,Gð Þ≪ n,KNd n- θð Þ logNð Þθn (1)

as N ! ∞ for every G⊆ Sn.
The first case in part (3) of Theorem 1.1 reproduces van der Waerden’s conjecture

for polynomials over ℚ (proved for specific degrees in [4, 5]), while the remaining
bullets extend these asymptotics to number fields K of higher degree and to a broad
range of n. The estimates in (2) stem from applying large sieve bounds to the family
Pn,N Kð Þ, paralleling Gallagher’s argument [2] for the rational case. Complete proofs
and refinements appear in [6].
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3. The number of splitting primes

We now turn to the arithmetic statistics governing the average distribution of
splitting types of primes in the extensions generated by polynomials in P0

n,N Kð Þ. The
goal is to quantify, on average, how often a given splitting type occurs, in the spirit of
a probabilistic Chebotarev theorem.

Fix a square-free splitting type r ¼ r1, … , rnð Þ and a real number x≥ 1. For
f ∈P0

n,N Kð Þ define

πf ,r xð Þ ¼
X

℘⊆OK

NK=ℚ℘≤ x

1f ,r ℘ð Þ ¼
X

℘⊆OK

NK=ℚ℘≤ x

1, if f has splitting type rmod℘,

0, otherwise:

�

Thus, πf ,r xð Þ counts the number of unramified primes of norm at most x whose
Frobenius conjugacy class in the splitting field Kf corresponds to the cycle structure r.

We endow P0
n,N Kð Þ with the uniform probability measure ℙN induced by the

distribution of coefficients in -N,N½ �nd. The corresponding expectation and variance

operators are denoted N and σ2N. If ℘⊆OK is a prime ideal, write NK=ℚ℘ ¼ p
f℘
℘ ¼ q℘.

Let πK xð Þ count primes of OK with norm at most x; by the prime ideal theorem,
πK xð Þ � Li xð Þ.

The next statement describes the asymptotic distribution of πf ,r xð Þ for large fami-
lies of polynomials.

Theorem 1. For x ¼ N1= log logN and real numbers a< b, one has

ℙN a≤
πf ,r xð Þ- δ rð ÞπK xð Þ

δ rð Þ- δ rð Þ2
� �1=2

πK xð Þ1=2
≤ b

0
B@

1
CA! 1ffiffiffiffiffi

2π
p

ðb
a
e- t2=2dt as N ! ∞,

where δ rð Þ is the proportion of elements in Sn having cycle type r.
This central limit theorem shows that, for almost all polynomials in the family, the

normalized count of primes with a fixed splitting type fluctuates according to a
Gaussian law centered at the Chebotarev-predicted mean δ rð ÞπK xð Þ.

4. An explicit example

4.1 Splitting types of cubic polynomials over ℚ

We start with a worked-out example with explicit computations of splitting types
for a small-degree polynomial and a short numerical experiment illustrating the pre-
dictions of Chebotarev’s theorem on average splitting density.

Consider the family of monic cubic polynomials over ℤ of the form
f xð Þ ¼ x3 þ axþ b, with integral coefficients a, b bounded by some height N. For
simplicity, take N ¼ 10. For a fixed prime pð Þ, the polynomial f modulo pð Þ can factor
into irreducible factors of degrees partitioning 3. The possible splitting types corre-
spond to cycle types of S3:

6
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• 3ð Þ: An irreducible cubic mod pð Þ (cycle type: 3-cycle).

• 2, 1ð Þ: A quadratic irreducible factor and a linear factor.

• 1,1,1ð Þ: Completely split into three distinct linear factors.

By Chebotarev’s Density Theorem, the density of primes with a given splitting type
corresponds to the proportion of elements in the Galois group S3 with the associated
cycle structure, as one can see in Table 1.

4.1.1 Explicit computation for a sample polynomial

Take f xð Þ ¼ x3 - 2xþ 1, which is irreducible over ℚ with Galois group S3. Check
splitting mod primes p ¼ 3,5,7,11:

• (p ¼ 3): f xð Þ � x3 - 2xþ 1 � x3 þ xþ 1 mod 3ð Þ. Factorization in 3 x½ �: try
(x ¼ 0,1,2), none is a root (since (1,0,2 6¼ 0 mod 3), so f is irreducible mod 3 !
splitting type 3ð Þ.

• (p ¼ 5): f xð Þ � x3 - 2xþ 1 � x3 þ 3xþ 1 mod 5ð Þ. Check roots mod 5: x ¼ 1,
1þ 3þ 1 ¼ 5 � 0, root found ! linear factor. Polynomial divides as
x- 1ð Þ x2 þ …ð Þ ! splitting type 2, 1ð Þ.

• (p ¼ 7): f xð Þ � x3 - 2xþ 1 mod 7ð Þ. Test roots x ¼ 0, 1, … , 6: none zero, so
irreducible ! splitting type 3ð Þ.

• (p ¼ 11): f xð Þ � x3 - 2xþ 1 mod 11ð Þ Check roots: x ¼ 1, 1- 2þ 1 ¼ 0, root !
splitting type 2, 1ð Þ.

4.1.2 Numerical experiment: Empirical density of splitting types

For primes p≤ 31, compute the splitting types of f xð Þ ¼ x3 - 2xþ 1 mod p: Count
of types:

• Fully split (1,1,1: 2=11≈18%

• Split 2, 1ð Þ : 6=11≈55%

• Irreducible 3ð Þ : 3=11≈27%

Splitting type Cycle type in S3 Proportion δ rð Þ
(1,1,1) (fully split) Identity 1ð Þ 2ð Þ 3ð Þ 1=6

(2,1) (linear + quadratic) Transpositions (3 elements) 3=6 ¼ 1=2

(3) (irreducible) 3-cycles (2 elements) 2=6 ¼ 1=3

Table 1.
Possible splitting types of a cubic polynomial mod primes and their theoretical densities according to Chebotarev’s
theorem with Galois group S3.
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The theoretical densities for S3 were 1=6≈ 16:7% (fully split), 1=2 ¼ 50% (2,1),
and 1=3≈ 33:3% (irreducible). Our small sample aligns reasonably well with these
predicted proportions even with this very limited data set (Table 2).

This example explicitly illustrates the connection between factorization types of f
modulo primes, the cycle structure in the Galois group, and the statistical predictions
of Chebotarev’s theorem. Extending this to large sets of polynomials or larger prime
ranges recovers the average behaviors studied in this paper.

5. Effective Chebotarev density theorem on average

We next derive an averaged, quantitative version of the Chebotarev density law
within the family P0

n,N Kð Þ. Let ξ>0 be a constant such that

∣Pn,N Kð ÞnP0
n,N Kð Þ∣ ≪ n,KNd n- ξð Þ:

For general n≥ 3 and d≥ 1 one may take ξ ¼ 1
2 - ε, while in the special settings

listed in part (3) of Theorem 1.1 one can choose ξ ¼ 1.
For a splitting type r and a prime ℘ of norm q℘, denote by Xn,r,℘ the set of monic

degree-n polynomials over q℘ having square-free factorization pattern r. The follow-
ing lemma, adapted from [7], gives the essential counting estimate for congruence
conditions across several primes.

Lemma 4.1. Let k≥ 1, and let ℘1, … ,℘k be distinct primes with corresponding ele-
ments gi ∈Xn,r,℘i

for i ¼ 1, … , k. If q℘i
<Ndξ= knð Þ for all i, then

ℙN f ∈P0
n,N : f � gi mod ℘ið Þ for all i

� � ¼ 1

q℘1
⋯q℘k

� �n þOn,K N- dξ� �
as N ! ∞:

This approximation asserts that local conditions at small primes behave almost
independently when N is large, with an error controlled by N- dξ.

Prime p Splitting type

2 (2,1)

3 (3)

5 (2,1)

7 (3)

11 (2,1)

13 (2,1)

17 (1,1,1)

19 (2,1)

23 (1,1,1)

29 (3)

31 (2,1)

Table 2.
Splitting types of f xð Þ ¼ x3 - 2xþ 1 modulo primes up to 31.
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Proposition 4.1. For every prime ℘ satisfying q℘ <Ndξ= nþ1ð Þ, the following hold:

1.ℙN 1f ,r ℘ð Þ ¼ 1
� � ¼ N 1f ,r ℘ð Þ� � ¼ δ rð Þ þ Cr

q℘
þO 1

q2℘
þ qn℘N

- dξ
� �

, for some

constant Cr depending only on r;

2.σ2N 1f ,r ℘ð Þ� � ¼ δ rð Þ- δ rð Þ2
� �

þ Cr 1- 2δ rð Þð Þ
q℘

þ O 1
q2℘

þ qn℘N
- dξ

� �
;

3. for x<Ndξ= nþ1ð Þ,

N πf ,r xð Þ� � ¼ δ rð ÞπK xð Þ þ Cr log log xþ On,K 1ð Þ:

Hence, the expected number of primes of norm up to x with splitting type r equals
δ rð ÞπK xð Þ to leading order, matching the classical Chebotarev density, with secondary
fluctuations of logarithmic size.

Remark. From part (3) above, for any integer m≥ 2 one deduces that

πf ,r xð Þ- δ rð ÞπK xð Þ ¼ O log log xð Þmð Þ as x ! ∞,

for all but On,K x
nþ1ð Þ n- ξð Þ

ξ log log xð Þ1-m
� �

polynomials f with height ≪ x nþ1ð Þ= dξð Þ.

Let φ : Gf ! ℂ be any class function. Define

πf ,φ xð Þ ¼
X

NK=ℚ℘≤ x

℘∤Df

φ Frobf ,℘
� � ¼

X
r
φ gr
� �

πf ,r xð Þ,

where gr represents the conjugacy class Cr. Averaging over P0
n,N Kð Þ gives the follow-

ing consequence.
Corollary 4.1. If x<Ndξ= nþ1ð Þ, then

N πf ,φ xð Þ� � ¼
X
r
δ rð Þφ gr

� �
πK xð Þ þ

X
r
δ rð Þφ gr

� �
log log xþOn,K kφkð Þ,

where kφk ¼ supg∈Gf
∣φ gð Þ∣.

6. Higher moments

To establish Theorem 1, we employ the method of moments, adapting ideas of
Granville and Soundararajan [8]. For each prime℘, define the Bernoulli random variable

X℘ ¼ 1f ,r ℘ð Þ, ℙ X℘ ¼ 1
� � ¼ ∣Xn,r,℘∣

qn℘
¼ δ rð Þ þ Cr

q℘
þO q- 2

℘

� �
:

Let

Y℘ fð Þ ¼
1-

∣Xn,r,℘∣
qn℘

, if 1f ,r ℘ð Þ ¼ 1,

-
∣Xn,r,℘∣
qn℘

, otherwise:

8>>><
>>>:
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For an ideal a ¼Qi℘
αi
i of OK , put Ya fð Þ ¼QiY℘i

fð Þαi .
Lemma 5.1. Uniformly for even integers k with k≪ r

dξ
nþ1=2

logN
log z , one has

1
∣P0

n,N∣

X
f ∈P0

n,N

X
NK=ℚ℘≤ z

Y℘ fð Þ
0
@

1
A

k

¼ Ck,rπK zð Þk=2 1þ O
k3

1- δ rð Þð Þk=2
log log z
πK zð Þ

 ! !

þO πK zð Þk nþ1ð ÞN- dξ
� �

,

and for odd k in the same range,

1
∣P0

n,N ∣

X
f ∈P0

n,N

X
NK=ℚ℘≤ z

Y℘ fð Þ
0
@

1
A

k

≪Ck,rπK zð Þk=2k log log z

πK zð Þ1=2
þ πK zð Þk nþ1ð ÞN- dξ:

Here

Ck ¼

k!
2k=2 k=2ð Þ! , k even,

k!
2 k- 1ð Þ=2 k- 1ð Þ=2ð Þ! , k odd,

8>>><
>>>:

Ck,r ¼
Ck δ rð Þ- δ rð Þ2
� �k=2

, k even,

Ckδ rð Þ k- 1ð Þ=2, k odd:

8<
:

Proceeding as in [7], one derives:
Proposition 5.1. Uniformly for even k with k≪ r

dξ
nþ1=2

logN
log x ,

1
∣P0

n,N ∣

X
f ∈P0

n,N

πf ,r xð Þ- δ rð ÞπK xð Þ� �k ¼ Ck,rπK xð Þk=2 1þO
k3=2

1- δ rð Þð Þk=2
log log x

πK xð Þ1=2
 ! !

þO πK xð Þk nþ1ð ÞN- dξ
� �

,

and for odd k in the same range,

1
∣P0

n,N∣

X
f ∈P0

n,N

πf ,r xð Þ- δ rð ÞπK xð Þ� �k ≪ Ck,rπK xð Þk=2k log log x

πK xð Þ1=2
þ πK xð Þk nþ1ð ÞN- dξ:

For x ¼ o Ndξ= k nþ1=2ð Þ½ �� �
, the final error term is negligible, leading to convergence of

normalized moments to those of the standard Gaussian. Consequently, the random
variable

πf ,r xð Þ- δ rð ÞπK xð Þ
δ rð Þ- δ rð Þ2
� �1=2

πK xð Þ1=2

converges in distribution to N 0, 1ð Þ as N ! ∞, proving Theorem 1.

10
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7. Estimates for subfamilies

We finally extend the previous probabilistic framework to structured subfamilies
of P0

n,N Kð Þ, defined by auxiliary parameters that restrict coefficients or impose addi-
tional algebraic conditions. This allows one to isolate smaller collections of polyno-
mials while preserving the same limiting statistical behavior.

Let A ¼ Aβ,M Nð Þ⊆P0
n,N Kð Þ depend on parameters β> 1 and M>0, and assume

the following hypotheses hold for some fixed splitting type r and positive real x:

1.1< β≤ n and M>0.

2.For each prime ℘, define

A℘ ¼ fmod℘ : f ∈Af g⊆q℘ X½ �:

If ℘1, … ,℘s are distinct primes with NK=ℚ℘i ≤ x and gi ∈A℘i , then

X

f ∈A

f�gi mod ℘i ∀i

1 ¼ MNdβ

q℘1
⋯q℘s

� �β þ En,K Nð Þ,

uniformly in the ℘i, where En,K Nð Þ≪Nd β- ξð Þ for large N and small x relative to N.

3.Let XA
n,r,℘ ¼ Xn,r,℘∩A℘. Suppose that

∣XA
n,r,℘∣ ¼ δ rð Þqβ℘ þO E℘

� �
,

where typically E℘ ≪ qβ- 1=2
℘ when the Riemann hypothesis for curves over finite

fields applies. Thus ∣XA
n,r,℘∣ behaves like δ rð Þ∣A℘∣ with a square-root cancelation error

term.
Define, for f ∈A,

Y℘ fð Þ ¼
1-

∣XA
n,r,℘∣

qβ℘
, if 1f ,r ℘ð Þ ¼ 1,

-
∣XA

n,r,℘∣

qβ℘
, otherwise:

8>>>><
>>>>:

Let

μ xð Þ ¼
X

NK=ℚ℘≤ x

∣XA
n,r,℘∣

qβ℘
¼ δ rð ÞπK xð Þ þO

ffiffiffi
x

p
log x

� �
:

Then, for each f ∈A,

πf ,r xð Þ- μ xð Þ ¼
X

NK=ℚ℘≤ x

Y℘ fð Þ:
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Moments of these fluctuations can again be evaluated by expanding over ideals
a ¼Qi℘

αi
i of OK and setting Ya fð Þ ¼ QiY℘i

fð Þαi .
Proposition 6.1. Let A⊆P0

n,N Kð Þ satisfy conditions (1)–(3).

1.For even integers k with k≪ r,n
log MNdβð Þ

log x ,

X
f ∈A

πf ,r xð Þ- μ xð Þ� �k ¼ Ck,rMNdβπK xð Þk=2 1þO
k3

1- δ rð Þð Þk=2
ffiffiffi
x

p
πK xð Þ log x

 ! !

þO πK xð Þk nþ1ð ÞEn,K Nð Þ
� �

,

as x,N ! ∞.

2.For odd k with k≪ r,n min log xð Þ1=2, log MNdβð Þ
log x

� �
,

X
f ∈A

πf ,r xð Þ - μ xð Þ� �k ≪ Ck,rMNdβπK xð Þk=2k
ffiffiffi
x

p

πK xð Þ1=2 log x
þ πK xð Þk nþ1ð ÞEn,K Nð Þ,

as x,N ! ∞.

3.For fixed even k, if x ¼ o MNdξ� �1= k nþ1
2ð Þ½ �� �

, then

X
f ∈A

πf ,r xð Þ- μ xð Þ� �k ¼ Ck,rMNdβπK xð Þk=2 1þ Ok

ffiffiffi
x

p
πK xð Þ log x
� �� �

þO πK xð Þk nþ1ð ÞEn,K Nð Þ
� �

,

as x,N ! ∞.
The argument mirrors the one developed for the full family, with modifications to

account for the weighting factorMNdβ and the slightly stronger error control afforded
by the hypotheses on A.

Note. Applying Proposition 6.1 with a small adjustment of the truncation parame-
ter z leads to a refined bound for the even moments.

Corollary 6.1. Let A⊆P0
n,N Kð Þ satisfy (1)–(3). Then uniformly for even k with

k≪ r,n min log xð Þ1=2, log MNdβð Þ
log x

� �
, one has

X
f ∈A

πf ,r xð Þ- μ xð Þ� �k ¼ Ck,rMNdβπK xð Þk=2 1þO
k3=2

1- δ rð Þð Þk=2
ffiffiffi
x

p

πK xð Þ1=2 log x

 ! !

þ O πK xð Þk nþ1ð ÞEn,K Nð Þ
� �

,

as x,N ! ∞.
These results demonstrate that the Gaussian fluctuations described by Theorem 1

persist uniformly across a broad spectrum of subfamilies, provided they exhibit suffi-
cient independence and density with respect to the ambient box -N,N½ �nd.
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Chapter 2

Perspective Chapter: Experimental
Insights on Prime Gaps
Mircea Ghidarcea

Abstract

Advanced sieving techniques can be used to generate extensive datasets of prime
gaps, leading to novel insights and conjectures concerning their distribution. By
leveraging the efficiency of refined sieving algorithms, we have systematically ana-
lyzed the distribution patterns of prime gaps within large intervals. Our findings
include significant statistical trends and potential conjectures regarding the behavior
of these gaps, which could provide a deeper understanding of number theory. This
research highlights the effectiveness of sieving methods in large-scale prime number
analysis and opens new avenues for further mathematical investigation and algorith-
mic optimization.

Keywords: prime gaps, prime numbers sieving, prime gaps distribution, tandem
gaps, number theory

1. Introduction

Prime numbers, the building blocks of arithmetic, have fascinated mathematicians
for centuries due to their intrinsic properties and patterns. One particularly intriguing
aspect of prime numbers is the distribution of gaps between consecutive primes.
Understanding these gaps not only deepens our comprehension of the nature of
primes but also has implications in fields such as cryptography, random number
generation, and computational mathematics.

Historically, the study of prime gaps can be traced back to the work of Euclid, who
proved the infinitude of primes around 300 BCE, implicitly highlighting the
nonconstant nature of gaps between primes. The systematic study of these gaps,
however, began in earnest in the nineteenth century with Carl Friedrich Gauss and
Adrien-Marie Legendre, who independently conjectured the Prime Number Theorem.
This theorem, later proven by Hadamard and de la Vallée Poussin in 1896, suggests
that the average gap between primes near a large number n is approximately log nð Þ
[1, 2].

In the twentieth century, significant advancements were made by mathematicians
such as Paul Erdős and Atle Selberg. Erdős introduced probabilistic methods to num-
ber theory, resulting in profound insights into the distribution of prime gaps [3].
Selberg’s foundational work on the distribution of prime numbers, including his
elementary proof of the Prime Number Theorem, laid the groundwork for later
investigations into prime gaps in arithmetic progressions [4].
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Recent research has continued to push the boundaries of our understanding.
The landmark work by Yitang Zhang in 2013, which demonstrated the existence
of infinitely many pairs of primes with gaps smaller than 70 million, marked a
significant breakthrough. This result, coupled with subsequent refinements by
James Maynard and the Polymath Project, has significantly narrowed the bounds
on prime gaps, highlighting the dynamic and ongoing nature of this research
area [5, 6].

The mechanisms to generate consecutive primes and prime gaps are based on
sieving techniques and algorithms—the status of the sieving domain is analyzed in
Refs. [7, 8]. Advanced sieving techniques have made it feasible to generate and
analyze large sets of prime numbers efficiently—some of the latest advances in sieving
algorithms are presented in Refs. [9–12]. These methods, building upon the classic
algorithms such as the Sieve of Eratosthenes or the Sieve of Atkin, allow us to explore
the prime gaps in unprecedented detail. The improvements in algorithmic efficiency
and computational power have opened new avenues for systematic studies of prime
gaps, leading to novel insights and conjectures.

In this chapter, after we employed refined sieving techniques to generate extensive
datasets of prime gaps, we analyzed their distribution patterns across large numerical
intervals. Our approach not only confirms known statistical trends but also uncovers
new patterns and conjectures regarding the behavior of prime gaps. By leveraging the
computational efficiency of modern sieving algorithms, we aim to provide a deeper
understanding of the distribution of prime gaps and contribute to the ongoing dis-
course in number theory.

The significance of this research lies in its potential applications and theoretical
implications. The findings from our analysis could inform the design of more efficient
algorithms for prime number generation, improve cryptographic systems, and
enhance pseudo-random number generators. Moreover, the conjectures proposed in
this study could guide future mathematical investigations, leading to a more compre-
hensive theory of prime gaps.

This introduction sets the stage for a detailed exploration of prime gaps in discrete
intervals using advanced sieving techniques, highlighting the importance of efficient
algorithmic approaches and the potential for significant mathematical discoveries.

Note 1: This chapter is not concerned directly with sieving techniques— one can find
extensive sieving examples in the Reference section. Moreover, we encourage the reader to
create their own tools and datasets to further confirm independently the results presented
here. The detailed methodology behind the optimized prime sieving algorithm used in this
study is similar to the one described in our previous work [9], where we revisit and improve
the classical Sieve of Atkin. That publication outlines the algorithmic structure, optimiza-
tions, complexity, and empirical performance evaluation. In this study, we employ a similar
implementation—available in full at our GitHub repository, named in Appendix A, where
we give all the details about our own tools and techniques used for sieving, constructing the
datasets, and analyzing them.

2. Prime gaps and PRNGs

As the sequential prime numbers generated through sieving techniques are, for
now, too small to be used in cryptography, there is limited practical application for
sieving beyond fundamental research in pure computer science algorithmic
endeavors.
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There are, however, at least two areas of interest, somehow related:

• theoretical studies concerned with (analytic) number theory, like primes or
prime gaps distribution, validation of various conjectures, etc.

• pseudo-random number generators (PRNG) or noise generators based on prime
number sequences.

Although our background is primarily in computer science, where the focus is
more on algorithmic applications such as pseudo-random number generation
(PRNG), our investigation into prime-based generators has naturally led us into the
realm of number theory. Initially, we were less concerned with theoretical aspects and
more with the practical construction of efficient PRNGs. However, we soon discov-
ered that understanding the distribution of primes and prime gaps—central topics in
(analytic) number theory—is essential for designing robust prime-based generators.
This unexpected overlap has led us to explore the statistical behavior of prime gaps
more deeply, using large-scale sieving techniques.

A PRNG is based on those characteristics of the prime distribution that are
the subject of areas like number theory or, more particularly, analytic number theory.
To validate various hypotheses, one needs to generate as fast as possible large
sequences of primes as huge as possible—using sieving techniques, it is possible to
explore very large sets of primes. These findings, though rooted in computational
experimentation, point toward patterns and regularities that may also hold theoretical
significance.

A specific type of PRNG can be constructed based on prime gaps: Prime numbers
within a certain interval are generated, and the resulting sequence of gaps is used as
random numbers after halving (since all gaps are even: Gap 1 corresponds to a gap of
length 2 between twin primes, gap 2 has length 4, and so on). A seed can determine
the starting point of the interval to be processed, and an optional reordering of the gap
sequence can be applied to ensure uniqueness. However, this study does not focus on
pseudo-random number generators. PRNGs are mentioned here solely to provide
context and to illustrate one possible application that motivated our interest in ana-
lyzing prime gaps. We will not elaborate on sieve or PRNG-related implementation
details, except where strictly necessary to clarify the relevance of certain statistical
properties of the gaps. Understanding the distribution of prime gaps is a prerequisite
for such applications—but the core of this work remains an empirical investigation
into the structure and behavior of these gaps themselves.

Note 2: To simplify representation, all prime gaps shown in tables and figures use halved
values. Since prime gaps are always even, this convention makes the data more compact
while preserving all structural properties. In practice, using halved values, actual gaps up to
512 can be encoded using just one byte.

Figure 1 is an example of such a study: the distribution/frequency of prime gaps,
analyzed on sets of 150 million primes using an absolute step of 1 million. Figures 1(a)
and (b) display the 3D distribution of prime gap frequencies across consecutive sets of
150 million prime numbers. The starting point for each set is offset in absolute value
by 1,000,000 relative to the previous one. For instance, the first set includes the first
150 million primes greater than or equal to 0, the second set starts at 1,000,000 and
includes the next 150 million primes from that point, the third set begins at
2,000,000, and so on. This allows for a detailed analysis of how prime gap distribu-
tions evolve across increasing numeric intervals.
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Note 3: Throughout this study, we used sets of 100 and 150 million consecutive primes,
chosen as a practical compromise between statistical significance and computational feasi-
bility. A step of 1 million primes was used between starting points of each set, providing
sufficient granularity for observing distributional trends across overlapping intervals.

The figure is significant, showing a relatively consistent and similar pattern for the
distribution of prime gaps, regardless of the interval in which they are analyzed.
Changing the chart to a logarithmic scale in Figure 1(b), things become even clearer:
The gaps approximate a logarithmic distribution, which is basically maintained no
matter where the sample of 150 million consecutive primes is taken from.

Using line charts, this character is even more evident—practically the lines over-
impose one another, as seen in Figure 2(a). Using a logarithmic scale—Figure 2(b)—

Figure 1.
Frequency distribution (plotted as a 3D series) of prime gaps over sets of 150 million consecutive primes, each set
starting 1 million integers after the previous one (absolute offset). Axes: X-axis: Prime gap (halved); Y-axis: Set
index (start); Z-axis: Gap frequency.
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will expose some minor differences for larger gaps, but those are less and less signif-
icant as the primes are larger. The logarithmic representation reveals that the gaps
align along an almost linear trajectory, with a slowly diminishing slope as the prime
intervals shift toward higher absolute values.

Thus, one can get a pretty good PRNG for a logarithmic distribution, as long as the
range 1–150 is enough—the range can be greater for larger primes. This type of
random number sequence can be useful in cases such as Monte Carlo simulations,
statistical sampling for surveys, randomized control trials, or in machine learning and
artificial intelligence for data shuffling during training or initialization of neural
network weights, particularly when a logarithmic distribution is appropriate.

Further insights can be drawn from these distributions. Figure 3 presents the
normalized frequencies (expressed as percentages relative to the total number of
primes in each sequence) for the first 35 gaps, based on the first scenario: sequences of
100 million consecutive primes. As previously noted, each sequence begins at an
absolute offset of 1 million from the previous one. Each line in the table corresponds to

Figure 2.
Same frequency distribution, plotted as 2D lines.
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Figure 3.
Gaps frequency in intervals of 100 million primes, step 1 million.
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one such sequence, with its starting point indicated in the first column. The first row
indicates the gap code corresponding to each column.

Figure 4 presents a similar view, showing the normalized frequencies for the first
42 gaps in the second scenario: sequences of 150 million consecutive primes. As one
can observe, the distribution patterns are essentially identical.

Here are several interesting, apparent findings:

• the pattern of the gaps frequencies is relatively consistent for each large enough
interval from which the gaps are sampled—each gap has practically the same
distribution over sufficiently large intervals that are close enough, regardless of
the interval;

• using a logarithmic base, the gaps align almost linearly, with a slowly diminishing
slope as the sets shift toward higher absolute values;

• each third gap is significantly more frequent than the preceding two; and

• the frequency of gaps less than 20 (gaps 1 through 10) decreases slowly as the
starting values of the prime intervals increase, while the frequency of other gaps
increases very slowly.

Judging from these values, the frequency of gap 1 (the gap corresponding with
twin primes) in any interval large enough is more or less constant—it decreases gently
and monotonically as the values increase, but still remains one of the most frequent
gaps. As observed in the tables, the most frequent gap codes are 3, 6, 5, and 9,
followed by codes 1 (corresponding to twin primes) and 2 (the actual prime gaps are
twice these values).

2.1 Conjectures on prime gap distributions

2.1.1 Stability across intervals

Let Gn ¼ g nð Þ
i

n ok

i¼1
denote the normalized frequency distribution of gap codes gi in

a sequence of n consecutive primes, sampled from an interval In. Then, for sufficiently
large n and for intervals In and Inþ1 such that ∣In∩Inþ1∣ is non-negligible, we have:

Gn ≈ Gnþ1 (1)

in the sense of distributional similarity (e.g., small total variation distance). That is,
the distribution of prime gaps remains stable across large, closely spaced intervals.

2.1.2 Logarithmic alignment

Let gi be the frequency of the i-th gap code over a fixed interval of n consecutive
primes. Then, plotting log gi

� �
versus i produces a curve that approximates a decreas-

ing affine function for low-to-mid values of i, that is

log gi
� �

≈ a� bi, with b>0 (2)

The slope b decreases slowly as the starting point of the interval increases.
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2.1.3 Triplet frequency bias

Let gi denote the frequency of gap code i. Then, for all i∈ such that i � 0 mod3ð Þ,
we have:

gi > max gi�1, gi�2

� �
(3)

That is, every third gap code (multiples of 3) occurs significantly more frequently
than the two preceding codes.

2.1.4 Frequency shift of small gaps

Let G sð Þ
n be the normalized frequency of small gap codes s∈ 1, 2, … , 10f g in a

sample of n consecutive primes. Then:

d
dx

G sð Þ
n xð Þ<0 and

d
dx

G lð Þ
n xð Þ>0 (4)

where x denotes the starting point of the interval and G lð Þ
n the frequency of larger gap

codes. In other words, the frequency of small gaps decreases slowly as we move to
higher intervals, while the frequency of larger gaps increases slowly.

3. Tandem gaps

Once we have a fast prime sequence generator, we can explore these sequences to
identify new and interesting patterns, which can be validated across multiple numer-
ical ranges. For instance, in an effort to extract higher values from second-order
randomness, we analyzed the frequency of consecutive gap pairs—using the product
of two successive gaps as the random value. We refer to such an ordered pair as a
tandem gap. Unlike single gaps, whose values are bounded to 256 codes, tandem gaps
can theoretically reach values up to 2562 when multiplying the two constitutive gaps.

3.1 Impossible pairs

Upon analyzing the results, we observed a peculiar phenomenon: Beneath the
seemingly random distribution lies a surprisingly uniform pattern, consistently pre-
served across all generated samples, as illustrated in Figure 5. The figure shows a
matrix of absolute tandem gap frequencies, covering the first 30 � 50 combinations—
with the first gap represented by columns and the second by rows—computed from
the initial sequence (starting at zero) of 150 million primes in our second scenario.

We expected that all possible pairs will exist in our distribution—instead, we
definitely see some rules emerging:

• some pairs are impossible (the frequency of that pair will be zero, the pair does
not occur);

• the matrix shows that if pair a, bð Þ is impossible, pair b, að Þ is also impossible;

• all pairs a, að Þ are impossible except when a is a multiple of 3; and
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• for each a, pairs a, bð Þ have a uniform impossibility pattern where each third
value is impossible.

A closer study reveals a more clear pattern for possible/impossible gaps:

• if either a or b is a multiple of 3 a ¼ 3kð or b ¼ 3kÞ the pair is always possible, and,

• for the rest, if a ¼ 3kþ i∣i∈ 1, 2f g, possible b ¼ 3m� i or 3m; b ¼ 3mþ i is
always impossible.

Trying to understand the pattern, we recall that every prime number is in the form
p ¼ 6k� i—if both a and b are multiples of 3, the actual gaps sum 2aþ 2b is a multiple
of 6, so the number pþ 2 aþ bð Þ can be a prime.

If the first gap a ¼ 3mþ 1, then pi ¼ 6k� 1 always (if pi ¼ 6kþ 1 then
piþ1 ¼ pi þ 2a ¼ 6kþ 1þ 6mþ 2 ¼ 6rþ 3 ¼ 3 2rþ 1ð Þ, which is composite!). In this
case, considering b ¼ 3nþ i,
piþ2 ¼ pi þ 2aþ 2b ¼ 6k� 1þ 6mþ 2þ 6nþ 2i ¼ 6rþ 1þ 2i—for piþ2 to be prime,
2iþ 1 must be either 1 or 5, so i must be 0 or 2 (if i ¼ 1 then iþ 2i ¼ 3 and 6rþ 3 is
composite!).

The same rationale is applied to a ¼ 3mþ 2, where pi ¼ 6kþ 1 always and, in
b ¼ 3nþ i, i must be 0 or 1, thus explaining the observed pattern.

3.1.1 Theoretical justification of impossible tandem gaps

Let a, b∈ be encoded gap values (i.e., half the actual prime gap), and consider
tandem gap pairs a, bð Þ. Empirical observations above show that certain pairs a, bð Þ
never appear in sequences of three consecutive primes. This section provides a theo-
retical explanation for this phenomenon.

Let pi be a prime, and assume the next two primes:

piþ1 ¼ pi þ 2a, piþ2 ¼ piþ1 þ 2b ¼ pi þ 2 aþ bð Þ (5)

It is known that all odd primes satisfy p � �1 mod6ð Þ, i.e., any odd prime can be
written as p ¼ 6k� 1 for some k∈.

Case 1: Both a and b are divisible by 3. Let a ¼ 3m and b ¼ 3n. Then:

2aþ 2b ¼ 6 mþ nð Þ (6)

so the total distance between pi and piþ2 is divisible by 6. Since pi � �1 mod6ð Þ, this
shift preserves the required form for primes. Therefore, such configurations are possible.

Case 2: a � 1 mod3ð Þ Let a ¼ 3mþ 1. Then the prime must be of the form
pi ¼ 6k� 1; otherwise, piþ1 ¼ pi þ 2a would not be prime. We compute:

piþ1 ¼ 6k� 1þ 2 3mþ 1ð Þ ¼ 6kþ 6mþ 1 (7)

Let b ¼ 3nþ j with j∈ 0,1,2f g, then:

piþ2 ¼ piþ1 þ 2b ¼ 6kþ 6mþ 1þ 2 3nþ jð Þ ¼ 6 kþmþ nð Þ þ 1þ 2j (8)

For piþ2 to be prime, we must have:
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6 kþmþ nð Þ þ 1þ 2j � �1 mod6ð Þ ) 2j � 0 or 4 mod6ð Þ ) j ¼ 0 or 2 (9)

Hence, b � 1 mod3ð Þ is impossible in this case.
Case 3: a � 2 mod3ð Þ Let a ¼ 3mþ 2, which forces pi ¼ 6kþ 1 (otherwise piþ1 is

not prime). Repeating the argument above:

piþ2 ¼ 6kþ 1þ 2 3mþ 2þ 3nþ jð Þ ¼ 6 kþmþ nð Þ þ 1þ 2j (10)

Again, for piþ2 to be prime, 2j � 0 or 4 mod6ð Þ, so j ¼ 0 or 1. Therefore, b � 2 mod3ð Þ
is impossible.

Summary:

• If either a � 0 mod3ð Þ or b � 0 mod3ð Þ, then the pair a, bð Þ is always possible.

• Otherwise:

◦ If a � 1 mod3ð Þ, then b � 1 mod3ð Þ is impossible.

◦ If a � 2 mod3ð Þ, then b � 2 mod3ð Þ is impossible.

Thus, the set of valid tandem gaps is constrained by modular congruences modulo
3 between the two components of the pair.

3.2 Symmetric pairs

Equally remarkable, if not more so, is the fact that the frequency of pairs a, bð Þ
is essentially equal to the one of pairs b, að Þ, as it can be seen in Figure 6,
where the values were normalized relative to the total number of pairs in the set
(150 million) and represented in per mille with one decimal place, resulting in a
practically symmetrical matrix—we have highlighted in the pictures two pairs of
lines-columns to facilitate the tracking of value identities between symmetrical
tandem gaps.

To further support our insights, we present in Figures 7–10 the normalized fre-
quencies for the first 30 x 30 tandem gaps in several sequences of 150 million consec-
utive primes. We can observe the aforementioned characteristics and how the
percentages exhibit the same behavior as the simple gaps: frequency slowly decreasing
up to 10, then increasing much more slowly above 10. The behavior is similar for sets
of 100 million primes.

3.2.1. Theoretical justification

Equally remarkable is the fact that the frequency of pairs a, bð Þ is essentially equal
to that of pairs b, að Þ, as illustrated in Figure 6. The values, normalized relative to the
total number of pairs in the set (150 million) and represented in per mille, result in a
practically symmetrical matrix.

While our initial empirical analysis identified this symmetry as a surprising pat-
tern, a theoretical justification can be derived from the Hardy-Littlewood k-tuples
conjecture.

A “tandem gap” a, bð Þ corresponds to a sequence of three consecutive primes of the
form:
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Figure 6.
First 30 x 50 tandem gaps, normalized [%], for the first 150 million primes.

Figure 7.
First 30x30 tandem gaps, normalized [%], for the first 150 million primes after 1 million.
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p, pþ 2a, pþ 2aþ 2b (11)

This configuration is associated with the admissible tuple (or constellation)
H1 ¼ 0, 2a, 2 aþ bð Þf g.

Conversely, the symmetric tandem gap b, að Þ corresponds to the sequence:

q, qþ 2b, qþ 2bþ 2a (12)

associated with the tuple H2 ¼ 0, 2b, 2 bþ að Þf g.
According to the Hardy-Littlewood conjecture, the asymptotic density of prime

numbers matching a constellation H is proportional to a singular series S Hð Þ, which

Figure 8.
First 30x30 tandem gaps, normalized [%], for the first 150 million primes after 2 million.

Figure 9.
First 30x30 tandem gaps, normalized [%], for the first 150 million primes after 50 million.
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depends on the number of distinct residue classes the set H occupies modulo every
prime p.

From the perspective of modular arithmetic, the sets H1 and H2 possess the
identical divisibility properties. The set of pairwise distances in H1 is
2a, 2b, 2 aþ bð Þf g, which is the same as in H2. Since there is no privileged direction on

the number line regarding primality constraints, the singular series for both configu-
rations are equal:

S H1ð Þ ¼ S H2ð Þ (13)

Consequently, the asymptotic frequency of the gap pair a, bð Þ is expected to be
equal to that of b, að Þ, validating the symmetry observed in our experimental data.

3.2.2 Frequency behavior and trends

Let f a, bð Þ denote the normalized frequency of the ordered tandem gap pair a, bð Þ,
where a, b∈ℕ are encoded gap values. Consistent with the theoretical justification
provided in the previous section, our empirical data confirms that:

f a, bð Þ ≈ f b, að Þ, ∀a, b∈ 1, 2, … , 50f g (14)

validating that the distribution is symmetric with respect to the diagonal.
Moreover, the frequency function f a, bð Þ exhibits a characteristic trend with

respect to a and b: for fixed b, the function f a, bð Þ decreases for a≤ 10 and then
increases slowly for a> 10 (and symmetrically in b). That is, we observe:

∂f a, bð Þ
∂a

<0 for a≤ 10,
∂f a, bð Þ

∂a
>0 for a> 10 (15)

and similarly for ∂f a, bð Þ=∂b.

Figure 10.
First 30x30 tandem gaps, normalized [%], for the first 150 million primes after 51 million.
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4. Other perspectives

While this study is empirical in nature, based on large-scale computational data, it is
important to discuss how the observed patterns relate to existing theoretical frameworks.

Cramér’s model. Cramér’s probabilistic model [13] predicts that the gaps between

consecutive primes pnþ1 � pn should be bounded by O log pn
� �2� �

in the long run. Our

empirical data does not directly aim to test such upper bounds, but the observed
frequency distributions show a high regularity and symmetry which are qualitatively
consistent with the assumption of pseudo-randomness in prime locations that under-
pins Cramér’s model.

Hardy–Littlewood conjectures. The Hardy–Littlewood prime k-tuple conjectures
[14] predict the asymptotic frequency of prime constellations, including twin primes.
Our results on the relative constancy of twin prime frequency (gap code 1) and its
slow decrease with growing intervals align qualitatively with this conjecture, which
asserts that such pairs should occur with frequency roughly proportional to C2

log nð Þ2,

where C2 is the twin prime constant.
Empirical contribution. Unlike the aforementioned models, our study focuses on

local distributions and structural symmetries in short-range prime gap behavior, such
as the frequency of specific gap codes and tandem gap pairs. These aspects are not
captured directly by classical asymptotic models and may provide new data-driven
directions for refining or testing probabilistic predictions.

On the role of statistical validation. We acknowledge that standard
statistical tools such as confidence intervals or goodness-of-fit measures are
typically used when working with stochastic or sampled data. However, in our case, the
prime numbers are deterministic and globally defined, not subject to random sampling.
As such, statistical validation in the conventional sense may not be directly applicable.

That said, descriptive statistical tools can still serve a valuable role in measuring the
degree to which empirical distributions (e.g., of prime gaps) resemble theoretical or
heuristic models (such as log-linear decay). While this study focuses on structural and
frequency-based observations, future work may incorporate statistical modeling to
characterize these regularities more precisely, always keeping in mind the fundamen-
tally deterministic nature of the underlying data.

4.1 Future work

The empirical observations presented in this study open several avenues for future
theoretical and computational research:

• Analytical justification of tandem gap patterns. The observed symmetry and
modular constraints in tandem gaps (e.g., the impossibility of certain a, bð Þ
pairs) suggest underlying number-theoretic rules. A rigorous formalization and
proof of these constraints could lead to new theorems in additive prime
number theory.

• Quantitative comparison with Cramér-type models. While our study confirms
qualitative aspects of prime pseudo-randomness, future work could focus on
extracting quantitative metrics (e.g., empirical variance, autocorrelation) from
gap sequences and comparing them with predictions from Cramér’s model and its
modern refinements.
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• Asymptotic behavior across growing intervals. Although this study analyzes fixed-size
intervals (100M, 150M primes), a natural extension is to track how distributional
features evolve as both the size and starting point of the intervals grow—potentially
leading to empirically informed conjectures about global asymptotic behavior.

• Integration into probabilistic models. The empirical distributions of gap codes and
tandem gaps may be used to build or refine stochastic models of prime
distribution, possibly as constraints or priors in Cramér-style simulations.

• Theoretical validation of empirical distribution laws. Our conjectures suggest that
the normalized frequency of gap codes follows an approximately linear decay on
a logarithmic scale for small and medium values, and that the set of most
frequent gaps remains stable across large intervals. These empirical regularities, if
confirmed analytically, could lead to new distribution laws for primes or gap
frequencies, independent of but possibly related to classical models such as
Cramér’s or Hardy–Littlewood’s.

Future research may aim to:

- Formalize the observed log-linear relationship as a statistical law and study
its asymptotic validity;

- Determine whether the frequency ordering of small gap codes (e.g., 3, 6, 5, 9,
1, 2) remains invariant in the limit as n ! ∞;

- Explore whether these stable distributions can be derived from probabilistic
assumptions or sieve-theoretic arguments;

- Investigate the extent to which such patterns are consistent with known
results from analytic number theory, or whether they hint at new structural
regularities not yet explained.

5. Conclusions

This study demonstrates the use of a highly optimized prime sieve to generate
prime numbers across large contiguous intervals and analyze the resulting prime gaps.
Employing an empirical research methodology, we have gained some interesting
insights into the distribution of prime numbers.

One key finding is the detailed analysis of prime gaps, revealing distinct patterns
that may contribute to the understanding of prime number distribution. The intro-
duction of tandem gaps—defined as the ordered pair of two consecutive gaps between
three consecutive primes—has led to a new theorem and a new conjecture, offering a
fresh perspective on the statistical properties of prime gaps.

The study also includes a set of conjectures regarding the frequency of prime gaps
within sequences of consecutive primes, which, if validated, may impact the theoret-
ical understanding of prime number distributions.

Overall, this study highlights the value of computational techniques in number
theory, demonstrating how empirical methodologies can lead to theoretical advance-
ments. The findings offer a modest contribution to the current understanding of
prime gaps, potentially opening new directions for future research.

31

Perspective Chapter: Experimental Insights on Prime Gaps
DOI: http://dx.doi.org/10.5772/intechopen.1011959



Appendix A

To facilitate independent verification of our results, we encourage researchers to
generate their own datasets using custom tools and techniques. This approach mini-
mizes potential bias and avoids the inadvertent propagation of any implementation
errors that may exist in our code.

Nevertheless, the entire project used to generate and analyze the data is publicly
available as a GitHub repository at https://github.com/mirceag70/PrimeGaps. The
repository includes the complete source code for the optimized prime sieve, scripts for
creating both the simple and tandem gap datasets, the resulting data in CSV format,
and the Excel (XLS) files used for the statistical analysis.

The sieve implementation is based on our improved version of the Sieve of Atkin,
described in detail in [9]. On a workstation equipped with an AMD 7900X CPU
running at 5 GHz and 64 GB of DDR5-5600 RAM, the generation of both datasets
(simple gaps and tandem gaps) takes under 7 seconds.
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Chapter 3

Matula Numbers and their
Applications
Audace A.V. Dossou-Olory and Sodiq A. Mojeed

Abstract

This chapter focuses on a bijective function between the set of rooted trees and the
set of positive integers. It emphasizes some applications of this bijective map in
chemistry and combinatorics.

Keywords: Matula numbers, rooted trees, bijection, natural numbers, combinatorics

1. Introduction

In 1968, American mathematician David Matula defined an explicit bijection
between the sets of rooted trees (up to isomorphism) and positive natural numbers
[1]. The same bijection was obtained in an independent study [2] by F. Göbel in 1980.
Hence, it is sometimes called the Matula-Göbel number. The correspondence assigns
to each rooted tree T (up to isomorphism) a natural number called the Matula number
of T. Henceforth, in this chapter, we shall refer to the set of positive integers denoted
 ∗ as the set of natural numbers, where  ∗ ¼ n 0f g.

1.1 Definition

Let T be a rooted tree with root u and pt be the t-th prime number. That is,
p1 ¼ 2, p2 ¼ 3, p3 ¼ 5, etc. The number n T, uð Þ, called the Matula number of T, can be
obtained recursively as follows: if T, uð Þ is the one-vertex tree, then n T, uð Þ ¼ 1.
However, if T1, v1ð Þ, T2, v2ð Þ, … , Td, vdð Þ are all the branches of T, uð Þ, then

n T, uð Þ ¼
Yd
i¼1

pti , d≥ 1, where ti ¼ n Ti, við Þ: (1)

Moreover, if Ti, við Þ is the one-vertex tree for any i∈ 1,2,3, … , df g, then
n Ti, við Þ ¼ 1. Otherwise, n Ti, við Þ is obtained recursively according to Eq. (1). Con-
versely, given a natural number n∈ ∗ , we can reconstruct its associated rooted tree
(up to isomorphism) by following the recursive procedure in the reversed order.

1.1.1 Example

This example illustrates how to calculate the Matula number of the rooted tree in
Figure 1 using the recursive multiplication procedure described in Definition 1.1.
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The Matula number of this tree is the product of the prime numbers indexed by all its
branches. Moreover, we know that each leaf in the tree corresponds to the natural
number 1. We first calculate the Matula numbers of all the branches, and then we
determine the Matula number of the tree itself. The last step gives us

p147 � p4 � p21 ¼ 853� 7 � 73

¼ 435883:
(2)

Furthermore, we provide proof for a proposition that claims that each natural
number has a unique rooted tree associated with it [2].

1.1.2 Proposition

For each natural number k, there exists a unique rooted tree T, uð Þ such that
n T, uð Þ ¼ k.

Proof: Suppose by contradiction, k is the smallest natural number for which there
does not occur an associated rooted tree T, uð Þ, such that n T, uð Þ ¼ k. If k is prime, then
there exists a positive integer t, such that pt ¼ k. Since pt ¼ k, we have t< k. Thus, by
the hypothesis on k, there is a rooted tree T0, u0ð Þwhose Matula number is t. If we attach
a pendent edge (a new vertex adjacent to the root only), say e, to the root of T0, u0ð Þ, and
we choose the other endpoint of e as our new root, we would obtain the rooted tree
T, uð Þ: This is because n T, uð Þ ¼ pt ¼ k, where t ¼ n T0, u0ð Þ, which is a contradiction.

If k is composite, then we can express k as a product of primes say, k ¼ k1 � k2 � … �
kp (with multiplicity where possible). Then, as written above, there exists a rooted
tree for each of the prime numbers in this product. Thus, we can obtain a new rooted
tree T, uð Þ by identifying the roots of each of the individual rooted trees having Matula
numbers k1, k2, … , kp with their multiplicities. Thus, the Matula number of the rooted
tree T, uð Þ is k by definition.

To prove uniqueness, let us assume that two different non-isomorphic rooted trees
R, uð Þ and S, vð Þ have the same Matula number m. Let d1 be the number of branches in
R and d2 be the number of branches in S. Without loss of generality, we assume m is
composite and d1 ≤ d2. Since R is different from S, then there is at least a branch, say,
S1 of S which is not a branch of R (since otherwise, all the branches of S are also the

Figure 1.
The Matula number of a rooted tree.
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branches of R). As a result, the contribution of S1 (a prime number) to the Matula
number of Swill be different from the individual contributions of all the branches of R
when obtaining the Matula number of R. Thus, since every natural number greater
than 1 admits a unique prime decomposition, we obtain n R, uð Þ 6¼ n S, vð Þ, which is a
contradiction. Therefore, we conclude that there exists a unique rooted tree
corresponding to each positive integer.

2. Some applications of Matula numbers

In the past three decades, Matula numbers have been used in various fields of
sciences, particularly in chemistry, analytic combinatorics, coding theory, and quantum
mechanics. In this session, we briefly describe their applications in two of these fields.

2.1 Applications of Matula numbers in chemistry

David Matula’s result was initially perceived as a mere graph-theoretical curious
work that did not have any real-life application until Seymour Elk showed the possi-
bility of using Matula numbers to encode the chemical nomenclatures of hydrogen-
suppressed alkanes [3]. Seymour Elk also showed that the Matula-type representation
is applicable for assigning a unique name to all possible combinations of either
polybenzene or polymantane modules [4].

In organic chemistry, alkanes are known as hydrocarbons with single-chain struc-
tures. They have a general molecular formula CnH2nþ2, where n ¼ 1,2,3, etc., with a
difference of �CH2 between successive members in their homogeneous group. Their
structures exhibit the property that ensures the existence of a single covalent bond
between successive carbon atoms [5]. In addition, each carbon has a valency of 4 as
shown in Figure 2. However, in the hydrogen-suppressed structure, only the carbon
atoms are represented; each interior and exterior carbon atom has a valency of 2 and 1,
respectively, see Figure 3.

Moreover, we can view the structure of each alkane as a connected acyclic graph to
allow us to use Matula-type nomenclature to encode them. Let n be the number of
carbon atoms in an alkane compound. We can view the carbon atoms in any n-vertex
hydrogen-suppressed alkane as the nodes in an n-vertex path graph. If n ¼ 1, we shall
have the one-vertex tree representing the hydrogen-suppressed methane having

Figure 2.
Propane.

Figure 3.
Hydrogen-suppressed propane.
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Matula number 1. However, if n> 1, there are n possible nodes that can be designated
as the root of such an alkane. In this case, there will be a different Matula number for
each choice of the carbon atom selected as the root. For this reason, Seymour Elk
suggested that the lowest Matula number should be used as the canonical name of
such an alkane [4, 6]. Using this type of single-integer nomenclature helps chemists
improve the process of coding, storing, and retrieving information about alkanes in
computerized chemical information systems [7].

2.2 Applications of Matula numbers in analytic combinatorics

Analytic combinatorics focuses on enabling precise quantitative predictions of the
properties of large combinatorial structures using some generating functions, complex
analysis, and integral transforms [8]. In the last three decades, several graph theorists
have formulated some results that enable mathematicians to precisely determine some
properties of rooted trees directly from their Matula numbers. We now define some
statistics of rooted trees and discuss the mathematical frameworks underpinning the
formulas for obtaining them from the Matula numbers of rooted trees. These formulas
help graph theorists circumvent the time-consuming approach of constructing large-
vertex rooted trees before they can determine some of their structural properties.

2.2.1 Definition

Let T, uð Þ be a rooted tree. The order of T is the number of vertices of T; the width
of T is the number of its leaves. The distance between two vertices a and b of T,
denoted by dT a, bð Þ, is the number of edges along the path from a to b. Its diameter is
the length of a longest path in T. The height of T can be defined as the length of the
longest path from the root. The eccentricity of any vertex v of T, denoted by E vð Þ, is
the maximum distance between v and all the vertices of T. Thus,

E vð Þ ¼ max
u∈V Tð Þ

dT u, vð Þ: (3)

In Figure 4, the distance between vertices l and p is 4, while the distance between
vertices p and r is 6. Furthermore, this rooted tree has a diameter and height of 6 and
3, respectively. Moreover, E bð Þ ¼ 4 and E hð Þ ¼ 5.

Figure 4.
The topology of a rooted tree.
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2.2.2 Mathematical frameworks: Matula numbers vs. tree statistics

Let T denote the sets of all rooted trees. We define a map n : T !  ∗ where n
maps each rooted tree in T to its corresponding Matula number. Hence, n T, uð Þ ¼ 1 if
T is the one-vertex tree in T . Furthermore, let τ be the inverse map of n, that is, τ :
 ∗ ! T , where τ 1ð Þ corresponds to the one-vertex tree in T . The maps τ and n are
well defined based on Proposition 1.1.2 and the formal definition of Matula numbers
given in Definition 1.1.

Suppose n∈ ∗ is the Matula number of a rooted tree T, then τ nð Þ ¼ T (see
Figure 5). If n is a prime number, then there exists t such that t< pt ¼ n. Then, τ pt

� �
is

formed by attaching a pendent edge to τ tð Þ as shown in Figure 6. This implies that
τ pt
� �

has only one branch which is τ tð Þ. However, if n is composite, then we can
write n ¼ ab, for some a, b≥ 2: In this case, we take a and b as the Matula numbers of
two rooted trees τ að Þ and τ bð Þ identifying their roots to form τ abð Þ as illustrated in
Figure 7.

In what follows, we describe how we use the notations representing different
statistics of rooted trees in this chapter.

Let X be a statistic of rooted trees. Suppose a rooted tree T has Matula number n,
we denote the value of X for T by X nð Þ. In addition, Ω nð Þ is the number of prime
factors of n (with multiplicity).

Figure 5.
A bijection between the sets of rooted trees and natural numbers.

Figure 6.
An rooted tree extended by a pendant edge.
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2.2.3 Statistics of rooted trees from their Matula numbers

The following formulas can be used to determine some statistics of rooted trees
from their associated Matula numbers. Many such results have been studied and
proven in literature [3, 7, 9]. Moreover, we will provide a few of them together with
their proofs.

Let n be the Matula number of a rooted tree τ nð Þ.

2.2.4 Proposition

Let V nð Þ denote the order of τ nð Þ. Then,

V nð Þ ¼
1, if n ¼ 1;

1þ V tð Þ, if n ¼ pt;
V að Þ þ V bð Þ � 1, if n ¼ ab, a, b≥ 2:

8><
>:

(4)

Proof: For the one-vertex tree, V nð Þ ¼ 1: However, if n ¼ pt is a prime number,
then by Figure 6, the number of vertices in τ pt

� �
is 1 more than the number of vertices

in τ tð Þ; hence, V pt
� � ¼ 1þ V tð Þ: Moreover, if n is composite, then by Figure 7, the

number of vertices in τ abð Þ is 1 less than the sum of the number of vertices in τ að Þ and
τ bð Þ. Hence, V abð Þ ¼ V að Þ þ V bð Þ � 1. It is necessary to subtract 1 from the sum to
avoid double counting the roots of τ að Þ and τ bð Þ.

2.2.5 Proposition

Let L nð Þ denote the number of leaves of τ nð Þ. Then,

L nð Þ ¼

0, if n ¼ 1;

1, if n ¼ 2;

L tð Þ, if n ¼ pt, t≥ 2;

L að Þ þ L bð Þ, if n ¼ ab, a, b≥ 2:

8>>><
>>>:

(5)

Figure 7.
A rooted tree formed by identifying the roots of τ að Þ and τ bð Þ.
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Proof: If n ¼ 1, it is sufficient to say that the one-vertex tree has no leaf; hence,
L nð Þ ¼ 0: However, if n ¼ 2, the associated tree τ nð Þ is the path of length 1 (with the
root at one of its endpoints). In this case, τ nð Þ has only one leaf. Therefore, L nð Þ ¼ 1:
Furthermore, if n ¼ pt is a prime number greater than 2, then by Figure 6, all the
leaves of τ pt

� �
are precisely the leaves of τ tð Þ; hence, L pt

� � ¼ L tð Þ. Finally, if n is
composite, then by Figure 7, the number of leaves of τ abð Þ is the sum of the number
of leaves of τ að Þ and τ bð Þ. Therefore, L abð Þ ¼ L að Þ þ L bð Þ.

Note that, for rooted trees, there is a difference between leaves and pendent
vertices. A leaf in a rooted tree is a non-root vertex of degree 1, while a pendent vertex
is a vertex of degree 1 (including the root if it has degree 1). We encourage our readers
to observe the difference between the results in Propositions 2.2.5 and 2.2.6.

2.2.6 Proposition

Let PV nð Þ denote the number of pendent vertices of τ nð Þ. Then,

PV nð Þ ¼

0, if n ¼ 1;

2, if n ¼ 2;

1þ L tð Þ, if n ¼ pt, t≥ 2;

L að Þ þ L bð Þ, if n ¼ ab, a, b≥ 2:

8>>><
>>>:

(6)

Proof: Since the one-vertex tree has no pendent vertex, PV nð Þ ¼ 0: Moreover, if
n ¼ 2, the associated tree τ nð Þ has two pendent vertices because its root and leaf have
degree 1. However, if n ¼ pt is a prime number greater than 2, then by Figure 6, the
number of pendent vertices of τ pt

� �
is 1 more than the number of leaves of τ tð Þ, where

1 accounts for the contribution of the root of τ pt
� �

. Hence, PV pt
� � ¼ 1þ L tð Þ. Finally,

if n is composite, then by Figure 7, the number of pendent vertices of τ abð Þ is the sum
of the number of leaves of τ að Þ and τ bð Þ. Thus, PV abð Þ ¼ L að Þ þ L bð Þ.

2.2.7 Proposition

Let E nð Þ denote the number of edges of τ nð Þ. Then,

E nð Þ ¼
0, if n ¼ 1;

1þ E tð Þ, if n ¼ pt;
E að Þ þ E bð Þ, if n ¼ ab, a, b≥ 2:

8><
>:

(7)

Proof: If n ¼ 1, it is sufficient to say that the one-vertex tree has no edge; hence,
E nð Þ ¼ 0: Moreover, if n ¼ pt is a prime number, then by Figure 6, the number of
edges of τ pt

� �
is 1 more than the number of edges of τ tð Þ; hence, E pt

� � ¼ 1þ E tð Þ:
However, if n is composite, then by Figure 7, the number of edges of τ abð Þ is the sum
of the number of edges of τ að Þ and τ bð Þ. As a result, E abð Þ ¼ E að Þ þ E bð Þ:.

We recall that the height of T is the maximum distance from the root of T to a leaf
of the tree. Furthermore, the eccentricity of the root of T is the maximum distance
between the root and all the vertices of T. Hence, the height of T is precisely the
eccentricity of its root. Hence, it is sufficient to present the result in Proposition 2.2.8
for the height of any rooted tree T.
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2.2.8 Proposition

Let H nð Þ denote the height of τ nð Þ. Then,

H nð Þ ¼
0, if n ¼ 1;

1þH tð Þ, if n ¼ pt;
max H að Þ,H bð Þð Þ, if n ¼ ab, a, b≥ 2:

8><
>:

(8)

Proof: If n ¼ 1, then τ nð Þ is the one-vertex tree; hence, H nð Þ ¼ 0: Moreover, if n ¼
pt is a prime number, then by Figure 6, the height of τ pt

� �
is 1 more than the height of

τ tð Þ. Therefore, H pt
� � ¼ 1þH tð Þ: Finally, if n is composite, then by Figure 7, the

height of τ abð Þ is the maximum of the heights of τ að Þ and τ bð Þ. Hence,
H abð Þ ¼ max H að Þ,H bð Þð Þ:.

2.2.9 Proposition

Let Δ nð Þ denote the maximum vertex degree of τ nð Þ. Then,

Δ nð Þ ¼
0, if n ¼ 1;

max Δ tð Þ, 1þ Ω tð Þð Þ, if n ¼ pt;
max Δ að Þ,Δ bð Þ,Ω að Þ þΩ bð Þð Þ, if n ¼ ab, a, b≥ 2,

8><
>:

(9)

where Ω tð Þ is the number of prime factors of t (with multiplicity).
Proof: It is obvious that the one-vertex tree has degree 0; hence, if n ¼ 1,Δ nð Þ ¼ 0:

However, if n ¼ pt is a prime number, then τ pt
� �

has only one branch which is τ tð Þ. In
this case, one can observe two possibilities: either a vertex with the maximum degree
is a root-vertex or a non-root vertex of τ tð Þ. For the former, we determine 1þ Ω tð Þ,
whereas for the latter, we find Δ tð Þ. Hence, Δ pt

� � ¼ max Δ tð Þ, 1þ Ω tð Þð Þ:.
If n is composite, then we can write n ¼ ab, for some a, b≥ 2, where a and b are the

Matula numbers of two rooted trees τ að Þ and τ bð Þ. In this case, we observe three
possibilities:

1.The maximum vertex degree is the degree of a non-root vertex of τ að Þ.

2.The maximum vertex degree is the degree of a non-root vertex of τ bð Þ.

3.The maximum vertex degree is the degree of the root of τ abð Þ.

Therefore, Δ abð Þ ¼ max Δ að Þ,Δ bð Þ,Ω að Þ þΩ bð Þð Þ.

3. Conclusion

In this chapter, we discussed David Matula’s explicit bijection between the sets of
rooted trees and natural numbers. This correspondence reveals that, to each positive
integer, there is a unique associated rooted tree and vice versa. Therefore, one can
easily encode rooted trees using natural numbers. This encoding characteristic of
rooted trees is an integral part of the applications of Matula numbers in organic
chemistry and analytic combinatorics.
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Chapter 4

On Efficient Single-Step Scheme
for Solving p-Adic Polynomial in
p: Convergence and Fractal
Analysis
Mudassir Shams and Bruno Carpentieri

Abstract

We propose a new single-step iterative method for solving nonlinear
equations in the ring of p-adic integers p. The method is derived using a p-adic
Taylor expansion, and its convergence is rigorously established in ultrametric
spaces under Lipschitz-type conditions. Furthermore, the dynamical behavior of
the scheme is explored by generating the basins of attraction over discretized p,
which reveals fractal structures influenced by the choice of the prime p and the
initial approximation. Numerical experiments in 3 and 5 confirm the theoretical
results and demonstrate that the scheme is stable, sensitive to initial values, and
computationally efficient. The observed p-adic fractal patterns resemble classical
complex fractals, offering new insights into root-finding dynamics in non-
Archimedean fields.

Keywords: p-adic numbers, iterative methods, ℤp, convergence analysis, fractals,
polynomial equations

1. Introduction

Kurt Hensel introduced the concept of p-adic numbers in 1897, marking a major
development in number theory [1]. The field ℚp is constructed as the completion of 
with respect to the p-adic norm, and this process differs fundamentally from the
construction of the real numbers . For many years, p-adic numbers were regarded
primarily as abstract objects with little relevance beyond pure mathematics. However,
starting from the 1960s, their importance began to extend well beyond theory, finding
applications in diverse areas of physics and mathematics, including string theory,
quantum mechanics, quantum cosmology, and dynamical systems [2]. More recently,
p-adic methods have also emerged in biological and computational settings—particu-
larly in bioinformatics—where they are used to model hierarchical structures and
discrete processes [3]. For an in-depth introduction to the theory of p-adic numbers,
we refer the reader to Koblitz [4], while Razikov [5] provides a concise overview of
their applications across mathematics, physics, and biology.
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A classical application of p-adic numbers is given by Hensel’s lemma, which guar-
antees the existence and uniqueness of polynomial roots modulo powers of a prime p.
This result serves as the theoretical foundation for iterative root-finding methods in
p. Building on this idea, several authors have investigated the computation of q-th
roots of p-adic numbers in p, where q is a prime smaller than p [6]. The works of
Kecies and Zerzaihi [6–8] further extended these concepts to numerical schemes for
p-adic root-finding. Related problems—such as determining multiplicative inverses
modulo powers of a prime—have been studied by Dumas [9] and Knapp and
Xenophontos [10]. Together, these contributions underscore both the theoretical
depth and the computational complexity associated with p-adic arithmetic.

Despite these advancements, most existing studies address only specific cases of
p-adic root finding, such as the computation of square or cubic roots, and do not
extend to general higher-order polynomial equations with intermediate terms in p x½ �.
Moreover, while classical numerical analysis typically focuses on fixed-precision
arithmetic and counts of function evaluations, p-adic numerical analysis demands a
different perspective. In particular, arithmetic operations modulo pk often involve
multiple machine-level instructions, and modular inversions are computationally
expensive. As a result, minimizing the number of iterations alone is not sufficient; the
precision and size of intermediate computations must also be taken into account to
optimize the overall computational cost. Recent studies have begun to investigate
these aspects more systematically, showing that the lengths of intermediate results
frequently follow simple linear recurrence relations, which in turn allow the total
asymptotic cost to be derived by summing geometric series [11].

Classical iterative methods such as the Newton–Raphson, secant, and fixed-point
schemes have been adapted to the p-adic setting to approximate roots of polynomials
in p. For instance, Knapp and Xenophontos [12] demonstrated the computation of
modular inverses using classical root-finding techniques, while Zerzaihi et al. [13, 14]
applied fixed-point, secant, and Newton methods to determine square and cubic roots
of p-adic numbers. Ignacio et al. [15, 16] further refined these approaches by devel-
oping algorithms based on the Newton–Raphson iteration for root computation in
p-adic fields. However, these contributions primarily focus on low-degree cases and
do not consider general higher-order polynomial equations. Moreover, they lack a
unified framework that addresses error analysis, convergence visualization, and the
optimization of computational cost in the p-adic context.

Motivated by these gaps, this chapter addresses the general problem of solving

f xð Þ ¼
Xn

k¼0

akxk, with ak ∈p: (1)

where f is a higher-order polynomial with intermediate terms. We propose a modified
p-adic Newton method of the form

x tþ1½ � ¼ x t½ � -
f x t½ �� �

f 0 x t½ �ð Þ þ α f x t½ �ð Þ modp2t
� �

: (2)

where α∈p is a parameter introduced to improve convergence stability. This scheme
generalizes existing p-adic root-finding methods and offers a practical computational
framework for lifting roots from p to pk. Alongside the theoretical convergence
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analysis, we examine the computational aspects such as the number of iterations, CPU
time, memory usage, and error propagation. Moreover, we provide visualizations of
the lifting process and convergence behavior, which offers an intuitive interpretation
of p-adic quadratic convergence based on the Taylor expansion in the p-adic setting.

The main contributions of this work can be summarized as follows:

1.We develop a modified p-adic numerical algorithm for efficiently computing the
zeros of general higher-order polynomials in p x½ �.

2.Using p-adic norm arguments and a Taylor expansion approach, we provide a
rigorous local convergence analysis, establishing precise criteria for convergence
and demonstrating quadratic error decay.

3.We conduct a detailed computational study of intermediate quantities,
highlighting the relationship between iteration counts, arithmetic cost, and
accuracy requirements for nonlinear equations.

4.The iterative lifting process, error reduction, fractal behavior, and convergence
dynamics of the proposed scheme are illustrated using diagrams and numerical
test problems.

5.We show that the scheme can be applied to a broader class of polynomial
equations arising in science, medicine, economics, and engineering, thereby
extending and generalizing previous approaches.

This study is distinct in that it combines theoretical p-adic analysis with the
practical numerical implementation of p-adic iterative techniques, including error
control and assessments of computational efficiency. It provides a unified framework
for a general family of p-adic polynomial root-finding methods that is both computa-
tionally feasible and theoretically rigorous. This contrasts with earlier works, which
typically focuses either solely on theoretical aspects or on specific root-finding cases
without offering a broader, systematic approach.

The remainder of this chapter is organized as follows. Section 2 reviews the essen-
tial background on p-adic numbers, Hensel’s lemma, and classical p-adic root-finding
methods, and introduces the proposed family of iterative schemes in the p-adic set-
ting. Section 3 presents the numerical experiments that illustrate convergence behav-
ior, computational cost, fractal analysis, and residual error dynamics for
representative polynomial examples. Finally, Section 4 summarizes the main results
and outlines possible directions for future research in p-adic computational methods
for complex problems arising in science and engineering.

2. Preliminaries on p

In this section, we recall the fundamental definitions and properties of the field of
p-adic numbers p [17–19], which are essential for understanding the numerical
schemes developed in this study.

Definition 1. [20] Let  and  denote the sets of integers and rational numbers,
respectively. For a fixed prime number p and any integer x∈n 0f g, the p-adic
valuation vp xð Þ is defined as the highest power of p dividing x, i.e.,
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vp xð Þ ¼ the largest integer k such that pk∣x: (3)

This definition extendsmultiplicatively to all nonzero rational numbers x ¼ a
b ∈ by

vp
a
b

� �
¼ vp að Þ- vp bð Þ: (4)

The corresponding p-adic norm (or absolute value) on  is given by

xj jp ¼ p- vp xð Þ: (5)

This norm satisfies the ultrametric (non-Archimedean) property

xþ yj jp ≤ max xj jp, yj jp
n o

,

which distinguishes p-adic analysis from its real counterpart. The completion of 
under the metric induced by �j jp forms the field of p-adic numbers p.

3. Basic definitions and properties of the p-adic norm

Definition 2. [20] Let p be a fixed prime number. The p-adic norm

�j jp :  ! pn : n∈f g∪ 0f g

is defined for any rational number x∈ as

xj jp ¼ p- vp xð Þ, if x 6¼ 0,

0, if x ¼ 0,

(
(6)

where vp xð Þ denotes the p-adic valuation of x, defined by

vp xð Þ ¼ max r∈ : pr divides xf g:

In other words, the valuation vp xð Þ counts the highest power of p dividing x. This
definition is extended to all rational numbers x ¼ a

b ∈n 0f g, where a, b∈ and
b 6¼ 0, by

vp
a
b

� �
¼ vp að Þ- vp bð Þ:

Hence, the norm of a rational number can be expressed as

a
b

���
���
p
¼ p- vp að Þþvp bð Þ:

The norm �j jp induces a metric dp on the field of rational numbers, defined by

dp : � ! þ, dp x, yð Þ≔ x- yj jp: (7)
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This metric, called the p-adic metric, measures the “closeness” of two rational
numbers not by their difference in the real sense, but by the divisibility of their
difference by powers of p. In this sense, two numbers are closer in the p-adic metric if
their difference is divisible by a high power of p.

The p-adic norm possesses several fundamental properties that distinguish it from
the usual absolute value on  [21]:

1.Multiplicativity:

xyj jp ¼ xj jp yj jp, ∀x, y∈:

This property ensures that the norm behaves consistently under multiplication.

2.Ultrametric (Non-Archimedean) Inequality:

xþ yj jp ≤ max xj jp, yj jp
n o

,

with equality whenever xj jp 6¼ yj jp. This inequality implies that in p, every triangle is
isosceles, and the geometry of the space is totally disconnected.

3.Division Property:

x
y

����
����
p
¼ xj jp

yj jp
, for y 6¼ 0:

Example. Consider p ¼ 3 and x ¼ 81 ¼ 34. Then

v3 81ð Þ ¼ 4, 81j j3 ¼ 3-4 ¼ 1
81

:

Similarly, for x ¼ 9
27 ¼ 32

33, we obtain

v3
9
27

� �
¼ 2- 3 ¼ - 1, so that

9
27

����
����
3
¼ 3- - 1ð Þ ¼ 3:

Thus, in the 3-adic sense, 9
27 has a larger norm than 81, reflecting the inverse

divisibility structure intrinsic to the p-adic world.
Definition 3. [22] The field of p-adic numbers, denoted by p, is the completion of

 with respect to the metric dp (or equivalently, the norm �j jp).
For an element a∈p, represented as the limit of a Cauchy sequence anf g⊂, the

extended p-adic norm is defined by

aj jp ¼ lim
n!∞

anj jp: (8)

This definition is independent of the choice of the representative Cauchy sequence.

3.1 Canonical representation and p-adic integers

Theorem 1 (Canonical Representation of p-adic Numbers [23]). For every element
a∈p, there exists a unique sequence of integers aif gi≥N, where N ¼ vp að Þ and
0≤ ai ≤p- 1, such that
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a ¼ aNpN þ aNþ1pNþ1 þ aNþ2pNþ2 þ⋯ ¼
X∞
i¼N

aipi: (9)

This series is called the canonical p-adic expansion of a. The coefficients ai are uniquely
determined and form the digits of a in base p. Unlike the usual real number representation,
this expansion extends infinitely to the left rather than to the right, reflecting the non-
Archimedean nature of the p-adic norm.

Definition 4 (p-adic Integers [8]) A p-adic integer is an element of p whose
canonical representation (9) involves only nonnegative powers of p, i.e., the smallest
exponent N is nonnegative. The set of all p-adic integers is denoted by p and can be
characterized equivalently as

p ¼ a∈p : aj jp ≤ 1
n o

: (10)

Hence, every p-adic integer can be written uniquely in the form

a ¼ a0 þ a1pþ a2p2 þ a3p3 þ⋯ ¼
X∞
i¼0

aipi, 0≤ ai ≤p- 1: (11)

This infinite series converges in the p-adic norm due to the fact that
lim i!∞ aipi

�� ��
p ¼ 0.

The ring p is compact and complete, and serves as the ring of integers in the field
p. Moreover, its residue field is p ¼ p=pp.

Lemma 2 (Congruence and p-adic Distance [24]). For any a, b∈p and integer
m≥ 1, the following equivalence holds:

a � b modpmð Þ ⇔ a- bj jp ≤p-m: (12)

This relation provides a natural link between modular congruence and the p-adic
topology. Two p-adic numbers are congruent modulo pm precisely when their p-adic dis-
tance is not greater than p-m. Consequently, the modular arithmetic over p can be
interpreted geometrically as neighborhoods in the p-adic metric space.

Remark 3. The field p is obtained as the completion of  with respect to the
p-adic norm. Every p-adic number possesses a unique representation as a convergent
series in powers of p, analogous to a decimal expansion but governed by the
ultrametric convergence. This construction forms the foundation of many number-
theoretic algorithms, including Hensel’s lemma and p-adic lifting methods, which rely
on the precision hierarchy induced by the p-adic valuation.

3.2 Continuity and differentiability over p

In classical real analysis, the notions of continuity and differentiability are defined
using the Euclidean metric. In contrast, over the field of p-adic numbers p, these
concepts are reformulated in terms of the non-Archimedean p-adic norm �j jp, which
induces a topology fundamentally different from the Euclidean one. The p-adic
topology possesses several distinctive features, including the ultrametric inequality
and the totally disconnected structure of p, which result in markedly different
behaviors of functions and sequences.
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Definition 5 (Continuity [25]): Let X ⊂p be a subset of the field of p-adic
numbers. A function f : X ! p is said to be continuous at a point a∈X if for every
ε>0, there exists δ>0 such that

x- aj jp < δ ) f xð Þ- f að Þj jp < ε: (13)

The function f is said to be continuous on X if it is continuous at every point a∈X.
Due to the ultrametric property of the p-adic norm, continuity over p often

exhibits stronger local behavior than in . In particular, for a p-adic function f , if
f xð Þ- f að Þj jp is small for one point x within a small neighborhood of a, it typically
remains equally small for all points within that neighborhood, reflecting the “clopen”
(simultaneously closed and open) nature of p-adic balls.

Definition 6 (Differentiability [26]): Let X ⊂p and let a∈X be an accumulation
point. The function f : X ! p is said to be differentiable at a if the limit

f 0 að Þ ¼ lim
x!a

f xð Þ- f að Þ
x- a

(14)

exists with respect to the p-adic norm �j jp. The value f 0 að Þ, if it exists, is called the
p-adic derivative of f at a.

Differentiability in p inherits several familiar properties from real analysis but
differs in others. For instance, if f 0 að Þ ¼ 0, then the function f is locally constant on
some p-adic neighborhood of a, which does not occur in the real setting. Moreover,
analytic functions in p are often defined through convergent power series whose
radii of convergence depend on the p-adic absolute value of the coefficients.

Remark 4. Every polynomial function f ∈p x½ � is continuous and differentiable
on p. Furthermore, the derivative is obtained by the formal differentiation rule

f 0 xð Þ ¼
Xn

k¼1

kakxk- 1,

where f xð Þ ¼Pn
k¼0akx

k with coefficients ak ∈p. This property extends to rational
functions defined wherever the denominator is nonzero in p.

3.3 Hensel’s lemma and root lifting

One of the most fundamental results linking continuity, differentiability, and the
solvability of polynomial equations in the p-adic setting is Hensel’s Lemma. It serves as
the p-adic analogue of Newton’s method and provides a constructive criterion for
lifting modular solutions to genuine the p-adic roots.

Theorem 5 (Hensel’s Lemma [27]). Let f xð Þ ¼ C0 þ C1xþ⋯þ Cqxq ∈p x½ � and let
f 0 xð Þ denote its formal derivative. Suppose there exists a0 ∈p such that

f a0ð Þ � 0 mod pð Þ, f 0 a0ð Þ �� 0 mod pð Þ:

Then there exists a unique a∈p satisfying

f að Þ ¼ 0, a � a0 modpð Þ:
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This theorem establishes a precise correspondence between modular roots and
p-adic roots, providing the foundation for numerous algorithms in computational
number theory, including p-adic Newton lifting and factorization methods.

Theorem 6. A polynomial with integer coefficients has a root in p if and only if it has
a root modulo pm for every m∈ℕ.

This criterion provides a constructive mechanism to approximate p-adic roots to
arbitrary precision by successively solving modular congruences modulo higher pow-
ers of p.

3.4 Illustrative example

Example. (Lifting a root in 5) Consider f xð Þ ¼ x2 - 2. Modulo 5, we find

f 3ð Þ ¼ 32 - 2 ¼ 7 � 2 mod5ð Þ, f 4ð Þ ¼ 42 - 2 ¼ 14 � 4 mod5ð Þ:

Since f 3ð Þ � 0 mod5ð Þ fails, we instead note that f 3ð Þ ¼ 7 gives v5 f 3ð Þð Þ ¼ 0 and
f 0 3ð Þ ¼ 6 � 1 mod5ð Þ. By Hensel’s Lemma, we can lift this approximate root to higher
powers of 5:

a tþ1½ � ¼ a t½ � -
f a t½ �� �

f 0 a t½ �ð Þ þ αf a t½ �ð Þ mod5 tþ1½ �
� �

,

yielding successively more accurate approximations in 5. The limit a∈5 representsffiffiffi
2

p
in 5.
Remark 7. Hensel’s Lemma can be interpreted as the p-adic analogue of Newton’s

method for root-finding, guaranteeing convergence under the non-Archimedean
topology of p.

4. Main result

In this subsection, we establish a key lemma concerning the p-adic Taylor expan-
sion, which forms the foundation for the convergence analysis of the proposed mod-
ified iterative family.

Lemma 8. [28] Let a, y∈p and suppose that yj jp ≤p-m for some positive integer m.
Then, for any integer k∈ 1, 2, … , deg fð Þf g and for any polynomial f ∈p x½ �, we have

f aþ yð Þ-
Xk- 1

j¼0

f jð Þ að Þ
j!

yj
�����

�����
p

≤p- km: (15)

Proof. Let f ∈p x½ � be a polynomial of degree q∈. By the Taylor expansion of f
around a, we can write

f aþ yð Þ ¼ f að Þ þ f 0 að Þyþ f 00 að Þ
2!

y2 þ⋯þ f k- 1ð Þ að Þ
k- 1ð Þ! yk- 1 þ yk

Xq- k

j¼0

f jþkð Þ að Þ
jþ kð Þ! y

j: (16)

Since yj jp ≤p-m, it follows that yk
�� ��

p ≤p- km for all k≥ 1. Therefore, the remainder

term in (16) satisfies
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f aþ yð Þ-
Xk- 1

j¼0

f jð Þ að Þ
j!

yj
�����

�����
p

≤p- km: (17)

This proves the desired inequality. □
Remarks

1.The result in (15) quantifies the decay of the remainder term in the p-adic Taylor
series, showing that the approximation improves exponentially in m with each
term added.

2.The condition a- bj jp ≤p-m is equivalent to the congruence a � b mod pmð Þ,
linking the p-adic distance to modular arithmetic precision.

3.This lemma is instrumental in analyzing the local convergence and lifting
properties of p-adic iterative root-finding methods.

Theorem 9. Let x 0½ � ∈ be such that f x 0½ �� � � 0 mod pð Þ and f 0 x 0½ �� �
�� 0 modpð Þ,

where f xð Þ∈p x½ � is a polynomial of degree q∈. Define the iterative sequence x t½ �� �
t≥0

by the scheme

x tþ1½ � ¼ x t½ � -
f x t½ �� �

f 0 x t½ �ð Þ- αf x t½ �ð Þ , (18)

for a fixed α∈p. Then the following hold:

1.For all t≥0, we have f x t½ �� � � 0 modp2t
� �

and f 0 x t½ �� � � 0 mod pð Þ.

2.The sequence x t½ �� �
converges to a unique root ξ � x 0½ � mod pð Þ of f in p with

order 2t.

Proof. We proceed by induction on t to prove that f x t½ �� � � 0 mod p2t
� �

for p 6¼ 2,
and that f 0 x t½ �� � � 0 mod pð Þ for all t≥0.

For t ¼ 0, x 0½ � ∈p by assumption. From the iteration formula (18),

f x 1½ �
� �

¼ f x 0½ � -
f x 0½ �� �

f 0 x 0½ �ð Þ- αf x 0½ �ð Þ

 !
¼ f x 0½ � þ y 0½ �
� �

, y 0½ �≔-
f x 0½ �� �

f 0 x 0½ �ð Þ- αf x 0½ �ð Þ :

(19)

Using the p-adic Taylor expansion (Lemma 2),

f x 0½ � þ y 0½ �
� �

� f x 0½ �
� �

þ f 0 x 0½ �
� �

y 0½ � modp2� �
: (20)

After simplification,

f x 1½ �
� �

� f x 0½ �� �
αf x 0½ �� �

- 2f 0 x 0½ �� �� �

f 0 x 0½ �ð Þ- αf x 0½ �ð Þ modp2� �
: (21)
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Since f x 0½ �� � � 0 mod pð Þ and p 6¼ 2, it follows that f x 1½ �� � � 0 mod p2ð Þ and
f 0 x 1½ �� � � 0 mod pð Þ.

Inductive step: Assume for t ¼ t0 that x t0½ � ∈p, f
0 x t0½ �� � � 0 modpð Þ, and

f x t0½ �� � � 0 modp2t0
� �

. Define

y t½ �≔-
f x t½ �� �

f 0 x t½ �ð Þ- αf x t½ �ð Þ , x tþ1½ � ¼ x t½ � þ y t½ �: (22)

Then,

x tþ1½ ��� ��
p ≤ max x t½ ��� ��

p, y t½ ��� ��
p

n o
≤ 1, (23)

implying x tþ1½ � ∈p.
Furthermore, by expanding f 0 x t½ � þ y t½ �� �

using Lemma 1,

f 0 x tþ1½ �
� �

¼ f 0 x t½ �
� �

þ y t½ �Xq- 1

j¼0

f jþ2ð Þ x t½ �� �
j!

y t½ �
� �j

, (24)

and reducing modulo p, we obtain f 0 x tþ1½ �� � � f 0 x t½ �� � � 0 modpð Þ. Similarly, from
Lemma 2,

f x tþ1½ �
� �

� f x t½ �
� �

þ f 0 x t½ �
� �

y t½ � modp2t
� �

, (25)

which yields f x tþ1½ �� � � 0 modp2tþ1
� �

. Thus, the induction holds for all t.

Convergence and Uniqueness: From (22),

x tþ1½ � - x t½ ��� ��
p ¼ f x t½ �� �

f 0 x t½ �ð Þ- αf x t½ �ð Þ

�����

�����
p

≤p- 2t ! 0, (26)

hence x t½ �� �
is a Cauchy sequence in p and converges to some ξ∈p. Since

f x t½ �� �! 0, it follows that f ξð Þ ¼ 0.
Finally, suppose f admits two roots ξ1, ξ2 ∈p satisfying f ξ1ð Þ ¼ f ξ2ð Þ ¼ 0 and

f 0 ξ1ð Þ �� 0 modpð Þ. By the mean value form of f ,

f ξ2ð Þ- f ξ1ð Þ ¼ f 0 ξ1ð Þ ξ2 - ξ1ð Þ þ ξ2 - ξ1ð Þ2b,

for some b∈p. Hence, ξ2 ¼ ξ1, proving uniqueness. □

5. Numerical results

In this section, we present several numerical experiments to illustrate the compu-
tational efficiency and dynamical behavior of the proposed two-step iterative scheme
for solving p-adic polynomial equations over p. These experiments highlight both
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the convergence properties of the method and the fractal structure of the associated
basins of attraction for different primes and initial conditions. All simulations were
carried out in MAPLE 18 using high-precision arithmetic. The stopping criteria for the
implemented algorithm are defined as follows:

5.1 Example: p-adic solution of x3 - x- 1 in 11

The cubic polynomial

f xð Þ ¼ x3 - x- 1: (27)

is irreducible over  and has one real root ≈1:3247 and two complex conjugate
roots. Studying its roots in the p-adic setting (here p ¼ 11) is important for several
reasons:

• The existence of a root in p (or p) provides insight into the local
(modular) arithmetic of the polynomial and its factorization behavior over
local fields.

• p-adic roots play a key role in algorithms for computing algebraic integers, in
analyses based on the local–global principle, and in p-adic dynamical systems
where iterative maps involve the algebraic coefficients.

• From a numerical perspective, Hensel lifting—a p-adic analogue of Newton’s
method—enables the construction of high-precision approximations of a root
modulo large powers pm. This is directly applicable to root refinement and to
generating p-adic expansions.

Setup. We apply the iterative lifting scheme introduced earlier: with starting
residue x 0½ � chosen as an initial root modulo p ¼ 11. The reported experiments used
the same initial residue

Initial root modulo 11 : x 0½ � ¼ 6,

and tested α ¼ 0,1,2,3,4,5. All six choices of α lifted successfully up to modulus
116 ¼ 1771561.

Table 1 shows the following:

• The entry “Iteration t” corresponds to a lift modulo 11tþ1. For instance, iteration 0
is modulo 111, iteration 1 is modulo 112, and so on, up to iteration 5, which is
modulo 116.

• Each column lists the representative of the equivalence class x t½ � mod11tþ1� �
. The

values shown are those obtained in the experiment; notably, all tested choices of
α yielded identical representatives at each iteration, and therefore the columns
coincide.

• All lifting steps were successful up to modulus 116 ¼ 1,771,561 (Tables 2 and 3).
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5.2 Interpretation and remarks

1.The experiment demonstrates the successful application of the Hensel-
lifting/Newton-type scheme to the polynomial x3 - x- 1 with the initial residue
x 0½ � ¼ 6 modulo 11. The lifting procedure proceeded uniformly for α ¼ 0, … , 5,
producing identical representatives in this run.

Iteration t Modulus Representative x t½ � Valuation v11 f x t½ �� �� �
f x t½ �� ��� ��

11

0 111 ¼ 11 6 ≥ 1 11- 1

1 112 ¼ 121 116 ≥ 2 11- 2

2 113 ¼ 1331 842 ≥ 3 11- 3

3 114 ¼ 14641 2173 ≥4 11-4

4 115 ¼ 161051 119,300† ≥ 5 11- 5

5 116 ¼ 1771,561 602,450† ≥ 6 11- 6

†The “representative” column shows the decimal representation used in the experiment (rounded or printed in scientific
form in the supplied log). The valuation v11 f x t½ �� �� �

equals at least the exponent in the modulus to which we have
successfully lifted; equivalently the residual f x t½ �� �

vanishes modulo the stated modulus.

Table 2.
Modulus and p-adic diagnostics per iteration (single-column summary, valid for all tested α).

Iteration α0 α1 α2 α3 α4 α5

0 6 6 6 6 6 6

1 116 116 116 116 116 116

2 842 842 842 842 842 842

3 2173 2173 2173 2173 2173 2173

4 1.193 � 105 1.193 � 105 1.193 � 105 1.193 � 105 1.193 � 105 1.193 � 105

5 6.0245 � 105 6.0245 � 105 6.0245 � 105 6.0245 � 105 6.0245 � 105 6.0245 � 105

Table 1.
Representative roots at each iteration (rows: iteration number; columns: α ¼ 0, … , 5). Each entry is the
representative x t½ � modulo 11tþ1.

Metric Observed value Comment

Initial modulus 11 from initial residue x 0½ � ¼ 6

Final modulus reached 116 ¼ 1771561 all α ¼ 0, … , 5 succeeded

Number of iterations 6 iterations 0 to 5 inclusive

Elapsed CPU time 0.003574 seconds measured wall-clock in experiment log

Memory used 184 bytes minimal, arithmetic dominated

Residual norm at final iterate f x 5½ �� ��� ��
11 ≤ 11- 6 that is, vanishes modulo 116

Convergence indicator valuations ≥ 1, 2, … , 6 monotone growth of v11 f x t½ �� �� �

Table 3.
Performance and final-summary metrics (per experiment) for (27).
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2.Reaching the modulus 116 implies that the approximation x 5½ � satisfies

f x 5½ �
� �

� 0 mod 116
� �

,

that is, v11 f x 5½ �� �� �
≥ 6 and f x 5½ �� ��� ��

11 ≤ 11- 6. In particular, this provides a p-adic
approximation of a root of f in 11 accurate to six base-11 digits.

3.The CPU time and memory results indicate that the algebraic lifting process
(Figure 1) is computationally inexpensive for this problem size. Naturally, larger
moduli or higher-degree polynomials would require more computational resources.

4.The observation that all tested values of α yielded the identical representatives
suggests that, for this polynomial and the chosen initial residue, the modified
denominator f 0 x t½ �� �

- αf x t½ �� �
remained invertible in 11 at every iteration

step. Consequently, the process did not encounter any convergence failure for the
tested α values.

The presented data confirm that the chosen iterative lifting scheme is effective for
obtaining a high-precision 11-adic approximation of a root of x3 - x- 1. The approach
is numerically cheap for moderate lifts (here up to 116) and robust across the tested
values of the parameter α.

Although the scheme in (2) applied to (1) produces identical numerical results for
different values of α, we analyzed the convergence behavior more thoroughly by gen-
erating basins of attraction for the nonlinear problem. For each value of α, we computed
the percentage of convergent and divergent initial points, along with the elapsed CPU
time andmemory usage. Among the tested values, the scheme shows the most favorable
convergence performance for α0, as reported in Table 4 and illustrated in Figure 2.

5.3 Example: p-adic solution of x5 - x2 þ x- 2 in 5

Consider the polynomial

f xð Þ ¼ x5 - x2 þ x- 2: (28)

and the local field 5 with ring of integers 5. Finding 5-adic roots (elements of 5) of
such higher-degree polynomials is relevant for the following:

Figure 1.
Illustration of 5-step p-adic lifting with explicit modulus values using iterative scheme (2).
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• local factorization and understanding how arithmetic of the polynomial behaves
modulo powers of 5,

• constructing p-adic approximations that serve in algebraic number computations
and in local-global analyses,

• numerical experiments in p-adic dynamics and iterative root-finding algorithms
(Hensel/Newton-type schemes).

Metric α ¼ 3 α ¼ 4 α ¼ 5 α ¼ 6 α ¼ 7

Number of initial points (total) 10,000 10,000 10,000 10,000 10,000

Converging points 8450 8320 7900 7600 7210

Diverging points 1550 1680 2100 2400 2790

% converged 84.5% 83.2% 79.0% 76.0% 72.1%

Elapsed CPU time (s) 12.4 13.6 15.2 16.9 18.7

Peak memory usage (MB) 85 95 110 130 155

Notes: All computations were performed with identical grid size and stopping criteria. Elapsed time corresponds to the
total CPU time required for full basin generation, and memory usage denotes the peak resident memory measured during
execution. The results demonstrate that increasing α generally leads to higher computational cost and reduced convergence
ratio.

Table 4.
Comparative performance metrics of basins of attraction for different values of α. Metrics include the number of
converging and diverging points, convergence percentage, elapsed CPU time, and peak memory usage.

Figure 2.
(a-e),The basins of attraction of the schemes for solving (27). (a) α = 3 (b) α = 4 (c) α = 5 (d) α = 6 (e) α = 7.
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Setup. For this experiment, we take p ¼ 5 and use the initial root modulo 5

Initial root modulo 5 : x0 ¼ 4,

which satisfies f 4ð Þ � 0 mod5ð Þ. The scheme (2) is executed for α ¼ 0,1,2,3 and lifting
was attempted up to modulus 55 ¼ 3125 (iterations t ¼ 0,1,2,3,4, where iteration t
corresponds to modulus 5tþ1).

Notes on Table 5.

• Iteration n reports a lift modulo 5nþ1 (so iteration 0 is modulo 5, iteration 1
modulo 52 ¼ 25, … , iteration 4 modulo 55 ¼ 3125).

• The decimal integers shown are the least nonnegative representatives of the
congruence classes modulo the stated power of 5.

• All α-variants produced the identical representatives in this experiment; hence
the four columns coincide (Tables 6 and 7).

Interpretation and remarks

1.The initial residue x 0½ � ¼ 4 satisfies f 4ð Þ � 0 mod5ð Þ. The lifting procedure then
produced successively more accurate representatives x t½ � modulo 5tþ1 up to t ¼ 4
(i.e., modulo 55), confirming the existence of a root in 5 approximated by x 4½ �.

Iteration t α ¼ 5 α ¼ 6 α ¼ 7 α ¼ 9

0 4 4 4 4

1 9 9 9 9

2 59 59 59 59

3 184 184 184 184

4 2059 2059 2059 2059

Table 5.
Representative roots per iteration (columns: α ¼ 0, … , 3). Each entry is the representative x t½ � modulo 5tþ1.

Iteration n modulus representative xn valuation v5 f xnð Þð Þ f xnð Þj j5
0 51 ¼ 5 4 ≥ 1 5- 1

1 52 ¼ 25 9 ≥ 2 5- 2

2 53 ¼ 125 59 ≥ 3 5- 3

3 54 ¼ 625 184 ≥4 5- 4

4 55 ¼ 3,125 2059 ≥ 5 5- 5

The valuation v5 f xnð Þð Þ indicates the exponent of 5 dividing the residual, and equals at least the exponent of the modulus
to which we successfully lifted.

Table 6.
Modulus and residual diagnostics (single-column summary, valid for all tested α).
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2.The monotonic increase of the valuation v5 f x t½ �� �� �
(at least 1, 2, … , 5) indicates

that the residual vanishes to increasingly higher powers of 5, in full agreement
with Hensel lifting theory.

3.All tested values α ¼ 0,1,2,3 produced identical representatives, showing that the
denominators f 0 x t½ �� �

- αf x t½ �� �
remained invertible modulo the corresponding

power of 5 at each iteration. Consequently, no breakdown or stagnation occurred
for any choice of α.

4.The CPU time and memory usage reported in Figure 3 are very small for this
problem size. For larger lifting targets (e.g., 510) or higher-degree polynomials,
computational resources would naturally increase and should be documented
accordingly.

This example confirms that the proposed iterative lifting scheme (2) effectively
computes the high-precision 5-adic approximations of a root of the polynomial
x5 - x2 þ x- 2. The method is robust with respect to the tested values of α and
remains computationally inexpensive for moderate modulus exponents.

Although the scheme in (2) applied to (28) produces identical numerical results for
different values of α, we further analyzed the convergence behavior using basins of
attraction for the nonlinear problem. For each value of α, we computed the percentage
of convergent and divergent initial points, as well as the elapsed CPU time and
memory usage. Among the tested values, the scheme shows the most favorable con-
vergence for α ¼ 5, as reported in Table 8 and illustrated in Figure 4.

Metric Observed value Comment

Initial modulus 5 from initial residue x0 ¼ 4

Final modulus reached 55 ¼ 3125 all α ¼ 0, … , 5 succeeded

Number of iterations 5 iterations 0 to 4 inclusive

Elapsed CPU time 0.0041 seconds measured wall-clock in experiment log

Memory used 192 bytes minimal, arithmetic dominated

Residual norm at final iterate f x4ð Þj j5 ≤ 11- 5 that is, vanishes modulo 55

Convergence indicator valuations ≥ 1, 2, … , 5 monotone growth of v5 f xnð Þð Þ

Table 7.
Performance and final-summary metrics (per experiment) for (28).

Figure 3.
Illustration of 5-step p-adic lifting of (28) with explicit modulus values using iterative scheme (2).
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6. Conclusion

The analytical and computational aspects of numerical iterative root-finding tech-
niques in the p–adic setting have been examined in this chapter, with particular
emphasis on the construction and behavior of the iterative scheme (2) in p and p.
To establish that any polynomial inp x½ � is continuous and differentiable with respect
to the p-adic norm, the notions of continuity and differentiability over p were
reviewed and formalized, beginning with the canonical representation of p–adic
numbers. These fundamental properties provide the theoretical foundation for
understanding the convergence of the iterative algorithm (2) in non-Archimedean

Metric α ¼ 5 α ¼ 6 α ¼ 7 α ¼ 8 α ¼ 9

Number of initial points (total) 10,000 10,000 10,000 10,000 10,000

Converging points 8520 8410 8050 7770 7340

Diverging points 1480 1590 1950 2230 2660

% converged 85.2% 84.1% 80.5% 77.7% 73.4%

Elapsed CPU time (s) 11.8 13.2 14.5 16.1 17.9

Peak memory usage (MB) 82 93 108 126 149

Notes: Experiment 2 used a finer mesh and a slightly stricter stopping criterion. The overall trend confirms that as α
increases, convergence becomes slower and more memory-intensive, while the number of diverging points rises moderately.

Table 8.
Comparative performance metrics of basins of attraction for different values of α (second experiment). Slight
variations in results reflect different initial conditions or tolerance settings for solving (28).

Figure 4.
(a-e),The basins of attraction of the schemes for solving (28). (a) α = 5 (b) α = 6 (c) α = 7 (d) α = 8 (e) α = 9.
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spaces. The numerical results reported in Tables 1–8 further illustrate the conver-
gence behavior of the method for different values of α∈p.

We demonstrated that an approximate integer root modulo p can be lifted to an
exact root in p using Hensel’s Lemma. This lifting procedure not only ensures the
existence and uniqueness of p–adic roots under suitable conditions, but also provides
the theoretical foundation for the development of efficient numerical iterative
schemes (2) that converge rapidly in the p–adic topology to solve (1).

To analyze performance across different values of α, such as 3,4,5,6,7 for Example 1
and 5,6,7,8,9 for Example 2, we reported comparative results in tabular form. These
tests exhibited similar convergence behavior in all cases, confirming the robustness,
consistency, and practical effectiveness of the proposed strategy. Moreover, by gener-
ating basins of attraction and visualizing the convergence dynamics and stability, the
MATLAB simulations revealed the modular structure of the iteration map (2). The
corresponding fractal images, computed on high-resolution grids with contour overlays,
further highlighted the fractal-like modular nature of p–adic root dynamics and clearly
exhibited the boundaries between regions of attraction and numerical instability.

Future research may focus on extending the proposed technique to multivariate set-
tings, enabling the solution of systems of nonlinear equations in p-adic environments,
which frequently occur in applications such as medicine, finance, and engineering. Addi-
tionally, a hybrid p–adic/complex framework has been developed to address problems
in cryptographic arithmetic and algebraic dynamics, where modular lifting and p–adic
convergence play a central role in analyzing the behavior of iterative schemes.
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Chapter 5

Post-Quantum Cryptography:
Number Theoretic Foundations and
Future-Proof Protocols
Kelvin Tafadzwa Mpofu and Patience Mthunzi-Kufa

Abstract

As quantum computing continues its rapid progression, traditional cryptographic
schemes based on the hardness of integer factorization and discrete logarithms, such
as RSA and ECC, face obsolescence. This chapter explores the number theoretic
underpinnings of Post-Quantum Cryptography (PQC), surveying emerging quantum-
resistant protocols including lattice-based, code-based, multivariate polynomial, and
isogeny-based cryptography. We analyze the mathematical assumptions behind their
security, the role of hard problems in number theory (e.g., shortest vector problem,
syndrome decoding, supersingular isogeny graphs), and the computational implica-
tions of these approaches. Furthermore, the chapter discusses the transition from
classical cryptography to PQC within the NIST standardization process and how these
cryptographic primitives align with the modern number theoretic and algorithmic
challenges. Designed for both researchers and educators, this chapter aims to bridge
theory and practice while emphasizing the continuing centrality of number theory in
shaping the future of secure communication in the quantum era.

Keywords: post-quantum cryptography, lattice-based cryptography, isogeny-based
cryptography, code-based cryptography, multivariate cryptography,
quantum-resistant algorithms, number theory, quantum computing, cryptanalysis,
computational hardness, public-key infrastructure (PKI), Shor’s algorithm, NIST
standardization

1. Introduction

Cryptography is the mathematical discipline concerned with securing information
in the presence of adversaries [1]. Its central goals include confidentiality (preventing
unauthorized disclosure of information), integrity (ensuring information is not
altered), authentication (verifying the identity of communicating parties), and non-
repudiation (preventing denial of communication or transactions) [2]. These objec-
tives are achieved by encoding information using algorithms whose security relies on
computational hardness assumptions. Modern cryptography can broadly be divided
into two categories [3]:

Symmetric-key cryptography [4]: In symmetric systems, the same secret key is used
for both encryption and decryption. Examples include the Advanced Encryption
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Standard (AES) and block cipher modes of operation that enable large-scale secure
communication. The main challenge in symmetric cryptography is secure key distri-
bution, although its efficiency makes it indispensable for practical data protection.

The concept of public-key systems, first introduced by Diffie and Hellman in 1976
[5], makes use of a mathematically related key pair: One key is openly shared for
encryption, while the other remains private for decryption. The security of these
protocols depends on the number theoretic problems that are considered infeasible to
solve efficiently with classical algorithms. For instance, RSA relies on the presumed
hardness of factoring large integers, whereas Elliptic Curve Cryptography (ECC)
draws its security from the difficulty of computing discrete logarithms on elliptic
curves [6–8]. Both RSA and ECC have become foundational to modern digital secu-
rity, providing the cryptographic basis for secure web communication, electronic
signatures, and the wider Public Key Infrastructure (PKI). A comparison between
symmetric-key and public-key paradigms is presented in Table 1, highlighting their
strengths, weaknesses, and how their security assumptions are challenged in the
quantum computing era [8].

The strength of classical public-key systems rests on the assumption that these
problems cannot be solved efficiently by classical algorithms [9]. The best known
method for factoring large integers on conventional machines, the Number Field
Sieve, still requires super-polynomial resources, making RSA with sufficiently large
keys practically secure [10]. Similarly, solving discrete logarithms on elliptic curves is
infeasible for appropriately chosen curve parameters. However, this security para-
digm is being fundamentally reshaped by advances in quantum computing. Shor’s
algorithm [11] demonstrates that both integer factorization and discrete logarithms
can be solved in polynomial time on a sufficiently powerful quantum computer,
rendering RSA and ECC insecure [12]. Even symmetric schemes face challenges, as
Grover’s algorithm provides a quadratic speedup for brute-force key searches, moti-
vating longer key sizes [13].

The emergence of quantum computing underscores the urgent need for Post-
Quantum Cryptography (PQC), a field dedicated to creating algorithms that remain
secure even when confronted by adversaries with quantum capabilities [14]. The
objective of PQC extends beyond protecting confidentiality and authenticity; it also

Feature Symmetric-key
cryptography

Asymmetric (public-key) cryptography

Key usage Same key for encryption and
decryption

Public key for encryption, private key for decryption

Examples AES, DES, ChaCha20 RSA, ECC, Diffie–Hellman

Performance Fast and efficient for bulk
data encryption

Slower, higher computational cost

Security
basis

Relies on secrecy of the shared
key

Based on hardness of number theoretic problems
(factorization, discrete logarithm)

Key
distribution

Requires a secure channel to
exchange keys

Public key can be distributed openly

Main
limitation

Key exchange problem Vulnerable to quantum algorithms such as Shor’s
algorithm

Table 1.
Comparison between symmetric-key and asymmetric (public-key) cryptography.
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seeks to guarantee the long-term reliability of essential cryptographic services such as
digital signatures, key exchange mechanisms, and encrypted data storage. A solid
grasp of the mathematical underpinnings of conventional cryptography is therefore
essential, both to understand the weaknesses revealed by quantum algorithms and to
appreciate the quantum-resistant approaches that are explored in this chapter. The
transition toward practical quantum computers represents one of the most profound
turning points in information security since the original development of public-key
cryptography [15]. Established schemes like RSA and Elliptic Curve Cryptography
(ECC) derive their strength from the assumed hardness of number theoretic problems
such as factoring large integers and solving discrete logarithms. Yet Shor’s algorithm
demonstrates that these problems can be solved in polynomial time on a sufficiently
advanced quantum machine, creating an immediate imperative for the design of pro-
tocols capable of withstanding quantum-enabled attacks.

Post-Quantum Cryptography is a rapidly evolving field that seeks to design cryp-
tographic systems resistant to quantum attacks while remaining compatible with
existing classical infrastructure. This chapter explores the number theoretic founda-
tions of PQC, elucidates the mathematical hardness assumptions that underpin
quantum-resistant protocols, and maps the current transition process being overseen
by standardization bodies such as National Institute of Standards and Technology
(NIST).

2. Description of post-quantum cryptography

Post-Quantum Cryptography encompasses cryptographic methods built to remain
secure against adversaries equipped with either classical or quantum computing
power. Current standards such as RSA and ECC depend on the presumed difficulty of
tasks like factoring large integers and solving discrete logarithms, challenges that are
infeasible for traditional computers. However, once scalable quantum machines are
available, these underlying assumptions no longer hold. Shor’s algorithm would enable
efficient factoring and discrete log computations, while Grover’s algorithm accelerates
brute-force searches, together threatening the security of nearly all existing public-
key systems. PQC aims to counter this looming threat by building security on mathe-
matical problems that are believed to be resistant to both classical and quantum
adversaries. Rather than discarding traditional cryptography altogether, PQC replaces
the underlying hard problems with alternatives such as structured lattices, error-
correcting codes, multivariate polynomial equations, and isogenies of elliptic curves.
Of these, structured lattice problems (e.g., Learning With Errors) and hash-based
constructions currently dominate the field, with several algorithms selected for stan-
dardization. The U.S. NIST has led a global effort to evaluate and standardize PQC
algorithms. Initiated in 2016, this open process invited worldwide cryptographers to
submit the candidate schemes and subjected them to extensive cryptanalysis. From
the original pool of 69 submissions, NIST has finalized a first set of PQC standards in
2024 [16]. These include lattice-based schemes for key encapsulation and digital
signatures, alongside a hash-based signature scheme. By providing multiple families of
algorithms, the standards are designed to ensure resilience even if one mathematical
assumption is later weakened. The urgency of PQC arises not only from the eventual-
ity of a “cryptographically relevant” quantum computer, but also from the risk of so-
called “harvest now, decrypt later” attacks, in which encrypted data is collected today
with the expectation that it can be decrypted once quantum computers mature.
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Because the migration to new standards can take a decade or more, organizations must
prepare now by inventorying cryptographic dependencies and planning for replace-
ment. PQC therefore represents both a research frontier in mathematics and computer
science and an immediate engineering challenge for securing global communications.
Finally, it is important to distinguish PQC from quantum cryptography. Although the
names are similar, PQC is purely mathematical and designed for deployment on
conventional digital hardware. Quantum cryptography, by contrast, exploits the
physical principles of quantum mechanics (such as the no-cloning theorem) to create
fundamentally new secure communication protocols. Both approaches are expected to
play complementary roles in the post-quantum era, but PQC has the practical advan-
tage of compatibility with the existing network infrastructures [17].

3. Quantum computing and quantum cryptography

Quantum computing marks a fundamental departure from the classical model of
computation, utilizing quantum mechanical principles to handle information in novel
ways [18]. Whereas conventional machines process binary digits (bits) that take
values strictly of 0 or 1, quantum computers rely on quantum bits (qubits). A qubit
leverages two distinctive quantum properties, the first being superposition—allowing
it to exist as a linear combination of ∣0i and ∣1i, and thereby encode an exponentially
large set of states simultaneously. A single qubit can be expressed as a superposition of
the computational basis states:

∣ψi ¼ α∣0i þ β∣1i, (1)

where α, β∈ and the normalization condition holds:

αj j2 þ βj j2 ¼ 1: (2)

For example, applying the Hadamard gate to ∣0i produces an equal superposition:

H∣0i ¼ 1ffiffiffi
2

p j0iþj1ið Þ: (3)

Extending this to two qubits, applying Hadamard gates to both ∣0i states yields:

∣ψi ¼ H∣0i⊗H∣0i ¼ 1
2

j00iþj01iþj10iþj11ið Þ: (4)

Another useful property of quantum technologies is entanglement which are cor-
relations between qubits that cannot be described classically, allowing the distributed
systems of qubits to exhibit non-local behavior and enabling quantum parallelism
[12]. As shown in Figure 1, the circuit applies a Hadamard gate to the first qubit
followed by a CNOT, creating the maximally entangled Bell state 1ffiffi

2
p j00iþj11ið Þ. The

evolution of a quantum state is governed by unitary transformations, which is
implemented in practice as quantum gates. Collections of gates form quantum cir-
cuits, analogous to logic circuits in classical computing. Measurement collapses the
quantum state, yielding classical outcomes with probabilities determined by the
amplitudes of the superposition.
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The advantage of quantum computing lies in its ability to tackle problems that are
considered infeasible for conventional algorithms. Two well-known quantum algorithms
highlight this strength: Shor’s algorithm demonstrates that large integer factorization and
discrete logarithms can be solved in polynomial time, thereby undermining the security
assumptions of RSA and ECC, while Grover’s algorithm offers a quadratic acceleration for
exhaustive search tasks, effectively lowering the security margin of symmetric-key cryp-
tography. Although practical, large-scale fault-tolerant quantum processors are still under
construction, continuous advances in hardware development and error-correction tech-
niques make the eventual compromise of classical cryptosystems an increasingly realistic
concern. This anticipated breakthrough forms the driving force behind PQC, whose goal
is to develop primitives that remain robust even against quantum-enabled adversaries.
Figure 2 depicts the schematic of Shor’s period-finding routine, the key component of the
factoring algorithm. In this circuit, the upper t-qubit register, initialized as ∣0i⊗ t, is
transformed into a superposition through Hadamard operations and then used to control

modular exponentiation gates U2k
a modN applied to an n-qubit target register. The target

register, starting in the state ∣1i, evolves coherently under these controlled
unitaries, embedding the periodic structure of axmodN into the phase of the control
qubits. An inverse Quantum Fourier Transform (QFT†) is applied to the control register,
and measurement produces the outcome y2, y1, y0

� �
. Using the continued fractions algo-

rithm, this outcome allows one to estimate the period r, illustrating how Shor’s method
achieves its exponential speedup compared with the classical factoring approaches.

Figure 1.
Bell-state preparation: H on the first qubit, then CNOT1!2.

Figure 2.
High-level circuit for Shor’s period-finding subroutine. The top t-qubit register (here, t ¼ 3) undergoes Hadamards
and then controls three modular-exponentiation unitaries U2k

a modN on the n-qubit target register (here n ¼ 4).
Finally, an inverse QFT is applied to the control register and the outcomes y2y1y0 are processed (continued
fractions) to estimate the period r.
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3.1 Quantum Fourier transform and phase estimation: Introduction to the
quantum Fourier transform

Currently, the best classical algorithm for factoring an n-bit integer is the Number

Field Sieve, which requires approximately exp θn1=3 log nð Þ2=3
� �

operations. The

parameter θ depends on the variation of the method used:

• θ≈1:52 when factoring numbers near a large power,

• θ≈1:92 for general odd positive integers, and

• θ≈1:90 using multipolynomial variants [12].

Due to this exponential complexity, classical factorization becomes intractable
for large n. In contrast, a quantum computer can factor an n-bit number in
roughly O n2log n log log nð Þ operations [12]. At the heart of Shor’s algorithm
and several other quantum algorithms lies the Quantum Fourier Transform (QFT),
a quantum analogue of the discrete Fourier transform (DFT). While it does
not accelerate the classical computation of DFTs, QFT enables efficient solutions
to problems like order-finding, period estimation, and ultimately, integer
factorization.

3.2 The quantum Fourier transform

The classical discrete Fourier transform of a vector a! ¼ a0, a1, … , aN- 1ð Þ produces
a new vector b

! ¼ b0, b1, … , bN- 1ð Þ given by:

bk ¼ 1ffiffiffiffi
N

p
XN- 1

j¼0

aj exp
2πijk
N

� �
: (5)

The QFT acts on quantum states. Given the orthonormal basis
j0i, j1i, … , jN- 1if g, the QFT is a linear operator defined by:

∣ji !QFT 1ffiffiffiffi
N

p
XN- 1

k¼0

exp
2πijk
N

� �
∣ki: (6)

For an arbitrary quantum state
PN- 1

j¼0 xj∣ji, the QFT yields:

XN- 1

j¼0

xj∣ji !QFT
XN- 1

k¼0

yk∣ki, (7)

where the amplitudes yk correspond to the classical DFT of the input amplitudes xj.
The QFT is a unitary transformation (Figure 3), and its inverse is used in quantum
algorithms such as phase estimation. Figure 3 shows a typical QFT quantum circuit
(excluding final SWAP gates).

72

Number Theory – Classical Foundations and Modern Perspectives



3.3 Phase estimation algorithm

The phase estimation algorithm determines the phase ψ in the eigenvalue e2πiψ of a
unitary operator U, given access to an eigenstate ∣ui such that:

U∣ui ¼ e2πiψ ∣ui: (8)

The algorithm uses t control qubits and one target register initialized as:

∣0i⊗ t ⊗ ∣ui: (9)

Applying Hadamard gates on the control qubits creates a superposition:

1ffiffiffiffi
2t

p
X2t - 1

j¼0

∣ji∣ui: (10)

Controlled-U2j gates are then applied, encoding the phase ψ into the control
register:

1ffiffiffiffi
2t

p
X2t - 1

j¼0

e2πiψ j∣ji∣ui: (11)

Applying the inverse QFT on the control register transforms the phase into a
binary approximation ψ . Measurement yields ψ with probability close to 1 provided
the phase is close to a binary fraction. Figure 3 illustrates the complete phase estima-
tion circuit.

3.4 Probability of successful estimation

Let ψ be the n-bit approximation of 2tψ . The measurement outcome is accurate to
within δ if:

2tψ ¼ ψ þ δ, with 0≤ δ<
1

2tþ1 : (12)

Figure 3.
Quantum circuit for the phase estimation algorithm. The control register undergoes Hadamard gates, controlled
unitary operations U2k , and an inverse QFT before measurement.
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The final measurement in the computational basis yields ψ with probability:

Pr ψð Þ ¼
1 if δ ¼ 0,

1- e2πi2
tδ

2t 1- e2πiδð Þ

���
���
2

if δ 6¼ 0:

8<
: (13)

This shows the phase estimation algorithm succeeds with high probability, espe-
cially as t increases.

3.5 Computational complexity

The phase estimation algorithm requires:

• O(t2)quantum gates for inverse QFT,

• One application of the unitary U raised to powers of two,

• t = n + [log(2+1/2€)] qubits to achieve n-bit precision with error €.

Detailed complexity analysis is presented in Nielsen and Chuang’s foundational
text [12].

4. Cryptographic vulnerabilities in the quantum era

The transition from classical to quantum computing has profound implications for
the security assumptions that underpin modern cryptographic systems. While con-
ventional cryptography relies on the presumed intractability of certain mathematical
problems, quantum algorithms directly target these hardness assumptions, rendering
once-secure schemes vulnerable. This section examines the most critical threats posed
by quantum algorithms and their broader consequences for public-key infrastructures
(PKIs) and digital security as a whole.

4.1 The threat of quantum algorithms

The central challenge posed by quantum computing to modern cryptography
stems from its ability to address problems that remain infeasible for classical methods.
The clearest illustration is Shor’s algorithm, which shows that integer factorization and
the discrete logarithm problem can both be resolved in polynomial time once a suffi-
ciently powerful quantum computer is available. This breakthrough directly compro-
mises the foundations of widely used public-key mechanisms, including RSA, Diffie–
Hellman key exchange, and elliptic curve cryptography (ECC). To illustrate, RSA
relies on the classical difficulty of factoring the product of two large primes, a task that
requires sub-exponential resources with the fastest known conventional technique,
the Number Field Sieve. Shor’s approach, however, reduces this task to O n3ð Þ opera-
tions with O n2ð Þ memory, where n represents the modulus size in bits. Likewise, the
elliptic curve discrete logarithm problem (ECDLP), which secures ECC, can also be
efficiently broken under Shor’s framework. As a result, many of the core primitives
supporting digital security would fail once scalable quantum machines become
available.
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In addition to Shor’s algorithm, Grover’s algorithm introduces additional chal-
lenges, particularly for symmetric key cryptography. Although symmetric ciphers
such as AES and hash functions remain more robust to quantum attacks than their
public-key counterparts, Grover’s algorithm provides a quadratic speedup for brute-
force key search and preimage attacks. This effectively reduces the security strength
of symmetric systems: a k-bit key offers only k=2 bits of quantum security. For
example, AES-128, which provides 128-bit classical security, is reduced to 64-bit
security against a quantum adversary, which is insufficient for long-term protection.
To maintain the adequate post-quantum security levels, symmetric key sizes must
therefore be doubled (e.g., AES-256). While this adjustment preserves the viability of
symmetric encryption, it emphasizes the disruptive asymmetry of the quantum
threat: Public-key primitives are fundamentally broken, while symmetric schemes
require only parameter adjustments.

4.2 Collapse of traditional public-key infrastructure (PKI)

The vulnerabilities exposed by quantum algorithms extend far beyond encryption
and key exchange. Public-key cryptography also underpins essential services such as
digital signatures, authentication protocols, and certificate-based infrastructures. If
adversaries equipped with quantum computers can efficiently forge digital signatures,
impersonate entities, or retroactively decrypt stored ciphertexts, the trust model of
the internet collapses. This scenario is often described as the “quantum apocalypse,”
the sudden obsolescence of the global PKI [19].

In practical terms, the collapse of PKI would disrupt secure web browsing (TLS/
SSL), and secure email protocols (PGP, S/MIME), blockchain and cryptocurrency
systems, and virtually all digital identity management systems. Certificates signed
with RSA or ECC would no longer be trustworthy, and adversaries could both imper-
sonate legitimate servers and decrypt historical communications that were recorded in
encrypted form (a phenomenon known as “store now, decrypt later”). The risk is
therefore not merely prospective but also retrospective, threatening the confidential-
ity of data already transmitted under classical schemes.

To mitigate these risks, a fundamental redesign of PKI is required, integrating
quantum-safe primitives that remain secure against both classical and quantum
adversaries. Post-Quantum Cryptography offers candidate algorithms, such as lattice-
based schemes (e.g., Kyber, Dilithium), code-based encryption (e.g., Classic
McEliece), and hash-based signatures (e.g., SPHINCS+), that can replace RSA and
ECC while maintaining compatibility with the existing network protocols.
Transitioning to such primitives is a complex socio-technical challenge, involving
standardization (e.g., the NIST PQC project), software and hardware integration, and
widespread migration across critical infrastructure. Nonetheless, this transition is
essential to ensure the resilience of digital security in the quantum era.

5. Mathematical foundations of post-quantum cryptography

Post-Quantum Cryptography is grounded in mathematical problems that are
believed to resist both classical and quantum attacks. Unlike RSA and ECC, which rely
on factorization and discrete logarithms, PQC schemes are built upon problems for
which no efficient quantum algorithms are known. This section surveys the main
families of post-quantum cryptographic constructions and the mathematical assump-
tions that support their security.
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5.1 Lattice-based cryptography

At the forefront of PQC research is lattice-based cryptography [20], widely
regarded as the most versatile and efficient class of quantum-resistant systems. Lat-
tices are discrete periodic structures in ℝn, and their complexity arises from the
difficulty of finding short or close vectors within these grids. The most important hard
problems include:

• Shortest vector problem (SVP) and closest vector problem (CVP): Given a lattice
basis, finding the shortest non-zero vector or the closest lattice vector to a target
point is conjectured to remain hard even for quantum computers [21].

• Learning with errors (LWE) and ring-LWE: These problems introduce noise into
linear equations over modular arithmetic, making recovery of the secret vector
computationally infeasible [22]. They provide the security foundation for leading
NIST candidates such as CRYSTALS-Dilithium (digital signatures) and Kyber
(key encapsulation).

Lattice-based cryptography offers strong worst-case to average-case reductions,
meaning that breaking one random instance is as hard as solving the hardest case of
the underlying lattice problem [23]. Moreover, structured variants such as Ring-LWE
allow efficient implementations, making these schemes well-suited for practical
deployment.

5.2 Code-based cryptography

Code-based cryptography, first proposed by McEliece in 1978 [24], builds security
on the hardness of decoding random linear codes. The fundamental assumption is the
Syndrome Decoding Problem; given a parity-check matrix and a noisy codeword,
recovering the original message is computationally hard. Prominent candidates in this
category include Classic McEliece, which is highly resistant to quantum attacks, and
BIKE, which leverages structured codes for efficiency. Code-based schemes benefit
from decades of cryptanalytic scrutiny and remain strong contenders for long-term
security. Their main drawback is the large size of public keys, though modern variants
have improved compactness [25].

5.3 Multivariate polynomial cryptography

Multivariate cryptography constructs schemes from systems of quadratic equa-
tions over finite fields [26]. Solving such systems, known as the MQ problem, is NP-
hard, providing the basis for security. These schemes are particularly attractive for
digital signatures, with Rainbow being a notable NIST candidate [27]. The strengths of
multivariate systems lie in their efficient signing operations and mathematical sim-
plicity. However, they often suffer from very large public key sizes and occasional
structural weaknesses discovered through algebraic cryptanalysis, which has led to the
deprecation of some candidates during the NIST process.

5.4 Isogeny-based cryptography

Isogeny-based cryptography is the most recent family of PQC constructions, rely-
ing on the difficulty of computing isogenies (structure-preserving maps) between
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elliptic curves [28]. Supersingular isogeny graphs provide a rich algebraic structure
believed to be resistant to both classical and quantum attacks.

• Supersingular Isogeny Diffie–Hellman (SIDH) [29]: Once considered a
leading candidate, SIDH was broken by powerful algebraic attacks (Castryck–
Decru, 2022).

• CSIDH and other variants [30]: These aim to retain the compact key sizes and
unique algebraic features of isogeny-based schemes while improving resilience
against cryptanalysis.

Despite recent setbacks, isogeny-based cryptography remains of research
interest due to its potential for extremely small key sizes and novel algebraic
foundations.

5.4.1 Algebraic number theory in isogeny-based cryptography

Isogeny-based cryptography exploits maps between elliptic curves defined over
finite fields. An isogeny is a non-constant rational morphism φ : E1 ! E2 that preserves
the group law. The security of schemes such as CSIDH and SQISign relies on the
presumed hardness of computing paths in supersingular isogeny graphs. From a
number theoretic perspective, these constructions are deeply tied to class groups of
quadratic fields and quaternion algebras. For instance, the CSIDH protocol uses the
action of the ideal class group of ℚ ffiffiffiffiffiffiffiffi

- pp� �
on elliptic curve isomorphism classes,

embedding algebraic number theory directly into cryptographic key exchange. The
unresolved problem of computing endomorphism rings efficiently for supersingular
curves illustrates how open number theoretic questions directly translate into crypto-
graphic assumptions.

5.5 Cyclotomic fields and ring-LWE

A key structural ingredient in lattice-based post-quantum cryptography is the use
of cyclotomic fields and their associated rings of integers. Recall that the n-th cyclo-
tomic polynomial is defined as

Φn xð Þ ¼
Y

1≤ k≤ n

gcd k, nð Þ¼1

x- e2πik=n
� �

: (14)

For n a power of two, Φn xð Þ ¼ xn=2 þ 1, yielding highly structured rings

Rq ¼ q x½ �= Φn xð Þð Þ, (15)

which form the algebraic backbone of Ring-LWE and Module-LWE schemes. This
structure enables efficient arithmetic via the Number Theoretic Transform (NTT),
while simultaneously connecting security to deep problems in algebraic number the-
ory. In particular, the hardness of Ring-LWE is linked to the difficulty of finding short
vectors in ideal lattices associated with cyclotomic fields. This interplay between
efficient computation and provable reductions highlights why cyclotomic fields are
central to modern PQC.
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6. Role of number theory in PQC

Modern PQC schemes continue to draw heavily from classical number theory and
algebra. For example:

• Modular arithmetic underpins lattice- and code-based systems,
where modular reductions and linear algebraic operations dominate
computations [31].

• Algebraic number fields and quaternion algebras provide the structural backbone
of isogeny-based schemes [28].

• Cyclotomic fields and polynomial rings are used to optimize structured lattice
schemes, enabling efficient implementations of Ring-LWE and Module-LWE
systems [32].

This interplay between algebra, geometry, and arithmetic highlights the enduring
centrality of number theory in cryptographic design. The same mathematical tradi-
tions that enabled RSA and ECC now guide the construction of secure alternatives in
the quantum era.

7. NIST standardization process and practical transition

7.1 Overview of the NIST PQC project

In 2016, the U.S. National Institute of Standards and Technology (NIST) initiated
an open competition to identify and standardize quantum-resistant cryptographic
primitives. The evaluation process emphasized [33]:

• Provable security, grounded in hard, well-studied mathematical problems.

• Implementation efficiency, ensuring suitability for a wide range of classical
hardware platforms.

• Resilience to side-channel attacks, ensuring practical security in real-world systems.

7.2 Finalists and selected algorithms

In 2022, NIST announced its first selections for standardization. Kyber was chosen
as the primary algorithm for public-key encryption and key encapsulation, while
CRYSTALS-Dilithium was selected for digital signatures. Additional recommenda-
tions include Falcon (a lattice-based signature scheme) and SPHINCS+ (a hash-based
signature scheme). These selections reflect a balance between mathematical sound-
ness, efficiency, and maturity under cryptanalysis.

7.3 Migration challenges

Transitioning from classical public-key systems to PQC presents significant chal-
lenges. Integration into protocols such as TLS and VPNs, and secure email requires
careful consideration of:
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• Backward compatibilitywith existing infrastructure, ensuring continuity of secure
communications during migration.

• Implementation audits, including side-channel resistance, memory usage, and
performance under constrained devices.

The migration to PQC will likely be gradual, with hybrid schemes (combining
classical and quantum-resistant algorithms) deployed during the transition phase.
Nevertheless, the urgency of preparing digital infrastructures for the quantum era
cannot be overstated.

8. Open research problems and future directions

Despite rapid advances in PQC, several open questions remain:

• Lattice problems: Are there sub-exponential quantum algorithms for Ring-LWE or
Module-LWE using hidden subgroup techniques?

• Isogenies: Can new class-group-based constructions avoid the vulnerabilities that
broke SIDH, while retaining compact key sizes?

• Code-based systems: How can key sizes be further reduced without compromising
security?

• Multivariate systems: Can we design trapdoor functions that resist algebraic
cryptanalysis while remaining efficient?

• Global adoption: Beyond NIST, how will regions such as Africa approach PQC
migration, especially in lightweight IoT and mobile environments?

These challenges underscore the continuing dialog between number theory,
algebraic geometry, and cryptography. The frontier of PQC is therefore not
only an engineering problem but also a fertile ground for pure mathematical research.

Toy problems serve as simplified illustrations of otherwise intractable crypto-
graphic challenges, allowing readers to build intuition before engaging with the full
mathematical complexity. For example, the Shortest Vector Problem (SVP) can be
introduced using a two-dimensional lattice generated by simple basis vectors, where
identifying the shortest vector is straightforward, yet the same task becomes compu-
tationally infeasible in high dimensions. Similarly, the syndrome decoding problem
may be demonstrated with a small parity-check matrix and a single error, showing
how easy cases contrast with the hardness underlying code-based cryptography. Even
in quantum algorithms, period finding for small modular functions (e.g.,
f xð Þ ¼ 2xmod15) offers a concrete stepping stone toward understanding Shor’s algo-
rithm. These illustrative exercises not only demystify abstract problems but also high-
light why their large-scale versions provide the foundation for post-quantum security.

9. Conclusion

The advent of large-scale quantum computing poses an unprecedented challenge
to the security foundations of modern cryptography. The Shor and Grover algorithms
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demonstrate that RSA, ECC, and even symmetric primitives cannot remain unaltered
in the quantum era. Post-quantum cryptography offers a spectrum of alternatives,
lattice-based, code-based, multivariate, and isogeny-based schemes grounded in hard
mathematical problems that resist both classical and quantum attacks. A recurring
theme throughout this chapter is the enduring role of number theory, which not only
shaped the foundations of RSA and ECC but also guides the construction of quantum-
resistant protocols. The NIST standardization process has accelerated the transition
from theoretical constructs to practical deployment, with algorithms like Kyber and
Dilithium now positioned as future cornerstones of global security infrastructures.
However, migration to PQC presents both technical and organizational challenges,
from ensuring backward compatibility to defending against implementation-level
vulnerabilities. As research continues, hybrid models and further cryptanalytic scru-
tiny will be vital in guaranteeing the long-term robustness of quantum-safe primi-
tives. Ultimately, the future of secure communication will rely on the successful
integration of these post-quantum tools, ensuring resilience in the face of quantum
adversaries.
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Nomenclature

AES advanced encryption standard
CVP closest vector problem
ECDLP elliptic curve discrete logarithm problem
ECC elliptic curve cryptography
KEM key encapsulation mechanism
LWE learning with errors
NIST National Institute of Standards and Technology
NTRU N-th degree truncated polynomial ring units
PKI public-key infrastructure
PQC post-quantum cryptography
QFT quantum Fourier transform
RSA Rivest–Shamir–Adleman cryptosystem
SIDH supersingular isogeny Diffie–Hellman
SPHINCS+ stateless practical Hash-based incredibly nice cryptographic signature
SVP shortest vector problem
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Chapter 6

Ghani Mersenne and Fermat
Entropy for Some Dendrimers and
Their Structure-Property Modeling
Muhammad Usman Ghani, Syed Ajaz K. Kirmani,
Faisal Sultan and Fairouz Tchier

Abstract

The mathematical language provided by various topological index types may be
used to identify various properties of chemical components in a molecular structure.
Within the framework of valency-based topological indices, we examine eight differ-
ent dendrimer architectures. This chapter proposes two novel molecular descriptors,
the Mersenne index and the Fermat index, by combining the essential notions of the
Mersenne number and the Fermat number. The molecules with the highest Mersenne
index and Fermat index values are found in the classes of some dendrimer families,
including poly or propyl ether-imine dendrimer, polyethylene amido amine
dendrimer, porphyrin dendrimer, zinc porphyrin dendrimer, porphyrin-cored
dendrimer-I, porphyrin-cored dendrimer-II, porphyrin-cored dendrimer-III, and
porphyrin-cored dendrimer-IV. The Fermat index differs from the Mersenne index in
that it grows with the value of n, as the Fermat number is always increasing by
increasing the value of n. Also, we show that the Mersenne index and the Fermat index
are always members of the set of integers (Z) for any graph of chemical compounds.

Keywords: Mersenne index, Fermat index, topological indices, entropies,
porphyrin-cored dendrimers

1. Introduction

Chemical graph theory is a branch of graph theory in which the molecular structure
is made up of atoms and atom bonds, which are represented by the graph’s vertices
and edges, respectively [1]. To forecast the chemical structure of a graph, as well as
graph theory, aids in determining the structural properties of a graph. Similarly,
topological indices have numerous applications in theoretical chemistry, such as in the
field of quantum chemistry of QSPR/QSAR studies, see Ref. [2, 3]. The molecular
graphs in chemical graph theory are simple connected graphs that contain chemical
atoms and bonds, which are often known as vertices and edges [4], respectively, and
there must be links among the vertices set VG and edges set EG. The degree of each
vertex of G is actually the total number of vertices linked to v of G and it is denoted by
dvi [5, 6].
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Some of the previously defined topological indices give the values in points; some
indices [7, 8] do not provide precise values for their indices; rather, they always provide

an approximation, like the Randic index R Gð Þ ¼ 1ffiffiffiffiffiffiffiffiffiffi
du�dv

p
� �

, the atom bond index

ABC ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
duþdv�2
du�dv

q� �
, the atom-bond sum connectivity index [5], ABC ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
duþdv�2
du�dv

q� �
,

the geometric index and the fourth version of the ABC index, etc [9–12]. All these
indices and other indices that have square roots in their formulae always give us an
approximate value, and their equations are not in polynomial form [7, 12]. We cannot
compute exact values from these indices for a molecular structure. We need to define
new indices that can give us exact values or values from a set of integers (Z) [13–15].

To solve these problems, we defined the Ghani Mersenne polynomial and Ghani
Fermat polynomial; with the help of these polynomials, we can compute their related
indices [16–19]. Taking the derivative at x ¼ 1 of these polynomials, we get the Ghani
Mersenne index and the Ghani Fermat index [20–24]. These indices always give a
positive integer [25–27]. The search for Mersenne primes is a popular topic in number
theory and computer science. It is also one of the most important applications for
distributed computing, which is a technique in which hundreds of computers are
linked over the Internet and work together to solve a problem [28–33].

The numbers with the form Mn ¼ 2n � 1, where n is a positive integer, are known
as Mersenne numbers. The Ghani Mersenne polynomial and Ghani Mersenne index
were defined as follows using the definition of the Mersenne number:

Gm xð Þ ¼
X

vi ∈V Gð Þ
x 2dvi �1ð Þ and Gm ¼

X
vi ∈V Gð Þ

2dvi � 1
� �

(1)

In mathematics, a Fermat number, named after Pierre de Fermat, who first studied
them, is a positive integer of the form:

Fn ¼ 22
n þ 1

where n is a non-negative integer. The Fermat Ghani polynomial and Fermat
Ghani index is given below:

Gf xð Þ ¼
X

vi ∈V Gð Þ
x

22
dvi �1

� �
and Gf ¼

X
vi ∈V Gð Þ

22
dvi � 1

� �
(2)

2. Poly or propyl ether-imine dendrimer

The poly or propyl ether-imine, denoted by PETIM, is a dendrimer of generation
Gn, where n denotes its growth stages, for n≥ 1. PETIM contains one central core and
four branches each branch is attached with n by atom-bond �; see Figure 1.

2.1 Results and discussion

As illustrated in Figure 1, the center core comprises 7 atoms of valency 2, 2 atoms
of valency 3, and 8 atom bonds (�). In one branch of PETIM, there are total 2 2n � 4ð Þ
atoms, in which 2n�1 atoms of valency 1, 2nþ1 atoms of valency 3 and 7 2n�1 � 1

� �
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atoms of valency 2. As a result of the helt of our observation, we obtain Table 1. As a
result of Table 1, PETIM contains 3:2nþ3 � 23 atoms.

We get these polynomials by using Table 1 (types of atoms in poly or propyl ether-
imine dendrimer) in the formulae of Ghani Mersenne polynomial in Eq. (1) and Ghani
Fermat polynomial in Eq. (2).

Gm PETIM, xð Þ ¼
X

∀vi ∈A PETIMð Þ
x 2dvi �1ð Þ (3)

¼
X

v1 ∈A PETIMð Þ
x 21�1ð Þ þ

X
v2 ∈A PETIMð Þ

x 22�1ð Þ þ
X

v3 ∈A PETIMð Þ
x 23�1ð Þ (4)

¼ 2:2nxþ 20:2n � 21ð Þx3 þ 2 2n � 1ð Þx7: (5)

Gf PETIM, xð Þ ¼
X

vi ∈A PETIMð Þ
x

22
dvi �1

� �
(6)

Figure 1.
Poly or propyl ether-imine dendrimer.

Type of atoms dv1 ¼ 1 dv2 ¼ 2 dv3 ¼ 3

Number of atoms 2:2n 20:2n � 21 2 2n � 1ð Þ

Table 1.
Types of atom in poly or propyl ether-imine dendrimer.
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¼
X

v1 ∈A PETIMð Þ
x 22

1�1
� �

þ
X

v2 ∈A PETIMð Þ
x 22

2�1
� �

þ
X

v3 ∈A PETIMð Þ
x 22

3�1
� �

(7)

¼ 2:2nx3 þ 20:2n � 21ð Þx15 þ 2 2n � 1ð Þx255: (8)

Taking the derivative of each polynomial from (4) and (7) at x ¼ 1 yields the
Ghani Mersenne topological index and the Ghani Fermat topological index:

Ti PETIMð Þ ¼ 76:2n � 77, whenever Ti ¼ Gm,

2 408:2n � 285ð Þ, whenever Ti ¼ Gf:

�

2.2 Numerical comparison of indices of PETIM

In this section, we present a numerical and graphical comparison of the Ghani
Mersenne topological index and the Ghani Fermat topological index for n ¼
1, 2, 3, 4, … , 10 of PETIM in Table 2 and Figure 2.

3. Poly ethylene amido amine dendrimer

The poly ethylene amido-amine (PETAA) dendrimer, of generation Gn, where n
denotes its growth stages for n≥ 1, is our second molecular family. The molecule
PETAA comprises four branches and one central core, see Figure 3.

Values of n 1 2 3 4 5 6 7 8 9 10

Gm 79 235 547 1171 2419 4915 9907 19,891 39,859 79,795

Gf 1062 2694 5958 12,486 25,542 51,654 103,878 208,326 417,222 835,014

Table 2.
Numerical comparison of Ghani Mersenne and Ghani Fermat indices of PETIM.

Figure 2.
Graphical comparison in 2D and 3D graphs.
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3.1 Results and discussion

The center core of PETAA is shown in Figure 3. It has 13 atom-bonds, 8 valency 2
atoms, 4 valency 3 atoms, and 2 valency 1 atoms. In each branch, there are a total of
11:2n � 8 atoms, in which 2nþ1 � 1 atoms contain valency 1, 7:2n � 5 atoms contain
valency 2 and 2nþ1 � 2 atoms contain valency 3. From these observations, we get
Table 3. As a result of Table 3, PETAA contains 3:2nþ3 � 23 atoms.

We get these polynomials by using Table 3 (types of atoms in PETAA) in the
formulae of Ghani Mersenne polynomial in Eq. (1) and Ghani Fermat polynomial in
Eq. (2).

Gm PETAA, xð Þ ¼
X

∀vi ∈A PETAAð Þ
x 2dvi �1ð Þ

(9)

¼
X

v1 ∈A PETAAð Þ
x 21�1ð Þ þ

X
v2 ∈A PETAAð Þ

x 22�1ð Þ þ
X

v3 ∈A PETAAð Þ
x 23�1ð Þ

(10)

¼ 2 4:2n � 1ð Þxþ 4 7:2n � 3ð Þx3 þ 4 2:2n � 1ð Þx7: (11)

Gf PETAA, xð Þ ¼
X

∀vi ∈A PETAAð Þ
x 2dvi �1ð Þ

(12)

Figure 3.
Poly ethylene amido amine dendrimer.

Type of atoms dv1 ¼ 1 dv2 ¼ 2 dv3 ¼ 3

Number of atoms 2 4:2n � 1ð Þ 4 7:2n � 3ð Þ 4 2:2n � 1ð Þ

Table 3.
Types of atom in porphyrin-cored dendrimers-I.
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¼
X

v1 ∈A PETAAð Þ
x 22

1�1
� �

þ
X

v2 ∈A PETAAð Þ
x 22

2�1
� �

þ
X

v3 ∈A PETAAð Þ
x 22

3�1
� �

(13)

¼ 2 4:2n � 1ð Þx3 þ 4 7:2n � 3ð Þx15 þ 4 2:2n � 1ð Þx255: (14)

Taking the derivative of each polynomial from (10) and (13) at x ¼ 1 yields the
Ghani Mersenne topological index and the Ghani Fermat topological index.

Ti PETAAð Þ ¼ 2 74:2n � 33ð Þ, whenever Ti ¼ Gm,

18 138:2n � 67ð Þ, whenever Ti ¼ Gf:

�

3.2 Numerical comparison of indices of PETAA

This section compares, for n ¼ 1, 2, 3, … , 10 of PETAA, the Ghani Mersenne topo-
logical index with the Ghani Fermat topological index numerically and graphically in
Table 4 and Figure 4.

4. Porphyrin dendrimer

The porphyrin dendrimer, denoted by PD, of generation Gn, where n denotes its
growth stages for n≥ 2, is our third molecular family. The molecule PD is made up of
four branches and one central core, see in Figure 5.

Values of n 1 2 3 4 5 6 7 8 9 10

Gm 230 526 1118 2302 4670 9406 18,878 37,822 75,710 151,486

Gf 3762 8730 18,666 38,538 78,282 157,770 316,746 634,698 1,270,602 2,542,410

Table 4.
Numerical comparison of Ghani Mersenne and Ghani Fermat indices of PETAA.

Figure 4.
Graphical comparison.
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4.1 Results and discussion

Figure 5 of PD depicts the central core, which has 4 atoms of valency 2, 2 atoms of
valency 3, and 5 atom-bonds. In each branch, there are a total of 96:2n�2 � 4 atoms, in
which 26:2n � 10 atoms contain valency 1, 34:2n�2 � 3 atoms contain valency 2,
28:2n�2 � 1 atoms contain valency 3, and 8:2n�2 atoms contain valency 4. From these
observations, we get Table 5.

Gm PD, xð Þ ¼
X

∀vi ∈A PDð Þ
x 2dvi �1ð Þ

(15)

¼
X

v1 ∈A PDð Þ
x 21�1ð Þ þ

X
v2 ∈A PDð Þ

x 22�1ð Þ þ
X

v3 ∈A PDð Þ
x 23�1ð Þ þ

X
v4 ∈A PDð Þ

x 24�1ð Þ
(16)

¼ 13:2nþ1� �
xþ 17:2nþ1 � 8

� �
x3 þ 2 7:2nþ1 � 1

� �
x7 þ 4:2nþ1x15: (17)

Figure 5.
Porphyrin dendrimer.

Type of atoms dv1 ¼ 1 dv2 ¼ 2 dv3 ¼ 3 dv4 ¼ 4

Number of atoms 13:2nþ1 17:2nþ1 � 8
� �

2 7:2nþ1 � 1
� �

4:2nþ1

Table 5.
Types of atom in porphyrin dendrimers.
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Gf PD, xð Þ ¼
X

vi ∈A PDð Þ
x

22
dvi �1

� �
(18)

¼
X

v1 ∈A PDð Þ
x 22

1�1
� �

þ
X

v2 ∈A PDð Þ
x 22

2�1
� �

þ
X

v3 ∈A PDð Þ
x 22

3�1
� �

þ
X

v4 ∈A PDð Þ
x 22

4�1
� �

(19)

¼ 13:2nþ1� �
x3 þ 17:2nþ1 � 8

� �
x15 þ 2 7:2nþ1 � 1

� �
x255 þ 4:2nþ1x65535: (20)

Taking the derivative of each polynomial from (16) and (19) at x ¼ 1 yields the
Ghani Mersenne topological index and the Ghani Fermat topological index.

Ti PDð Þ ¼ 2 111:2nþ1 � 19
� �

, whenever Ti ¼ Gm,

18 14778:2nþ1 � 35
� �

, whenever Ti ¼ Gf:

(

4.2 Numerical comparison of indices of PD

This section compares, for n ¼ 1, 2, 3, … , 10 of PD, the Ghani Mersenne topologi-
cal index with the Ghani Fermat topological index numerically and graphically in
Table 6 and Figure 6.

5. Zinc porphyrin dendrimer

The zinc porphyrin dendrimer, denoted by ZPD, of generation Gn, where n
denotes its growth stages for n≥ 1, is our fourth molecular family. The molecule ZPD
comprises four branches and one central core, see Figure 7.

Values of n Gm Gf

1 850 1,063,386

2 1738 2,127,402

3 3514 4,255,434

4 7066 8,511,498

5 14,170 17,023,626

6 28,378 34,047,882

7 56,794 68,096,394

8 113,626 136,193,418

9 227,290 272,387,466

10 454,618 544,775,562

11 909,274 1,089,551,754

12 1,818,586 2,179,104,138

Table 6.
Numerical comparison of Ghani Mersenne and Ghani Fermat indices of PD.
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5.1 Results and discussion

Figure 7 of ZPD depicts the central core, which has 24 atoms of valencies 2 and 3, 1
atom of valency 4, and 60 atom bonds. In each branch, there are a total of 14:2n�1

atoms, in which 20:2n�1 � 9 atoms contain valency 2, 4:2n � 5 atoms contain valency
3. From these observations, we get Table 7.

Gm ZPD, xð Þ ¼
X

∀vi ∈A ZPDð Þ
x 2dvi �1ð Þ

(21)

Figure 6.
Graphical comparison.

Figure 7.
Porphyrin dendrimer.
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¼
X

v1 ∈A ZPDð Þ
x 22�1ð Þ þ

X
v2 ∈A ZPDð Þ

x 23�1ð Þ þ
X

v3 ∈A ZPDð Þ
x 24�1ð Þ

(22)

¼ 4 5:2nþ1 � 3
� �

x3 þ 4 2nþ2 þ 1
� �

x7 þ 22x15: (23)

Gf ZPD, xð Þ ¼
X

vi ∈A ZPDð Þ
x

22
dvi �1

� �
(24)

¼
X

v1 ∈A ZPDð Þ
x 22

2�1
� �

þ
X

v2 ∈A ZPDð Þ
x 22

3�1
� �

þ
X

v3 ∈A ZPDð Þ
x 22

4�1
� �

(25)

¼ 4 5:2nþ1 � 3
� �

x15 þ 4 2nþ2 þ 1
� �

x255 þ 22x65535: (26)

Taking the derivative of each polynomial from (22) and (25) at x ¼ 1 yields the
Ghani Mersenne topological index and the Ghani Fermat topological index:

Ti ZPDð Þ ¼ 4 29:2nþ1 þ 13
� �

, whenever Ti ¼ Gm,

20 117:2nþ1 þ 13149
� �

, whenever Ti ¼ Gf:

(

5.2 Numerical comparison of indices of PD

This section compares, for n ¼ 1; 2, 3, 4, … , 10 of PD, the Ghani Mersenne topo-
logical index with the Ghani Fermat topological index numerically and graphically in
Table 6 and Figure 6.

6. Porphyrin-cored dendrimers-I

The porphyrin-cored dendrimer-I, denoted by PCDIð Þ, is a single dendrimer mol-
ecule development stage in generation Gn with n indicating its stages. Porphyrin-
cored dendrimer-I PCDIð Þ is made up of two parallel branches and one central core,
see Figure 8.

6.1 Results and discussion

As shown in Figure 8, the central core of PCDI has 34 atom-bonds, 10 atoms of
valency 2, 14 atoms of valency 3, and 1 atom of valency 4. Each branch of PCDI
contains a total of 2:2n � 1 atoms, with 2n atoms having valency 1, no atoms of valency
2, no atoms of valency 3, and no atoms of valency 4. From these observations, we get
Table 8.

Gm PCDI, xð Þ ¼
X

∀vi ∈A PCDIð Þ
x 2dvi �1ð Þ

(27)

Type of atoms dv1 ¼ 2 dv2 ¼ 3 dv3 ¼ 4

Number of atoms 4 5:2nþ1 � 3
� �

4 2nþ2 þ 1
� �

22

Table 7.
Types of atom in zinc porphyrin dendrimer.
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¼
X

v1 ∈A PCDIð Þ
x 21�1ð Þ þ

X
v2 ∈A PCDIð Þ

x 22�1ð Þ þ
X

v3 ∈A PCDIð Þ
x 23�1ð Þ þ

X
v4 ∈A PCDIð ÞÞ

x 24�1ð Þ

(28)

¼ 2nþ1xþ 10x3 þ 2nþ1 þ 12
� �

x7 þ x15: (29)

Gf PCDI, xð Þ ¼
X

vi ∈A PCDIð Þ
x

22
dvi �1

� �
(30)

¼
X

v1 ∈A PCDIð Þ
x 22

1�1
� �

þ
X

v2 ∈A PCDIð Þ
x 22

2�1
� �

þ
X

v3 ∈A PCDIð Þ
x 22

3�1
� �

þ
X

v4 ∈A PCDIð Þ
x 22

4�1
� �

(31)

¼ 2nþ1x3 þ 10x15 þ 2nþ1 þ 12
� �

x255 þ x65536: (32)

Taking the derivative of each polynomial from (28) and (31) at x ¼ 1 yields the
Ghani Mersenne topological index and the Ghani Fermat topological index.

Ti PCDIð Þ ¼ 8:2nþ1 þ 129, whenever Ti ¼ Gm,

2 129:2nþ1 þ 34323
� �

, whenever Ti ¼ Gf:

(

7. Porphyrin-cored dendrimer-II

The development stage of the generation Gn porphyrin-cored dendrimer-II
PCDIIð Þ is n≥ 1. As seen in Figure 9, PCDII is made up of a single central core and four

Figure 8.
Porphyrin-cored dendrimers-I.

Type of atoms dv1 ¼ 1 dv2 ¼ 2 dv3 ¼ 3 dv4 ¼ 4

Number of atoms 2nþ1 10 2nþ1 þ 12
� �

1

Table 8.
Types of atom in porphyrin-cored dendrimers-I.
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parallel branches. The central core is made up of 36 atom-bonds, 1 atom of valency 4,
16 atoms of valency 3, and 8 atoms of valency 2, as shown in Figure 9.

7.1 Results and discussion

There are a total of 2:2n � 1 atoms in each branch of PCDIIð Þ, with 2n atoms of
valency 1, zero atoms of valency 2, 2n � 1 atoms of valency 3, and zero atoms of
valency 4. At the conclusion, we get Table 9.

Gm PCDII, xð Þ ¼
X

∀vi ∈A PCDIIð Þ
x 2dvi �1ð Þ

(33)

¼
X

v1 ∈A Gð Þ
x 21�1ð Þ þ

X
v2 ∈A Gð Þ

x 22�1ð Þ þ
X

v3 ∈A Gð Þ
x 23�1ð Þ þ

X
v4 ∈A Gð Þ

x 24�1ð Þ
(34)

¼ 4:2nxþ 8x3 þ 4 2n þ 3ð Þx7 þ x15: (35)

Gf PCDII, xð Þ ¼
X

vi ∈A PCDIIð Þ
x

22
dvi �1

� �
(36)

¼
X

v1 ∈A PCDIIð Þ
x 22

1�1
� �

þ
X

v2 ∈A PCDIIð Þ
x 22

2�1
� �

þ
X

v3 ∈A PCDIIð Þ
x 22

3�1
� �

þ
X

v4 ∈A PCDIIð Þ
x 22

4�1
� �

(37)

¼ 4:2nx3 þ 8x15 þ 4 2n þ 3ð Þx255 þ x65536: (38)

Taking the derivative of each polynomial from (34) and (37) at x ¼ 1 yields the
Ghani Mersenne topological index and the Ghani Fermat topological index.

Figure 9.
Porphyrin-cored dendrimer-II.

Type of atoms dv1 ¼ 1 dv2 ¼ 2 dv3 ¼ 3 dv4 ¼ 4

Number of atoms 4:2n 8 4 2n þ 3ð Þ 1

Table 9.
Types of atom in porphyrin-cored dendrimers-II.
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Ti PCDIIð Þ ¼ 32:2n þ 123, whenever Ti ¼ Gm,

4 283:2n þ 17179ð Þ, whenever Ti ¼ Gf:

�

8. Porphyrin-cored dendrimer-III

The porphyrin-cored dendrimer-III, denoted by PCDIII, is a single dendrimer
molecule development stage in generation Gn with n indicating its stages. PCDIII is
made up of eight identical branches and one central core, see Figure 10. In the central
core, the valency of 4 atoms is 2, the valency of 20 atoms is 3, the valency of 1 atom is
4, and the valency of 40 atoms is 5, see Figure 10.

8.1 Results and discussion

In each branch of PCDIII, the total number of atoms are 2nþ1 � 1, in which the
valency of 2n atoms is 1 and the valency of 2n � 1 atoms is 3. At the conclusion, we get
Table 10.

Gm PCDIII, xð Þ ¼
X

∀vi ∈A PCDIIIð Þ
x 2dvi �1ð Þ

(39)

¼
X

v1 ∈A PCDIIIð Þ
x 21�1ð Þ þ

X
v2 ∈A PCDIIIð Þ

x 22�1ð Þ þ
X

v3 ∈A PCDIIIð Þ
x 23�1ð Þ þ

X
v4 ∈A PCDIIIð Þ

x 24�1ð Þ

(40)

¼ 8:2nxþ 4x3 þ 4 2:2n þ 3ð Þx7 þ x15: (41)

Gf PCDIII, xð Þ ¼
X

vi ∈A PCDIIIð Þ
x

22
dvi �1

� �
(42)

¼
X

v1 ∈A PCDIIIð Þ
x 22

1�1
� �

þ
X

v2 ∈A PCDIIIð Þ
x 22

2�1
� �

þ
X

v3 ∈A PCDIIIð Þ
x 22

3�1
� �

(43)

Figure 10.
Porphyrin dendrimer.
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¼
X

v4 ∈A PCDIIIð Þ
x 22

4�1
� �

(44)

¼ 8:2nx3 þ 4x15 þ 4 2:2n þ 3ð ÞÞx255 þ x65536: (45)

Taking the derivative of each polynomial from (40) and (43) at x ¼ 1 yields the
Ghani Mersenne topological index and the Ghani Fermat topological index.

Ti PCDIIIð Þ ¼ 4 16:2n þ 12ð Þ, whenever Ti ¼ Gm,

16 129:2n þ 4291ð Þ, whenever Ti ¼ Gf:

�

9. Porphyrin-cored dendrimer-IV

Our final dendrimer molecule PCDIVð Þ is a porphyrin-cored dendrimer-IV
PCDIVð Þ with a n≥ 1 growth stage of generation Gn:PCDIV is composed of twelve
identical branches and one central core, as illustrated in Figure 11. In the central core,
which has the valency of 24 atoms is 3, the valency of 1 atom is 4, and 44 atom-bonds,
see Figure 11.

9.1 Results and discussion

In each branch of PCDIV , the total number of atoms are 2nþ1 � 1, the valency of 2n

atoms is 1, and the valency of 2n � 1 atoms is 3. At the conclusion, we get Table 11.

Type of atoms dv1 ¼ 1 dv2 ¼ 2 dv3 ¼ 3 dv4 ¼ 4

Number of atoms 8:2n 4 4 2:2n þ 3ð Þ 1

Table 10.
Types of atoms in porphyrin-cored dendrimers-III.

Figure 11.
Porphyrin dendrimer.
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Gm PCDIV , xð Þ ¼
X

∀vi ∈A PCDIVð Þ
x 2dvi �1ð Þ

(46)

¼
X

v1 ∈A PCDIVð Þ
x 21�1ð Þ þ

X
v2 ∈A PCDIVð Þ

x 23�1ð Þ þ
X

v3 ∈A PCDIVð Þ
x 24�1ð Þ

(47)

¼ 3:2nþ2xþ 3:2nþ2 þ 12
� �

x7 þ x15: (48)

Gf PCDIV , xð Þ ¼
X

vi ∈A PCDIVð Þ
x

22
dvi �1

� �
(49)

¼
X

v1 ∈A PCDIVð Þ
x 22

1�1
� �

þ
X

v2 ∈A PCDIVð Þ
x 22

3�1
� �

þ
X

v3 ∈A PCDIVð Þ
x 22

4�1
� �

(50)

¼ 3:2nþ2x3 þ 3:2nþ2 þ 12
� �

x255 þ x65536: (51)

Taking the derivative of each polynomial from (47) and (50) at x ¼ 1 yields the
Ghani Mersenne topological index and the Ghani Fermat topological index.

Ti PCDIVð Þ ¼ 3 8:2nþ2 þ 33
� �

, whenever Ti ¼ Gm,

2 387:2nþ2 þ 34298
� �

, whenever Ti ¼ Gf:

(

10. Conclusion

This chapter focuses on eight important molecules: (i) poly or propyl ether-imine
dendrimer, (ii) polyethylene amido amine dendrimer, (iii) porphyrin dendrimer,
(iv) zinc porphyrin dendrimer, (v) porphyrin-cored dendrimer-I, (vi) porphyrin-
cored dendrimer-II, and (vii) porphyrin-cored dendrimer-III, porphyrin-cored
dendrimer-IV. Taking the first derivative at x ¼ 1 from these polynomials yields
the Ghani Mersenne index and the Ghani Fermat index. We compute the accurate
formulae of the Ghani Mersenne index and Ghani Fermat index by using the tech-
nique of atom-bond partitioning of these eight molecules. Our investigated results,
such as the Gm-index and Gf-index, always belong to a set of positive integers, not in
decimal form, which is why they are useful for determining the physio-chemical
properties of all molecules used in chemistry. Our findings also contribute signifi-
cantly to network science by laying the groundwork for understanding the deep
topology of (i) poly or propyl ether-imine dendrimer, (ii) polyethylene amido amine
dendrimer, (iii) porphyrin dendrimer, (iv) zinc porphyrin dendrimer, and (v)
porphyrin-cored dendrimer-I, II, III, and IV. These discoveries might help researchers
discover how these molecules react with other materials in electronics and
manufacturing.

Type of atoms dv2 ¼ 1 dv2 ¼ 3 dv3 ¼ 4

Number of atoms 3:2nþ2 3:2nþ2 þ 12 1

Table 11.
Types of atoms in porphyrin-cored dendrimers-IV.
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Chapter 7

Slepian Pollak Inequality for
Multi-Band Wavelets
Mohammad Younus Younus Bhat, Altaf Ahmad Bhat and
Javaid Gani Dar

Abstract

The aim of this article is to study Slepian Pollak Inequality (Bell Labs inequality)
for multi-band wavelets (M-band wavelets). A version of the already known energy
inequality for the wavelets helps to zoom in onto narrow-band high-frequency
components of a signal.

Keywords: wavelet, M-band, Slepian Pollak Inequality, Fourier transform, wavelet
frame

1. Introduction

To study the high-frequency signals whose bandwidth is low, the classical orthogo-
nal wavelets are not enough. As a result of this,M-band novel orthonormal wavelets
were born [1, 2]. The reason behind the greater factorM M> 2ð Þ is that, instead of the
standard decomposition which gives logarithmic frequency resolution, the new wavelet
decomposition gives rise to a combination of logarithmic and linear frequency resolu-
tion and thus designs a more compatible tiling of the time-frequency plane which is
absent in 2-band wavelets. For more difference between the novel multi-band wavelets
and classical 2-band wavelets, we refer to [3] and the references therein.

Moving to other side, tight wavelet frames have redundancy which is absent in the
orthonormal wavelets. By ignoring orthonormality and keeping redundancy, it
becomes easier to construct tight wavelet frames that the classical orthonormal wave-
lets. This construction becomes easier when we use the unitary extension principle
(UEP) as catalyst [4]. The research in the area of frame theory is well developed. To
mention a few, we refer to [5–7].

The fast growing and emerging branch of research wavelet analysis has became a
bridge to connect mathematicians with other researchers like physicians, chemists,
engineers, etc. Hence, it becomes quite interesting to study different aspects like
uncertainty principle in the context of wavelet analysis. The uncertainty principle
inequalities are the basic blocks of signal analysis. Its classical version was studied
by Heisenberg, Pauli, Weyl, and Wiener. Going to the application side it is here
worth to mention the Slepian Pollak energy inequality (or Bell Labs inequality) and
the D. Gabor on a windowed transform. For more details about these inequalities we
refer to [8–11].
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From the motivational point of view, we consider P as projection operator on
wavelet which is in fact subspace of L2 ℝð Þ. For any signal f ∈L2 ℝð Þ with finite
energy, we consider a time-truncation operator T, which in mathematical terms
is defined by Tf tð Þ ¼ f tð Þχ a,b½ � tð Þ, with usual characteristic function χ a,b½ � on any
segment a, b½ �. Let the signal have unit norm, i.e. fk k2 ¼ 1 and Tfk k2 has certain
value in 0, 1½ �. Then the authors in [11] considered the possible values of Pfk k2,
which is in fact a version of uncertainty principle as there is uncertainty between
time-truncation operator T and projection operator P. To be precise they solved
Fourier projection transform and expressed it in terms of well-known Bell Labs
inequality.

Motivated by the work of [11], we consider its generalisation on M-band wavelets.
The rest of paper is organised as follows. The paper is organised in the following
manner. In Section 2, we take some review of multi-band wavelets. In Section 3, we
establish the Slepian Pollak energy inequality.

2. Preliminaries on multi-band wavelet frames

Let us begin with some preliminaries on M-band wavelet frames. We make use of
the symbols ℕ,ℕ0,ℤ, and ℝ for the sets of all natural numbers, nonnegative integers,
integers, and real numbers, respectively. Whereas the identity matrix of size M> 2 is
denoted by IM.

For any function f ∈L1 ℝð Þ, we define its Fourier transform as:

f̂ ζð Þ ¼
ð

ℝ
f xð Þe- iζxdx, ζ∈ℝ

and its inverse is

f xð Þ ¼ 1
2π

ð

ℝ
f̂ ζð Þeiζxdζ, x∈ℝ:

For given G ≔ g1, … , gLf g⊂L2 ℝð Þ, define the M-band wavelet system

X Gð Þ ≔ gℓj,k : 1≤ℓ≤L; j, k∈ℤ
n o

(1)

where gℓj,k ¼ Mj=2gℓ Mj:- k
� �

: The wavelet system X Gð Þ is treated as the M-band
wavelet frame, or simply a wavelet frame, whenever we have positive numbers
0<A≤B<∞ such that

A∥f∥22 ≤
XL
ℓ¼1

X
j∈ℤ

X
k∈ℤ

f , gℓj,k
D E���

���
2
≤B∥f∥22: (2)

holds for all f ∈L2 ℝð Þ.
The constant Awhich is in is called fact largest the lower frame bound, whereas the

smallest constant B is treated as the upper wavelet frame bounds. We have a tight
wavelet frame whenever A ¼ B. Moreover, the generated system will be a Parseval
wavelet frame if A ¼ B ¼ 1. Here, every function f ∈L2 ℝð Þ is reshaped as
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f xð Þ ¼
XL
ℓ¼1

X
j∈ℤ

X
k∈ℤ

f , gℓj,k
D E

gℓj,k xð Þ: (3)

Framelet systems are often constructed from the construction of MRA, which is in
turn depends on refinable functions. We say function f∈L2 ℝð Þ an M-refinable when-
ever it satisfies a refinement equation:

f xð Þ ¼
X
k∈ℤ

h0 k½ � f Mx- kð Þ: (4)

for some h0 ∈ l2 ℤð Þ: Its Fourier transform is

f̂ ζð Þ ¼ m0
ζ

M

� �
f̂

ζ

M

� �
, (5)

where

m0 ζð Þ ¼ 1
M

X
k∈ℤ

h0 k½ �eikζ,

is a 2π-periodic measurable function in L∞ - π, π½ � and is often called the refinement
symbol of f. We further assume that:

lim
ζ!0

f̂ ζð Þ ¼ 1, and
X
k∈ℤ

f̂ ζ þ 2kπð Þ�� ��2 ∈L∞ - π, π½ �: (6)

With f∈L2 ℝð Þ a refinable and compactly supported function, consider the
space V0, which is created by f �- kð Þ : k∈ℤf g and Vj ¼ f Mj�� �

: f∈V0
� �

, j∈ℤ.
Obviously if f is compactly supported, the Vj

� �
j∈ℤ ends with an MRA. Note that

MRA is a collection of closed subspaces Vj
� �

j∈ℤ of L2 ℝð Þ which obeys: (i)

Vj ⊂Vjþ1, j∈ℤ, (ii) ∪j∈ℤVj is dense in L2 ℝð Þ, and (iii) ∩j∈ℤVj ¼ 0f g. Let
G ≔ g1, … , gLf g⊂V1, then

ĝℓ ζð Þ ¼ mℓ
ζ

M

� �
f̂

ζ

M

� �
, (7)

where

mℓ ζð Þ ¼ 1
M

X
k∈ℤ

hℓ k½ �eikζ, ℓ ¼ 1, … ,L

are the 2π-periodic measurable functions in L∞ - π, π½ � which are named as
framelet symbols. The well-known catalyst unitary extension principle (UEP)
incorporates a sufficient condition on the system G so that the resulting M-band
system X Gð Þ becomes a tight frame of L2 ℝð Þ. It were Han and Cheng [6] who
provided a complete characterisation of these multi-band tight wavelet frames
using the machinery of the unitary extension principle. In fact they used the
following tool.
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Theorem 2.1. [6] Suppose that the refinable function f and the framelet

symbols m0,m1, … ,mL satisfy (4)–(7). Define g1, … , gL by (7). Let ℳ ζð Þ ¼

mℓ ζ þ 2πp
M

� �n oM- 1

ℓ,p¼0
such that ℳ ζð Þℳ ∗ ζð Þ ¼ IM, for a:e ζ∈ σ V0ð Þ ≔

ζ∈ - π, π½ � :Pk∈ℤ f̂ ζ þ 2kπð Þ�� ��2 �¼ 0
n o

, then M-band wavelet system X gð Þ forms a

tight wavelet frame for L2 ℝð Þ with frame bound 1.

3. Projection on MRA spaces

Define the projection P : f ! f m ∈Vm by

Pf xð Þ ¼ f m xð Þ ¼
XL
ℓ¼1

Xm- 1

j¼-∞

X∞

k¼-∞

f , gℓj,k
D E

gℓj,k xð Þ ¼
X∞

k¼-∞

f , fj,k
D E

fj,k xð Þ: (8)

Lemma 3.1. Let f be a continuous scaling function of bounded variation on ℝ. Suppose
one of the following equations hold

X
k∈ℤ

f̂ ζ þ 2πkð Þ�� ��<A<∞, for a:e:ζ∈ℝ, (9)

X
k∈ℤ

f x- kð Þj j<B<∞, for a:e:x∈ℝ: (10)

Then for any integer j and f ∈L2 ℝð Þ, we have

f j xð Þ ¼ 1
2π

ð∞
-∞

f̂ ζð Þ̂f M- jζ
� �

eiζx
X∞

n¼-∞
f̂ M- jζ þ 2πn
� �

ei2πnM
jxdζ: (11)

Proof. Using Parseval’s identity, we have from Eq. (8)

f j xð Þ ¼ 1
2π

X∞

k¼-∞

ð∞
-∞

f̂ ζð Þ̂f M- jζ
� �

eikM
- jζf Mjx- k
� �

dζ

¼ 1
2π

ð∞
-∞

f̂ ζð Þ̂f M- jζ
� � X∞

k¼-∞

eikM
- jζf Mjx- k
� �n o

dζ

¼ 1
2π

ð∞
-∞

f̂ ζð Þ̂f M- jζ
� �

eiζx
X∞

k¼-∞

e- i Mjx- kð ÞM- jζf Mjx- k
� �n o

dζ

¼ 1
2π

ð∞
-∞

f̂ ζð Þ̂f M- jζ
� �

eiζx
X∞

n¼-∞
ei2πnM

jx f̂ M- jζ þ 2πn
� �n o

dζ,

where we have used Poisson Summation formula, because of Eq. (10). This completes
the proof. □

Lemma 3.2. Let f be as in Lemma 3.1 and P be the projection operator. If F is a
bounded family of square integrable functions, then its image P Fð Þ is uniformly bounded
family on ℝ.

Proof. Let f satisfy condition (9). Then from (11), we have by Schawrtz Inequality
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f j xð Þ
���

��� ≤
1
2π

ð∞
-∞

f̂ ζð Þ
���

���∣̂f M- jζ
� �

∣
X∞

n¼-∞
f̂ M- jζ þ 2πn
� �

ei ζþ2πnMjð Þx
�����

�����dζ

≤
1
2π

f̂
���
���
2

ð∞
-∞

f̂ M- jζ
� ��� ��2 X∞

n¼-∞
f̂ M- jζ þ 2πn
� ��� ��

 !2

dζ

8<
:

9=
;

1=2

≤
1ffiffiffiffiffi
2π

p A fk k2
ð∞
-∞

f̂ M- jζ
� ��� ��2dζ

� �1=2

≤Mj=2A fk k2:

Moreover, if f satisfies Eq. (10), then we have

∣f j xð Þ∣ ≤
1
2π

ð∞
-∞

f̂ ζð Þ
���

���∣̂f M- jζ
� �

∣
X∞

n¼-∞
f Mjx- k
� �

�����

�����dζ≤Mj=2B fk k2:

Theorem 3.3. Let f satisfy the conditions of Lemma 3.1, P be the projection operator,
and T be the truncation operator. Then PT is a compact operator.

Proof. Define

Δf ϵð Þ ¼ sup
x
∣f xþ ϵð Þ- f xð Þ∣:

where ϵ>0. Let f satisfy the condition (9), then

Δf j δð Þ ≤
ð∞
-∞

f̂ ζð Þ
���

���∣̂f M- jζ
� �

∣
X∞

n¼-∞
f̂ M- jζ þ 2πn
� ��� �� ei ζþ2πnMjð Þϵ - 1

���
���dζ

≤
fk k2ffiffiffiffiffi
2π

p
ð∞
-∞

ĵf M- jζ
� �j

X∞
n¼-∞

f̂ M- jζ þ 2πn
� ��� �� ei ζþ2πnMjð Þϵ - 1

���
���

 !2

dζ

8<
:

9=
;

1=2

:

Since

f̂ M- jζ
� ��� ��2 X∞

n¼-∞
f̂ M- jζ þ 2πn
� ��� �� ei ζþ2πnMjð Þϵ - 1

���
���

 !2

≤4A2 f̂ M- jζ
� ��� ��2 ∈L1 ℝð Þ

and by (9), the series

X∞
n¼-∞

f̂ M- jζ þ 2πn
� ��� �� ei ζþ2πnMjð Þδ - 1

���
���! 0 as ϵ ! 0,

Lebesque Dominated convergence theorem implies that

lim
ϵ!0

Δf j ϵð Þ ¼ 0:

By taking inverse Fourier transform to the above, the result also holds. Thus for any
bounded family F in L2 ℝð Þ, its image P Fð Þ is equicontinuous and uniformly bounded
family on ℝ. Hence, according to Ascoli’s Theorem, PT is a compact operator.

107

Slepian Pollak Inequality for Multi-Band Wavelets
DOI: http://dx.doi.org/10.5772/intechopen.1012712



Thus with the above results in hand we are in a position to say that we have proved
the M-band version of Bell Labs inequality. To be precise, mathematically we have
proved the following result:

Let f be as in the Lemma 2, P be the projection operator, and T be the truncation
operator, then P,Tð Þ is a pair satisfying Bell Labs inequality

arccos
∥Tf∥2
∥f∥2

þ arccos
∥Pf∥2
∥f∥2

≥ arccos∥Tf∥2:

Acknowledgements

We are deeply indebted to the referee for his/her valuable suggestions which
greatly improved the presentation of this paper.

Conflict of interest

The authors declare no conflict of interest.

Data availability

Data will be available on the request to authors.

Author details

Mohammad Younus Younus Bhat1*, Altaf Ahmad Bhat2 and Javaid Gani Dar3

1 Department of Mathematical Sciences, Islamic University of Science and
Technology, Kashmir, India

2 Sciences and Mathematics Unit, University of Technology and Applied Sciences,
Salalah, Sultanate of Oman

3 Department of Applied Sciences, Symbiosis Institute of Technology, Symbiosis
International (Deemed University), Pune, India

*Address all correspondence to: gyounusg@gmail.com

©2025 TheAuthor(s). Licensee IntechOpen. This chapter is distributed under the terms of
theCreative CommonsAttribution License (http://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in anymedium, provided
the originalwork is properly cited.

108

Number Theory – Classical Foundations and Modern Perspectives



References

[1] Shah FA, Bhat MY. On framelet
kernels of M-band wavelet frames. Gulf
Journal of Mathematics. 2015;3(4):59-66

[2] Steffen P, Heller PN, Gopinath RA,
Burrus CS. Theory of regular M-band
wavelet bases. IEEE Transactions on
Signal Processing. 1993;41(12):
3497-3510

[3] Bi N, Dai X, Sun Q. Construction of
compactly supported M-band wavelets.
Applied and Computational Harmonic
Analysis. 1999;6:113-131

[4] Ron A, Shen Z. Affine systems in
L2(Rd): The analysis of the analysis
operator. Journal of Functional Analysis.
1997;148:408-447

[5] Chai A, Shen Z. Deconvolution: A
wavelet frame approach. Numerische
Mathematik. 2007;106:529-587

[6] Han JC, Cheng Z. The construction of
M-band tight wavelet frames. In:
Proceedings of the Third Intemational
Conference on Machine Learning and
Cybemetics; Shanghai. 2004. pp. 26-29

[7] Rakotomamonjy A, Canu S. Frames,
reproducing kernels, regularization and
learning. Journal of Machine Learning
Research. 2005;6:1485-1515

[8] Benedetto JJ. Uncertainty principle
inequalities and spectrum estimation. In:
Byrnes JS, Byrnes JL, editors. Recent
Advances in Fourier Analysis and Its
Applications. Dordrecht: Iiluwer Acad.
Publ; 1990. pp. 143-182

[9] Folland GB, Sitaram A. The
uncertainty principles: A mathematical
survey. Journal of Fourier Analysis and
Applications. 1997;106:209-238

[10] Havin V, Joricke B. The Uncertainty
Principle in Harmonic Analysis, A Series
of Modern Survey in Mathematics No 28.
Berlin: Springer-Verlag; 1994

[11] Karanikas K, Proios G. The slepian-
pollak energy inequality for wavelets and
frames. Applicable Analysis. 1991;70:
321-329

109

Slepian Pollak Inequality for Multi-Band Wavelets
DOI: http://dx.doi.org/10.5772/intechopen.1012712





111

Section 3

Perspectives on Proof, 
Education, and Pedagogy





113

Chapter 8

Perspective Chapter: Proofs in 
Number Theory – Audiences, 
Purposes, and Modes
Tim Rowland

Abstract

David Tall identified three ‘worlds of mathematics’, and in this chapter, we 
consider, with examples, the nature of proof in number theory in each of those 
worlds. While the role of conventional, formal proofs in establishing the canon of 
‘what we know’ are well-understood, the approach to proof via generic example is 
worthy of serious consideration. Within mathematics, number theory offers consid-
erable potential for the presentation of a general argument through the medium of a 
particular example. I demonstrate this by reference to an episode in an undergraduate 
mathematics lecture, in which the mode of instruction offers insight into the genetic 
origins of the topic under consideration.

Keywords: proof, conjecture, teaching, explanation, generic examples

1.  Introduction

In this chapter, I advocate the use of particular-but-generic proof strategies in 
undergraduate classrooms and, in textbooks, in order to convince students of the 
truth of number-theoretic theorems and student-generated conjectures. The domain 
of number theory lends itself particularly well to generic argument, presented with 
the intention of conveying the force and the structure of a conventional generalised 
argument through the medium of a particular case. The potential of the generic 
example as a didactic tool is virtually unrecognised, although the use of such exam-
ples has good historical provenance.

2.  Audiences, proofs

The desire to perceive regularities, general trends that extend beyond particular 
instances, is a natural human propensity. It is useful to know the ‘shape’ of a typical day 
during the week, and essential to know what will happen as I move my feet between 
pedals when I’m driving a car. Mathematics is distinguished by the complexity of such 
regularities, and the insight necessary to articulate them in conjectures; and also, 
by our grounds for confidence in the ‘truth’ of such conjectures. In most domains of 
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human knowledge, those grounds will be confidence in the consistency of empirical 
data (‘the car always slows down when I push one particular foot-pedal’). This might 
be strengthened by an explanation of some kind (the design of the braking system), 
or a fundamental explanatory theory. Such theories hold good for as long as what we 
observe is consistent with their predictions.

The notion of ‘proof ’ is particular to mathematics. Proof proceeds from known 
truths (some of them called ‘theorems’) to confirm the general validity of con-
jectures, by a process of logical argument. For more than two millennia, Euclid’s 
Elements has offered the paradigm example of the role of proof in mathematics. Even 
within experimental science, the primary criterion and standard of evaluation of 
scientific theory is evidence, not proof.

In the early years of this millennium, David Tall considered the different ways in 
which statements are validated in what he called ‘the three worlds of mathematics’ (e.g. 
[1]). Tall’s approach builds on Jerome Bruner’s three modes of representation—enactive, 
iconic and symbolic [2]. Tall names his three worlds embodied, symbolic and formal. 
Briefly, the embodied world is the fundamental human mode of operation based on per-
ception and action. The symbolic-proceptual world is a world of mathematical symbol-
processing, and the formal-axiomatic world involves a shift into formalism ([1], p. 3). I 
shall consider the first and the last of these three worlds, drawing on two episodes from 
my own mathematical and pedagogical activity in the last three decades.

2.1 Formal proof

In December 1995, I spent a week as a hospital inpatient, following straightforward 
and successful surgery. Various visitors came to see me: to my surprise, one of them was 
one particular Cambridge colleague. It would be fair to say that Bob Hall and I shared 
very few interests beyond mathematics. In an attempt to ‘make conversation’ with Bob, I 
spoke about some Number Theory questions that I’d been setting for the examinations to 
be taken the following May. One was on primitive Pythagorean Triples (x, y, z) where x, y, 
z have no common non-unit factor, drawing on the ‘classical form’ (2mn, m2-n2, m2 + n2), 
where m, n are of opposite parity, and coprime. Now, Euclid ‘knew’ and (some 500 years 
later) Diophantus proved that every primitive Pythagorean triple is classical. But, as 
our conversation progressed, we found that, when we taught even the more-advanced 
undergraduate course, both of us encouraged our students to engage in a process of 
active enquiry: to find examples and to generate conjectures about the form of primitive 
Pythagorean triples. But whilst it is certainly possible, given sufficient time and appro-
priate prompting, for students to detect and formulate a classical form for all primitive 
Pythagorean triples in this way, the standard proof that all primitive Pythagorean triples 
are classical (e.g. [3]) takes a different approach. As Bob and I talked, we developed a 
possible approach to a proof that was a more natural development of the earlier enquiry. 
After an hour or so, Bob left, but a week or so later we had agreed on a text that faithfully 
captured our approach, within a ‘formal’ proof. That proof began with a definition which 
facilitated the statement and presentation of the subsequent argument, as follows:

Definition: Let α, β be two Pythagorean triples (x, y, z), (x’, y’, z’) respectively. α 
will be said to precede β (notation α ≤ β) if there is some positive integer r such that 
x’/x = y’/y = z’/z = r. In this case, write β = rα.

For this relation to hold, it is clearly necessary, but not sufficient, that the cor-
responding right-angled triangles are similar. Thus, ≤ is a partial ordering on the set 
of Pythagorean triples in which the minimal elements (those with no predecessors in 
this partial ordering) are clearly primitive Pythagorean triples.
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Lemma: Every predecessor of a classical Pythagorean triple is classical (i.e. the 
property ‘classical’ is downward closed).

The Lemma is then shown to enable the proof that every primitive Pythagorean 
Triple is classical. It was published in Ref. [4], sitting comfortably in Tall’s world of 
formal mathematics, proceeding from ‘agreed’ starting points to the ‘new’ result, 
via—albeit implicitly—the conventions of first-order predicate logic with quantifiers, 
including rules of inference such as (x)(A(x) → A(n). The unspoken agreement is 
that a suitably-equipped machine, such as the Rocq Prover (https://rocq-prover.org/) 
could confirm, or otherwise, the validity of the argument.

3.  Procedures and proofs

The use of examples to point to abstract concepts and to general procedures is 
commonplace pedagogical practice, both within and beyond mathematics [5, 6]. 
In the field of number theory, a case in point might be explication of the Euclidean 
algorithm for the greatest common divisor of two natural numbers. Beginning with, 
say, 194 and 40 the demonstration proceeds:

 194 = 4 x 40 + 34.

 40 = 1 x 34 + 6.

 34 = 5 x 6 + 4.

 6 = 1 x 4 + 2.

 4 = 2 x 2 + 0.

In order to apply the procedure to another pair of natural numbers, the student needs 
to become aware of the status of each number in each row of the procedure, and how each 
row relates to the next. That is, not only to agree that each line is a true statement, but to 
appreciate how it has been initiated and structured. They need, so to speak, to see the 
‘big picture’ within the process being exemplified. As teacher, I might assist this by (say) 
underlining the quotients 4, 1, 5, 1, 2, in red. I might draw diagonal lines joining the divi-
sor and remainder in each line to the dividend and divisor, respectively, in the next, for 
example joining the two 40s, the two 34 s, and so on. (It is relevant to pause to reflect on 
how you made sense of the previous sentence: perhaps the example was more illuminat-
ing than the description of the general procedure that followed it.) The choice of example 
(194, 40) was made in recognition of its merits in its own right and relative to some 
alternatives. I judge it to be preferable to (194, 48), which is a poor paradigm because, for 
that pair, the algorithm terminates too soon.

3.1 Embodied proof in generic examples

Much less common is the use of examples to explain why general relationships 
might hold: in short, to prove. One reason why this might be the case is clear enough-
because one or more examples cannot prove a statement about an infinite category 
of cases. Yet there is a sense in which the presentation of a single example can speak 
for some general truth, and for some general argument above and beyond the 
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particularities of the example itself. Such examples, suitably structured to be not 
just a confirming instance but a chain of reasoning, are known as generic examples. 
Mason and Pimm ([7], p. 284) explain that ‘The generic proof, although given in 
terms of a particular number, nowhere relies on any specific properties of that num-
ber’. As Balacheff ([8], p. 219) so clearly and elegantly puts it:

The generic example involves making explicit the reasons for the truth of an 
assertion by means of operations or transformations on an object that is not there in 
its own right, but as a characteristic representative of the class.

The generic example serves not only to present a confirming instance of a proposi-
tion—which it certainly is—but to provide insight as to why the proposition holds 
true for that single instance. The transparent presentation of the example is such 
that analogy with other instances is readily achieved, and their truth is thereby made 
manifest. Ultimately the audience can conceive of no possible instance in which the 
analogy could not be achieved.

In considering and discussing the nature, and the role, of generic examples, the 
context shifts from the collaborative activity of mathematicians to an instructor (such 
as a teacher, a lecturer) attempting to enable others to ‘see’ a particular mathematical 
generalisation. In the sections which follow we look at the nature of generic examples, 
and instances of their application in number theory, in classroom settings.

4.  Looking back

The story (probably apocryphal, but see ([9], pp. 60–62) for one version) is 
told about the child C. F. Gauss, who astounded his village schoolmaster by his 
rapid calculation of the sum of the integers from 1 to 100. Whilst the other pupils 
performed laborious column addition, Gauss added 1–100, 2–99, 3–98 and so on, 
and finally computed fifty 101 s with ease. The power of the story is that it offers the 
listener a means to add, say, the integers from 1 to 200. Gauss’s method demonstrates, 
by generic example, that the sum of the first 2 k positive integers is k(2 k + 1). Nobody 
who could follow Gauss’ method in the case k = 50 could possibly doubt the general 
case. It is important to emphasise that it is not simply the fact that the proposition 
1 + 2 + 3+ ... + 2 k = k(2 k + 1) has been verified as true in the case k = 50. It is the man-
ner in which it is verified, the form of presentation of the confirmation.

Paul Hoffman [10] recounts the story in his best-seller The Man Who Loved Only 
Numbers. His comment on it (quoting mathematician Ronald Graham) is a telling 
testimony to the genericity of Gauss’ method.

What makes Gauss’ method so special …. Is that it does not just work for this 
specific problem but can be generalised to find the sum of the first 50 integers or the 
first 1000 integers … or whatever you want ([10], p. 208).

In introducing the notion ‘generic example’ to audiences of all kinds—under-
graduate and graduate students, mathematics education conference-goers, ‘general 
audiences’—I often choose Gauss’ method as a paradigm of the genre. We should 
not be surprised that Gauss, of all people, provided it. Ironically, his Disquisitiones 
Arithmeticae established the ‘modern’ standard for generality in number theoretic 
proof arguments.

By contrast, Pierre de Fermat (1601–65) was notorious for stating number theo-
retic results in the absence of formal proof. In particular, it was Euler who gave a 
general proof of the ‘Little’ Theorem (if p is prime and a an integer, p divides ap-a) 
some decades after Fermat stated it. Burn [11] offers some suggestions concerning the 
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kinds of reasoning that Fermat himself might have used to establish the truth of some 
claims associated with his Little Theorem, made in a letter to Mersenne in 1640. These 
claims were developed in the course of Fermat’s search for perfect numbers. A natural 
number (such as 6 or 28) is said to be perfect if it is equal to the sum of its proper 
divisors. Around 300 BC, Euclid had established that the set of perfect numbers can 
be identified with integers of the form 2n−1(2n – 1) where 2n – 1 is prime. In his letter to 
Mersenne (after whom such primes are named), Fermat claimed that if n is compos-
ite, then 2n – 1 is not prime. The proof amounts to the observation that 2a – 1 divides 
2ab – 1. The converse, however, is false: in 1536, Hudalrichus Regius had shown that 
although 11 is prime, 211–1 is composite, and so 210(211–1) is not a perfect number.

Fermat made a claim which was to transform the previously Herculean task of 
determining whether or not 2p – 1 is prime for a given prime p. In effect, Fermat 
claimed that if an integer of this form has a prime factor, then that factor is of the 
form 2kp + 1 (the factor 1 is covered by k = 0, and it follows from Fermat’s Little 
Theorem that 2p – 1 itself is of the form 2kp + 1). Thus, to decide whether a proper 
factor of 211–1 exists, we only need to consider 23, since this is the only prime of the 
form 22 k + 1 with square less than 211–1. In fact, 211–1 = 23x89. (Note that 89 is also of 
the form 22 k + 1, as expected).

In his letter, Fermat exemplifies this statement about prime factors of 2p – 1 with 
reference to this case, that is when p = 11. Burn [11] reconstructs the argument that 
Fermat might have given with reference to this particular-but-generic case. Burn then 
continues: ‘Now we generalise the generic example of factorising 211 – 1 by express-
ing the argument algebraically’. Of course, this accords with good modern practice, 
although Burn does not suggest that Fermat, having established the generic, then 
required the general formulation to be convinced of the general case.

5.  Teaching and learning Wilson’s theorem

The obscure Cambridge mathematician John Wilson is remembered to this day on 
account of a theorem stated in 1770, a century after Fermat’s demise:

p is prime if and only if (p-1)! = −1 (mod p).
To be precise, it was Edward Waring, Isaac Newton’s successor (and Stephen 

Hawking’s predecessor) as the Cambridge Lucasian Professor of Mathematics, who 
stated the result of his former student, Wilson. In the best traditions of the time, nei-
ther Wilson nor Waring managed to prove the theorem: its status seems to have been 
a conjecture, the outcome of inductive reasoning from examples. It fell to Lagrange 
to give the first proof of Wilson’s theorem, in 1773. How then, might we approach 
the genesis of the theorem and the construction of its proof with the hindsight and 
didactic insights of the twenty-first century? What might a generic proof of that 
theorem look like?

As a preliminary, we would need to know that ±1 are the only self-inverse elements 
under multiplication modulo p. Now consider the prime number 13 (17 or 19 would 
do equally well) and list the reduced set of residues modulo 13:

1 2 3 4 5 6 7 8 9 10 11 12
Pair each of the numbers from 2 to 11 with its (distinct) multiplicative inverse mod 

13: (2, 7), (3, 9), (4, 10), (5, 8), (6, 11). 1 and 12, of course, are self-inverse. Clearly, 
the product of the integers from 2 to 11 must be congruent to 15, that is 1, modulo 13. 
Therefore 12! ≡ 1x1x12 (=12) mod 13. The argument is generic, since 13 was in no way 
an untypical choice: the pairing would work equally well with any prime.
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I now invite you to join me in a session [12] with a class of about 20 first-year 
undergraduate joint honours mathematics-with-education students. The course is 
an introduction to the Theory of Numbers, and the ‘schedule’ (syllabus) includes 
Wilson’s theorem. I could have stated the theorem and proved it formally in 5 min-
utes. In fact, it took an hour to make some conjectures and to work on proof. This is 
what happened.

First, I asked them to evaluate 4! mod 5, 6! mod 7, 10! mod 11, and to write down 
a conjecture. The most common version of the conjecture was n! ≡ n mod (n + 1). 
The ‘for all n’ seemed to be implicit. I asked them to evaluate 5! mod 6. They did, and 
they were visibly surprised by the refutation. I asked whether they could modify the 
conjecture. At first, they homed in on the even/odd distinction between moduli, but 
n = 8 led to further refutation, and eventual restriction to prime values of n + 1. n = 12 
provided a further confirming instance. I proceeded to an interactive presentation 
of a generic proof, inviting Sonia to pick a prime between 11 and 19. She chose 19. I 
got them to list 1–18 and work on inverse pairs in table-groups, during which Simon 
spontaneously explained to his colleagues why 18! had to be 18 mod 19. I asked him 
to repeat his reasoning to the class, and wrote his explanation on the whiteboard. He 
picked out eight inverse pairs and explained why the product of the integers from 2 
to 17 inclusive would have to be 1 mod 19. They dutifully copied Simon’s argument. 
Later, I enquired what would have happened if we had looked at 28! mod 29, and 
Abby explained why it would have to be 28, again referring to inverse pairings of the 
integers from 2 to 27, although without feeling the need to identify the pairs this time. 
‘Does everyone agree?’, I asked. They agreed. One should not read too much into such 
consent, however pleasing; nevertheless, Abby, at least, had convinced me that she 
had appropriated the proof-scheme.

The next day, at a small-group tutorial meeting, I asked five members of the class 
to write out the proof (that, for primes p, p! ≡ p-1 mod p) in conventional general-
ity. Their responses were unaided and individual. It should be borne in mind, as I 
indicated earlier in this paper, that these students will have had little experience of 
composing formal proofs. Nevertheless, they all indicated in their writing that the 
genericity of the case p = 19 had been apparent to them. Moreover, their argumenta-
tion and use of notation would have satisfied any examiner. Hannah’s response, which 
was typical, was as follows.

 ( )( )( )( )1 2 3 4 2 1− − − − … ×p p p p  

Every element of Mp
1 has an inverse, because Mp is a group.

We know (from work on primitive roots) that only p-1 has order 2. Therefore, p-1 
is self-inverse. All other members of Mp apart from 1 must have a distinct inverse.

Each inverse pair when multiplied gives 1 mod p.
This gives (p-1)(11/2(p−3))1 ≡ (p-1)! mod p.
Therefore (p-1)! ≡ (p-1) mod p.
Only Zoë gave evidence of some insecurity in this intangible world that lies 

beyond examples. Her proof was much the same as Hannah’s, but began with iden-
tification of the inverse pairs in the case p = 11, but for Zoë, mere knowledge of the 
existence of distinct inverses in the range 2 to p-2 was not enough. She concluded with 
the comment: I tried to find a formula for the inverses, for example p-2 has inverse 

1 Mp denotes the group {1, 2, 3, …, p-1} under multiplication mod p.
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p-6 (but only for p = 11). I have been unable to do this. What is not clear is whether it 
leaves her cognitively insecure, or whether she believed that I (in my role as assessor) 
would expect more.

6.  Generic arguments and cognitive unity

The domain of elementary number theory lends itself remarkably well to generic 
argument, presented with the intention of conveying the force and the structure of 
a conventional generalised argument through the medium of a particular case. One 
reason for this might be that, in the selection of examples, one seems to be spoiled for 
choice: there are an awful lot of integers (or primes, or whatever subset is called for) 
compared, say, with groups, or topological spaces. This is not to say that the choice 
of a generic example is an arbitrary one: it can be (and in a sense, it ought to be) a 
conscious pedagogical act. Some examples work better than others do for particular 
purposes—as I indicated in my earlier demonstration of the Euclidean algorithm, 
a ‘good’ generic example effectively carries and conveys the generalisation because 
the salient operations on the variable(s) can easily be tracked through the argument. 
Some tentative principles for the selection of generic arguments and the construction 
of generic arguments in number theory are given in Ref. [13]. I conclude, however, 
with some cautionary remarks.

First, the proof of Wilson’s theorem given above crucially depends on knowing 
and being certain that 1 and p-1 are the only self-inverse elements under multiplica-
tion mod p. How shall we establish that result? It emerges readily (as a conjecture, of 
course) from examples, especially when the contrast is made with non-prime moduli. 
The usual proof runs as follows: if 1 ≤ a ≤ p-1, and a2 ≡ 1 mod p, then p divides 
(a-1)(a + 1) and so p divides (a-1) or p divides (a + 1). Whence a = 1 or a = p-1. The 
essence of this argument is the solution of a quadratic equation in a multiplicative 
modular group, which seems to rule out a generic presentation entirely free of alge-
braic symbolism. It is true that I could take p to be 13 and argue that a must be 1 or 12, 
but I cannot seem to side-step arguing from (and with) 13 divides (a-1)(a + 1).

Secondly, the converse of Wilson’s theorem [if n is composite then (n-1)! ≠ n-1 
mod n] appears to lend itself wonderfully well to generic exposition. Take the case 
n = 10. Now 9! = 362,880, so 9! ≡ 0 mod 10. Yes, but why? Because 9! includes factors 
2 and 5. Since 10 is composite it can be decomposed into the product of two factors, 
both strictly between 1 and 10, so both occur as terms in 9! It is thus apparent that if n 
is composite then:

 ( )− ≡1 ! 0modn n  

However, whilst this conclusion is certainly true, the argument does not, in fact, 
transfer to all composite numbers. In those special cases when n is the square of a 
prime p, the only possible decomposition of n into the product of two factors, both 
strictly between 1 and p-1, is n = p x p. The factors are not distinct and it is not the 
case that both occur as terms in (n-1)! It is not difficult to make a separate argument 
for these cases, but they can easily be overlooked, and caught in the shadow, as it 
were, of the earlier, pleasing generic argument.

Notwithstanding these cautionary words, there seems to be a good prospect of 
developing and offering a systematic didactic technology of formal proof in number 
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theory, building on skilfully constructed generic examples. There is evidence that 
such an approach to proof is supportive of the cognitive unity of theorems, that is to 
say, ‘the continuity … between the process of statement production and the process of 
its proof, as well as providing meaningful examples’ ([14], p. 182).

7.  Conclusion: A challenge to didactical inversion

For all learners of mathematics, there is the possibility of acquiring new knowl-
edge by reflection on appropriate and relevant experience. Unifying and information-
extending insight is central to such a means of coming-to-know, and may be viewed 
as a form of generalisation. MacLane [15] speaks of ‘generalisation from cases’: a 
generalisation which subsumes several particular cases, when a general rule sum-
marises some features of the specific cases. For the great mathematicians, as well as 
for novices, mathematics characteristically comes into being by inductive intuition, 
not by deduction.

Analysis and natural philosophy owe their most important discoveries to this 
fruitful means, which is called induction. Newton was indebted to it for his theorems 
of the binomial and the principle of universal gravity [16].

The purpose of rigour is to legitimate the conquests of the intuition. (Hadamard, 
quoted in ([17], p.1])).

Burn [11] considered the possibility of the genesis of ‘new’ mathematics in uni-
versity mathematics classrooms. He refers to Hans Freudenthal’s distinction between 
three different phenomena in mathematics education:

1. The articulation of formal structures, their logical connections and their  
applications are the substance of the phenomenon of mathematics.

2. The interactions between teacher and student, and the activities engineered by 
the teacher for the student are a didactical phenomenon.

3. The experiences that the student goes through in learning some mathematics are 
a genetic phenomenon of a psychological nature. (p. 21)

Freudenthal writes: ‘No mathematical idea has ever been published in the way it 
was discovered’ ([18], p. ix).

Burn comments: ‘Freudenthal claimed that mathematical practice often led to a 
didactical inversion in which the genetic sequence was reversed in exposition. … The 
best pedagogy is informed by knowledge of both genetic and formal structure and the 
difference between them’ ([11], p. 21).

It was through the medium of his ‘pathway’ books – the first of them [15] on 
Number Theory—that Burn enacted his beliefs about teaching advanced mathemat-
ics in the classroom. The chapters of these books consist of a sequence of activities/
problems for students to work on. In a class setting, this could lead to group and/or 
class discussion, then to some (written) expression of what had been learned from 
the activity.

When ‘new’ mathematics comes into being—whether new to an individual or a 
community, local or international—it marks the end, or a staging point, on a journey. 
Burn was observing that, when learning more advanced mathematics, students are 
taken straight to the end of the journey, with little, or no encounter with the path that 
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led to it. If the starting point for teaching is the final outcome of an activity instead of 
the activity itself, then we see the world upside down. For some 17 years, Burn led a 
team teaching advanced mathematics in Cambridge, UK, and I was fortunate to be a 
member of that group. His own approach to mathematics teaching ‘rubbed off ’ on the 
rest of us. My account of that conversation with Bob Hall about Pythagorean triples 
captures something of our approach: engage the students in active enquiry, finding 
examples and generating conjectures. My account of that hour working with first year 
undergraduates on Wilson’s theorem gives more detail of one case of that pedagogy in 
practice. I have recorded another, concerning the Euler function, in Ref. [19].

Whereas the warrant of a formal proof is logic, the effectiveness of embodied 
proof by generic example must be determined by the response of the audience for 
whom it is intended. Thus: logical versus psychological. Exposition versus instruction: 
it is always beneficial to recognise the difference.
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